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peanorapport

[peanorapport prk “peanorapport”]
0
[O tE; «

\dot{0}7]

(025 A “peano zero” ]
i
[1 ™25 At As. e My(t,s, ¢, [[1 = 0]))]

[itE)(“

\dot{1}7]

12 fely “peano one”|

2
[2 ™29 MAs e Myt s, ¢, [[2 = 1']])]
[2 tg; «

\dot{2}”]

[2 2 Ry “peano two” ]
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a

[a ™55 Xt s Ae. My (t, s, c, [[a = a]])]

[ =
\dot{\mathit{a}}”]

[- pyk «@ 9

a = “peano a’|

b

[b ™25 At.ds. A My(t, s, ¢, [[b = b]])]

=r
\dot{\mathit{b}}"]

[b pyX “peano b”]
C

[¢ ™55 At ds. e My(t, s, ¢, [[é = ¢]])]

[¢ =5 «
\dot{\mathit{c}}”]

[- pyk 9

¢ = “peano ¢”]

d

[d ™25 Ms Ae. My(t,s, ¢, [[d = d]])]

PET
\dot{\mathit{d}}”]

[d Py “peano dn]

e

[ ™25° At As. Ae. Mu(t, s, ¢, [[é = &]])]

[6 t_@f «
\dot{\mathit{e}}”]

[e Py “peano €|



f
[f 552 At ds. e My(t, s, ¢, [[f = f]])]

I
\dot{\mathit{f}}”]

[f By “peano 7]

g
[g M8 )\t.As.)\c.M4(t, s,¢, [[g = g]])]

. tex

\dot{\mathit{g}}"]

. pyk 9

[ = “peano g”]

h

; macro ~ 7 e 3

[h = At.ds.Adc. My(t, s, c, [[h = h]])]

[h«
\dot{\mathit{h}}”]

[h By “peano h”]

0

[" AT At As \c. /\/l4(t s, C, Hz = |ﬂ)]

. tex
iy “

\dot{\mathit{i}}”]

[i RE “peano i”]

J

[j ™90 A e Ma(t,s, ¢, [[f = 1))

["tE)( «

\dot{\mathit{j}}"”]

[j Byk “peano j”]



k
[ig magro /\t.)\s.)\c../\;l4(t,S,C> Wﬂ = kH)]
[k tg)( «“

\dot{\mathit{k}}"]

2 “poano 1]

[
[j magro )\t.AS.)\C.M4(t,S7C7 Hl = IH)]
Z tE)‘ «

\dot{\mathit{1}}”]

[l pyk “peano 17]

m
[ ™2 A AsACMy(t,s, ¢, [ = m]])]
\dot{\mathit{m}}"]

[m lﬂ( “peano m”]

n
[ ™25 At s Ae. Mul(t, s, c, [[7 = A]])]
\dot{\mathit{n}}"]

[n %{ upeano n??]

0
[0 ™25° At As. Ae. My(t,s, ¢, [[6 = 6]])]
\dot{\mathit{o}}”]

[0 pyk “peano 0]



p

[ 29 At.As. Ac. M4(t s, ¢, [[p=p]])]

. tex
= “

\dot{\mathit{p}}”]

. pyk )
[p = “peano p”]

q

[¢ ™25 Mt.)s. Ac. M4(t s,¢, [[g = 4]])]

. tex
“

\dot{\mathit{q}}”]

. pyk « 9
[¢ = “peano q”]
T

[ ™25 At As. e My (t, s, ¢, [ = i]])]

[ X«
\dot{\mathit{r}}”]

[ By “peano 7]

$

[5 ™25 M As e My (t,s, ¢, [[5 = §]1)]
[§ 1 «

\dot{\mathit{s}}”]

[5 By “peano s”]
t

[t 257 At A e My (t, s, ¢, [[E = 1]])]

tex

i =
\dot{\mathit{t}}"”]

[t A “peano t”]



U

i ™25 At As. Ae. Myl(t, s, ¢, [[i = 0]])]

\dot{\mathit{u}}”]

[ pyk “peano u”]

v

[0 290 At As Ae Ma(t, s, ¢, [[6 = ¥]])]

\dot{\mathit{v}}”]

[0 PV “heano V7]

w

[0 ™25 M As. e My(t,s, ¢, [[w = w]])]

[i = «
\dot{\mathit{w}}"]

[w pyk “peano w”|

x

[# ™55 M e Myt s, ¢, [[& = X]])]

[I ti)f «
\dot{\mathit{x}}”"]

[& pyk “peano x”]

Y
[§ ™25 At As de. My (t, s, ¢, [ = y]])]

[~ tE)‘zc

\dot{\mathit{y}}"]

. pyk « 9
[ = “peano y”]



z

[2 25 At As Ae My (t, s, ¢, [[2 = 2]])]

[3 5%«
\dot{\mathit{z}}”]

[2 By “peano z”|

nonfree (s, %)

[nonfree(x, y) )

P [xty].

If (- [ = Wx: vl ] ,.nonfrcc (x,y%),
If(x = [y'],T,nonfree(x,y?))))]
[nonfree(x,y) = ¥«
\dot{nonfree}(#1.

, F#2.

)]

y pyk .
[nonfree(x,y) = “peano nonfree * in * end nonfree”]

nonfree (%, %)

[noﬂfree* (x,y) vl x!If(y, T, If (nonfree(x, y"), nonfree” (x,y"), F))]

[norffree* (x,y) <= «

\dot{nonfree} "x(#1
, H2.
)]

[noﬁfree (x,y) = Y«

peano nonfree star * in * end nonfree”|

free (x| := *)

[frée(a\x :=b) 2 [ b!
If(

If(— [ = [Vu:v] | , free* (at|x := b),
If(al =x, T,
If(nonfree(x a?), T,



If.(—|non.free(al7 b), F,
free(a®(x := b)))))) |
[free(alx := b) = «
\dot{free}\langle #1.
| #2.

= #3.
\rangle”|

]

[free(alx := b) Ay “peano free x set * to * end free”|

free* (s|s = %)

[free* (afx := b) ™ x! [ blIf(a, T, If (free(a®[x := b)), free* (at[x := b), F)) ] ]

[free* (a|x := b) = «
\dot{free}{} «\langle #1.
| #2.

= #3.

\rangle”]

[free* (a|x := b) iy “peano free star x set * to * end free”|

K= (k|*% 1= %)

a=(b|x :=c) ) al [x!'[c!

If (If (b = Wu v],b! £x,F),a=b,
If(b” A [b=x],a=cIf( |

a] =b,a'=("b'[x:=c),F)))] ]]
[a=(b|x := c) "= “#1.
{\equiv}\langle #2.

|#3.

=4,
\rangle”|

[a=(b|x :=¢) Ry “peano sub # is * where * is * end sub”]

k= ("k|k 1= %)

[a=(*b|x := ¢) vl b1 [ x! [ cMf(a, T, If(a"=(b"|x := c),a'=(*bt|x :=¢),F)) | ]]
[a=("b|x := c) "= “#1.



{\equiv}\langle"x #2.
|#3.

=4,

\rangle”]

[a=(*b|x := ¢) Ay “peano sub star x is * where * is % end sub”]

S/

(8" [Va:vh: [ [ad [b'] ] 2 [ [at+b]’] ] ] @ [ [Va:vh: [ [ [“b]
=5al = [ [ [“b] =a] =b] ] ] @ [ [Vavh [ [a=b] = [a= |
1] ] ] @[ [Vavh [ [a=b]F [atb] ] ] @ [ [Vavh [ [2£ |
b'] ] = [aZb] ] ] ® [ [Vavh[a= [b=a]]] @ [ [¥xVavh: |
nonfree([x], fa) = [ [Vx: [a=b] | = [a=Vxb] ] ] | @ [ [Va:¥h: |
[a: [b'] ] = [[ab] +a] ] ] @ [ [Va][at0] Za]] &[]
Va:Vb:Ve: [ [a= [b=>c] ] = [ [a=b] = [a=c] ] ] ] @[]
Va:vb:Ve: [ [aZb] = [ [aZc] = [bZc] | ] ] ® [ [VaVhVevx |
b=(alx:=0) - [c=(alx:=x)I [b= [ [Vx: [a=>c] | =Vxa] | ] ]]
@ [ [Va-[0=[a]]] @ [ [VxVa: [akVxa] ] © [ [ Ve:Va: v Vb: |
[a]=([b]|[x] :=[c)# [ [Vxb] =al ] ] @®Va [ [ai0] £0]]]]]]
P11 11T

s

S™]

[S" 2 “system prime s”]

AT’

[AT P Rule tactic]

A1 "3 S - Va:vb: [a=> [b=>a] ]

NG

A1)

[AT X “axiom prime a one”]

A2’

[A2 P Rule tactic]

[A2 "' S/ Va:Vb:Ve: [ [a=> [b=c] ] = [ [a=>b] = [a=c] ] ]]



Az
A27”:|

pyk . :
[A2' = “axiom prime a two”]

A3

[A3 POt Rule tactic]
A3 'S FVaivh: [ [ [“b] = 5a] = [ [ [“b] >a] =b] ]

INEL
A37”:|

pyk . :
[A3' = “axiom prime a three”]

A4

[A4/ proof Rule tactic]
[A4 "5 S Ve Va:Vx: b: [ [al=([b]|[x] :=[c]) b [ [Vxb] =a] ]

NEE
A47”:|

pyk . :
[A4 = “axiom prime a four”]

AY

proof

[A5" "=~ Rule tactic]

[A5 Sfé‘“ S’ I Vx:Va: Vb: [ nonfree([x],[a]) #+ [ [Vx: [a=>b] | = |
a=VWxb]| | ]

L
A57”:|

pyk . :
[A5' = “axiom prime a five”]

S1/
proof

[S1” "= Rule tactic]
SIS va:vbive: [ [aZb] = [ [aZc] = [bZc] ] ]]

10



171

Sl?”]

pyk . .
[S1” = “axiom prime s one”]

S2/

[$2" %" Rule tactic]
(52 S Fva:vb: [ [aZb] = [/ 2 [b] ] ]]

8215+
S27”:|

pyk ; i
[S2" = “axiom prime s two”]

S3’

[S3/ proof Rule tactic]
[S3 "' Fva:— [02 2] ]]

[S3 1 «

837”]

pyk . :
[S3' = “axiom prime s three”]

S4/

[S4/ POt Rule tactic]
[S4' 'S b Varvb: [ [ 2 [B'] ] = [a£b] ]]

Er
S47”:|

pyk ; i
[S4' = “axiom prime s four”]

S5’

(S5’ proof ple tactic]

S5 "8 S - va: [ [a+0] 2a]]

11



S5/ 1% «
857”]

pyk : i
[S5" = “axiom prime s five”]

S6’

[S67 P proof ple tactic]
[S6" *=" S b Va:vh: [ [a+ [b'] ]

[S67 % «
SGW]

pyk : i i
[S6' = “axiom prime s six”]

ST’

[S7 P proof ple tactic]
(ST b vas [ [230] £0])

[S7 % «
S7m]

pyk ; i
[S?l VS “axiom prime s seven”

S8’

proof

S8 %
(S8 ' - Va:¥b: [ [at [b'] ]

S8 % «
SSW]

Rule tactic]

pyk ; i i
[S§' = “axiom prime s eight”]

S9’

59’ P Rule tactic]

[S
[

a=c] | =>wxal | ]]]

gy’ Stm stmt g Va: Vb: Vc: Vx: [ b5<7|7

2

[ [

12

a-

] +a] 1]



[Sg/ tex
897”]

pyk . . .
[S9 = “axiom prime s nine”

MP’

[MP’ "% Proof Rule tactic]
[MP,sgntS/Fva:vb: [ [2=b] F [akb] ]]

[MP/ tg( «
MP’”]

[MP’ RAE S prime mp”|

Gen’

[Gen' "— P Rule tactic]
[Gen’ St gr Vx:Va: [abF Vg:g] ]

[Gen’ ¥ «

Gen”’ }

pyk .
[Gen’ = “rule prime gen”]

L3.2(a)

[L3.2(a) "X A A P([S -V [ [S5 > [ [t+0] 2] ;[ [SU> [ [ |
t+0] £t] = [ [ [t+0] £t] = [tE2t] ] ] ][ [ [ [MPTwicer [ [
[t40] 2] = [ [[t+0] 2] = [t2t] ] ] ] [ [t40] 2t] ] >
[[t+0] 2] ] > [t2t] ] ] ]11,po,0)]

[L3.2(a) "2 S Fve: [t21¢]]

[L3.2(a)" & “L3.2 (a)”]

[L3.2(a) 2 Y “lemnma prime three two a”]

13



[L3.2(b) "X Ac A P([S' FVEVr: [ [SU> [ [t2r] = [ [t2t] = |
2] ) [ [ [Tautle [ [t2r] = [ [t2t] = [rZ2t] ] ] ] > |
[t=t] = [ [t=r] = [r=t] ] ] )5 [ [L320) > [t=t] ]5 [ [ [
MP'> [ [tEt] = [ [tEr] 2> [rEe] [ ]I [tE2e] ] > [ [tEr]
= [r2t] 71171 17posc)

[L3.20b) "B S Fveve [ [t2r] = [r2t] ]

[L3.2(b) L32(b) ]

[L3.2(b) 5 “lemma prime three two b”]

L3.2(c)

[L3.2(c) " A P([S' FVtVeYs: [ [SU> [ [r2t] = [ [r2s] = |
t=s] 1] [ [L32b)y > [ [tEr] = [rZt] ] 15[ [ [Taut2e [ |
tZr] S [(r2t] ]I [ [r2t] 2> [ [rEs] 2> [tE2s] 1] ] > [
t=r] = [ [rZs] = [t=s] ] 1] ] ]1,p00)

[L3.2(c) 'S Fveveys [ [t£2r] = [ [rfs] = [t£s] ] ]]
[L3.2(c)" ¥ “L3.2 (c)”]

[L3.2(c)’ 2 “demma prime three two ¢”]

L3.2(d)

[L3.2(d) "X A P([S' F Ve Vr:Vs: | [L320c) > [ [r2t] = [ [t2s]
= [r=s] 115 [ [ [Tautls [ [rEt] = [ [tEs] = [r2s]]] ]
> [ [tEs] = [ [r=t] 3 [r=s] ] ] 5[ [L32b) > [ [s=t] =
[t=s] ] 5 [ [ [ [Taut2e> [ [s=t] = [t=s] ] ][ [t=s] = [ ]
r2t] S [r2s] ] ]l > [ [s2t] = [ [r2t] = [r2s] ] ] ][
Tawtl> [ [s&t] = [ [r2t] = [r2s] | ] ] > [ [r2t] = [ |
s=t] = [r=s] ] 1117117 ]11Tp00)

[L3.2(d) 'S Fvevevs [ [r2t] = [ [s2t] = [rZs] ] ]]
[L3.2(d) % “L3.2 (d)”]

[L3.2(d)" " X “Yemma prime three two d”]

14
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RN

[L3.2(f) P “lemma prime three two {”]

[L3.2(g) "2 Ae A P([S'F [ [S5' > [ [ 40]
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t4+0]

[L3.2(f) = “L3.2 (£)7]

L3.2(g)
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[P ] & (e [F] D] = (8 (T84 (8] ] & [ [+ [¢
PV (0] 1= [ s+ [F) 1IN =MD [T[F+[t] ] £
[T [t 17 11=( I8+ (8] ] & [ [s4+ (8] 1/ 1B] =1 w [ [+
(8] ] & [ [e 811711110

[L3.2(g)'I1 X “L3.2 (g)’ 1I"]

[L3.2(g)'I1 > X “Jemma prime three two g rev”]

[L32(h)ba51spr—>(m A P([SF [ [S5 > [ [t+0] = [t] ] ]:[ [
L3.2(f) > vi: [£2 [0+ [£] ] ] )5 [[t= [0 [£] J1=([t= [0+ [E] ]
e =MD [ [ (A [EE [0+ [] [1=([t= [0+ [t] ]

WE =8 ] > [ [V [t& [0+ [£] ] ] ] = [t= [0+ [t]]]]]
[[[MP'> [ [V [t£ [0F[t]]]] = [£= [0+ [f] )] ]] oV
t2 [0+ [t] ] ] ] > [t= [0+ [t] ] ] ]5[ [L32(c)> [ [ [t4+0]
E[t] ] = [[E2 [0+ [t] ] ] = [[t+0] 2 [0+ [t] ] 111151
[ [ [MPTwicer [ [ [t4+0] & [t] ] = [ [t= [0+ [t] ] ] =[]
tH0] = [0+ [t) ] ] )] ) [[t40] 2 [t] ] ] > [t= [04 [t] ]
J1> [[t40] = [0+ [£) ] )]s [ [89> [ [ [t+0] = [04 [t] ]
P2 [V [[[E[F] )2 [FF (] ] ) = [ [t [#] ] & [V + [i]
P11 v [ e+ (0] D& iR (8] 1] 1] [ [ [MP'> [ [ [t40]
S04+ (8] ] )= [ [V [ [[EF[F] ] & [#4[t]]] = [ [t+ [¥]
JEWF[E] ] ) =2ve [ [EH ()] =i ()] )] )] e [
tH0] & [0 [E] J ] ) > [ (v [[[E+[F] ] = [i4[t]]] =[]
th (V] E[PF[E] ] ] v [[EF (] ] & [f[E]]]]]]
11T 1T T pose)l

[L32(h)ba51s WS [EE (04 [£] ]]=(E 2 [0+ [£] ] =[E)*
[V [ [ IR [P) ] & (PR [E] ] ] = [ [t [F] ] & [P+ [t] ] ]
]]ﬁVr[[H[f]]g[ﬂr[f]]]}]]

[L3.2(h) basis ¥ “L3.2 (h)’ basis”]

[L3.2(h)’basis VY “lemma prime three two h base”]

L3.2(h)’

[Lg.z(h)"’r‘)OfAchP(fS{ [ 186> [[¢4 [#] ]2 [ [¢+[F]17]]]
PLIL32( > [ [P [t] ] & [ [ (8] 1711 )50 082> [ [
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[L3.2(h) "' S/ F v [ [£4 [#] ]
[L3.2(h) X “lemma prime three two h”|

[L3.2(h)" = “L3.2 (h)”]

Tautl



a=b] = [a=c] | ]];[[A2> [[b= [[a=b] = [a=c]]]
= [[b= [a=b] ]| = [b=[a=c]]]]];[[A'> [b= [a=b
I 15 [ [ [ [MPTwicer> [ [b= [ [a=b] = [a=c] ]] = [ [b=
a=b] ] = [b=[a=zc]]]]]p>[b=[[a=b] = [a=c]]]
b= [a=b]]]>[b=>[a=zc]]]]]]]]]1poc)]
Tautl *2° S Va:Vb:Ve: [ [a= [b=c] | F [b=> [a=>c] | ]]

Taut1 *< “Taut 17]

Tautl 2 “lemma tautology one”|

Taut2

proof

[Taut2 "—" Ac.Ax.P([S' +
e>f] = [d= [e=>f] ] ] ];

[e [ [ [ [MP d
e=>fl] ]l fesf] ] > [d= [e=f] ] ][ [AZ> [ [d= |
e=f]l] = [[d=e]l = [d=f] ] ] ];[ [ [ [MPTwicer> [ [d= |
e=f] ] = [[d=e]l = [d=f] ] ] ] [d=[e=f] ] ] > [d=e
1> [d=f]]]1]]1]]1poc

[Taut2 *5°S' FVd:Ve:VE: [ [d=>e] F [ [e=f] F [d=f] ] ]]

[Taut2 “% “Taut 27]

[Taut2 P “lemma tautology two”|

Taut3

[Taut3 "% Ac A P([S' F Va:Vb:Ve: [ [a=b] F [ [a= [b=c] ] F [
A2'> [ [a= [b=c] | = [[azb] = [azc] | ] ][ [[]
MPTwicer> [ [a= [b=c] | = [ [a=b] = [a=c] | ] ] D> [a=>
[b=c] ] ]>la=b] ]| > [a=c]]]]]lpoc)

[Taut?:smﬂt S'FVa:Vb:Ve: [ [a=b] F [ [a= [b=>c] | F [a=c] ]| ]]
[Taut3 = “Taut 37]

[Taut3 X “lemma tautology three”]

Taut4

[Tautd "% Ac A P([S' F Va:Vb:Ve: [ab [ [b= [a=c] | F [ [ ]
Tautl> [b= [a=>c] | ]| > [a= [b=c] | |; [ [ [MP'> [a= |
b=c]]]ral>[b=c]]]]]l]poc)



[Tautd 3" S’ - Va: vb:Ve: [ak [ [b= [a=c] | F [b=>c] ] ]]
[Taut4 = “Taut 47

[g]

[Taut4 P “lemma tautology four”]

Weaken

Weakenpg)fAc.Ax.P([S’FVQ:V@: [ab [ [Al"> [a= [b=a] ] |;[ |
] ]

[ [

[MP't> [a= [b=a] ] ] >a] > [b=>a]]]
[Weaken *5° S’ - Va:Vb: [aF [b=>a] |]
[Weaken “ “Weaken”]

[

pyk
Weaken = “lemma weaken” |

M1.7

tex

[M1.7 = «
M1.7"]

k
[M1.7 2 “mendelson one seven”]

MPTwice

proo

[MPTwice ™% e Ax.P([S' F Va:Vb:Ve: | [a= [b aF [b

[ [MP'>[a= [b=c] ] ]>a]l > [b=c]];[[[MP>[b=c]]
>b] >c] ] ]]]1po,c)

[MPTwice "' §' - Va:¥b:Ve: [ [a= [b=c] ] F [aF [blFc] ] ]]
[MPTwice “% “MPTwice”]

. k .
[MPTwice 25 “lemma mp twice”]
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*
[XtE; “

\dot{#1.
1

. pyk
[x = “x peano var”]

[x3yti)>( “H1.

\mathop{\dot{\cdot}} #2.”]

. pyk .
[x'y = “x peano times *”]

* %

[y "5 L
\mathop{\dot{+}} #2.”]

: k
[x+y 2 “ peano plus "]

*g*

£y ™ 1,
\stackrel{p}{=} #2.”]

p pyk )
[x =y = “x peano is x|

«P
xP % x £ [x]]

P S

{+ 7 {\cal P}7]
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[xP RIS peano var”]
ks
[x tex «
\dot{\neg}\, #1.”]

. byk
[x = “peano not *”]

Vs

[Wx:y &«
\dot{\forall} #1.
\colon #2.”]

[Vx:y iy “peano all * indeed *”]

* = %

tex

[x =y = “41.
\mathrel{\dot{\Rightarrow}} #2.”]

[x=y PYE peano imply #”]
The pyk compiler, version 0.grue.20050608 by Klaus Grue

GRD-2005-06-30.UTC:07:14:31.615667 = MJD-53551.TAI:07:15:03.615667 =
LGT-4626832503615667¢e-6
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