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1 Peano arithmetic

This Logiweb page [1] defines Peano arithmetic.

1.1 Introduction of new constructs

The following constructs allow to introduce a new construct (“introduce” in
the normal sense of the word, not in the sense of a Logiweb revelation). The
constructs allow to define the pyk aspect [p] and tex aspect [t] of a new construct
[x] and also makes two entries in the index. The first of the constructs below
adds the text [i] in front of one of the index entries.

tex

[intro(x, i, p,t) = [x Pk pl[x = t]]*

. k . . .
Hintro(x, i, p, t) PX* “intro = index * pyk * tex * end intro”]



[intro(x, p, t) = [x Z* p][x ‘= t]]?

1.2 The constructs of Peano arithmetic

Terms of Peano arithmetic are constructed from zero [0]°, successor [x']*, plus
[x+y]?, and times [x‘y]°.
Formulas of Peano arithmeric are constructed from equality [x £ y]”
tion [-x]®, implication [x = y]°, and universal quantification [vx:y]'°.
From these constructs we macro define one [i]'!, two [2]'?, conjunction [x A
y]137 disjunction [x V y]'*, biimplication [x < y]'°, and existential quantification

, hega-

[3x: y]'o:
=
B2 1)

XAy =(x= Ay
xVy=-5x=y]
x &y =(x=y) Ay =x)]
[Fxiy = 5 Wx: Sy

1.3 Variables

We now introduce the unary operator [x]'” and define that a term is a Peano

variable (i.e. a variable of Peano arithmetic) if it has the [X] operator in its root.
[xP]'® is true if [x] is a Peano variable:

. k . .
2[intro(x, p, t) PXS “intro * pyk #* tex * end intro”]

o+ pyk
3[0 "= “peano zero”]

pyk
4[x' "= “x peano succ”]

. pyk
Sx+y Ty peano plus *”]
- k .

6[x 1y " “x peano times *”]

p pyk s
TIx =y = “x peano is *”]

. k .
Mx =y PYE peano imply *”]

. k
0[vx:y PZ% “peano all * indeed |

; pyk
i "= “peano one”]

; pyk
12[2 "= “peano two”|
P . k
1Bx Ay ZZ° “x peano and #”]
. k
W[y vy PE° 4 peano or #7]

k
15[x & y PX° “x peano iff %]

: pyk . .
16[3x:y "= “peano exist * indeed *”]

. pyk
7[x "= “x peano var”]

pyk .
18[xP =" “x is peano var”]



Appendix A.2 defines Peano variables for the other letters of the English alpha-

bet.
[nonfree(x,y)]?° is true if the Peano variable [x] does not occur free in the

Peano term/formula [y]. [nonfree” (x,y)]?! is true if the Peano variable [x] does
not occur free in the list [y] of Peano terms/formulas.

[nonfree(x, y) =

if y¥ then —x L y else

if =y = [Vx:y] then nonfree” (x,y") else
if x = y! then T else nonfree(x, y2)|

[noﬁfree*(x, y) = x!If(y, T, nonfree(x, y*) A nonfree’ 6yl

[free(a|x := b)]?? is true if the substitution [(a|x:=b)] is free. [free*(a|x := b)]**
is the version where [a] is a list of terms.

[free(alx := b) = x!b!

if a” then T else

if —a = [Vu:v] then free*(at|x := b) else
if a! & x then T else

if nonfree(x,a?) then T else

if —nonfree(a',b) then F else

free(a?|x := b)]

[free* (alx := b) = x!b!If(a, T, free(a®|x := b) A free*(at|x := b))]
[a=(b|x := c)]?* is true if [a] equals [(b|x:=c)]. [a=(*b|x := c)]?° is the version
where [a] and [b] are lists.

[a=(b|x := c) = alx!c!

if b= [Vu:v] A b! £ x then a = b else

if bP Ab < x then a = c else
a=bAat=("bt|x :=c)]

g Pk “peano a”]

20[nonfree(x, y) PYk ¢ ‘peano nonfree * in * end nonfree”]

2l nonfree” (x,y) Pk “peano nonfree star * in * end nonfree”|
22[free(alx := b) = Py “peano free * set * to * end free”|
23[free* (alx := b) "= Pk “peano free star * set % to * end free”]
24la=(b|x :=c) ‘= Py “peano sub x* is * where * is x end sub”]

pyk
25[a=(*b|x := c) "= “peano sub star * is * where * is * end sub”]



[a=(*b|x := c) = bIx!c!If(a, T,a"=(b"|x := c) A at=(*b|x := c))]

1.4 Axiomatic system
System [S]?° of Mendelson [2] expresses Peano arithmetic. It comprises the
axioms [A1]?7, [A2]%8, [A3]%?, [A4]*°, and [A5]*! and inference rules [MP]*? and
[Gen]? of first order predicate calculus. Furthermore, it comprises the proper
axioms [S1]%%, [S2]%°, [S3]%°, [S4]*7, [S5]*%, [S6]*, [S7])*°, [S8]*!, and [S9]*°.
System [S] is defined thus:

[Theory ]

[S rule AL:VA:VB: A= B = A

[S rule A2:VA:VB:VC: (A= B =C)= (A= B) = A=

[Srule A3: (B = “A) = (-B= A) = B

The order of quantifiers in the following axiom is such that [A] which the system
can currently guess comes first. At a later stage, when a planned generalisation
of the conclusion tactic has been implemented, the system will be able to guess
[X] and [B] also. Guessing [C] would require a separate tactic.

[S rule A4:VC:VA:VB:VA: A=(B|X :=C) - VX: B = A
S rule A5:VX:VA: VB: nonfree(X, A) - VX: (A= B) = A = VX: B]

[S rule MP:VA:VB: A= B+ AF B

K
265 "L “system s7]

27[A1 P2 waxiom a one”
28[A2 PX¥ waxiom a two”]
29[A3 PXE «axiom a three”]
307A4 XX “axiom a four”]
31[A5 P waxiom a five”]
32[MP P e mp”]
33[Gen P pyle gen”|
34[S1 P waxiom s one”|

: pyk .
35[S2 =" “axiom s two”]

pyk .
36[S3 °=" “axiom s three”]

. pyk .
37[94 PX* “axiom s four”]

38[S5 P2 waxiom s five”]
39186 PYX waxiom s six”
40137 PXX «axiom s seven”
41188 PXX waxiom s eight”]

pyk . .
42[S9 "= “axiom s nine”



[S rule Gen: VA:VA: A - VX: Al

Axiom [S1] to [S8] are stated as Mendelson [2] does. This is done here to test
certain parts of the Logiweb system. Serious users of Peano arithmetic are
advised to take Mendelson’s Lemma 3.1 as axioms instead.

1.5

[SruleSl:aZ2b=aZe=b2¢

[Srule S2:a 2 b= o' £ ¥

S rule S3: -0 £ &/]

[S rule S4: ¢/ £ 0/ = a £ b]

[S rule S5: 4 +0 £ 4]

S rule S6: a+ b £ (a+b)]

[S rule S7: 410 £ 0]

[S rule S8: a:(d') £ (a:b)+ a]

[S rule S9:VA:VB: VC: VA
B=(A|X = 0) I- C=(A|X = X") I+
B=VX: (A= C) = VXA

A lemma and a proof

We now prove Lemma [L3.2(a)]*® which is an instance of the corresponding
proposition in Mendelson [2]:

[S lemma L3.2(a): & £ i]

The first four lines of the proof has revealed an error in the conclusion tactic
which has to be corrected before the proof will be accepted:

S proof of L3.2(a):

LO1:

L02:
L03:

LO04:

S5 >

Gen > LO1 >
AM@i@a@
at+0Zaa
i+02 3>

MP > L03 > L02 >

431L3.2(a) PXX “lemma 1 three two a’]

at0Zg :
Va:a+0Za ;

Vaica+0Za=5+02 % :
i+02 i



A Chores

A.1 The name of the page
This defines the name of the page:

[peano A ‘peano” |

A.2 Variables of Peano arithmetic

We use [b]*, [¢]*2, [d)*°, [e)'7, [f]*%, [']49, RO, i, (G172, [R5, (174, ()™,
[2]°%, [0]°7, [p1°%, [a]™”, [7]°°, [3]°F, [41°%, [a], H’ [w]‘3°, #]%%, [$]°7, and [
to denote Variables of Peano arlthmeth ) o o '
[k—k] [l—l] [mith [ = 1], [0=0}, [i)ibly [q =4, [F =1], [§ = 3],
(=1, [a =], [0=V], [w=w], [ =%], [§ =V], and [ = Z].

dapp P Pk “peano b”]
e Pk “peano ¢”|
46[g P Py “peano d”]
470 Pk “peano e”]
48[ P Pk “peano {”]
499 X “peano g7
50[f, P Pk “peano h”]
517 Pk “peano i”]
52[j PX° “peano ']
53[f X Pk “peano k”]
54 e Pk “peano 1”]
55[1n, Py “peano m”|
56[n, Pk “peano n”|
57[0 pi “peano 0”]
%[ 2 “peanc p]
Mg p% “peano q”]
60[4 Py “peano r”]
6113 Pk “peano s”]
62[4 "= Py “peano t”]
63[4 Pk “peano u”|
6474 Pk “peano v”]
65w Pk “peano w”|
66 (3 Py “peano x|
67 "2 “peano y”]
6813 Pk “peano z”|



A.3 TgX definitions

[intro(x, i, p, t) = “\index{#2.: #3. Q#2.: $[#1/tex name/tex.]$ #3.}%
\index{#3. $[#1/tex name/tex.]$}%
\tex{
$[#1/tex name/tex.
\stackrel {\mathrm {tex}}{=} #4/tex name.
|$}8[ #1/tex name/tex.%
|$\footnote{$[#1/tex name/tex.
\stackrel {\mathrm {pyk}}{=} #3/tex name.

18}7]

[intro(x, i, p, t) "& «

intro(#1.
72

L #3.

s 4.

)]

[intro(x, p,t) = “\index{\alpha #2. @\back \makebox[20mm][lJ{$[#1/tex
name/tex.]$}#2.}%
\index{#2. $[#1/tex name/tex.]$}%
\tex{
$[#1/tex name/tex.
\stackrel {\mathrm {tex}}{=} #3/tex name.
18}8[ #1/tex name/tex.%
|$\footnote{$[#1/tex name/tex.
\stackrel {\mathrm {pyk}}{=} #2/tex name.

1837]
fintro(x, p, ) "
intro(#1.
, F#2.
s 73
)]
[0 tg( «
\dot{0}7]
[x’ X
777]
[y = L
\mathop{\dot{+}} #2.7]
[x*y tex “H1.

\mathop{\dot{\cdot}} #2.”]



2y
\stackrel{p}{=} #2.”]

[—| X tg( «

\dot{\neg}\, #1.”]

[x =y tex “H1.
\mathrel{\dot{\Rightarrow}} #2.”]

[Wx:y &«
\dot{\forall} #1.
\colon #2.”]
[1 tex
\dot{1}”]
[2 tg( «
\dot{2}”]
[x Ay ]
\mathrel{\dot{\wedge}} #2.”]
[xVy ]
\mathrel{\dot{\vee}} #2.”]
x &y Sy
\mathrel{\dot{\Leftrightarrow}} #2.”]
[Fx:y A
\dot{\exists} #1.
\colon #2.”]
[X tg( «
\dot{#1.
1
P 1 .
{} 7 {\cal P}7]
a tg( «
\dot{\mathit{a}}”]
[nonfree(x,y) = ¢
\dot{nonfree} (#1.
s F2.
)]



[nonfree (x,y) < ¢

\dot{nonfree} "x(#1.

s #2.

)]
[free(alx := b) =«

\dot{free}\langle #1.

| #2.

= #3.

\rangle”]

[free* (a|x := b) = «
\dot{free}{} "«\langle #1.
| #2.
= #3.
\rangle”]

[a=(b|x := c) "= “#1.
{\equiv}\langle #2.
|#3.
=#A4.

\rangle”|

[a=(*b|x 1= c) = “4#1.
{\equiv }\langle"x #2.

|#3.

=#A4.

\rangle”]
[S tgc «@

S”}
[A] ' «

Alw]
[A2 & «

A277]
A3«

A377]
[A4 1«

A477]
A5t

A577]



[MP & «
[Gen & «
[S1 % «
2 1
93 1 «
(541
[S5 = «
[S6 < «
[§7 = «
S8 1 «

[59 ' «

MP”]

Gen”|

517]

S277]

S377]

S47]

8577]

86”]

S777]

8877]

Sgw]

[L3.2(a) = «

[b tg( «
[C tgc «

[d tg( «

[6 tg( «

L3.2(a)"]

\dot{\mathit{b}}”]

\dot{\mathit{c}}”]

\dot{\mathit{d}}”]

\dot{\mathit{e}}”]

10



\dot{\mathit{f}}”]

\dot{\mathit{g}}”]

\dot{\mathit{h}}”]

\dot{\mathit{i}}"”]

\dot{\mathit{j}}"”]

\dot{\mathit{k}}”]

\dot{\mathit{1}}"”]

\dot{\mathit{m}}”]

\dot{\mathit{n}}”]

\dot{\mathit{o}}”]

\dot{\mathit{p}}”]

\dot{\mathit{q}}”]

\dot{\mathit{r}}"”]

\dot{\mathit{s}}"”]

\dot{\mathit{t}}"]

\dot{\mathit{u}}”]

11



Vaa £ e=(a:a 2 blb = ¢)]

Vi:aZ0+a=cid204+ed=(va:a20+a=>02040b:=¢:d)

v \dot{\mathit {v}}"]
v \dot{\mathit{w}}”]
e \dot{\mathit{x}}”]
5=

\dot{\mathit{y}}"]
e \dot{\mathit{z}}"]
A.4 Test
[[a17)
[[a]7]~
[nonfree([2], [§ £ 2 = Vi £ §])]
[monfree([4], [# £ 2 = Vi: & £ §])]~
[monfree([&], [§ £ & = Vi: & £ §])]~
[monfree([4], [§ £ 5 = Vi & £ §1)]-
[free([Vi:b:: @ :: c][[#] o= [x:: :: 2])]
[free([Vi:b:: i cl|[#] o= [x:: 2 2])]
[free([Vizb i @ ::c)|[§] = [x:: g 2])]
[free([Vi:b:: o c]|[§] == [x:: g e 2])]
[a=(alb:= &)]
[e=(b]b = &))
Va:a £ b=(Va: a £ bla == &)]
[
[
[

Va:a Z0+a=bZ0+b=Wa:a20+a=>b204ba:=¢)

12



A.5 Priority table

Priority table

Preassociative

[peano], [base], [bracket x end bracket], [big bracket * end bracket],
[math * end math], [lush left [«]], [i:]’ vl [2], [[* o< #]], [* = *]], [pyk], [tex],
[mamel, [prio], [+], [T], [if (x, x, %], ([ = «]], [vall, [claim], [L], [f(+)], [(+)'], [F], [0],
). 121, (3] 4], [5] 6], (7] [&] 91, [0 ], (21, 31, 4] [5. 6] [7]. 8], 9, a]. o], ] [,
€], 1 Tgls [0 i, 1, ] 1, (], o], [0l [ e, 1, [, [, [u], [, ], )M, [EEe, .
)], [arvay L) * end array], [, [c] (] lempty], (x| * = #)], [M(e)], (), I4G)),
UM (%)], [apply (x, *)], [apply (*, *)], [1dent1ﬁer( )], [identifier; (x, x)], [array-
plus(x, x)], [array-remove(x, , *)|, [array-put(x, , *, )], [array-add (x, *, *, *, *)],
[b1t(* *)] [bity (*, *)], [rack], ["vector"], ["blbhography"], ["dictionary"],
"body"], ["codex"], ["expansion"], ["code"], ["cache"], ["diagnose"], ["pyk"],
"tex"], ["texname"], ["value"], ["message"], ["macro"], ["definition"],
"unpack"], ["claim"], ["priority "], ["1lambda"], ["apply"], ["true"], ["if"],
"quote"], ["proclaim"], ["define"], ["introduce"], ["hide"], ["pre"], ["post"],
E(x, %, %)], [Ea(x, *, %, %, %)], [E3(*, *, %, *)], [Ea(*, *, %, x)], [lookup(x, *, *)],

abstract(x, x, *,*)], [[*]], [M(x, %, )], [Ma(x, x, %, *)], [M*(x, %, *)], [macro],
sl fip(s ) [assoes (o ), ()7 sl [ = ol [ = =], [+ = =],

ik *], [[* fex *H, [[* nage *}] [PriorityNtable[ 11 [./\/ll] [Ma(%)],
4]1(* e )], M, 0], [QCx, %, %)), [Qa (%, )], [Qa(x, %, %, )],

— T

(M3 ()],
[Q7 (%, %, %)),
)], [aspect (+, )] [aspect (+, , )], [(+)]. [tuple, (+)], [ruple, (+)] [lta (+, )]

ET

(x

lety (+, )], [+ 2™ «]], [checker], [check(, %)], [checks (x, * *)] [checks (x, *, %)],
check™ (x, )], [checks (+, *, )], []'], [+] 7], [[+]°], [msg], [+ "=* «]], [<stmt>],
stmt], [+ st ], [HeadNil’], [HeadPair’], [Transitivity’], [IL], [Contra’], [T}],

La, [#], [A], [B], [C], [D], €], [F], [G], [M], [Z], [T], [K], [£], [M], N, O] [P 2,

R, [S) [T1, U], [V, V], [X], V), [2], [(x |+ = )], [(x | % == )], [0], [Remainder],
(%)V], [error (x, *)], [errora (%, *)], [proof(x, *, *)], [proofa (x, *)], [S (x, ¥)], [S'(*, *)],
SP (%, %)), [SD(* #,5)], [SP(x, %), [ST (%, %, %)], [ST (%, )], [S1 (x, %, %),

S (x, %)), [Sy (%, %, %)), [S™ (, *)] [ST (%, %, %)], [55(*’*,*7*)],[5@(&*)]’

g@( *, %)), [SF(* #)], [ST (%, %, )] [5*(* )], ST, %, %, %)], [8- (x, %)),

S;

x*

© (%, %, %)], [S5% (%, % ,*) [S¥ (%, )], [SY (%, %, %, %)], [ (x, %)],

(%, % *)] [85 (e, %, %, %)], [ ()], [ClalmS(* *, )], [claimsy (%, *, )], [<proof>],
proof], [[Lemma s: *]] [[Proof of *:«]],[[* lemma *: x|,

[« antilemma x: %]], [ rule x: ]|, [« antirule x: «]], [verifier], [V; ()],

VQ(*? *)]’ [V3(*’ *, % *)]a [V4(*v *)]’ [V5(*’ *, % *)]a [Vﬁ(*a *5 % *)}7 [V7(*7 *, 0k, *)]7

Cut(x, *)], [Headg (x)], [Tailg (x)], [rule; (x, %)], [rule(x, *)], [Rule tactic],

Plus(x, *)], [[Theory x]], [theorys (x, x)], [theorys (x, *)], [theoryy (x, *, *)],

HeadNil”], [HeadPair”], [Transitivity”], [Contra’], [HeadNil], [HeadPair],

Transitivity], [Contral, [Tg], [ragged right], [ragged right expansion ],

parm(s, *, )|, [parm* («, *, *)], [Inst(x, *)], [inst*(x, *)], [occur (x, %, *)],

occur® (x, *, x)], [unify (x = *, x)], [unify* (x = *, )], [unifys (x = *, *)|, [La], [Lb),

Lc], [La), [Le], (L], [Lg], L] [Li], [Ly], [Lad, [Lals [Lan], (Bl [Lo]s [Lp), L), [La],

Lg], [Le, [Lu]s (L], L], [Lx], [Ly], [L2], [La], (L], [Lel, [Lo], [Le], [Le], [La],

1
i
1
1

13



), [La, [Lal, [L], [Li, L], [Ln], [Lol, [Lel, L], [Lr), [Ls], [Lr], [Lul, [Lv],
wls [Lx], [Ly], [Lz], [Le], [Reflexivity], [Reflexivity; ], [Commutativity],

L

L

[Commutativity; ], [<tactic>], [tactic], [[* tagtic ], [P (%, %, %)], [P* (x, *, )], [Po]s
{concludel(* ,%)], [concludes (x, *, *)], [concludes (x, *, * *)] [intro(*, *, *, ¥)],
[
[fre
[A

intro(, £, )], [Q]a[i]a[é}a[a}’[b]v[b]v[d]v[é]’[ﬁv[g]v[h} (i, 7). [k I, i), [, 2], [o],
»[al, 171, [8], [#], (@), [9], [w], [2], [9], [2], [nonfree(, +]], [nonfree (x, +)],

ree(x|x := )], [free* (x[x 1= )], [x=(x|x 1= )], [x=(*x|x := %)], [S], [A1], [A2],
3], [A4], [A5], [S1], [S2], [S3], [S4], [S5], [S6], [S7], [S8], [S9], [MP], [Gen],

[L3.2(a)];

Preassociative

Lo 3], D], Do 0, D], [ [eme]], [

Preassociative

[“%7], 01, [()*], [string () + #], [string () ++ ], [
 [Tox], [8ex], [, [+, D)#], [ord, [, o], ] L), /4],

*, [#], [, 4], [, [84] s [

[04], [1#], [2+], [3%], [4], [5+], (6], [T+], [8], [9%], [:#], [; #], [<#], [=+], [>+], [74],
(@], [Ax], [Bx], [Cx], D], [Ex], [Fx], [Goe], [H], [L«], [J#], K], [L#], [M], [N+],
(0], [P], [Qx], [Rx], [S], [T, [U], [Vx], [Wok], [Xt], [Y 5], [Ze#], [[], [\ 4], %], [+,
[#], ['#], [ax], o], [ex], [d], [ex], [4], [g#], [hoe], [i+], [j4], [ket], 1], [m], 0], [ox],
(], [ax], [rx], [, [bx], [we], [ve], [wed, Dos], [y« 2], [{#], (14, 4], (7],
[Preassociative x; x|, [Postassociative x; x|, [[+], ¥], [priority * end],
[newline x|, [macro newline *|;

Preassociative

[x0], [*1], [Ob], [*-color(x)], [*-color™ (x)];

Preassociative

[ 7 5], [ * s

Preassociative

I e I o R A o N e A A A s A s R S N C R N
[0, B2, (20, ], [0, [0, (7, 8, (9], BP0, [V, (€0, €7 [#);
Preassociative

[* : *]a [* 0 *]7 [* : *];

Preassociative

[k 4 *], [x 4o %], [* +1 ], [x — ], [x —o *], [* —1 ], [x + *];

Preassociative

[« U {}], [« U ], [$\{}];

Postassociative

[, [ ], oo, [ 25 ], [ 1o ], [ 425 %;

Postassociative

[, *[;

Preassociative o b . -

[x m2 ], [x = *], [x = *], [* & ], [x &= ], [« = ], [*iwk] [ = #], [* = ], [* = #],
[* € *], [* Cr %], [* = %], [ free in #], [+ free in* ], [ free for  in %],
[+ free for* = in *], [* €. ], [ < *], [* <’ #], [x < «|,[x = L «], [*7];
Preassociative

[=], [ #];

Preassociative

14



[« A k], [% A ], [% A %], [ Ac ], [* A [;
Preassociative
[ Vo], [ || ], [« V], [x V%]
Preassociative
[V* %], [EI* *];
Postassociative
[* = %], [ = «], [« & «[;
Postassociative
[% : ], [*!%];
Preassociative
*
J;
Preassociative
[A* ], [Ax], [if * then x else %], [let x = x in «|, [let * = *x in x|;
Preassociative
[, 60, V], (4], T, )
Preassociative
[x @], [« > #], [« > =], [« > «];
Postassociative
[ b %], [* B %], [x Le. «];
Preassociative
[V: %];
Postassociative
[ & #];
Postassociative
[+ #];
Preassociative
[* proves x|;
Preassociative
[* proof of x: x|, [Line* : % > «; x|, [Last line x > 0O,
[Line * : Premise >> x; %], [Line x : Side-condition >> *; x|, [Arbitrary > x; %],
[Local > % = x; ];
Postassociative
[ then ], [x[ % |*];
Preassociative
[x&x];
Preassociative
[¥\\*]; End table

ey

B Index
* is peano var [x”], 2
* peano and * [x A y], 2
* peano iff * [x &y, 2

* peano imply * [x = vy], 2

)
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* peano is * [x 2 y], 2

peano or * [x Vy], 2

* peano plus * [x+y], 2

* peano suce [x'], 2

* peano times * [x‘y], 2

* peano var [X], 2

* is peano var, 2

* peano and *, 2

* peano iff *, 2

* peano imply *, 2

*

.=

* peano is *, 2

* peano or *, 2

* peano plus *, 2
* peano succ, 2

* peano times *, 2
* peano var, 2
axiom a five, 4
axiom a four, 4
axiom a one, 4
axiom a three, 4
axiom a two, 4
axiom s eight, 4
axiom s five, 4
axiom s four, 4
axiom s nine, 4
axiom s one, 4
axiom s seven, 4
axiom s six, 4
axiom s three, 4
axiom s two, 4
lemma 1 three two a, 5
peano a, 3

peano all * indeed *, 2
peano b, 6

peano c, 6

peano d, 6

peano e, 6

peano exist * indeed *, 2
peano f, 6

peano g, 6

peano h, 6

peano i, 6

peano j, 6

peano k, 6

peano 1, 6
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=

peano m, 6
peano n, 6

=

nonfree(x, y)peano nonfree * in * end nonfree, 3

sy _
nonfree (x,ypleano nonfree star * in * end nonfree, 3
X] peano not *, 2

|

[

[

[

[

[

[0] peano o, 6
[1] peano one, 2
[p] peano p, 6
[q] peano q, 6
[7] peanor, 6
[5] peano s, 6
[#] peano t, 6
2] peano two, 2
[4] peano u, 6
[0] peano v, 6
[W] peano w, 6
[Z] peano x, 6
[9] peano y, 6
(2] peano z, 6
[0] peano zero, 2
[Gen] rule gen, 4
[MP] rule mp, 4
[S] system s, 4

axiom a five [A5], 4
axiom a four [A4], 4
axiom a one [Al], 4
axiom a three [A3], 4
axiom a two [A2], 4
axiom s eight [S8], 4
axiom s five [S5], 4
axiom s four [S4], 4
axiom s nine [S9], 4
axiom s one [S1], 4
axiom s seven [S7], 4
axiom s six [S6], 4
axiom s three [S3], 4
axiom s two [S2], 4

intro * index * pyk * tex * end intro [intro(x, i, p,t)], 1
intro * pyk * tex * end intro [intro(x, p, t)], 2
intro: [intro(x, i, p,t)] intro * index * pyk * tex * end intro, 1

intro: [intro(x, p,t)] intro * pyk * tex * end intro, 2

lemma 1 three two a [L3.2(a)], 5
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peano a [a], 3

peano all * indeed * [Vx:y], 2

peano b [b], 6

peano c [¢], 6

peano d [d], 6

peano e [e], 6

peano exist * indeed * [3x:y], 2

peano f [f], 6 .

peano free * set * to * end free [free(a, x := b)]3
peano free star * set * to * end free [free*(a, x := b)]3

peano g [g], 6

peano h [h], 6

peano i [i], 6

peano j [j], 6

peano k [k], 6

peano 1 [1], 6

peano m [m], 6

peano n [n], 6 )

peano nonfree * in * end nonfree [nonfree(x,y)], 3
peano nonfree star * in * end nonfree [non-free* (x,y)], 3
peano not * [x], 2

peano o [0], 6

peano one [1], 2

peano p [p], 6
peano q [¢], 6
peano r [7], 6
peano s [3], 6

peano sub * is * where * is * end sub [a=(b, x := ¢}]3
peano sub star * is * where * is * end sub [a=(*b, x := ¢)]|3
peano t [#], 6

peano two [2], 2

peano u [4], 6

peano v [0], 6

Peano variable, 2

peano w [w], 6

peano x [&], 6

peano y [j/], 6

peano z [#], 6

peano zero [0], 2

rule gen [Gen], 4
rule mp [MP], 4

system s [S], 4

variable, Peano, 2
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