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1 Peano arithmetic

This Logiweb page [1] defines Peano arithmetic.

1.1 The constructs of Peano arithmetic

. . 5 Pyk
Terms of Peano arithmetic are constructed from zero [0 = “peano

zero”][0 < «
\dot{0}"], successor [x’ DYy peano succ”|[x' X “#1.7], plus [x+y PYS

tex

peano plus *”][x +y — “#1.

\mathop{\dot{+}} #2.”], and times [x’y DY wy peano times *”|[x‘y O wp

\mathop{\dot{\cdot}} #2.”]. .

Formulas of Peano arithmeric are constructed from equality [x By P ey

peano is #”][x £y =¥ “41.



tex

\stackrel{p}{=} #2.”], negation [-x iy “peano not *”][x —
\dot{\neg}\, {#1.}”], implication [x =y RIS peano imply

”][X :> y tg)( 44#1
\mathrel{\dot{\Rightarrow}} #2.”], and universal quantification

tcx «

[Vx:y By “peano all * indeed *”][Vx:y =

\dot{\forall} #1.

\colon #2.”].

From these constructs we macro define one [1

\dot{1}"], two [2 = iy “peano two 2«

\dot{2}”], conjunction [x Ay RIS peano and #"][x A y ¥ “#1.

\mathrel{\dot{\wedge}} #2.”], disjunction [x V y RIS peano or

*”][X \/ y E‘ 44#1.

\mathrel{\dot{\vee}} #2.”], biimplication [x <y DYy peano iff
by S p,

\mathrel{\dot{\Leftrightarrow}} #2.”], and existential quantification

tex «

py « tcx «

peano one”][1 2

[HX y — iy “peano exist * indeed *’ ][Hx y =

\dot{\exists} #1.
\colon #2.”]:

[1 ™25 At.As. Ae. My (t, s, c, [[1 = 0']])]
[2 ™99 At As. A Mu(t,s, ¢, [[2 = 1]])]
Ay T AL AS e Ma(ts, ¢ [[x Ay = = (xS =y)]])]

[x vy "2 At s Ac. /\/14(t 5,6 [[xVy=-x=y]])]

macro

[x &y " AAs A Myt s, ¢ [[x Sy = (x=>y) A (y = x)]])]
[Fx:y "5 MAs e My(t,s, ¢, [[Ixy = 2 x: Sy]])]

1.2 Variables

X«

. . pyk . te
We now introduce the unary operator [x = “x peano var”][x —

\dot{#1.
}7] and define that a term is a Peano variable (i.e. a variable of Peano

arithmetic) if it has the [X] operator in its root. [x” 5 “x is peano

var”|[x” X ey,
{} ~ {\cal P}”] is true if [x] is a Peano variable:

P Y x = [X]]

. pyk tex
We macro define [a = “peano a”][a —

\dot{\mathit{a}}”] to be a Peano variable:



[@ ™25 At As. Ae. My(t,s, ¢, [[a = a]])]

Appendix A.2 defines Peano variables for the other letters of the English
alphabet.

[nonfree(x, y) By “peano nonfree * in * end nonfree”][nonfree(x, y) >
\dot{nonfree}(#1.

) #2'

)”] is true if the Peano variable [x] does not occur free in the Peano

term /formula [y]. [nonfree” (x,y) PYX “peano nonfree star # in  end

nonfree”] [noﬂfree* (x,y) bex «

\dot{nonfree} s (#1.

) #2'

)”] is true if the Peano variable [x] does not occur free in the list [y] of Peano
terms /formulas.

[nonfree(x, y) )

If(y”, —x =y,

If(—y = [Vx:y], nonfree (x,y*),
If(x = y!, T, nonfree(x, y2))))]

[non'free*(x7 y) vl xIf(y, T, If(non'free(x7 yh), nonfree” (x,v"), F))]
[free(alx := b) Ay “peano free  set * to % end free”][free(alx := b) ey«
\dot{free}\langle #1.

2.

= #3.

\rangle”] is true if the substitution [(a [x:=b)] is free.

[free* (a|x := b) Ry “peano free star * set * to * end free”|[free* (alx := b) 3 «
\dot{free}{} *\langle #1.

| #2.

= #3.

\rangle”] is the version where [a] is a list of terms.

[free(a]x := b) 2 b

If(a%, T,

If(—a = [Vu:v], free* (a®|x := b),
If(al = x,T,

If (nonfree(x, a?), T,

If (-monfree(a’, b), F,

free(a’(x := b))))))]

[free* (afx := b) ™ xIblIf(a, T, If(free(al|x := b), free* (at|x := b), F))]

[a=(b|x :=¢) iy “peano sub # is * where  is * end sub”][a=(b[x 1= ¢) =¥ “#1.
{\equiv}\langle #2.



|#3.

=#4.

rangle”] is true if [a] equals [(b|x:=c *blx:=c Py « eano sub star x is
\rang q P

* where x is * end sub”|[a=(*b|x := c> tCX 44#1'

{\equiv}\langle"x #2.

|#3.

=#4.

\rangle”] is the version where [a] and [b] are lists.

[a=(b|x :=c) & a'x'c'

If(If(b = [Vu:v],b! £ x,F),a = b,
If(b” Ab £ x,a = ¢, If

a = b,at=("b'|x := ¢), F)))]

[a=(*b|x := ¢) 2 bIxIc!If(a, T, If (ah=(b" |x := c), a’=(*bt|x := c), F))]

1.3 Mendelsons system S

S pyk tex «

System | system s”|[S —
S”] of Mendelson [2] expresses Peano arithmetic. It comprises the axioms

k . te
[A1 2 “axiom a one”][A1 =5 «

A1), [A2 = X “axiom a two”][A2 =X «
A27], [A3 = X “axiom a three”]|[A3 5 «
[A4 P “axiom a four”][A4 X «

A47], and [A5 = PV “axiom a five” J[A5 X «
A5”] and inference rules [MP = By “rule mp”|[MP tex «

“

]
]
A37],
]
]

pyk
MP”] and [Gen 2 “rule gen”][Gen “=
Gen”] of first order predicate calculus. Furthermore, it comprises the proper

. pyk . ex
axioms [S1 2 “axiom s one”][S1 =5 ¢

S17], [S2 = VX “axiom s two][$2 & «

S27], [S3 pyk “axiom s three”][S3 X«
3”]7 [ pyk ax1om s fOllI’ ][84 tex «
S47], [S “axiom s five”][SH — tex «
S57], [S6 6 2 “axiom s six’ ][S6 = tex
S67], [S7 “axiom s seven”][ST = tex «
S77], [S8 pyk ax1om s eight”][S8 = tex «
$8”], and [S9 * VX “axiom s nine’ "1[S9 tex «
S9”]. System [S] is defined thus:

S 3 ih 23t @Vavbi b= “a=>-b>a>bdalb=a 2
b’ ®Va:Vbra=>blaFbda 2t =alboVavbha=>b=ad



VxVaVbnorffree(xa)H—an:}b:}a:}Vx baabLabtas
at0ZaovavbVeasb>c>a>b=a>chatb=ale
b £ ¢ @ Va: Vb: Ve: Vx: b=(alx := 0) - c=(alx :=x) - b= ¥x:a S ¢ =
Vx:ia @ 023’ @ Vx:Va:a b Vx:a @ Vc: Va: Vx: Vb: [a]=([b]|[x] := [c]) +
Vg:bﬁg@éi()g()]

[A1 st g Va:Vb:a = b = a][Al Proof pile tactic]
A2 S| Va:Vb:Veia=> b= c=a=b=a= [A2 "% Rule tactic]

A3 "5 S 1 VarVb: b = 512 = b = a = bJ[A3 "% Rule tactic]

The order of quantifiers in the following axiom is such that [c] which the
current conclusion tactic cannot guess comes first. This allows to supply a
value for [c] without having to supply values for the other meta-variables.

[A4 ™28 - v Va: v Vb [a] =([b]|[x] := [c]) b Vi b = affAd ™™
Rule tactic]

[A5 *2" S |- Vx: Va: Vb: nonfree(x, a) I Vx:a = b = a = Vx: b][A5 "%
Rule tactic]

IMP *2" S I Va:¥b:a = b - a - b][MP ™2 Rule tactic]

[Gen st g Vx: Va:a F Vx: a|[Gen Proof g ule tactic]

Axiom [S1] to [S8] are stated as Mendelson [2] does. This is done here to test
certain parts of the Logiweb system. Serious users of Peano arithmetic are
advised to take Mendelson’s Lemma 3.1 as axioms instead.

SIS a2psales b2t PY Rule tactic]
[S2° S 1 a 2 b = & 2 p][S2 P2 Rule tactic]
[$3°3° S -0 £ &/][93 P ?' Rule tactic]

[S4° S 1 & 2 By = 4 £ b][S4 P2 Rule tactic]

(S5 3 S a4 02 a)[S5 P Rule tactic]

(96 "2 SFatb £ atb]se ™ Proof Rule tactic]

[S7 'S a:0 £ 0)[s7 " P Rule tactic]

85950 S 1 31 h & 4:pf a][S8 Proof R ule tactic]



[S9 "5 S F Va: Vb: Ve: Vx: b=(alx := 0) # c=(a|x := x/) F b => Vx:a =
c = Vx:al[s9 " POt Rule tactic]

1.4 An alternative axiomatic system

k . X
System [ % “system prime s”][$' * ¢
S”] is system [S] in which the proper axioms are taken from Lemma 3.1 in

Mendelson [2]. It comprises the axioms [Al" = VY “axiom prime a one”][A1" X «
A1), [A2 = PYE “axiom prime a two”]|[A2’ e«
A27], [A3 S A “axiom prime a three”][A3 <5 «
A37], [A4 *5 “axiom prime a four”][A4’ < «
A4™], and [AF = P “axiom prune a five”][A5 15 «
A5’ and inference rules [MP’ 5 “rule prime mp”|[MP’ < ¢

k X
MP"”] and [Gen’ ™ “rule prime gen”][Gen’ “% ¢

Gen’”] of first order predicate calculus. Furthermore, it comprises the proper

axioms [S1/ P “axiom prime s one”][S1’ X«
S17], [S2' = VX “axiom prime s two”][$2 & «
S27], [S3' = Y “axiom prime s three”][S3/ * «
S37], [S4' = P “axiom prime s four”][S4’ * «
S47], [S5 = PV “axiom prime s five”][S5’ 5 «
S5, [S6’ 1Y “axiom prime s six”][S6" = «
S6™1, [S7’ " B “axiom prime s seven”][S7/ =X «
S77], [S8' = RIS axiom prime s eight”][S8' * «
S8, and [SY’ > VS “axiom prime s nine”][S9" ° «
S977].
System [S'] is defined thus:
[S/StmtVQZQwLOga@Vf Vb:Veca=>b=>c=>a>b=>a=>cd
Va:Vb:Veia = b = a = c=> b= c@Va: Vb Ve: Vx: b=(alx := 0) i
c=(alx :=x/) b=>Vxia=>c=Vxa®dVa:-02Za ®Vx:VaalVxad
Ve: Va: Wx: Vb: [a]=([b]|[x] :=[c]) - Vx:b=>a® Va:a:0 20 &
Va:vb:a' £b' > afboVavha>b>ao
Vx: Va: Vb: nonfree([x], [a]) # Vx:a => b =>a = Vx:b @ Va:Vb:a:bh' £
a‘bta®VarVbraZb=a' Zb @VaVb:a=>brakt b Va:vh::b=
“a=>Sb=>a=>b@VaVbhiatb Zafb]

(A1 stmt g7 Va:Vb:a = b = a][Al' "— Proof Rule tactic]

A2 'S/ | Va:Vh:Vea= b= c>a=b=as A2 P
Rule tactic]



A3 "S- Va: b b = S = b = 2 = bJ[A3' ™% Rule tactic]

A4 "B S’ - ve: Ya: Wx: Vb: [a] =([b] | [x] := [c]) - Vx:b = a][A4’ P
Rule tactic]

[A5 *3° §' b ¥x: Va: Vb: nonfree([x], [a]) # Vx:a => b => a =
Vx: b][A5/ Proof Rule tactic]

[MP' "2 §' - Va: vb:a = b a b b][MP' "' Rule tactic]

[Gen’ st gr Vx: Va:a F Vx: a][Gen’ Proof R ule tactic]

/ proo

[S1/ "' S - Va:vb:Vera Zb=>a 2 c= b 2 (J[S1 Rule tactic]

[82/ btmt g Va:Vb: a 2 b= é D b ][SQ’ proof Rule taCth]

[S3/ "1 &/ |- Va: -0 £ a/][S3’ % Proof Rule tactic]

[S4" "™ &/ b Va: Vb’ 2 b = a £ b][S4’ Proof pule tactic]

S5/ "' S/ | a:a +0 £ a][S5" ™% Rule tactic]

[S6' "1 ' F va: Vb a 4 b £ 2 4 b[S6' " Rule tactic]

proof

[S7/°Y S/ - Vara:0 £ 0][S7" P2 Rule tactic]

, proof

(S8 "' S/ - Va:Vb:ath' Zath+

aJ[S8 Rule tactic]

[S9' 5" 8" - Va: Wb: Ve: Vix: b=(a[x := 0) - c=(afx := x) i b = Vx:a =

c = Vx: aj[sy "— progf Rule tactic]

Note that [A1] and [A1’] are distinct. The former says [S F Va:Vb:a = b = 3]
and the latter says [S' F Va:Vb:a = b = a).

A Chores

A.1 The name of the page
This defines the name of the page:

pyk «@ 9
[peano = “peano”]



A.2 Variables of Peano arithmetic

We use [b 2 iy “peano b”][b < «

\dot{\mathit{b}}"], [c pyk ‘peano c”][¢ tex
\dot{\mathit{c}}"], [d q vk “peano d”][d tex

\dot{\mathit{d}}”] [ Ry “peano e ] e =

\dot{\mathit{g}}"], [ i 2 “peano h”][h X«
\dot{\mathit{1}}7], [i ¥ “peano 7][; 1= *
\dot{\mathit{i}}"], [j ™ “peano j°][j =
\dot{\mathit{j}}"], [k " “peano k”][k = «
\dot{\mathit{k}}"], [ = edy “peano 1”][1

\dot{\mathit{l}}”], [m Ay “peano m”

<
~

13

l

\dot{\mathit{n}}"], ['o g
\dot{\mathit{o}}"], [p
L
L

<
~

43

!

peano p”]

kel
<
=

[43

]

]
peano o”][0 =

[i

[¢

\dot{\mathit{p}}”], [¢ peano q”]

\dot{\mathit{q}}"], [i-

2

tex

“peano 1’ ][r =

l

~

\dot{\mathit{r}}”], [5 iy “peano s”][§ 3

\dot{\mathit{s}}"], [} 2 “peano t”][} = «

\dot{\mathit{t}}"], [& 2 “peano u”][u ¥
J[o

dot{\mathit{u}}”]|, [¥ Py « eano v’ tex «
\ p
\dOt{\mathit{V}}”], [w pllf “peano W”Hﬂ) tex ¢

tex %

\dot{\mathit{w}}"], [& 22 “peano x’ ][1’ tex

\dot{\mathlt{x}}”] [y —> “peano y’ ][y _>
\dot{\mathit{y}}”], and [z pyk “peano z”][2 tex «

\dot{\mathit{z}}"] to denote variables of Peano arithmetic:

b M s A Ml s,c. 1D = Bl [ deds e Ma(t,s,c. [[¢ =

AT Mt As. Ac. Myt s, ¢, H )
f magro At.As.Ac.M4(t,s,c [f = ﬂ)]
h S Mt As e My(t, s, ¢, [[h = h]])
7T M As. Ac. Myt s, ¢, Hj Jﬂ)
L=])], [rm

7 T2 At s Ac. M4(t s, ¢ [[n

» 0 At s . /\/l4(t s, ¢, [[p =
MO AN A Mt s ¢, [[i =
SO At As Ae. My(t,s, ¢, [[F =

= nl

d

[f

[

F v

[1 ™25° At.As.Ac. Ma(t;s,c [
[i

[

[

[

d))], [e "0 )\t./\s.)\c./\;u(t,s,c [
s [9 ™5 At s e M4(t s, ¢, [[4
], [i "2 At As. A M4(t s, C, H
], [k ™25 AtAs. A /\/l4(t s,¢, [[k =
A At s Ac. M4(t, s, ¢, [

[
[5
[

[e
9

DI, [0 ™5 At.ds.Ac. /\/l4(t 5, C, H
Py [7 ™25 At As. Ac. /\/l4(t s,¢, [[¢ =
A1), [5 755 At As de. My(t, s, c, [
f])], [& "5 A ds. Ade. My(t, s, c, [

= 4] }
= u]])]

)
i



[ 25 At.As. Ac. M4(t s,¢, [0 = V], [@ "5 AtAs Ac. M4(t s, ¢, [[w =
[# "5 At As. A Myt s, [[3 = %), [ ™5° Mdsde.My(t,s, ¢, [[§ =
and [3 ™25 At./\s.)\c./\?u(t, s, ¢, [[2 = 2]])].

w]T)l;
yIDl;

A.3 TgX definitions

Va:a £ ¢=(Va:a £ blb:=¢)]'

vaaZota=cidZ0feid=(vaaZota=b20Fbb:=cid)

A.4 Test

[[a17]

[[a]7]~

[nonfree([x], [y £ z = Vx:x £ y])]
[nonfree([x], [x £ z = Vx:x £ y])]~
[nonfree([x], [y £ x = Vx:x £ y])]~
[monfree([x], [y £z = Wy:x £ y])]~
[free([Ws:b::x:: c][[X] := [x::y::2]))
[free([Wy:b::%:: c]|[X] i= [x::y i 2])]”
[free([Vx:b i ][] = [x::y 1 2])]
[free([Wy:b::%::c]|[y] =[xy i 2])]
[a=(alb:= )]

[e=(blb := &)]

[Va:a £ b=(Va:a £ bla := ¢)]

[

[

[

va:aZO0ta=bZ0Fb=(VaaZota=b204bla:=¢)]



A.5 Priority table

[peano =
Preassociative
[peano], [base], [bracket * end bracket], [big bracket * end bracket]
[math « end math], frush left (<]}, [, ), 2] [+ 52 ], [+ * +]] oy, fex],
(mame], [prio], [+], [T], [if (+, %, %)}, [+ = #]], [vall, [claim], [L], [f()], [(+)'], [F], [0],
(11,121, [31, [4], [5]. (6], (7], [8], 9], [0], [1], [2], [3], [4], [5). [6]. [71, 8], [9], ], [b], [c], [d],
[e]. [f], [g]. [h], [i), ], K], 1], [m], [n]. [o], [p], [a], [r], [s], [t], [u], [v], [w], [()™], [T£(x, ,
)], [axray {x}  end array], 1, [c], 1], fempty], (x| == #)], [M()], 0], ()]
[UM(%)], [apply (x, *)], [apply (*, *)], [identifier (+)], [identifier; (x, *)], [array-
plus(x, )], [array-remove(x, , x)], [array-put (x, , %, *)], [array-add (x, *, *, , *)],
[bit(x, *)], [bitq (%, *)], [rack], ["vector"], ["bibliography"], ["dictionary"],
"body"], ["codex"], ["expansion"], ["code"], ["cache"], ["diagnose"], ["pyk"],
"], ["texname"], ["value"], ["message"], ["macro"], ["definition"],
unpack"], ["claim"], ["priority"], ["lambda"], ["apply"], ["true"], ["if "],

"], ["proclaim"], ["define"], ["introduce"], [*hide"], ["pre"], ["post"],
E(x, %, %)|, [E2(x, %, %, %, %)], [E3 (%, *, %, *)], [E4(*, *, %, x)], [lookup(x, *, *)],
abstract(x, x, %, *)], [[*]], [M (%, x, *)], [Ma(*, %, x, %)], [M*(*, *)] [macro],
sol. [zip (s, )], [assoca (., )] (4171, sel] [« = 1] e = o] [l = <],
[+ S ), [l «]], [* "E° «]], [Priority table[«]], [/\/ll] [Ma(%)], [Mg(* s
My *7*7*’*)]’[M(*v*v*)]v[Q(*’*v*)]v[QQ(*’*7*)] [Q3(* *, ¥ *)] [Q (* * *)]7
(%)), [aspect(x, )], [aspect(x, ¥, )], [(+)], [tuple, (+)], [buple, ()], leta(, #)],
lety (x, )], [[* claim x], [checker], [check(x, *)], [checksa (*, x, *)], [checks (*, *, x)],
check” (+, )] [eheclc (- %, )], [[+] ], [+ 1, [, fmsz]. [ "2 o] [<stmt>],

stmt], [ stnt ||, [HeadNil'], [HeadPair'], [Transitivity’], [ L], [Contra'], [Tf],
LlaH [ ] [ 1. [C. [D), [€], [7], 1G], [H]. [Z], [T7], [K], [£], [M], V], [O], [P], [Q],
VI, WL XL [V, [2], [ |+ i= )], [(F | % := %)], [0], [Remainder],
, %, %, )], [Intro(x, *, x)], [error (x *) [errory (*, x)], [proof(x, *, *)],
3 #,%)], [S' (%, )], [SD(* )], [ST (%, )], [S7 (%, ), [ST (%, %, %),
***)H ~ (%)), [S (***)][ ( )], [51(***)]

: 5@(*,*)] [S© (* * *)] [S" (%, )], [St (* *,%,%)], (S (x, %)),
S?‘(&*,*,*)],[S"e'(*,*)] [Si'e'(*,*,*,.*)],[Sé‘e'(*,*,*,*,*)],[sv(* *)]

Rule tactic], [Plus(x, x)], [Theory x|], [theorys (x, x)], [theorys (*, )],
theoryy (*, , *)], [HeadNil"”], [HeadPair”], [Transitivity”], [Contra”], [HeadNil],
HeadPair], [Transitivity], [Contra], [Tg], [ragged right],

ragged right expansion |, [parm(, *, )], [parm* (x, x, *)], [inst(x, *)],
inst* (x, *)], [occur(x, , *)], [occur* (x, *, %), [unify (* = *, *)], [unify* (x = *, *)],
nifYQ(* = *a*)]a[La]a[Lb]v[Lc]v[Ld]a[L ] [Lf} [L ] [ ]7[L1]7[ J} [ } [ } [L ]
Loy (Lol [T (Ll (L), (el [Tl [Fals (], (], [T, [Ea, [T (L (L), (L)

o

10



[Lp], [Le], [L¥], L], [Lu], (L1, (L], [Lx], [Le], (L], (L], [Lo], [Le], (L], [Lr],
Ll (Ll (L], [, (o], [l (], (L), 1), Reflexivity), [Reflexivity],
[Commutativity], [Commutativity; ], [<tactic>], [tactic], [[* tactic ], [P (*, *, %)],
[P*(*, *, %)], [Po], [con(;lud.el(*,*).],[conc_ludeg(*.,*,*)],.[cor}clu.deg.(*,fk,*,*)],
[COHClude4(* )], 0], (1], [21, [al, [b], [¢], [d], [e], [f1 [9], [A], [¢], [5], [K], [4], [m], [,
(0], [91, (4], [#, [3], [#), [a], [&], [@], [4], [§], [2], [nonfree(x, #)], [nonfree” (x, )],
[free x|+ := *)], [free” (x|x 1= x)], [x=(x[+ := )], [x=(*x|x := #)], [], [A1], [A2)],
[A3], [A4], [AB], [S1], [S2], [S3], [S4], [S5], [S ] [S7], [S8], [S9], [MP], [Gen], [S],
{ ]][[G] [] 3, [A4'], [A], [SY'], [S2'], [S3'], [S4], [S5'], [S6'], [ST'], [S8'], [S9'],
Preassociative

[ L}, (], D[ 0, Dele—e]], [ fe=e]], [4]5

Preassociative

[ 7, [, ()], [string(+) +

*], [ ], 1], [7#], ],

[0x], [1], [2+], [3x], [4%], [5%], [6%], [7+], [8x], [9+], [:
[@x], [Ax], [Bx], [Cx], [D=], [Ex], [Fx], [G], [H+], L
(O], [Px], [Qx], [Rx], [Sx], [T=], [Ux], [V, [W+],
[#], [**], [ax], [b#], [ex], [dx], [ex], [£x], [g+], [h«], [i
[p], ], [r], [s], [t], [u], [v], [w], [xx], [y+], [z
[Preassociative x; x|, [Postassociative x; |, [|
[newline #|, [macro newline *|;

Preassociative

[+0], [*1], [Ob], [*-color (*)], [*-color™ (*)];
Preassociative

[ 7], [* ¢ *];

Preassociative .
] ], 1, e, (o8], 3, ], ] ], 0, ), (2], o), o), ), R, 4],
(1), B2, T3], [, T, ), T, B8] 0, BB, ), 0, (6], )
Preassociative

[ - ], [* 0 *], [* * *];

Preassociative

[k 4+ *], [x 4o %], [* +1 ], [x — ], [x —o *], [* —1 ], [x + *];

Preassociative

[+ U {3, [+ U], [$\{*}];

Postassociative

[ ] [ o], [xone ], [0 2% %], [ 000 %], [ +25% %5

Postassociative

[P*’rz]z;ssociative

*], [string(*) ++ *], |
[Yox], [&], [#], [(+], D], Bex], [4#], [, ], ], [#], [/],
*], [; %], [<], [=+], [>+], [74],
+], [J#], (K], [L#], [M], [N],
X, [Y], [Z], [[«], [\], [J#], [ "],
[, [kx], [L#], [mx], [nx], [ox],
s [, (], D, 7],

*
nd],

[#+], [

[
, %], [priority * e

[* R *], [* 2 *], [* N *], [* ~ ], [* & ], [« = #], [* 5 *], [* L ], [* © *], [* = #],
[* €4 ], [* Cr #], [* Z 4], [ free in #], [+ free in* *], [* free for  in *],
[ free for* in %], [* €¢ ], [* < *], [* <’ ], [* <’ *], [* = *], [7];
Preassociative

[_'*]v [;' *];
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Preassociative

[ A ], [% A x], [% A %], [ Ac %], [x A *];
Preassociative

e v o], e ] o], e ] e )
Preassociative

[Vs: %], [Ts: #];

Postassociative

[¥ = %], [ = *], [« & «[;
Postassociative

[ 1 %], [*!x];

Preassociative

* .

* ]’

Preassociative

[Ax %], [Ax],[if * then * else x|, [let * = * in x|, [let * = x in x*];
Preassociative

(], B V] ] [ [+
Preassociative

[x @], [+ D> ], [+ 1> ], [+ > #];
Postassociative

[ b ], [* B %], [* Le. «];
Preassociative

[V: x];

Postassociative

[* & «];

Postassociative

[%; #];

Preassociative

[* proves x|;

Preassociative

[* proof of x: x|, [Linex* : x > «; %], [Last line x > O],
[Line * : Premise >> x; %], [Line  : Side-condition >> *; |, [Arbitrary > #; %],
[Local > x = x; «;

Postassociative

[* then x|, [x[  ]*];

Preassociative

[x&x];

Preassociative

[\\#]; ]

[*

B Index

Peano variable, 2

variable, Peano, 2
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