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1 Peano arithmetic

This Logiweb page [1] defines Peano arithmetic.

1.1 The constructs of Peano arithmetic

. . q Pyk
Terms of Peano arithmetic are constructed from zero [0 = “peano

zero” ][0 X «

\dot{0}"], successor [x’ DYy peano succ”|[x' X “#1.7], plus [x+y DY

tex

peano plus *”][x +y = “#1.

tex

\mathop{\dot{+}} #2.”], and times [x‘y Ri peano times *”|[x‘y = “#1.
\mathop{\dot{\cdot}} #2.”].
prk

Formulas of Peano arithmeric are constructed from equality [x By Py

peano is #”|[x £y =¥ “41.

tex

stackrelipji1= 7], negation |- x — “peano not *” |- x —
krel 9.7 : - byk »[=

\dot{\neg}\, {#1.}”], implication [x =y PYX wy peano imply
W) [x =y S eH]
\mathrel{\dot{\Rightarrow}} #2.”], and universal quantification

[Vx:y fds “peano all * indeed +”][Vx:y X«

\dot{\forall} #1.

\colon #2.”].

From these constructs we macro define one [i A “peano one”|[1
\dot{1}"], two [2 Riy “peano two”|[2 & «

\dot{2}”], conjunction [x Ay RIS peano and #"][x A y " “#1.
\mathrel{\dot{\wedge}} #2.”], disjunction [x VV'y DYy peano or
*7|[x V'y X

\mathrel{\dot{\vee}} #2.”], biimplication [x <y RAES peano iff
*”][X <:> y 'E)‘ 44#1.

\mathrel{\dot{\Leftrightarrow}} #2.”], and existential quantification

- k . . - X
[Ox:y 2 “peano exist * indeed *”][Ix:y X«

\dot{\exists} #1.
\colon #2.”]:

tex
= “

[i 25 At As.Ae. My(t, s, ¢, [[1 = 0/]])]

2 55 A As A Mu(t,s, ¢, [[2 = 11]])]



macro

[x Ay "5 M As e My(t,s, ¢, [[x Ay = 5 (x = =y)]])]

[x Vy "5 M As A My(t,s, ¢, [[x Vy = Sx = y]])]

macro

[x &y " A Myt s, ¢ [[X Sy = (x=2>y) A (y = x)]])]

[Fx:y "5 MAs. A My(t,s, ¢, [[3xy = 2 x: Sy]])]

1.2 Variables

ex

. . pyk ot
We now introduce the unary operator [x = “x peano var”][x —

\dot{#1.
}7] and define that a term is a Peano variable (i.e. a variable of Peano

arithmetic) if it has the [x] operator in its root. [x” 5 “x is peano

var”][x* tex = “H1.
{} * {\cal P}”] is true if [x] is a Peano variable:

b 2 x = (4]

. pyk tex
We macro define [a = “peano a”][a — ¢

\dot{\mathit{a}}"] to be a Peano variable:

[a ™25 At As. Ae. My(t, s, c, [[a = a]])]

Appendix A.2 defines Peano variables for the other letters of the English
alphabet.

[nonfree(x, y) iy “peano nonfree * in * end nonfree”]|[nonfree(x, y
\dot{nonfree}(#1.

, 2.

)?] is true if the Peano variable [x] does not occur free in the Peano

) tcx «

term/formula [y]. [nonfree” (x,y) PYX “peano nonfree star # in * end

nonfree”][noﬁfree (x y) = gt

\dot{nonfree} " s(#1
2.

)”] is true if the Peano variable [x] does not occur free in the list [y] of Peano
terms/formulas.

[nonfree(x, y) st

If(y”, —x Ly,

If(—y = Wx: yl, nonfree (x,y"),
If(x = y!, T, nonfree(x, )

[noﬁfree (x,y) = x'If(y,T If (nonfree(x, y), noﬂfree*(x, y"), F))]



[free(alx := b) 25 Ay “peano free * set  to % end free”][free(alx := b) = «
\dot{free}\langle #1.

| #2.

= #3.

\rangle”] is true if the substitution [(a [x:=b)] is free.

[free* (ax := b) 2 iy “peano free star * set * to * end free”|[free* (alx := b) 3 «

\dot{free}{} «\langle #1.
| #2.
= #3.

\rangle”] is the version where [a] is a list of terms.

[frée<a|x = b> \E} x!b!

If(a%, T,

If(—a = Wu:v},frlee* (a®|x :=b),
If(at é x, T,

If (nonfree(x, a?), T,

If (-nonfree(a', b), F,

free(a’|x := b))))))]

[free* (a|x := b) v xIb!If (a, T, If (free(al|x := b), free* (a®|x := b), F))]

[a=(b|x :=¢) pyk “peano sub x is x where * is * end sub”][a=(b|x := c) ¥y,
{\equiv}\langle #2.

|#3.

=F#4.

\rangle”] is true if [a] equals [(b|x:=c)]. [a=(*b|x :=¢) = pyk “peano sub star # is
* where * is * end sub”|[a=(*b|x :=¢) = tex “A

{\equiv}\langle"x #2.

|#3.

=74,

\rangle”] is the version where [a] and [b] are lists.

[a=(b|x := c) 2 alxlcl

If(If(b £ [Vu:v],b! = x,F),a = b,
If(b? Ab = x,a = ¢ If(

a = b,a'=(*b'[x := c),F)))]

[a=(*bx := ¢) ™ bixlclIf(a, T, If(ab=(b"|x := c), at=(*bt|x := c), F))]

1.3 Mendelsons system S
System [S ely “system s”][S X «
S”] of Mendelson [2] expresses Peano arithmetic. It comprises the axioms

[A1° VX “axiom a one’|[Al = 5



A17], [A2 BYX «axiom a two’ "1[A2 = tex «

A27], [A3 BYX «axiom a three”’][A3 = X «

A3, [A4 = BYX “axiom a four”][A4 = tex «

A47”]; and [A5 PYE Gaxiom a five”|[AD X«

A5”] and inference rules [MP YK wpple mp”][MP X «

MP?”] and [Gen P rule gen”][Gen < ¢

Gen”] of first order predicate calculus. Furthermore, it comprises the proper
axioms [S1 = X “axiom s one”][S1 % «

S17], [S2 = P “axiom s two” 52 X «

S27], [S3 3 2% “axiom s three”][S3 = tex «
S37], [S4 4% “axiom s four” ][54 =2 bex «
S47], [S “axiom s five”][SH tex «
S57], [S6 “axiom s six”][S6 X«

S67], [S7 pyk “axiom s seven”][S7 © «
87”]7 [ pyk axiom S elght”][SS tex «
S8”], an [89 Y “axiom s nine’ '[S9 = tex «
S97]. System [S] is defined thus:

S a i 24t GVavb:ob= S a=> b>a=>bdalb=>a L

b/ ®Va:Vbia=>braFbda 2 =albaVavbha=>b=ad
Vg:Vg:Vb:noﬁfree(g,g)H‘Vg:g:ﬁp:%gﬁ&z:b@éib’géibjré@
at0ZaovavbhVeoa=>b=>c>a=>b=a=>cdatb=ale=
b2 ¢ @ Va:Vb: Ve: Vx: b=(alx := 0) F c=(ajx :=x) - b = Vx:a = ¢ =
Vxia @ 023 & Vx:Va:a b Vx:a @ Ve Va: Vx: Vb: [a]=([b]|[x] := [c]) +
Vx:b=a@ai0Z0]

[A1°" S Va:Vb:a = b = a][Al POl R e tactic]

[A2°22° S b Va:b:Veia = b => c = a = b= a = ¢|[A2 "% Rule tactic]

proo

[A3 5" S Va:Vb: b= “a = b= a= bJ[A3 "> Rule tactic]

The order of quantifiers in the following axiom is such that [c] which the
current conclusion tactic cannot guess comes first. This allows to supply a
value for [c] without having to supply values for the other meta-variables.

[A4°2 S - Ve: Va: Wi Wb: [a]=([b]|[x] := [c]) b ¥ b = a][A4 "%
Rule tactic]

[A5 *28' S |- Vx: Va: Vb: nonfree(x, a) - Vx:a = b = a = Vx: b][A5 7% propf
Rule tactic]



[M stmt SkVa:Vb:a=>blalk b} [MP proof Rule tactic]

[Gen St g | Vx: Va:a F Vx: a][Gen progf Rule tactic]

Axiom [S1] to [S8] are stated as Mendelson [2] does. This is done here to test
certain parts of the Logiweb system. Serious users of Peano arithmetic are
advised to take Mendelson’s Lemma 3.1 as axioms instead.

proof

[S1°3'Skalb=ale=b2[S1™ Rule tactic]

[S2°M S a2 b = & 2 B)[S2 P% Rule tactic]

proof .
}

[S3°8' S - =0 £ &7][$3 %" Rule tactic

[S4 sttt gy /P py o 4 P b][S4 "= Proof Rule tactic]

proo

(S5 "2 S a4 0 £ 3)[S5 ™" Rule tactic]

proo

[S stmt Sk 3 + b/ P 3 _|_ b’] [S Rule taCth]

proo

ST S a0 £ 0][S7 ™" Rule tactic]

proo

S8 Sk atb 2 a:h+a][S8 ™% Rule tactic]

[S9 "2 S F Va: Vb: Ve: Vx: b=(a|x := 0) # c=(alx := x') k- b = Vx:a =
c = Vx:a][S9 P Rule tactic]

1.4 A lemma and a proof

tex «

We now prove Lemma [L3.2(a) ¥ “lemma 1 three two a” J[L3.2(a) =
L3.2(a)”] which is an instance of the corresponding proposition in Mendelson

[2]:

[L3.2(a) "B S+ % £ ]

[L3.2(a) "= Ac A P([SFS5>a+02 a8 Genat02as>vVaatoR
aAax>Vaa+0Za=sx+02xMP>Vaa+02a=x+02
x>Vara+0Za>xt02xS1>alb=sale=sbleGanralbal
cxbZesvealbalespoAdaxsveatbsalespd
c=aZpzalxspbZiMPovealbsalesb2esalpsal
>'<:'>B§>'<>Vé:é§B£>é§é:'>B§é>>é§l'):'>é§>k:'>l')§k;(}en>é§
b=ali=bZisvhaZb=zalxabExAdax>vb:alb=al
>'<:'>bfx¢afx¢afx:$x7x MP>Vh:aZb=alyx=spbli=sal
x=aZxaxZxpVhatbsalZixab2xsalixalyaxl



x;Gen>aZx=alxaxLx>vaalxsalxsxExAdax+0>
VaaZxaZiaxZx2xt02x=2xt0E2x=2x2xMPovaalx=
aZx3xZx=axt02x=2xt02 x> xExpvaalxsaia x>
x+F0Zx=2x+02x=2xExMPex+02x=2x+02x=>xEx>x+02
x> xFOExSXxZEMP>x+0Ex=x 2 x> %402 x> x 2 %], po, )]

1.5 An alternative axiomatic system

k .
System [S' %5 “system prime s”][S' “F ¢
S™] is system [S] in which the proper axioms are taken from Lemma 3.1 in

. : ko . :
Mendelson [2]. It comprises the axioms [A1' ™ “axiom prime a one”][A1" ¥ «
k . . X
A17], [A2 2 “axiom prime a two”][A2 XX «
A2, [A% Y “axiom prime a three”][A3/ & «

5/@‘44

I,
A37], [A4d = Y “axiom prime a four”|[A4’ = X «
A47]; and [A5 P “axiom prime a five”][A

]

A5 and inference rules [MP’ = P drle prime mp”|[MP’ e«

MP”] and [Gen’ P wpyle prime gen”][Gen’ * ¢
Gen””] of first order predicate calculus. Furthermore, it comprises the proper

axioms [S1/ P “axiom prime s one”|[S1’ tex o

S17], [S2' = DX woviom prime s two”][S2’ tex «
S27], [S3" PYE woiom prime s three”][S3’ tex «

S37], [S4' = X “axiom prime s four”][S4’ tex

S4], [S5 = PYX woviom prime s five”][S5’ tex «

S57], [S6' "= PYE woxiom prime s six”|[S6’ tex
S6”], [S7T = BYX “axiom prime s seven”|[S7’ X«
ST, [S8 = P “axiom prime s eight”][S&’ tex ¢

]

pyk : . . tex
S8”], and [S9’ = “axiom prime s nine”][S9’ =

89777]
System [S'] is defined thus:

s’ Slnth:szg’gp’ﬁggb@Vh:Vt:Vngh:}tg[l—hﬁgg
h=rZs®Va:vb:a= b= a® Vx:Va: Vb:nonfree([x], [a])
/

b:>a=>beEBVthVr StirEZtirevavba b Zabtad

Va:Vb:aZb=a & b’@Vavpg brakFb@®Va:Vbh:-b=4a=

ab;xa;'»b@VthVrh:;égkh;x;’%y@v;\t:ﬁg%

atb @Va:-0L2a @ Vx:Vaal Vx:a® Ve Va: Vx: Vb: [a]=([b]|[x] :=

[c])H—be:>a€BVthh:>t 02 77' ( caZ
a:Vb:

b:>a—c:>b—c69Vtt—t@V
>H—b:>an:>c:>an@V§ b:
Vh:Ve:VrVsh=>tZr-h=>rZsk-h=t2



(A2 S - Va: Vbia = b = al[A1" P Rule tactic

(A2 ' S |- Va:Vb:Ve:a = b= c = a= b= a= A2 "%
Rule tactic]

[A3 "' S’ - Va:Vb: ©b = a = -b = a = b][A3 "% P Rule tactic]

[A4" B S' v Va: Vi Wb: [a]=([b] | [x] = [c]) I Ve b = a][A4’ P
Rule tactic]

[A5 St gr Vx: Va: Vb: non.free([ﬁ, [a]) Vxia=>b=>a=
Vx: b][A5 P Rule tactic]

[MP’ MY Va:Vbia=bFalk b][MP’ Proof Rule tactic]
[Gen’ ST G/ | x: Vara F Vx: a][Gen’ Proof Rule tactic]
[SI/ "' S/ Va:vb:Vera 2 b= a2 c= b2 ST P2 Rule tactic]

[S2/ "8 S/ |- Va: Vb: a

aZb=a Zp)S2 "> P Rule tactic]
[$3/ "8 &/ |- Va: -0 £ a/][S3’ P% P Rule tactic]

[S4/ "2 §/ - Va: b2’ 2 b = a £ b][S4” ™2 Rule tactic]
(S5 "' S’ - Va:a+0 2 a][S5 P2 P Rule tactic]

[S6" "2 ' - Va: Vb:a + b’ 2 a4 b/][S6" ™% Rule tactic]
[S7" "' S+ Va:a:0 £ 0][ST/ P Rule tactic]

[S8 S0 - Va:Vbiath' 2 a‘b+a)[S8 "= POt Rule tactic]

[S9" *8Y S/ |- Va: Vb: Ve: Vx: b=(a|x := 0) # c=(a|x := x') - b = Vx:a =
c = Wx:a][sy P P Rule tactic]

Note that [Al] and [A1’] are distinct. The former says [S - Va:Vb:a = b = 3]
and the latter says [S’ F Va:Vb:a = b = aJ.



1.6 Restatement of lemma and proof

We now prove Lemma [L3.2(a)] once again under the name of

[L3.2(a)’ ¥ “emma prime 1 three two a”][L3.2(a)’ = «
L3.2(a)”]:

[L3.2(a)’ St—n>lt S"Va:a L Q]

L3.2(a) P A A P([S F Va5 > at 0L ;81 > a+0La=at02
a>aZaMP'ratlZa=>at0farataratiZa>atiZa=
aZaMP rat0Za>aZasat02a>a2al,po, <)l

2 Formal development

2.1 Propositional calculus

2.1.1 Modus ponens
py « ” tex ¢
We use x>y = “x macro modus ponens *”][x >y = “#I.
\unrhd #2.”] as shorthand for modus ponens:

x>y "5 A As e My(t,s, ¢, [[x >y = MP' > x> y]])]

2.1.2 Lemma M1.7

Lemma [M1.7 = X “endelson one seven”][M1.7 * «
M1.7"] (i.e. Lemma 1.7 in Mendelson [2]) reads:

[M1.7°5° 8/ - Vb: b = b]

IML7 P2 A A P([S F Vb Al >b=>b=>b=>bA2 >b=>b=>b=>b=
b=>b=>b=b=>bMP>b=>b=>b=>b=>b=>b=b=b=b>b=>b=
b=>b>b=b=>b=b=>bAl'>b=>b=bMP'>b=>b=b=>b=
b>b=b=b>b= b, pyc)

2.1.3 Hypothetical modus ponens

The hypothetical version [MP’ “hypothetlcal rule prime mp”][MP, e«
MP’ 1] of modus ponens MP’ has a hypothesis h on each premise and on the
conclusion:

[MP} "™ §' I Vh: Va:Vb:h =>a = b h=>ak h=b]

[MP}, "2 Ac Ax.P([S' F Vh: Va:Vb:h = a=>bkh=>at A2 >h=>a=b=>
h>a>h=>bMP'>h=>a=b=>h>ash>b>h>a=b>h>a=
h:}b,MP/|>h:>§:>b:>b>h:>§>>h:>b]’p07c)]



We use x>y = PYE hypothetical modus ponens *”][x >}, y tex “H1.
\unrhd_h #2.”] as shorthand for hypothetical modus ponens:

macro

XDy "0 At As A My(t, s, ¢, [[x >hy = MP] > x> y]])]

2.1.4 Turning lemmas to hypothetical lemmas
Lemma [Hypothesize By “hypothesize”|[Hypothesize =

Hypothesize”] turns a lemma with no premises into one that assumes the
hypothesis [h] to hold:

[Hypothesize S S/ Wh:Vaak h = El

[Hypothesize "% AcAx.P([S' F Vh:VaraF A1’ >a=h=aMP'>a=h=
at>a>h= al,po,c)]
2.2 First order predicate calculus

2.2.1 Hypothetical generalization

. . k . .
The hypothetical version [Gen] ™5 “hypothetical rule prime gen”][Cen!, gt
Gen’_h”] of generalisation Gen’ has a hypothesis h on premise and conclusion:

[Gen, "5 §' I Vh: Vx: Va: nonfree([x], [h]) # h = a b h = Vx: ]

[Genf, "2 A Ax. P([S' F Vh: Vx: Va: nonfree([x], [h]) #h = a+ A5 >

nonfree(fx] [h])>Vxh=a=h=VxaCGen'>h=a>Vxh=
a; MP’ >‘v’xh:>a:>h:>an>Vxh:>a>>h:>an] Po, ¢)]

2.3 Peano arithmetic

2.3.1 Lemma M3.2(a)

Lemma [M3.2(a) ¥ “mendelson three two a” J[M3.2(a) “ «
M3.2(a)”] and the associated hypothetical lemma [M3.2(a)y A “hypothetical
three two a”][M3.2(a), == «

M3.2(a)_h”] read:

proo

[M3.2(a) "8 &' b vi: t £ ][M3.2(a) ™% Rule tactic]

[M3.2(a), 3" S’ - Vh: Vt:h = t £ 1]
Above we cheat in stating M3.2(a) as a rule and not as a lemma. A reasonable
way to construct a large proof is to start stating everything as rules and then

changing the rules to lemmas one at a time until only the rules of the theory
are left.

10



proof

[M3.2(a)y Ac A P([S F Vh: Vt: M3.2(a) > t & t; Hypothesize > t & t >
h:>I§ﬂ»P07 )]

2.3.2 Lemma M3.2(b)

Lemma [M3.2(b)y Ay “hypothetical three two b”][M3.2(b), = «
M3.2(b)_h"] reads:

proo

[M3.2(b), "' S" F Vh:Ve:Vrh = t £ h = r £ £][M3.2(b), "= Rule tactic]

IM3.2(b)n "% Ac. A P([8! - Vb e
t; Hypothe51ze|>t =r= t

2.3.3 Lemma M3.1(S1)

tex «

Lemma [M3.1(S1"), iy “hypothetical three one s one”][M3.1(S1"), —
M3.1(S1%)_h"] is the hypothetical version of Mendelson Lemma 3.1(S1’):

[M3.1(S1'), "2 S’ - Vh: Vt: Vi Vssh > t 2 r-h =t 2sk-h=r 2
s|[M3.1(S1)y, P Rule tactic]

2.3.4 Lemma M3.2(c)

teX «

Lemma [M3.2(c)y i “hypothetical three two ¢”][M3.2(c), —
M3.2(c)-h”] is the hypothetical version of Mendelson Lemma 3.2(c) which
expresses ordinary transitivity:

M3.2(c)p "2 S' F Vh:Vt:VrVssh=>t 2r-h=>rZsk-h=t2
s|[M3.2(c)y P Rule tactic]

2.3.5 Lemma M3.1(S2)

tex «

Lemma [M3.1(52"), Ri “hypothetical three one s two”][M3.1(S2"), =
M3.1(S2%)-h"] is the hypothetical version of Mendelson Lemma 3.1(S2'):

[M3.1(52);, ™" §' - Wh: Ve Vs h = t 2 r k- h = ¢/ 2 P][M3.1(S52);, ™"
Rule tactic]
2.3.6 Lemma M3.1(S5)

tex «

Lemma [M3.1(S5);, > “hypothetlcal three one s five”][M3.1(S5' ), —
M3.1(S5%)_h"] is the hypothetical version of Mendelson Lemma 3.1(S5'):

proo

[M3.1(S5 ), *3" S’ Vh: Vt: h = £+ 0 2 £][M3.1(S5 ) Rule tactic]

11



2.3.7 Lemma M3.1(S6)

tex «

Lemma [M3.1(S6');, 2 Ris “hypothetical three one s six”][M3.1(S6"), —
M3.1(S6’)_h"] is the hypothetical version of Mendelson Lemma 3.1(S6'):

proo

[M3.1(S6' ), *3" S’ b Vh: Vt: Vr:h = t+r/ £ t 4+ r/][M3.1(S6') Rule tactic]

2.3.8 Lemma M3.2(f)

Lemma [M3.2(f) ¥ “mendelson three two £7][M3.2(f) = «
M3.2(f)”] is the closure of Mendelson Lemma 3.2(f) for the concrete variable

[{]:
[M3.2(f) 3" &' - Vi £ 0+ 1]
The proof below uses local macro definitions.

proof

[M3.2(f) "= Ac.AXP([S'F AL > x = x = x;M3.1(S5 ), > x=>x=x=>
0+020;M320)>x=>x=23x=204+020>x=2x23>x=>02

0+OMP >x=2>x=3>x=20204+0px=2x=2x>020+0,ML7 >t 2
0+t =2>t20F6M31S2 ) t2 0+t >t 20+t >t 20+t 2

04t M3.1(S6 ), >t 204+t = 0+t 20+, M3.2b)y >t 20+t =04+ 2
04+t >t204+t= 0+ 204HE;M32(c)y >t 204+t 204+t 2
0+t =04+t 204t >t20+t=2V 2041:Cen' bt 204+t 2041 >
VEEZ 0+t =t 2041589 >020+0 = VEt 20+t 2040 =

Vit 204+t MP 02 04+0> Vit 204t 2040 SVt 20+t02
0+0>VEt 204+t 2040 2> VEL 204 MP/ B VEE2 0+t 2
0+t = Vet 20+t Vit 20+t 2040 > Vit 2 041], po, 0]

A Chores

A.1 The name of the page
This defines the name of the page:

pyk »
[peano = “peano”|

A.2 Variables of Peano arithmetic

i pyk ; tex
We use [b = “peano b”][b = ¢

]
\dot{\mathit{b}}”], [¢ pyk “peano ¢”][é te
\dot{\mathit{c}}"], [d * “peano d"][d “ «
\dot {\mathit{d}}"], [ ¥ “peano ¢”][¢ ¥

\dot{\mathit{e}}"], [} 2 “peano ][] ' «

»

“

!

!

l

~



\dot{\mathit{f}}"], [§ 2 “peano g”][g ' «
\dot{\mathit{g}}"], [h 2 “peano h”][h " «
\dot{\mathit{h}}"], [ By “peano 1” }[z boX «
\dot{\mathit{i}}"], [j 2 “peano j"][j ¥ «
\dot{\mathit{j}}"], [ Py — “peano k”][k X«
\dot{\mathit{k}}”], [ ] “peano 1”][l X «
\dot{\mathit{1}}”], [ Py “peano m”|[m
\dot{\mathit{m}}"], [ 2 “peano n”][ ¥«
\dot{\mathit{n}}"], [0 = [o & «
\dot{\mathit{o}}"], [p 2 “peanc p”][p =

] [ lq =
[

ex «

~

[43

0 = “peano 0”]
tex «

ex «

\dot{\mathit{p}}”], [§ = “peano q”]

\dot{\mathit{q}}"], [i- 22 “peano r"][# = «
\dot{\mathit{r}}"], [s °2* “peano s”][ ' «
\dot{\mathit{s}}"], [¢ pyk “peano t”][t tex
\dot{\mathit{t}}"], [ 2 “peano u”][i ¥ «

. pyk 111 PeX
v = “peano v’][v —

\dot{\mathit{u}}”], [ g
\dot{\mathit{v}}”], [ 2> “peano w”][w "= ¢

X«

\dot{\mathit{w}1"], [# 22 “peano x"][# ‘=

tex

\dot{\mathit{x}}"], [¥ By “peano y" ][y =
\dot{\mathit{y}}”], and [z Riy “peano z”|[3 & «
\dot{\mathit{z}}"] to denote variables of Peano arithmetic:

[b ™25 At ds. Ac. My (t,s, ¢, Hb = bﬂ)] [¢ M55 At ds. e My(t, s, ¢, [[e = ¢]])],
d M35 At As.Ac. /\/l4(t s, C, [d = dﬂ ], [e ™25 Aths. . J\/l4(t s,¢, [[e = €]])],
fmacm )\t.)\s.)\c./\/l4(t,s c,
h IS At s Ac. M4(t, s, C,
7 T2 At s e M4(t s, ¢,

If = ;[0 55 At s A /\/l4(t s,e.[[g=¢
[h = A7), [ magre )\t.)\s./\c./}/u(t,s, c, [[z = ]
. =) [ Aeds Ae Ma(ts, o, [k = i
175 At Xs. . M4(t s,c, [[1=1])], [m ™5 At.As.Ac. Ma(t,s, ¢, [[rn = m]])],

[

[ [
[

[ [
[

[ 25 At As. . /\/l4(t s, ¢,

[

[ [
[ [
[

[&

[
[
[
[T = a]1)], [0 ™5 AtAs A Ma(t,s, ¢, [[o = o]])],
[p = BI)), [a "5 XeAs de Ma(ts,c, [T = dl])),
[ = 8]])], [6 ™25 MAs.Ac. Mu(t,s,c, [[5 = ﬂ)
[ 257 At.As. Ac. M4(t s,C, [[a

)]s al1)],
NI, [w ™25° At.As.Ac. M4(t s, ¢, [[w :v'vﬂ)]7
1)]1 [ "7 At ds de. Ma(t,s, ¢, [[i = ¥]T)],

T A As e Myt s, ¢, [
e )\t.)\s./\c../\/l4(t s, C,
¢ g )\t.)\s.)\c./\/l4(t s,c, [[t =
T )\t.)\s.)\c../\/l4(t,s G [[v=v
i 2 At s e My(t, s, ¢, [[4 =
and [z ™25 At.As. A\e. My (t, s, c, [[2

A.3 TgX definitions
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A.4 Test

[[a]%]

[[a]%]~

[nonfree([x], [y £ z = Vx:x £ y])]

[nonfree([x], [x £ z = Vx:x £ y])]~

[nonfree([x], [y £ x = Vx:x = y])]~

monfree([x], [y £ 2 = Wy:x £ y])]~

[free([Ws:b::x:: c][[X] i= [x::y::2]))

[free([Wy:b::%:: c]|[X] i= [x::y 2 2])]”

[free([Vi: b ::x:: c][[y] == [x::y :: 2])]
[free([Wy:b::%::c]|[y] =[xy i 2])]

[a=(alb:=¢)]

[e=(blb = ¢)]

[Va:a £ b=(Va:a £ bla := ¢)]'

[Va:a £ ¢=(va:a £ blb:= ¢)]
Va:raZ0fa=>ceid204eid=(vaaZo+a=>b204bb:=cid)]
Va:aZ0+a=>b204b=(Va:aZ0+a=>b204bla:=¢)]

A.5 Priority table

[peano prip
Preassociative
[peano], [base], [bracket * end bracket], [big bracket * end bracket],

math * end math], [flush left [«]], [x], [y], [z], [[* > *]], [[* =5 ], [pyk], [

t
name], [prio], [+], [T], [if x, %, #)], [+ = «]], [val], [claim], [L], [£(x)], [(+)"], ][
[

[ I,
[
p 2], (3], (4], [5], [6], [7] [&]7]9]7[017[1],[2],[3]7][4] 151, 61, [7], (81, [9], [al, [bl, [c]. [d],

], [0],
) ) ) ) [
I, [f]. [g], [h, {il, G, (k1. 1, [m], [n], [o], [p], [al, [r], [s], [t], [u], [v], [w], [(=)™], [TECx, %,
)], larray () « end arrayl,[1] ], ] fermpty], [(x | == )], IM(#)], ()], R4 ()],
[UM(%)], [apply (x, *)], [apply (*, *)], [identifier (+)], [identifier; (, *)], [array-
plus(x, *)], [array-remove(x, *, )], [array-put («, , *, x)], [array-add («, %, %, *, *)],
[bit(x, *)], [bitq (x, *)], [rack], ["vector"], ["bibliography"], ["dictionary"],
["body"], ["codex"], ["expansion"], ["code"], ["cache"], ["diagnose"], ["pyk"],

14



"tex"], ["texname"], ["value"], ["message"], ["macro"], ["definition"],
"unpack"], ["claim"], ["priority"], ["lambda"], ["apply"], ["true"], ["if"],
"quote"], ["proclaim"], ["define"], ["introduce"], ["hide"], ["pre"], ["post"],
E(x, %, %)), [E2(k, *, %, %, x)], [E3(x, *, %, %), [E4(x, *, %, *)], [lookup (*, *, *)],
abstract(s, )], [ ], [M(x. %)), Mo (5, %, %, 9], [M* (5, %, )], [macro],
sol; [ilp(*» *)], [assocy (, x, %], [()P], [self], [+ = «]], [+ = «]], [[x = ],
e ), [+ 2 ), [+ "2 #]], [Priority_table[s]], [Mu], [Ma ()], [Ms ()],

t | . (M
Q7 (x, %, )],

M4(*>*7*7*)] [M(*a*a*)]v [Q(*’*v*)}v [QQ(*a*a*)] [Q3(*7*7*7*)]7
+)], [aspect(x, ¥)], [aspect (x, *, )], [(+)], [tuple, (x)], [tuple, (+)], [leta (+, ),
letq (x, *)], [[* claim )], [checker], [check(x, *)], [checks (x, *, x)], [checks (x, *, *)],

msg

[

[

[

[

[

[

[

[

[

[

[check™ (+, %)), [checks (x, +, )], [+]'], [[+] 7], [[+]°], [msg], [+ =" #]], [<stmt>],
[ S]], [HeadNil'], [HeadPair'], [Transitivity’], [ L], [Contra’], [T &l
[Lal, [+], [A], [B], [C], [D), [€], [F], (9], [H], [Z], [7], [K], [£], IM], [NV], O], [P, [,
[R], 8], [T1, [Ud), V], DV, [T, V], [2], [ = )], [ | o= )], [0], [Remainder],
[(%)V], [intro(x, , *, *)], [intro(x, *, *)], [error( )], [errorg(*,*)}, [proof(, *, *)],
[proofa e, £)], [SC, £)], 1S #)], [ (s, )], [SE (5, , )], [SB (5, )], [SE(+, %, )],
[S* (e, %)), 817 (x, #, #)], [S™ (5, %)), [y (x, %, % ]7[5*(*,*)],[51‘(*,*,*)],
S5 187 (e, )], [ST (o, o, %, )], [S™ (%, %)),
ST (oo )], 57 (5, #)], ST, 5, )], (S5 (e, 5,0, )], 87 (3, #)),
87 (e, 2.0 #)L, [, #)], 183 (5, 2)]. [85 (5, #)], [ ()], claims (o, ., #)],
[claimsg (%, *, *)], [<proof>], [proof] [[Lemma x: ||, [[Proof of x:x]],

[[* lemma x*: %], [+ antilemma x: «]], [ rule *: x]], [+ antirule x*: ]],
[verifier], [V1(+)], [Va(, %)], Vs (x, 5, %, %), [Va(, )], [Vs (5, 5, %, %)1, [Vs (x, %, %, )],
[V7 (%, *, %, )], [Cut(x, )], [Headg (*)], [Tailg ()], [rules (*, x)], [rule(x, *)],

[Rule tactic], [Plus(x, %)], [[Theory x]], [theorya (%, *)], [theorys (*, *)],
[theory, (*, *, x)], [HeadNil"”], [HeadPair”], [Transitivity”], [Contra”], [HeadNil],
[HeadPair], [Transitivity], [Contral, [Tg], [ragged right],

[ragged right expansion ], [parm(x, *, x)], [parm* (x, *, )], [inst(*, )],

[inst* (x, *)], [occur (x, *, *)], [occur®(x, %, *)|, [unify (* = *, *)], [u nlfy (x = %, %)],
[unifys (+ = #, %)}, [La, [Lo], [Le], [Lal, [Lel, [Le], [Lig], (L], [Tl (L], (Lo, [Tal, L],
[, (ol [y [l (L, (s (s (s [Eu s [, (T, (L) ) L), ), (L,
[L ] [LE] [LF] [LG]v [LH]v [Ll]a [LJ]v [LK]7 [LL]v [LM]v [LN]v [Lo], [LP]’ [LQ]’ [LR]7
[L ] [LT] [ ] [LV]a [LW]a [LX]ﬂ [LY]v [LZ]v [L'?]a [ReﬂeXiVitY]a [R?ﬂeXiVitYHa
[Commutativity], [Commutativity, ], [<tactic>], [tactic], [+ S «]], [P(x, , %)],
[P* (%, %, %)], [Po], [concludey (*, ¥)], [concludes (x, , x)], [concludes (x, *, *, )],
[concludes (x, )], [0], [1], [2], [a], [b], [¢], [d], [e]. [£], [g], []; [«], 7], K], [2], [ri], [],
Eﬂ (b1, [al. [7], [3], [i], [a], [9], [@], [2], [§], [£], nonfree(x, *)], monfree (x,x)],

[

[

[

[

ree(|x 1= )], [free” (x[x := )], [x=(x[x := #)], [x=("+* := «)], [3], [A1], [A2],
A3], [A4], [A5], [31] [52],[S3], [S4], [S I, [ 6], [S7], [S8], [S9], [MP], [Gen],
L3.2(a )] 5], [A1], [A27], [A3], [ 4], [A5'], [S1], [S27], [S3'], [S4'), [S5'], [S6'],
S7'], [S8, [S9], [MP"], [Gen'], [L.3.2(a)'], [Ml 7], [MPy], [Hypothesize], [Geny,],
M3.2(a)], [M3.2()u], [M3.2(b)u]. [M3.1(SV)y], [M3.2(c)u]. [M3.1(S2)u,
[M3.1(S5)n], [M3.1(S6")n], [M3.2(f)];

Preassociative
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e {3, [, [ I, D femel]s [ e, 4]

Preassociative

[ 7], 11, ()], [string () + =], [string(x) ++ #], |

*, [ ], 1], 7], (], (84, (Y], (8], [, [+, D)4, [sord, [, o, ], L), /4],

O], [1x], [2+], [3+], [4%], [5¢], [6+], [T], [8+], [9%], [:#], [; #], [l [=4], [>], [74],
|, [Ax], [B+], [Cx], [D+], [E«], [F H*}HH*,[][J*][ #], [L#], [Mi], [N+,

Qx ,[C

Ox], [P], [Qx], [Rx], [S], [Tx], [Ux], [V], [W], [Xt], [Yx], [Z], [[#], [\s], []], [ "],
+], ['], [ax], [bx], [ex], [dx], [ex], [£x], [g], [h], [i], [j], [kee], [1*]7[m*] ], [ox],
*], lax], o], [s], [6], [us], [ve], [w], [sen], [ys], [], [, (1], (], [T,

Preassociative x; x|, [Postassociative x; x|, [[%], *], [priority * end],

[newline %], [macro newline *|;

Preassociative

[+0], [*1], [Ob], [*-color(*)], [*-color™ (x)];

Preassociative

[ 7 ], [+ #];

Preassociative

CeH], BT, YT, 0], (], o0, (], D), [, [0, M), [55], [

et ], 2, e, [, ), ), T, B, 1690, 1, 1, 161, (€1, [

Preassociative

[* : *]v [* 0 *]7 [* : *];

Preassociative

[*+*]7[*+0*]7[*+1 *L[*_*]a[*_o*]v[*_l *]7[*+*]7

Preassociative

[+ U {s}], [+ U], [\ {}];

Postassociative

[ ], [k, [ose ] [x 12 %] [ 000 ], [k 2% ]

Postassociative

[, *[;

Preassociative

[
[
[
[-
[p
[

[ R o], [ R ], o o], [ ], e ] [ = ] e ], e ], [ S, [ 2
[* € #], [*x Cp *], [*
[* free for™ * in *|, [*
Preassociative
[=+], [5 ]
Preassociative

[ A K], [ A ], [ A ], [ Ac ], [ A #);
Preassociative

[ V], [ || *], [* V %], [* V *];
Preassociative

[V: ], [Fr: #];

Postassociative

o = 4], b = #], [ 5
Postassociative

[x ], [*!x];

Preassociative

= 4], [ free in #], [* free in* *|, [* free for * in *],
€ #s [k < #, [ < #], [ < o], [ o], [¥7);
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Preassociative

[A* ], [Ax], [if * then * else %], [let x = x in x|, [let * = *x in x|;
Preassociative

(1], (21, BV B [ [+

Preassociative

[*@*]7 [* > *]a [* > *]7 [* > *]7 [* > *]7 [* Dy *];
Postassociative

[ b ], [* B %], [x Le. «];

Preassociative

[V: %];

Postassociative

[x & #];

Postassociative

[ #];

Preassociative

[* proves x|;

Preassociative

[* proof of x: x|, [Linex* : % > «; x|, [Last line x > 0O,
[Line * : Premise >> x; %], [Line x : Side-condition >> *; x|, [Arbitrary > x; %],
[Local > % = x; %;

Postassociative

[ then ], [x[ * |*];

Preassociative

[x&x];

Preassociative

[\\#]; ]

B Index

Peano variable, 3

variable, Peano, 3
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