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[May 27. 2012: There was a small error in the final calculation of s which has been fixed.]

The problem of Apollonius is: Given three circles, find a circle that is tangent to all three. A
circle can be either internally tangent or externally tangent to one of the given circles (Figure
1). This problem can be generalized to the d-dimensional problem of finding the hypersphere
tangent to d + 1 given hyperspheres.

The wikipedia entry on the problem of Apollonius gives a good description of the 2D problem
and some solution methods for finding the tangent circle. This document presents a step-by-
step description of how the ’Algebraic solution’ on the wikipedia page can be generalized to
3D.

If (x4, v, 2i,75),9 = 1...4 are the given spheres, we wish to find (zs, ys, zs,7,) such that

(s —21)” + (ys —y1)” + (25 — 21) (rs — s171) (1)
(w5 = @2)” + (ys —y2)" + (2 = 22)° = (rs — s2r2)” (2)
(@5 — 23)° + (s —13)° + (25 — 23)° = (15— s3r3)? 3)
(@5 —2a)? + (s —ya)” + (25 — 20)* = (rs — sura)? (4)
Where s; indicates if the solution should be internally (s; = 1) or externally (s; = —1) tangent

to the given spheres. The solution to this system of quadratic equations is found in three



Figure 1: Given the black circles, there are eight spheres that are a combination of internally
and externally tangent

steps. First, the four quadratic equations are rewritten to three linear equations each with
four unknown variables. Second, the linear system is simplified. Third, by plugging the
simplified linear system into one of the original equations rs can be found. The center of the
tangent sphere is easily found using 75 and the simplified linear system.

1 Step 1. Rewrite to linear equations

The four equations above are written out

951 + y1 + 27 20125 + 2y1Ys + 221 25 rf + r% — 2817117

5 —( ) (5)
x + y2 + 22) (2225 + 2yoys + 22925) = 7’3 + r% —2s9r9rs  (6)
953 + y3 + 22) — (2@3ws + 2y3ys + 22325) = T2 4713 —2s3r3rs  (7)

1) —( ) (8)

20425 + 2y4ys + 22425

~—~~ I~ —~

x4 + y4 + 23 = r? + TZ — 284747
To get rid of the quadratic terms of g, ys, zs and 75, equations 6, 7 and 8 are subtracted from
equation 5 giving the following three equations

(22 + 12+ 22) — (22 + Y2 4 22) — (2m12s + 2y1ys + 22125) + (2225 + 2u0ys + 22025) =
r% — r% — 2517175 + 289127

(@F + 4 + 27) — (23 + 93 + 23) — (2m125 + 20105 + 22125) + (22375 + 2y3y5 + 22325) =
T‘% — r§ — 2811175 + 283737

(T + i +27) — (@5 + ¥ + 25) — (201%s + 201Ys + 22125) + (20425 + 2yays + 224%5) =

T'% — T‘i — 2817“17‘8 + 2847’47“5



This yields a linear system of equations

a11%s + a12ys + a132s +a14rs = by
21T + A22Ys + 2325 + a2ars = ba
a31%s + azys + azzzs +aszars = b3
where
a;; = 2w — 21
aiz = 2Yiv1— 21
a3 = 2zi41— 22
Qjg = 28171 — 28;41Ti+1
_ 2 2 2 2, .2, .2 2 2
bi = (Tip1 +yip + i) — (@7 Hyi ) Hr -
fori=1,2,3.

2 Step 2. Simplifying the linear system

Using gaussian elimination the system above can be rewritten to

Ts +al,rs = b}
/ /

Ys tagrs = by

! /

ZS —|—CL34’I“5 == b3

And further to

rs = M+ Nryg
ys = P+ Qrs
zg = R+ Srg

where
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(The above equations should be rewritten to matrix-notation so they generalize better to

other dimensions).



3 Step 3. Finding the tangent sphere

By plugging equations 17, 18 and 19 into equation 1 we get the following expression for r,.

(s —21)* + (s —1)* + (zs — 21)* = (rs —s171)° (26)

(M + Nrg—a1)” + (P +Qrs —y1)° + (R+ Srs —21)° = (rs—sim1)”>  (27)
(N*+ Q%+ 5% = 1)r +
(Q(M - a:l)N + 2(P - yl)Q + 2(R - Zl)S + 2817’1) rs +

(M =z’ +(P—p)*+(R—z1)*—r]) = 0 (28)
ar? +brs+c = 0 (29)

—b— Vb2 —4dac —b+ Vb?2 —4ac
max % R % = Ts (30)

There will often exist a negative solution to the quadratic equation but it can be ignored.
Instead of figuring out which solution is larger, we simply force the denominator to be pos-
itive and use addition in the denominator. By plugging rs into the simplified linear system
(equations 17 to 19) the center of the tangent sphere is found.



