Contents

Series Foreword vii

Preface ix

I Toward the Theory 1

1 Introduction 3 1.1 The scope and goals of computability theory . . . . . . . . . . . . . . . . . 3 1.2 What is an effective procedure? . . . . . . . . . . . . . . . . . . . . . . . . . 4 1.3 What is a problem? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 1.4 A taste of computability theory . . . . . . . . . . . . . . . . . . . . . . . . . 14 1.5 The scope and goals of complexity theory . . . . . . . . . . . . . . . . . . . 20 1.6 Historical background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2 The WHILE Language 27 2.1 Syntax of WHILE data and programs . . . . . . . . . . . . . . . . . . . . . 27 2.2 Semantics of WHILE programs . . . . . . . . . . . . . . . . . . . . . . . . . 36 2.3 Case commands . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 2.4 Equality versus atomic equality . . . . . . . . . . . . . . . . . . . . . . . . . 43

3 Programs as Data Objects 47 3.1 Programming languages and simulation . . . . . . . . . . . . . . . . . . . . 47 3.2 A concrete syntax for WHILE programs . . . . . . . . . . . . . . . . . . . . 48 3.3 Compilation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 3.4 Interpretation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 3.5 Ways to combine compiler and interpreter diagrams . . . . . . . . . . . . . 56 3.6 Specialization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 3.7 Some simple examples of compilation . . . . . . . . . . . . . . . . . . . . . 59

II Introduction to Computability 67

4 Self-interpretation: Universal Programs for WHILE and I 69 v

4.1 A universal program for the WHILE language . . . . . . . . . . . . . . . . 69 4.2 A universal program for the I language: one atom and one variable . . . . 72

5 Elements of Computability Theory 75 5.1 Computability, decidability, enumerability . . . . . . . . . . . . . . . . . . 75 5.2 Kleene’s s-m-n theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 5.3 Unsolvability of the halting problem . . . . . . . . . . . . . . . . . . . . . . 77 5.4 Rice’s theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 5.5 Decidable versus semi-decidable sets . . . . . . . . . . . . . . . . . . . . . . 80 5.6 The halting problem is semi-decidable . . . . . . . . . . . . . . . . . . . . . 82 5.7 Enumerability related to semi-decidability . . . . . . . . . . . . . . . . . . 82

6 Metaprogramming, Self-application, and Compiler Generation 89 6.1 Timed programming languages . . . . . . . . . . . . . . . . . . . . . . . . . 89 6.2 Interpretation overhead . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 6.3 Compiler bootstrapping: an example of self-application . . . . . . . . . . . 93 6.4 Partial evaluation: efficient program specialization . . . . . . . . . . . . . . 96 6.5 Compiling and compiler generation by specialization . . . . . . . . . . . . 97 6.6 Desirable properties of a specializer . . . . . . . . . . . . . . . . . . . . . . 102 6.7 How specialization can be done . . . . . . . . . . . . . . . . . . . . . . . . . 104

7 Other Sequential Models of Computation 111 7.1 Common characteristics of GOTO, TM, RAM, CM . . . . . . . . . . . . . . 112 7.2 A flowchart language GOTO . . . . . . . . . . . . . . . . . . . . . . . . . . 113 7.3 The Turing machine TM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 7.4 The counter machine CM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116 7.5 The random access machine RAM . . . . . . . . . . . . . . . . . . . . . . . 118 7.6 Classical Turing machines . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

8 Robustness of Computability 127 8.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127 8.2 From GOTO to WHILE and back . . . . . . . . . . . . . . . . . . . . . . . . 127 8.3 Compilations with change of data . . . . . . . . . . . . . . . . . . . . . . . 129 8.4 Compiling RAM to TM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131 8.5 Compiling TM to GOTO . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133 8.6 Compiling GOTO to CM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134 8.7 Compiling CM to 2CM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

9 Computability by Functional Languages (partly by T. Æ. Mogensen) 137 9.1 A first-order functional language . . . . . . . . . . . . . . . . . . . . . . . . 137 9.2 Interpretation of I by F and vice versa . . . . . . . . . . . . . . . . . . . . . 139 9.3 A higher-order functional language LAMBDA . . . . . . . . . . . . . . . . 140 9.4 Equivalence of LAMBDA and the other models . . . . . . . . . . . . . . . . 143

10 Some Natural Unsolvable Problems 151 10.1 Do there exist natural unsolvable problems? . . . . . . . . . . . . . . . . . 151 10.2 An undecidable problem in string rewriting . . . . . . . . . . . . . . . . . . 153 10.3 Post’s correspondence problem . . . . . . . . . . . . . . . . . . . . . . . . . 156 10.4 Some problems concerning context-free grammars . . . . . . . . . . . . . . 160

III Other Aspects of Computability Theory 165

11 Hilbert’s Tenth Problem (by M. H. Sørensen) 167 11.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167 11.2 Exponential Diophantine equations and sets . . . . . . . . . . . . . . . . . 169 11.3 Encoding of finite sequences . . . . . . . . . . . . . . . . . . . . . . . . . . . 171 11.4 The Davis-Putnam-Robinson theorem . . . . . . . . . . . . . . . . . . . . . 174 11.5 Matiyasevich’s theorem and Hilbert’s tenth problem . . . . . . . . . . . . . 182

12 Inference Systems and Gödel’s Incompleteness Theorem 187 12.1 Examples of operational semantics by inference systems . . . . . . . . . . 188 12.2 Predicates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192 12.3 Predicates and program descriptions . . . . . . . . . . . . . . . . . . . . . . 194 12.4 The predicates defined by an inference system . . . . . . . . . . . . . . . . 195 12.5 A version of Gödel’s incompleteness theorem . . . . . . . . . . . . . . . . . 198

13 Computability Theory Based on Numbers 205 13.1 The class of partial recursive functions . . . . . . . . . . . . . . . . . . . . . 205 13.2 The ¯-recursive functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206 13.3 Equivalence of ¯-recursiveness and CM-computability . . . . . . . . . . . 208 13.4 Kleene’s normal form theorem for the WHILE language . . . . . . . . . . . 210

14 More Abstract Approaches to Computability 215 14.1 Recursion by semantics: fixpoints of functionals . . . . . . . . . . . . . . . 215 14.2 Recursion by syntax: Kleene’s and Rogers’ recursion theorems . . . . . . . 220

14.3 A model-independent approach to computability . . . . . . . . . . . . . . 225 14.4 Rogers’ isomorphism theorem . . . . . . . . . . . . . . . . . . . . . . . . . . 231

IV Introduction to Complexity 237

15 Overview of Complexity Theory 239 15.1 Where have we been? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239 15.2 Where are we now going? . . . . . . . . . . . . . . . . . . . . . . . . . . . . 240 15.3 Computational resources and problems . . . . . . . . . . . . . . . . . . . . 242 15.4 PTIME and tractability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244 15.5 A proper hierarchy based on constant time factors . . . . . . . . . . . . . . 245 15.6 A backbone hierarchy of set membership problems . . . . . . . . . . . . . 245 15.7 Complete problems for (most of) the problem classes . . . . . . . . . . . . 246 15.8 Intrinsic characterizations of LOGSPACE and PTIME . . . . . . . . . . . . . . 247

16 Measuring Time Usage 249 16.1 Time usage in imperative languages . . . . . . . . . . . . . . . . . . . . . . 249 16.2 Relating binary trees and bit strings . . . . . . . . . . . . . . . . . . . . . . 250 16.3 Comparing times between computation models . . . . . . . . . . . . . . . 251 16.4 Tree-manipulating programs . . . . . . . . . . . . . . . . . . . . . . . . . . 253 16.5 Fair time complexity measures . . . . . . . . . . . . . . . . . . . . . . . . . 254

17 Time Usage of Tree-manipulating Programs 261 17.1 A DAG semantics for GOTO . . . . . . . . . . . . . . . . . . . . . . . . . . 261 17.2 A Pascal-like implementation of GOTO . . . . . . . . . . . . . . . . . . . . 266

18 Robustness of Time-bounded Computation 271 18.1 Classifying programs by their running times . . . . . . . . . . . . . . . . . 271 18.2 Robustness of polynomial time . . . . . . . . . . . . . . . . . . . . . . . . . 273 18.3 Linear time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275 18.4 Linear time factors don’t matter for Turing machines . . . . . . . . . . . . 277

19 Linear and Other Time Hierarchies for WHILE Programs 285 19.1 An efficient universal program for I . . . . . . . . . . . . . . . . . . . . . . 286 19.2 An efficient timed universal program for I . . . . . . . . . . . . . . . . . . . 288 19.3 A linear-time hierarchy for I: constant time factors do matter . . . . . . . . 290 19.4 A linear-time hierarchy for F . . . . . . . . . . . . . . . . . . . . . . . . . . 291

19.5 Hierarchy results for superlinear times . . . . . . . . . . . . . . . . . . . . . 292

20 The Existence of Optimal Algorithms (by A. M. Ben-Amram) 297 20.1 Levin’s theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 298 20.2 Functions arbitrarily hard to compute . . . . . . . . . . . . . . . . . . . . . 304 20.3 Blum’s speedup theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 307 20.4 The gap theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 311

21 Space-bounded Computations 315 21.1 Space-bounded computation models . . . . . . . . . . . . . . . . . . . . . . 316 21.2 Comparing space usage of Turing and counter machines . . . . . . . . . . 319 21.3 Relation of LOGSPACE to counter machines and PTIME . . . . . . . . . . . . 322 21.4 Robustness of PSPACE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 322 21.5 Relations between space and time . . . . . . . . . . . . . . . . . . . . . . . 324 21.6 Functions computable in logarithmic space . . . . . . . . . . . . . . . . . . 325 21.7 Hierarchies of problems solvable in bounded space . . . . . . . . . . . . . 328

22 Nondeterministic Computations 331 22.1 Definition of nondeterministic acceptance . . . . . . . . . . . . . . . . . . . 331 22.2 A simple example: path finding . . . . . . . . . . . . . . . . . . . . . . . . . 332 22.3 Resource-bounded nondeterministic algorithms . . . . . . . . . . . . . . . 332

23 A Structure for Classifying the Complexity of Various Problems 335 23.1 Some convenient normalizations . . . . . . . . . . . . . . . . . . . . . . . . 335 23.2 Program state transition graphs . . . . . . . . . . . . . . . . . . . . . . . . . 336 23.3 Algorithms for graph searching . . . . . . . . . . . . . . . . . . . . . . . . . 338 23.4 Some inclusions between deterministic and nondeterministic classes . . . 344 23.5 An enigmatic hierarchy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 346

24 Characterizations of LOGSPACE and PTIME by GOTO Programs 349 24.1 Characterizing LOGSPACE by cons-free GOTO programs . . . . . . . . . . 349 24.2 Characterizing PTIME by cons-free programs with recursion . . . . . . . . 355

V Complete Problems 363

25 Completeness and Reduction of One Problem to Another 365 25.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 365 25.2 Invariance of problem representations . . . . . . . . . . . . . . . . . . . . . 368

25.3 Reduction for complexity comparisons . . . . . . . . . . . . . . . . . . . . . 370 25.4 Complete problems for RE by recursive reductions . . . . . . . . . . . . . . 375 25.5 Complete problems for NLOGSPACE by logspace reductions . . . . . . . . 376 25.6 A problem complete for NLINTIME . . . . . . . . . . . . . . . . . . . . . . . 378

26 Complete Problems for PTIME 383 26.1 PTIME reduced to goto-free boolean programs . . . . . . . . . . . . . . . . 383 26.2 The monotone circuit value problem . . . . . . . . . . . . . . . . . . . . . . 388 26.3 Provability by Horn clauses . . . . . . . . . . . . . . . . . . . . . . . . . . . 391 26.4 Context-free emptiness and other problems complete for PTIME . . . . . . 393 26.5 Parallel computation and problems complete for PTIME . . . . . . . . . . . 395

27 Complete Problems for NPTIME 397 27.1 Boolean program nontriviality is complete for NPTIME . . . . . . . . . . . . 398 27.2 Satisfiability is complete for NPTIME . . . . . . . . . . . . . . . . . . . . . . 400 27.3 Other problems complete for NPTIME . . . . . . . . . . . . . . . . . . . . . 403

28 Complete Problems for PSPACE 407 28.1 Acceptance by boolean programs with goto . . . . . . . . . . . . . . . . . . 407 28.2 Quantified boolean algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . 409 28.3 Regular expression totality . . . . . . . . . . . . . . . . . . . . . . . . . . . . 412 28.4 Game complexity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 415

VI Appendix 417

A Mathematical Terminology and Concepts 419 A.1 Boolean algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 419 A.2 Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 421 A.3 Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 422 A.4 Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 430 A.5 Grammars and finite automata . . . . . . . . . . . . . . . . . . . . . . . . . 431 A.6 Induction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 438 A.7 Pairing functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 442

Bibliography 447

List of Notations 457

Index 459