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Categorization of priority queues
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iInput: two priority queues
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Structure of this talk: Research question

What is the " best” priority queue?

I - Elementary
O

II ®  Addressable
[ |
III ® Mergeable

[ |
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Binary heaps

minimum/()
return a[0]

insert(x)
a[N] ==«
siftup(IN')
N +=1

extract-min()
min = a[0]

N-=1
a | 810|126|75(12|46|75|80 a,[O] _ a[N]
0O 1 2 3 4 5 6 7 siftdown (0)
left-child (3) return min
return 2;: 4+ 1
right-child (2) Elementary: array-based

return 2: 4+ 2 )
Addressable: pointer-based

parent(3) Mergeable: forest of heaps

return [(: — 1)/2]
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Market analysis

Efficiency | pinary binomial Fibonacci run-relaxed
heap queue heap heap
worst case worst case amortized worst case
minimum o(1) ©(1) ©(1) ©(1)
insert O(lgN o(1) o(1) o(1)
decrease O(lgN o©(lgN o(1) ©(1)
delete ©(lg N) ©(lgN) ©(lg N) ©(lg N)
union O(gMxIlgN) ©(min{lgM,IlgN}) o(1) @(min{lg M,lg N})

Here M and N denote the number of elements in the priority
queues just prior to the operation.
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What is the best solution when handling a request
sequence consisting of N insert and N extract-min
operations?

Best: Comparison complexity / running time

In-place: O(1) extra words
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7£ element comparisons

Data structure insert extract-min
binary heaps [Wil64] IgN 4+ O(1) 2IgN + O(1)
heaps on heaps [GM86] Iglg N + O(1)% | Ig N + log* N + O(1)%
optimal in-place heaps [EEK13] O(1) IgN + O(1)
lower bounds Q(1) IgN — O(1)

minimum: O(1) worst-case time

@) Binary search on the siftup path (also in [Car87])

b) Ig N —Iglg N levels down along the siftdown path, siftup in a binary-
search manner, or recur further down

(© Performance Engineering Laboratory Seminar 13391: Schloss Dagstuhl, Germany (7)




Optimal in-place heaps are galactic;
only a masochist would implement them

Ideas are interesting though . ..

Binary-heap lower bounds—assumptions

1. You should not help others

2. You should keep your house clean after each visit
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What is the importance of other complexity
measures?

1. # element moves
2. #£ instructions
3. # branch mispredictions

4. # cache misses
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Theory

#~ element moves

#£ pure-C instructions

#£ branch mispredictions

Source| insert extract-man Source msert extract-man
[Wile4] | ~IgN ~lg N [Wile4] | ~9IgN | ~12IgN
(LLO6] N%IgN N%IgN [BKS00]| ~51g N ~91g N

#£ cache misses

Source| nsert | extract-min Source msert extract-min
: N N
[Wil64] | O(1) N%IgN [wile4] | ~lg () ~9 (37
1 N 2 N
[EK12] | O(1) 0(1) (WT89]| ~— g (M)cw ~—1g (M)“)
i ifj(leezss(lf[j], alj + 1]1)) { a) amortized
<} M: # elements in the cache

> j += less(a[j], al[j + 1]); B: # elements in a cache line
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Experimental environment for sanity checks

Processor
Intel® Core™ i5-2520M CPU @
2.50GHz x 4

Memory system
8-way-associative L1 cache: 32 KB
12-way-associative L3 cache: 3 MB
cache lines: 64 B
main memory: 3.8 GB

Operating system
Ubuntu 13.04 (Linux kernel 3.5.0-
37-generic)

Compiler
g++ compiler (gcc version 4.7.3)
with optimization -03

Profiler

valgrind simulators (version 3.8.1)
© Performance Engineering Laboratory
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Practice: Key performance indicators

#£ element comparisons

#£ element moves

source

210

215

220

225

source

210

215

220

225

[(Wil64]

1.73

1.82

1.87

1.89

[(Wil64]

1.96

1.64

1.48

1.39

[Car87]

1.49

1.37

1.37

1.3

[LLO6]

1.41

1.11

0.95

0.86

Z#£ Iinstructions

#£= branch mispredictions

Source

210

215

220

225

sSource

210

215

220

225

[Wil64]

15.1

14.9

14.8

14.7

[Wil64]

0.59

0.56

0.54

0.53

[BKSOO0]

15.5

14.8

14.5

14.3

[EK12]

0.20

0.14

0.10

0.08

7~ L1 cache misses

source

210

215

220

225

[(Wil64]

1.00

13.1

19.1

19.7

[WT89]

1.06

6.83

4.26

3.63
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Request: N xinsert-+ N X extract-man

Repetitions: r = 226/N

Input: Random int's

Reported: Grand total divided by

rx NIgN or r X %Ig (max{Q,%})
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Practice: CPU times

Source \ N 210 | 215 | 520 | 525
std library [g++] 6.41 | 6.09 | 6.96 | 12.6
original [Wil64] 559 | 545 | 6.47 | 12.2
comparison opt. [Car87] | 9.69 | 8.34 | 9.02 | 14.5
instruction opt. [BKS00] | 5.44 | 5.41 | 6.31| 11.8
misprediction opt. [EK12] 4.16 | 7.2
bottom-up [Weg93] 6.77 | 6.63 | 7.34 | 13.1
A-ary [LLO6] 5.47 | 5.49 6.3 | 10.4
external [WT89] 5.23|5.27 | 5.69 | 6.04

Request: N x insert + N X extract-man
Repetitions: r = 22%/N; each for a different array
Input: Random permutation of {0,1,..., N — 1}; type int
Reported: Running time divided by r x NIg N [ns]
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What is the best solution when handling a request
sequence consisting of N insert, N extract-min, and
M decrease operations?

Best: Comparison complexity / running time
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Theory

Rank-relaxed weak heaps are better than Fibonacci heaps! [EEK12]

Data structure #£ element comparisons
Fibonacci heap 2M + 2.89N Ig N
Rank-relaxed weak heap 2M + 15N IgN

But they are not simpler!

Data structure Lines of code
Binary heap 205
Fibonacci heap 296
Rank-relaxed weak heap 883
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Does a factor of two matter?

1 vs. 21
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Parameterized design

weak heap
element type : int, double, ... :
comparator type : std::less, std:..greater, ... :
node type : weak-heap node, combined weak-heap node & graph node, ... :
modifier type : relaxed heap modifier, ... :
level-registry type . leaf registry, ... :
mark-registry type naive mark registry, eager mark registry, lazy mark registry, ...
66
e comparators shared o ©
e nodes shared WO \&
e transformations shared ) 0(‘
e level registries shared @C&O
e Mmark registries shared (o
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Our play with Dijkstra’s algorithm

With your search engine, you will e Which algorithm

find many experimental studies e \Which graph representation
on Dijkstra’s algorithm. Be crit- e Which priority queue

ical when you read the results. e Which tuning level

riority queue

© Performance Engineering Laboratory Seminar 13391: Schloss Dagstuhl, Germany (18)



Policy-based benchmarking

0.6

0.4

# comparisons / (M + N Ig N)

0.2
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Distance comparisons [M = 2N Ig N]

N [logarithmic scale]
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Policy-based benchmarking

Running times [M = 2N 1g N]

90 —— —
------- - rank-relaxed weak heap
80  --1 [ F-- rank-relaxed weak queue
7z 70l 7 D GER Fibonacci heap
= I A----- weak heap
2 60 [ v ............ Weak queue 'A' | .
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E 50 p +--- pairing heap , -~ /Q’» ______
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Graph representation

CPH STL LEDA
e adjacency arrays e adjacency lists
e simple e nice interface
e Static e fully dynamic
e 16M + 16N + O(1) bytes for e parameterized
a graph with M edges and N e 52M 4+ 60N + O(1) bytes

vertices [LEDA Book, § 6.14]

tentative distance
state
edge pointer

vertex L]y (y\)o
\\ e
Y
«O
2
edge e O(
O
end points @c
weight >
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Avoiding indirection

Combine the graph vertex and the priority-queue

node [Knu94| — improves cache behaviour
>
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Tuning

Running time / N [us]

# element comparisons / N

Structure | CPH STL | LEDA 6.2 Structure | CPH STL | LEDA 6.2
Fibonacci | Fibonacci Fibonacci | Fibonacci
Operation heap heap Operation heap heap
msert msert
N: 10000 0.10 0.18 N: 10000 0 1
N: 100000 0.09 0.15 N: 100000 0 1
N: 1000000 0.09 0.15 N: 1000000 0 1
decrease decrease
N: 10000 0.03 0.06 N: 10000 0 2
N: 100000 0.05 0.22 N: 100000 0 2
N: 1000000 0.06 0.31 N: 1000000 0 2 A,\W
extract-min extract-min e
N: 10000 0.7 1.2 N: 10000 16.2 o PLRe
N: 100000 1.4 2.7 N: 100000 21.2 _ x 38.3
N: 1000000 2.8 4.5 N: 1000000 2(3,20( 46.5
ol
o

On my computer (Ubuntu, g++, with -03)
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Best of the bests

Our reference sequence Worst case / operation

Theory: rank-relaxed weak heap insert—time: Fibonacci heap

Dijkstra—time: binary heap [FT87]
[Wil64] insert—comps: Fibonacci heap
Dijkstra—comps: weak heap decrease—time: Fibonacci heap
[Dut9o3] decrease—comps: Fibonacci heap
extract-min—=time: weak queue
[Vui78]

extract-min—comps: weak heap
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Mistakes

Analysis: Worst-case bounds

e [ he correlation between # element comparisons and
running time can be poor

e Some people even analyse the constant factors in
lower-order terms

Experiments: Randomly-generated data

e Too much focus on numeric data
e For dense graphs, few decrease operations executed

e \We tried to force theory and practice meet
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What is the best mergeable heap?

Best: Comparison complexity / running time
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7£ element comparisons

Data structure delete [ extract-min | Other
meldable priority queues [Bro96] Blg N O(1)
optimal priority queues [EK12] ~ 70Ig N O(m)b)
strict Fibonacci heaps [BLT12] r1g N® 0(1)
lower bounds IgN — O(1) Q(1)

@) Brodal's constant B high
b) Katajainen's constant x high
c) Tarjan's constant 7 unknown
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Optimal mergeable heaps are galactic;
only a masochist would implement them

Larkin, Sen, and Tarjan have implemented strict Fibonacci
heaps ... SLOW ...
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Conjectures

1st conjecture: Without decrease; Ig N + O(lglg N) elem-

ent comparisons per delete possible

2nd conjecture: The full monty; 20lg N element com-

parisons per delete possible

3rd conjecture: Our reference sequence can be handled
with 2M+ N Ig N4+o(N) element comparisons in O(M +

N lg N) worst-case time
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Next steps

e Galactic algorithms vs. working programs

e O(Ig N) and O(1) vs. O(lg N) and O(1)
e Memory management vs. data structures

e Constant factors for cache-efficient algorithms

e Abstraction overhead in policy-based benchmarking
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