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Appendix A

Reference Manual

A.1 Error reporting

If (despite what I said in Section 1.1) you find an error in this book, please see
if it is already reported at

http://www.diku.dk/“grue/mob0102/index.html

If it is not, please notify me at
grue@diku.dk

Suggestions for improvement are also welcome.
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A.2 Priority

This page is repeated on the last page of this volume.

[ Lx >
x’y >
x@y = x@yy = x@, 1y = x@_y = xQgyy >
#x >
x| ZxY L xt 2y~ Zx* =2
x head = x tail = x pair = x atom = x Head = x Tail >
X' Yy=X-py=X-_y=X-gy=X-y=
X[y = x[4y Zx/-y = x[oy = x/2y =
Y EX Y2y Zx oy =% [fyy =
x%y=x%yy=x%_y=x%oy=x%2y >
+Xx = —X >
X+Yy=X+4py=Xx+_y=x+oy=x+2y=
X—y=X—py=X—_y=x—oy=x—ay >
Xiry=x..y=xXy >
x append y >
X,y >
X=y=xFyE=x<y=x<y=x>y=x>y=xe€y=x? >
X 5
XAy >
xVy >
Vx€y:z = IxEy: 7 = ex€y: z >
XSyZIxEyZxey >
X{Z£X<Z >
Ax.y >
xSyZxhyZx<y >
X =y >
xky >
x>y >
X:y >
X;y >
Mac lemma x:y = Mac proof of x:iy = Mac rule x:y ]



A  Reference Manual

A.3 Associativity and term reduction

This page is repeated on the penultimate page of this volume.

L B B e W e B e W |

x’y’z
xQy@Qz
o
X-y-z
X+y—+z
X:iiy:iz
x append y

append z
X,Y,2
XANYyAz
xVyVz
xkFykz
xXP>yb>z
X:y:z
X;y;z
x<y<z
x<y<z
X,y<z
x<Yy,z
Vx,y€S: a
X=>y&=1zZ
X=>y=z
X—=y—>z
X3 y=1z
{x,y)

J,( J,( J/( J/( ‘L( ‘L(

J/o J/o ‘L( ‘Lo ‘L( J/o io J/o io \L( \L( ‘L( ‘L( i( i( i( i( i(

(x'y)’z
(x@y)@z
x(¥%)
(x-y)-z
(x+y)+z
x::(y::2)

x append (y append z)
%, (y,2)

(xAy)Az

(xVy)Vz
xF(ykz)
(x>vy)D>z)

x:(y:z)

(xy);z

(x<y) <z
x<y)A(y<z) >
x<zAy<z>
Xx<yAx<z

VxeS: VyeS: a
x=>y) ez
x=y)Aly 2
x—=(y—>1z)
case(x,y, T) = case(x,z, T)
x:: (y)

[ Ty T T TRy |

AN Ty T T TN T J SN Ny S

[ T T TN [ N SNy S |
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A.4 all x in y colon z [Vxey:z]|

Parse tree

XY z

Sort

[ Vx€y:z ] is an operator (i.e. it may occur in the syntax tree of a term).

Binding

Y

Description

If [ST is a set then the following holds: [VxeS: A =TJ if[A € TT for all
[xeS].[VxeS:A=FJif[AeB] forall[xeS] and[ A € F ] for some
[x€eST.[VxeS:A=e] if [ A] is classical for all[x € ST and [x &€ BT for
some[x €S].[VxeS: A= 17 if[ A] is non-classical for some [x € ST.

Mac rules

[ Mac rule Gen : SeSetFx€S — AL VxeS: A ]

[ Mac rule ElimAll : S € Set - Vxe€S: AFBeStE (A |x=B)]

[ Mac rule TypeAll : x€ S —> A€ Bt (WxeS: A) € B]

[ Mac rule InverseTypeAll : (Vx€S: A) e BFBeStH (A|x=B)eB]
[ Mac rule EqualAll : xeS — A= BFVxeS: A =VxeS: 4]

Examples

[WXeN:2-x > x = T7
[VXEZ:2-x > X = F7
[Vx€Z:1 //x=1//x = ]
[ VxeZ:x! = x! = 17
See also

[ex€y:z] Section A.7
[ Ix€y:z] Section A.12

[Vx€y:z] all x in y colon z
[ Gen ] rule Gen
[ EimAll T rule ElimAll
[ TypeAll I rule TypeAll
[ InverseTypeAll I rule InverseTypeAll
[ EqualAll I rule EqualAll
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A.5 bottom [ L]

Parse tree

Sort

[ L7 is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ L] denotes total absense of information. If computation of a term proceeds
forever and yields no information about the value of the term, then the term
equals[ L . Among all mathematical entities, [ L ] is the least one with respect
to the information comparison relation [x <y .

Mac rules

[ Mac rule InfoBottom : | <x]
[ Mac rule SubBottom : (L | x:=8) = L]

Examples

LT
LY

See also

[e] Section A.11
[x<y] Section A.99

[L] bottom
[ SubBottom ] rule SubBottom
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A.6 case x comma y comma z end [case(x,y,z) ]

Parse tree

XY z

Sort

[ case(x,y,z) | is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ case(x,y,z) | equals [y ] if [x] equals [N]. It equals [z] if [x] is a func-
tion, i.e. can be written on form [ Au.A]. It equals[ L] if [x] equals [ L7].
[ case(x,y,z) | is one of the fundamental constructs of map theory.

Mac rules

[ Mac rule SubCase : {case(A, B,C) | x:=8) =
case({A | x:=8), (B | x:=8), {C | x:=S8)) ]

[ Mac rule CaseNil : case(N,y,z) =y ]

Mac rule CaseT : case(T,y,z) =y ]

Mac rule CaseLambda : case(Au.v,y,z) =z ]
Mac rule CaseBottom : case(l,y,z) = L]
Mac rule CasePair : case(u..v,y,z) =z

[
[
[
[

Examples
[ case(N,2.0F,3.00F) = 2.0F]T

See also
[ Ax.y] Section A.20

[NT Section A.23
[x’y] Section A.47

[ case(x,y,z) | case x comma y comma z end
[ SubCase ] rule SubCase
[ CaseNil I' rule CaseNil
[ CaseT ] rule CaseT
[ CaseLambda ] rule CaseLambda
[ CaseBottom J° rule CaseBottom
[ CasePair ' rule CasePair
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A.7 choose x in y colon z [ex€y:z]

Parse tree

XY z

Sort

[ex€y:z ] is an operator (i.e. it may occur in the syntax tree of a term).

Binding

[ EXEx: % ] .
L

Description

If[ ST is a set then the following holds: If[ A€ B] forall[x € ST and if [ AT
is true for at least one[ x € S ], then [ exeS: A | equals some [ x € S | for which
[A] is true. If [ A] is true for more than one [ x € S then it is impossible
to tell which one [ € ]° chooses. If [ A is non-classical for some [ x € ST then
[ex€S: AT equals[ L ]. If[ ST is a set and none of the two cases above apply,
then [ ex€S: A ] equals[e].

Mac rules
[ Mac rule EqualChoice : x €S -+ A =B exeS: A =exeS: A ]

Examples

[ex€Z:x-x=9] is a classical map that weakly represents [ 3] or[ —3 .

See also

[Vx€y:z] Section A.4
[ Ixey:z] Section A.12

[ex€y:z] choose x in y colon z
[ EqualChoice I7 rule EqualChoice
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A.8 classical [/]

Parse tree

Sort

[ £7] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[£'x] equals[ T] if [ x] is classical and equals [ L | otherwise.

Mac rules

[ Mac rule ClassicalNil : /’N=T]

[ Mac rule ClassicalBottom : £’ 1L = 1]

[ Mac rule ClassicalPair : £’ (x..y) =£’xAL’y]
[ Mac rule SubClassical : (£ |x:=8) =/ ]

[ Mac rule ClassicalWellfounded : ¢’ x - wf(x) ]

Examples

[£°(N..N) = T7
[(N(LMN) = L7
[ £ co-list(1) = 1]

See also
[x€y] Section A.50

[£] classical
[ ClassicalNil ] rule ClassicalNil
[ ClassicalBottom ]° rule ClassicalBottom
[ ClassicalPair J7 rule ClassicalPair
[ SubClassical ]7 rule SubClassical
[ ClassicalWellfounded ] rule ClassicalWellfounded
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A.9 construct x [construct x|

Parse tree

con

X

Sort

[ construct x | is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[ construct A | introduces the construct [ A ] without assigning a meaning to
it. [A] gets no meaning and, hence, no value, so it becomes a statement
construct rather than an operator.

Examples

[ construct x,y ] introduces the construct[ x,y | as a directive with no meaning.
[ {x,y)] is a term even though it containts the directive [ x,y]. This is so
because [ x,y | disappears during term reduction so that [ x,y ] does not occur
in the syntax tree of [ {x,y) ]

See also

[x=y] Section A.58
[ variablex ] Section A.45

[ constructx ] construct x
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A.10 empty list [() ]

Parse tree

Sort

[ ()] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ ()] denotes the empty list, i.e. the unique list that has zero elements. [ () |
is an atom.

Mac rules

[ Mac rule SubEmptyList : ({) | x:=8) = () ]
[ Mac rule TypeEmptyListInE : () € E |

Examples

() pair
() atom
() head
()

tail

[
[
[
[

—

o~ o~
~ ~—

See also
[ET Section A.40

[x::y] Section A.79
[()] Section A.44

[{()] empty list
[ SubEmptyList ]7 rule SubEmptyList
[ TypeEmptyListiInE J° rule TypeEmptyListInE
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A.11 exception [e]

Parse tree

[ ]

Sort

[ e ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ ] denotes nonsense. If a computer can determine within finite time that a
term is meaningless, then the value of the term is [ e ]. As an example, one
divided by zero equals[ e J.

Mac rules
[ Mac rule SubException : (e | x:=S) = o]
[ Mac rule TypeXInX : e € X ]

Examples

[1/0
[I1<F

See also
[LT Section A.5

[e] exception
[ SubException ] rule SubException
[ TypeXInX J° rule TypeXInX
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A.12 exists x in y colon z [Ixey:z]

Parse tree

XYy z

Sort

[ Ix€y:z ] is an operator (i.e. it may occur in the syntax tree of a term).

Binding

e

Description

If[ST is a set then the following holds: [ Ix€S: A = F] if [ A € F] for all
[x€eST]. [xeS:A=TJif[Ae€B] forall[xeS] and[ A € T] for some
[x€ST].[IxeS: A =e] if[ AT is classical for all [x € S] and [ A & BT for
some[x €S].[3IxeS: A= L] if[ A] is non-classical for some [x € ST.

Mac rules

[ Mac rule IntroExists : S€ Set-FxeS—»>AeBFBeSk (A|x=B)F
IxeS: A ]

[ Mac rule ElimExistsB : S € Set - I3x€S: AF B e SE (A | x:=B) € B]

[ Mac rule ElimExistsS : S € Set F IxeS: A+ (exeS: A) € S ]

[ Mac rule ElimExists : S € Set | 3xeS: A F (A | x:=ex€S: A) ]

[ Mac rule TypeExists : x€S - A€ BF (Ix€S: A) € B]

[ Mac rule InverseTypeExists : (Ix€S: A) e BFBeSF {4 |x:=B) € B]
[ Mac rule EqualExists : x€S — A= BF IxeS: 4 = IxeS: A4 ]

Examples

[ IxeN:x! = 6 = T7
[ IxeN:x! =7 = F7T
[IxeZ:x! =6 = 17
[XeN:10//x=5 = o]

[ Ix€y:z ] exists x in y colon z

[ IntroExists 7 rule IntroExists
[ ElimExistsB ] rule ElimExistsB
[ ElimExistsS 7 rule ElimExistsS

[ ElimExists ] rule ElimExists

[ TypeExists ] rule TypeExists

[ InverseTypeExists |7 rule InverseTypeExists

[ EqualExists |7 rule EqualExists
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See also

[Vx€y:z] Section A4
[ex€y:z]  Section A.7



514 Mathematics and computation (©) 1994-2001 Klaus Grue

A.13 false [F]

Parse tree

Sort

[ FT is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ F] denotes falsehood. If a computer can determine within finite time that a
term is false, then the value of the term is[ F ].

Mac rules

[ Mac rule TypeFInB : F € B]
[ Mac rule TypeFInF : F € F ]
[ Mac rule SubFalse : (F | x:=S8) =F]

Examples

[2<1 = FJ

[1=T = FJ
See also

[TT Section A.43

[if(x,y,z) ] Section A.18

[F] false
[ TypeFInB J° rule TypeFInB
[ TypeFInF ] rule TypeFInF
[ SubFalse ] rule SubFalse
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A.14 f four of x end [ f4(x)]

Parse tree

X

Sort

[ f4(x) ] is a macro.

Definition

[fax) =2-x+4]

See also

[f2] Section A.17
[ fs(x)] Section A.16
[xZy] Section A.72

[ fa(x) I ffour of x end
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A.15 fone of x end [ fi(x)]

Parse tree

X

Sort

[ f1(x) ] is an operator (i.e. it may occur in the syntax tree of a term).

Definition

[fi(x)=x* =17

Mac rules

[ Mac rule DefFOneOfXEnd : f;(x) =x2 —1]
[ Mac rule SubFOneOfXEnd : (f;(A) | x=8) = fi({A | x:=8)) ]

See also
[x=y] Section A.58

[ fi(x)] foneofxend
[ DefFOneOfXEnd |7 rule DefFOneOfXEnd
[ SubFOneOfXEnd ' rule SubFOneOfXEnd
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A.16 fthree of x end [ f3(x)]

Parse tree

X

Sort

[ f3(x) | is an operator (i.e. it may occur in the syntax tree of a term).

Definition

[fs(x) =2-x+4]

Mac rules

[ Mac rule DefFThreeOfXEnd : f3(x) =2-x+4]
[ Mac rule SubFThreeOfXEnd : (f3;(A) | x:=8) = f3({4 | x:=8)) ]

See also
[ fo] Section A.17

[ fs(x)] Section A.14
[x=y] Section A.58

[ f3(x) ] fthree of x end
[ DefFThreeOfXEnd |° rule DefFThreeOfXEnd
[ SubFThreeOfXEnd J° rule SubFThreeOfXEnd
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A17 ftwo[fy]

Parse tree

Sort

[ f2 T is an operator (i.e. it may occur in the syntax tree of a term).

Definition

[fo=Mx2-x+4]

Mac rules

[ Mac rule DefFTwo : fo = Ax.2-x+4]
[ Mac rule ApplyFTwo : fo’'x=2-x+4]
[ Mac rule SubFTwo : (f; | x:=8) = f> ]

See also

[ f3(x)] Section A.16
[ fa(x)]  Section A.14
[ Ay ] Section A.20
[x=y] Section A.58

[f2] ftwo
[ DefFTwo ] rule DefFTwo
[ ApplyFTwo I° rule ApplyFTwo
[ SubFTwo I° rule SubFTwo
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A.18 if x then y else z end |if(x,y,z)]

Parse tree

XYy z

Sort

[if(x,y,2) | is an operator (i.e. it may occur in the syntax tree of a term).

Description

[if(x,y,2) ] equals[y ] and [z ] if [ x ] is true and false, respectively. If [ x ] is
a decimal fraction, an exception, a pair, or the empty list, then [ if(x,y,z) = o ].
If[x] equals [ L ] then [if(x,y,z) = L.

Mac rules

[ Mac rule IfTrue : if(T,y,
[ Mac rule IfFalse : if(F,y,z
[ Mac rule IfNil : ((), Z)=e

[ Mac rule IfPair : if(u::v,y,z) = o]

[ Mac rule IfException : 1f( ,Y,2) = o]

[ Mac rule IfBottom : if(Ll,y,z) = L]

[ Mac rule Sublf : (if(A4,B,C) | x=8) = if((4 | x:=8),(B | x:=85),(C |
x=8)) ]

[ Mac rule IfT : x € T Fif(x,y,z) =y |

[ Mac rule IfF : x € FFif(x,y,z) = 2]

[ Mac rule IfD : x € D Fif(x,y,z) = o]

[ Mac rule IfE : x € E | if(x,y,z) = o]

[ Mac rule IfX : x € X Fif(x,y,z) = o]

[if(x,y,z) ] if x then y else z end
[ IfTrue ] rule IfTrue
[ IfFalse ] rule IfFalse
[IfNil I rule IfNil
[ IfPair ] rule IfPair
[ IfException J° rule IfException
[ IfBottom ] rule IfBottom
[ SubIf I’ rule SubIf
[HT ] rule IfT
[IF ] ruleIfF
[IfD ] rule IfD
[IfE ] rule IfE
[IX ] rule IfX



520 Mathematics and computation (©) 1994-2001 Klaus Grue

Examples

[if(T,2.0F, 3.00F)

2.0F |
[if(2.0F, L, 1) '

See also

[TT Section A.43
FT Section A.13
] Section A.11

[
[
[ LT Section A.5
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A.19 infinity [oco]

Parse tree

Sort

[ 00 ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ 00 ] denotes plus infinity. [ oo ] is a decimal fraction that is weakly greater
than any decimal fraction (including itself). [ oo ] has precision [ oo T, i.e. it
is an exact decimal fraction. All infinite decimal fractions can be constructed
from[ oo | together with unary minus and rounding. As an example, [ —oco@3 T
denotes minus infinity with three significant digits.

Mac rules

[ Mac rule SublInfinity : (oo | x:=S8) = o0 ]

[ Mac rule Typelilnli : co € DY ]

[ Mac rule TypeMiInMi : —co € D >° ]

[ Mac rule TypeImInIm : m € Z* I co@m € Dy ]

[ Mac rule TypeMmInMm : m € ZT F —co@m € D]

Examples
[2< 0 = T7
[-o0<2 = T7
[23FQoo0 = 237
See also

[ —x]  Section A.22
[xQy T Section A.85

[oo] infinity
[ SubInfinity ] rule Sublnfinity
[ Typelilnli 7 rule Typelilnli
[ TypeMiInMi ] rule TypeMiInMi
[ TypeImInIm J° rule TypeImInIm
[ TypeMmInMm ] rule TypeMmInMm
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A.20 lambda x dot y [ Ax.y]

Parse tree

X y

Sort

[ Ax.y ] is an operator (i.e. it may occur in the syntax tree of a term).

Binding

P15

Description

[ Ax.y | is the function that maps [x] to[y]. It is one of the fundamental
constructs of map theory. [ x ] must be a variable.

Mac rules

[ Mac rule SubLambdaXX : (Ax.A | x:=8) = Ax.A ]

[ Mac rule SubLambdaXYFreeFor :

if distinct(x, y) A freefor(Ax.A,y,S) then (\y.A | x:=8) = Ay. (4 | x:=S8) ]
[ Mac rule SubLambdaXY :

if distinct(x,y) then (Ay.A | x:=(S | y:=T)) = Ny. (A4 | x:=(S | y:=T)) ]

[ Mac rule LambdaSub : x=y|F Az.x = Azy ]

Examples

[(Axx+2)’3 = 57
[(Axx+y)’3 = 3+y]
See also

[ case(x,y,z) |  Section A.6

[NT Section A.23
[{(x|y=2)] Section A.28
[ variablex]  Section A.45
[x'y] Section A.47

[ Ax.y ] lambda x dot y
[ SubLambdaXX ] rule SubLambdaXX
[ SubLambdaXYFreeFor ] rule SubLambdaXY FreeFor
[ SubLambdaXY ]° rule SubLambdaXY
[ LambdaSub 7 rule LambdaSub
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A.21 minimum x comma y end [min(x,y) |
Parse tree
x Y

Sort

[ min(x,y) ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ min(x,y) ] denotes the least of the two values[x] and [y 7.

Definition

. . X
min(x,y) = x < y{ y }

Mac rules

[ Mac rule DefMinimumXCommaYEnd : min(x,y) = x < y{ ;
[ Mac rule SubMinimumXCommaYEnd : {(min(A4,B) | x:=8) = min ({4 |

x:=8), (B | x:=8)) }

Examples

=

=}
NN N N

\.l\D

[\

~—
HE10 10011
8 NN NN

See also

[xAy] Section A.46

[ min(x,y) | minimum x comma y end
[ DefMinimumXCommaYEnd ]° rule DefMinimumXCommaY End
[ SubMinimumXCommaYEnd ] rule SubMinimumXCommaYEnd
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A.22 minus x [—x]

Parse tree

;I

X

Sort

[ —x ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ —x ] changes the sign of [ x |'. In particular,[ —x ] may be used to change the
sign of an infinity.

Type table
X B D X E N 7Z 7T 7
x| X D X X Z Z 7Z- 7T
X Dy Dy, D [D® D, D[ T F
—~ | DY D, Dy |[D D, D[ X X
Mac rules

[ Mac rule SubMinusX :
[ Mac rule MinusStrict :

Examples
[——5 = 5]
[-——0 = o]

See also
[oo] Section A.19
[+xT Section A.26
[x—y] Section A.73

[—~xT
[ SubMinusX ]
[ MinusStrict T

minus x
rule SubMinusX
rule MinusStrict
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A.23 nil map [N]

Parse tree

[N ]

Sort

[ N7 is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ N] denotes the nil map. [ N] is one of the fundamental constructs of map
theory.

Mac rules
[ Mac rule SubNilMap : (N | x:=8) =N ]

Examples
[T = NT
[F = N.NJ

See also
[ case(x,y,z) | Section A.6
[Axy ] Section A.20
[x’y] Section A.47

[NJT nil map
[ SubNilMap J* rule SubNilMap
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A.24 not x[—x]

Parse tree

X

Sort

[ -x ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ =x ] is true if [ x ] is false and vice versa. In other words, [ =x ] is the logical
negation of [ x |'.

Type table
X B D X E N 7 7T 7~
x| B X X X X X X X
x |[Dm Dn D |[DX D, D[ T F
x| X X X X X F T

Mac rules

[ Mac rule SubNotX : (-A | x:=8) = (A | x:=8) ]
[ Mac rule NotStrict : -1 = 1]

Examples
[-T FT
[-F T7T
[—L 17T

See also

[T] Section A.43
[F] Section A.13

[-x] notx
[ SubNotX ]° rule SubNotX
[ NotStrict I rule NotStrict
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A.25 parenthesis x end [(x)]

Parse tree

X

Sort

[ (x) ] is a macro.

Description

[ (x) ] means the same as [x]. [(x)] is useful for controlling the order of
computation like in [ 2- (3 4+ 4) | where the parenthesis forces addition to occur
before multiplication.

Definition

[ () =x].

Examples

[(2-3)+4
[2-(3+4)

e
[y
o

See also
[x=y] Section A.72

[ (x) ] parenthesis x end
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A.26 plus x[+x]
Parse tree

X

Sort

[ +x ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ +x] leaves a decimal fraction unchanged. It may be used to present positive
quantities in a format similar to that of negative quantities (e.g. [ +2 ] versus
[—2] and [ +o0 ] versus[ —oo ]).

Type table
X B D X E N Z VAR
+x | X D X X N Z AR/
x |[DR D D |DX D, D | T F
+x | Dy Dy, D |DE D, DX | X X

Mac rules

[ Mac rule SubPlusX : (+A | x:=8) = +(A4 | x:=S) ]
[ Mac rule PlusStrict : +1 = 1]

Examples

[+5
[+00

57
|
See also

[oo] Section A.19
[—xT Section A.22
[x+y] Section A.80

[+x] plusx
[ SubPlusX J° rule SubPlusX
[ PlusStrict I rule PlusStrict
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A.27 precision x [#x]

Parse tree

X

Sort

[ #x ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ #x ] denotes the precision (number of significant digits) of decimal fractions.
If [x] is a decimal fraction then [ #x ] is a positive integer or [ +00 |'. Exact
decimal fractions have precision [ +00 |

Type table

x | B D X E | N Z Z' Z
#x| X D X X |DX DX DX DI

(o] o0
x |[Dfy D D |DX D, D| T F
#x | ZT Z°* Z' |D® DX DT | X X
Mac rules

[ Mac rule SubPrecisionX : (#A | x:=8) = #{A | x:=85) ]
[ Mac rule PrecisionStrict : #1 = 1]

Examples

[ #1.234F
[ #1.234

[ #00

[ #(c0@3)

[ T ST -

4
00
()

3

See also
[xQy T Section A.85

[ #x ] precision x
[ SubPrecisionX ]° rule SubPrecisionX
[ PrecisionStrict ]° rule PrecisionStrict
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A.28 substitute x where y is z end [ (A | x:=B) |

Parse tree

T

XY z

Sort

[ (A | x:=B) ] is an operator (i.e. it may occur in the syntax tree of a term).

Binding
[G=T

Description

[ (A |x:=B) ] equals[ A ] in which all free occurrences of [ x | have value[ B ].

Mac rules

[ Mac rule SubXX : (x| x=8) =S§]

[ Mac rule SubXY : if distinct ( x,y) then (y|x:=8) =vy]

[ Mac rule SubXSubX : ({4 | x:=B) | x:=8) = (A | x:=(B | x:=8)) ]

[ Mac rule SubXSubY : if distinct(x,y) then ((A4 | x:=B) | y:=(S | x:=T)) =
(A | yi=(S [ x=T)) | xi=(B | yi=(S | x=T))) ]

[ Mac rule SubXSubYNotFree : if distinct(x,y) A notfree(x,S) then ((A |
x=B) | y:=5) = (A | y:=5) | x=(B | y:=5)) ]

[ Mac rule Substitution : if Substitution(A, B) then A = B ]

[ Mac rule SubNumeral : if numeral(y) then {(y | x:=S) =y ]

([ Substitution(A, B) | says that [\A] and [ B] can be made identical by per-
forming substitutions and renaming bound variables).

Examples
[{(x+2]|x=3) = 57
[{(x+y|x=3) = 3+y]

[ (x|y:=z) ] substitute x where y is z end
[ SubXX T rule SubXX
[ SubXY T rule SubXY
[ SubXSubX ] rule SubXSubX
[ SubXSubY ] rule SubXSubY
[ SubXSubYNotFree 7 rule SubXSubYNotFree
[ Substitution J© rule Substitution
[ SubNumeral I7 rule SubNumeral
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See also

[ Ay ] Section A.20
[ variablex ]  Section A.45
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A.29 the class of sets [Set |

Parse tree

Set

Sort

[ Set ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ Set | is the class of all sets. [ x € Set ] is true if and only if [ x | is a set. For
certain, technical reasons, [ Set | itself is not a set.

Mac rules
[ Mac rule SubSet : (Set | x:=8) = Set ]

Examples
[T € Set = T7
[B € Set = T7
[D € Set = T7
[XeSet = T7
[117T€eSet = F7J
[SeteSet = F7J
See also
(27 Section A.8

[x€ey] Section A.50

[ Set I the class of sets
[ SubSet 7 rule SubSet
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A.30 the set of decimal fractions [D]

Parse tree

[D]

Sort

[ D] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[D 7] is the set of decimal fractions. [x € D] is true if and only if [ x] is
a classical map that weakly represents a decimal fraction. Decimal fractions
include exact fractions like [ 1.1 ] and floating fractions like [ 1.1F . Decimal
fractions include infinities like [ o0 ] and [ —oc0@4 T'.

Mac rules

[ Mac rule SubD : (D |x:=S) =D ]

[ Mac rule SetD : D € Set ]

[ Mac rule TypeNumerallnD : if x is a numeral that represents a decimal
fraction then x € D ]

[ Mac rule SubtypeDC : xe DF £'x]

[ Mac rule ElimD : xe D+ D'x]

[ Mac rule IntroD : £'xFD'xFx € D]

[ Mac rule SubtypeNotDC : x¢g D F £'x]

[ Mac rule ElimNotD : x¢ D+ -D'x]

[ Mac rule IntroNotD : {'x+ -D’'xFx ¢ D]

[D ] the set of decimal fractions
[ SubD ]° rule SubD
[ SetD ] rule SetD
[ TypeNumerallnD J° rule TypeNumerallnD
[ SubtypeDC T rule SubtypeDC
[ EimD J° rule ElimD
[ IntroD ] rule IntroD
[ SubtypeNotDC ] rule SubtypeNotDC
[ EimNotD ]° rule ElimNotD
[ IntroNotD T rule IntroNotD
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Examples

[0€D = T7
[1eD = T7
[117eD = T7
[-leD = T7
[1leD = T7
[117TFeED = T7J
[TeD = FJ
[ecD = FJ
[0::1eD = F7T
[LeD = 17
See also

[Dy ]  Section A.31
[DY’]  Section A.34
[DX°]  Section A.36
[Z] Section A.35
[x€ey] Section A.50
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A.31 the set of decimal fractions of precision x

end [Dy |
Parse tree
X
Sort

[ Dy | is an operator (i-e. it may occur in the syntax tree of a term).

Description

[ Dy | is the set of decimal fractions of precision [ x ] whose magnitude differs
from[oo] and[ —o0 T.

Mac rules

[ Mac rule SubDm : (D | x:=S) = D{ yx.—s) ]

[ Mac rule SetDi : D € Set ]

[ Mac rule TypeNumerallnDm : if x is a numeral that represents a floating
fraction of precision m then x € Dy, ]

[ Mac rule TypeNumerallnDi : if x is a numeral that represents an exact
fraction then x € D ]

[ Mac rule TypeNumeralNotInDm : if x is a numeral that does not repre-
sent a floating fraction of precision m then x ¢ Dy, ]

[ Mac rule TypeNumeralNotInDi : if x is a numeral that does not represent
an exact fraction then x e D ]

[ Mac rule SubtypeDiD : xe D Fxe D]

[ Mac rule SubtypeDmD : me Zt - xe Dy, Fxe D]

[ Mac rule SetDm : m € Z* F Dy, € Set ]

[ Dy ] the set of decimal fractions of precision x end
[ SubDm ]° rule SubDm
[ SetDi ]” rule SetDi
[ TypeNumerallnDm ]° rule TypeNumeralInDm
[ TypeNumerallnDi ]° rule TypeNumerallnDi
[ TypeNumeralNotInDm ] rule TypeNumeralNotInDm
[ TypeNumeralNotInDi ]° rule TypeNumeralNotInDi
[ SubtypeDiD ]° rule SubtypeDiD
[ SubtypeDmD ] rule SubtypeDmD
[ SetDm ] rule SetDm
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Examples

[117eD, = T7J
[117eD; = F7J
[117FeD; = T7J
[117FeD,, = FJ
[cceD, = FJ
[TeD = FJ
[eecD = F7
[0::1eD = F7J
[LeD = 17
See also

[DT Section A.30
[x€y] Section A.50
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A.32 the set of exceptions [ X ]

Parse tree

Sort

[ X ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ X T is the set of exceptions. [ x € X | is true if and only if [ x | is a classical
map that weakly represents an exception.

Mac rules

[ Mac rule SubX : (X | x:=8) = X ]

[ Mac rule TypeNumeralNotInX : if x is a numeral then x ¢ X ]
[ Mac rule SetX : X € Set ]

[ Mac rule SubtypeXC : x e X F £'x]

[ Mac rule ElimX : xe X+ X'x]

[ Mac rule IntroX : ¢/x+X'xFxe X ]

[ Mac rule SubtypeNotXC : x¢ X F £'x]

[ Mac rule ElimNotX : x ¢ X F =X 'x ]

[ Mac rule IntroNotX : ¢/xF-X'xFx ¢ X ]

Examples

,_.
=
\]
m
[T T T 1T
T

[a—

[ X T the set of exceptions
[ SubX ] rule SubX
[ TypeNumeralNotInX ] rule TypeNumeralNotInX
[ SetX ]° rule SetX
[ SubtypeXC ] rule SubtypeXC
[ EimX ]° rule ElimX
[ IntroX ]° rule IntroX
[ SubtypeNotXC ]° rule SubtypeNotXC
[ ElimNotX ]° rule ElimNotX
[ IntroNotX ]° rule IntroNotX
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See also

[x€y] Section A.50
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A.33 the set of false maps [F |

Parse tree

Sort

[ F ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ F ] is the set of classical maps that weakly represent falsehood.

Mac rules

[ Mac rule SubF : (F | x:=S) = F]

[ Mac rule TypeNumeralNotInF : if x is a numeral then x ¢ F ]
[ Mac rule SetF : F € Set ]

[ Mac rule SubtypeFB : xe FFxe B]

[ Mac rule SubtypeFC : xe FF £'x]

[ Mac rule ElimF : xe FFF'x]

[ Mac rule IntroF : ¢/xFF'x+FxeF]

[ Mac rule SubtypeNotFC : x¢ FF £'x]

[ Mac rule ElimNotF : x ¢ F - -F 'x ]

[ Mac rule IntroNotF : ¢'x+ -F'xFx¢F ]

Examples

-

[ ]

m

=
HE0Ene e

]
the set of false maps
[ SubF ] rule SubF
[ TypeNumeralNotInF ] rule TypeNumeralNotInF
[ SetF ] rule SetF
[ SubtypeFB ] rule SubtypeFB
[ SubtypeFC ] rule SubtypeFC
[ EimF ]° rule ElimF
[ IntroF J° rule IntroF
[ SubtypeNotFC ]J° rule SubtypeNotFC
[ EimNotF ]° rule ElimNotF
[ IntroNotF ]° rule IntroNotF

|
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See also

[BT Section A.42
[x€ey] Section A.50
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A.34 the set of infinities of precision x end [ DY’ |

Parse tree

X

Sort

[ DY’ T is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ DY° T is the set of decimal fractions of precision [ x | whose magnitude equals
[+o0].

Mac rules

[ Mac rule Subli : (D} | x:=8) = D{x.~s) ]

[ Mac rule TypeNumeralNotInIm : if x is a numeral then m € Z* F x ¢
Dp |

[ Mac rule TypeNumeralNotInli : if x is a numeral then x ¢ D20 ]

[ Mac rule Setli : D € Set ]

[ Mac rule SetIm : m € Z* - D € Set ]

[ Mac rule SubtypeliD : xe DX Fx€ D]

[ Mac rule SubtypeImD : me ZT Fx € DhFxeD]

Examples

[cceD® = T7J
[cceDP = FJ
[0@3eDE = FT
[c@3eD® = T7
[-0eDX = F7
[117eDX = F7J
[TeDX = FJ
[ec D = FT
[0::1eDX = F7T
[LeD = 17

[Dg° ] the set of infinities of precision x end
[ Subli ' rule Subli
[ TypeNumeralNotInIm ] rule TypeNumeralNotInIm
[ TypeNumeralNotInli ] rule TypeNumeralNotInli
[ Setli ] rule Setli
[ SetIm ] rule SetIm
[ SubtypeliD ] rule SubtypeliD
[ SubtypeImD ] rule SubtypeImD
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See also

[DT Section A.30
[x€ey] Section A.50
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A.35 the set of integers [Z ]

Parse tree

[Z]

Sort

[Z] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ Z ] is the set of integers. [ x € Z ] is true if and only if [ x ] is a classical map
that weakly represents an integer. A number is an integer if it is (1) an exact
decimal fractions and (2) a whole number.

Mac rules

[ Mac rule SubZ : (Z | x=8)=7Z]

[ Mac rule TypeNumerallnZ : if x is a numeral that represents an integer
then x € Z]

[ Mac rule TypeNumeralNotInZ : if x is a numeral that does not represent
an integer then x ¢ Z |

[ Mac rule SetZ : Z € Set ]

[ Mac rule SubtypeZDi : x€ Z+Fxe€ D ]

[ Mac rule SubtypeZD : x€eZFxe D]

Examples

FAmmmmmnd444

[a—

—
m
N
O T T 1

[a—)

the set of integers
integer
[ SubZ T rule SubZ
[ TypeNumerallnZ I rule TypeNumerallnZ
[ TypeNumeralNotInZ ]° rule TypeNumeralNotInZ
[ SetZ I rule SetZ
[ SubtypeZDi ' rule SubtypeZDi
[ SubtypeZD ] rule SubtypeZD
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See also
[DT Section A.30
[NT Section A.37
[Z ]  Section A.38
[Z1] Section A.39
[x€ey] Section A.50
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A.36 the set of minus infinities of precision x

end | DY°
Parse tree
X
Sort

[ D* ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ D5® | is the set of decimal fractions of precision [ x | whose magnitude equals
[—oo].

Mac rules

[ Mac rule SubMm : (D° | x:=S) = D J|x.—s) ]
[ Mac rule TypeNumeralNotInMm : if x is a numeral then m € Z* I x ¢

[ Mac rule TypeNumeralNotInMi : if x is a numeral then x ¢ D_2° ]
[ Mac rule SetMi : D_° € Set ]

[ Mac rule SetMm : m € Z1 - Di7° € Set ]

[ Mac rule SubtypeMiD : xe D . °Fx € D]

[ Mac rule SubtypeMmD : m€ Zt -x e D Fx€ D]

[D® ] the set of minus infinities of precision x end

[ SubMm ] rule SubMm

[ TypeNumeralNotInMm ] rule TypeNumeralNotInMm
[ TypeNumeralNotInMi ] rule TypeNumeralNotInMi

[ SetMi ] rule SetMi

[ SetMm ]° rule SetMm

[ SubtypeMiD ] rule SubtypeMiD
[ SubtypeMmD ] rule SubtypeMmD
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Examples
—00 €D
—o0 € D5™
—00@3 € D

i T T e e M e e B

See also

[DT Section A.30
[x€ey] Section A.50
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A.37 the set of natural numbers [N |

Parse tree

Sort

[N ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ N ] is the set of natural numbers. [x € N | is true if and only if [ x] is a
classical map that weakly represents a natural number. A number is natural if it
is (1) an exact decimal fractions and (2) a whole number and (3) non-negative.

Mac rules

[ Mac rule SubN : (N | x:=8) =N ]

[ Mac rule TypeNumerallnN : if x is a numeral that represents a natural
number then x € N |

[ Mac rule TypeNumeralNotInN : if x is a numeral that does not represent
a natural number then x ¢ N ]

[ Mac rule SetN : N € Set ]

[ Mac rule SubtypeNZ : xe NFxe€ Z]

[ Mac rule PeanoA : 0 € N ]

[ Mac rule PeanoB : xe NFxt € N ]

[ Mac rule PeanoC : xe NFye Nk xt =yt Fx=y]

[ Mac rule PeanoD : xe NF (x=0) € FFx~ € N]

[ Mac rule PeanoD’ : xée NF (x=0)e FFx—-1€N]

[ Mac rule PeanoE : xe NF (x=0) e FFx~+ =x]

[ Mac rule Induction :

neEN—-(n=0eT—- AF

neENo>nn=0€F->A|m=n-1)—> Ak

neN - A]

[N ] the set of natural numbers
natural number
[ SubN ] rule SubN
[ TypeNumerallnN ] rule TypeNumerallnN
[ TypeNumeralNotInN ] rule TypeNumeralNotInN
[ SetN J° rule SetN
[ SubtypeNZ 1 rule SubtypeNZ
[ PeanoA ] rule PeanoA
[ PeanoB ] rule PeanoB
[ PeanoC ' rule PeanoC
[ PeanoD ]° rule PeanoD
[ PeanoD’ ] rule PeanoD’
[ PeanoE ]° rule PeanoE
[ Induction ]° rule Induction
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Examples

—
—
m
N
1T T T 1T 1
ol e e s W s ey R B B

[N STy ST S N ST N Sy S |

See also

[ZT Section A.35
[x€y] Section A.50
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A.38 the set of negative integers [Z~ |

Parse tree

[z ]

Sort

[Z~ | is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ Z ] is the set of negative integers. [ x € Z~ | is true if and only if [x ] is a
classical map that weakly represents a negative integer. A number is a negative
integer if it is (1) an exact decimal fractions and (2) a whole number and (3)
negative (i.e. strongly less than zero).

Mac rules

[ Mac rule SubZm : (Z7 |x:=8) =Z" ]

[ Mac rule TypeNumerallnZm : if x is a numeral that represents a negative
integer then x € Z™ ]

[ Mac rule TypeNumeralNotInZm : if x is a numeral that does not repre-
sent a negative integer then x ¢ Z™ ]

[ Mac rule SetZm : Z~ € Set ]

[ Mac rule SubtypeZm?Z : x€Z Fx€Z]

Examples

[0€Z™ = FJ
[1eZ™ = F7J
[-117€Z- = TJ
[-1€Z™ = T7
[-11€Z~ = FJ
[—117F€Z = F7J
[TeZ™ = FJ
[ecZ™ = F7
[0::1€eZ” = FJ
[LeZ = 17

[Z~ ] the set of negative integers
negative integer
[ SubZm ] rule SubZm
[ TypeNumerallnZm ]° rule TypeNumerallnZm
[ TypeNumeralNotInZm ]° rule TypeNumeralNotInZm
[ SetZm ] rule SetZm
[ SubtypeZmZ ] rule SubtypeZmZ
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See also

[Z] Section A.35
[x€ey] Section A.50
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A.39 the set of positive integers [Z" ]

Parse tree

Sort

[Z' | is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ ZT | is the set of positive integers. [ x € ZT | is true if and only if [x] is a
classical map that weakly represents a positive integer. A number is a positive
integer if it is (1) an exact decimal fractions and (2) a whole number and (3)
positive (i.e. strongly greater than zero).

Mac rules

[ Mac rule SubZp : (Z1 |x=8)=Z" ]

[ Mac rule TypeNumerallnZp : if x is a numeral that represents a positive
integer then x € Z* ]

[ Mac rule TypeNumeralNotInZp : if x is a numeral that does not repre-
sent a positive integer then x ¢ Z* ]

[ Mac rule SetZp : Z1 € Set ]

[ Mac rule SubtypeZpN : xe€ ZT Fxe N ]

[ Mac rule SubtypeZpZ : xc ZtT Fx e Z]

Examples

[

[

[

[-1eZ™"

[1.1eZ"

[117F € ZT

[TeZt

[ec ZT

[0::1€ZT

[LeZt
[zZ*

L 1 A Y 11
FTmmmmmd4dmn

[a—

the set of positive integers
positive integer
[ SubZp T rule SubZp
[ TypeNumerallnZp ' rule TypeNumerallnZp
[ TypeNumeralNotInZp ]° rule TypeNumeralNotInZp
[ SetZp I rule SetZp
[ SubtypeZpN ] rule SubtypeZpN
[ SubtypeZpZ ] rule SubtypeZpZ
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See also

[Z] Section A.35
[x€ey] Section A.50
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A.40 the set of the empty list [E|

Parse tree

Sort

[E ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ E T is the set of classical maps that weakly represent the empty list.

Mac rules

[ Mac rule SubE : (E | x:=8) = E]

[ Mac rule TypeNumeralNotInE : if x is a numeral then x ¢ E ]
[ Mac rule SetE : E € Set |

[ Mac rule SubtypeEC : xe EF £'x]

[ Mac rule ElimE : xe EF E’x]

[ Mac rule IntroE : £'x+-E'xFxe E]

[ Mac rule SubtypeNotEC : x ¢ EF £'x]

[ Mac rule ElimNotE : x¢ E+ —E'x]

[ Mac rule IntroNotE : {'x+F-E'xFx ¢ E]

Examples
[()eE = T7
[117€eE = FJ
[ec E = F7
[0::1€eE = F7
[LeE = 17
See also

[x€ey] Section A.50
[xxy] Section A.51

[E] the set of the empty list
[ SubE ]* rule SubE
[ TypeNumeralNotInE J° rule TypeNumeralNotInE
[ SetE ] rule SetE
[ SubtypeEC T rule SubtypeEC
[EimE ] rule ElimE
[ IntroE ] rule IntroE
[ SubtypeNotEC ]  rule SubtypeNotEC
[ EimNotE J° rule ElimNotE
[ IntroNotE ]° rule IntroNotE
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A.41 the set of true maps [T |

Parse tree

Sort

[ T] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ T] is the set of classical maps that weakly represent truth. [ x € T | is true
ifand only if [ x =T 7.

Mac rules

[ Mac rule SubT : (T | x:=S) = T ]

[ Mac rule TypeNumeralNotInT : if x is a numeral then x ¢ T ]
[ Mac rule SetT : T € Set ]

[ Mac rule SubtypeTB : xe TFxe€ B]

[ Mac rule SubtypeTC : xe€ TF £'x]

[ Mac rule EimT : x€ T+ T'x]

[ Mac rule IntroT : £'x+FT'xFx €T

[ Mac rule EimTT : x€ T F x ]

[ Mac rule IntroTT : xFx e T]

[ Mac rule SubtypeNotTC : x¢ TF £'x]

[ Mac rule ElimNotT : x¢ T+ —T'x ]

[ Mac rule IntroNotT : ¢/xF-T'xFx¢gT]

[T] the set of true maps
[ SubT T rule SubT
[ TypeNumeralNotInT J° rule TypeNumeralNotInT
[ SetT I rule SetT
[ SubtypeTB ] rule SubtypeTB
[ SubtypeTC ] rule SubtypeTC
[ EimT ] rule EimT
[ IntroT ] rule IntroT
[ EimTT ] rule EimTT
[ IntroTT ] rule IntroTT
[ SubtypeNotTC ] rule SubtypeNotTC
[ ElimNotT ] rule ElimNotT
[ IntroNotT ]° rule IntroNotT
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Examples

[TeT = T7
[FET = FJ
[117€eT = FJ
[ecT = F7T
[0::1€eT = FT
[LeT = 17
See also

[BT Section A.42

[x€ey] Section A.50



556 Mathematics and computation (©) 1994-2001 Klaus Grue

A.42 the set of truth values [B]

Parse tree

Sort

[ B is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ BT is the set of truth values. [ x € B ] is true if and only if [ x ] is a classical
map that weakly represents truth or weakly represents falsehood.

Mac rules

[ Mac rule SubB : (B | x:=S) =B]

[ Mac rule TypeNumeralNotInB : if x is a numeral then x ¢ B ]
[ Mac rule SetB : B € Set ]

[ Mac rule Cases : xée T+ A=BFxeF > A=BFtxeB > A=8]
[ Mac rule Tautology : if x is a tautology then x ]

[ Mac rule SubtypeBC : x€ B+ /£'x]

[ Mac rule ElimB : xe B+ B'x]

[ Mac rule IntroB : £'x+FB’xFx€B]

[ Mac rule SubtypeNotBC : x ¢ B+ £'x]

[ Mac rule ElimNotB : x g BF —-B'x ]

[ Mac rule IntroNotB : ¢/xF -B'xFx g B ]

Examples

[TeB = T7
[FeB = T7
[117eB = FJ
[ecB = FJ
[0::1eB = F7J
[LeB = 17

[ BT the set of truth values

[ SubB J* rule SubB
[ TypeNumeralNotInB 7 rule TypeNumeralNotInB
[ SetB I rule SetB
[ Cases I* rule Cases
[ Tautology I° rule Tautology
[ SubtypeBC ] rule SubtypeBC
[ ElimB ]  rule ElimB
[ IntroB ] rule IntroB
[ SubtypeNotBC ] rule SubtypeNotBC
[ EimNotB ] rule ElimNotB
[ IntroNotB ]° rule IntroNotB
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See also
[FT Section A.33
[TT Section A.41

[x€ey] Section A.50
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A.43 true[T]

Parse tree

Sort

[ T] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ T] denotes truth. If a computer can determine within finite time that a term
is true, then the value of the term is[ T ]. If Map sees a term in square brackets
(such as [2+ 2 = 4]) then Map computes the value of the term and protests
if the value differs from [ T]. If a term [ A ] is stated as a lemma, then it is
understood that the lemma says [ A=T .

Mac rules

[ Mac rule SubTrue : (T | x:=8) =T]
[ Mac rule TypeTInB : T € B ]
[ Mac rule TypeTInT : Te T ]

Examples
[2+2=4 = T7]
[2#F = TJ

See also
[FT Section A.13

[if(x,y,z) ] Section A.18

[TT true
[ SubTrue ] rule SubTrue
[ TypeTInB ° rule TypeTInB
[ TypeTInT ] rule TypeTInT
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A.44 tuple x end [ (x) |

Parse tree

X

Sort

[ (x) ] is a macro.

Description

[ (x) ] denotes a one-element tuple that has [ x ] as its sole element. The term

reduction rule [ (x,y) > x::(y) ] allows [ (x) | to be combined with commas to
form tuples of arbitrary length.

Definition

[{(x) =x::()]

Examples

[(1) = 1:: ()7
[(1,2) = 1::2:: ()7
[(1,2,3) = 1::2::3:: ()7
[(1,2,3,4) = 1::2::3::4::()7
[(1,2,3,4) head = 17
[(1,2,3,4) tail = (2,3,4) 1
[(1,2,3,4) pair = TT
[(1,2,3,4) atom = FJ

[O)] Section A.10
[x atom ]  Section A.49
[xhead ]  Section A.64
[x pair]  Section A.78
[x::y 7] Section A.79
[ x tail | Section A.95

[{(x)] tuplex end
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A.45 variable x [ variablex |

Parse tree

var

X

Sort

[ variablex ] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[ variable 4 | declares the construct [ A] to be a variable. Any construct
introduced by [ variable A ] becomes a null-ary outfix operator. A statement
like [ variable [L[n]] ] introduces infinitely many variables in one go (c.f. Section

11.6).

Examples
[ variable a] [variable n] [variable ] [variable N\ |
[ variable b] [variable o] [variable [B] [variable O]
[ variable c¢] [variable p] [variable (] [variable P ]
[ variable d] [variable q] [variable D] [variable Q]
[ variable e] [variable r] [variable £ ] [variable R]
[ variable f] [variable s] [variable JF ] [variable &]
[ variable g] [variable t] [variable (] [variable 7 ]
[ variable h] [variable u] [variable #H ] [variable U]
[ variable i] [variable v] [variable Z] [variable V]
[ variable j] [variable w] [variable (J | [variable W |
[ variable k] [variable x] [variable K] [variable X ]
[ variable |] [variable y] [variable (] [variable Y]
[ variable m] [variable z] [variable M ] [variable Z]
[ variable x|

See also
[ construct x| Section A.9

[x=y]

Section A.58

[ variablex |

variable x
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A.46 xand y [xAy]

Parse tree

X y

Sort

[xAy] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[xAy] denotes the minimum of [x ] and [y]. In particular, for truth values
[x] and[y],[xAy] denotes ‘{x] and [y ]”. For truth values[x] and[y],
[ xAy ] coincides with[ x-y . [xAy = e ] if[x] and [y ] are decimal fractions
of different precision.

Type table
A B D X E A N Z AN /A
B B X X X N N Z N 7z
D X - X X Z Z Z Z Z
X X X X X VAl N Z VAR A
E X X X X 7z 7z Zz- 7~ 7
A | Df D, D DX D, D> DY D, Dy
DY | D D;,, D X X X X X X
D, |D, Db D X X X X X X
DX D D D X X X X X X
DX| X X X D D, D[ AT F
D,| X X X D, D, D[ T |T F
D*| X X X D D DX|F |F F

Mac rules

[ Mac rule StrictAndX : L Ax= 1]
[ Mac rule XAndStrict : xA L= 1]
[ Mac rule SubXAndY : (AAB|x:=8) = (A | x=8) A(B | x:=S8) ]

[xAy] xandy
[ StrictAndX ] rule StrictAndX
[ XAndStrict ] rule XAndStrict
[ SubXAndY J° rule SubXAndY
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See also
[ min(x,y) ] Section A.21
[xVy] Section A.77

[x-y] Section A.97
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A.47 xapply y[x’y]

Parse tree

7~

X y

Sort

[x’y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ x’y] denotes the function [ x | applied to the argument [y ]. [ x’y ] is one of
the fundamental constructs of map theory.

Mac rules

[ Mac rule SubXApplyY : (4’ B |x:=8) = (A | x:=8) " (B | x:=85) ]
[ Mac rule ApplyNil : N’y =N ]

[ Mac rule ApplyT : T’y =T]

[ Mac rule ApplyLambda : (Au.v)’y =
[ Mac rule ApplyBottom : |’y = 1]

Examples
[(xx+2)’3 = 5T
[(Axx+y)’3 = 3+y]
See also
[ case(x,y,z) | Section A.6
[NT Section A.23
[Axy ] Section A.20

[x’y] xapplyy
[ SubXApplyY J° rule SubXApplyY
[ ApplyNil 1" rule ApplyNil
[ ApplyT I' rule ApplyT
[ ApplyLambda ]° rule ApplyLambda
[ ApplyBottom ] rule ApplyBottom
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A.48 x associates as y [x > VY]

Parse tree

X y

Sort

[x = y] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[A = B] states that the term [ A ] should be interpretted like term [ B ].
[ A] must consist of two operators of equal priority that are applied to three
variables. [ B] must consist of the same two operators applied to the same
three variables plus a parenthesis which indicates how the operator associates.

Examples
o [x+y+z-> (x+y)+z] makes[ + ]° left associative.

e [x+y—z->(x+y)—z]is identical to the associativity rule above since

[
[ +1° and [ — ]° have equal priority.
o [x::y::z-3x::(y::z)] makes[::]° right associative.

NN x ¥?) ] makes [ xY | associate in a way that is neither left nor right
assoc1at1v1ty.

See also

[x=y] Section A.87
[x >y ] Section A.96

[x%y] x associates as y
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A.49 x atom [x atom ]|
Parse tree
ato

X

Sort

[x atom ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ x atom | is true if [ x ] is an atom, i.e. not a pair. Truth values, exceptions,
decimal fractions, and the empty list are atoms. [ L ] is neither an atom nor a
pair.

Type table
X B D X E N Z 7zt 7™
x atom | T T T T T T T
x DY D, D |D® D D*| T F
x atom | T T T T T T T

Mac rules

[ Mac rule PairIsNotAtom : (x::y) atom = F ]
[ Mac rule SubXAtom : (A atom | x:=8) = (A4 | x:=S) atom ]
[ Mac rule StrictAtom : | atom = | ]

Examples

[ 2.0F atom

See also

[ x pair]  Section A.78
[x::y]  Section A.79

[ xatom ] x atom
[ PairIsNotAtom ] rule PairIsNotAtom
[ SubXAtom ] rule SubXAtom
[ StrictAtom ] rule StrictAtom
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A.50 x belongs toy|[xey]

Parse tree

X y

Sort

[x € y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

If [y ] is a set then the following hold: [x € y ] equals[ T ] if [ x ] belongs to
[y].[x€y] equals[ F] if [ x ] is classical and [ x ] does not belong to [y ].
[x€y] equals[ L] if [ x ] is non-classical. The definition

[[x#y]=-wey]

makes it easy to express non-membership.

Mac rules

[ Mac rule SubtypeSetC : ye SetFxeylk £'x]

[ Mac rule SubtypeNotSetC : ye Set - x g yF £/x]

[ Mac rule TypeCInSet : y€ Set - £¢'xF (x€y) € B]

[ Mac rule XBelongsToStrict : xe L = 1 ]

[ Mac rule StrictBelongsToY :ye Setk- L ey=1]

[ Mac rule SubXBelongsToY : (A € B | x:=S) = (A | x:=S) € (B | x:=85) ]

Examples

[2€eN = T7
[-2eN = FJ
[LEN = 17
[2€el = 17

[x€y] x belongs toy
[x¢y] =xnotiny
[ SubtypeSetC ° rule SubtypeSetC
[ SubtypeNotSetC ]° rule SubtypeNotSetC
[ TypeCInSet ] rule TypeCInSet
[ XBelongsToStrict I7 rule XBelongsToStrict
[ StrictBelongsToY ]° rule StrictBelongsToY
[ SubXBelongsToY ] rule SubXBelongsToY
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See also

Section A.8

Section A.29
Section A.30
Section A.32
Section A.40
Section A.42
Section A.51

567
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A.51 x cartesian y [x X y]

Parse tree

X y

Sort

[ x x y ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[x X y ] is the set of pairs whose first component belongs to [ x ] and whose
second component belongs to[y |.

Mac rules

[ Mac rule SubXCartesianY : (A x B | x:=8) = (4 | x:=8) x (B | x:=S8) ]

[ Mac rule SetXCartesianY : A€ Set - B € Set - A x B € Set ]

[ Mac rule ElimCartesianPair : A€ Set FBe€ SetFx€ AxBFP'x]

[ Mac rule ElimCartesianHead : A € Set F B € Set F x € AxB F x
head € A ]

[ Mac rule ElimCartesianTail : A € Set - B € Set - x € A xB F x
tail € B ]

[ Mac rule IntroCartesian : A € Set - B € Set - £/x - P'x F x head €
AFxtaile BFxe AxB]

[ Mac rule IntroCartesianPair : A€ Set - Be SetFacAFbeBla::
be AxB]

Examples
[1::TENxB = T7]
[T::1eNxB = F7
See also
[ET Section A.40

[x€y] Section A.50
[x::y] Section A.79

[xXy] xcartesiany
[ SubXCartesianY ]° rule SubXCartesianY
[ SetXCartesianY ]° rule SetXCartesianY
[ ElimCartesianPair |* rule ElimCartesianPair
[ ElimCartesianHead 7 rule ElimCartesianHead
[ ElimCartesianTail ] rule ElimCartesianTail
[ IntroCartesian ]° rule IntroCartesian
[ IntroCartesianPair ]° rule IntroCartesianPair




A  Reference Manual 569

A.52 x colony|[x:y]

Parse tree

7

X y

Sort

[x:y] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[x:y] means the same as [y ], and also introduces [ x | as shorthand for the
meaning of [ y |'. In particular, if [ y | is an instantiation statement, then [ x |
is introduced as shorthand for the conclusion of [y .

Examples

[ x: TailPairp> (1 :: 2) tail = 2 | means the same as [ TailPairp> (1::2) tail=27
and introduces [ x | as shorthand for [ (1::2) tail=27.

See also

[ x proof of y:z]  Section A.83
[xD>y] Section A.56

[x:y] xcolony
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A.53 x commay[xy]

Parse tree

7~

X y

Sort

[x,y ] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[ X,y | has no meaning of its own. It has a meaning by virtue of term reduction
rules (See Appendix A.3). If Map is asked to compute an expression whose
syntax tree contains [ x,y | then Map protests because the expression is not a
term.

Definition

[ constructx,y ].

Examples

[(%y,z2) = x:i:y:iz:: ()]
[x,y<z = x<zAy<z]
[x<y,z = x<yAx<z]
See also

[ constructx ]  Section A.9
[(x)] Section A.44

[x,y] xcommay
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A.54 x computational equal y [x =y]

Parse tree

A

X y

Sort

[x =y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[x = y] compares for equality. If [x] and [y ] are decimal fractions, then
[x =y ] disregards precision. If [ x] and [y ] are truth values then [x =y |
coincides with [x & y ].

Type table
= B D X E = N Z AR/
B B F X F N B B B F
D F B X F Z B B B B
X X X X X VA B B B F
E F F X T 7z F B F B
= |D¥ D, D DX D, DX DY D, DX
D T F F T F F T F F
Dp, F B F F B F F B F
Dy F F T F F T F F T
D*| T F F T F F [=]T F
D F B F F B F T T F
D> F F T F F T F F T
Mac rules

[ Mac rule StrictComputationalEqualX : | =x= 1]

[ Mac rule XComputationalEqualStrict : x=1 = 1]

[ Mac rule EqualPair : x::y=u::v=x=uAy=v]

[ Mac rule SubXComputationalEqualY : (A = B | x:=S8) = (A | x:=8) =
(B | x:=8) ]

[x=y] x computational equal y
[ StrictComputationalEqualX ]° rule StrictComputationalEqualX
[ XComputationalEqualStrict ] rule XComputationalEqualStrict
[ EqualPair ] rule EqualPair
[ SubXComputationalEqualY ]J° rule SubXComputationalEqualY
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Examples
[(1,2) =(1,2) = T7
[(1,2) =(1,3) = FT
[((1,2) =(1,2,3) = F]J
[(1,2) = (1,0) = o]
[((1,2)=(,L) = 17
See also

[x#y] Section A.55
[x<y] Section A.93
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A.55 x computational unequal y [x #y][
Parse tree

X y

Sort

[x #y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ x # y] compares for inequality. If [x] and [y ] are decimal fractions, then
[x # y ] disregards precision. If [ x] and [y ] are truth values then [x # y |
coincides with exclusive “or”.

Type table
4 | B D X E | # ]| N Z Zt Z
B B T X T N B B B T
D T B X T VA B B B B
X X X X X VA B B B T
E T T X F 7 T B T B
# |Dm Dm Dy DI D, DZF Dy Dp Dp®
?no F T T F T T F T T
D T B T T B T T B T
D;ﬁo T T F T T F T T F
D£ F T T F T T # T F
D T B T T B T T F T
D> T T F T T F F T F
Mac rules

[ Mac rule StrictComputationalUnequalX : | #x = 1]

[ Mac rule XComputationalUnequalStrict : x # L = 1 ]

[ Mac rule UnequalPair : x::y#Zu::v=x#uVy#v]

[ Mac rule SubXComputationalUnequalY : (4 # B | x:=8) =
(A | x=8) # (B | xi=S) ]

[x#y] x computational unequal y
[ StrictComputationalUnequalX ]° rule StrictComputationalUnequalX
[ XComputationalUnequalStrict ] rule XComputationalUnequalStrict
[ UnequalPair ] rule UnequalPair
[ SubXComputationalUnequalY ] rule SubXComputationalUnequalY
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Examples
[(1,2) #(1,2) = FJ
[(1,2) #(1,3) = TIJ
[(1,2) #(1,2,3) = TJ
[(1,2) #(L,¢) = o]
[((L,2)#(, L) = 17
See also

[x=y] Section A.54
[x<y] Section A.93
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A.56 x concludes y [x>vy]
[[xey]]

Parse tree

~

X y

Sort

[x>y] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[x>y] is used to form argumentations from inference rules and equations.

Examples

[x=yFy=zFx=z>()head = () > () = () tail D()headz()tall]
states that [ () head = () tail | follows from [ () head = ()] and [ () = ()
tail | according to the inference rules[x =y Fy =z F x =z]. Another way

to state this is
[ Transitivity > () head = () > () = () tail > () head = () tail |

since Transitivity is shorthand for [ x=yFy=zFx=z7.

See also
[ x proof of y:z]  Section A.83
[xD>yT Section A.75
[x:yT Section A.52
[x l— al Section A.68

[x>y] xconcludesy
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A.57 x deducesy |[x—vy]
[ X—y ]

Parse tree

X y

Sort

[x = y ] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[x = y ] is used to state that [ x ] implies[y ] when [x ] is a term and [y ] is
an equation. [ x — y | is shorthand for an equation.

Mac rules

[ Mac rule ModusPonens : x=TkFx—y=zkty=z]

Examples

[x€Z—>y€eZ —x+y=y+x] states that if [ x ] and [y | are integers then
[x+y] equals[y+x7.

See also

[xFy]  Section A.68
[x=y] Section A.67
[x>y]  Section A.75

[x—=y] xdeducesy
[ ModusPonens |© rule ModusPonens
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A.58 x defined equal y [x =vy]

Parse tree

A

X y

Sort

[x =y is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

Among other, [ A = B introduces a new operator [ A ], the definition axiom

[ A= BT, and the reduction rule [ AL B ] Contrary to constructs introduced
by [ A = BT, constructs introduced by [ A = B ] can occur in syntax trees.

Examples
[ co-list(n) =n :: co-list(n + 1) ]

See also
[ constructx] Section A.9
[ variablex | Section A.45
[x=yT Section A.60
[x = y] Section A.72
[x=yT Section A.76

[x=y] x defined equal y
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A.59 x divide y [x/y]

Parse tree

X y

Sort

[ x/y ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

If[x] and [y ] are floating fractions of the same precision, then [ x/y | denotes
[ x] divided by [y ] rounded to the precision of [ x | and [y | using round to
even. [ x/yy |,[x/=y],[ x/oy ], and[ x/oy ] are versions of [ x/y | that use round
to plus infinity, minus infinity, zero, and even, respectively. [ x/ay | is identical
to[x/y]. If[x] and [y ] are exact fractions or if they have different precision
then[x/y=e].

Type table
/ B D X E / N Z 7t 7~
B X X X X | N X X X X
D X — X X 7 X X X X
X X X X X |zt | X X X X
E X X X X | Z7 | X X X X
/ | Dm Dm Dy’ DI Dy w_Dp Dp Dp*
DY | X X X X X X X X X
Dy | X - X X X X X X X
DX | X X X X X X X X X
DX | X X X X X X / T F
D, | X X X X X X T | X X
D>®| X X X X X X F | X X
Mac rules

[ Mac rule StrictDivideX : 1/x= L]
[ Mac rule XDivideStrict : x/1 = 1 ]
[ Mac rule SubXDivideY : (A4/B | x:=S) = (A | x:=8)/(B | x:=8) ]

[x/y] xdividey
[ StrictDivideX ]° rule StrictDivideX
[ XDivideStrict I7 rule XDivideStrict
[ SubXDivideY J° rule SubXDivideY



A  Reference Manual 579

[ Mac rule DivideNonzero : me€ Zt Fxe Dy, Fye D, F(y=0) € F F

x/y € Dy |
[ Mac rule DivideZero : xe DFyeDF (y=0) e Tk x/y € X]

See also

[x//y] Section A.69
[xQy T Section A.85

[ DivideNonzero ] rule DivideNonzero
[ DivideZero ] rule DivideZero
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A.60 xequaly[x=y]

Parse tree

~

X y

Sort

[x =y] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[A = B] states that [ A] equals [ B]. [ A = B] has no value since it is a
statement construct. Instead, [ A = B ] may “hold” or “fail”. [ A = B ] holds
if[ AT equals [ BT for all values of free variablesin[ A] and[B].[A=B]T
fails if [ A ] is unequal to [ B ] for some values of the free variables in[ A ] and

[B].

Mac rules

[ Mac antirule Contradiction : | =T ]

[ Mac rule Repetition : x=yFx=y]

[ Mac rule Reflexivity : x = x ]

Iffu=v]or[u=v] andif[ x =y] is a replacement or reverse replacement
off[u=v],then[x=y]:

[ Mac rule Definition : if definition(x,y) then x =y ]

If[x] and [y ] are closed and compute to the same value, then [x =y ]:

[ Mac rule Computation : if closed(x) A closed(y) A equal(x,y) then x =y ]
[ Mac rule Commutativity : x=yFy=x]

[ Mac rule Transitivity : x=ykFy=zFx=2z]

[ Mac rule Rename : if structurally equal(A, B) then A = B ]

[ Mac rule Replace : if replace(x,y,u,v) then x =y u=v]

[ Mac rule Reverse : if replace(x,y,u,v) then x=yFv=u]

[x=y] xequaly
[ Contradiction ]° rule Contradiction
[ Repetition ]° rule Repetition
[ Reflexivity I* rule Reflexivity
[ Definition ]° rule Definition
[ Computation 7 rule Computation
[ Commutativity ]7 rule Commutativity
[ Transitivity ]° rule Transitivity
[ Rename ] rule Rename
[ Replace ' rule Replace
[ Reverse I rule Reverse



A  Reference Manual 581

[ Mac rule Replace’ : if replace(x,y, u,a) Areplace(x,y,v,b) thenx =y Fu =
vika=b]
[ Mac rule Reverse’ : if replace(x,y, u,a) Areplace(x,y,v,b) thenx =y Fa =
bFu=v]

Examples
[(x::y) head = x]  holds
[(x::y) tail = x ] fails
[L = 17 holds
[1 = 1] fails
[ 1.0F = 1.00F] fails
See also

[x=y] Section A.58
[x=y] Section A.54

[ Replace’ ] rule Replace’
[ Reverse’ I' rule Reverse’
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A.61 x exceptional [x?]

Parse tree

X

Sort

[ x? ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ x?] is true if [ x | is exceptional.

Type table
X B D X E N Z VAN /A
x! F F T F F F F F
x |[IDf D D |DX D, D*| T F
x! F F F F F F F F

Mac rules

[ Mac rule SubXExceptional : (A7 | x:=8) = (4 | x:=85)7]
[ Mac rule StrictExceptional : 17 = 1| ]

See also
[e] Section A.11

[x?] x exceptional
[ SubXExceptional I* rule SubXExceptional
[ StrictExceptional ] rule StrictExceptional
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A.62 x faculty [x!]

Parse tree

;I

X

Sort

[x! ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

For positive integers[ x ]', [ x! ] denotes the product of all numbers from [ 1] to
[x 7], inclusive. [0!=1T.

Definition

[nl=if(n=0,1,n-(n=1)!)].

Type table
X B D X E N Z VAR /A
x| X — X X VAl — AR
x | D D, D|DE D, DX| T F
x| X - X X - X X X
Mac rules

[ Mac rule DefXFaculty : n!l =if(n=0,1,n-(n—1)!) ]
[ Mac rule SubXFaculty : (4! | x:=8) = (4| x:=8)! ]
[ Mac rule StrictFaculty : 1!= 1]

See also
[x=y] Section A.62

[x!']T x faculty
[ DefXFaculty I7 rule DefXFaculty
[ SubXFaculty ]° rule SubXFaculty
[ StrictFaculty I rule StrictFaculty
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A.63 x greater priority y [x >y ][

Parse tree

X y

Sort

[x >y] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[ A > B states that the construct [ A ] has greater priority than the construct
[ B] when computing expressions. Statements of form [ A > B affect the
process of forming parse trees. They affect syntax trees indirectly in that they
affect the parse trees from which the syntax trees are constructed. In[ A > B,
[A] and[ B ] must have the form of an operator applied to variables. [ A > B |
has no effect on outfix operators.

Examples

[x-y>x+y] makes Map interpret [2-3+4] as[(2-3)+47.

See also

[x >y] Section A.48
[x=y] Section A.87

[x>y] x greater priority y
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A.64 x head [x head]

Parse tree

X

Sort

[ x head ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ x head ] denotes the first element of a pair [ x ] or (which is the same) the first
element of a list. If [ x ] is a truth value, a decimal fraction, an exception or the
empty list, then [ x head ] equals [ x ].

Type table
X B D X E N Z VAR A
xhead | B D X E N Z VAR
X DY D, D |DX D, D*| T F
xhead | DI Dy, D |DX D, DX | T F

Mac rules

[ Mac rule HeadEmpty : () head = () ]
[ Mac rule HeadPair : (x::y) head = x]
[ Mac rule HeadBottom : 1 head = 1 ]
[ Mac rule SubXHead : (A4 head | x:=8) = (A | x:=8) head ]

Examples
[(1,2,3,4,5) head = 17T

See also

[x::y] Section A.79
[x tail] Section A.95

[ xhead ] x head
[ HeadEmpty ° rule HeadEmpty
[ HeadPair I' rule HeadPair
[ HeadBottom ]° rule HeadBottom
[ SubXHead 7 rule SubXHead
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A.65 xifand only ify [x<y]
Parse tree

X y

Sort

[x < y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[x & y] expresses ‘{x] if and only if [y ]”. [x < y ] coincides with [x =y |
for truth values[x] and [y 7.

Type table
& B D X E & N Z 7t 7
B B X X X | N X X X X
D X X X X Z X X X X
X X X X X |zt | X X X X
E X X X X | Z7 | X X X X
& | Dy Dy Dy DI D >~ Dy D, Dy
DY | X X X X X X X X X
D | X X X X X X X X X
D | X X X X X X X X X
DX | X X X X X X s [ T F
D, | X X X X X X T | T F
D>®| X X X X X X F F T
Mac rules

[ Mac rule StrictIfAndOnlyIfX : | & x= 1]

[ Mac rule XIfAndOnlyIfStrict : x < L = 1]

[ Mac rule SubXIfAndOnlyIfY : (A & B | xi=
x:=S) ]

S) = (A | x=8) & (B |

[x<y] xifandonlyify
[ StrictIfAndOnlyIfX T rule StrictIfAndOnlyIfX
[ XIfAndOnlyIfStrict I7 rule XIfAndOnlyIfStrict
[ SubXIfAndOnlyIfY ° rule SubXIfAndOnlyIfY
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See also

[x=y] Section A.54
[x=y] Section A.67
[x<y] Section A.66
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A.66 x implied by y[x<y]

Parse tree

X y

Sort

[x < y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

7

[x < y] expresses ‘{ x] follows from [y ]”. [x < y ] coincides with [x > y |

for truth values[x] and [y 7.

Type table
& B D X E = N Z 7t 7
B B X X X | N X X X X
D X X X X Z X X X X
X X X X X |zt | X X X X
E X X X X | Z7 | X X X X
< | Dy D, DY DT D, >~ Dy D, Dy
DY | X X X X X X X X X
D | X X X X X X X X X
D | X X X X X X X X X
DX | X X X X X X < [ T F
D, | X X X X X X T | T T
D>®| X X X X X X F F T
Mac rules

[ Mac rule StrictImpliedByX : | &x= 1]

[ Mac rule XImpliedByStrict : x< 1 = 1]

[ Mac rule SubXImpliedByY : (A < B | x=8) = (A | x=8) « (B |
x:=S) ]

[x<y] ximplied by y
[ StrictImpliedByX ] rule StrictImpliedByX
[ XImpliedByStrict ] rule XImpliedByStrict
[ SubXImpliedByY ]° rule SubXImpliedByY
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See also

[x<y] Section A.65
[x=y] Section A.67
[x>y] Section A.98
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A.67 x implies y [x=y]

Parse tree

X y

Sort

[x = y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[x = y] expresses ‘[ x] implies [y ]”. [ x = y] coincides with [ x < y ] for
truth values[x] and [y].

Type table
= B D X E = N Z 7T 7
B B X X X N X X X X
D X X X X Z X X X X
X X X X X | Z* X X X X
E X X X X | Z° X X X X
= |Dy D, Dy DT D, D Dy D, D;°
DY | X X X X X X X X X
D, | X X X X X X X X X
DY | X X X X X X X X X
DX | X X X X X X = | T F
D, | X X X X X X T | T F
D> | X X X X X X F T T
Mac rules

[ Mac rule StrictImpliesX : L = x= 1]
[ Mac rule XImpliesStrict : x= 1 = 1]
[ Mac rule SubXImpliesY : (4 = B | x:=8) = (A | x:=8) = (B | x:=8) ]

[x—>y] Section A.57
[x&y] Section A.65
[x<y] Section A.66
[x<y] Section A.98
[x=y] ximpliesy
[ StrictImpliesX ] rule StrictImpliesX

[ XImpliesStrict ]7 rule XImpliesStrict
[ SubXImpliesY 7 rule SubXImpliesY
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A.68 x infers y[xFy]T

Parse tree

X y

Sort

[x Fy7 is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[xFy] is used to form inference rules from equations.

Examples

[x=yky=zFkx=2z] states that if [x ] equals[y ] and[y ] equals[z ] then
[x] equals[z].

See also

[x>y]  Section A.56
[x = y] Section A.57

[xFy] xinfersy
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A.69 x integer divide y [x //y]

Parse tree
wa

X y

Sort

[x//y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[x // y] denotes [ x] divided by [y ], rounded to the nearest integer in the
direction of [ —c0 ]. [x //+ y]', [x //_ y]', [x [/ y], and [x [/, y] are
versions of [ x // y] that use round to plus infinity, minus infinity, zero, and
even, respectively. [ x //_ y | is identical to[x // y]. [x // y] disregards the
precision of [ x ] and [y ]. When [ x] is a finite decimal fraction and [y ] is a
positive finite decimal fraction, [ x // y | produces an integer result, i.e. an exact
fraction that is a whole number. [ x // y] equals[ @ ] if [ y ] is zero or negative.

Type table
//
B

D
X
E

N
N

+
N

|
ZN2Z
o

|
»

UN

D—OO

=
3 34 34 4 4 ISTI 4 X |
SN RN
ELELE S EEEEE
3 34 b < b4 bl o b i
MM D
SRR NININE P
H I M S| |

LE RS

54 b4l >4 54 43

Mac rules

[ Mac rule StrictIntegerDivideX : L //y
[ Mac rule XIntegerDivideStrict : x // L
[ Mac rule SubXIntegerDivideY : (A4 //
x:=8) ]

S

1]
1]
| x:=8) = (A | x:=8) // (B |

[x//y] x integer divide y
[ StrictIntegerDivideX ]° rule StrictIntegerDivideX
[ XIntegerDivideStrict ]* rule XIntegerDivideStrict
[ SubXIntegerDivideY J° rule SubXIntegerDivideY
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[ Mac rule IntegerDivideZero : xe DFyeDFy<0Fkx//yeX]

[ Mac rule TypeDmlIntegerDivideDm : m € Z* - x € Dy, Fy € Dy F
y>0Fx//yeD, ]

[ Mac rule TypeDmlIntegerDivideDi
OFx//yeD,]

[ Mac rule TypeDilntegerDivideDm : me ZT Fx e D FyeDptky>
OFx//yeD,]

[ Mac rule TypeDilntegerDivideDi : xe D FyeD_Fy>0Fkx//ye€
D]

[1\(;Ioac rule TypeDmlIntegerDivideDn
Dhty>0Fkx//yeD,]

meZTFxeDyFyeD, Fy>

:meZtFneZtFxeDykFye

See also
[x%y] Section A.74
[x/y] Section A.59

[ IntegerDivideZero

[ TypeDmlIntegerDivideDm ]
[ TypeDmlIntegerDivideDi ]
[ TypeDilntegerDivideDm ]
[ TypeDilntegerDivideDi ]

[ TypeDmlIntegerDivideDn ]

rule IntegerDivideZero

rule TypeDmIntegerDivideDm
rule TypeDmlIntegerDivideDi
rule TypeDilntegerDivideDm
rule TypeDilntegerDivideDi
rule TypeDmIntegerDivideDn
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A.70 x lemma y colon z

Syntax
[ Temma ] .

Parse tree

XYy z

Sort

[ x lemma y:z ] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

Lemmas have the form [ x lemma y:z ] where [y ] is the name of the lemma
to be proved and [ z ] is the statement that the lemma claims to hold. [ x ] is
the system in which the proof has to be stated. [ x lemma y:z ] defines[y ] as
shorthand for [ z J. For each lemma there must be a proof of the lemma.

Examples
The following statement introduces L11.4.1 as shorthand for [ (1 :: 2) head =
(2::1) tail ].

[ Mac lemma L11.4.1 : (1::2) head = (2:: 1) tail |

See also

[ x proof of y:z]  Section A.83
[x rule y:z | Section A.86

[ x lemma y:z]" x lemma y colon z
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A.71 x listset [x*]|

Parse tree

X

Sort

[x* ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

*

[ x* ] is the set of lists whose components belongs to [ x ]'.

Mac rules

[ Mac rule SubXListSet : (4* | x:=8) = (A | x:=8)* ]

[ Mac rule SetXListSet : A € Set - A* € Set ]

[ Mac rule ElimListSet : Ac SetFxe€ A*FxeEvxeAxA*]

[ Mac rule IntroListSet : Ac SetFxe EVxe AxA*Fxe A" ]

[ Mac rule IntroListSetEmpty : A € Set |- () € A* ]

[ Mac rule IntroListSetPair : A€ Set-Fx€AkFye A" Fx::ye A"]

Examples

[[{(1,2,3)eN* = T7]]
[[(0,1,2) € (Z*)* = FJ]
[[oo-list(1) e N* = 17]

See also

(O] Section A.10
[(ET Section A.40
[(x) ] Section A.44
[ y]  Section A.50
[ y]  Section A.51
[ y]  Section A.79

[x*] x listset
[ SubXListSet 7 rule SubXListSet
[ SetXListSet 1© rule SetXListSet
[ ElimListSet ] rule ElimListSet
[ IntroListSet J7 rule IntroListSet
[ IntroListSetEmpty ] rule IntroListSetEmpty
[ IntroListSetPair ]° rule IntroListSetPair
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A.72 x macro equal y[x=y]

Parse tree

~

X y

Sort

[x =y] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[A = B7 introduces [ A ] as a macro construct which is shorthand for [ B ].
Contrary to constructs introduced by [ A = B ], constructs introduced by [ A =
B ] cannot occur in syntax trees. Constructs introduced by [ A = B ] can occur
in parse trees but disappear when constructing the syntax tree. Constructs
introduced by [ A = B ] may expand to terms or statement constructs.

Examples

See also
[x=y] Section A.58

[x=y] x macroequaly
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A.73 x minusy[x—y][

Parse tree

A

X y

Sort

[x —y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

If [x] and [y ] are exact fractions then [ x — y ] denotes the exact difference
of[ x] and[y]. If[x] and [y ] are floating fractions of equal precision, then
[ x —y ] denotes the exact difference of [ x| and [y ] rounded to the common
precision of [x ] and [y ] using round to even. If [x] and [y] are floating
fractions of different precisions, then [x —y ] equals [ e ]. If [x] is an exact
fraction and [y ] is a floating fraction or vice versa, then [ x — y ] denotes
the exact difference of [ x] and [y ] rounded to the precision of the floating
fraction using round to even. [x —y y ], [x—y],[x—y], and [x —2y ]
are versions of [ x —y ]" that use round to plus infinity, minus infinity, zero, and
even, respectively. [ x —2 y | is identical to[x —y ].

Type table
- B D X E - N Z VAR A
B X X X X N Z Z Z VAl
D X — X X Z Z Z Z Z
X X X X X VA VA Z Z VA
E X X X X 7z 7z Z 7z Z
— |DY D, D DT D, DX DY D, D
D X X X X X X X X X
D,|X D, X X D, X X X X
Dy | X X X X X X X X X
D X X X X X X — T F
D_|X D, X X D, X |[T]|X X
DY X X X X X X F X X
Mac rules

[ Mac rule StrictMinusX : | —x= 1]

[x—y] xminusy
[ StrictMinusX ]J° rule StrictMinusX
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[ Mac rule XMinusStrict : x— L = 1]
[ Mac rule SubXMinusY : (A — B |x:=8) = (A | x:=8) — (B | x:=8) ]

See also

[x+y] Section A.80
[x@Qy ]  Section A.85
[x-y]  Section A.97

[ XMinusStrict I© rule XMinusStrict
[ SubXMinusY ] rule SubXMinusY
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A74 x moduloy([x%y]|

Parse tree

X y

Sort

[x % y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[x % y] denotes the remainder when integer dividing [x] by [y]. [x %y ]
disregards the precision of [ x | and [y . When [ x ] is a finite decimal fraction
and[y ] is a positive finite decimal fraction, [ x % y | produces an exact fraction.
[x%y] equals[e ] if [y ] is zero or negative.

[x %y y],[x%_y],[x %o y], and [ x %2 y] are versions of [x % y ]
that express the remainders of [x //_ y |, [x //_y [, [x /lpy],and [x [/ ¥],
respectively. [ x %_ y | is identical to[ x %y ].

For exact decimal fractions [ x ] and positive exact decimal fractions [y |
you have:

[(x%y = x—=(x//y)-y]
[x%ry = x—=(x//Ly)-y]
[x%-y = x=(x//_y)y]
[x%oy = x—=(x/oy) -yl
[x%2y = x—(x/hy)y]
Type table
% B D X E % N 7Z 7t 7
B X X X X | N — - N X
D X - X X | Z - - N X
X X X X X | z* - - N X
E X X X X |z | - - N X
% |Dm Dm Dny DI D, D Dy D, Dy*
DX | X X X X X X X X X
D, | X - X X - X X - X
D | X X X X X X X X X
D® | X X X X X X % | T F
D, | X - X X - X T | X X
D>®| X X X X X X F | X X

,_,
X
=X

<

L

x modulo y
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Mac rules

[ Mac rule StrictModuloX : L % x= 1]

[ Mac rule XModuloStrict

[ Mac rule SubXModuloY : (A% B | x:=8) = (A | x:=8) % (B | x:=8) ]
[ Mac rule ModuloZero : xe DFyeDFy<0Fx%ye X]

[ Mac rule TypeDmModuloDm :

x%yeD,]

[ Mac rule TypeDmModuloDi :

x%yeD,]

[ Mac rule TypeDiModuloDm :

x%yeD, ]

[ Mac rule TypeDiModuloDi
[ Mac rule TypeDmModuloDn :

Mathematics and computation (©) 1994-2001 Klaus Grue

y>0Fx%yeD, ]

See also

[x//y]

Section A.69

[ StrictModuloX T

[ XModuloStrict T

[ SubXModuloY T

[ ModuloZero

[ TypeDmModuloDm ]
[ TypeDmModuloDi T
[ TypeDiModuloDm J
[ TypeDiModuloDi T

[ TypeDmModuloDn T

rule StrictModuloX

rule XModuloStrict

rule SubXModuloY

rule ModuloZero

rule TypeDmModuloDm
rule TypeDmModuloDi
rule TypeDiModuloDm
rule TypeDiModuloDi
rule TypeDmModuloDn

x% L=1]

meZtFxeDyFyeDyFy>0F
meZtbFxeDpFyeD, Fy>0F
meZtbFxeD FyeDypFy>0F

:xeD _FyeD _Fy>0Fx%yeD, ]
meZt-neZtFxeDyFyeDyk
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A.75 x modus ponens y [xD>y]

Parse tree

X y

Sort

[xD>y] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[x>y] is used to form argumentations from equations using the infererence
rules of Modus Ponens.

Examples

[X€EZ >Xx+2€ZD>XEZLDX+2€Z]T

states that [x +2 € Z ] follows from [x € Z -+ x+2 € Z] and [x € Z ]
according to the inference rule of ModusPonens. The statement is shorthand
for

[ ModusPonens>x € Z>x€Z +x+2€Zb>x+2€Z].

See also

[x>y]  Section A.56
[x—>y] Section A.57

[xP>y] x modus ponens y
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A.76 x optimised equal y [x Zy]
Parse tree

X y

Sort

[x =y7] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[ A £ B] means the same as[ A = B ] but may affect the time Map spends on
computing [ A 7.

Examples
[l =if(n=0,1,n-(n—=1)!)].

See also
[x=y] Section A.58

[x=y] x optimised equal y
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AT7T xory[xVy][

Parse tree

X y

Sort

[xVy] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[xVy] denotes the maximum of [ x ] and [y ]. In particular, for truth values
[x] and[y],[xVy] denotes ‘{x] or[y]”. For truth values [x] and [y ],
[ xVy ] coincides with [ x+y ]. [xVy =e ] if[ x] and [ y | are decimal fractions
of different precision.

Type table
v B D X E V; N Z 7t Z
B B X X X N N N Z©™ N
D X - X X Z N Z 7t Z
X X X X X |zt |zt zt zt Z*
E X X X X |Z7| N Z 7t Z
v |DyR D Dy DX D, > Dy D, Dy
Dy [ Dy Dy Dy X X X X X X
D;, © Dy Dy X X X X X X
DY m Dy DR X X X X X X
DT | X X X D DX DX [V T F
D, | X X X D D, D, | T|T T
DX | X X X D D, DX| F T F
Mac rules

[ Mac rule StrictOrX : L Vx= 1]
[ Mac rule XOrStrict : xV 1L = 1]
[ Mac rule SubXOrY : (AV B | x:=8) = {A | x=8) V(B | x:=S8) ]

[xVy] =xory
[ StrictOrX 1© rule StrictOrX
[ XOrStrict I rule XOrStrict
[ SubXOrY ] rule SubXOrY
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See also

[xAy] Section A.46
[x+y] Section A.80
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A.78 x pair [x pair]
Parse tree

X

Sort

[ x pair ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ x pair ] is true if [ x ] is a pair. Truth values, exceptions, decimal fractions,
and the empty list are atoms rather than pairs. [ L ] is neither an atom nor a
pair.

Type table
X B D X E N Z 7zt 7~
x pair | F F F F F F F F
x DY D, D |DX D_ DX| T F
xpair | F F F F F F F F

Mac rules

[ Mac rule PairIsPair : (x::y) pair =T ]
[ Mac rule SubXPair : (A pair | x:=8) = (A4 | x:=S) pair ]
[ Mac rule StrictPair : | pair= 1 ]

Examples

[ 2.0F pair
[ {x,y) pair

—

See also

[x atom ]  Section A.49
[x::y7 Section A.79

[ x pair ]7 x pair
[ PairlsPair ]° rule PairlsPair
[ SubXPair I' rule SubXPair
[ StrictPair ] rule StrictPair
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A.7T9 x pairy[x::y]

Parse tree

~

X y

Sort

[x::y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[x::y] denotes the pair whose first element is [ x | and whose second element
is[y]. [x ::y] aggregates two mathematical values [x] and [y ] into a
single mathematical value such that they can be taken appart using [ z head |
and [ z tail | and in such a way that [ z pair | can recognise the aggregate as a
pair. [ x :: y ] contains the information contained in [ x ] plus the information
contained in [ y | plus the information that it is a pair. [ x :: y | is non-strict in
both[x] and[y]. [x::y] is known as “lazy cons” in the litterature.

[x::y=u::v] holdsif[ x=u] and[y=v] bothhold. [x::y=u::v]
fails if [ x = u ] fails or [y = v ] fails or both fail. [x::y =z ] fails for all [ x |
and [y ] if [z] is a truth value, a decimal fraction, an exception, the empty
list, or [ L ]. In particular,[ L :: L = 1 ] fails.

Mac rules
[ Mac rule SubXPairY : (4:: B | x:=8) = (A | x:=8) :: (B | x:=S) ]

Examples
[(1,2,3) = 1::2::3:: ()7

See also

[xxy] Section A.51
[xhead]  Section A.64
[ x tail | Section A.95
[x pair]  Section A.78
[x atom ] Section A.49

[x::y] xpairy
[ SubXPairY J° rule SubXPairY
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A.80 xplusy[x+y]

Parse tree

X y

Sort

[x+y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

If[x] and [y ] are truth values then [ x +y ] coincides with [x Vy]. If [x]
and [y ] are exact fractions then [ x + y | denotes the exact sum of [ x| and
[y]. If[x] and [y ] are floating fractions of equal precision, then [x +y |
denotes the exact sum of [x] and [y ] rounded to the common precision of
[x] and [y ] using round to even. If [x] and [y ] are floating fractions of
different precisions, then [ x +y ] equals [ e ]. If [ x ] is an exact fraction and
[y ] is a floating fraction or vice versa, then [ x +y | denotes the exact sum of
[x] and [y ] rounded to the precision of the floating fraction using round to
even. [x+4y ], [x+_y],[x+oy],and[ x+2y] are versions of [ x+y | that
use round to plus infinity, minus infinity, zero, and even, respectively. [ x+2y |
is identical to[x+y .

Type table
+ B D X E + N Z 7T Z
B B X X X N N Z 7T Z
D X - X X Z Z Z Z Z
X X X X X | ZzT | z* Z 7t Z
E X X X X | Z Z Z Z 7
+ | Dy Dy, Dy DX D, D Dy D, Dy
D | X X X X X X X X
D, | X D X X D X X X X
DX | X X X X X X X X X
DT | X X X X X X + | T F
D_| X D, X X D, X T | T T
D> | X X X X X X F T F
Mac rules

[ Mac rule StrictPlusX : 1 +x= 1]

[x4+y] xplusy
[ StrictPlusX ] rule StrictPlusX
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[ Mac rule XPlusStrict : x+ L = 1]
[ Mac rule SubXPlusY : (A+ B | x=8) = (4 | x:=S) + (B | x:=S) ]

See also

[x—y] Section A.73
[xVy] Section A.77
[x@Qy ]  Section A.85
[x-y]  Section A.97

[ XPlusStrict I rule XPlusStrict
[ SubXPlusY J° rule SubXPlusY
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A.81 x power y end [xY ]

Parse tree

X y

Sort

[xY ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[xY ] denotes [ x ] raised to the power of [y ]. For decimal fractions [ x ] and
[y],[xY] differs from [ e ] in the following cases:

(a) [x] and[y] are floating fractions with equal precision and [ x ] is positive.
In this case [ xY | has the same precision as[x] and [y ].

(b) [x7 is a floating fraction and [y ] is an exact fraction or vice versa, and
[x ] is positive. In this case [ xY ] has the same precision as the floating
fraction.

(c) [x] is a decimal fraction and [y ] is a natural number. In this case [ xY |
has the same precision as [ x ]'. In particular, [ x° = 1@4#x |.

(d) [x=10] and[y] is an integer. In this case [ xY | has precision [ oo ].

Type table

u? B D X E u? N 7Z 7t 7
B X X X X N N - N —
D X - X X Z Z — Z -
X X X X X |zt | z* -zt -
E X X X X | 27 Z - Z -
v | Dy Dy Dip DX D, D Dy D, Dy
Dy | X X X X X X X X X
D, | X - X X - X X - X
DY | X X X X X X X X X
DY | X X X X X X W | T F
D, | X - X X - X T | X X
DX | X X X X X X F | X X

[xY] x powery end
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Mac rules

[ Mac rule StrictPowerXEnd : 1X = 1]
[ Mac rule XPowerStrictEnd : x* = L]
[ Mac rule SubXPowerYEnd : (A8 | x:=8) = (A | x:=8){BX=5) ]

[ StrictPowerXEnd ]° rule StrictPowerXEnd
[ XPowerStrictEnd 7 rule XPowerStrictEnd
[ SubXPowerYEnd J° rule SubXPowerYEnd
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A.82 x predecessor [x™ ]

Parse tree

@

X

Sort

[x~ ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[x~ ] denotes [x — 1]. All integers can be expressed using [0], [ xT ] and

[x=].

Definition

[x"Z=x—1].

Type table
X B D X E N Z 7t 7~
x tail | X — X X Z Z N Z
X DY D, DD D, DX| T F
xtail | X Dpn X X D, X X

Mac rules
[ Mac rule SubXPredecessor : (A~ | x:=8) = (A | x:=8) " ]

Examples

ﬁﬁ
T
[
[
|

|

Il
|

(G100 V]
it

See also

[xt* ] Section A.94

[x~ | x predecessor
[ SubXPredecessor ] rule SubXPredecessor
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A.83 x proof of y colon z
Syntax
[ oot of 2]

Parse tree

XYy z

Sort

[ x proof of y:z ] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

Proofs have the form [ x proof of y:z | where [y ] is the lemma to be proved,
[ z] is a list of instantiation statements separated by semicolons, and [ x | is the
axiomatic system in use.

Examples

[ Mac proof of LL11.4.1:
L1: HeadPair> (1::2) head=1
L2 : TailPair > (2::1) tail=1
L3 : Commutativity > L2 > 1=(2::1) tail
L4 : Transitivity > L1> L3> (1::2) head = (2::1) tail

Lt we ws

See also
[ x lemma y:z] Section A.70
[ x rule y:z | Section A.86
[x:y ] Section A.52
[xD>y] Section A.56
[x;y 7] Section A.88

[ x proof of y:z ] x proof of y colon z
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A.84 x reduces toy [x X y]-

Parse tree
EN

X y

Sort

[x 5 y ] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[ AL B ] states that [ x ]’ reduces to [y | in finite, non-zero time. If [ AHB ]
then [ A =B7.

Examples

[2.3+456+4510]

See also

[x=y] Section A.60
[x Sy ] Section A.96

[xi)y ] x reduces to y
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A.85 x round y [xQy]

Parse tree

X y

Sort

[ xQ@Qy T is an operator (i.e. it may occur in the syntax tree of a term).

Description

If[ x ] is a decimal fraction and [ y | is a positive integer or [ +oc0o |, then [ xQy |
rounds[ x | to precision[y ]. If[ y ] is weakly greater than the precision of [ x ],
then [ x@y | extends the precision of [ x ] without affecting the value of [ x J. If
[y] is strongly less than the precision of [ x ], then [ x@y ] rounds [ x ] to the
nearest value of precision [ y J'. If two values of precision [y | are equally distant
from [ x T, then [ x@y ]" chooses the one of the two values whose least significant
digit is even. [ xQ,y |, [xQ_y ], [xQgy |, and [ x@Qqy |" are versions of [ xQy |
that round towards plus infinity, minus infinity, zero, and even, respectively.
[ xQ@ay | is identical to [ xQy J.

Type table
Q B D X E Q@ N Z 7T 7
B X X X X N — — D —
D X — X X VA — — D —
X X X X X VA — — D —
E X X X X 7 — — D —
@ Dy Dn Dy DY D, D Dy D Dy°
D X X X Dg — X X X X
Dpn X X X D X X X X
D’ X X X D> — X X X X
D X X X D — X Q T F
D X X X D, — X T X X
D> X X X D> — X F X X
Mac rules

[ Mac rule StrictRoundX : 1@x = | ]
[ Mac rule XRoundStrict : x@1 = 1 ]

[xQy ] xroundy
[ StrictRoundX ] rule StrictRoundX
[ XRoundStrict ] rule XRoundStrict
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[ Mac rule SubRound : (AQB | x:=8) = (4 | x:=8)Q(B | x:=8) ]
[ Mac rule RoundException : xe DFyeDFy¢Z 'y g D2 F xQy €

X ]

[ Mac rule Roundliln : x € DX n € ZT F x@Qy € DY ]
Mac rule RoundDiDn : x€ D Fn € Z* F x@Qy € D}, ]
Mac rule RoundMiMn : x € D.2° Fn€ ZT - x@Qy € Dy ]

Mac rule RoundDmDn : m€ ZT - x € Dy, - n € Z1 - x@y € Dy, ]

[
[
[ Mac rule RoundImIn : me€ Zt Fxe Dy Fne Zt FxQy € DY ]
[
[

Mac rule RoundMmMn : m € Zt - x e D’ Fn € ZT F xQy € D ]

Examples

x| x@2| x@,.2 | x@_2| x@(2

0.0F 0.0F 0.0F 0.0F 0.0F
0.00F 0.0F 0.0F 0.0F 0.0F

OF 0.0F 0.0F | 0.0F 0.0F

0 0.0F 0.0F 0.0F 0.0F

1.14F 1.1F 1.2F 1.1F 1.1F
1.16F 1.2F 1.2F 1.1F 1.1F
1.15F 1.2F 1.2F 1.1F 1.1F
1.25F 1.2F 1.3F 1.2F 1.2F
1.35F 1.4F 1.4F 1.3F 1.3F

—1.14F | —1.1F | —1.1F | —1.2F | —1.1F
—1.16F | —1.2F | —1.1F | —1.2F | —1.1F
—1.15F | —1.2F | —1.1F | —1.2F | —1.1F
—1.25F | —1.2F | —1.2F | —1.3F | —1.2F
—1.35F | —1.4F | —1.3F | —14F | —1.3F

See also

[ #x] Section A.27
[x+y] Section A.80

[ SubRound ] rule SubRound

[ RoundException ]° rule RoundException

[ Roundliln T rule Roundliln

[ RoundDiDn ] rule RoundDiDn
[ RoundMiMn ]° rule RoundMiMn
[ RoundImIn ] rule RoundImIn

[ RoundDmDn J° rule RoundDmDn
[ RoundMmMn ]° rule RoundMmMn
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A.86 x rule y colon z

Syntax
[ty

Parse tree

XYy z

Sort

[ Mac rule x:y ] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

Rules have the form [ x rule y:z T where [y ] is the name of the rule, [ z] is the
rule itself, i.e. a statement that claimed to hold without proof, and [ x ] is the
axiomatic system in which the rule holds without proof. [ x rule y:z ] defines
[y] as shorthand for [ z]. Rules may occur in argumentations in proofs.

Examples

The following statement introduces Transitivity as shorthand for [x = yFy =
z F x = z] and states that Transitivity holds without proof in the [ Mac |
system.

[ Mac rule Transitivity : x=ykty=zFkx=2z]

See also

[ x lemma y:z | Section A.70
[ x proof of y:z]  Section A.83

[x rule y:z] x ruley colon z
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A.87 x same priority y [x=vYy]

Parse tree

X y

Sort

[x =y is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[ A= B states that the constructs [ A ] and [ B ] have the same priority and
the same associativity when forming parse trees. Furthermore,[ A] and [ B |
are subject to the same term reduction rules when reducing parse trees to syntax
trees.

Examples

[x—y=x+yland[x+y+z > (x+y)+z] together make Map interpret
[2+3—4Tas[(2+3)—4] and[2—-3+4] as[(2—3)+4].

See also
[x2>y] Section A.48
[x>y] Section A.63
[x Sy ] Section A.96

[x=y] x same priority y
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A.88 x semicolon y [x;y ][

Parse tree

X y

Sort

[x;y ] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[ x;y ] is used to form lists of statements. It is used between lines of derivation
proofs, between equations in counterexamples, and between rules and lemmas
in statements that proclaim more than one rule or lemma.

See also

[ x proof of y:z] Section A.83

[x;y ] x semicolon y
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A.89 x simple head [x Head |

Parse tree

X

Sort

[x Head ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ x Head |' denotes the first element of a simple pair [ x .

Mac rules

[ Mac rule SimpleHeadNil : N Head = N ]

[ Mac rule SimpleHeadPair : (x..y) Head = x ]

[ Mac rule SimpleHeadBottom : | Head = L ]

[ Mac rule SubXSimpleHead : (4 Head | x:=8) = (A | x:=S) Head ]

Examples
[FHead = T7

See also

[x..y] Section A.90
[x Tail]  Section A.91

[x Head ]7 x simple head
[ SimpleHeadNil ] rule SimpleHeadNil
[ SimpleHeadPair I7 rule SimpleHeadPair
[ SimpleHeadBottom ]° rule SimpleHeadBottom
[ SubXSimpleHead J° rule SubXSimpleHead
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A.90 x simple pair y [x..y]

Parse tree

~

X y

Sort

[x..y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[x ..y] denotes the simple pair whose first element is [ x ] and whose second
element is[y].

Mac rules

[ Mac rule SubXSimplePairY : (4 .. B | x=8) = (4 | x:==8) .. (B |
x:=8) ]

Examples
[F = N..NJ

See also

[x Head ] Section A.89
[x Tail I Section A.91

[x. .y ] xsimple pair y
[ SubXSimplePairY 7 rule SubXSimplePairY
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A.91 x simple tail [x Tail |

Parse tree

X

Sort

[ x Tail ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ x Tail | denotes the first element of a simple pair [ x .

Mac rules

[ Mac rule SimpleTailNil : N Tail = N |

[ Mac rule SimpleTailPair : (x..y) Tail=y]

[ Mac rule SimpleTailBottom : | Tail = 1 ]

[ Mac rule SubXSimpleTail : (4 Tail | x:=8) = (4 | x:=S8) Tail ]

Examples
[FTail = T7J

See also

[x Head ] Section A.89
[x..yT] Section A.90

[ x Tail ] x simple tail
[ SimpleTailNil I* rule SimpleTailNil
[ SimpleTailPair ] rule SimpleTailPair
[ SimpleTailBottom ] rule SimpleTailBottom
[ SubXSimpleTail ] rule SubXSimpleTail
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A.92 x strongly greater than y [x >y [

Parse tree

X y

Sort

[x > y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[x > y] is true if [ x ] is strongly greater than [y ] (i.e. greater than and, in
particular, not equal to). [ x > y ] uses the convention that truth is greater than
falsehood when comparing truth values. When comparing decimal fractions,
[x >y ] disregards precision.

Type table
> B D X E > N Z 7T Z
B B X X X N B B B T
D X B X X Z B B B B
X X X X X | Zz* B B B T
E X X X X | Z7 F B F B
> |Dm Dm Dy’ DX D, D Dy Dp Dp®
DY | F T T F T T F T T
D, | F B T F B T F B T
DX | F F F F F F F F F
DT | F T T F T T > T F
D, | F B T F B T T F T
D> | F F F F F F F F F
Mac rules

[ Mac rule StrictStronglyGreaterThanX : L >x= 1]

[ Mac rule XStronglyGreaterThanStrict : x > L = 1]

[ Mac rule SubXStronglyGreaterThanY : (4 > B | x:=S8) =
(A | x:=8) > (B | x:=8) ]

[x>y] xstrongly greater than y
[ StrictStronglyGreaterThanX ] rule StrictStronglyGreaterThanX
[ XStronglyGreaterThanStrict ] rule XStronglyGreaterThanStrict
[ SubXStronglyGreaterThanY ]  rule SubXStronglyGreaterThanY
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See also

[x=y] Section A.54
[x<y] Section A.93
[x>y] Section A.98
[x<y] Section A.100
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A.93 x strongly less than y [x <y]

Parse tree

X y

Sort

[x <y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[x <y]istrueif[ x] is strongly less than [y ] (i.e. less than and, in particular,
not equal to). [ x < y ] uses the convention that truth is greater than falsehood
when comparing truth values. When comparing decimal fractions, [x < y |
disregards precision.

Type table
< B D X E < N Z 7T Z
B B X X X N B B B F
D X B X X Z B B B B
X X X X X | Zz* B B B F
E X X X X | Z7 T B T B
< |Dm Dm Dy DX D, D Dy Dp Dp®
DY | F F F F F F F F F
Dy | T B F T B F T B F
D | T T F T T F T T F
DT | F F F F F F < T F
D, | T B F T B F T F F
D> | T T F T T F F T F
Mac rules

[ Mac rule StrictStronglyLessThanX : | <x= 1]

[ Mac rule XStronglyLessThanStrict : x< L = 1]

[ Mac rule SubXStronglyLessThanY : (4 < B | x:=
(B | x:=8) ]

S) = (A | x=8) <

[x<y] xstrongly less than y
[ StrictStronglyLessThanX ] rule StrictStronglyLessThanX
[ XStronglyLessThanStrict ] rule XStronglyLessThanStrict
[ SubXStronglyLessThanY ]  rule SubXStronglyLessThanY
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See also

[x=y] Section A.54
[x>y] Section A.92
[x>y] Section A.98
[x<y] Section A.100
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A.94 x successor [x']

Parse tree

X

Sort

[ xt ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ xT ] denotes [x + 1 7. All natural numbers can be expressed using [ 0] and
[xT].

Definition

[xt £=x+1].

Type table
X B D X E N Z VAR A
x tail | X - X X N Z VAR /
X DY D, D |DX D, DX| T F
xtail [ X D X X D X X

Mac rules
[ Mac rule SubXSuccessor : (A" | x:=8) = (A | x:=8)* ]

Examples
[0+++++ = 57

See also
[x~ ] Section A.82

[ xt] x successor
[ SubXSuccessor |7 rule SubXSuccessor
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A.95 x tail [x tail |

Parse tree

X

Sort

[ x tail ] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[ x tail | denotes the second element of a pair [ x ] or (which is the same) all of
a list except the first element. If [ x ] is a truth value, a decimal fraction, an
exception or the empty list, then [ x tail ] equals [ x ]

Type table
X B D X E N VA VAN /A
x tail B D X E N VA VAN /A
X Dy D D |DX D_ D>X| T F
xtail | Dl Dy D |DX D, D | T F
Mac rules

[ Mac rule TailEmpty : () tail = () ]
[ Mac rule TailPair : (x::y) tail=y]
[ Mac rule TailBottom : 1 tail = 1 ]
[ Mac rule SubXTail : (A4 tail | x:=8) = (4 | x:=S) tail ]

Examples
[(1,2,3,4,5) tail = (2,3,4,5)7

See also

[xhead ] Section A.64
[x::y] Section A.79

[xtail ] x tail
[ TailEmpty J° rule TailEmpty
[ TailPair ] rule TailPair
[ TailBottom ]° rule TailBottom
[ SubXTail I rule SubXTail
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A.96 x term reduces toy [x >vy]

Parse tree
o]

X y

Sort

[ xSy ] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[ A > B states that [ A7 reduces to [ B]. [ A = B also states that [ A ]
reduces to [ B]. The former rule is a term reduction rule whereas the latter
is a graph reduction rule. The term reduction rule stands for “graph reduction
rule”.

The difference between term and graph reduction rules is that term reduction
rules are applied before graph reduction rules when computing the value of an
expression.

To compute the value of an expression, do as follows: Convert the expression
into a parse tree using priority and associativity rules. Then convert the parse
tree into a syntax tree using term reduction rules and macro reduction rules.
Finally convert the syntax tree into a value using graph reduction rules.

To check the correctness of a proof, do as follows: Convert all expressions in
the proof into parse trees using priority and associativity rules. Then convert all
the parse trees into syntax trees using term reduction rules and macro reduction
rules. Finally check each step of the proof on basis of the syntax trees.

Hence, another way to state the difference between term reduction rules and
graph reduction rules is: Term reduction rules have to be applied both before
computing the value of a term and before checking the correctness of a proof.
Graph reduction rules are not applied when checking the correctness of a proof.

For each graph reduction rule there is a corresponding axiom (but not vice
versa: there are axioms that do not correspond to graph redution rules). Graph
reduction rules may enter proofs through the axioms they correspond to, but
when they do, they do so explicitly. Term reduction rules do not correspond to
axioms.

For an introduction to term reduction, see Section 4.8. For an overview of
the process of forming parse and syntax trees, see Section 4.10. For details on
the order of performing term reduction, see Section 4.12. For a list of term

[ x > y ] x term reduces to y
term reduction rule
graph reduction rule
reduction rule
macro reduction rule
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reduction rules, see Appendix A.3. For ways of making proofs more readable
when notation is heavy due to term reduction, see Section 6.13. For the con-
struct [ x,y ] that has meaning only because of term reduction, see Section 4.11
and Section A.53.

Examples

[ (x,y) = x :: (y) | introduces a term reduction rule and [ (x) = x :: () ] intro-
duces a macro reduction rule. Due to these term and macro reduction rules,
[{x,y) ] and[x::y:: ()] have the same syntax trees.

In contrast, [ co-list(n) = n :: co-list(n + 1) ] introduces the graph reduction
rule[ oo-list(n) 5 n :: co-list(n+1) ] and the corresponding axiom [ co-list(n) =
n::oolist(n+1)].

[ L head = L ] is an example of an axiom that does not correspond to any
kind of reduction rule.

See also

[x=y] Section A.58
[x=y] Section A.72
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A97 x timesy[x-y][

Parse tree

~

X y

Sort

[x-y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

If[x] and [y ] are truth values then [ x-y | coincides with[ xAy]. If [ x ] and
[y ] are exact fractions then [ x-y |" denotes the exact product of [ x ] and [y ].
If[x] and [y ] are floating fractions of equal precision, then [ x - y ] denotes
the exact product of [ x] and [y ] rounded to the common precision of [ x |
and [ y | using round to even. If [ x ] and [ y ] are floating fractions of different
precisions, then [ x -y ] equals [ e ]. If [x] is an exact fraction and [y ] is a
floating fraction or vice versa, then [ x -y ] denotes the exact product of [ x |
and [y ] rounded to the precision of the floating fraction using round to even.
[x+y],[x—y],[x-0y],and[x-2y] are versions of [ x-y | that use round
to plus infinity, minus infinity, zero, and even, respectively. [ x5 y ] is identical
to[x-yT7.

Type table
- B D X E - N VA VA Y/
B B X X X N N VA N VA
D X — X X VA VA VA VA VA
X X X X X VA N VA VA /A
E X X X X | Z° Z Z 7 Zt
- | Dn Dy Dy DY D, D Dy D, Dyp*
m X X X X X X X X X
Dn X Dn X X Dn X X X X
D | X X X X X X X X X
D3 X X X X X X . T F
D X Dm X X D X T T F
DX X X X X X X F F F
Mac rules

[ Mac rule StrictTimesX : 1 -y= 1]

[x-y] xtimesy
[ StrictTimesX ]° rule StrictTimesX
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[ Mac rule XTimesStrict : x- L = 1]
[ Mac rule SubXTimesY : (A4-B | x:=8) = (A | x:=8S) - (B | x:=8) ]

See also

[xAy] Section A.46
[x—y] Section A.73
[x+y] Section A.80
[x@Qy T  Section A.85

[ XTimesStrict 7 rule XTimesStrict
[ SubXTimesY ]° rule SubXTimesY
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A.98 x weakly greater than y [x > y]

Parse tree

X y

Sort

[x > y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[x > y] is true if [ x] is weakly greater than [y] (i.e. greater than or equal
to). [x > y ] uses the convention that truth is greater than falsehood when
comparing truth values. For truth values[x ] and[y],[ x >y ] coincides with
[ x < y]. When comparing decimal fractions, [ x >y | disregards precision.

Type table
> B D X E > N Z 7T Z
B B X X X N B B B T
D X B X X Z B B B B
X X X X X | Zz* B B B T
E X X X X | Z7 F B F B
> |Dm Dm Dy’ DX D, D Dy Dp Dp®
DY | T T T T T T T T T
D, | F B T F B T F B T
DX | F F T F F T F F T
DT | T T T T T T > T F
D, | F B T F B T T | T T
D> | F F T F F T F F T
Mac rules

[ Mac rule StrictWeaklyGreaterThanX : L >y = 1]

[ Mac rule XWeaklyGreaterThanStrict : x> 1 = 1]

[ Mac rule SubXWeaklyGreaterThanY : (4 > B | x:=S) = (4 | x:=8) >
(B | x:=8) ]

[x>y] x weakly greater than y
[ StrictWeaklyGreaterThanX ] rule StrictWeaklyGreaterThanX
[ XWeaklyGreaterThanStrict ]7 rule XWeaklyGreaterThanStrict
[ SubXWeaklyGreaterThanY ]° rule SubXWeaklyGreaterThanY
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See also

Section A.54
Section A.92
Section A.93
Section A.100
Section A.66

633



634 Mathematics and computation (©) 1994-2001 Klaus Grue

A.99 x weakly less information y [x <y

Parse tree

X y

Sort

[x Xy] is a directive (i.e. it cannot occur in the syntax tree of a term).

Description

[ x <y ] holds if any property of [ x ] is also a property of [y ]. The following
fact explains why [ x <y | is relevant to computer science:

Fact A.99.1 If[f,a;,as,a3,...]° are computable by machine and if

[31,32,33,--- ]O

is an increasing sequence with supremum [ a ], then

[fla1,f a2, f a;3,... T

is an increasing sequence with supremum [ f’a7J.

Mac rules

[ Mac lemma InfoReflexive : x < x|

[ Mac rule InfoBottom : 1 <x]

[ Mac rule InfoImply : x <yFf’x—>f’y]

[ Mac rule ImplyInfo : if notfree(f, x) Anotfree(f,y) then f’x = f’y F x <y ]
[ Mac rule InfoAntiSymmetry : x <yFy<xkFx=y]

[ Mac lemma InfoTransitivity : x <yFy<zkx<z]

[ Mac lemma Monotonicity : x <yFg’'x<g’y]

[ Mac lemma Monotonicity’ : x <y F (A | u:=x) < (4 | u:=y) ]
[ Mac rule InfoLambda : A < BF Ax.A < Ax.B]

[ Mac lemma MonotonicityHead : x <y x head <y head ]

[ Mac lemma MonotonicityTail : x <yt x tail <y tail ]

[ Mac lemma MonotonicityHead’ : x::y <u::vkx<u]

[ Mac lemma MonotonicityTail’ : x::y <u::vky<v]

[x<y] x weakly less information y
[ InfoBottom ]° rule InfoBottom
[ Infolmply ] rule Infolmply
[ ImplyInfo ] rule ImplyInfo
[ InfoAntiSymmetry ] rule InfoAntiSymmetry
[ InfoLambda ]° rule InfoLambda
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Mac lemma MonotonicityHead” : x <yFx::z<y::z]
Mac lemma MonotonicityTail” : y <zFx::y<x::z]

Mac lemma MonotonicityPair : x <uby<vkx::y<u::

Mac rule Minimal : f’x <xFY’'f<x]

[

[

[

[ Mac rule MinimalY : f’x=xF Y’ f <x]

[

[ Mac lemma InfoLessBottom : x < L Fx= 1]

Examples

[L::l < L1::17 holds
[L:: L < 1::27 holds
[L::1 < T::17] holds
[L::2 < T::2] holds
[T::1L < T::2] holds
[L::1L < T::2] holds
[T::L < F::2] fails
See also

[LT Section A.5

[x=y] Section A.60

[ MinimalY ]° rule MinimalY
[ Minimal I* rule Minimal

v]
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A.100 x weakly less than y [x <y]

Parse tree

X y

Sort

[ x <y] is an operator (i.e. it may occur in the syntax tree of a term).

Description

[x <y]istrueif[x] is weakly less than [y ] (i.e. less than or equal to). [ x <
y ] uses the convention that truth is greater than falsehood when comparing
truth values. For truth values[x] and [y ],[x <y] coincides with [ x = y].
When comparing decimal fractions, [ x <y ] disregards precision.

Type table
< B D X E < N Z 7T Z
B B X X X N B B B F
D X B X X Z B B B B
X X X X X | Zz* B B B F
E X X X X | Z7 T B T B
< |Dm Dm Dy DX D, D Dy Dp Dp®
DY | T F F T F F T F F
Dy | T B F T B F T B F
D | T T T T T T T T T
DT | T F F T F F < T F
D, | T B F T B F T | T F
D> | T T T T T T F T T
Mac rules

[ Mac rule StrictWeaklyLessThanX : | <x= 1]

[ Mac rule XWeaklyLessThanStrict : x < 1 = 1]

[ Mac rule XWeaklyLessThanY : (4 < B | x:=S8) = (A | x=8) < (B |
x:=S) ]

[x<y] x weakly less than y
[ StrictWeaklyLessThanX ] rule StrictWeaklyLessThanX
[ XWeaklyLessThanStrict ] rule XWeaklyLessThanStrict
[ XWeaklyLessThanY ]° rule XWeaklyLessThanY
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See also

Section A.54
Section A.92
Section A.93
Section A.98
Section A.67
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Appendix B

Map theory

B.1 Introduction

This appendix presents a formal definition of map theory. All operators in this
book are definable from the fundamental constructs of map theory. All rules
and lemmas in this book are provable in map theory.

B.2 Priority

[x'y>

xly>
xEy=x=y>
Ax = ax=Ix <3S
xAy=xAy>
x3y>
x<yu

z

Ay >
X=y=Zx<y>
x—=y>

xky]

map theory

639
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B.4 Fundamental constructs

[NT The uhr-element.
[Ax.AT The function that maps[x] to[ A7
[x"y] [x] applied to [y

[y] if [ x] is the uhr-element
[ case(x,y,z) | < [z] if[x] is a function
[LTif[x] equals[ LT
) The choice operator
T Fundamental existence

LU

[
[

B.5 Definitions

[L = (Axx'x)"(Axx"x) ]
[ F = AxAy.x'y]
[Y = AORS () O (x6)
[T =N
[F =AN]
[ Ax = case(x, T,F) ]
x< )z, = case(x, Y, z)
~ N case(y, T, F)
XNy B X< case(y, F,F)
[xAy  =case(x,y,F)]
[x=>y =case(x,y,T)]
[ 5x = case(x, F, T) ]
[ Ix = case(x, T,T) ]
. ./ case(y,N, L)
Xy _X< case(y, L, zx'z | y'2) }
[ ?x = case(x, T, L) ]
[ex:y =&y ]
[ Ix:y = 3Axy ]
[ Ix:y = R(Axy) exy]
[Vx:y = 53x: Ay |
case(y, T, IA:)
=y _X< case(y,F,Vz:x’'z =y’ 2)
case(y, T, F)
xTuyo = X< case(y,F,Vz:x " (u’z) Zyy’ (u’z))
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Whenever a term [ A ] occurs in a position where a formula is expected,

[ A7 is shorthand for [ A= T 7.
[A— (B=C)] is shorthand for [AAB=AAC]T.
[x < y] is shorthand for [ x =x]y].

B.6 Axioms and inferences

[ Map rule MapTrans : A=BFA=CFB=C]

[ Map rule MapSubLambda : A =BF Ax.A = Ax.B]
[ Map rule MapSubApply : A=B+-C'A=C'B]

[ Map rule MapApplyNil : N'B=N]

[ Map rule MapApplyLambda : (A\x.A)' B = (A |x:=B) ]
[ Map rule MapApplyBottom : 1L'B= 1]

[ Map rule MapIfNil : case(N,B,C) = B]
[ Map rule MaplIfLambda : case(Ax.A4,B,C) =C ]
[ Map rule MapIfBottom : case(L,B,C) = 1]

[ Map rule MapMonotonicity : A<XBFC'A<XC'B]

[ Map rule MapMinimality : A’'B<XBFY'A<B]

[ Map rule MapQND : A'N=B'N+ A (F'C)=A'(F'C) +
A'L=B'"L+FA'C=B'C]

[ Map rule MapExtensionality : if distinct(u,v) A

notfree(u, A) A notfree(v, 4) A notfree(u, B) A notfree(v, B) then
RA'W)=~B'uFA'U'v=A'CFB'u'v=B'CFA'u=B"u]
[ Map rule MapQuantifyA : £’a = Vx: A4 = (A | x:=a) ]

[ Map rule MapQuantifyB : Vx: E.A = Tvx: Al

[ Map rule MapQuantifyC : Vx:!A={0"ex: A]

[ Map rule MapQuantifyD : exxA=ex:{’x A A]

[

[

=
<

Map rule MapExistsA : x’y — 3x ]

Map rule MapExistsB : if notfree(y,u) then x’y — u’vF 3x — Ju ]

[ MapTrans ]° rule MapTrans
[ MapSubLambda ]° rule MapSubLambda
[ MapSubApply I° rule MapSubApply
[ MapApplyNil ' rule MapApplyNil
[ MapApplyLambda ]° rule MapApplyLambda
[ MapApplyBottom ]° rule MapApplyBottom
[ MapIfNil I rule MapIfNil
[ MapIfLambda ]° rule MapIfLambda
[ MapIfBottom ]° rule MapIfBottom
[ MapMonotonicity ]° rule MapMonotonicity
[ MapMinimality ]* rule MapMinimality
[ MapQND ]J°  rule MapQND
[ MapExtensionality ]° rule MapExtensionality
[ MapQuantifyA ]° rule MapQuantifyA
[ MapQuantifyB J° rule MapQuantifyB
[ MapQuantifyC J° rule MapQuantifyC
[ MapQuantifyD ]° rule MapQuantifyD
[ MapExistsA ]° rule MapExistsA
[ MapExistsB ]° rule MapExistsB
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[ Map rule MapExistsC : 3x = ?gx]

[ MapExistsC ] rule MapExistsC
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Index

Vxey:z |
oo-list(x) |
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exey:z |
I

N OEoeG
=0 =" <
N

Jr ~T S ==
=X j:g%vx .
— —

o~
X

y:=z) |

BRERS
=

all x in y colon z, 435, 504
ascension list of x end, 174
bottom, 127, 505

choose x in y colon z, 439, 507
eight, 103

empty list, 170, 510
exception, 131, 328, 511
exists x in y colon z, 437, 512
five, 103

four, 103

infinity, 138, 521

lambda x dot y, 304, 522
minus infinity, 138

minus x, 112, 524

nine, 103

not x, 157, 526

null, 103

one, 103

parenthesis x end, 110, 527
pi, 137

plus infinity, 138

plus x, 113, 528

precision x, 144, 529

seven, 103

simple not x, 335

simple tuple x end, 328
six, 103

substitute x where y is z end, 203, 530
three, 103

tuple x end, 171, 559

two, 103
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x and y, 154, 561

x apply y, 304, 563

x associates as y, 111, 564
x belongs to y, 339, 566

x cartesian y, 343, 568

x case y else z end, 327

x colon y, 352, 569

x comma y, 162, 570

x computational equal y, 104, 123, 141, 571
x computational unequal y, 124, 141, 573
x concludes y, 191, 350, 575

x deduces y, 369, 576

x defined equal y, 104, 577

x divide y, 146, 578

x equal y, 104, 580

x exceptional, 133, 582

x faculty, 124, 583

x greater priority y, 105, 584

x if and only if y, 158, 586

x implied by y, 158, 588

x implies y, 158, 590

x infers y, 349, 591

x integer divide y, 131, 147, 592
x listset, 344, 595

x macro equal y, 109, 596

x minus y, 103, 144, 597

x modulo y, 131, 147, 599

x modus ponens y, 375, 601

x not in y, 566

x optimised equal y, 113, 602

x or y, 156, 603

X pair y, 165, 606

x plus y, 102, 144, 607

x power y end, 103, 148, 609

x predecessor, 113, 398, 611

x reduces to y, 120, 613

x round down y, 143

x round even y, 143

x round up y, 143

x round y, 142, 614

x round zero y, 143

x same priority y, 112, 617

x select y else z end, 122
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[x;y 7 x semicolon y, 191, 618

[x#y]T x separable y, 419

[xAy] x simple and y, 335

[x=y] x simple equal y, 335

[x..yT x simple pair y, 327, 620

[xZy] x simple unequal y, 335

[x>y] x strongly greater than y, 124, 141, 622
[x<y] x strongly less than y, 123, 141, 624
[xT] x successor, 113, 398, 626

[x Sy ] x term reduces to y, 159, 628

[x-y] x times y, 102, 144, 630

[x>y] x weakly greater than y, 124, 141, 632
[x<y] x weakly less information y, 417, 634
[x<y] x weakly less than y, 124, 141, 636
[a] a, 103

[ A7 capital a, 103
[ A7 script a, 103
alal], 103
Algebra [ Algebra ], 191
[ Algebra ] Algebra, 191
algebraic block, 387
algebraic proof, 185
algebraic rule, 181
algebraic system, 186
all sets, the class of, 362
all x in y colon z [ Vxey:z |, 435, 504
alpha-reduction, 316
alpha-renaming, 316
alpha-rule, 310
ambiguous, 164
and, 153
and/or, 156
anonymous binding diagram, 210
antilemma, 407
antilemma [ Antilemma ], 408
[ Antilemma | antilemma, 408
application of deduction, backward, 384
application of rule to formula, backward, 384
[ ApplyBottom ] rule ApplyBottom, 563
[ ApplyFTwo | rule ApplyFTwo, 518
[ ApplyLambda ] rule ApplyLambda, 563
[ ApplyNil | rule ApplyNil, 563
[ ApplyT ] rule ApplyT, 563
approximation, finite, 425
argument, 105
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argumentation, 191, 350
arithmetic operation, exact, 144
arity, 106

ary, [ 1177-, 105

ascension list of x end [ co-list(x) |, 174
associative, left, 111
associative, right, 111
associativity rule, 111

atom, 169

axiom, 186, 350

axiom of reflexivity, 195

axiom, computation, 199
axiom, definition, 196

axiom, lemma, 198

axiomatic system, 186

[ B ] is truth value, 336
[ B] the set of truth values, 340, 556
backchaining, 380
backchaining, suited for, 383
backward application of deduction, 384
backward application of rule to formula, 384
beta-reduction, 315
beta-rule, 310
big number, 323
bignum, 323
binary, 105
binary term, 321
bind, 207
binding, 209
binding construct, 218
binding diagram, 208
bit, 321
block, 372
block, algebraic, 387
block, inner, 373
block, inside, 373
block, outer, 373

bottom, 421

bottom [ L |, 127, 505
bound, 209

brute force, 379

bus, 322

calculus, lambda, 310
capital a[ AT, 103
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[ case(x,y,z) | case x comma y comma z end, 326, 506
case x comma y comma z end [ case(x,y,z) |, 326, 506
[ CaseBottom | rule CaseBottom, 506
[ CaseLambda | rule CaseLambda, 506
[ CaseNil ] rule CaseNil, 506
[ CasePair ] rule CasePair, 506
[ Cases | rule Cases, 556
[ CaseT ] rule CaseT, 506
choice operator, 440
choose x in y colon z [ ex€y:z |, 439, 507
circular, 124
circular proof, 360
class of all sets, the, 362
classical, 340
classical [ £ T, 340, 508
classical, non-, 340
[ ClassicalBottom | rule ClassicalBottom, 508
[ ClassicalNil | rule ClassicalNil, 508
[ ClassicalPair ] rule ClassicalPair, 508
[ ClassicalWellfounded | rule ClassicalWellfounded, 508
closed, 365
[ Commutativity ] rule Commutativity, 580
computable, 425, 436
computable, -non, 436
computation axiom, 199
[ Computation ] rule Computation, 580
conclusion, 349, 350, 370
conclusion of proof, 352
condition, side, 206
conjecture, 186
conquer, divide and, 381
consequence, 370
consistent, 187
[ construct x | construct x, 162, 509
construct x [ constructx ], 162, 509
construct, lambda-, 304
contents, information, 417
continuity, 425
contradiction, 186
[ Contradiction | rule Contradiction, 580
coordinates, 165
correct proof, 352
counterexample, 130, 410
counterproof, 408
[ CounterTF | rule CounterTF, 409
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| is decimal fraction, 336
o | is exact fraction, 336
.| is floating fraction, 336
the set of decimal fractions, 340, 533
] the set of decimal fractions of precision x end, 342, 535
] the set of infinities of precision x end, 342, 541
° | the set of minus infinities of precision x end, 342, 545
de Morgan, 395
decimal fraction, 137
deduction, 372
deduction, backward application of, 384
[ DefFOneOfXEnd | rule DefFOneOfXEnd, 516
[ DefFThreeOfXEnd ] rule DefF ThreeOfXEnd, 517
[ DefFTwo | rule DefFTwo, 518
definition [ Definition ], 197
definition axiom, 196
[ Definition | definition, 197
[ Definition ] rule Definition, 580
definition, local, 439
definition, macro, 110
[ DefMinimumXCommaYEnd ] rule DefMinimumXCommaYEnd, 523
[ DefXFaculty | rule DefXFaculty, 583
derivation, 349
derivation proof, 352
derivation rule, 349
derivation rule, instance of, 350
derivation system, 366
deterministic, 193
diagram, 422
directive, 115
disproves, 408
distribute, 218
divide and conquer, 381
divide, integer [x // y |, 147
[ DivideNonzero | rule DivideNonzero, 579
[ DivideZero ] rule DivideZero, 579
division, integer, 147
down, round [ x@_y T, 143
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[E | is empty list, 336

[ E] the set of the empty list, 344, 553
edge, 107, 423
eight [ 87, 103
either-or, 156

[ EimAll | rule ElimAll, 504

[ ElimB ] rule ElimB, 556
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[ ElimCartesianHead | rule ElimCartesianHead, 568
[ ElimCartesianPair ] rule ElimCartesianPair, 568
[ ElimCartesianTail |" rule ElimCartesianTail, 568
[ ElimD ] rule ElimD, 533
[ ElimE | rule ElimE, 553
[ ElimExists ] rule ElimExists, 512
[ ElimExistsB | rule ElimExistsB, 512
[ ElimExistsS |" rule ElimExistsS, 512
[ ElimF ] rule ElimF, 539
[ ElimListSet | rule ElimListSet, 595
[ ElimNotB ] rule ElimNotB, 556
[ ElimNotD ] rule ElimNotD, 533
[ ElimNotE | rule ElimNotE, 553
[ ElimNotF ] rule ElimNotF, 539
[ ElimNotT T rule ElimNotT, 554
[ ElimNotX ] rule ElimNotX, 537
[ EimT ] rule ElimT, 554
[ EPimTT T rule ElimTT, 554
[ ElimX | rule ElimX, 537
empty list, 170
empty list [ () ], 170, 510
epsilon operator, Hilberts, 439
equal, computational [ x =y ], 123, 141, 571
[ EqualAll | rule EqualAll, 504
[ EqualChoice | rule EqualChoice, 507
[ EqualExists ] rule EqualExists, 512
[ EqualPair | rule EqualPair, 571
equals, substitution of, 104, 219
equation, 130
even, round [ xQyy |, 143
even, round to, 142
exact arithmetic operation, 144
exact fraction, 139
example, counter-, 410
exception [ e ], 131, 328, 511
exception, more than one, 334
exceptional, 133
exclusive or, 156
existential quantification, 437
exists x in y colon z [ Ixey:z |, 437, 512
exponent, 149
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)

[ f7(x,y) | f seven of x comma y end, 133
[ f3(x) ] f three of x end, 109, 517

[ fo ] f two, 305, 518
[
[

w

FT false, 122, 328, 514
F | is false, 336
feight[ fg 1, 428
[ fa T f eight, 428
[ f7(x) ] fseven of x end, 428
f five of x comma y end [ f5(x,y) |, 122
f four of x end [ f4(x) ], 109, 515
f nine of x end [ fo(x) |, 365
fone of x end [ fi1(x) ], 104, 516
f seven of x comma y end [ f7(x,y) |, 133
f seven of x end [ f7(x) |, 428
[ F ] the set of false maps, 342, 539
f three of x end [ f3(x) ], 109, 517
ftwo[ f2 ], 305, 518
[ fac T faculty, 311
faculty [ fac ], 311
faculty function, 126
fail, 130
false [ F ], 122, 328, 514
feasible, 379
finite approximations, 425
five[57, 103
fixation, variable, 377
fixed point, 318
fixed point, minimal, 427
fixed variable, 377
fixity, 106
fixpoint [ Y ], 317
floating fraction, 139
floating point standard, IEEE, 143
force, 167
force, brute, 379
form, normal, 121
four [47, 103
fraction, decimal, 137
fraction, exact, 139
fraction, floating, 139
free, 208
free for, 217
fresh variable, 315
function, 301, 307
function, type, 334
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[ Gen ] rule Gen, 504
generalisation, 436
graph reduction, 119
graph reduction rule, 628
greater than, strongly [ x >y ], 124, 141, 622
greater than, weakly [ x >y ], 124, 141, 632

head of list, 173
[ HeadBottom | rule HeadBottom, 585
[ HeadEmpty | rule HeadEmpty, 585
[ HeadPair ] rule HeadPair, 585
Hilbert style proof, 349
Hilberts epsilon operator, 439
hold, 130
hypothesis, 370

identical, 109
identical except for naming of bound variables, 210
IEEE floating point standard, 143
[if(x,y,2) | if x then y else z end, 328
[if(x,y,2) | if x then y else z end, 122, 519
if x then y else z end [ if(x,y,z) ], 328
if x then y else z end [ if(x,y,2) |, 122, 519
[IfBottom] rule IfBottom, 519
[IfD T rule IfD, 519
[ fE T rule IfE, 519
[IfExceptlon ] rule IfException, 519
[ fF | rule IfF, 519
[ IfFalse | rule IfFalse, 519
[ IfNil T rule IfNil, 519
[IfPalr ] rule IfPair, 519
[T ] rule IfT, 519
[IfTrue 1 rule IfTrue, 519
[ fX T rule IfX, 519
implication, 369
imply, 370
[ ImplyInfo ]" rule ImplyInfo, 634
inclusive or, 156
inconsistent, 187, 366
increasing sequence, 425
index, 102
indexed capital 1 x [ Lx ], 353
induction, 398
induction principle, 398
[ Induction ] rule Induction, 547
induction, Peano, 398
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infer, 370
inference rule, 350
infinite list, potentially, 175
infinite, potentially, 323
infinity [ 0o ], 138, 521
infix, 106
[ InfoAntiSymmetry ] rule InfoAntiSymmetry, 634
[ InfoBottom ] rule InfoBottom, 634
[ Infolmply ] rule InfoImply, 634
[ InfoLambda | rule InfoLambda, 634
[ InfoLessBottom | rule InfoLessBottom, 427
[ InfoReflexive ] rule InfoReflexive, 420
information contents, 417
information, weakly less [ x <y ], 417, 634
informative, 126
[ InfoTransitivity ] rule InfoTransitivity, 420
inner block, 373
inseparable, 419
inside, 373
instance of derivation rule, 350
instantiation statement, 350
integer, 123, 140, 543
integer division, 147
integer, negative, 549
integer, positive, 551
[ IntegerDivideZero ] rule IntegerDivideZero, 593
[ IntroB ] rule IntroB, 556
[ IntroCartesian | rule IntroCartesian, 568
[ IntroCartesianPair ] rule IntroCartesianPair, 568
[ IntroD ] rule IntroD, 533
[ IntroE | rule IntroE, 553
[ IntroExists ] rule IntroExists, 512
[ IntroF | rule IntroF, 539
[ IntroListSet ] rule IntroListSet, 595
[ IntroListSetEmpty | rule IntroListSetEmpty, 595
[ IntroListSetPair | rule IntroListSetPair, 595
[ IntroNotB ] rule IntroNotB, 556
[ IntroNotD ] rule IntroNotD, 533
[ IntroNotE ] rule IntroNotE, 553
[ IntroNotF ] rule IntroNotF, 539
[ IntroNotT ] rule IntroNotT, 554
[ IntroNotX ] rule IntroNotX, 537
[ IntroT ] rule IntroT, 554
[ IntroTT T rule IntroTT, 554
[ IntroX | rule IntroX, 537
[ InverseTypeAll | rule InverseTypeAll, 504
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[ InverseTypeExists | rule InverseTypeExists, 512
is decimal fraction [ D |, 336
is empty list [ E |, 336
is exact fraction [ Do |, 336
is exception [ X |, 336
is false [ F |, 336
is floating fraction [ D. |, 336
is pair [ P ]', 336
is true [ T |, 336
is truth value [ B |, 336
italics, 102

[£] classical, 340, 508
[ Lx ] indexed capital 1 x, 353
label, 107
lambda calculus, 310
lambda x dot y [ Ax.y ], 304, 522
lambda-construct, 304
[ LambdaSub | rule LambdaSub, 522
lazy, 129, 167
left associative, 111
lemma, 186
lemma axiom, 198
[ x lemma y:z] x lemma y colon z, 190, 594
lemma, anti-, 407
less information, weakly [ x <y ], 417, 634
less than, strongly [ x <y ], 123, 141, 624
less than, weakly [ x <y T, 124, 141, 636
line, proof, 191
lines, proof, 352
Lisp, 171
list, 165, 169
list, empty, 170
list, head of, 173
list, minimum of [ minlist(x) |, 174
list, n [ nlist(x) ], 172
list, n n [ nnlist(x) |, 173
list, potentially infinite, 175
list, tail of, 174
local definition, 439

mac [ Mac], 188

[ Mac ] mac, 188
machine, Turing, 323
macro, 110
macro definition, 110
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macro reduction, 110, 161
macro reduction rule, 628
magnitude, 139
main theorem, 186
mantissa, 149
map, 324
map theory, 324, 443, 639
map, nil, 325
[ MapApplyBottom ] rule MapApplyBottom, 641
[ MapApplyLambda | rule MapApplyLambda, 641
[ MapApplyNil T rule MapApplyNil, 641
[ MapExistsA ] rule MapExistsA, 641
[ MapExistsB | rule MapExistsB, 641
[ MapExistsC | rule MapExistsC, 642
[ MapExtensionality | rule MapExtensionality, 641
[ MapIfBottom ] rule MaplIfBottom, 641
[ MaplfLambda | rule MaplfLambda, 641
[ MaplIfNil | rule MapIfNil, 641
[ MapMinimality |" rule MapMinimality, 641
[ MapMonotonicity ] rule MapMonotonicity, 641
[ MapQND ] rule MapQND, 641
[ MapQuantifyA | rule MapQuantifyA, 641
[ MapQuantifyB | rule MapQuantifyB, 641
[ MapQuantifyC | rule MapQuantifyC, 641
[ MapQuantifyD | rule MapQuantifyD, 641
[ MapSubApply | rule MapSubApply, 641
[ MapSubLambda ] rule MapSubLambda, 641
[ MapTrans ] rule MapTrans, 641
membership relation, 339
[ min(x,y) | minimum x comma y end, 138, 523
minimal fixed point, 427
[ Minimal ] rule Minimal, 635
minimal solution, 427
[ MinimalY ] rule MinimalY, 635
minimum of list x end [ minlist(x) |, 174
minimum x comma y end [ min(x,y) |, 138, 523
[ minlist(x) | minimum of list x end, 174
minus infinity [ —oo ], 138
minus x [ —x |, 112, 524
minus, unary, 112
[ MinusStrict " rule MinusStrict, 524
[ ModuloZero ] rule ModuloZero, 600
[ ModusPonens | rule ModusPonens, 576
[ Monotonicity | rule Monotonicity, 421
[ Monotonicity’ | rule Monotonicity’, 422
[ MonotonicityHead ] rule MonotonicityHead, 422
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MonotonicityHead’ ] rule MonotonicityHead’, 422
MonotonicityHead” | rule MonotonicityHead”, 422
MonotonicityPair | rule MonotonicityPair, 422
MonotonicityTail | rule MonotonicityTail, 422
MonotonicityTail’ ] rule MonotonicityTail’, 422
MonotonicityTail” |" rule MonotonicityTail”, 422
more than one exception, 334

L B e W W W e |

[ N] nil map, 325
n list of x end [ nlist(x) |, 172
n n list of x end [ nnlist(x) |, 173

[ N] nil map, 525

[ N T the set of natural numbers, 339, 342, 547
natural number, 123, 140, 547
natural numbers, set of, 339
negative integer, 549
nil map, 325
nil map [ N ], 325, 525
nine[ 97, 103

[ nlist(x) | n list of x end, 172

[ nnlist(x) | n n list of x end, 173
node, 107
node, root, 107
non-classical, 340
non-computable, 436
non-deterministic, 193
non-informative, 126
non-strict, 128
non-strict in [ x ], 128
normal form, 121
not x [ —x ], 157, 526

[ NotStrict " rule NotStrict, 526
null[0 T, 103
null-ary, 105
number, big, 323
number, natural, 140, 547
numbers, set of natural, 339
numeral, 206
numeral type rule, 357

one[17, 103

operation, exact arithmetic, 144
operator, 105, 110, 115
operator, choice, 440

operator, Hilberts epsilon, 439
operator, principal, 108
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outer block, 373
outfix, 106

[P ] is pair, 336
pair, 165
[ PairIsNotAtom | rule PairIsNotAtom, 565
[ PairIsPair | rule PairIsPair, 605
parenthesis x end [ (x) |, 110, 527
parse reduction, 110, 161
parse tree, 110, 161
Peano induction, 398
[ PeanoA | rule PeanoA, 547
[ PeanoB ] rule PeanoB, 547
[ PeanoC | rule PeanoC, 547
[ PeanoD ] rule PeanoD, 547
[ PeanoD’ ] rule PeanoD’, 547
[ PeanoE ] rule PeanoE, 547
pi[n7], 137
plus infinity [ +00 ], 138
plus x [ +x 1], 113, 528
plus, unary, 113
[ PlusStrict ] rule PlusStrict, 528
point, fixed, 318
point, minimal fixed, 427
positive integer, 551
potentially infinite, 323
potentially infinite list, 175
precision, 139
precision x [ #x 1, 144, 529
[ PrecisionStrict | rule PrecisionStrict, 529
predecessor, 398
prefix, 106
premise, 360, 370
premisses, 349
principal operator, 108
principle, induction, 398
priority, 105
proof line, 191, 352
proof step, 185
proof, algebraic, 185
proof, circular, 360
proof, conclusion of, 352
proof, correct, 352
proof, counter-, 408
proof, derivation, 352
proof, Hilbert style, 349
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property, 415

property, universal, 416
[ Pik ] pyk, 102

pyk [ Pik ], 102

quantification, existential, 437
quantification, universal, 435

recursive, 124
redex, 119
reduct, 120
reduction, 119
reduction rule, 120, 628
reduction rule, graph, 628
reduction rule, macro, 628
reduction rule, term, 159, 628
reduction step, 119
reduction, alpha-, 316
reduction, beta-, 315
reduction, macro, 110, 161
reduction, parse, 110, 161
reduction, term, 159, 161
referential transparency, 109, 302
reflexivity [ Reflexivity |, 195

[ Reflexivity | reflexivity, 195

[ Reflexivity | rule Reflexivity, 580
reflexivity, axiom of, 195
relation, membership, 339

[ Rename | rule Rename, 580
renaming, alpha-, 316

[ Repetition | rule Repetition, 580
replace [ Replace |, 191

[ Replace | replace, 191

[ Replace | rule Replace, 580

[ Replace’ | rule Replace’, 581
replacement, 182, 363
replacement, reverse, 185, 363
represent, strongly, 329
represent, weakly, 329
retract, 332
reverse [ Reverse |, 191
reverse replacement, 185, 363

[ Reverse | reverse, 191

[ Reverse ] rule Reverse, 580

[ Reverse’ | rule Reverse’, 581
right associative, 111

657
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root, 107
root node, 107
round to even, 142
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RoundDiDn | rule RoundDiDn, 615
RoundDmDn ] rule RoundDmDn, 615
RoundException ] rule RoundException, 615
Roundliln | rule Roundliln, 615

RoundImIn ] rule RoundImlIn, 615
RoundMiMn | rule RoundMiMn, 615
RoundMmMn | rule RoundMmMn, 615

rule, 189, 350

rule ApplyBottom [ ApplyBottom |, 563

rule ApplyFTwo [ ApplyFTwo |, 518

rule ApplyLambda [ ApplyLambda ], 563

rule ApplyNil [ ApplyNil ], 563

rule ApplyT [ ApplyT T, 563

rule CaseBottom [ CaseBottom |, 506

rule CaseLambda [ CaseLambda ], 506

rule CaseNil [ CaseNil |, 506

rule CasePair [ CasePair ], 506

rule Cases [ Cases |, 556

rule CaseT [ CaseT ], 506

rule ClassicalBottom [ ClassicalBottom ], 508

rule ClassicalNil [ ClassicalNil ], 508

rule ClassicalPair [ ClassicalPair ], 508

rule ClassicalWellfounded [ ClassicalWellfounded ], 508
rule Commutativity [ Commutativity |, 580

rule Computation [ Computation |, 580

rule Contradiction [ Contradiction ], 580

rule CounterTF [ CounterTF ], 409

rule DefFOneOfXEnd [ DefFOneOfXEnd |, 516
rule DefFThreeOfXEnd [ DefF ThreeOfXEnd |, 517
rule DefFTwo [ DefFTwo |, 518

rule Definition [ Definition ], 580

rule DefMinimumXCommaYEnd [ DefMinimumXCommaYEnd |, 523
rule DefXFaculty [ DefXFaculty T, 583

rule DivideNonzero [ DivideNonzero ], 579

rule DivideZero [ DivideZero |, 579

rule ElimAll [ ElimAll ], 504

rule ElimB [ ElimB |, 556

rule ElimCartesianHead [ ElimCartesianHead |, 568
rule ElimCartesianPair [ ElimCartesianPair |, 568
rule ElimCartesianTail [ ElimCartesianTail |, 568
rule ElimD [ ElimD ], 533

rule ElimE [ ElimE T, 553

rule ElimExists [ ElimExists |, 512
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rule ElimExistsB [ ElimExistsB |, 512
rule ElimExistsS [ ElimExistsS ], 512
rule ElimF [ ElimF ], 539

rule ElimListSet [ ElimListSet ], 595
rule ElimNotB [ ElimNotB ], 556
rule ElimNotD [ ElimNotD |, 533

rule ElimNotE [ ElimNotE |, 553

rule ElimNotF [ ElimNotF |, 539

rule ElimNotT [ ElimNotT |, 554

rule ElimNotX [ ElimNotX |, 537

rule ElimT [ ElimT |, 554

rule EimTT [ EimTT ], 554

rule ElimX [ ElimX ], 537

rule EqualAll [ EqualAll |, 504

rule EqualChoice [ EqualChoice |, 507

rule EqualExists [ EqualExists ]', 512

rule EqualPair [ EqualPair ], 571

rule Gen [ Gen ], 504

rule HeadBottom [ HeadBottom ], 585

rule HeadEmpty [ HeadEmpty ]', 585

rule HeadPair [ HeadPair ], 585

rule IfBottom [ IfBottom ], 519

rule fD [ D T, 519

rule IfE [ fE |, 519

rule IfException [ IfException ], 519

rule IfF [ IfF T, 519

rule IfFalse [ IfFalse |, 519

rule IfNil [ IfNil T, 519

rule IfPair [ IfPair T, 519

rule IfT [IfT ], 519

rule IfTrue [ IfTrue |, 519

rule IX [IfX ], 519

rule ImplyInfo [ ImplyInfo |, 634

rule Induction [ Induction |, 547

rule InfoAntiSymmetry [ InfoAntiSymmetry ', 634
rule InfoBottom [ InfoBottom ], 634

rule Infolmply [ Infolmply |, 634

rule InfoLambda [ InfoLambda |, 634

rule InfoLessBottom [ InfoLessBottom |, 427
rule InfoReflexive [ InfoReflexive ], 420

rule InfoTransitivity [ InfoTransitivity ], 420

rule IntegerDivideZero [ IntegerDivideZero ], 593
rule IntroB [ IntroB ], 556

rule IntroCartesian [ IntroCartesian ], 568

rule IntroCartesianPair [ IntroCartesianPair |, 568
rule IntroD [ IntroD T, 533

659
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rule IntroE [ IntroE |, 553

rule IntroExists [ IntroExists |, 512

rule IntroF [ IntroF ], 539

rule IntroListSet [ IntroListSet ], 595

rule IntroListSetEmpty [ IntroListSetEmpty ', 595
rule IntroListSetPair [ IntroListSetPair ], 595
rule IntroNotB [ IntroNotB |, 556

rule IntroNotD [ IntroNotD ], 533

rule IntroNotE [ IntroNotE ], 553

rule IntroNotF [ IntroNotF ], 539

rule IntroNotT [ IntroNotT ], 554

rule IntroNotX [ IntroNotX |, 537

rule IntroT [ IntroT |, 554

rule IntroTT [ IntroTT |, 554

rule IntroX [ IntroX ], 537

rule InverseTypeAll [ InverseTypeAll T, 504

rule InverseTypeExists [ InverseTypeExists ], 512
rule LambdaSub [ LambdaSub ], 522

rule MapApplyBottom [ MapApplyBottom ], 641
rule MapApplyLambda [ MapApplyLambda ], 641
rule MapApplyNil [ MapApplyNil T, 641

rule MapExistsA [ MapExistsA |, 641

rule MapExistsB [ MapExistsB |, 641

rule MapExistsC [ MapExistsC |, 642

rule MapExtensionality [ MapExtensionality ], 641
rule MapIfBottom [ MapIfBottom ], 641

rule MapIfLambda [ MapIfLambda ], 641

rule MaplIfNil [ MapIfNil T, 641

rule MapMinimality [ MapMinimality ], 641

rule MapMonotonicity [ MapMonotonicity |, 641
rule MapQND [ MapQND 7], 641

rule MapQuantifyA [ MapQuantifyA ], 641

rule MapQuantifyB [ MapQuantifyB ], 641

rule MapQuantifyC [ MapQuantifyC ], 641

rule MapQuantifyD [ MapQuantifyD ], 641

rule MapSubApply [ MapSubApply T, 641

rule MapSubLambda [ MapSubLambda ], 641
rule MapTrans [ MapTrans |, 641

rule Minimal [ Minimal |, 635

rule MinimalY [ MinimalY ], 635

rule MinusStrict [ MinusStrict |, 524

rule ModuloZero [ ModuloZero |, 600

rule ModusPonens [ ModusPonens |, 576

rule Monotonicity [ Monotonicity ], 421

rule Monotonicity’ [ Monotonicity’ |, 422

rule MonotonicityHead [ MonotonicityHead ', 422
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rule MonotonicityHead’ [ MonotonicityHead’ |, 422
rule MonotonicityHead” [ MonotonicityHead” ], 422
rule MonotonicityPair [ MonotonicityPair ], 422
rule MonotonicityTail [ MonotonicityTail ], 422
rule MonotonicityTail’ [ MonotonicityTail’ ], 422
rule MonotonicityTail” [ MonotonicityTail” ], 422
rule NotStrict [ NotStrict |, 526

rule PairIsNotAtom [ PairIsNotAtom ], 565
rule PairIsPair [ PairIsPair ], 605

rule PeanoA [ PeanoA |, 547

rule PeanoB [ PeanoB |, 547

rule PeanoC [ PeanoC |, 547

rule PeanoD [ PeanoD T, 547

rule PeanoD’ [ PeanoD’ |, 547

rule PeanoE [ PeanoE |, 547

rule PlusStrict [ PlusStrict ], 528

rule PrecisionStrict [ PrecisionStrict ', 529

rule Reflexivity [ Reflexivity ], 580

rule Rename [ Rename |, 580

rule Repetition [ Repetition ], 580

rule Replace [ Replace |, 580

rule Replace’ [ Replace’ ], 581

rule Reverse [ Reverse ], 580

rule Reverse’ [ Reverse’ ], 581

rule RoundDiDn [ RoundDiDn ], 615

rule RoundDmDn [ RoundDmDn |, 615

rule RoundException [ RoundException |, 615
rule Roundliln [ Roundliln ], 615

rule RoundImIn [ RoundImlIn ], 615

rule RoundMiMn [ RoundMiMn ], 615

rule RoundMmMn [ RoundMmMn ], 615

rule SetB [ SetB ], 556

rule SetD [ SetD |, 533

rule SetDi [ SetDi |, 535

rule SetDm [ SetDm |, 535

rule SetE [ SetE |, 553

rule SetF [ SetF ], 539

rule Setli [ Setli ], 541

rule SetIm [ SetIm T, 541

rule SetMi [ SetMi ], 545

rule SetMm [ SetMm ], 545

rule SetN [ SetN ], 547

rule SetT [ SetT |, 554

rule SetX [ SetX |, 537

rule SetXCartesianY [ SetXCartesianY ], 568
rule SetXListSet [ SetXListSet ], 595
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rule SetZ [ SetZ ], 543

rule SetZm [ SetZm ], 549

rule SetZp [ SetZp |, 551

rule SimpleHeadBottom [ SimpleHeadBottom ], 619

rule SimpleHeadNil [ SimpleHeadNil |, 619

rule SimpleHeadPair [ SimpleHeadPair ], 619

rule SimpleTailBottom [ SimpleTailBottom ], 621

rule SimpleTailNil [ SimpleTailNil ], 621

rule SimpleTailPair [ SimpleTailPair ], 621

rule StrictAndX [ StrictAndX |, 561

rule StrictAtom [ StrictAtom ], 565

rule StrictBelongsToY [ StrictBelongsToY |, 566

rule StrictComputationalEqualX [ StrictComputationalEqualX T, 571
rule StrictComputationalUnequalX [ StrictComputationalUnequalX ], 573
rule StrictDivideX [ StrictDivideX ], 578

rule StrictExceptional [ StrictExceptional ', 582

rule StrictFaculty [ StrictFaculty |, 583

rule StrictIfAndOnlyIfX [ StrictIfAndOnlyIfX ], 586

rule StrictImpliedByX [ StrictImpliedByX ], 588

rule StrictImpliesX [ StrictImpliesX ], 590

rule StrictIntegerDivideX [ StrictIntegerDivideX ], 592

rule StrictMinusX [ StrictMinusX |, 597

rule StrictModuloX [ StrictModuloX ], 600

rule StrictOrX [ StrictOrX T, 603

rule StrictPair [ StrictPair ], 605

rule StrictPlusX [ StrictPlusX |, 607

rule StrictPowerXEnd [ StrictPowerXEnd |, 610

rule StrictRoundX [ StrictRoundX T, 614

rule StrictStronglyGreaterThanX [ StrictStronglyGreaterThanX |, 622
rule StrictStronglyLessThanX [ StrictStronglyLessThanX |, 624
rule StrictTimesX [ StrictTimesX |, 630

rule StrictWeaklyGreaterThanX [ StrictWeaklyGreaterThanX T, 632
rule StrictWeaklyLessThanX [ StrictWeaklyLessThanX |, 636
rule SubB [ SubB ], 556

rule SubBottom [ SubBottom ], 505

rule SubCase [ SubCase |, 506

rule SubClassical [ SubClassical ], 508

rule SubD [ SubD T, 533

rule SubDm [ SubDm |, 535

rule SubE [ SubE T, 553

rule SubEmptyList [ SubEmptyList ], 510

rule SubException [ SubException T, 511

rule SubF [ SubF ], 539

rule SubFalse [ SubFalse T, 514

rule SubFOneOfXEnd [ SubFOneOfXEnd |, 516

rule SubFThreeOfXEnd [ SubFThreeOfXEnd |, 517
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rule SubFTwo [ SubFTwo T, 518

rule SublIf [ SubIf |, 519

rule Subli [ Subli T, 541

rule SublInfinity [ SubInfinity ], 521

rule SubLambdaXX [ SubLambdaXX ', 522
rule SubLambdaXY [ SubLambdaXY T, 522
rule SubLambdaXYFreeFor [ SubLambdaXYFreeFor ], 522
rule SubMinimumXCommaYEnd [ SubMinimumXCommaYEnd T, 523
rule SubMinusX [ SubMinusX ], 524

rule SubMm [ SubMm T, 545

rule SubN [ SubN ], 547

rule SubNilMap [ SubNilMap T, 525

rule SubNotX [ SubNotX ], 526

rule SubNumeral [ SubNumeral |, 530

rule SubPlusX [ SubPlusX |, 528

rule SubPrecisionX [ SubPrecisionX |, 529
rule SubRound [ SubRound |, 615

rule SubSet [ SubSet T, 532

rule Substitution [ Substitution |, 530

rule SubT [ SubT |, 554

rule SubTrue [ SubTrue ], 558

rule SubtypeBC [ SubtypeBC ], 556

rule SubtypeDC [ SubtypeDC T, 533

rule SubtypeDiD [ SubtypeDiD ], 535

rule SubtypeDmD [ SubtypeDmD T, 535
rule SubtypeEC [ SubtypeEC T, 553

rule SubtypeFB [ SubtypeFB T, 539

rule SubtypeFC [ SubtypeFC |, 539

rule SubtypeliD [ SubtypeliD |, 541

rule SubtypelmD [ SubtypeImD ], 541

rule SubtypeMiD [ SubtypeMiD ], 545

rule SubtypeMmD [ SubtypeMmD ], 545
rule SubtypeNotBC [ SubtypeNotBC ], 556
rule SubtypeNotDC [ SubtypeNotDC ], 533
rule SubtypeNotEC [ SubtypeNotEC |, 553
rule SubtypeNotFC [ SubtypeNotFC |, 539
rule SubtypeNotSetC [ SubtypeNotSetC |, 566
rule SubtypeNotTC [ SubtypeNotTC T, 554
rule SubtypeNotXC [ SubtypeNotXC |, 537
rule SubtypeNZ [ SubtypeNZ ], 547

rule SubtypeSetC [ SubtypeSetC T, 566

rule SubtypeTB [ SubtypeTB |, 554

rule SubtypeTC [ SubtypeTC |, 554

rule SubtypeXC [ SubtypeXC |, 537

rule SubtypeZD [ SubtypeZD ], 543

rule SubtypeZDi [ SubtypeZDi |, 543
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rule SubtypeZmZ [ SubtypeZmZ |, 549

rule SubtypeZpN [ SubtypeZpN T, 551

rule SubtypeZpZ [ SubtypeZpZ ], 551

rule SubX [ SubX |, 537

rule SubXAndY [ SubXAndY T, 561

rule SubXApplyY [ SubXApplyY |, 563

rule SubXAtom [ SubXAtom ], 565

rule SubXBelongsToY [ SubXBelongsToY ], 566

rule SubXCartesianY [ SubXCartesianY |, 568

rule SubXComputationalEqualY [ SubXComputationalEqualY |, 571
rule SubXComputationalUnequalY [ SubXComputationalUnequalY ], 573
rule SubXDivideY [ SubXDivideY |, 578

rule SubXExceptional [ SubXExceptional T, 582

rule SubXFaculty [ SubXFaculty ], 583

rule SubXHead [ SubXHead ], 585

rule SubXTIfAndOnlyIfY [ SubXIfAndOnlyIfY ], 586

rule SubXImpliedByY [ SubXImpliedByY T, 588

rule SubXTImpliesY [ SubXImpliesY T, 590

rule SubXIntegerDivideY [ SubXIntegerDivideY ]', 592

rule SubXListSet [ SubXListSet ], 595

rule SubXMinusY [ SubXMinusY ], 598

rule SubXModuloY [ SubXModuloY T, 600

rule SubXOrY [ SubXOrY ], 603

rule SubXPair [ SubXPair |, 605

rule SubXPairY [ SubXPairY ], 606

rule SubXPlusY [ SubXPlusY ], 608

rule SubXPowerYEnd [ SubXPowerYEnd |, 610

rule SubXPredecessor [ SubXPredecessor |, 611

rule SubXSimpleHead [ SubXSimpleHead |, 619

rule SubXSimplePairY [ SubXSimplePairY |, 620

rule SubXSimpleTail [ SubXSimpleTail T, 621

rule SubXStronglyGreaterThanY [ SubXStronglyGreaterThanY |, 622
rule SubXStronglyLessThanY [ SubXStronglyLessThanY |, 624
rule SubXSubX [ SubXSubX |, 530

rule SubXSubY [ SubXSubY |, 530

rule SubXSubYNotFree [ SubXSubYNotFree ], 530

rule SubXSuccessor [ SubXSuccessor |, 626

rule SubXTail [ SubXTail T, 627

rule SubXTimesY [ SubXTimesY |, 631

rule SubXWeaklyGreaterThanY [ SubXWeaklyGreaterThanY T, 632
rule SubXX [ SubXX T, 530

rule SubXY [ SubXY T, 530

rule SubZ [ SubZ ], 543

rule SubZm [ SubZm T, 549

rule SubZp [ SubZp T, 551

rule TailBottom [ TailBottom |, 627
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rule TailEmpty [ TailEmpty |, 627

rule TailPair [ TailPair |, 627

rule Tautology [ Tautology ], 556

rule Transitivity [ Transitivity ]", 580

rule TUnequalF [ TUnequalF T, 407

rule TypeAll [ TypeAll |, 504

rule TypeCInSet [ TypeCInSet ], 566

rule TypeDilntegerDivideDi [ TypeDilntegerDivideDi ], 593
rule TypeDilntegerDivideDm [ TypeDilntegerDivideDm ], 593
rule TypeDiModuloDi [ TypeDiModuloDi |, 600

rule TypeDiModuloDm [ TypeDiModuloDm ], 600

rule TypeDmlIntegerDivideDi [ TypeDmlIntegerDivideDi ], 593
rule TypeDmlIntegerDivideDm [ TypeDmlIntegerDivideDm ], 593
rule TypeDmlIntegerDivideDn [ TypeDmlIntegerDivideDn ', 593
rule TypeDmModuloDi [ TypeDmModuloDi |, 600

rule TypeDmModuloDm [ TypeDmModuloDm ', 600

rule TypeDmModuloDn [ TypeDmModuloDn |, 600

rule TypeEmptyListInE [ TypeEmptyListInE ], 510

rule TypeExists [ TypeExists |, 512

rule TypeFInB [ TypeFInB |, 514

rule TypeFInF [ TypeFInF ], 514

rule Typelilnli [ Typelilnli |, 521

rule TypelmInIm [ TypelmInIm ], 521

rule TypeMiInMi [ TypeMilnMi |, 521

rule TypeMmInMm [ TypeMmInMm ], 521

rule TypeNumerallnD [ TypeNumerallnD ], 533

rule TypeNumerallnDi [ TypeNumerallnDi |, 535

rule TypeNumerallnDm [ TypeNumerallnDm |, 535

rule TypeNumerallnN [ TypeNumerallnN T, 547

rule TypeNumerallnZ [ TypeNumerallnZ |, 543

rule TypeNumerallnZm [ TypeNumerallnZm ], 549

rule TypeNumerallnZp [ TypeNumerallnZp ], 551

rule TypeNumeralNotInB [ TypeNumeralNotInB |, 556

rule TypeNumeralNotInDi [ TypeNumeralNotInDi |, 535
rule TypeNumeralNotInDm [ TypeNumeralNotInDm ], 535
rule TypeNumeralNotInE [ TypeNumeralNotInE |, 553

rule TypeNumeralNotInF [ TypeNumeralNotInF ], 539

rule TypeNumeralNotInli [ TypeNumeralNotInli ], 541

rule TypeNumeralNotInIm [ TypeNumeralNotInIm ], 541
rule TypeNumeralNotInMi [ TypeNumeralNotInMi T, 545
rule TypeNumeralNotInMm [ TypeNumeralNotInMm ], 545
rule TypeNumeralNotInN [ TypeNumeralNotInN |, 547
rule TypeNumeralNotInT [ TypeNumeralNotInT |, 554
rule TypeNumeralNotInX [ TypeNumeralNotInX |, 537
rule TypeNumeralNotInZ [ TypeNumeralNotInZ |, 543

rule TypeNumeralNotInZm [ TypeNumeralNotInZm ], 549
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rule TypeNumeralNotInZp [ TypeNumeralNotInZp ], 551
rule TypeTInB [ TypeTInB |, 558
rule TypeTInT [ TypeTInT T, 558
rule TypeXInX [ TypeXInX T, 511
rule UnequalPair [ UnequalPair |, 573
[ x rule y:z] x rule y colon z, 189, 616
rule XAndStrict [ XAndStrict |, 561
rule XBelongsToStrict [ XBelongsToStrict ], 566
rule XComputationalEqualStrict [ XComputationalEqualStrict T, 571
rule XComputationalUnequalStrict [ XComputationalUnequalStrict ], 573
rule XDivideStrict [ XDivideStrict ], 578
rule XIfAndOnlyIfStrict [ XIfAndOnlyIfStrict ], 586
rule XImpliedByStrict [ XImpliedByStrict |, 588
rule XImpliesStrict [ XImpliesStrict ], 590
rule XIntegerDivideStrict [ XIntegerDivideStrict ], 592
rule XMinusStrict [ XMinusStrict ], 598
rule XModuloStrict [ XModuloStrict ], 600
rule XOrStrict [ XOrStrict ], 603
rule XPlusStrict [ XPlusStrict |, 608
rule XPowerStrictEnd [ XPowerStrictEnd ], 610
rule XRoundStrict [ XRoundStrict ', 614
rule XStronglyGreaterThanStrict [ XStronglyGreaterThanStrict |, 622
rule XStronglyLessThanStrict [ XStronglyLessThanStrict ', 624
rule XTimesStrict [ XTimesStrict |, 631
rule XWeaklyGreaterThanStrict [ XWeaklyGreaterThanStrict T, 632
rule XWeaklyLessThanStrict [ XWeaklyLessThanStrict ], 636
rule XWeaklyLessThanY [ XWeaklyLessThanY ], 636
rule, algebraic, 181
rule, alpha-, 310
rule, associativity, 111
rule, beta-, 310
rule, derivation, 349
rule, graph reduction, 628
rule, inference, 350
rule, instance of derivation, 350
rule, macro reduction, 628
rule, numeral type, 357
rule, reduction, 120, 628
rule, subtype, 361
rule, term reduction, 159, 628

script a[ A7, 103
semantics, 302

separable, 419

sequence, increasing, 425
set of natural numbers, 339
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[ Set ] the class of sets, 362, 532
[ SetB T rule SetB, 556
[ SetD ] rule SetD, 533
[ SetDi ] rule SetDi, 535
[ SetDm ] rule SetDm, 535
[ SetE ] rule SetE, 553
[ SetF ] rule SetF, 539
[ Setli | rule Setli, 541
[ SetIm ] rule SetIm, 541
[ SetMi | rule SetMi, 545
[ SetMm ] rule SetMm, 545
[ SetN ] rule SetN, 547
sets, the class of all, 362
[ SetT ] rule SetT, 554
[ SetX T rule SetX, 537
[ SetXCartesianY ] rule SetXCartesianY, 568
[ SetXListSet | rule SetXListSet, 595
[ SetZ T rule SetZ, 543
[ SetZm | rule SetZm, 549
[ SetZp ] rule SetZp, 551
seven [ 77, 103
side condition, 206
simple not x [ =x ], 335
simple term, 213
simple tuple x end [ (x)' |, 328
[ SimpleHeadBottom | rule SimpleHeadBottom, 619
[ SimpleHeadNil | rule SimpleHeadNil, 619
[ SimpleHeadPair ] rule SimpleHeadPair, 619
[ SimpleTailBottom ] rule SimpleTailBottom, 621
[ SimpleTailNil ] rule SimpleTailNil, 621
[ SimpleTailPair | rule SimpleTailPair, 621
simplify a term, 213
six[ 6], 103
solution, minimal, 427
standard, IEEE floating point, 143
statement, 115
statement, instantiation, 350
step, proof, 185
step, reduction, 119
strict, 128
strict in [ x ], 128
[ StrictAndX | rule StrictAndX, 561
[ StrictAtom ] rule StrictAtom, 565
[ StrictBelongsToY | rule StrictBelongsToY, 566
[ StrictComputationalEqualX T rule StrictComputationalEqualX, 571
[

StrictComputationalUnequalX ] rule StrictComputationalUnequalX, 573

667
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[ StrictDivideX | rule StrictDivideX, 578

[ StrictExceptional | rule StrictExceptional, 582

[ StrictFaculty ] rule StrictFaculty, 583

[ StrictIfAndOnlyIfX ] rule StrictIfAndOnlyIfX, 586

[ StrictImpliedByX ] rule StrictImpliedByX, 588

[ StrictImpliesX | rule StrictImpliesX, 590

[ StrictIntegerDivideX ] rule StrictIntegerDivideX, 592

[ StrictMinusX | rule StrictMinusX, 597

[ StrictModuloX | rule StrictModuloX, 600

[ StrictOrX | rule StrictOrX, 603

[ StrictPair ] rule StrictPair, 605

[ StrictPlusX | rule StrictPlusX, 607

[ StrictPowerXEnd | rule StrictPowerXEnd, 610

[ StrictRoundX ] rule StrictRoundX, 614

[ StrictStronglyGreaterThanX T rule StrictStronglyGreaterThanX, 622
[ StrictStronglyLessThanX | rule StrictStronglyLessThanX, 624

[ StrictTimesX T rule Strict TimesX, 630

[ StrictWeaklyGreaterThanX | rule StrictWeaklyGreaterThanX, 632
[ StrictWeaklyLessThanX ] rule StrictWeaklyLessThanX, 636
strongly represent, 329

structurally equal, 210

[ SubB ] rule SubB, 556

[ SubBottom ] rule SubBottom, 505

[ SubCase ] rule SubCase, 506

[ SubClassical ] rule SubClassical, 508

[ SubD ] rule SubD, 533

[ SubDm ] rule SubDm, 535

[ SubE | rule SubE, 553

[ SubEmptyList | rule SubEmptyList, 510

[ SubException | rule SubException, 511

[ SubF | rule SubF, 539

[ SubFalse ] rule SubFalse, 514

[ SubFOneOfXEnd ] rule SubFOneOfXEnd, 516
[ SubFThreeOfXEnd ] rule SubFThreeOfXEnd, 517
[ SubFTwo | rule SubFTwo, 518

[ SubIf | rule Sublf, 519

[ Subli ] rule Subli, 541

[ SubInfinity ] rule SublInfinity, 521

[ SubLambdaXX T rule SubLambdaXX, 522

[ SubLambdaXY ] rule SubLambdaXY, 522

[ SubLambdaXYFreeFor | rule SubLambdaXYFreeFor, 522

[ SubMinimumXCommaYEnd | rule SubMinimumXCommaYEnd, 523
[ SubMinusX ] rule SubMinusX, 524

[ SubMm T rule SubMm, 545

[ SubN ] rule SubN, 547

[ SubNilMap ] rule SubNilMap, 525



C Index 669

[ SubNotX | rule SubNotX, 526
[ SubNumeral ] rule SubNumeral, 530
[ SubPlusX ] rule SubPlusX, 528
[ SubPrecisionX | rule SubPrecisionX, 529
[ SubRound ] rule SubRound, 615
[ SubSet ] rule SubSet, 532
substitute x where y is z end [ (x | y:=2) |, 203, 530
substitution, 203
substitution of equals, 104, 219
[ Substitution ] rule Substitution, 530
[ SubT | rule SubT, 554
subtree, 107
[ SubTrue | rule SubTrue, 558
subtype rule, 361
[ SubtypeBC | rule SubtypeBC, 556
[ SubtypeDC ] rule SubtypeDC, 533
[ SubtypeDiD ] rule SubtypeDiD, 535
[ SubtypeDmD | rule SubtypeDmD, 535
[ SubtypeEC | rule SubtypeEC, 553
[ SubtypeFB ] rule SubtypeFB, 539
[ SubtypeFC ] rule SubtypeFC, 539
[ SubtypeliD ] rule SubtypeliD, 541
[ SubtypeImD T rule SubtypelmD, 541
[ SubtypeMiD ] rule SubtypeMiD, 545
[ SubtypeMmD ] rule SubtypeMmD, 545
[ SubtypeNotBC | rule SubtypeNotBC, 556
[ SubtypeNotDC | rule SubtypeNotDC, 533
[ SubtypeNotEC T rule SubtypeNotEC, 553
[ SubtypeNotFC ] rule SubtypeNotFC, 539
[ SubtypeNotSetC ] rule SubtypeNotSetC, 566
[ SubtypeNotTC ] rule SubtypeNotTC, 554
[ SubtypeNotXC ] rule SubtypeNotXC, 537
[ SubtypeNZ ] rule SubtypeNZ, 547
[ SubtypeSetC | rule SubtypeSetC, 566
[ SubtypeTB ] rule SubtypeTB, 554
[ SubtypeTC | rule SubtypeTC, 554
[ SubtypeXC ] rule SubtypeXC, 537
[ SubtypeZD ] rule SubtypeZD, 543
[ SubtypeZDi | rule SubtypeZDi, 543
[ SubtypeZmZ | rule SubtypeZmZ, 549
[ SubtypeZpN T rule SubtypeZpN, 551
[ SubtypeZpZ ] rule SubtypeZpZ, 551
[ SubX ] rule SubX, 537
[ SubXAndY | rule SubXAndY, 561
[ SubXApplyY | rule SubXApplyY, 563
[ SubXAtom ] rule SubXAtom, 565
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[ SubXBelongsToY | rule SubXBelongsToY, 566

[ SubXCartesianY ] rule SubXCartesianY, 568

[ SubXComputationalEqualY | rule SubXComputationalEqualY, 571
[ SubXComputationalUnequalY ] rule SubXComputationalUnequalY, 573
[ SubXDivideY ] rule SubXDivideY, 578

[ SubXExceptional | rule SubXExceptional, 582

[ SubXFaculty ] rule SubXFaculty, 583

[ SubXHead ] rule SubXHead, 585

[ SubXIfAndOnlyIfY | rule SubXIfAndOnlyIfY, 586

[ SubXImpliedByY | rule SubXImpliedByY, 588

[ SubXImpliesY ] rule SubXImpliesY, 590

[ SubXIntegerDivideY | rule SubXIntegerDivideY, 592

[ SubXListSet | rule SubXListSet, 595

[ SubXMinusY | rule SubXMinusY, 598

[ SubXModuloY ] rule SubXModuloY, 600

[ SubXOrY ] rule SubXOrY, 603

[ SubXPair | rule SubXPair, 605

[ SubXPairY | rule SubXPairY, 606

[ SubXPlusY | rule SubXPlusY, 608

[ SubXPowerYEnd ] rule SubXPowerYEnd, 610

[ SubXPredecessor ] rule SubXPredecessor, 611

[ SubXSimpleHead | rule SubXSimpleHead, 619

[ SubXSimplePairY | rule SubXSimplePairY, 620

[ SubXSimpleTail | rule SubXSimpleTail, 621

[ SubXStronglyGreaterThanY | rule SubXStronglyGreaterThanV, 622
[ SubXStronglyLessThanY T rule SubXStronglyLessThanY, 624
[ SubXSubX ] rule SubXSubX, 530

[ SubXSubY T rule SubXSubY, 530

[ SubXSubYNotFree | rule SubXSubYNotFree, 530

[ SubXSuccessor | rule SubXSuccessor, 626

[ SubXTail | rule SubXTail, 627

[ SubXTimesY ] rule SubXTimesY, 631

[ SubXWeaklyGreaterThanY | rule SubXWeaklyGreaterThanY, 632
[ SubXX ] rule SubXX, 530

[ SubXY ] rule SubXY, 530

[ SubZ ] rule SubZ, 543

[ SubZm | rule SubZm, 549

[ SubZp ] rule SubZp, 551

successor, 398

suffix, 106

suited for backchaining, 383

supremum, 425

syntax, 302

syntax tree, 107, 161

system, algebraic, 186

system, derivation, 366
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[T] is true, 336
[ TT] true, 122, 328, 558
[ T] the set of true maps, 342, 554
table, truth, 153, 394
tail of list, 174
[ TailBottom ] rule TailBottom, 627
[ TailEmpty ] rule TailEmpty, 627
[ TailPair T rule TailPair, 627
tautology, 394
[ Tautology ] rule Tautology, 556
term, 115
term reduction, 159, 161
term reduction rule, 159, 628
term, binary, 321
term, simple, 213
ternary, 105
test, 324
the class of all sets, 362
the class of sets[ Set |, 362, 532
the set of decimal fractions [ D T, 340, 533
the set of decimal fractions of precision x end [ Dy |, 342, 535
the set of exceptions [ X |, 340, 537
the set of false maps [ F |, 342, 539
the set of infinities of precision x end [ Dy’ |, 342, 541
the set of integers [ Z T, 342, 543
the set of minus infinities of precision x end [ D5 |, 342, 545
the set of natural numbers [ N |, 339, 342, 547
the set of negative integers [ Z~ |, 342, 549
the set of positive integers [ ZT |, 342, 551
the set of the empty list [ E |, 344, 553
the set of true maps [ T |, 342, 554
the set of truth values [ B T, 340, 556
theorem, 186
theorem, main, 186
theory, map, 324, 443, 639
three[ 37, 103
[ Transitivity ] rule Transitivity, 580
transparency, referential, 109, 302
tree, parse, 110, 161
tree, syntax, 107, 161
true [ T ], 122, 328, 558
truth is greater than falsehood, 134
truth table, 153, 394
truth value, 122
[ TUnequalF ] rule TUnequalF, 407
tuple x end [ (x) |, 171, 559



672 Mathematics and computation (© 1994-2001 Klaus Grue

Turing machine, 323
[ twice ] twice, 314

twice [ twice ], 314

two[27, 103

type function, 334

type rule, numeral, 357
[ TypeAll ] rule TypeAll, 504
[ TypeCInSet ] rule TypeClInSet, 566
[ TypeDilntegerDivideDi ] rule TypeDilntegerDivideDi, 593
[ TypeDilntegerDivideDm ] rule TypeDilntegerDivideDm, 593
[ TypeDiModuloDi | rule TypeDiModuloDi, 600
[ TypeDiModuloDm ] rule TypeDiModuloDm, 600
[ TypeDmlIntegerDivideDi ] rule TypeDmlIntegerDivideDi, 593
[ TypeDmlIntegerDivideDm ] rule TypeDmlIntegerDivideDm, 593
[ TypeDmlIntegerDivideDn | rule TypeDmlIntegerDivideDn, 593
[ TypeDmModuloDi ] rule TypeDmModuloDi, 600
[ TypeDmModuloDm ] rule TypeDmModuloDm, 600
[ TypeDmModuloDn | rule TypeDmModuloDn, 600
[ TypeEmptyListInE ]|" rule TypeEmptyListInE, 510
[ TypeExists | rule TypeExists, 512
[ TypeFInB | rule TypeFInB, 514
[ TypeFInF ] rule TypeFInF, 514
[ Typelilnli | rule Typelilnli, 521
[ TypelmInIm ] rule TypelmInIm, 521
[ TypeMiInMi ] rule TypeMilnMi, 521
[ TypeMmInMm ] rule TypeMmInMm, 521
[ TypeNumerallnD ] rule TypeNumerallnD, 533
[ TypeNumerallnDi ] rule TypeNumerallnDi, 535
[ TypeNumerallnDm ] rule TypeNumerallnDm, 535
[ TypeNumeralInN ]" rule TypeNumerallnN, 547
[ TypeNumerallnZ ] rule TypeNumerallnZ, 543
[ TypeNumerallnZm | rule TypeNumerallnZm, 549
[ TypeNumerallnZp ] rule TypeNumerallnZp, 551
[ TypeNumeralNotInB ] rule TypeNumeralNotInB, 556
[ TypeNumeralNotInDi ] rule TypeNumeralNotInDi, 535
[ TypeNumeralNotInDm ]" rule TypeNumeralNotInDm, 535
[ TypeNumeralNotInE |" rule TypeNumeralNotInE, 553
[ TypeNumeralNotInF ] rule TypeNumeralNotInF, 539
[ TypeNumeralNotInli ] rule TypeNumeralNotInli, 541
[ TypeNumeralNotInIm ] rule TypeNumeralNotInIm, 541
[ TypeNumeralNotInMi | rule TypeNumeralNotInMi, 545
[ TypeNumeralNotInMm ] rule TypeNumeralNotInMm, 545
[ TypeNumeralNotInN | rule TypeNumeralNotInN, 547
[ TypeNumeralNotInT ] rule TypeNumeralNotInT, 554
[ TypeNumeralNotInX ] rule TypeNumeralNotInX, 537
[ I

TypeNumeralNotInZ ] rule TypeNumeralNotInZ, 543
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[ TypeNumeralNotInZm | rule TypeNumeralNotInZm, 549
[ TypeNumeralNotInZp | rule TypeNumeralNotInZp, 551
[ TypeTInB ] rule TypeTInB, 558

[ TypeTInT | rule TypeTInT, 558

[ TypeXInX ] rule TypeXInX, 511

unary, 105

unary minus, 112

unary plus, 113

unequal, computational [ x #Zy ], 124, 141, 573
[ UnequalPair ] rule UnequalPair, 573

universal property, 416

universal quantification, 435

up, round [ x@4y T, 143

value, truth, 122
variable fixation, 377

[ variablex ] variable x, 353, 560
variable x [ variablex ], 353, 560
variable, fixed, 377
variable, fresh, 315

weakly represent, 329
wellfounded x end [ wf(x) |, 345

[ wi(x) ] wellfounded x end, 345
word, 322

[ X | is exception, 336
xand y[xAy], 154, 561
x append y [ x append y ], 196
[x append y ] x append y, 196
xapply y[x'y], 304, 563
x associates as y [ x >y |, 111, 564
x atom [ x atom |, 169, 565
[ x atom | x atom, 169, 565
x belongsto y [x €y ], 339, 566
x cartesian y [x X y |, 343, 568

X case y else z end[x< )z/ } , 327

xcolony[x:y], 352, 569

x comma y[x,y ], 162, 570

x computational equal y [ x =y ], 104, 123, 141, 571
x computational unequal y [ x #y ], 124, 141, 573

x concludes y [ x>y ], 191, 350, 575

x deduces y[x = y ], 369, 576

x defined equal y [x =y |, 104, 577
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x divide y [ x/y |, 146, 578
xequal y[x=vy], 104, 580
x exceptional [ x? ], 133, 582
x faculty [ x! T, 124, 583
x greater priority y [ x >y |, 105, 584
x head [ x head ]', 166, 585
[ x head | x head, 166, 585
[ x Head | x simple head, 327, 619
x if and only if y [x & y ], 158, 586
x implied by y [x <y T, 158, 588
x implies y [ x =y ], 158, 590
x infers y [ x Fy T, 349, 591
x integer divide y [x // y ], 131, 147, 592
x lemma y colon z [ x lemma y:z ], 190, 594
x listset [ x* T, 344, 595
x macro equal y [x =y ], 109, 596
x minus y [ x —y ], 103, 144, 597
x modulo y[x % y ], 131, 147, 599
x modus ponens y [ x>y |, 375, 601
xnotiny[xg€y], 566
x optimised equal y [x =y ], 113, 602
xory[xVy], 156, 603
x pair [ x pair |, 168, 605
[ x pair ] x pair, 168, 605
xpairy[x::y], 165, 606
xplusy[x+y], 102, 144, 607
x power y end [ XY |, 103, 148, 609
x predecessor [ x~ |, 113, 398, 611
[ x proof of y:z] x proof of y colon z, 191, 612
x proof of y colon z [ x proof of y:z ], 191, 612

x reduces to y [ x 5 y] , 120, 613

x round down y [ x@Q_y ], 143

x round even y [ xQqy ], 143

x round up y [ x@Q,y ], 143

x round y [ xQy ], 142, 614

x round zero y [ xQqy T, 143

x rule y colon z [ x rule y:z |, 189, 616
x same priority y [x =y ], 112, 617

x select y else z end [ x{ }ZI } , 122

x semicolon y [ x;y |, 191, 618

x separable y [ x # y |, 419

x simple and y [x Ay ], 335

x simple equal y [x =y |, 335

x simple head [ x Head ], 327, 619
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x simple pair y [ x ..y ], 327, 620

x simple tail [ x Tail |, 327, 621

x simple unequal y [x Zy ], 335

x strongly greater than y [x >y ], 124, 141, 622

x strongly less than y [x <y, 123, 141, 624

x successor [ xT |, 113, 398, 626

x tail [ x tail T, 166, 627
[ x Tail | x simple tail, 327, 621
[ x tail | x tail, 166, 627

x term reduces to y [ Xy ]., 159, 628
[ X T the set of exceptions, 340, 537

x times y [x-y ], 102, 144, 630

x weakly greater than y [ x >y ], 124, 141, 632

x weakly less information y [ x <y T, 417, 634

x weakly less than y [x <y, 124, 141, 636
[ XAndStrict | rule XAndStrict, 561
[ XBelongsToStrict | rule XBelongsToStrict, 566
[ XComputationalEqualStrict | rule XComputationalEqualStrict, 571
[ XComputationalUnequalStrict ] rule XComputationalUnequalStrict, 573
[ XDivideStrict | rule XDivideStrict, 578
[ XIfAndOnlyIfStrict ] rule XIfAndOnlyIfStrict, 586
[ XImpliedByStrict | rule XImpliedByStrict, 588
[ XImpliesStrict | rule XImpliesStrict, 590
[ XIntegerDivideStrict ] rule XIntegerDivideStrict, 592
[ XMinusStrict | rule XMinusStrict, 598
[ XModuloStrict | rule XModuloStrict, 600
[ XOrStrict | rule XOrStrict, 603
[ XPlusStrict | rule XPlusStrict, 608
[ XPowerStrictEnd | rule XPowerStrictEnd, 610
[ XRoundStrict ] rule XRoundStrict, 614
[ XStronglyGreaterThanStrict ] rule XStronglyGreaterThanStrict, 622
[ XStronglyLessThanStrict | rule XStronglyLessThanStrict, 624
[ XTimesStrict | rule XTimesStrict, 631
[ XWeaklyGreaterThanStrict | rule XWeaklyGreaterThanStrict, 632
[ XWeaklyLessThanStrict ] rule XWeaklyLessThanStrict, 636
[ XWeaklyLessThanY | rule XWeaklyLessThanY, 636

[ Y] fixpoint, 317

[ Z ] the set of integers, 342, 543

[ Z~ | the set of negative integers, 342, 549

[ ZT | the set of positive integers, 342, 551
zero, round [ xQqy ], 143
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Appendix E

Summary of syntax

E.1 Associativity and term reduction

[ XYz S (0y)z ]
[ xQ@Qy@z =  (xQy)Qz ]
[ = x0H) ]
[ xeyez S (xey)-z ]
[ xtytz S (x+y)+z ]
[ x::ty::z = x::(y::z) ]
[ xappendy
append z - xappend (y append z) ]
[ X7y7Z _V) X7(y7z) :I
[ xAyAz = (xAy)Az ]
[ xVyVz = (xVy)Vz ]
[ xkykz = xk(ykz) ]
[ x>yD>z = (x>y)>2z) ]
[ x:y:z = x:(y:z) ]
[ xy;2 = (xy);z ]
[ x<y<z S (x<y)<z ]
[ x<y<z 3 (x<y)A(y<2)>
X,y < z 5 x<zAy<z3
x<y,z 3 x<yAx<z ]
[ Vx,y€S:a 5 VxeS:VyeS:a ]
[ x=>yez 3 x=y)ez ]
[ x=2yez 3 x=2y)A(ye?2) ]
[ x2y—>2z S x—=(y—2) ]
[ xoy=z > case(x,y,T)=case(x,z,T) ]
[ () = x::y) ]
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E.2 Priority

[ Lx >
x’y >
xQ@Qy = x@qy = x@Qy = xQ_y = xQqy >
#x >
x| = xY = qt 2y Xk 2
x head = x tail = x pair = x atom = x Head = x Tail >
X'y =X y=X-_y=X-gy=X3py=
X[y = x[1y = x/_y = x[oy =x/2y =
XNy =x[l o y=x/l_y=x[loy=x[y=
x%y=x%py=x%_y=x%oy=x%y >
+x = —x >
X+y=x+py=x+_y=x+oy=x+zy=
X—y=EX—yy=X—_y=X—gy=Xx—3y >
X:iiy=x..y=XXYy >
x append y >
X, ¥ >
X=yZx#y=Zx<y=Z=x<y=x>y=Zx>y=xey=x? >
—X §
XAy >
xVy >
Vx€y:z = IxEy: z = ex€y: z >
XSySIxEy=xsy >
x{}zléx<z >
AX.y >
xEyéxi)yéxjy >
X =y >
xky >
x>y >
X:y >
X;y >
Mac lemma x:y = Mac proof of xiy = Mac rule x:y ]



