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1 Introduction

In this paper we will prove the propositions regarding S starting with
proposition Prop 3.2i. continuing to 3.4, bevise 3.5, aksiomer, der definerer
x—v, bevise 3.10, og bevise 3.11.

We chose to prove chapter 3 from mendelson, starting with Lemma 3.2, since
the first ten wfs’ are proved in Mendelson, we will start with Lemma 3.2.i.
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A modified version of Mendelsons system S (Peano arithmetic) | ] may
be formulated thus:

[S S0 ] IMP "' S |- Va: Vb:a = b - a - b][MP %"
Rule tactic]
[Gen *' S I Vx: Va: a b Yopyx: a] [CefiTod B taraiodb: Ax.Dedo([a], [b])

proo:

a F b][Ded 20 Rule tactic]

[52 "' S - Va:Vb:a = b+ a’ = b][S2 "%
Rule tactic]

352 S 1 Va: -0 = 2/][S3 %" RulfStifi]S - Va: Vb:a’ = b’ - a = b][S4 "%
Rule tactic]



proof

(55" S - Vara + 0 = a][S5 """ R{86 Thetis]- Va:vb:a + b’ = a + b/][S6 "
Rule tactic]

a-b+a][S8 pg)f

ST S+ Vara - 0 = 0][S7 ™% Ru[8844H - Va: Vbia - b =
Rule tactic]

[Neg "' § I- Va: Vb: =b = —a - =b = a - b][Neg ™" Rule tactic|
(ST S b Varvbrvera = b a = c - b = g[S 7" Rarle tactid

[S9 "5 S 1= Vx: Va: Wb: Ve: ([b]=[a] |[x]:=[0]) # ([c]="[a]|[x]:=[x]) - b
a=ctal[S9 — Proof Rule tactic]

stmt

[Prop 3.2a = St Va:a=

[Prop 3.2b "' S+ Va:Vb:a=b+ b = a

[Prop 3.2¢ st g FVa:Vb:Vcca=bFb=cka=(

[Prop 3.2d *2' S+ Va:Vb:Ve:a=chHb=chka=b]
mt

[Prop 3.2¢ "3 Sk Va:Vb:Ve:a=bra+c=b+(

[Prop 3.2f "' S+ Vara = 0 + a

[Prop 3.2¢ *5' S+ Va:Vb:a' + b =a + b/]
[Prop32hStmtS}—V§:VQ:g+b=b+§]
[PropS.QngtSFVQ:Vb:VQ: =bkct+a=c+bh]
[Prop 3.2 ™" Sk Va:Vb:Vera+b+c=a+b+(
[Prop 3.2k *2° S+ Va:Vb:Vc:a=bra-c=b-
[Prop 3.21 "' S+ Va:0-a = 0]

stmt

[Prop 3.2m °3' St Va:Vb:a’-b=a-b+

o

]
[Prop 3.2n "2 S+ Va:Vb:a-b=b-a]

mt

[Prop 3.20 5" S+ Va:Vb:Ve:a=bFc-a=c-b

we will start by doing Prop 3.2i

tmt

[Prop 3.21 3" S+ Va:Vb:Vc:a=bFc+a=c+b]



proof

[Prop 3.2i "= Ac.Ax.P([S F Va:Vb: Vc: Va: Vb: Vc: Prop 3.2e >a=b=a+c=
b+¢cProp32h>»>a+c=c+a;Prop32h>b+c=c+bja=bFMPp>a=
b=a+c=b+cra=b>»at+c=b+c¢cSIl>»>a+c=b+c=at+c=ct+a=
b+c=c+a;MPrat+c=b+c=at+c=ct+a=bt+c=ct+aratc=
b+c>a+c=c+a=b g:g+a,MP>a+g=g+g:>b+g:
ct+arat+c=ct+a>b+c=c+a;Prop3.2b>b+c=c+a>c+a=
b+Q,Prop3.26>>g+a:b+7 b+c=c+b=ct+a=c+bMP>c+a=
b+c=b+c=c+b=>ct+a=c+b>ct+a=b+c>b+c=c+b=
c+a=c+bMP>b+c=c+b=ct+a=c+b>b+c=c+b>ct+a=
c+b;Ded>Va:Vb:Ve:ca=bhkc+a=c+b>a=b=c+a=c+b],po,c)]

o

[Prop 3.2j; SgntSFVQ:Vb:ngbwLO:ng + 0]

proof

[Prop 3.2j1 — Ac.Ax.P([SkVa:Vb:S5>a+b+0=a+b;S5>b+0=
b;Prop 3.2i>b+0=b>a+b+0=a+b;Prop3.2d>a+b+0=
at+bra+b+0=a+b>a+b+0=a+b+0],po,0)]

[Prop 3.2j2 "' S+ Va:Vb:Ve:a+b+c=a+b+c=>a+b+c =a+b+(]
[Prop 3.2j, proof ACAXP([SF Va:Vb:Ve:Va:Vb:Ve:a+b+c=a+b+chH S6>
at+b+d=a+b+cd;S2>a+b+c=a+b+c>a+b+d =
a+b+c;Prop3.2c>a+b+cd =a+b+cd>a+b+c —a+b+g >
a+b+cd;S6>b+c=b+c;Prop32ib+cd =b+c >a+b

a+b+c’;S6 > a+b+c =a+b+c’;Prop 3.2c>a+b+c = +b+7/|>§j|’b+2/:
a+b+cd >a+b+cd =a+b+c;Prop3.2d>a+b+c =a+b+c>atb+c =
at+b+cd >a+b+d=a+b+c;Dedr>Va:Vb:Ve:a+ b+ b+ck

a+b+d=a+b+c>a+b+c=a+b+c=a+b+c=

[Prop 3.2j Proof 5 e Ax. P([SF Va:Vb:Vc: Prop 3.2j1 > X+y+0=
X+y+0;Prop 3.2js >X+y+z=X+y+z=>x+y+7 =

X+y+7';839 QZ>X+Y+0 = X+Y+0>X+Y+Z = X+Y+Z = X+§+Z = x+y+7 >
X+y+zZ=%X+y+ZzDed>X+y+Z=X+y+zZ>a+b+c=a+b+c],po,c)]

[Prop 3.2k; *8' S+ Va:Vb:a=bra-0=b-0]

op 3.2k; P2 A AP ([S - Va: ¥b: ST > 20 = 0;S7 > b-0 = 0; Prop 3.2a >
0; Prop 3.2b>b-0=0>0=b-0;Prop3.2c¢>a-0=0=0=b-0=2a-0=
a-

[Pr
0
b-0;a-0=0=0=b0=2-0=b-0>2-0=0>0=b-0>2-0=b-0],po,c)]

0;

[Prop3.2k2St—n}tSI—Vg:Vb:Vg:g:p:>g-g:ggl—g:p:>g-g’:b~g’]

[Prop 3.2ks ™" A\e.Ax.P([S F Va: Vb: Ve: Va: Vb:Ve:a=b = a-c=b-cha=
bFa=b=ac=bcra=b>»ac=b-gS8>a-c’=a-c+a;S8>b-c'=
b-c+b;Prop3.2e>a-c=b:-c=a-ct+a=b-ctaja-c=b-c=a-c+a=
b-c+ara-c=b-c>acta=bcta;Prop3.2i>a=b=bcta=bctba=
b=b-c+ta=b-c+bra-c=b-c>»b-ct+a=b-c+b;Prop3.2c>a-ct+a=



b-.c+a = b-c+a=b-c+b=acta=b-ctbjacta=b-cta=bcta=bct+tb=
a:c+a=b-ct+bra-c+a=b-c+axb-c+a=b-c+b>a-ct+a=b-c+bja-ct+ta=
b-ct+br>a-c’ = a-cta>b-c’ = b-ctb > a-c’ =b-c';Ded>Va:Vb:Vc:a =b = a-c =
b-ckFa=blra-d=b-d>a=b=a-c=b-cta=b=a-c/=b-c],pp¢)
[Prop 3.2k ™% Ac.Ax.P([S F Va: Vb: Ve: Prop 3.2k, >X =y = X-0 =
y-0;Prop 3.2k >X=y=X-2=y-Z=>X=y=>X-Z =y-Z;89Qz>X=
y=>X-0=y-0>X=y=X-Z=yV - Z=>X=y=X-Z =y-Z >X=y=>X-Z2=
-z Ded>X=y=Xx-Z=y-Z>a=bFa-c=b-c],po,c)

[Prop 3.21; "' S+ Va: 0- 0 = 0]

proof

[Prop 3.2l "= Ac.Ax.P([S+S7> 0-0=0],po, )]

stmt

[Prop 3.2l — SFVa:0-a=0=0-2a" =0

[Prop 3.21, "% Ae M. P([SF Va:Va:0-a=0FS8>0-2' =0-a+0;S5 >
0-a+0=0-a;Prop3.2c>0-a+0=0-a>0-a’=0-a+0>0-a' =
0-a;Prop3.2c>0-a’=0-a>0-a=0>0-2a’=0;Ded>Va:0-a=0F
0-22=0>0-a=0=0-2a"=0],po, )]

~ =

[Prop 3.21 propf Ac.Ax.P([S + Va:Prop 3.21; > 0-0=0;Prop 3.2, > 0-X =

0=0-¥ =0;99@%x>0-0=0>0-x=0=0-X =0 0-Xx=0;Ded>0-%X =
0>0-a=0],po,c)]

[Prop 3.2m; *2' S+ Va:a’ -0 =t-0+ 0]

[Prop 3.2m; "% Ac Ax.P([S F Va:S7 > a0 = 0; Prop 3.2f > 0 = 0+ 0; S7 >
0=a-0;Prop32e>0=a-0=04+0=2a-04+0;0=a-0=0+0=
040>0=2a-030+0=a-0+0;Prop32c>0=0+0=0-+0=
a-0+0=0=2a-04+0;0=04+0=04+0=2-0+40=0=2-0+0>0=
0+0>04+0=2a-0+0>0=2a-0+0;Prop3.2c>>a"-0=0=0=
2a:-0+0=2a"-0=2a-0+0;a"-0=0=0=a-0+0=a"-0=a-0+0>a"-0=
0>a’-0=0=0=2a-0+0=23a"-0=a-0+0>3a"-0=a-0+0],po,c)]

o

[«5)

[Prop 3.2my "' S+ Va:Vb:a'-b=a-b+b=2a b =a-b +b]

[Prop 3.2my "% AcAx.P([S - Va: Vb: Va: Vb:a' -b=a-b+bH S8>a - b =
a’-b’+a’;Prop3.2e >a"-b=a-b+b=2a"-b+a’ =a-b+b+a’;a’-b=a-b+b=
a’-b+a =a-b+b+a'>a’-b=a-b+b>a"-b+a'=a-b+b+2’;56>
b+a’'=b+a’;Prop3.2g > b'+a=b+a’;Prop3.2d>b+a' =b+a'>b +a=
b+a’>b+a' =b' +a;Prop3.2h>>b ' +a=a+b';Prop3.2c>b+a =
b'+a>b' +a=a+b' >b+a =a+b;Prop32ib+a =a+b >
a-b+b+a'=a-b+a+b;S8>a-b'=a-b+a;Prop3.2e>a-b'=a-b+a>
a-b’+b'=a-b+a+bsProp3.2d>a-b'+b'=a-b+a+b'>a-b+b+a' =
a-b+a+b'>a-b+b+a"=a-b'+bsProp3.2c>a’-b+a' =



a-b+b+a'a-b+b+a’ =a-b'+b' >a'-b+a’ =a-b'+b; Prop32€>a b=
a’-b'+a'>a’-b+a’=a-b’+b'>a"-b'=a-b +b;Ded>Va:Vb:a'-b=
a-b+bka-b=a-b'+b'>»a"-b=a-b+b=2a" b =a-b+b'] poc)]
[Prop 3.2m P2 A x. P([S+ Va:Vb: Prop 3.2m; > X -0 =

-0+ 0;Prop 3.2my > X -y =X- Y+V:>Y y=%X-¥+y;89@y>x 0=
040X y=X-y+y =X V’—X Y+y>X - y=%-y+¥;Ded>% -y =

Xl ><\><

[Prop 3.2n; "' S+ Va:a-0=10- 3]

proo

[Prop 3.2n; AcAXP([SHVa:S7T>a-0=0;Prop3.2l>0-a=
0;Prop 3.2c>a-0=0>0-2a=0>»2a-0=0- g] Po, ©)]

~

[Prop 3.2n; "3° S+ Va:Vb:a-b=b-a=a-b

b a

Prop 3.2np "% Ac.Ax.P([S - Va: Vb: Va:Vb:a-b=b-aF S8 >a-b =
g:

Iro
a-b+a;Prop3.2er>a-b=b-a>a-b+
b-a+a;Prop 3.2b>Prop 3.2m > b-a+a=>b'-a;Prop3.2c>Ls>b-a+a=
b’a>a-b+a=0>b'-a;Prop3.2cr>a-b = g b+ara-b+a=ba>a-b =
b’-a;Ded>Va:Vb:a-b=b-ata-b'=b'-a>a-b=b-a=a-b'=b"s],po, )]
[Prop 3.2n Proof e M. P([S F Va:Vb: Prop 3.2n; > x-0=0-X; Prop 3.2ny >
X y=y-X=Xy =Y -%539Qy>Xx-0=0-Xp>X-y=y-X=%Xy =Y -X>
X-y=y=%Ded>xX-y=y=%X>a-b=b-al,po,c)]
[Prop 3.20 proof \ M. P([SF Va:Vb: Vc: Va: Vb: Ve:a =b F Prop 3.2k > a =
b=a-c=b-gga=b=a-c=b:cra=b>»a-c=b-¢Prop32n>a-c=
c-a;Prop3.2n > b.c=cb;Prop3.2c > ac=bc=bc=cb=ac=chjac=
b.c=bc=cb=ac=cbrac=bcrbc=cb>»ac=cbSI>ac=
cb=ac=ca=ca=cbjac=cb=ac=ca=ca=cbrac=cbrac=
c-a>ca=cb;Ded>Va:Vb:Veca=bFca=cb>a=b= ca=cb],pyc)
[Prop 3.4a %' S+ Va:Vb:Veia-b+c=a-b+a-(
[Prop34b“mtswe\1b\7cb +c-a=b-atc-b

tmt

[Prop 3.4c ™" S Va:Vb:Vc:a-b-c=a-

[Prop 3.4ds£>ntS}—VQ:VQ:VQ:g+g:b+g=>§:b]
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