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[LessLeqTransitivity], [LessTransitivity], [LessTotality], [SubLessRight],
[SubLessLeft], [SwitchTerms(x < y — z)], [SwitchTerms(x — y < z)],
[LessAddition], [LessAdditionLeft], [LessMultiplication],
[LessMultiplicationLeft], [LessDivision], [PositiveToRight (Less)],
[PositiveToLeft(Less)], [NegativeToLeft(Less)], [NegativeToRight (Less)],
[AddEquations(Less)|, [AddEquations(LeqLess)], [reciprocal ToLeft (Less)],
[LessNegated], [PositiveNonzero|, [PositiveNegated], [NonpositiveNegated],
[NegativeNegated], [NonnegativeNegated], [PositiveHalved], [PositiveInverted],
[NonnegativeNumerical], [NegativeNumerical], [PositiveNumerical],



[lemma nonpositiveNumerical], [|0] = 0], [0 <= |x[], [x <= [x]],
[FromPositiveNumerical], [SameNumerical], [SignNumerical(+)],
[SignNumerical], [ToNumericalLess], [FromNumericalGreater],
[NumericalDifference], [NumericalDifferenceLess(Helper)],
[NumericalDifferenceLess], [SplitNumericalSumHelper],
[splitNumericalSum(++)], [splitNumericalSum(—-—)],
[splitNumericalSum(+ — small)], [splitNumericalSum(+ — big)],
[splitNumericalSum(+-)], [splitNumericalSum(—+)], [splitNumericalSum],
[SplitNumericalProduct(++)], [SplitNumericalProduct(+—)],
[SplitNumericalProduct], [insertMiddleTerm (Numerical)],
[insert TwoMiddleTerms(Numerical)], [Three2twoTerms], [Three2threeTerms],
[Three2twoFactors], [Three2threeFactors], [Times(—1)], [Times(—1)Left],
[MaxLeq(1)], [MaxLeq(2)], [LessThanMax], [x + y = zBackwards],
[+ y = 2Backwards] [x = x + (y — y)I, je = x+ y — y], b = x#y % (1/y)],
[insertMiddleTerm(Sum)], [insert TwoMiddleTerms(Sum)],
[insertMiddleTerm(Difference)], [x * 0 4+ x = x], [x * 0 = 0], [NonnegativeFactors],
[NonzeroFactors], [PositiveFactors], [PlusTimesMinus], [MinusTimesMinus],
[(—1) % (=1) + (=1) * 1 = 0], [(=1) * (=1) = 1], [0 < 1Helper], [0 < 1], [0 < 2],
[0 < 3],[0<1/2],[0< 1/3],[TwoWholes], [ThreeWholes], [TwoHalves],
[ThreeThirds], [-x —y = —(x+y)], [-x*y = —(x*y)],[-0 = 0],
[SFsymmetry], [SFtransitivity], [f2R(Plus)], [f2R(Times)],
[<< TransitivityHelper(Q)], [< < Transitivity], [<<== Reflexivity],
[<<== AntisymmetryHelper(Q)], [FromNot < f(Weak)(Helper)],
[FromNot < f(Weak)], [FromNot < f(Strong)(Helper2)],
[FromNot < f(Strong)(Helper)], [FromNot < f(Strong)],

[fromNotSameF (Strongest) (Helper2)], [fromNotSameF (Strongest ) (Helper)],
[fromNotSameF (Strongest)], [ToLess(F)(Helper)], [ToLess(F)], [FromNot <<],
[ToLess(R)], [FromNotSameF (Weak) (Helper)], [FromNotSameF (Weak)],
[FromNotLess(F)], [== Addition], [== AdditionLeft],

[Fpart — Bounded(Base)], [Fpart — Bounded(InduHelper)],

[Fpart — Bounded(Indu)], [Fpart — Bounded], [F — Bounded (Helper)],

[F — Bounded], [SameFmultiplication(Helper)], [SameFmultiplication],
[EqMultiplication(R)], [EqMultiplicationLeft(R)], [x * 0 = O(F)], [x * 0 = O(R)],
[LessMultiplication(F) (Helper2)], [LessMultiplication(F) (Helper)],
[LessMultiplication(F)], [LessMultiplication(R)], [LeqMultiplication(R)],
[PlusAssociativity (F)], [PlusO(F)], [PlusCommutativity (F)],
[TimesAssociativity (F)], [Timesl1f], [Cauchy(2)(Helper)], [Cauchy(2)],
[ReciprocalFnonzero], [(Eventually = f)2sameF (Helper)],

[(Eventually = f)2sameF], [FromNotSameF (Strong)(Helper2)],
[FromNotSameF (Strong) (Helper)], [FromNotSameF (Strong)],
[SameFreciprocal(Helper)], [SameFreciprocal], [From!! ==], [Reciprocal(R)],
[TimesCommutativity (F)], [Distribution(F)], [FromMax(1)], [FromMax(2)],
[ToNegated And], [DistributionOut], [DistributionOutLeft], [DistributionLeft],
[FromNotLess(R)], [CartProdIsRelation], [FromSubset], [SubsetIsRelation],
[ToSeries|, [FromSeries], [SeriesSubsetCP], [ValueType], [RemoveOr],
[FromSingleton], [InPair(1)], [InPair(2)], [SameMember(2)], [ToBinaryUnion(1)],



[ToBinaryUnion(2)], [FromOrderedPair(TwoLevels)], [ToCartProd(Helper)],
[ToCartProd], [Nonreciprocal ToRight(Eq)], [Nonreciprocal ToLeft(Eq) (1term)],
[SameReciprocal], [CPseparationIsRelation], [OrderedPairEquality],
[ReciprocallsFunction], [ReciprocallsTotal], [ReciprocallsRationalSeries],
[CrsIsRelation], [CrsIsFunction], [CrsIsTotal], [CrsIsSeries], [CrsLookup], [0f],
[1f], [ToSingleton], [FromSameSingleton], [SingletonmembersEqual],
[UnequalsNotInSingleton], [NonsingletonmembersUnequal], [FromOrderedPair],
[FromOrderedPair(1)], [FromOrderedPair(2)], [FromCartProd],
[FromCartProd(1)], [FromCartProd(2)], [sameOrderedPair], [InSeriesHelper],
[InSeries], [To = f(Subset)(Helper)], [To = f(Subset)], [To = {],
[productIsFunction], [productIsTotal], [ProductIsRationalSeries], [TimesF],
[—x + (1/2)x = —(1/2)x], [PositiveTripled], [PositiveDividedBy3], [|x — x| = 0],
[1 < 20,173 < 2/3), [(1/3)x + (1/3)x = (2/3)x], [(2/3)x + (1/3)x = ],

[—x+ (2/3)x = —(1/3)x], [~(1/3)x — (1/3)x = —(2/3)],

[—x + (1/3)x = —(2/3)x], [PreserveLessGreater], [ClosetolessIsLess],
[SubLessLeft(F)], [SubLessLeft(R)], [ClosetogreaterIsGreater],
[SubLessRight(F)], [SubLessRight(R)], [plusOLeft], [times1Left],
[EqAdditionLeft], [EqMultiplicationLeft], [PlusF(Sym)], [TimesF (Sym)],
[SameSeries(Gen)], [EqualsSameF], [LeqReflexivity (R)];

Preassociative

[Testerl], [Tester2], [Tester3], [Testerd], [Tester5], [Tester6];

Preassociative

[x_{*}], [*/indexintro(x, *, *, x)], [*/intro(x, , *)], [*/bothintro(x, %, *, x, *)],

[ /mameintro(x, , £, )], (], [¢[ & ] [sps—]], [x[s=>+]], [50] [<1], [Ob], [+-color(s)]
Feecolor™ ()], (4], 7], [0, P, 9], ], 6], [ [, €], (], [, i, o],

Fii]:ie[]*R], [T, B, 12, (20, T4, 5, 100, [T, (8], [0, [+, 1Y), [%€T, [
Preassociative

[ 7, [, [(+)*], [string(x) + +], [string(x) ++ ], [

*], [ ], (1], [], [#], [8], [ox], (8], [#], [(+], D], Beox], (4], [, ], [#], [#], [/],
(0], [1x], [2+], [3], [4], [5], [6x], [7x], [8x], [9%], [%], [; #], [<x], [=+], [>], [7#],
(@], [Ax], [Bx], [Cx], [D=], [Ex], [Fx], [Gx], [Hx], [L«], [J*], [Kx], L], [Mx], [Nx],
[Ox], [P+], [Qx], [Rx], [Sx], [T], [Ux], [V], [Wx], [X], [Y], [Z], [[+], [\«], []], ["#],
[#], [*], [ax], [b], [cx], [dx], [ex], [£x], [gx], [hx], [ix], [j*], [kx], [L«], [ms], [nx], [ox],

[p], ], ], [s], [te], [w], [v], [w], ], [y], (2], [{], [[+], [}], 7],
[Preassociative x; x|, [Postassociative x; %], [[*], #], [priority * end],

[newline *], [macro newline «|, [MacroIndent(x)];
Preassociative

[ 7], [* ¢ *];

Preassociative

[*(exp)*];

Preassociative

('], [R(%)], [= — R(*)], [recx];

Preassociative

[ /], [ Nox], [ []];

Preassociative



%J*], [« U], [P()];
reassociative
[{*}], [StateExpand(x, *, x)], [extractSeries(x)], [SetOfSeries(x)], [- — Macro(*)],
[ExpandList(x, *, )], [* * Macro(x)], [+ + Macro(*)], [<< Macro(*)],
[IIMacro(x)], [01/ /Macro(x)], [UB(x, )], [LUB(x, )], [BS(x, )]
[UStelescope(, £)], [(+)], [[£ [} [l + ], [Limit (%, *)], [Union(x)],
[[sOrderedPair(*, , *)], [[sRelation(x, , *)], [isFunction(*, x, x)], [IsSeries(x, *)],
[IsNatural(x, x)], [OrderedPair(x, *)], [TypeNat(*)], [TypeNat0(*)],
[TypeRational(x)], [TypeRational0(x)], [TypeSeries(x, *)], [Typeseries0(x, *)];
Preassociative
E’ﬂ 3], [(x, )], [(—un)], [=ex], [(= — %)), [1E/+], [01//temps];

reassociative
[*(x, *)], [ReflRel(x, *)], [SymRel(x, x)], [TransRel(x, *)], [EqRel(x, %)], [[* € *].],
[Partition(x, *)];
Preassociative
[* : *]a [* 0 *]7 [(* * *)]7 [* *f *]a [* * **];
Preassociative
[* + *]7 [* +o *]7 [* +1 *]7 [* - *]a [* -0 *]7 [* 1 *]’ [(* + *)]’ [(* - *)]’ [* +t *]7
[+ —¢ #], [« + 4], [R(x) = —R(x)];
Preassociative
[ € #];
Preassociative
[l * |]7 [if<*7 *, *)], [Max(*, *)]7 [Max(*a *)]7
Preassociative
[+ =], [x 7 #], [x <= =, [« <], [* <¢ ], [x <¢ =], [SF(x, %)), [« == «],
[#!l == %], [* << %], [x <<== %];
Preassociative
[ U 3], b U, B\ [
Postassociative
[ o], [k o], [oeoe ], [ 2 ], [% 00 %], [ 425 %];
Postassociative
[, *];
Prgassoci}gitive . b . -
[ & ], [x = *], [* = *], [* = *]7 [ & ], [« = #], [* 5 *], [* = #], [* = #], [* = %],
[ €0 #], [x S 4], [+ = #], [+
[* free for™ = in #], |
[t O], [t 4], [+
Preassociative
[=#], [5 ()], [ & =], [+ # #];
Preassociative
[« A ], [x A ], % A ], [ Ac %], [x A *];
Preassociative
e v o], [ 5], [ ¥
Postassociative
[* V «];

*], [* free in *], [x free in™ «], [* free for * in *],
Iy e <" o] [ <], [ = ], e £ ], [59],
x==x], [x C *;

*

*,
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Preassociative

[T ], [V ], [Vopjx: ], [Tk k]
Postassociative

[ = x|, [x = #|, [x & «], [x & «;
Preassociative

[{ph € « | «};

Postassociative

[* : ], [* spy =], [*!x];

Preassociative

* .

* )

Preassociative

[Ax ], [A % ], [A%],[if * then x else x|, [let x = in %], [let * = % in *];
Preassociative

[x#5];

Preassociative

(], B V] ] [ [+
Preassociative

[ @], [ D ¢l [x 1 5], [ > #], [+ 4
Postassociative

[ b ], [* B %], [* Le. «];
Preassociative

[V ], [TTk: %]

Postassociative

[* & «];

Postassociative

[%; +];

Preassociative

[* proves x|;

Preassociative

[* proof of x: x|, [Linex* : x > «; %], [Last line x > O],
[Line * : Premise > #; %], [Line * : Side-condition > #; %], [Arbitrary > =; %],
[Local > x = *; %], [Begin *; x : End; ], [Last block line* > x;],
[Arbitrary > *; «|;

Postassociative

e | +);

Postassociative

e, 1], [ %

Preassociative

[x&e];

Preassociative

[¥\\*], [* linebreak[4] ], [\ \*]; ]

[sup tex “sup”]

[*
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ToNegatedAnd(1)

proof

[ToNegatedAnd(1) "— )\c M. P([SystemQ F Va:Vb: - (a)nFa k-
FromContradiction t> a t> = (a)n > = (b)n; Va: Vb: Ded > Va: Vb: - (a)n - a F
S>> (@n=a= S(bn;-(a)n - MP> = (a)n = a= ~(b)

1

n> - (g)n >
a = 1 (b)n; ToNegatedAnd > a = - (b)n > = (- (a = = (b)n)n)n], po, c)]

[ToNegatedAnd(1) ' SystemQ + Va: Vb: = (a)n - = (- (a= = (b)n)n)n]
[ToNegated And(1) jacs “ToNegatedAnd(1)”]

=

[ToNegated And(1) By “prop lemma to negated and(1)”]

UniqueNegative

[UniqueNegative "% Ac.Ax.P([SystemQ b Vx: Wy: Vz: (x +y) = 0 F (x +2) =
0 - plusCommutativity > (y +x) = (x +y); eqTransitivity > (y +x) =
(x+y) > (x+y) =0> (y +x) = 0; PositiveToRight(Eq) > (y + x) =0 >y =
(0 + (—ux)); plusCommutativity > (z + x) = (x + z); eqTransitivity > (z + x) =
(x+2z)> (x+2) = 0> (z+x) = 0; PositiveToRight(Eq) > (z+ x) = 0>z =
(0 () secSymmetry o2 = (0 () > (0 () =

;eqTransitivity >y = (0 + (—ux)) > (0 + (—ux)) =z >y = z],po, ¢)]

[UniqueNegative *25° System(Q + Vx: Vy:Vz: (x+y) =0F (x+2) =0Fy =12
[UniqueNegative “ “UniqueNegative”]

. . k . .
[UniqueNegative P2 “lemma uniqueNegative”]

DoubleMinus

proof

[DoubleMinus "= Ac.Ax.P([SystemQ F Vx: Negative >

((—ux) + (—u(—ux))) = 0;x + y = zBackwards > ((—ux) + (—u(—ux))) = 0>
0 = ((—u(—ux)) + (—ux)); NegativeToLeft(Eq) > 0 = ((—u(—ux)) + (—ux)) >
(0 +x) = (—u(—ux)); plusOLeft > (0 + x) = x; Equality > (0 + x) =
(—u(—ux)) > (0 +x) = x> (—u(-ux)) = x|, po, )]

[DoubleMinus *3" SystemQ F Vx: (—u(—ux)) = x|
[DoubleMinus % “DoubleMinus” ]

[DoubleMinus P “lemma doubleMinus”]

12



MinusNegated

[MinusNegated POt N c X P (fSystemQ F Vx: Vy: DoubleMinus > (—u(—uy)) =
y;eqAddition &> (—u(—uy)) =y > ((—u(-uy)) + (-wx)) =
(—ux)); eqSymmetry &> ((—u(—u )) + (-ux)) = (y + (-ux)) >

(y +

(y + (—ux)) = ((—u(-uy)) + (-ux)); —x —y = —(x +y) >

((—u(—uy)) + (—ux)) = - (—u((—u y) + )) plusCommutativity > ((—uy) +x) =
(x + (—uy)); EqNegated > ((—uy) +x) = (x+ (—uy)) > (—u((—uy) +x)) =
(—u(x+ (—uy))); eqTransitivity4 > (y + (—ux)) = ((—u(-uy)) + (—ux)) >
((—u(—uy)) + (—ux)) = (—u((—uy) +x)) > (—u((—uy) +x)) =
(—u(x+(—uy))) > (y +(—ux)) = (—u(x+(—uy))); eqSymmetry &> (y + (—ux)) =
(—u(x+ (—uy))) > (—ulx+ (—uy))) = (y + (—ux))], po, )]

[MinusNegated *3" SystemQ F Vx: Vy: (—u(x + (—uy))) = (y + (—ux))]

[MinusNegated = “MinusNegated”]

[MinusNegated X “lemma minusNegated”]

eqReflexivity

[eqReflexivity progt Ac Ax.P([SystemQ F Vx: leqReflexivity > x <=
x; leqAntisymmetry > x <= x> x <= x > x = x|, Po, ¢)]
[eqReflexivity stogt SystemQ F Vx: x = X

[eqReflexivity °% “eqReflexivity”]

[eqReflexivity X “lemma eqReflexivity”]

eqSymmetry

[eqSymmetry propf Ac A P([SystemQ F Vx: Vy: x =y F eqReflexivity > x =
x; Equality > x = y > x = x >y = x], po, ¢)]

I
1,

[eqSymmetry st SystemQ F Vx:Vy:x =y Fy
[eqSymmetry tex “eqSymmetry”]

K
[eqSymmetry “5° “lemma eqSymmetry”]
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eqTransitivity

[eqTransitivity progf Ac Ax.P([SystemQ - Vx: Vy: Vz:
eqSymmetry > x =y > y = x; Equality >y = x >
[eqTransitivity sty SystemQ - Vx:Vy:Vzix =yFy =zF x=7]
[eqTransitivity ey “eqTransitivity”|

[ k A
[eqTransitivity P “lemma eqTransitivity”]

eqTransitivity4

[eqTransitivity4 progf AC A P([SystemQ - Vx: Vy:Vz:Vu:x =y Fy =z z=
u k- eqTransitivity > x =y >y = z > x = z;eqTransitivity > x =z>z=u >
l =

E~| , Po, C)]
[eqTransitivity4 stmt SystemQ F Vx: Vy:Vz:Vuix=yky=zkz=ukx= u]
[eqTransitivityd = tex “eqTransitivity4”]

[eqTransitivity4 P “emma eqTransitivity4”]

eqTransitivityd
[eqTran81t1v1ty5 = )\c Ax.P([SystemQ - Vx: Vy:Vz: Vu: Vvix =y Fy=zk z =
utu=yk eqTransitivityd>x=y>y=z>z=u>x=
u; eqTransitivity >x =u>u=v > x=v]|,po,C)]
[eqTransitiVity5 tme SystemQ + Vx: sz Vz:Vu:Vv:x = y F y=z Fz=ulu=

vEx=y]|

[eqTransitivity5 tex “eqTransitivity5”|

[eqTransitivity5 5 ¥ “lemma eqTransitivity5”]

eqTransitivity6

[eqTransitivity6 Proof Nex. P([SystemQ - Vx: Vy:Vz: Vu: Vv: Vw:x =y by =z
z=uku=vkv=wk eqTransitivityb > x=y>y=z>z=ubu=y>x=
v; eqTransitivity > x = v > v =w > x = w], po, )]

[eqTran81t1v1ty6 tn SystemQ EVx:Vy:VzVurVveVwix =y by =zkz=uhk

u=vhkv=wkx=w]|
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[eqTransitivity6 tex “eqTransitivity6”]

e k s
[eqTransitivity6 =5 “lemma eqTransitivity6”]

AddEquations
[AddEquations Prool e x. P([SystemQ - Vx:Vy:Vz:Vu:x =y Fz=uk
eqAddition>x =y > (x+2z) = (y +2); EqAdditionLeft >z = u > (y+2z) = (y +

u); eqTransitivity > (x+2z) = (X+2) >(y+z) = (y+u) > (x+2)
[AddEquations * SystemQ Vx:Vy:Vz:Vuix =y z=ubk (x+2) = (y +u)]

tex

[AddEquations — “AddEquations”]

[AddEquations ® X “demma addEquations”]

SubtractEquations

z=ut eqAddition > (x+z) = (y + u) > ((x +z) + (—uz))
((y +u) + (—uz)); plusOLeft > (0 + z) = z; eqTransitivity > (0
u> (0+ z) = u; PositiveToRight(Eq) > (0+2z) =u> 0 =
(u+ (—uz));eqSymmetry > 0 = (u+ (—uz)) > (u+ (—uz)) =
0; EqAdditionLeft > (u + (—uz)) = 0> (y + (u+ (-uz))) =
(y+0); plusAssociativity > ((y+u)+(—uz)) = (y+(u+(—uz))); plus0 > (y+0) =
y; eqTransitivityd B ((y + 0) + (—uz)) = (y + (u+ (—u2))) & y + (u + (~uz)) =
(y+0)> (y+0) =y>(y+u+(-uz) =y;x=x+y—-y>x=

(x-+2) + (—))seqTransitivityd b x = ((x + 2) + (—12)) & ((x + 2) + (—uz)) =
((y+u+ ( uz)) > ((y +u) + (—uz)) =y > x=y],po, )]

[SubtractEquations stmpt SystemQ - ¥x: Vy:Vz: Vu: (x +2) = (y +u) Fz=uF
x=y]

[SubtractEquations Proot \c. Ax.P([SystemQ - Vx: Vy: Vz: Vu: (x +z) = (y +u)
(

+z)=z>z=

[SubtractEquations s “SubtractEquations”]

. k .
[SubtractEquations % “lemma subtractEquations”]

SubtractEquationsLeft

[SubtractEquationsLeft POt AeAx. P([SystemQ I Vx: Vy: Vz: Vu: (x +z) =
(y +u) F x =y - plusCommutativity > (z +x) =
(x + z); plusCommutativity > (y 4+ u) = (u + y); eqTransitivity4 > (z + x) =

15



xX+z)>x+z)=(+u)>(y+u) = Uty >(z
(u+y); SubtractEquations > (z+x) = (u+y) >x =y >z = u],po, ¢)]

[SubtractEquationsLeft * sy SystemQ I Vx: Vy: Vz:Vu: (x +z) = (y +u) Fx =
yFz=yu
[SubtractEquationsLeft “= “SubtractEquationsLeft”]

[SubtractEquationsLeft " ¥ “lemma subtractEquationsLeft”]

MultiplyEquations

[MultiplyEquations propf AC A P([SystemQ F Vx: Vy:Vz:Vu:x =y Fz=ukl
eqMultiplication > x =y > (x * z) = (y * z); EqQMultiplicationLeft > z = u >
(y *z) = (y * u);eqTransitivity > (xxz) = (y *z) > (y #2) = (y *u) > (x*z) =
(y * u)], po, )]

[MultiplyEquations I SystemQ F Vx: Vy:Vz:Vu:x = y -z = u k- (xxz) = (y*u)]
[MultiplyEquations tex “MultiplyEquations”)

[MultiplyEquations PV “emma multiplyEquations”|

EqgNegated

proof

[EqNegated "— Ac.Ax.P([SystemQ I Vx: Vy:x = y - Negative >

(x + (—ux)) = 0; Negative > (y + (—uy)) = 0; eqSymmetry > (y + (—uy)) =
0> 0 = (y + (—uy)); eqTransitivity > (x + (—ux)) = 0> 0 = (y + (—uy)) >
(x+ (—ux)) = ( + (—uy)); SubtractEquationsLeft > (x + (—ux)) =

(y+ (~uy) >x=y > (—ux) = (~uy)], po, c)]

[EqNegated *3" System(Q + Vx: Vy:x =y bk (—ux) = (—uy)]

[EqNegated tex “EqNegated”]

[EqNegated P “lemma eqNegated”]

PositiveToRight(Eq)

proof

[PositiveToRight(Eq) "= Ac.Ax.P([SystemQ - Vx: Vy:Vz: (x +y) =z F
eqAddition > (x +y) =z>> ((x+y) + (—uy)) = (z+ (—wy))ix=x+y —y >
x = ((x+y) + (—uy)); eqTransitivity > x =

(x+y) + (-uy) > (x+y) + (-wy)) = z+ (-uy)) > x = (z+ (—uy))], po; ¢)]
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[PositiveToRight(Eq) *5" SystemQ + Vx: Vy:Vz: (x +y) =zF x = (z+ (—uy))]
[PositiveToRight(Eq) *< “PositiveToRight(Eq)”]

[PositiveToRight(Eq) X “Yemma positiveToRight(Eq)”]

PositiveToLeft(Eq)(1term)

proof

[PositiveToLeft(Eq)(1term) "= Ac.Ax.P([SystemQ - Vx: Vy:x = y -
eqAddition > x =y > (x + (—uy)) = (y + (—uy)); Negative > (y + (—
>

y (—u y
0; eqTransitivity > (x + (—uy)) = (y + (—uy)) > (y + (—uy)) = 0>
(§+( uy)) = 01, po, )]

[PositiveToLeft(Eq)(1term) *3° SystemQ + Vx: Vy:x =y (x4 (—uy)) = 0]

tex

[PositiveToLeft(Eq)(1term) — “PositiveToLeft(Eq)(1 term)”]

[PositiveToLeft(Eq)(1term) X “emma positiveToLeft(Eq)(1 term)”]

NegativeToLeft(Eq)

proof

[NegativeToLeft(Eq) "—  Ac.Ax.P([SystemQ - Vx: Vy:Vz:x = (y + (—uz)) -
eqAddition>x = (y+(—uz)) > (x+z) = ((y+(—uz)) +z); Three2threeTerms >
(y+(-w)+2)=(y+2) + (-uz))ix=x+y—-y>y=

((y + z) + (—uz)); eqSymmetry >y = ((y + z) + (—uz)) > ((y +2) + (—uz)) =
y; eqTransitivity4d > (x +z) = ((y + (—uz)) +2) > ((y + (—uz)) + z) =
(y+2) + (-uz)) > ((y +2) + (-uz)) =y > (x+2) = y], po, ¢)]

[NegativeToLeft(Eq) *5" System(Q + Vx: Vy:Vz:x = (y + (—uz)) - (x+2) =]
% “NegativeToLeft(Eq)”]

W‘

p

(
(Eq) ©

[NegativeToLeft(Eq)
(Eq) =

[NegativeToLeft(Eq “lemma negativeToLeft(Eq)”]

Nonreciprocal ToRight(Eq)(1term)

proof

[Nonreciprocal ToRight (Eq) (1term) "— Ac.Ax.P([SystemQ Vx Vy: (x xy) =

1 F eqMultiplication > (x*xy) = 1> ((x*y) >|<recy) (1xrecy);0 < 1> = (0 <=

1= = (- (0 = 1)n)n)n; PositiveNonzero > - (0 <=1 = = (= (0 = 1) Jn)n >

S (1= 0)n eqSymmetry > (xxy)=1>1=(x*y);SubNeqLeft > 1 =

(x xy) > (1=0n> = ((x* y)if 0)n; NonzeroProduct(2) > = ((x * y) = 0)n >>
Sy =0mx=xxyx*(1/y) > (y =0)n > x = ((x *y) * recy); times1Left >>

17



(1 xrecy) = recy; eqTransitivity4 > x = ((x * y) * recy) I> ((x * y) * recy) =
(1% recy) B> (1 % recy) = recy > x = recy|, po, C)]

[Nonreciprocal ToRight (Eq)(1term) stogt SystemQ = Vx: Vy: (xxy) = 1 I x = recy]
[Nonreciprocal ToRight (Eq) (1term) by “Nonreciprocal ToRight(Eq)(1 term)”]

[Nonreciprocal ToRight (Eq) (1term) X “lemma nonreciprocal ToRight (Eq)(1
term)”]

PlusAssociativity(4terms)

[PlubAbeClatlwty(élterms) ¥ “PlusAssociativity(4 terms)”]

[PlusAssociativity (4terms) X “emma plusAssociativity(4 terms)”]

LessNeq

[LessNeq """ Ac.Ax.P([SystemQ F ¥x: Vy: =1 (x <=y = (= (x = y)n)n)n -
Repetition > - (x <=y = (7 (x=y)n)n)n > 2 (x <=y = =
y)n)n)n; SecondConjunct>= (x <=y = - (= (x = y)n)n)n > =

[LessNeq 2 SystemQ b Vx: Vy:5(x <=y = -(2(x=yn)n)n

T
J
—~
X
|

1<
~—
B

[LessNeq ¥ “LessNeq”]

[LessNeq P “lemma lessNeq”]

NegSymmetry

proof

[NegSymmetry “— Ac.Ax.P([System@Q + Vx: Vy:y Fe Symmetry >y =
x>>x—y,VxVyDedDVXVyy—xl—x:y>>y:§:>§ y; (g—x)nl—
MTpy=x=x=y>=(x=y)n> = (y=xnl,po,c)

[NeqSymmetry ° e SystemQ I Vx: Vy: = (x = y)n = = (y = x)n]
[NeqSymmetry tex “NeqSymmetry”]

[NeqSymmetry 25 ¥ “lemma neqSymmetry” |

18



NeqNegated
[NeqNegated "= % A Ax. P([SystemQ - ¥x: Vy: = (x = y)n I (—ux) = (—uy) F
EqNegated > (—ux) = (—uy) > (—u(—ux)) = (—u(—uy)); DoubleMinus >>
(—u(—ux)) = x; eqSymmetry > (—u(—ux)) = x> x =

(—u(—ux)); DoubleMinus > (—u(—uy)) = y; eqTransitivity4 > x =
(—u(-uw)) > (—u(-ux)) = (-u(-uy)) > (—u(-uy)) =y >x =

y; FromContradiction > x =y > = (x = y)n > = ((—ux) =

(- uy))anVyDedDVxVyﬂ(x—y)nl—( x) = (—uy) F = ((—ux) =
(yn > ==y = (09 = () = 2((w0) = (2=
MP B 2 (x = y)1 = (—100) = (~1) = = ((-0) = (~uy))n & 2 (x —y)n >
(—ux) = ( uy) = - ((—ux) = (- uy))n7 prop lemma imply negation > (—ux) =

(—uy) = = ((-uwx) = (—uy))n > = ((-ux) = (—uy))n], po, c)]
[NegNegated *3" SystemQ F Vx: Vy: 4 (x = y)n = 5 ((—ux) = (—uy))n]
[NegNegated “= “NeqNegated”]

[NegNegated P “emma neqNegated”|

SubNeqRight

proo

[SubNeqRight “— /\c./\x.P(fSybtemQ FVx:Vy:Vzix =y k- (z=
NeqSymmetry > - (z = x)n > = (x = z)n; SubNeqLeft > x =y > = (x = z)n >
= (y = 2)n; NegSymmetry > = (y = z)n > = (z = y)n], po, ¢)]

[SubNeqRight 2 SystemQ b Vx: Vy:Vzix =yF - (z=x)nk - (z=y)n]
[SubNeqRight tex “SubNeqRight”]
[SubNeqRight 2 “Yemma subNeqRight”]

SubNeqLeft

proof

[SubNegLeft "—" Ac.Ax.P([SystemQ - Vx:Vy:Vzix =y F = (x =z)n F
EqualityAxiom >y =x=y=z=x=1z eq@ymmetr}bx—y>>y—
xMPDy—x:>y—z:>x—z>y_x>>y—z:>x—z Contrapositive >y =
z=x=z> " (x=zn="(y=z;MP> - (x=2zn="(y=z)n> " (x=
z)n > = (y = z)n], po, )]

[SubNeqLeft *2* SystemQ + Vx: Vy:Vzix=ykF - (x=z)nk - (y = z)n]
[SubNeqLeft by “SubNeqLeft”]

[SubNeqLeft VY “lemma subNeqLeft”]

19



NegativeToRight(Neq)(1term)

proof

[NegativeToRight(Neq)(1term) — Ac.Ax.P([SystemQ F ¥x:Vy:x =y -
PositiveToLeft(Eq)(lterm) > x = y 3> (x + (—uy)) = 0; Vx: Vy: Ded > Vx: Vy: x =
yF(x+(-uy) =0>x=y = (x+ (-uy)) = 0 ((x+ (-uy)) = 0)n k-

MT > x =y = (x+ (-uy)) =05 = ((x+ (~uy)) = 0)n > = (x = y)n], po,c)]

[NegativeToRight(Neq)(1term) *3° SystemQ + Vx: Vy: = ((x + (—uy)) = 0)n +
5 (x = y)n]

[NegativeToRight(Neq)(1term) = “NegativeToRight(Neq)(1 term)”]

[NegativeToRight(Neq)(1term) P “emma negativeToRight(Neq)(1 term)”]

NeqAddition

[NeqAddition PO AeAx. P([SystemQ - Vx: Vy:Vz: 7 (x = y)n k- (x + 2) =

(y + z) F eqReflexivity > z = z; SubtractEquatlons >(x+z)=(y+z)>z=
z>> x = y; FromContradiction > x =y > = (x = y)n > “ ((x + z) =

(y +2))n; Vx: Vy: Vz: Ded B> Vx: Vy: Vz: Sx=ynk (x+z)=(y+z) F - ((x+z) =
(y+z2)n>s(x=ym= (x+2z)=(y+2) = ~(x+2) = (y+2))n; 7 (x =y)n +
MP>5(x=yn=(x+z)=(y+2z)= " (x+z)=(y+z)n>"(x=yn>

(x+2) = (y+z) = = ((x+2) = (y+2))n; prop lemma imply negation D_(§+;) =
(Y+2) = 2 (x+2) = (y+2))n> 5 ((x+2) = (y+2)n], po, )]

[NeqAddition *5" SystemQ - Vx: Vy:Vzi s (x =y A ((x+2) = (y +2)n]

tex

[NeqAddition = “NeqAddition”]

[NeqAddition X “lemma neqAddition”|

NegMultiplication

[NegMultiplication progf A AP ([SystemQ F Vx: Vy:Vz: 5 (z=0)nF ~ (x =
ynk(xxz) = (y*z) Fx=x*y*(1/y) > (z=0)n>>x= ((x*2) *
recz); eqMultiplication > (x * z) = (y * z) > ((x * z) * recz) = ((y * z) * recz); x =
xxy*(1/y)>=(z=0)n >y = ((y*z)+*recz); eqSymmetry >y = ((y*z)*recz) >
(y * z) * recz) = y; eqTransitivityd > x = ((x * ) * recz) > ((x * z) * recz) =
(y *z) xrecz) > ((y *z) *recz) = y > x = y; FromContradiction > x = y > = (
n>> S ((x*z) = (y*z))n Vx: Vy: Vz: DedDVx Vy:Vz: 5 (z=0)nF S (x=y)
5*2) (y*2)F=((xx2) = (y*x2))n> 2 (z=0n= 2 (x=yn = (x+2) =
xz) = S ((xxz) = (y*z))m; - (z=0nk - (x=ynkMP2> - (z=0)n=
S~ yn > (602) = 102) = 2((x02) = (2202 = == yn >
x2z) = (y*2z) = = ((x*2) = (y *2))n; prop lemma imply negation > (x x z) =

< —~

X
n

Az—\
’“<
=

—~
I ><
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(y*z) = " ((x*2) = (y*2z))n > = ((x*2) = (y *z))nl, po, c)]

[NegqMultiplication *5* SystemQ b Vx: Vy:Vz: 2 (z=0nk - (x=y)nk
= ((x*2z) = (y*2z))n]

[NegMultiplication tex “NegMultiplication”]

[NegMultiplication P “emma neqMultiplication”]

NonzeroProduct(2)

proof

[NonzeroProduct(2) "= Ac.Ax.P([SystemQ - Vx: Vy:y = 0 F
EqMultiplicationLeft >y = 0> (x*y) = (x*0);x*0 = 0> (x*0) =

0; eqTransitivity > (x * y) = (x* 0) > (x % 0) = 0> (x*y) =

0;¥x: Vy:Ded > Vx: Vy:y =0 (xxy) = 0>y =0= (xxy) = 0; 2 ((xxy) =
OnEMTEy=0= (x*y) =0>=(x*y) =0)n>=(y =0)n],po,c)]
[NonzeroProduct(2) I System(@ F Vx: Vy: 5 ((x*y) =0)nk = (y = 0)n]

[NonzeroProduct(2) tex “NonzeroProduct(2)”]

[NonzeroProduct(2) P “lemma nonzeroProduct(2)”]

UStelescope(+1)

[UStelescope(+1) = “UStelescope(+1)”]

[UStelescope(+1) X “lemma UStelescope(+1)”]

TelescopeBound (Base)

[TelescopeBound(Base) ey “TelescopeBound (Base)” ]

[TelescopeBound (Base) VY “lemma telescopeBound base”]

TelescopeBound(Indu)

[TelescopeBound (Indu) ey “TelescopeBound (Indu)”|

[TelescopeBound (Indu) ¥ “lemma telescopeBound indu”]

21



TelescopeBound

[TelescopeBound = “TelescopeBound”]

k
[TelescopeBound 25 “lemma, telescopeBound”]

IntervalSize(Base)

[IntervalSize(Base) Jacs “IntervalSize(Base)”]

[IntervalSize(Base) X “lemma intervalSize base”]

IntervalSize(Indu)

[IntervalSize(Indu) *= “IntervalSize(Indu)”]

[IntervalSize(Indu) P “emma intervalSize indu”]

IntervalSize

[IntervalSize *= “IntervalSize”]

. k . .
[IntervalSize 2 “lemma intervalSize”]

XS < US

[XS < US =% “XS<US”]
XS < US ¥ “emma XSlessUS”|

lemma USdecreasing(+1)

[lemma USdecreasing(+1) 2 “emma USdecreasing(+1)”]

CloseUS

[CloseUS % “CloseUS”]

[CloseUS P “lemma closeUS”]
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CloseUS(n + 1)

[CloseUS(n + 1) % “CloseUS(n+1)”]
[CloseUS(n + 1) X “lemma closeUS(n+1)”]

AllNegated(Imply)

proof

[AllNegated(Imply) "— Ac.Ax. P([SystemQ FV(vl):Va: Vopi(vl): = (5 (a)n)n F
Ad@x>Vopi(vl): = (m(a)n)n > = (5 (a)n)n; RemoveDoubleNegD—'( (a)n)n >
a; Gen > a > Vop;(v1): a; V(v1): Va: Ded > V(v1): Va: Vb (v1): = (= (2)n)n

VobJ@ 2> Vob;(v1): = (4 (@)n)n =
Vobj(v1): a; Contrapositive > Vobj (v1): = (=

a)n)n = Yobj(vl):a >

(
'(VObJ@ 7)n:>—\(VObJ(V1) - (= (2)n)n)n; Repetition Di—"(vobj@:g)ni
= (Vobj (vD): 1 (= (@)n)n)n > = (Yop(v1):a)n =
S (Vobi(v1): = (< (a ) )nl, po, c)]

1) n
[AHN (Imply) ¢ SystemQ - V(vl):Va: = (Vopj(vl):a)n =
(ObJ() = (= (@)n)n)n]
)
) =

[AllNegated (Imply tex “AllNegated (Imply)”]

W

13

[AllNegated (Imply) 2 “pred lemma allNegated (Imply)”]

ExistNegated(Imply)

Proof N e Ax. P([SystemQ +
1): 5 (a)n)n)n - Repetition > = (-
n)n)n; RemoveDoubleNeg > =1 (<1 (Vob;
Vobj@ ( ) ( ) Va: DedDV(Vl) Va: —'\(—.| (vaj(L
(7D): = (a)n > = (- < obj(v1): 7 (@)n)n)n = You; (vD): = (a)n], po, €)]
)=

2 SystemQ + V(vl):Va: = (5 (Vop; (v1): -

[ExistNegated (Imply)
V(v1): Va: = (= (Yot (v

(= (Vopj(v1): = (a)n

[ExistNe gated (Imply
Yobj(v1): = (a)n]

[ExistNegated (Imply) — ¥ “ExistNegated(Imply)”]

)py «

]
Y
SN—
=
S—
=
S—
=

[ExistNegated (Imply pred lemma existNegated(Imply)”]

23



IntroExist(Helper)

[IntroExist(Helper) ool ze. Ax.P([SystemQ F

Vx: V@ Va: Vb: (- (a)n="= (b )n|(v1):——x>Me H—VobJ( 1):5(b)nk Adax >

(- (a)n=" (b)n|(v )--x)MeDVObJ( 1): = (b)n > = (a)n; Vx: V(v1): Va: Vb: Dedr>
Vx: V(v1): Va: Vb: (= (a)n=" (b)n|(vl):== >Me = Yob; (v1): ﬂ(b nk=(a)n>

(= (@)n== (b)n|(v1):==x)me t= Yobj(v1): = (b)n = = (a)u], po, c)]

[IntroExist(Helper) *5" System(Q +
Vx: V(v1): Va: Vb: (- (a)n=" (b)n|(v1):==x)me = Vobj(v1): - (b)n = ~ (a)n]

tex

[IntroExist(Helper) = “IntroExist(Helper)”]

[IntroExist(Helper) Riy “pred lemma intro exist helper”|

IntroExist

[IntroExist P2l NeAx. P( [SystemQ -

Vx: V(v1): Va: Vb: (- (a)n== (b)n|(v1): ——><>Me i+ IntroExist(Helper) @x >

(- @n=> (D)nl(v): ==y > Fors(v1): = (b)n = * (2)n;a -

AddDoubleNeg > a > = (= (a)n)n; MT > Vb (v1): = (b)n = = (a)n >

S (5 (@)n)n > (Vopj(vl): = (b)n)n; Repetition > = (Vobi (v1): = (b)n)n >

 (Foug (1): = (D)) ] Doy )]

[IntroExist " SystemQ - Vx: V(v1): Va: Vb: (< (2)n=" (b)n|(v1):==x)ne I a -
= (Vobj (v1): = (b)n)n]

[IntroExist X “IntroExist” ]

py «

[IntroExist = “pred lemma intro exist”]

ExistMP

[ExistMP " PIOPT A Ax. P([SystemQ F (v1): Va: ¥bia = b -
(Vob](vl) S (a)n)n - - (b)nl—MTDg =b>-

Vobi(v1): = (a)n; Repetition > 1 (Vb (v1): = (a)n)n >

= (Vobj(v1): = (a)n)n; FromContradiction > Vop;(v1): = (a

obj(VL): = (a)n)n > = (5 ())HV(Vl) Va: Vb: D a
(D) @) F = () - = (5 (Ba)n 3 2 = b =  (Vopy(v1): = (Jn)n =

)n = - ): = (a)n)n

)

n (= (b)n )na:>b|— (v ObJ(vl () a
obj(v1): = (@n)n = = (b)n = = (= (b)n)n>a = b > 5 (Vobj(vl): = (a)n)n >
n = - (5 (b)n)n; prop lemma imply negation > = (b)n = = (= (b)n)n >
(b)n)n; RemoveDoubleNeg > = (= (b)n)n > b], po, )]

v
b
v
b

I

=

J

= (v
= (
(b
o (
(
(
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[ExistMP 25" SystemQ + V(vl):Va:Vb:a = b = (Yobj(v1): = (a)n)n |- b
[ExistMP X “ExistMP”}

[ExistMP %% ¥ “pred lemma exist mp’ ']

ExistMP2

proof

[Ex1stMP2 AC.AX. 7?( [SystemQ F V(v1):V(v2):Va:Vb:Ve:a=b = chk
(VobJ (vl):=(a ) = (Vobi(v2): 5 (b)n)n - ExistMP >a = b =

> 4 (Vobi(vl): = (a)n)n > b = ¢; ExistMP > b = ¢ > = (Vobj(v2): - (b)n)n >

Q-I , Po, C)] S o

[ExistMP2 2 Sy SystemQ FV(v1):¥(v2): Va: Vb: Vera = b= c k-

= (Yobi (v1): = (@)n)n b = (Vop; (v2): = (b)n)n - ¢

tex

[ExistMP2 = “ExistMP2”]

[ExistMP2 By “pred lemma exist mp2”|

TwiceExistMP
[TwiceExistMP Proof \c A P([SystemQ F V(v2):Va: Vb:a = b -
4 (Vobj(v2): = (a)n)n - ExistMP > a = b > = (Vop;(v2): = (a)n)n >
b; V(v1):¥(v2): Va: ¥b: Ded & ¥(v2): Va: ¥b:a = b = (o (v2): = (@)n)n - b >

a:>b:>ﬁ(vo i(v2): ())n:>ba:bl—
5 (Vobi(V1): 5 (5 (Vobj (v2): ~ (2)n)n)n )nl—MPDa:bﬁ
“ (Vobj(v2): - (a)n)n =br>a=b> %(Vobj(vz) “ (a)n)n = b; ExistMP >
5 (Vobi (v2): 7 (@)n)n = br> = (Vob; (v1): = (5 (Vopj(v2): = (a)n)n Jn)n > b, po, ]

[TwiceExistMP st SybtemQ FV(vl):V(v2

(v2):Va:Vb:a= b
(vobJ (Vl) ( (vobJ (V2) (7)11)11)11)11 [ b]

[TWiceExistMP fex “TwiceExistMP”]

[TwiceExistMP iy “pred lemma 2exist mp”]

TwiceExistMP2

proof

[TwiceExistMP2 " —" Ac.Ax.P([SystemQ +
V(v1):V(v2):V(v3):V(v4):Va:Vb:Vc:a = b= ct
= (Vobj (V1) = (= (Vobj(v2): = (a)n)n)n)n -

= (Vobj (v3): = (5 (Vobj(v4): = (b)n)n)n)n - TwiceExistMP > a = b =
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CD.(VObQ;‘

= (Vobj (v3):

ek (VobJ( 1) ( (Yobj (v2): = (a)n)n)
= (Vobj (v8): = (= (Yobj (v4): = (B)n)n)n)n

[TwiceExistMP2 % “TwiceExistMP2”]

[TwiceExistMP2 Ry “pred lemma 2exist mp2”]

EAE — MP

proof

[EAE — MP AcAX.P([SystemQ F V(v2):V(v3):Va:Vb:a = b F
Vobj(v2): 5 (VObJ(VS) S (@)n)n F A4Q (v2) D Yob, : -
= (Vobj(v3): = (a)n)n; ExistMP > a = b > = (V.

b; ¥(v1):V(v2): V(v3): Va: Vb: Ded > V(v2): V(v3): Va: Vb:

Vobj (v2): = (Vo (v3): = (@)n)n - b > 8 = b = Vo (v2):
bja = bk 5 (Vobj(v1): 5 (Vobj (v2): 5 (Vobj(v3): = (a)n)n)n)n - MP >a = b =
(a)n ) . -
é obj(v3): = (a)n)n =

obj (v2): 1 (Vobj(v3): = (a)n)n)n)n > bl, po, c)]

Von; (v2):  (Vob; (v ) -
b; ExistMP > Vobj( 2): 5

[EAE — MP "' SystemQ F- V(v1): ¥(v2):V(v3): Va: Vb:a = bk
. (VObJ@ (VObJ@ (vobJ@ = (a)n)n)n)n - b

b= (Vobj (Vl):
[EAE — MP X “EAE-MP”]

)n:>b>a§b >Vobj(V2 T

[EAE — MP By “pred lemma EAE mp”|

AddAll

f
[ proo

AddAll "= Xc.Ax.P([SystemQ F V(v1):Va:Vb:a = b - Vopj(vl):at
A4>Vopj(vl):a>a;MP>a=bra>b;Gen>b > -
Vo (v1): b;¥(v1): Va: Vb: Ded > V(v1): Va: Vb: a = b b Vop(vl):a -
Vobj(v1):b>a = b:>V0bJ(V1)g:>V vl):bja=b+FMP>a=b=
ob]i)g V ( ) bbéjb >v T):§:>vobj(Vl) b-| Po,C )]

—~

=bk

\ m
<

[AddAL *28" System( + V(v1): Va: Vb: obj (V1): 2 = Vop;(v1): b]

[AddAll % “AddAll 7]
[AddAL 2 “pred lemma addAll"]
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AddExist(Helperl)

[AddExist(Helperl) propf AC.AX.P([SystemQ F

Vy V(v1):V(v2): Va: Vb: Ve: Vd: (- ( Jn==(d)n|(v2):==y)ne -2 =
( obj(V1): i (on)n - volDJ (v2): 2 (d)n+ Aday > VobJ( 5 (d)n

S(b);MT>a= b= (bjn> - (an;MT>c=ar> - (a)n >

Jn; GenD (c)n > Vobj(v1): = (c)n; Repetition > = (Vop;(v1): = (c)n)n >

c)n)n; FromContradiction &> Vo (v1): = (c)n >

)
nn >

V2) ==Y)ve-a=bFc=at
i(v2): 5 (d)n)n >
:> (Vobj(vl) S (c)n)n =

[AddExist(Helper1) *3" SystemQ +
Vy:V(v1):V(v2): Va: Vb: Ve: Vd: (= (b)n== (d)n|(v2):==y)mc Fa = b = c =
: n

a = = (Vopi(V): 5 (e)n)n = Vou; (v2): = (d)n = = (Vop; (v

[\)
-
e
E

[AddExist(Helperl) “= “AddExist(Helper1)”]
[AddExist(Helperl) ey “pred lemma addExist helper1”]

AddExist(Helper2)

proo

[AddExist(Helper2) "— Ac.Ax.P( fSystemQ -

Vy:V(v1):V(v2): Va: Vb: Ve: Vd: (- (b)n== (d)n|(v2):==y)me Fa=>bFc=ak
= (Vob;(v1): —|(g)n)n H AddEx1st(Helperl) (-~ (b)n %(g)n\@:::zh\/[c >
a=b=c=a= - (Vobj(vl): 7 (c)n)n = Yop;(v2): 7 (d)n =

= (Vopj(v2): = (d) )n; MP3>a=b=c=a= = (Vobj(vl): = (c)n)n =
Vobi(v2):  (d) :> = (Vobj (v2): = (d)n )n Da=>b>bc=

/\

J

IS\D-

7 (Vobj(v1): = on)n > Vopi(v2): = (d)n =
71 (Vobj(v2): = (d)n)n; prop lemma imply negation > Vop;(v2): - (d)n =
= (Yobj(v2): 7 (d)n)n >
5 (Vobj(v2): 7 (d)n)n; Repetition > = (Vobj(v2): - (d)n)n >
1 (Yob; (v2): = (d)n)n; Vy: V(v1): V(v2): Va: Vb: Ve: Vd: Ded &>
Vy: V(v1):V(v2): Va: VchVd vd: (- (b)n E—|()|( )__y>MeH—a:>b|—c:>a|—
7 (Vobj (v1): = (c)u)n F = (Vobj (v2): = (d)n)n >( = (B)n==(d)n|(v2):==y)me i

(
jn = bj(v2): = (d)n)n], po, ¢)]

a=b=c=a= 5 (Vop(vl): =
He

>_4

n
= (¢)n

[AddExist(Helper2) ° B SystemQ
(b)

Vy:V(v1):V(v2): Va: Vb: Ve: Vd: (= (b)n== (d)n|(v2):==y)me Fa = b = c =
a = = (Vopj (v1): 5 (c)n)n = = (Vop; (v2): = (d)n)n]

[AddExist(Helper2) “= “AddExist(Helper2)”]
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[AddExist(Helper2) ey “pred lemma addExist helper2”]

AddExist

[AddExist Proof N e Ax. P([SystemQ +
Vy:V(v1):V(v2): Va: Vb: Ve: Vd: (= (b)n== (d)n|(v2):==y)mc Fa=bFc=ak
AddExist(Helper2) > (- (b)n=" (d)n|(v2):==y)me >a=>b=c=>a=
4 (Vobj(v1): = (c)n)n = = (Vopj(v2): - (d)n)n; MP2>a = b=c=a =
5 (Yobj (VD): 5 (e)n)n = 5 (Vopj(v2): 5 (d)n)n>a = b>c=a>
% (Yapg V1) 5 () = = (Yors(¥2): 5 (d)m)n], po, )]
[AddExist *5" System(Q +
Vy:V(v1): ¥(v2): Va: Vb: Ve: Vd: (= (b)n=~ (d)n|(v2):==y)mc Fa = bk c=alk
Va1 = () = = (Vens(v2): > (d)n)n)

[AddExist =¥ “AddExist”]

(b
(Vo
(Vo
(Vo

b
b

[AddExist Ri “pred lemma addExist”]

AddExist(SimpleAnt)

proof

[AddExist(SimpleAnt) "— Ac.Ax. ’P( [SystemQ F

Vy:V(v1):V(v2): Va: Vb: Vd: (= (b)n== (d)n|(v2):==y)me

Autolmply > a = a; AddElet@y > (- (b)n=" (g)n (v2):
(

b >a=>a>n~ (vobJ (Vl) (,) )Il == (vobj@ - g)n)I{l » Po, C)]

[AddExist(SimpleAnt) ° M System(Q -
Vy:V(v1):V(v2): Va: ¥b: Vd: (- (b)n==(d)n[(v2):==y)me -2 = b -

4 (Vob (V1): 5 (@)n)n = = (Vob; (v2): = (d)n)n]
[AddExist(SimpleAnt) *= “AddEXist(SimpleAnt)”]

(
[AddEx1st(SlmpleAnt) pred lemma addExist(SimpleAnt)”]

AddExist(Simple)

[AddExist(Simple) POt \eAx. P([SystemQ - V(v1):V(v2):Va: Vb:a = b I-
AutoImply > a = a; AddExist @ (v ) >a=b>ra=a>

= (Yo (v1): = (a)n = (¥ obi(v2): = (b)n)n], po, )]

[AddExist(Simple) I System@Q V(v1):V(v2):Va: Vbia = b -
= (Vobj (v1): = (@)n)n = = (Vobj(v2): = (b)n)n]



[AddExist(Simple) % “AddExist(Simple)”]

[AddExist(Simple) A “pred lemma addExist(Simple)”]

AddEAE

[AddEAE "% \c. AP ([SystemQ - V(v1): ¥(v2): ( 3):Va:Vbia = b+
AddEx1st(Slmple) >a=b>-= ( obj(V3): ( Jn)n =

= (Vobj (v3): = (B)n)n; AddALL B> = (Vop; (v3): = (a)n)n = = (Vobj (v3): = (B)n)n >
Vo (v2): = (Yobj (v3): = (a)n)n =

Ob_]( 2): 5 (Vo (v ) ﬂ(i) )n; AddExist Slmple)

t(
v3) ( ) )njvobj( ) ( ObJ(VS) _"(b)n)n >

ObJ v2): 5 (Vob; (V3
(VobJ@ (VobJ@ = (Yobj(v3): = (a)n)n)n)n =
5 (Vobi (v1): = (Vo (v2): 5 (Vob; (v3): =1 (b)n)n)n)n], po, ¢)]
[AddEAE "B SystemQ F V(v1): V(v2): V(v3): Va: Vbia = b I
5 (Vobj (v1): 5 (Vobj (v2): 5 (Vobj(v3): = (a)n)n)n)n =
5 (Vob (v1): 5 (Vo (v2): = (Vob; (v3): = (b)n)n)n)n]

[AddEAE % “AddEAE”]
[AddEAE * “pred lemma addEAE”]

AEA — negated

[AEA — negated "= " Aex. P([S ystemQ H
V(v1):V(v2):V(v3): Va: ﬁ( ObJ(V ): 2 (Vobj(v2): = (Vop; (v3): aJnjnn =
AHNegated(Imply) > 1 (Vobj(v3):a)n = 5 (Vobj(v3): = (< (a)n)n)n; AddAlL >
“ (Vobj (v3): a)n = = (Yo, (v3): = ( = (5 (2)0)0)1 3 Yoy (v2): 2 (Vo (v (v3):a)n =
VobJ (v2): = (VObJ (v3): = (- (a)n)n)n; ExistNegated (Imply) >
= (5 (Yob; (v2): = (Vobj(v3): a)n)n)n =
VobJ V2 S (Vv 0bJ(v3 a)n; ImplyTransitivity o>
( ( ) obj(v3):a)n)n)n =
) a)n B> Vo (v2): 1 (Vobj (v3): a)n =
“(@)n)n)n > 5 (5 (Vob; (v2): =1 (Vopj (v3): a)n)n)n =
S (a ) n; AddEx1st(Slmple)
n)n = Vop;(v2): 5 (Vobj(v3): = (4 (a)n)n)n >

Yob (v3) n)n)n)n =
n)n)n)n; AllNegated (Imply) >>
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5 (Vobj (vD): = (Yo (v2): = (Vobj (v3): = (= (a)n)n)n)n)n >

5 (Vobj (V1): =1 (Von; (v2): =1 (Yobj(v3):a)n)n)n =

5 (Vobi (v1): 51 (Wobi (v2): = (Vobj (v3): = (= (2)n)n)n)n)n; MP >
- (Vobjﬂ - (vobjﬁ - (vobj(vi3 a)n)n)n =

5 (Vobj (v1): = (Vo (v2): = (Vob;(v3): = (= (a)n)n)n)n)n >

5 (Vobj (vD): = (Vo (v2): = (Vobj(v3):a)n)n)n >

5 (Vob (v1): 51 (Vo (v2): 5 (Vob (v3): = ( (a)n)n)n)n)n], po, c)]

[AEA — negated st SystemQ
V(v1):V(v2):V(v3): Va: - (Vop;(v1): = (Vobj (v2): =1 (Vobj(v3):a)n)n)n k-
A oy (V) (o (72): = (Yo 73): = (- @)

[AEA — negated " “AEA-negated”]

[AEA — negated edy “pred lemma AEAnegated”]

EEA — negated

proof

[EEA — negated — )\c A P( (SystemQ l—

V(v1):V(v2): V(v3): Va: =1 (5 (Vobj (V1): 5 (5 (Vobj (v2): = (Vobj (v
AllNegated(Imply) > = (VObJ(VS) a)n = = (Vopi(v3): = (4 g)
1 (Vob; (VS) a)n = = (vaJ (v3): = (= (@)n)n)n > Yop; (v2): = (Y
Vobi(v2): = (VObJ(v3) = (< (a)n)n)n; ExistNegated (Imply) >
(5 (Vobj (v2): = (Vobj (v3): a)n)n)n =

Vobj V2) (Vv obj (v3): a)n; Imply Transitivity &

(5 (v ( 2): @ ajn)n)n =

vobj obj ( ) obj (V2) (vobj( 3):§)n =

Yobj n))n > = (4 (Vob; (v2): =1 (Vopj (v3): 2)n)n)n =
Vobj ) )n AddAll >

3):
Ju)n; AddAlL >
bj V) an =
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[EEA — negated Y SystemQ -
V(v1):¥(v2): ¥(v3): Va: 5 (5 (Vobj (v1): 5 (5 (Vo (v2): = (Vobj(v3): a)n)n)n)n)n
Yobj (V1): Vobj (v2): = (Vob; (v3): 1 (5 (a)n)n)n]

[EEA — negated X “EEA-negated”]

[EEA — negated edy “pred lemma EEAnegated”]

Induction

[ proof

Induction ~—" Ac.Ax.P([SystemQ F V(v1): Va: Vb: Vc: (b=a|(v1):==0)ne
(c=al(vl):==((vl) + 1))me -bFa=cF Genr>a = c > Vopj(vl):a =

¢; InductionAxiom 1> (b=a|(v1):==0)nme & (c=a|(v1):==((v1) + I))me
Vob](vl) a=C= Vopj(vl):a;MP2> b = Vopj(vl)ia = c =

Vobj(v1): abbbvobj(vl) a= c>>V0bJ(V1) ER A4@(VI)DV0bJ(V1) a > al,po, )]

~—

[Induction *3"* SystemQ F V(v1): Va: Vb: Vc: (b= al(vl):==0)me -
(c=a|(v1):==((v1) + 1))me FbFa=ct a

[Induction ¥ “Induction”]

[Induction X “lemma induction” ]

leqAntisymmetry

[leqAntisymmetry progf AC A P([SystemQ - ¥Vx: Vy:x <=y Fy <=xk
leqAntisymmetryAxiom > x <= y=y<=x=x=y;MP2bx<=y=y<=
X x=ybx<=y>y<=x3>x=y|,po,c)]

[leqAntisymmetry st SystemQ = Vx:Vy:x <=y Fy <=xFx=Y]

[leqAntisymmetry by “leqAntisymmetry”]

[leqAntisymmetry *5 ¥ “lemma leqAntisymmetry”]

leqTransitivity

[leqTransitivity PO e Ax. P([SystemQ - Vx: Vy:Vz:x <=y Fy <=zk
leqTransitivityAxiom > x <=y =y <=z=x<=z;MP2>x <=y =y <=
z2=x<=zD>x<=yDy<=2z>>Xx<=z|,po,C)|

[leqTransitivity st SystemQ - Vx:Vy:Vz:x <=y Fy <=zF x <=17]

[leqTransitivity ey “leqTransitivity”]
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s k s
[leqTransitivity 5 “lemma leqTransitivity”]

leqAddition

proo:

[leqAddition roof A Ax.P([System@Q F Vx: Vy:Vz:x <=y I
leqAdditionAxiom > x <=y = (x+2z) <= (y +z); MP>x <=y = (x+2) <=

(y+z)>x<=y> (x+z) <= (y+2)],po,¢)]
[leqAddition stgt SystemQ I Vx: Vy: Vz:x <=y I (x + z) <= (y + 2)]
[leqAddition “% “leqAddition”]

[leqAddition P “emma leqAddition”|

leqMultiplication

leqMultiplication "% Ac. Ax.P([SystemQ b ¥x: Vy:¥z: 0 <=z - x <=y -

legMultiplicationAxiom > 0 <=z = x <=y = (x*z) <= (y*z); MP2> 0 <=

z=x<=y= (xx2) <= (y*z)>0<=zD>x <=y > (x*2) <= (y *2)], po, ¢)]

[leqMultiplication st SystemQ = Vx: Vy:Vz: 0 <=z F x <=y - (xxz) <= (y*2z)]
tex

[leqMultiplication — “leqMultiplication”]

[leqMultiplication P “lemma leqMultiplication”]

Reciprocal

[Reciprocal propf Ac.Ax.P([SystemQ F Vx: = (x = 0)n F Reciprocal Axiom >
Ax=0n= (x*xrecx) = 1;MP > (x=0)n= (x*recx) = 1> - (x=0)n>>
(x * recx) = 11, po, ¢)]

[Reciprocal *™5" System(Q + Vx: = (x = 0)n F (x % recx) = 1]
[Reciprocal "= “Reciprocal”]

. pyk .
[Reciprocal = “lemma reciprocal”]

Equality
[Equality propf AC A P([SystemQ F Vx: Vy:Vzix =y Fx =z F
EqualityAxiom>>§:Xé§:;éX:;;MP2Dgzxégzzéx:;DX:
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y>x=z>y=z],po,c)]

[Equality Stogt SystemQ F Vx:Vy:Vzix =y b x=zFy =z

[Equality tex “Equality”]

[Equality P “emma, equality”]

eqleq

[eqLeq proof Ac. Ax.P([SystemQ - ¥x: Vy: x = y - EqLeqAxiom > x =y = x <=
Y;MP>x=y=x<=y>x=y>x<=y],po,0)]

[eqLeq stogt SystemQ = Vx: Vy:x = y - x <=y]
[eqLeq by “eqLeq”]

K
[eqLeq 2 “lemma eqLeq”)

eqAddition

proof

[eqAddition "—" Ac.Ax.P([SystemQ I ¥x: Vy: Vz: x = y - EqAdditionAxiom >
x=y=(x+z)=(y+ 7),MPl>gzxé(£+Z):( Z)>x=y> (x+2z)=
(y +2)],po,c)]

[eqAddition *5" SystemQ - Vx: Vy:Vzix =y (x+2z) = (y + 2)]
[eqAddition “= “eqAddition”]

[eqAddition * VY “lemma eqAddition” ]

eqMultiplication
[eqMultiplication propf Ac. Ax.P([SystemQ - Vx: Vy:Vz:x =y -
EgMultiplicationAxiom > x =y = (x*z) = (y *z); MP>x =y = (x* 2)

(y¥2z)>x=y> (x*2) = (y*2)],po, )]
[eqMultiplication stopt SystemQ F Vx: Vy:Vz:x =y I (xxz) = (X *2)]
[eqMultiplication by “eqMultiplication”]

[eqMultiplication P Yemma eqMultiplication”]
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LegMultiplicationLeft

[LeqMultiplicationLeft "% Ac. Ax.P([SystemQ - Vx: Vy: Vz: 0 <=z b x <=y F
leqMultiplication>0 <= zl>x <=y > (x*z) <= (y+*z); timesCommutativity >
(x*z) = (z*x);subLeqLeft > (x % z) = (z*x) > (x*2) <= (y*z) > (z*x) <=
(y * z); timesCommutativity > (y * z) = (z * y); subLeqRight > (y * z) =

(zxy) > (zxx) <= (y*2) > (z*x) <= (z*y)],po,¢)]

[LeqMultiplicationLeft stogt SystemQ - Vx:Vy:Vz: 0 <= zF x <=y (z*x) <=

(zxy)l
[LeqMultiplicationLeft by “LeqMultiplicationLeft 7]

[LeqMultiplicationLeft P “emma leqMultiplicationLeft”]

LeqLessEq

[LeqLebsEq Proof N e Ax. P([SystemQ F¥x:Vy:x <=y k- (m(x <=y =
A (= (x=y)n)n)n)n - fromNotLess > - (7 (x <=y = = (7 (x = y)n)n)n)n >
y <=X; leqAntisymmetry > x <= yby<=x>x=
y7Vx Vy: Dedl>Vx Vy X <= y}— ( (x< y:>ﬁ(%(§:y)n)n)n)nl—§:y>>

z)n)n)n)n = x=y>" ( (X <=y=-(5 (x = y/n)n)n)n = x = y|, po, c)]

[LeqLessEq I SystemQ - Vx: Vyix<=ykFa(tx<=y= (k=
y)n)n)njn = x = y|

[LeqLessEq tex “LeqLessEq”]

[LeqLessEq P “emma, leqLessEq”]

LessLeq

[LessLeq propf Ac. A P([SystemQ - Vx: Vy: A (x <=y = 2 (= (x =y)n)n)n -
Repetition > = (x <=y = = (= (X_X)))n» (X<:X:>;‘ =
y)n)n)n; FirstConjunct > = (x <=y = = (< (x = y)n)n)n > x <= y], po, c)]

[LessLeq *22° SystemQ F Vx: Vy:h(x<=y=-("(x=yn)n)nk x <=y|
[LessLeq = “LessLeq”]

[LessLeq P “lemma lessLeq”]
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FromLeqGeq

proof

[FromLeqGeq — Ac.Ax.P([SystemQ I Va: Vx: Vy: x <= y=a Fy<=x=ak
leqTotality > = (x <= y)n = y <= x; FromDisjuncts > -1 (x <= y)n = y <=
X>x<=y=aly<=x=a>al,po,c)]

[FromLeqGeq stugt SystemQ I~ Va:Vx:Vy:x <=y = aly <=x=al 3]
[FromLeqGeq tex “FromLeqGeq”]

[FromLeqGeq P Yemma from leqGeq”]

subLeqRight

[subLeqRight Proel e x. P([SystemQ - Vx:Vy:Vz:x =y -z <= x

eqleq > x =y > x <= y;leqTransitivity > z <= x> x <=y >z <=y],po, c)]
[subLequght SystemQ FVx:Vy:Vzix =ykFz<=xFz<=y]

[subLeqRight % “subLeqRight”]

[subLeqRight 2% ¥ “lemma subLeqRight”]

subLeqLeft

[subLeqLeft Proof e Ax. P([SystemQ - ¥x: Vy:Vz:x =y Fx <=z I-
eqSymmetry > x =y >y = x;eqleq >y = x > y <= x; leqTransitivity >y <=
x> x <=z>y <=1z],po,¢)]

[subLeqLeft stmat SystemQ F Vx:Vy:Vzix =y Fx <=z ky <=Z]

[subLeqLeft “% “subLeqLeft”]

[subLeqLeft ¥ “lemma subLeqLeft”]

Leq +1

proof

[Leq+1 — )\c)\xP([Systele—VxV x<=yFO0<lI>»-0<=1=
1# (= (0=1)n)n)n >

4 (5 (0=1)n)n)n; LessAddltlonLeft >4 (0 <=
Sy +0) <= (y+1) =2 (5 ((y +0) = (y + 1))mjnn; plus0 > (y +0) =
y; SubLessLeft > (y—|—0) =y>o(y+0)<=(y+1)=-(=((y+0) =
(y+D)mnn>-=(y<=(y+1)= (2 (y=
(y + 1))n)n)n; leqLessTransitivity > x <=y > (y <= (y +1) = = (= (y =
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(y+Dnn)n > 5 (x <= (y + 1) = = (- (x = (y + 1))n)n)n], po, c)]
[Leq + 1 I SystemQ - Vx:Vyix<=yFax<=(y+1)=-((kx=
(y +1))n)n)n]

[Leq + 1 % “Leq+17]

[Leqg+1 X “lemma leqPlus1”]

PositiveToRight(Leq)

[PositiveToRight(Leq) progf A A P([SystemQ F Vx: Vy: Vz: (x +y) <=z
leqAddition > (x +y) <=z> ((x+y) + (-uy)) <= (z+ (—uy)); x
X4y —y>x=((x+y) + (-uy));eqSymmetry > x = ((x +y) + (-uy)) >

((x+y) + (—uy)) = x;subLeqLeft &> ((x +y) + (—uy)) =
> ((x+y) + (-uy)) <= (z+ (-uy)) > x <= (z+ (~uy))], po, )]

[PositiveToRight(Leq) *3" SystemQ F Vx: Vy:Vz: (x +y) <=zkx <=
(z+ (—uy))]

[PositiveToRight(Leq) “= “PositiveToRight(Leq)”]

[PositiveToRight (Leq) % Y “lemma positiveToRight(Leq)”]

PositiveToRight(Leq)(1term)

proof

[PositiveToRight(Leq)(1term) "—" Ac.Ax.P([SystemQ - Vy:Vz:y <=z -
plusOLeft > (0 +y) = y;eqSymmetry > (0 +y) =y >y =
(0+y);subLeqleft >y = (0+y)>y<=z> (0+y) <=

z; PositiveToRight(Leq) > (0 +y) <=z > 0 <= (z+ (—uy))], o, c)]

[PositiveToRight(Leq) (1term) *3" SystemQ F Vy:Vziy <=zF 0 <=
(z+ (-uy))]
tex

[PositiveToRight(Leq)(1term) — “PositiveToRight(Leq)(1 term)”]

~

[PositiveToRight (Leq)(1term) % “lemma positiveToRight(Leq)(1 term)”]

lemma negativeToRight(Leq)

proof

[lemma negativeToRight(Leq) "— Ac.Ax.P([SystemQ

Vx: Vy:Vz: (x 4+ (—uy)) <=z I leqAddition > (x + (—uy)) <=z>>
(x+(-uy) +y) <= (z+ysx=x+y—y>x=

(x+y)+ (—u y)); Three2threeTerms > ((x +y) + (—uy)) =
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(—uy)) +y);eqTransitivity > x = ((x +y) + (—uy)) > ((x +y) + (—uy)) =
(—uy)) +y) > x= ((x+ (—uy)) +y); eqSymmetry > x =

(—uy)) +y) > ((x+ (—uy)) +y) = x;subLeqLeft > ((x + (—uy)) +y) =
(x+ (—uy)) +y) <= (z+y) >x <= (Z+xﬂ Do, )]

[lemma negativeToRight (Leq) *5" SystemQ F Vx: Vy:Vz: (x + (—uy)) <=z k
x <= (z+y)]

[lemma negativeToRight(Leq) 2 “lemma negativeToRight(Leq)”]

PositiveToLeft(Leq)

proof

[PositiveToLeft(Leq) "— Ac.Ax.P([SystemQ F Vx: Vy: Vz:x <= (y +z) -
leqAddition > x <= (y +2z) > (x + (—uz)) <= ((y +2) + (-uz));x =
x+y—y>y=((y+2) + (—uz));eqSymmetry >y = ((y +z
((y +2z) + (—uz)) = y;subLeqRight > ((y + z) + (-uz)) =y > (x + (—uz)) <=
((y +2) + (—uz)) > (x+ (~uz)) <=y],po, )]

z)

[PositiveToLeft(Leq) tn SystemQ FVx:Vy:Vzix <= (y+2) F (x+(—uz)) <=y]
(
(

ex

[PositiveToLeft(Leq) * “PositiveToLeft(Leq)”]

[PositiveToLeft(Leq) X “lemma positiveToLeft(Leq)”]

negativeToLeft(Leq)

proof

[negativeToLeft(Leq) "— Ac.Ax.P([SystemQ F Vx: Vy:Vz: x <= (y + (—uz)) -
leqAddition > x <= (y + (—uz)) > (x+2) <= ((y + (-uz)) +2);x =
x+y—y>y=((y+2z) + (—uz)); Three2threeTerms > ((y + z) + (—uz)) =

((y + (—uz)) + z); eqTransitivity >y = ((y +z) + (—uz)) > ((y + 2) + (—uz)) =
((y+(-uz)+2z) >y = ((y + (—uz)) + 2); eqSymmetry >y =

((y + (—uz)) +2) > ((y + (—uz)) 4+ 2) = y; subLeqRight > ((y + (—uz)) + z) =
y B> (x+2) <= ((y + (-uz)) + 2) > (x +2) <=y],po, )]

[negativeToLeft(Leq) *5" SystemQ + Vx: Vy:Vz:x <= (y+(—uz)) F (x+z) <=y]
[negativeToLeft(Leq) > “negativeToLeft(Leq)”]
(

[negativeToLeft(Leq) % ¥ “lemma negativeToLeft(Leq)”]

37



negativeToLeft(Leq)(1term)

proof

[negativeToLeft(Leq)(1lterm) "— Ac.\x.P([SystemQ F VX: Vz:0 <=
(y + (—uz)) - negativeToLeft(Leq) > 0 <= (y + (—uz)) > (0 +z) <=
y; plusOLeft > (0 4 z) = z;subLeqLeft > (0 + z) = z > z <= y], po, ¢)]

[negativeToLeft(Leq)(1term) *2" SystemQ Vy:Vz:0 <= (y+(—uz)) F z <=y]
[negativeToLeft(Leq)(1term) “% “negativeToLeft(Leq)(1 term)”]
(

[negativeToLeft(Leq)(1term) > VX “lemma negativeToLeft(Leq)(1 term)”)

LeqAdditionLeft

proof

[LeqAdditionLeft "=~ Ac.Ax.P([SystemQ - ¥x: Vy:Vz:x <=y
leqAddition > x <=y > (x+z) <= (y + z); plusCommutativity > (x +z) =
(z + x); plusCommutativity > (y +z) = (z +y);subLeqLeft > (x + z) =
(z+x) > (x+2z) <=(y+2)> (z+x) <= (y +2z);subLeqRight > (y + z) =
(Z+y)>(Z+X)<=(y+2)>>(Z+X) = (z+y)1,po, c)]

[LegAdditionLeft 3" SystemQ + Vx: Vy:Vz:x <=y tF (z+x) <= (z+Yy)]

tex

[LeqAdditionLeft = “LeqAdditionLeft”]
[LeqAdditionLeft X “lemma leqAdditionLeft”]

leqSubtraction

[leqSubtraction progt A AX.P([SystemQ F Vx: Vy:Vz: (x +2) <= (y+2) F
leqAddition > (x+2z) <= (y +2) > ((x+2) + (—uz)) <= ((y +2z) + (—uz));x =
x+y—y>x=((x+2) + (-uz));eqSymmetry > x = ((x +z) + (~uz)) >
(x+2)+(-uz)) =x;x=x+y—y>y=((y+2) + (—uz);eqSymmetry >y =
((y +2) + (—uz)) > ((y +2) + (—uz)) = y;subLeqLeft > ((x + z) 4+ (—uz)) =

x> ((x+2z)+(—uz)) <= ((y+2z)+(—uz)) > x <= ((y+z)+(—uz)); subLeqRight>
((y+2)+(-uz)) =y x<=((y +2) + (-uz)) > x <=y],po, )]

[leqSubtraction U SystemQ F Vx: Vy:Vz: (x +z) <= (y +2) Fx <=Y]
[leqSubtraction tex “leqSubtraction”]

[leqSubtraction X “Yemma leqSubtraction”]
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leqSubtractionLeft

proof

[leqSubtractionLeft "—" Ac.Ax.P([SystemQ I Vx: Vy:Vz: (z +x) <= (z+y) F
plusCommutativity > (z + x) = (x + z); plusCommutativity > (z +y) =

(y +z);subLeqLeft > (z +x) = (x +2) > (z+x) <= (z+y) > (x+2) <
(z+y);subLeqRight > (z+y) = (y +2) > (x+2) <= (z+y) > (x+ ;) <=
(y + 2); leqSubtraction &> (x +z) <= (y +2z) > x <= y],po, ¢)]

[leqSubtractionLeft ® bt SystemQ = Vx: Vy: Vz: (z + x) <= (z+y) F x <=1Y]

tex

[leqSubtractionLeft = “leqSubtractionLeft”]

[leqSubtractionLeft X “emma leqSubtractionLeft” ]

thirdGeq

f
[ proo

thirdGeq " — Ac.Ax.P([SystemQ + Vx: Vy x <=y F leqReflexivity >y <=
y; JoinConjuncts > x <=y >y <=y > = (x< y ="y <=
y) )n; ExistIntro @cgx @Qy > - (x <=y = 7 (y <= y)n)n > = (x <= cgx =
Ay <= cpx)n)n; Vx: Vyy <= x - leqReﬂex1v1ty >x <=
x; JoinConjuncts > x <= x>y <= x> = x<=x="(y<=
x) )n; ExistIntro @ cgx @ x > = x<=x=>-(y<= 5)n)rf>> S(x <= cCpx =
S (y <= cgx)n)n; Vx: Vy: Ded > Vx: Vy: x <=y F =1 (x <= cgx = S (y <=
cEX) 0> x <=y = T (x <= cpx = 7 (y <= cpx)n)n; Ded > Vx: Vy:y <= x +
A(x<=cpx = (Y <chx) N>y <=x= "(x <= Cgx = %(y <=
cex)n)n; leqTotality >> = (x <= y)n = y <= x; FromDisjuncts > - (x <=y)n =
y<=xDx<=y= "(x <— Chx :>ﬁ(y <= CEx)n )nbx<—§:>ﬁ(§<;
CEx = T (y <= CEx)N)N > (X <= Cpx = T (y <= Cgx)n)n|, po, )]

[thirdGeq stmpt SystemQ I Vx: Vy: =1 (x <= cpx = © (y <= cgx)n)n]
[thirdGeq % “thirdGeq”]

[thirdGeq 2 ¥ “lemma thirdGeq”|

LeqNegated

[LeqNegated progt A A P([SystemQ F Vx: Vy: x <=y I leqAddition > x <=
y > (x + (—ux)) <= (y + (—ux)); Negative > (x + (—ux)) =

0;subLeqLeft > (x 4+ (—ux)) = 0> (x + (—ux)) <= (y + (—ux)) > 0 <=

(y + (—ux)); plusCommutativity > (y + (—ux)) =

((—ux) +y); subLeqRight &> (y + (—ux)) = ((—ux) +y) >0 <= (y + (—ux)) >
0 <= ((—ux) +y);leqAddition > 0 <= ((—ux) +y) > (0 + (—uy)) <=
(((—ux) +y) 4+ (—uy)); plusOLeft > (0 + (—uy)) = (-uy);x =x+y —y >
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(—ux) = (((—ux) +y) + (—uy)); eqSymmetry &> (—ux) = (((—ux) +y) +(—uy)) >
(((—ux) +y) + (—uy)) = ( ~ux); subLeqLeft > (0 4 (—u uy)) =

(—uy) > (0 + (—uy)) <= (((—ux) +y) + (—uy)) > (—uy) <=

(((—ux) +y) + (—uy)); subLeqRight &> (((—ux) +y) + (—uy)) =

(—ux) > (- u)<:((( ux) +y) + (—uy)) > (—uy) <= (—ux)],po, ¢)]

[LeqNegated tex “LeqNegated”]

LeqgNegated P “lemma leqNegated”
g g

AddEquations(Leq)

f
) proo

[AddEquations(Leq A A P([SystemQ F Vx: Vy: Vz: Vu:x <=y F z <=
u k- leqAddition > x <=y > (x +z) <= (y + z); LeqAdditionLeft >z <= u >
(y +2) <= (y + u);leqTransitivity > (x + z) <= (y +2) > (y + 2) <= (y + u) >
(x+2) <= (y+u)],po, )]

[AddEquations(Leq) stmt SystemQ - Vx: Vy:Vz:Vu:x <=y kFz<=ukh
(x+2) <= (y +u)]

[AddEquations(Leq) Jass “AddEquations(Leq)”]

[AddEquations(Leq) X “emma addEquations(Leq)”]

MultiplyEquations(Leq)

[MultiplyEquations(Leq) POt N Ax. P([SystemQ - Vx: Vy: Vz: Vu: 0 <= x -

0 <=zkx <=yt z<=ul leqMultiplication >0 <=z>x <=y > (x*z) <=
(y*z); leqTransitivity>0 <= x>x <=y > 0 <=y; LeqMultiplicationLeft>0 <=
y>z <=u> (y*z) <= (y *u);leqTransitivity > (x ¥ z) <= (y*z) > (y ¥ z) <=
(y*u) > (x*2z) <= (y *u)],po, )]

[MultiplyEquations(Leq) *23 st SystemQ F Vx: Vy: Vz: Vu: 0 <= xF 0 <=z F
x<=ykFz<=ulk (xxz) <= (y*u)]

(
(x

[MultiplyEquations(Leq) — ey “MultiplyEquations(Leq)”]
(

[MultiplyEquations(Leq) = P “lemma, multiplyEquations(Leq)”]

ThirdGeqgSeries
[ThirdGeqSeries *= “ThirdGeqSeries”]
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[ThirdGeqSeries X “lemma thirdGeqSeries” |

LeqNeqLess

[LeqNeqLess PP AeAx. ”P(fSystemQ F Vx x<=yk-a(x=ynk
JoinConjuncts >x <=y > = (x = y)n > - (5 =y
y)n)n)n; Repetition > = (x <=y = 2 (- (x=y)n)n)n > -~ (x <=y = = (7 (x =

y)n)n)nf, po, c)]

[LeqNeqLess *3" SystemQ F Vx: Vyix<=ykFa(x=ynkFa(x<=y=

S (5 (x=yn)n)n]
[LegNeqLess bex “LeqNeqLess”]

[LeqNeqLess P emma leqNeqLess” ]

FromLess

proof

[FromLess "— Ac.Ax.P([SystemQ I Vx: Vy:y <= x I- toNotLess >y <= x>
A(m(x <=y = (7 (x=y)n)n)n)n; Vx: Vy: Ded > Vx: Vy:y <= xF = (= (x <=
y = (= ymmnn Sy <= x = (3 (x <= y = 2 (3 (x =
y)n)n)n)n; = (x <=y = - (- (x =y)n)n )n F AddDoubleNeg > = (x <=y =
S =y S (5 (S x <=y = 2 (G =y)n)nn)n)n MT >y <=
Sk <=y= (G E=ynnnne (5 (Gx<=y = (0 x=
y)n)n)n)n)n > = (y <= x)n|, po, c)]

[FromLess *5° SystemQ + Vx: Vit (x<=y=-("(x=ynnnk -(y <=
x)n]

tex
[FromLess — “FromLess”]

pyk 77]

[FromLess = “lemma fromLess

ToLess

[ToLess P Ne. /\x P([SystemQ F Vx: Vy: = (- (y <=x= = (- (y =x)n)n)n)n -
fromNotLess > = (4 (y <= x = = (4 (y =x)n)n)n)n > x <=
y,Vx Vy:Ded > Vx: Vy: = (5 (y <= x = —|(—|(y—x) Jnn)nk x <=y >

Sy <=x=((y=x)nnnn=x <=y (x<=ynk

NegativeMT 1> = (5 (y <=x = (< (y = x)n)n)n)n = x <=y > = (x <= y)n >
S (y <=x= (2 (y =xn)n)n], po, ¢

[ToLess """ System@Q F Vx: ¥y: = (x <= y)n k= (y <= x = = (= (y = x)n)n)n]
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[ToLess “% “ToLess”]

Ik
[ToLess 5 “lemma toLess”]

fromNotLess

[fromNotLess PIOPT A Ax. P([SystemQ F ¥x:Vy: = (- (x <=y = - (2 (x =
y)n) Jn)n k x <=y Repetition > = (- (x <=y = - (= (x = y)n)n)n)n >

A (5 (x <=y = (- (x=y)n)n)n)n; RemoveDoubleNeg > = (- (x <=y =
(G =y > x <=y = (3 x =y MP e x <=y =5 (5 (x =
y)n)n>x <=y > = (- (x = y)n)n; RemoveDoubleNeg > - (- (x = y)n)n > x =
y,eqSymmetryl>x-y >y =X eqLquy =x>y<=

X Vx:Vy:Ded > Vx: Vy: 2 (A (x <=y = 2 (2 (x=yn)n)n)nFx <=y kFy <=
x> (5 (x <y = 5 (5 (x = yJn)n)n = x <=y =y <= x5 (5 (x <= y =
= (5 (x = ymmmn - MP b 5 (5 (x <= y = (4 (x = y)n)m)n)n = x <= y =
y<=xpa(m(x<=y= (- (x=y)n)n)n )n>>x< y=y<=
xAutoImply>>y<—x:>y = leqTotahty>> (x<=yn=y<=

x; FromDisjuncts > 1 (x <= y)n > y <= x> x <=y =y <=xD>y <=x =
y <=x>y <=x]|,po,c)|

[fromNotLess 2 System(Q b Vx: Vy:n(m(x<=y= (- (x=yn)n)n)n F
y <=4
tex

[fromNotLess = “fromNotLess”]

[fromNotLess P “lemma fromNotLess”]

toNotLess

[toNotLess PPt AeAx. P([SystemQ F Vx: Vy:x <=y Fy<=x I—
lquntlsymmetry D>y <=xDx <=y >y=x;AddDoubleNeg =x>

S (2 (y=x)mn )anVyDedDVxVyx< yFy<=xk-(= ( ))n>>
x<=y=y<=x=(n(y=xnnx<=yFMPp>x<=y=y<=x=
S5 (y=x)n)n>x <=y >y <=x= (- (y = x)n)n; AddDoubleNeg 1> y <=
x=S(5(y=x¥nn> S (5 (y <=x=(n(y =
x)n)n)n)n; Repetition > = (= (y <= x = 2 (- (y =x)n)n)n)n > - (- (y <=x =
y = x)n)n)n)n; Repetition > = (= (y <= x = = (= (y = x)n)n)n)n >
Y <=x= (5 (y = x)n)n)n)nl, po, o)

[toNotLess I SystemQ F Vx: Vyix<=yka(n(y<=x=-(-(y=
x)n)n)u)u]

S (5

A~

S (4

ex

[toNotLess “= “toNotLess”]

[toNotLess X “Yemma toNotLess”]
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NegativeLessPositive

[NegativeLessPositive "= /\c AX. P((SystemQ FVx:o(0<=x= - (-(0=
x)n)n)n - FirstConjunct > - (0 <=x= (2 (0 =x)n)n)n > 0 <=

x; leqAddition > 0 <= x> (0 + (—ux)) <= (x + (—ux)); plusOLeft >

(0 + (—ux)) = (—ux); Negative > (x + (—ux)) = 0;subLeqLeft > (0 + (—ux)) =
(—ux) > (0 + (—ux)) <= (x+ (—ux)) > (—ux) <=

(x4 (—ux));subLeqRight > (x 4 (—ux)) = 0> (—ux) <= (x + (—ux)) >

(—ux) <= O ;legLessTransitivity > (—ux) <=0 - (0 <=x= 5 (- (0=
M) 3 ((—1x) <= x = (= ((~wx) = Yn))u], poc)]

[NegativeLessPositive *5' SystemQ - Vx: (0 <= x = (< (0 = x)n)n)n b
2 ((Fwx) <=x= = (5 ((-wx) = x)n)n)n]

[NegativeLessPositive 5 “NegativeLessPositive”]

. .. pyk . ..
[NegativeLessPositive = “lemma negativeLessPositive”]

leqLessTransitivity

[leqLessTransitivity propf A X P([SystemQ F Vx:Vy:Vzix <=y F = (y <=z =
(2 (y=znnnkx=zF FirstConjunct >y <=z= (5 (y z)n)n)n >
y <= z; SecondConjunct > = (y<=z="((y=2zn)n)n> (y=

z)n;subLeqLeft >x = z>x <= y>z<=y; lquntlsymmetry >y <
y >y = z; FromContradiction >y = z> - (y = z)n > - (x = B

Il
IN
\Y,
IN
i

)anVszDedDVxVszx< yFa(ly<=z=-(=(y=zn)n)nkx=
zk = (x—z)n>>x< y=-"(y<=z=-("(y=znnn=x=z= " (x=
)nx< yFo(y<=z= -(-(y=2z)n)n)n }—MP2>x< y=-a(y<=z=

< (= (y =z)n)n )n:>x—z:>—\(x—z)n>x< y > (y<—;:>ﬂ(1(y:
;)n)nyn > x =z = - (x = z)n; prop lemma imply negation >x =z = - (x =
z)n > - (x = z)n; FirstConjunct > w1 (y <=z = S (5 (y=z)n)n)n >y <=
z;leqTransitivity > x <=yb>y <=1z >x <= Z; JoinCanjuncts D> x <=
z> S (x=2z)n > 4 (x <=z = 5 (5 (x = z)n)n)n], po, ¢)]

[leqLessTransitivity *I SystemQ F Vx: Vy:Vzix <=yka(y<=z=(2(y=
zin)n)n k5 (x <=z= 5 (- (x =2z)n)n)n]

leqLessTransitivity =5 “leqLessTransitivity”
q y Yy

[leqLessTransitivity P “emma leqLessTransitivity” ]
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LessLeqTransitivity

[LessLeqTransitivity propf AcAx.P([SystemQ F Vx: Vy:Vz: 5 (x <=y =
S (x=ymn)nky <=zt z=xF FirstConjunct > - (x <=y = = (4 (x =
y)n)n)n > x <= y; SecondConjunct > - (x <=y = = (- (x =y)n)n)n > = (x =
y)n;subLeqRight > z = x >y <=z > y <= x;leqAntisymmetry > x <=
y >y <= x> x = y; FromContradiction >x =y > - (x = y)n > - (z =

)anVszDedDVxVyVZﬂ(x< y="("(x=ynnnky<=zk
xFa(z=xn>(x<=y=("(x=ynnn=y<=z=z=x= =
A (x<=y=(n(x=ynnnkFy<=zFMP2p> - (x<=y= (7 (x=
mnn=y<=z=z=x=(z=x)n>(x<=y=-(2(x=

)))n>y<—z>>2—x:>ﬁ(2—x)n prop lemma 1mply negation > z =

X

k<\‘<

X =
S (z=x)n > 4 (z = x)n; NeqSymmetry > = (z = x)n > = (x =

z)n; FirstConjunct > - (x <=y = = (- (x =y)n)n)n > x <=
Y; 1eqTrans1t1v1ty D> x <=yD>y<=z>x <= z;JoinConjuncts > x <=

Z> S (x=2z)n> (x<—z:>ﬂ(ﬂ(x—2)n))1po, c)]

[LessLeqTransitivity - stogt SystemQ F Vx:Vy:Vz: 2 (x <=y = = (5 (x =
ymnn by <=zk 5 (x <=z = (= (x =z)n)n)n]

[LessLeqTransitivity tex “LessLeqTransitivity” |

e k e
[LessLeqTransitivity 2 “lemma lessLeqTransitivity”]

LessTransitivity

[LessTran81t1v1ty 2 AeAx. P([SystemQ F ¥x: Vy:Vz: 7 (x <=y = = (S (x =
ymn)nk =(y <=z= - (-(y=zn)n)nk FlrstConJunct > 5 (y <=

z
S (= (y = z)n)n)n >y <= z; LessLeqTransitivity > = (x <=y = = (= (
yjnnn >y <=z> = (x <=z = = (5 (x = z)n)n)n], po, c)]

[LessTran81t1v1ty I System(Q F Wx: Vy: Vz: = (x<=y=-("(x=ynn)nk
“y<=z= - ((y=znmnk A x<=z= (" (x=2z)n)n)n|

[LessTransitivity “3 “LessTransitivity”]

e k e
[Less Transitivity "5 “lemma lessTransitivity”]

LessTotality

[LessTotality P AeAx. P([SystemQ + Vx Vy:a(h(x<=y= (0 (x=
y)n)n)n)n = = (x = y)n F fromNotLess > = S(t(x<=y= (5 (x=y)n)n)n)n >
y <= x; NeqSymmetry >~ (x = y)n > = (y = x)n; LeqNeqLess >y <= x> (y =
x)n > 5 (y <=x= (5 (y = x)n)n)n; vx: Vy: Ded > Vx: Vy: S (5 (x <=y =
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A(t(x=yn)n)n)nka(x=ynk Ay <=x= (2 (y =x)n)n)n >
S(x<=y= S (tE=ynnnn=(x=yn=(y<=x=(2(y=
x)n)n)n; Repetition > = (4 (x <=y = 2 (7 (x =y)n)n)n)n = - (x = y)n =

\ X n>>A(h(x<=y=-("(x=ynnnmn=

Il
@D
]
%
o
-+
=
=

<
g
w2

<
4
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8

O
T
<
1%
<

<

<
i

<
il

T

<
I

<

z

z

&
=]

S(x=yn =5y <=x= (4 (y = x)n)n)n]

tex

[LessTotality — “LessTotality”]

[LessTotality VY “lemma lessTotality”]

SubLessRight

proo:

[SubLessRight ropf A X P([SystemQ F Vx:Vy:Vzix =y F - (z<=x=

4 (4 (z =x)n)n)n F Repetition > 4 (z <= x = = (4 (z = x)n)n)n > - (z <=

x = 5 (- (z =x)n)n)n; FirstConjunct > - (z <=x = - (- (z=x)n)n)n > z <=
x;subLeqRight > x = y >z <= x > z <=y; SecondConjunct > - (z <= x =

S (5 (z=x)n)n)n > - (z = x)n; SubNeqRight >x =y >~ (z=x)n>> = (z =
y)n; JoinConjuncts >z <=y> - (z=y)n> 2 (z<=y= (- (z=

y)n)n)n], po, )]

[SubLessRight U SystemQ b Vx: Vy: Vzix = yEa(z<=x=~(~(z=

x)n)n)n k- (z <=y = - (- (z=y)n)n)n|

tex

[SubLessRight — “SubLessRight”]
[SubLessRight P “lemma subLessRight”]

SubLessLeft

proo

[SubLessLeft roof ACAXP([SystemQ F Vx: Vy:Vzix =y F - (x <=z =

4 (4 (x = z)n)n)n F Repetition > 4 (x <=z = = (4 (x = z)n)n)n > - (x <=
z= (- (x =z)n)n)n; FirstConjunct > = (x <=z = - (- (x =z)n)n)n > x <=
z;subLeqLleft > x = y > x <=z > y <= z; SecondConjunct > - (x <=z =

5 (5 (x = z)n)n)n > = (x = z)n; SubNeqLeft > x = y > 1 (x = z)n > = (y =
z)n; JoinConjuncts >y <=z> - (y=zn> - (y<=z= (- (y=
2)j)n], po, )]

[SubLessLeft stopt SystemQ F Vx:Vy:Vzzx =y F 2 (x<=z= - (- (x=
k= (y <=z= = (=(y=2znn)n]

tex

[SubLessLeft — “SubLessLeft”]

[SubLessLeft X “lemma subLessLeft”]
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SwitchTerms(x <y — z)

itchTerms(x <y — z) propf Ac A P([SystemQ F Vx: Vy: Vz: = (x <=

(—uz)) = = (- (x = (y + (~uz)))n)n)n F NegativeToLeft(Less) > - (x <=
(-uz)) = (2 x = (y+ (-uzg))mnn > = (x+2) <=y = 2 (2 (x+2) =
n)n; plusCommutativity >> (x+z) = (z+ x); SubLessLeft > (x + z) =
) (xt+z) <=y= (0 (x+z) =ynnn>=5(z+x) <=y =

4 ((z+x) = y)n)n)n; PositiveToRight(Less) > ((z+x) <=y = - (- ((z+x) =

(( (
y)mn)n > = (z <= (y + (—ux)) = = (= (z = (y + (—ux)))n)n)n], po, c)]

[SwitchTerms(x < y — z) "' SystemQ + Vx: Vy:Vz: = (x <= (y + (—uz)) =
2=+ (tw)nn - Sz <= (Y + () = S (5 2=
(y + (=ux)))n)n)n]

[SwitchTerms(x < y — z) *= “SwitchTerms(x<y-z)”]

%)
=

[SwitchTerms(x <y — z) P “emma switchTerms(x<y-z)”]

SwitchTerms(x — y < z)

[SwitchTerms(x —y < z) PO AeAx. P([SystemQ F Vx: Vy: Vz: - ((x+(—uy)) <=
z= = (= ((x+ (—uy)) = z)n)n)n - NegativeToRight(Less) > = ((x + (—uy)) <=
z= 5 (x4 (-wy)) =zn)nn > S (x <= (z+y) = 2 (S (x =

(z+y))n)n)n; plusCommutativity > (z+y) = (y +z); SubLessRight > (z +y) =
Y+z)e(x<=(z+y) = 2 (x=z+y))nun> = (x<=(y+2) =

S (5 (x = (y + z))n)n)n; PositiveToLeft (Less) > = (x <= (y +z) = 2 (5 (x =

> 2 ((x+ (-uz)) <=y = = (= ((x+ (-uz)) = y)n)n)n], po, c)]

[SwitchTerms(x — y < z) "3 SystemQ F Vx: Vy:Vz: 4 ((x + (-uy)) <=z =
*)(*) ()(éfr (—uy)) =zn)n)n - 5 ((x+ (-uz)) <=y = = (5 (x+ (-uz)) =
y)n)n)n

[SwitchTerms(x —y < z) — “SwitchTerms(x-y<z)”]

tex
tex
[SwitchTerms(x — y < z) 2 “demma switchTerms(x-y<z)”]

LessAddition

proof

[LessAddition "— Ac.Ax.P([SystemQ F Vx: Vy:Vz: 7 (x <=y = = (- (x =
y)n)n)n F LessLeq > = (x <=y = = (= (x = y)n)n )n>>x<—
y; leqAddition > x <=y > (x +2z) <= (y + 2); LessNeq > 5 (x <=y=

S (5 (x = y)n)n)n > * (x = y)n; NeqAddition > = (x = y)n > = (x +z) =
(y +z))n; JoinConjuncts > (x +z) <= (y+z) > ((x+2z) = (y+2))n >
S((x+2) <= (y+2) = (2 (x+2) = (y +2))w)n)n], po, ¢)]
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[LessAddltlon *8 System(Q F Vx: Vy: Vz: = (x<=y=-(~(x=ynn)nk
“(x+2) <=(y+2) = (7 (x+2) = (y+2)n)n)n]

tex

[LessAddition — “LessAddition”]

[LessAddition 2 “lemma lessAddition”]

LessAdditionLeft

proof

[LessAdditionLeft "= Ac. )\x P([SystemQ FVx:Vy:Vz: 5 (x <=y = = (& (1 =
y)n)n )n F LessAddition > = (x <=y = = (- (x = y)n)n)n > = ((x +2) <

< (2 ((x+2) = (y + z))n)n)n; plusCommutativity > (x4 z) =
SubLebbLeft > (x+2z) = (z +x)> o ((x+2z2) < (y +2z)=
“((x+2) = (y+ 2> = (z+x) <= (y+2) = 7 (7 (z+x) =
z))n)n)n; plusCommutativity > (y+z)=(z+y); SubLessnght > (y+2z)
> 2((e ) <=3+ = 2l = (kD> (e 72 <=
y) = 2 (5 ((z+%) = (z+y))n)n)n], po, )]

[LessAddltlonLeft stogt SystemQ - Vx: Vy:Vz: -~ (x <=y = = (- (x = y)n)n)n -

“(z+x) <= (z+y) = (2 (z+x) = (z+y))n)n)n]
[LessAdditionLeft *% “LessAdditionLeft”]

IN
+
IX
\_/v

\N\

[LessAdditionLeft X “lemma lessAdditionLeft”]

LessMultiplication

[LessMultiplication "% Ac.\x.P([SystemQ i Vx: Vy:Vzi o (0 <=z = (- (0=
zn)n)nk S (x <=y = %(%(X*y)n)n)nFLessLqu%(§<:X¢%(—'|(§:
y)n)n)n > x <=y;LessLeq> - (0 <=z = = (- (0 =z)n)n)n > 0 <=
z;leqMultiplication>0 <= z>x <=y > (x*z) <= (y*z); LessNeq>= (x <=y =
S(H(x=yn)n)n > S (x =y)n; LessNqu (0<=z=4(2(0=2z)n)n)n >
(0 = z)n; NeqSymmetryDﬁ (0 = z)n > = (z = 0)n; NeqgMultiplicationt> - (z =
0)nt>= (x = y)n > ~ ((xxz) = (y*z))n; LeqNeqLessi> (xxz) <= (y*z)>- ((x*z) =
(y*z))n> = ((x*z) <= (y*z) = (7 ((x*2) = (y *z))n)n)n}, po, ¢)]

[LessMultiplication *=" SystemQ F Vx: Vy:Vz: 5 (0<=z= (- (0=2z)n)n)n F
Ax<=y=>(CGx=yn)n)nkE S ((xxz) <= (y*xz) = (S ((x*z) =
(y *z))n)n)n]

[LessMultiplication ¥ “LessMultiplication”]

[LessMultiplication 2 “lemma lessMultiplication”]
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LessMultiplicationLeft

[LebsMultlphcatlonLeft PIOPT N Ax. P([SystemQ F Vx: Vy:Vz: 7 (0 <=z =

S 0=znnnkSx<=y =5 (x=yn)nnk
LessMultiplication > < (0 <=z = - (= (0=zn)n)n> - (x <=y = (= (x =
yymnn > = ((xxz) <= (y*xz) = 2 (2 (x*z) =
y * z))n)n)n; timesCommutativity > (x * z) = (z * x); timesCommutativity >
y*;) (z*y); SubLessLeft > (x xz) = (zxx) > = ((x*2) <= (y*z) =

S5 ((xrz) = (y*x2))n)n)n > = ((z+x) <= (y*z) = 2 (5 (2 x) =
(y*z))n)n)n; SubLessRight > (y*z) = (zxy) > ((zxx) <= (y*z) = = (= ((z+x) =
(y*z))nn)n > = ((z*x) <= (z*y) = = (= ((z*x) = (z*y))n)n)n], po, )]

essMultiplicationLeft Sty SystemQ = Vx:Vy:Vz: 2 (0 <=z = (- (0=
jmn =S (x<=y= (" (x=ynnnk A (z+x) <= (zxy) =

n)n
(5 (Zz*x) = (zxy))n)n)n]
[LessMultiplicationLeft s “LessMultiplicationLeft”]

[LessMultiplicationLeft X “emma lessMultiplicationLeft”)

LessDivision

[LessDivision progf ACAX.P([SystemQ F Vx: Vy:Vz: 0 <=z F = ((x*x z) <=
(y*z) = (= ((x*2z) = (y *2))n)n)n - FromLess > = ((x xz) <= (y *z) =
(5 ((x*z) = (y*2z))n)n)n > = ((y*z) <= (x*z))n; leqMultiplicationAxiom >
0<=z=>y<=x=(yxz) <= (x*2);MP>0<=z=y<=x=> (y*z) <=
(x*xz)>0<=z>y <=x= (y *z) <= (x * z); Contrapositive > y <= x =
(y*z) <=(xx2) > ((yxz) <= (x*2))n = = (y <—x)n MP > = ((y xz) <=
(xxz)n="(y <=x)n>((y*z) <=(x*z))n> = (y <=

x)n; ToLess > = (y <= x)n > = (x <=y = = (- (x = y)n)n)n], po, c)]

[LessDivision sty SystemQ = Vx: Vy:Vz: 0 <=z F = ((x x2) <= (y * z) =
S5 (xz) = (y*z))n)n)nk = (x <=y = = (5 (x = y)n)n)n]

PR tex P
[LessDivision — “LessDivision”]

. pyk .
[LessDivision = “lemma lessDivision”]

PositiveToRight (Less)

proof

[PositiveToRight(Less) " — Ac.Ax.P( fSystemQ = Vx: Vy: Vz: = ((x + y) =
S (5 ((x+y) =z)n)n)n - LessAddition > = ((x +y) <=z= = (2 ((x+Y)
Z)n)n)n > = ((x+y) + (-uy) <= (z+ (~uy)) = = (= ((x+y) + (~uy)) =
(z+ (—uy)))n)n)n;x =x+y —y > x= ((x+y) + (—uy)); eqSymmetry > x =

=

N
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(x+y)+(—uy) > (x+y) + ( y)) = x; SubLessLeft > ((x +y) + (—uy)) =
x> 5 ((x+y) + (-wy) <= 2+ (-wy) = 2 (5 (((x+y) + (-uy)) =
(z+(—uy)))n)n)n > = (x <= (z+(~uy)) = = (= (x = (z+(~uy)))n)n)n], po, c)]

[PositiveToRight(Less) ° Y SystemQ F Wx: Vy:Vz: - ((x+y) <=z
(5 ((x+y) =nmn b A (x <= (z+ (—uy)) = (2 (x =+ (- ux)))n)n)n}

€

[PositiveToRight(Less) *= “PositiveToRight(Less)”]

[PositiveToRight (Less) ¥ “emma positiveToRight(Less)”]

PositiveToLeft(Less)

[PosltlveToLeft(L s) — POPE A Ax. P( fSystemQ FVx:Vy:Vz: 5 (x <= (y +z) =

S (4 (x=(y+2z))n)n)n k LessAddition > = (x <= (y +2z) = = (5 (x =
(

(y +2z)n)n)n > = ((x+ (—uz)) <= ((y +2) + (-uz)) = = (= (x+ (-uz)) =
((y+2)+(-uz)))n)n)n;x = x+y—y >y = ((y+2z)+(—uz));eqSymmetry >y =
(y+2)+ (-uz)) > ((y+2) (—uz)) = y; SubLessRight &> ((y + z) + (—uz)) =
y> (x4 (-uz) <= ((y +2) + (-uz) = 2 (2 (x + (-uz) = (y +2) +
(—uz)))n)n)n > = ((x + (—uz)) <=y = = (= ((x + (—uz)) = y)n)n)n], po, c)]
[PositiveToLeft(Less) *2" SystemQ F ¥x: Vy:Vzi o (x <= (y+2z) = (- (x=

(y +z))m)n)nk 5 ((x+ (-uz)) <=y = = (= ((x+ (-uz)) = y)n)n)n]

PositiveToLeft(Less) ¥ “PositiveToLeft (Less)”]

PositiveToLeft(Less) P “lemma positiveToLeft(Less)”]

NegativeToLeft(Less)

pro

[Ne gatlveToLeft(Lebs) 0 N AP P([SystemQ I Vx: Vy: Vz: - (x <=

(y + (—uz)) = = (- (x = (y + (—uz)))n)n)n - LessAddition > = (x <=

(y+(~uz)) = = (= (x = (y + (-uz))m)n)n > = ((x +2z) <= ((y + (~uz)) +2) =
A (= ((x+2) = ((y+ (—uz)) +z))n)n)n; Three2threeTerms > ((y + (—uz)) +z) =

+2z)+ (-uz))ix=x+y -y >y=(y +2) + (~uz)); eqSymmetry >y =

z) + (—uz)) > ((y + z) + (—uz)) = y; eqTransitivity > ((y + (—uz)) + z) =

z)+(—uz)) > ((y+z)+(—u;)) =y > ((y+(—uz))+z) = y; SubLessRight >

(-uz)) +2) =y > ((x+2) <= (y + (-uz)) +2) = = (= ((x +2) =

(—uz)) +2z))n)n)n > = ((x+2z) <=y = - (= ((x+2z) =y)n)n)n|, po,c)]

NegatlveToLeft(Less) — SystemQ FVx: Vy: Vz: - (x <= (y + (= ;))
S x=+ (= ))))) S(xtz)<=y=20(x+z)=y
)3

¥ “NegativeToLeft(Less)”]

[NegativeToLeft(Less
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[NegativeToLeft(Less) X “lemma negativeToLeft(Less)”]

NegativeToRight(Less)

proof

[NegativeToRight(Less) "—  Ac.Ax.P([SystemQ - Vx Vy:Vz: - ((x +
z= < (= ((x+ (=uy)) = z)n)n)n F LessAddition > = ((x + (—uy)) <
S (5 ((x 4 (—uy)) = z)n)n)n > = (((x + (-uy)) +y) <= (z+y) =

£ uy)) <

z=

A (A (x4 (—uy)) +y) = (z+y))n)n)n; Three2threeTerms > ((x+(—uy)) +y) =
(x+y)+ (= UX))X—X+Y y > x=((x+y) + (—uy));eqSymmetry > x =
(x+y)+ (—uy)) > ((x+y) + (—u X) = x; eqTransitivity > ((x + (— uy)) +y) =
((x+y)+(—uy)) > ((x+y)+ (—uy)) = x> ((x+ (—uy)) +y) = x; SubLessLeft >
((x+(—uy)) +y) = x> ((x+(—uy)) +y) <= (z+y) = = (2 ((x+(-uy)) +y) =
(z+y)nnn > = (x <= (z+y) = 7 (- (x = (z+y))n)n)n], po,c)]

Ne iveToRight(Less) 5" SystemQ F Vx: Vy:Vz: - ((x + (-uy)) <=z =

uy))
(x4 (-uy)) =zgnn)n kS (x <= (z+y) = 2 (5 (x = (z+y))n)n)n]

L—"

—~
Joq
/-\QO

[NegativeToRight(Less) Jass “NegativeToRight(Less)”]

[NegativeToRight(Less) X “emma negativeToRight(Less)”]

AddEquations(Less)
[Adquuatlons( ) PO NeAx. P([SystemQ F Vx: Vy:Vz: Vu: - (x <=y =
A (- (x=yn)n)nk - (z<=u= (- (z=u)n)n)n k- LessAddition > = (x <=

y="(x=ynnn> 5 (x+z) <=(y+z)= (7 (x+2) =

(y+2))n)n)n; LessAdditionLeft>>= (z <= u = = (= (z = u)n)n)n > = ((y+z) <=
(y+u) = = (= ((y +2z) = (y +u))n)n)n; LessTransitivity > - ((x +z) <=

(y+2z) = (5 (x+2) = (y+2)nnne>=((y+2) <= (y+u) = 2 (= ((y+2) =
(y +u)nn)n > = ((x+2z) <= (y +u) = = (5 ((x+2) = (y + u))n)n)n], po, c)]
[Adquuatlons(Less) I SystemQ F Vx: Vy: Vz: Vu: = x<=y=-a(-(x=
ymnnk = (z<=u= (2 (z=unnnk = ((x+2) <= (y +u) =

(5 ((x+2) = (y +u))n)n)n]

tex

[AddEquations(Less) — “AddEquations(Less)”]

[AddEquations(Less) P “lemma addEquations(Less)”]



AddEquations(LeqLess)

[AddEquations(LeqLess) progf A A P([SystemQ F Vx: Vy: Vz: Vu:x <=y -

S(z<=u= (- (z=un)n ) FleqAddition > x <=y > (x +2z) <=

y+2); LessAdditionLeft > = (z<=u=("(z=unnn>((y+z) <=

+ u=-("((y+z)=(y+u)mn ) )n; leqLessTransitivity > (x + z) <=
Tyt <= +u) =2y +2) = +u)nnn > (x+z) <=
+u) = (5 ((x+2) = (y + u))n)n)n], po, c)]

[AddEquations
2(h(z=uwn)n

(Le ess) B QystemQ b Vx: Vy: Vz: Vurx <=y b = (z<=u=
Jn -

[AddEquations(LeqLess) “= “AddEquations(LeqLess)”]
(

S((x+2z)<=(y+u) = (= ((x+2z) = (y +u))n)n)n]

[AddEquations(LeqLess) VY “lemma addEquations(LeqLess)”]

reciprocal ToLeft(Less)

proof

[reciprocalToLeft(Less) "—  Ac.Ax. P([SystemQ FVx:Vy:Vz: 2 (0 <=z =

5 (2(0 = Zn)nn - (x <= (y +recz) = = (5 (x = (y » recz)Jn)nn -
LessMultiplication > - (0 <=z = - (- (0 = z)n)n)n > = (x <= (y * recz) =
S (5 (x = (y *recz))n)n)n > 5 ((x +z) <= ((y *recz) xz) = ~ (2 ((x*2) =
((y * recz) * z))n)n)n; Three2threeFactors > ((y * recz) x z) =

((y * ) = recz); PositiveNonzero > -1 (0 <=z = = (- (0 = z)n)n)n > ~ (z =
On;x =xxy* (1/y) >~ (z=0)n>y = ((y *z) * recz); eqSymmetry >y =
((y * z) xrecz) > ((y * z) * recz) = y; eqTransitivity > ((y * recz) x z) =

((y xz) *recz) > ((y * z) ¥ recz) =y > ((y *recz) xz) =

¥; SubLessRightD((y*recz)*z) =y ((xxz) <= ((y*recz)*z) = - (= ((x*z) =
((y xrecz) ¥ z))n)n)n > = ((x ¥ z) <=y = = (= ((x*z) = y)n)n)n], po, )]
[reciprocal ToLeft (Less) "3 System(Q F Vx: Vy:Vzz2(0<=z= (- (0=
z)n)n)n 5 (x <= (y xrecz) = - (7 (x = (y *xrecz))n)n)n k- - ((xxz) <=y =
S (5 ((x*2) = y)n)n)n]

[reciprocal ToLeft(Less) = “reciprocal ToLeft(Less)”]

~

[reciprocal ToLeft(Less) 2 “lemma reciprocalToLeft(Less)”]

LessNegated

[LessNegated P AeAx. P([SystemQ F ¥x:Vy: 2 (x <=y = 5 (- (x =

y)n)n)n - LessLeq > -1 (x <=y = < (= (x = y)n)n )n>>x<—

% Lequgated >x<=y> (—uy) <= (— ux)iLebsNeq DAx<=y="("(x=
y)n)n)n > = (x = y)n; NeqNegated > = (x = y)n > = ((—ux) =



(—u X)) ; NegSymmetry > = ((—ux) = (—uy))n > = ((—uy) =
( ux))n; LeqNeqLess > ( uy) <= (—ux) > = ((—uy) = (—ux))n >
S ((muy) <= (—ux) = = (= ((—uy) = (—ux))n)n)n], po, ¢

[LessNegated 5" System(Q + Vx: Vy:a(x<=y=-(-(x=yn)n)nk
S ((muy) <= (-ux) = = (5 ((-uy) = (—ux))n)n)n]

LessNegated ™% “LessNegated”
2 2

[LessNegated ¥ “lemma lessNegated”]

PositiveNonzero

[PositiveNonzero "% Ac.Ax.P([SystemQ I Vx: = (0 <= x = = (= (0 =
x)n)n)n - Repetition > - (0 <=x= (- (0 =x)n)n)n > - (0 <=x =
4 (4 (0 = x)n)n)n; SecondConjunct > = (0 <= x = = (5
x)n; NegSymmetry > = (0 = x)n > = (x = 0)n], po, ¢)]

—~

[PositiveNonzero 5" SystemQ  Vx: 51 (0 <= x = = (= (0 = x)n)n)n F = (x =
0)n]

ops tex ipe
[PositiveNonzero — “PositiveNonzero” |

oy pyk oy
[PositiveNonzero = “lemma positiveNonzero”

PositiveNegated

f
[ proo

PositiveNegated " — Ac. /\x P([SystemQ FVx: = (0 <=x= - (- (0=
x)n)n)n - LessNegated > = (0 <= x = = (5 (0 = x)n)n)n > - ((—ux) <=
(—u0) = = (7 ((—ux) = (—u0))n)n)n; —0 = 0> (—ul) =

0; SubLessRight &> (—u0) = 0 > = ((—ux) <= (—u0) = (- ((—ux) =
(—u0))n)n)n > - ((—ux) <=0 = = (= ((—ux) = 0)n)n)n], po, ¢)]
[PositiveNegated 5" System(Q + Vx: =1 (0 <= x = = (-1 (0 = x)n)n)n -

S ((-ux) <= 0= 5 (5 ((—ux) = 0)n)n)n]

[PositiveNegated "< “PositiveNegated”]

s k .
[PositiveNegated 2 “lemma positiveNegated”]

NonpositiveNegated

[NonpositiveNegated POy e Ax. P([SystemQ - Vx:x <=0F
LeqNegated > x <= 0> (—u0) <= (—ux); =0 =0>> (—u0) =
0; subLeqLeft > (—u0) = 0> (—u0) <= (—ux) > 0 <= (—ux)], po, ¢)]

0=x)n)n)n> (0=



[NonpositiveNegated 5" SystemQ F Vx:x <=0 F 0 <= (—ux)]
[NonpositiveNegated tex “NonpositiveNegated”]

[NonpositiveNegated P “emma, nonpositiveNegated”]

NegativeNegated

[NegativeNegated P AeAx. P([SystemQ F Vx: - (x <= 0= - (- (x=

0)n)n)n - LessNegated > - (x <=0 = = (- (x = 0)n)n)n > = ((—ul) <=
(—ux) = = (= ((—u0) = (—ux))n)n)n; =0 = 0> (—ud) =

0; SubLessLeft > (—u0) = 0> - ((—u0) <= (—ux) = = (= ((—u0) =
(—uw))n)n)n > = (0 <= (—ux) = = (= (0 = (—ux))n)n)n|, py, ¢
[NegativeNegated 1Y SystemQ b Vx: x<=0=-(-(x=0n)n)nF = (0 <=
(—ux) = 5 (5(0 = (—ux))n)n)n]

[NegativeNegated tex “NegativeNegated”]

[NegatlveNegated Y “omma negativeNegated” |

NonnegativeNegated

[NonnegativeNegated propf AcAX.P([SystemQ F ¥x: 0 <= x
LeqNegated > 0 <= x > (—ux) <= (—u0); =0 =0>> (—u0) =
0; subLeqRight &> (—u0) = 0 > (—ux) <= (—u0) > (—ux) <= 0], po, ¢)]

[NonnegativeNegated sty SystemQ F Vx: 0 <= x I (—ux) <= 0]
[NonnegativeNegated “= “NonnegativeNegated”]

[NonnegativeNegated X “lemnma nonnegativeNegated”]

PositiveHalved

I‘OO

[P051t1veHalved AcAX.P([SystemQ - Vx: 5 (0 <=x= = (- (0 =x)n)n)n F
0<1/2>»-(0<=rec(l+1)=(~(0=
rec(1 + 1))n)n)n; LessMultiplicationLeft >0 <=rec(l+1)==(=(0=

rec(l1+1))n)n)n> = (0 <=x= (- (0 =x)n)n)n > = ((rec(1 + 1) % 0) <=
(rec(1+1)*x) = 5 (- ((rec(14+1)*0) = (rec(1 + 1) *x))n)n)n;x*0 =0 >
(rec(1 4 1) % 0) = 0; SubLessLeft > (rec(1 + 1) *0) = 01> — ((rec(1 + 1) % 0) <=
(rec(141) *x) = —\( ((rec(1+1) % 0) = (rec(1 + 1) * x))n)n)n > - (0 <=
(rec(L + 1) #x) = = (5(0 = (rec(1 + 1) *x))n)n)n], po, c)]



[PositiveHalved Y SystemQ F Vx: 0<=x=-("(0=x)n)n)nt - (0 <=
(rec(141) % x) = (- (0= (rec(1 + 1) *x))n)n)n]

[PositiveHalved X “PositiveHalved”]

[PositiveHalved 2 “lemma positiveHalved”]

Positivelnverted

[PositiveInverted propf ACAX.P([SystemQ F ¥x: (0 <=x= = (- (0=

x)n)n)n F FirstConjunct > - (0 <= x = (5 (0 =x)n)n)n > 0 <=

x; SecondConjunct > = (0 <=x = = (- (0 =x)n)n)n > - (0 =

x)n; NegSymmetry > (0 =x)n>> - (x=0)n;0< 1> 2 (0<=1==(-(0=

Dn)n)n;x*«0=0> (x*0) = 0;x *x y = zBackwards > (x* 0) = 0> 0 =

(0% x); SubLessLeft >0 = (0% x) >4 (0 <=1= - (- (0= 1)n)n)n >

S((0%x) <=1= (- ((0%x) = 1)n)n)n; Reciprocal > = (x = 0)n > (x*recx) =
1;x * y = zBackwards > (x * recx) = 1 > 1 = (recx * x); SubLessRight > 1 =
(recxxx) > ((0%x) <=1= (- ((0xx) = )n)n)n > - ((0xx) <= (recx*x)
S (5 ((0%x) = (recx*x))n)n)n; LessDivision >0 <= x> ((0*x) <= (recx#*x)
S (5 ((0%x) = (recx * x))n)n)n > - (0 <= recx = - (- (0 = recx)n)n)n|, pg, c)]

=
=
[Positivelnverted I SystemQ b Vx: (0<=x=(-(0=x)n)n)nF = (0 <=
recx = (1 (0 = recx)n)n)n]

[Positivelnverted "% “Positivelnverted”]

. k i
[PositiveInverted 25 “lemma positivelnverted”]

NonnegativeNumerical

[NonnegativeNumerical progf Ac. AP ([SystemQ F ¥x: 0 <= x b Numerical >
S0 <=x= ()l =x¥)n)n)n = = (5 (0 <=x)n = = (x| =

(—ux))n)n; AddDoubleNeg > 0 <= x> = (= (0 <=

x)n)n; ToNegatedAnd(1) > = (= (0 <= x)n)n > 4 (- (- (0 <=x)n = = (x| =
(—ux))n)n)n; NegateDisjunct2 > = (- (0 <= x = = (|x| = x)n)n)n = = (- (0 <=
)1 = ([x] = (—wJ)n B = (5 (5 (0 <= x)n =  ([x] = (—x))m)n)n >

(0 <=x = - (|x| = x)n)n; SecondConjunct > (0 <= x = = (|x| = x)n)n >
x| = x], po, c)]

[NonnegativeNumerical 5" SystemQ b Vx: 0 <= x b |x| = x]
[NonnegativeNumerical s “NonnegativeNumerical”]

. . pyk . .
[NonnegativeNumerical = “lemma nonnegativeNumerical”|



NegativeNumerical

[NegativeNumerical progf AC A P([SystemQ F Vx: - (x <=0= - (- (x =
0)n)n)n F Numerical 3> - (5 (0 <=x= = (]x| =x)n)n)n = = (- (0 <= x)n =
4 (]| = (—ux))n)n; FromLess > - (x <=0 = 5 (5 (x = 0)n)n)n > - (0 <=
x)n; ToNegatedAnd(1) > = (0 <=x)n > - (4 (0 <=x= = (x| =

x)n)n)n; NegateDisjunctl > = (5 (0 <=x = = (x| = x)n)n)n = = (- (0 <=

x) =

x) = (x| = (—ux))n)n; SecondConjunct > - (- (0 <= x)n = = (x| =
(—ux))n)n > [x| = (—ux)], po, ¢)]

[NegativeNumerical ® M SystemQ b Vx: x<=0=5("(x=0n)n)nk |x| =

(—ux)]

[NegativeNumerical > “NegativeNumerical”]

n= (x| = (—uwx))n)ne> (- (0 <=x= (x| =x)n)n)n > - (- (0 <=
n =
)

[NegativeNumerical * VX “lemma negativeNumerical”]

PositiveNumerical

[PositiveNumerical propf ACAXP([SystemQ F ¥x: = (0 <=x= (- (0=
x)n)n)n - LessLeq > = (0 <=x = - (- (0 = x)n)n)n > 0 <=
x; NonnegativeNumerical > 0 <= x > [x| = x|, po, ¢)]

[PositiveNumerical 3 SystemQ b Vx: 1 (0 <= x = = (< (0 = x)n)n)n F |x| =
x|

el . tex e .
[PositiveNumerical = “PositiveNumerical”]

[PositiveNumerical "5 ¥ “lemma positiveNumerical”|

lemma nonpositiveNumerical

[lemma nonpositiveNumerical propf AcAX.P([SystemQ F Vx: = (x <=0 =

4 (4 (x = 0)n)n)n F NegativeNumerical > = (x <=0 = = (- (x = 0)n)n)n >
x| = (—ux); Vx:x = 0 F eqSymmetry >x = 0> 0 = x;eqleq >0 =x>> 0 <=
x; NonnegativeNumerical > 0 <= x> |[x| = x; =0 = 0> (—u0) =

0; eqSymmetry > (—u0) = 0 > 0 = (—u0); EqNegated > 0 = x > (—u0) =
(—ux); eqTransitivity5 > |x| = x> x = 00> 0 = (—u0) > (—u0) = (—ux ) > x| =
(—ux);Vx:Ded > Vx: 7 (x <= 0= - (2 (x=0)n)n)n F x| = (—ux) > - (x <=
0=-(-(x=0n)n)n= |x| = (—ux); Ded|>Vx x=0F[x|=(—ux) >»x=0=
x| = (—ux);x <=0F LeqLessEq>x <=0> - (- (x<=0= (- (x=
O)n)n)n)n = x = 0; FromDisjuncts > - (- (x <=0 = - (- (x = 0)n)n)n)n =
x=0>5(x<=0=(x=0nnn= x| =(-w)>x=0= [ =

(—ux) > [x| = (—ux)], po, ¢)]



[lemma nonpositiveNumerical *5" SystemQ F Vx:x <=0 F |x| = (—ux)]

s . pyk e .
[lemma nonpositiveNumerical = “lemma nonpositiveNumerical”]

0] =0

proof

[[0] =0 "= Ac.Mx.P([SystemQ F leqReflexivity > 0 <=
0; NonnegativeNumerical > 0 <= 0 > |0] = 0], po, ¢)]

(0] = 0 25" SystemQ + [0] = 0]

[l0] = 0% “/0|=0"]

[l0]=0 ¥ “lemma |0]=0"]

0 <= [x|

proof

[0 <= x| = Ac.Ax.P([SystemQ F Vx: 0 <= x I NonnegativeNumerical>>0 <=
x> |x| = x; eqSymmetry > |x| = x > x = |x|;subLeqRight > x = |x| > 0 <=
x>0 <= |x);¥Vx: 7 (0 <=x)nF ToLess > = (0 <=x)n > - (x <=0 =

4 (< (x = 0)n)n)n; NegativeNumerical > = (x <= 0 = = (= (x = 0)n)n)n > |x| =
(—ux); eqSymmetry > x| = (—ux) > (—ux) = |x|; NegativeNegated > = (x <=
0= (2 (x=0nn)n>(0<=(—ux) = (- (0=

(—ux))n)n)n; LessLeq > = (0 <= (—ux) = - (- (0 = (—ux))n)n)n > 0 <=
(—ux); subLeqRight > (—ux) = [x| > 0 <= (—ux) > 0 <=

Ix|;Vx: Ded > Vx: 0 <=xF 0 <= [x| > 0 <=x= 0 <= |x|; Ded > Vx: -~ (0 <=
x)n k0 <= |x| > - (0 <=x)n = 0 <= |x|; FromNegations > 0 <=x = 0 <=
x| > (0 <=x)n =0 <= [x| > 0 <= [x[], po, ¢)]

[0 <= [x| "2" SystemQ F Vx: 0 <= |x|]
[0 <= x| == “0<=[x|"]

0 <= |x| 2 “lemma 0<=|x|"]

X <= x|

proo

[x <= |x]| ropf Ac.Ax.P([SystemQ F ¥x: 0 <= x - NonnegativeNumerical >

x| = x; eqSymmetry > |x| = x > x = |x[;eqleq > x = [x| > x <= |x|; Vx:x <=
0F 0 <= x| > 0 <= |x|;leqTransitivity > x <= 01> 0 <= |x| > x <=

|x|; Vx: Ded > Vx: 0 <=xF x <= |x| > 0 <=x= x <= |x|;Ded > Vx:x <=0F
x <= x| > x <=0=x <= |x|; FromLeqGeq> 0 <=x=x <= x| >x<=0=
x <= |x| > x <=[x|], po, )]



[X <= |X| Sint SyStEmQ F VKX <= |KH

tex

[x <= [x| = “x<=[x]"]

x <= |x| 2 “lemma x<=|x|"]

FromPositiveNumerical

[FromPositiveNumerical propf ACAX.P([SystemQ F ¥x: 0 <= xF = (0 <= [x| =
= (- (0 = |x|)n)n)n F NonnegativeNumerical > 0 <= x > |x| =

x; SubLessRight > [x] = x> (0 <= |x| = - (= (0 = [x])n)n)n > - (0 <=x =
(- (0 =x)n)n)n; LessNeq > 7 (0 <=x= 2 (2 (0 =x)n)n)n > - (0 =

x)n; NegSymmetry > - (0 = x)n > 2 (x = 0)n; Vxix <=0+ - (0 <= |x| =

= (- (0 = |x|)n)n)n F lemma nonpositiveNumerical > x <= 0> |x| =

(—ux); SubLessRight &> |x| = (—ux) > = (0 <= |x| = = (= (0 = |x|)n)n)n >

4 (0 <= (—ux) = 5 (5 (0 = (—ux))n)n)n; PositiveNegated > - (0 <= (—ux) =
5 (5 (0 = (—ug)n)n)n > = (—u(-ux) <= 0= = (= (—u(-ux) =

0)n ) )n; DoubleMinus > (—u(—ux)) = x; SubLessLeft > (—u(—ux)) =

x> ((—u(—ux)) <=0= (- ((—u(—ux)) = 0)n)n)n > - (x <=0 =

S (5 (x=0)n)n)n;LessNeq> - (x <=0= (- (x=0)n)n)n > - (x =

0)n; Vx: Ded > Vx: 0 <=xF 2 (0 <= |x| = 2 (= (0= |x|)n)n)n - = (x =0)n >
0<=x=(0<=x=(=(0=x)n)n)n = - (x=0)n;Ded > V¥x:x <=01F
A0<=x=-0=x)nn)nkF(x=0n>x<=0=-(0<= x| =
(5 (0= [x)n)n)n = = (x = 0)n; = (0 <= |x| = = (=(0 = [x|)n)n)n +
FromLeqGeq> 0 <=x= (0 <=[x| = (- (0= |x|)n)n)n = = (x=0)n>
x<=0=>-0<=x|=-((0= |x\)n) )n:>4|( 0)n>>%(0 <= x| =

2 (5 (0= [xhn)n)n = = (x = 0)u; MP > = (0 <= [x| => (50 = [x))n)n)n =
Alx=0ne5(0<=x=(-(0=|x])n)n)n > - (x = 0)nl], po, ¢)]

[FromPositiveNumerical I SystemQ F Wx: 0<=|x| == (~(0=
X[)n)n)n = = (x = O)n]
[FromPositiveNumerical s “FromPositiveNumerical”]

.. . pyk .. .
[FromPositiveNumerical = “lemma fromPositiveNumerical”]

SameNumerical

[SameNumerical propf A AP ([SystemQ F Vx: Vy: 0 <=xFx=y+h
NonnegativeNumerical > 0 <= x > |x| = x; subLeqRight > x =y > 0 <= x>
0 <= y; NonnegativeNumerical > 0 <=y > |y| = y; eqSymmetry &> |y| =y >
y = |y eqTransitivityd > [x| = x> x =y >y = |y| > |x| = |y|; Vx: Vy: 7 (0 <=
x)nkx=yF ToLess> (0 <=x)n>> S (x<=0= 4 (5 (x= N
0)n)n)n; NegativeNumerical > = (x <=0 = = (= (x = 0)n)n)n > |><|
(—ux); SubLessLeft >x =y > (x <= 0= (- (x=0n)n)n > - (y <=0 =



- (= (y = 0)n)n)n; NegativeNumerical > - (y <= 0= = (- (y = 0)n)n)n > |y| =
(—uy); eqSymmetry > |y| = (—uy) > (—uy) = |y|; EqNegated>x = y > (—ux) =
(—uy); eqTransitivity4 > [x| = (—ux) > (—ux) = (—uy) > (—uy) = [y| > [x| =
ly|; Vx:Vy:x = y F Ded > Vx: Vy: 0 <= xF x =y I [x| = \y|>>0< X=x=y=
x| = |y[;Ded>Vx:Vy: 7 (0 <=x)nkx=yF x| =y > (0 <=xn=>x=y =
x| = |y|; FromNegations>0 <=x = x=y = x| = y[>2 (0 <=x)n = x=y =
X =lyl>x=y= X =y;MP>x=y=|x| =|y[>x=y > |x = ly[],po,c)]

[SameNumerical *25" SystemQ b Vx: Vy:x =y kx| = ly]

. tex .
[SameNumerical = “SameNumerical”|

. pyk .
[SameNumerical = “lemma sameNumerical”]

SignNumerical(+)

[SignNumerical(+) " — PrOot N Ax. P([SystemQ FVx:o(0<=x= - (-(0=
x)n)n)n F PositiveNumerical > = (0 <= x = = (- (0 = x)n)n)n > |x| =

x; PositiveNegated > - (0 <=x = 5 (5 (0 = x)n)n)n > - ((—ux) <=0=

4 (5 ((—ux) = 0)n)n)n; NegativeNumerical > = ((—ux) <= 0= = (- ((—ux) =
0)n)n)n > |(—ux)| = (—u(—ux)); DoubleMinus > (—u(—ux)) =

x; eqTransitivity &> |(—ux)| = (—u(—ux)) > (—u(—ux)) = x> [(—ux)| =

x; eqSymmetry > |(—ux)| = x > x = |(—ux)|; eqTransitivity > [x| = x> x =
[(—ux)| > [x] = |(~w0)[], po, )]

[SignNumerical(+) *2* SystemQ F Vx: = (0 <= x = (1 (0

[(—ux)]

[SignNumerical(+) s “SignNumerical(+)”]

[SignNumerical(+) VX “lemma signNumerical(+)”]

SignNumerical

[SignNumerical %" Ac.Ax.P([SystemQ - Vx: = (x <= 0 = = (= (x = 0)n)n)n -
NegativeNegated > = (x <= 0= - (- (x = 0)n)n)n > - (0 <= (—u
4 (5 (0 = (—ux))n)n)n; SignNumerical(+) > - (0 <= (—ux) = =
(—ux))n)n)n > |(—ux)| = |(—u(—ux))|; DoubleMinus > (—u(—
x; SameNumerical > (—u(—ux)) = x> |(—u(—ux))| =

|x[; eqTransitivity > [(—ux)| = |(—u(—ux))| > [(—u(—ux))| = |x| > [(-ux)| =
|x|; eqSymmetry &> |(—ux)| = [x| > |x| = |(—ux)|; Vx:x = 0 - EqNegated &> x =
0> (—ux) = (—u0); =0 = 0 > (—u0) = 0;eqSymmetry >x =0>> 0 =

x; eqTransitivity4 > (—ux) = (—u0) > (—u0) = 0> 0 =x> (—ux) =

x; eqSymmetry > (—ux) = x > x = (—ux); SameNumerical > x = (—ux) > |x| =
[(—ux)]; Vx: = (0 <= x = = (5 (0 = x)n)n)n F SignNumerical(+) > = (0 <= x =



S (R (0=xn)n)n > |x| = |(—ux)|; ¥x: Ded > Vx: 7 (x <=0 = - (- (x =
Onn)n = x| = [(-ux)| > = (x <=0 = = (5 (x = O)n)n)n = |x| =
[(—ux);Ded > Vx:x=0F |x| = [(—uwx)| > x=0= |x| =

[(—ux)|; Ded > ¥x: = (0 <= x = = (= (0 =x)n)n)n F x| = |(—ux)| > - (0 <=
x= S (5 (0 =x)n)n)n = |x| = [(—ux)[; LessTotality > - (- (x <=0 =

A= Ex=0nnnn="(x=0n="-(0<=x= (0=

x)n)n)n; From3Disjuncts > = (7 (x <= 0= - (- (x = 0)n)n)n)n = - (x =
On=-0<=x==("0=xn)nn>-(x<=0==(=(x=0)n)n)n =
X[ = |(-ux)[>x=0= |x| = [(-ux)[ > = (0 <=x= (5 (0 =x)n)n)n = [x| =
[(=ux)[ > [x] = [(=ux)[], po, ¢)]

[SignNumerical S System(@ F Vx: x| = [(—ux)]]

[SignNumerical *¥ “SignNumerical”]
[

. . pyk . .
SignNumerical = “lemma signNumerical”|

ToNumericall.ess

proof

[ToNumericalLess "— Ac.Ax.P([SystemQ = Vx:Vy: 2 (x <=y = - (5 (x =
y)n)n)n - 0 <= x - NonnegativeNumerical > 0 <= x > |x| =

x; eqSymmetry > |x| = x > x = |x|; SubLessLeft > x = |x| > = (x <=y=
(5 (x = ymmn 3 = (] <= y = (5 (x| = y)u)n)n; Vi Vy: = (—uy) <=
x= S (- ((—uy) =x)n)n )nl—x< 0 - LessNegated > = ((—uy) <= x =

= (5 ((uy) =x)n)n)n > = ((—ux) <= (~u(-uy)) = = (2 ((-uwx) =

(—u(—uy)))n)n)n; lemma nonpositiveNumerical > x <= 0> |x| =

(—ux); eqSymmetry > x| = (—ux) > (—ux) = |x|; SubLessLeft > (—ux) =

x| > = ((—ux) <= (—u(-uy)) = = (= ((—ux) = (-u(-uy)))n)n)n > = (x| <=

(—u(—uy)) = = (= (Ix] = (—u(-uy)))n)n)n; DoubleMinus >> (—u(-uy)) =

y; SubLessRight &> (—u(—uy)) =y &> = (x| <= (-u(-uy)) = = (= (x| =

(—u(—uy)))n)n)n > = (I <=y = (2 (x| =

y) )n)n; Vx: Vy: Ded > Vx: Vy: = (x <= yé—'(—'(xfy)n)n) FO< xF
(X <=y= 2 (x =ymnn> s (x<=y == (= (x=yn

X=>ﬁ(\><| <= yiﬁ(%(|><| = y)n)n)n; Ded > Vx: Vy: = ((—uy) <:l:>

(5 ((Fuy) =xnun - x <=0k = (X <=y = S (= (I'x =y)n)n)n >

IR

= (2 (X = y)n)n)n o = (X< yiﬁ(ﬁ(x=x)n) njn >0 <=
=y =55 (x] = y)n)n)n; MP &> = ((—uy) <=x= = (= ((-uy) =

<=0= () <=y= 2 =y e 5 ((-uy) <=x=
(S ((ruy) =x)nn)n > x<=0= = (x| <=y = = (2 (]x| =

) )n)n; FromLeqGeq>0 <= x = = (|x| <=y=>-" (ﬂ (x| = y)n)n)ne>x <=0 =
Sy <=y =25 = ymnn > = (x| <=y = = (5 (x] = y)n)n)n], po, ¢)]

141X 1%
RIS
2
5
lL

“<

[ToNumericalLess - *2 System(Q F Vx: Vy: 5 ((—uy) <=x= (- ((~uy) =

99



)= (x <=y = 2 (S x=yjun == (X <=y =2 (5 (x] = y)n)jn)n]
[ToNumericalLess “% “ToNumericalLess”]

. pyk .
[ToNumericalLess — “lemma toNumericalLess”]

FromNumericalGreater

[FromNumerlcalGreater 200 e Ax. P([SystemQ - Vx: Vy: = (x <= |y| =
S (m(x=ly)n)n)n k0 <= y + NonnegativeNumerical > 0 <=y > ly| =
y; SubLessRight > [y| =y > = (x <= |y| = (= (x = |y))n)n)n > = (x <=y=
5 (5 (x = y)n)n)n; WeakenOrl > =1 (x <=y = = (4 (x = y)n)n)n > = (5 (y <=
(—) = = (5 y = (—w)m)m)m)n = = (x <= y = = (4 (x =
) Vi Wy (x <= Iyl = (5 (x = |yDmmjn -y <= 0 -
lemma nonpositiveNumerical >y <= 0> |y| = (— uy) SubLessnght > |y| =
(—uy) B (x <= |y| = (5 (x = y)m)n)n > = (x <= (—uy) = 5 (5 (x =
(—uy))n)n)n; LessNegated > = (x <= (—uy) = = (= (x = (—uy))n)n)n >

S ((—u(— uy)) <= (—ux) = = (= ((—u(—uy)) = (—ux))n)n)n; DoubleMinus >
. u(—uy)) <= (—ux) =

C
IX
<

(—u(—uy)) = y; SubLessLeft > (— ( uy))
= (2 ((Fu(-uy)) = (—wx))un)n > = (y <= (-ux) =

x))n)n)n; WeakenOr2 > = (y <= (—ux) = = (= (y
)z <= ( ) == (% (y - (—U,))H)H)H)n = S(x

Il
<
Y
il
|

T
I

T”
o
L/
N~—
]
B
]
~—
]
J
I <

<= ( ):>ﬂ(*(y=
n>A(x<=ly|= (7 (x=ly)nnn=0<
= (—wx))n)n)n)n = = (x :

n; Ded > Vx: Vy: = (x <= |y x=lyn)n)nky <=0k (x(y <=
( x) = 2 (2 = (Fw)nnnjn = 2 (x <=y = 2 (2 x=yn)nn >
*(é<=|x|=>*(ﬂ(><—|zl) nn=y <=0= = (2 (y <= (-ux) = 2 (= (y

o (x = nn) Sx<=lyl= (= (x=
)n:>0<:xz>%(%(x<:
=S (5 (x=yn)n)n> - (x <=

() = 5 (5 (y =

(= (y =7(—ux))n)n)n)n = E (x <=y =25
(2 (y <= (tu) = = (2 (y = (-w))n)n)n)n =
yymnn > = (5 (y <= (-ux) = 2 (5 (y = (-w))n)nnn = S (x <=y =

= (= (x =y)n)n)n], po,c)]

[FromNumericalGreater B SystemQ F Vx: Vy:in(x<=ly| =~ (m(x=
yPmnjn == (5 (y <= (-ux) = 5 (5 (y = (-w))nn)n)n = S (x <=y =

60



= (5 (x = y)n)n)n]
[FromNumericalGreater s “FromNumericalGreater”]

. pyk .
[FromNumericalGreater = “lemma fromNumericalGreater”|

NumericalDifference

proof

[NumericalDifference "—" Ac.Ax.P([SystemQ F Vx: ¥y: SignNumerical >>
(x+ (—uy))| = |[(~u(x + (—uy)))|: MinusNegated > (—u(x + (—uy))) =

y + (—ux)); SameNumerical > (—u(x + (—uy))) = (y + (—ux)) >

(—u(x + (—uy))| = |(y + (—ux))|; eqTransitivity & [(x + (—uy))| =
(—ulx+ (muy) > [(mux + (—uy)))| = |y + (-uwx))| > [(x + (-uy))| =
(y + (=wx))[T, po, ©)]

|
|
|
[NumericalDifference **5* System(Q + Vx: Vy: [(x + (—uy))| = [(y + (—ux))|]
[Numerlcalleference X «“NumericalDifference” ]
[

NumericalDifference —> “lemma numericalDifference” ]

NumericalDifferenceLess(Helper)

[NumerlcalDlﬁerenceLeSS(Helper) PO AeAx. P([SystemQ I Vx: Vy: Vz: 0 <=
(x4 (—uy) - (x4 (~1y) <=2 = (5 (< + (~uy) = Zn)n)n -
leqLessTransitivity &> 0 <= (x+ (—uy)) >~ ((x+ (-uy)) <=z =
(5 (x+ (—uy)) =zn)n)n> (0 <=z= (= (0=
z)n n)n PositiveNegated > - (0 <=z = - (- (0 = z)n)n)n > = ((—uz) <=0=
) = 0)n)n)n; LessAdditionLeft > - ((—uz) <= 0= - (- ((—uz) =
Sy +(-uz) <=(y+0) = (5 ((y + (-uz)) =
)n plus0 > (y+0) =y; SubLeSSnghtD(y—i-O) =y>-((y+(—uz)) <=
(5 ((y + (—u2) = (y + 0))mym)n > = ((y + (—uz)) <=y
y+(—uz)) = y)n)n)n; negatlveToLeft(Leq)(1term)DO <
x; LessLeqTransitivity > = ((y + (—uz)) <=y = - (= ((y
ey <=x > 5 ((y +(—uz) <= x = ({{y + (~uz))
n)n; NegatlveTonght(Less) (x4 (uy)) <=z= (A (x+ (~uy)) =
n)n > 5 (x <= (z+y) = - (< (x = (z + y))n)n)n; plusCommutativity >
= (y+2); SubLebleght > (z+y) (Yy+z)>p(x<=(z+y)= (" (x=
Jn)n)n > = (x <= (y +z) = = (< (x = (y + z))n)n)n; JoinConjuncts >
—uz)) <=x= (7 ((y+ (-uz)) =x)n)n)n >~ (x <= (y + z) =
=(y+2z)n)n)n> (5 ((y + (-uz)) <=x= (= ((y + (-uz)) =
)n = (h(x<=(y+2z)= (= (x=(y+2z)n)n)n)n)nj, po,c)]

[NumericalDifferenceLess(Helper) *5" System(Q + Vx: Vy:Vz: 0 <= (x+(—uy))
(x4 (-uy)) <=z = 2 (5 (x4 (-uy)) = 2n)u)n = = (5 ((y + (-uz)) <=x=

~—
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(5 ((y+(—uz)) =x)n)n)n = = (5 (x <= (y+2) = = (7 (x = (y+2))n)n)n)n)n]
[NumericalDifferenceLess(Helper) *< “NumericalDifferenceLess(Helper)”]

[NumericalDifferenceLess(Helper) PV “lemma numericalDifferenceLess helper”]

NumericalDifferencel.ess

[NumericalDifferenceLess progf ACAX.P([SystemQ F

Vx: Vy:Vz: 5 ([(x + (—uy))| <=z = = (5 ([(x+ (—uy))| = z)n)n)n - 0 <=

(x + (—uy)) - NonnegativeNumerical > 0 <= (x + (—uy)) > [(x + (—uy))| =

(x + (—uy)); SubLessLeft > |(x + (—uy))\ = (x+ (—uy)) > = (|(x+ (—uy))| <=
z= (5 ([(x+ (—uy)| = Zn)n)n > = ((x + (-uy)) <=z =

: = z)n)n)n; NumericalDifferenceLess(Helper) > 0 <=

il
J
=<
+
\
=
5

) =
(4 () > 2+ () <=2 26+ ) =2n >
(5 ((y + (~uz) <= x = 5 (5 ((y + (~uz) = ))m)n = = (5 (x <= (y +2) =
5 (2 (= (y + 2y Vae Wy Vs = (1 (x+ (—uy))] <= 2=
S (x+ (—ux))| =Z)n)n)nk (0 <= (x + (—uy)))n - ToLess > = (0 <=
(x+ (uy))n > = ((x+ (-uy)) <= 0= = (5 ((x + (-uy)) =
0)n)n)n; NegativeNumerical > = ((x + (—uy)) <= 0= = (= ((x + (-uy)) =
0)n)n)n > |(x + (—uy))| = (—u(x + (—uy))); MinusNegated >
(—u(x+ (-uy))) = (y + (—ux)); eqTransitivity & | (x + (—uy))| =
(—ulx+ (—uy))) > (-ulx + (—uy))) = (y + (-ux)) > [(x+ (—uy))| =
(y + (—ux)); SubLessLeft & |(x + (—uy))[ = (y + (—ux)) & = (|(x + (—uy))| <=
z= (5 (|x+ (-uy))[ = zn)n)n > = ((y + (-wx)) <=z =
A (5 ((y + (~ux)) = z)n)n)n; NegatlveNegated > ((x+ (~uy)) <=0=
(5 ((x+ (=uy)) = 0)n)n)n > = (0 <= (—u(x + (-uy))) = = (= (0 =
(—u(x+(—uy))))n)n)n; SubLessRight > (—u(x+ (—uy))) = (y+(—ux)) >~ (0 <=
(—u(x+ (-uy))) = = (2 (0= (—u(x+ (~uy))))m)n)n > = (0 <= (y + (~ux)) =
S (50 = (y + (—uwx)))n)n)n; LessLeq > = (0 <= (y + (—ux)) = = (5 (0 =
(y+(—ux)))n)n)n > 0 <= (y+(—ux)); NumericalDifferenceLess(Helper) >0 <=
(y + (—w)) > = ((y + (-ux)) <=z == (7((y + (—ux)) = z)n)n)n >
(5 (x+ (Fuz)) <=y = (7 (x+ (-uz)) =y)n)n)n = (5 (y <= (x+2) =
(= (y = (x+ z))n)n)n)n)n; FirstConjunct > = (= ((x + (—uz)) <=y =
2 (5 (x+ (Fuz)) =ymnn = (5 (y <= x+2) = (2 (y =
(-t 2)mmmn)n > = ((x+ (—12)) <= y = = (= (x + (—z)) =
y)n)n)n; NegatlveTonght(Less) > ((x+ (-uz)) <=y = (7 ((x+ (—uz) =
ynnn > 5 (x <= (y+z) = (7 (x=
(y + z))n)n)n; SecondConjunct > = (= ((x + (—uz)) <=y = - (- ((x+ (—uz)) =
R = (g <= (12 = (5 = G D> Sy <=
(x+2z)= (2 (y=(x+ ))n) )n; PositiveToLeft(Less) > = (y <= (x +z) =
S (5 (y = x+z)nnn > = ((y + (-uz) <=x= = (2 ((y + (-uz) =
x)n)n)n; JoinConjuncts > = ((X+ (—uz)) <=x= (= ((y + (-uz)) =
Q)i > = (x <=y +2) = = (2 x = (y + D) > = (= ((y + (—uz)) <=
x= = (2 ((y+ (—u2)) =x)mm)n = = (2 (x <= (y+2) = = (7 (x =
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(y 4+ z))n)n)n)n)n; Vx: Vy: Vz: Ded > ¥x: Vy: Vz: = (|(x + (—uy))| <=z =

S (Ix+ (muy)) =zn)n)n k0 <= (x+ (-uy)) E 2 (5 ((y + (-uz)) <=x=
S ((y+ (-uz)) =x¥)n)nn = (2 (x <= (y+2) = 2 (D (x =

(y +2z)n)n)n)n)n > = ([(x + (—uy))| <=z= = (= (|(x+ (—uy))| = z)n)n)n =
0 <=+ (-uy)) = (= ((y + (-uz)) <=x= (= ((y + (-uz)) = x)n)n)n =
Sk <=yt+z) = (0 (x=

(y 4+ 2z))n)n)n)n)n; Ded &> Vx: Vy: Vz: = (|(x + (—uy))| <=z =

S (|(x+ (muy))l =z)n)n)n F 5 (0 <= (x+ (—uy)))n F = (5 ((y + (-uz) <=
x= (" ((y+(-uz)) =x)nnn = (" (x<=(y+2) = (0 (x=

(y +2z))n)n)n)n)n > = ([(x + (—uy))| <=z = = (= (|(x + (—uy))[ = z)n)n)n =
(0 <=+ (-uy)))n= (= ((y + (-uz)) <=x= (= ((y + (-uz)) =
x)n)n)n = 5 (5 (x <= (y+z) = 2 (2 (x = (y+2z))n)n)n)n)n; 5 (|(x+ (—uy))| <=
z= (5 (Ix+ (-uy)l = z2n)n)n E MP > = (|(x + (-uy))| <=z =

S ([(x+ (muy))| =z)n)n)n = 0 <= (x + (—uy)) = = (= ((y + (-uz)) <=
x= (5 ((y+(-uz)) =x)njnn = = (n(x <= (y+2z2) = 2 (0 (x =

(y +z)n)n)n)n)n > = ([(x + (-uy))| <=z = = (= (|(x+ (-uy))| = z)n)n)n >
0 <=+ (-uy)) = (= ((y+ (-uz)) <=x= (= ((y + (-uz)) = x)n)n)n =
S x<=(y+z) = (2 (x=(y+2z))n)n)n)n)n; MP> = (|(x+ (—uy))| <=z =
(5 (I(x+ (—uy)| = zn)n)n = 5 (0 <= (x+ (—uy)))n = = (= ((y + (-uz)) <=
x= (5 ((y+ (—uz)) =x)n)n)n = (A (x <= (y+2) = (2 (x =

(y +z))n)n)n)n)n > = ([(x + (-uy))| <=z = = (5 (|(x+ (-uy))| = z)n)n)n >
(0 <= (x+ (-uy)))n = (5 ((y + (-uz)) <=x= (2 ((y + (-uz)) =
x)n)n)n = 5 (5 (x <= (y +2z) = = (< (x = (y + z))n)n)n)n)n; FromNegations >
0<=(x+(-uy)) = 7 (2 ((y + (-uz)) <=x= (= (y + (~uz)) = x)n)n)n =
S x<=(y+z)= (" x=(y+2z)n)n)n)n)n> (0 <= (x+ (—uy)))n =
(5 ((y+ (uz)) <=x= (5 ((y + (-uz)) =x)nnn = = (2 (x <= (y +2) =
S =(y+2)n)n)n)n)n > = (5 ((y + (-uz)) <=x= (5 ((y + (—uz)) =
x)n)n)n = 5 (5 (x <= (y +z) = 7 (7 (x = (y + z))n)n)n)n)n], po, )]
[NumericalDifferenceLess "3 SystemQ b Vx: Vy:Vz: 4 ([(x + (—uy))| <=z =

S (I (—uy))l =zn)n)n = 5 (5 ((y + (-uz)) <=x= = (5 ((y + (-uz)) =

x)n)njn = = (5 (x <= (y +2) = 2 (2 x = (y +2))n)n)n)n)n]
[NumericalDifferenceLess s “NumericalDifferenceLess”]

. . pyk . .
[NumericalDifferenceLess = “lemma numericalDifferenceLess”]

SplitNumericalSumHelper

proo

[SplitNumericalSumHelper ropf AcAx. P([SystemQ +

Vx: Vy: |((—ux) + (—uy))| <= (|(—ux)| + [(—uy)|) F SignNumerical > |x| =
|(—ux)|; SignNumerical > |y| = |(—uy)|; AddEquations > |x| = |(—ux)| > |y| =
[(—up)| > (x| + Iyl) = ([(—w)] + |(—uy)]); eqSymmetry &> (x| + |y]) =
(1) + [(=uy)]) > ([(-ux)| + [(-uy)]) = (X[ + [y}); —x —y = —(x +y) >
((—ux) + (—uy)) = (—u(x +y)); SameNumerical &> ((—ux) + (—uy)) =
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(—ulx+y)) > [((—ux) + (—uy))| = [(—u(x +y))|; SignNumerical > |(x +y)| =
|(—u(x +y))|; eqSymmetry > [(x +y)| = [(—u(x + )| > |(—u(x +y))| =

|(x + y)I; eq Transitivity & |((—ux) + (—uy))| = [(-u(x +y))[ > [(-u(x+y))| =
|(x +y)| > [((=ux) + (—uy))| = [(x + y)[; subLeqRight > (|(—ux)| + [(—uy)|) =
(x| + [y[) > [((=ux) + (—uy))| <= ([(-w)| + [(-u ,)I)>>\((*uz)+(*ux))l<:
(Ix| + ly]); subLeqLeft & |((—ux) + (—uy))| = [(x+y)| & [((—ux) + (-uy))| <

(X[ + [y > [(x+ )| <= (Ix| + yD)T, po, )]

[SplitNumericalSumHelper 5" System(Q + Vx: Vy: [((—ux) + (—uy))| <=
(I(mw)| + [(—uy) ) F [x+y)l <= (x| + ly])]

[SplitNumericalSumHelper by “SplitNumericalSumHelper” |

[SphtNumerlcalSumHelper Y emma splitNumericalSumHelper”]

splitNumericalSum (++)

proof

[splitNumericalSum(++) "— Ac.Ax.P([SystemQ F Vx:Vy:0 <=xF0<=yF
AddEquations(Leq) > 0 <= x>0 <=y > (04 0) <= (x +y); plus0 >
(0 +0) = 0;subLeqLeft > (0+0) = 0> (0 +0) <= (x +y) >0 <=

(x +y); NonnegativeNumerical > 0 <= (x +y) > |(x +y)| =

(x +y); NonnegativeNumerical > 0 <= x > [x| = -

x; NonnegativeNumerical > 0 <=y > |y| = y; AddEquations >> |x| = x> |y| =

y > (Ix| +1yl]) = (x+y); eqSymmetry &> (|x| + |y|) = (x+y) > (x+y) =

(x| + ly|); eqTransitivity > [(x+y)| = (x+y) > (x+y) = (x| +|y[]) > [(x+y)| =
(x| + [yl eaLeq & [(x + y)| = (Ix] + y)) > |(x + y)| <= (x| + [y)]. po. c)]

[splitNumericalSum(++) "' SystemQ - ¥x: Vy: 0 <= x - 0 <=y
|(x+y)l <= (Ix| + ly])]

[splitNumericalSum(++) *= “splitNumericalSum (++)”]

[splitNumericalSum(++) VX “lemma splitNumericalSum(++)”]

splitNumericalSum(——)

f
) proo

[splitNumericalSum(—— A AP ([SystemQ F Vx: Vy:x <=0Fy <=0k
NonpositiveNegated > x <= 0> 0 <= (—ux); NonpositiveNegated >y <= 0>
0 <= (—uy); splitNumericalSum(++) > 0 <= (—ux) > 0 <= (—uy) >

|((—ux) + (—uy))| <= (|(—ux)| 4 |(—uy)|); SplitNumericalSumHelper >

[((mux) + (—uy))| <= ([(=w)| + |(=uy)) > |(x + y)[ <= (Ix] + [y])], po, ©)]

[splitNumericalSum(——) bt SystemQ - Vx:Vy:x <=0Fy <=0F
|(x+y)| <= (x| + ly])]
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tex

[splitNumericalSum(——) = “splitNumericalSum(--)"]

[splitNumericalSum(——) X “lemma splitNumericalSum(--)”]

splitNumericalSum(+ — small)

proof

[splitNumericalSum(+ — small) "—" Ac.Ax.P([System@Q F Vx: Vy: 0 <= x I

y <=0+ |y| <= |x| F LeqAdditionLeft >y <= 0>> (x+y) <= (x+ 0); plus0 >
(x+0) = x;subLeqRight > (x + 0) = x> (x +y) <= (x+0) > (x+y) <=

X; PosmveTonght(Leq)(1term) >yl <= x| > 0<= B

(Ix| + (—uly])); lemma nonpositiveNumerical >y <= 0> |y| =

(—uy); EqNegated > |y| = (—uy) > (—uly|) = (—u(—uy)); DoubleMinus >
(~u(-uy) = y; eqTransitivity b (—ulyl) = (~u(—uy)) > (~u(-uy)) = y >
(—uly|) = y; NonnegativeNumerical > 0 <= x > |x| = x; AddEquations > x| =
x> (—uly|) =y > (x| + (~uly|)) = (x +y); subLeqRight > (|x| + (—uly|)) =

>0 <= (|x| + (—uly])) > 0 <= (x + y); NonnegativeNumerical > 0 <=
> [(x+y)l = (x+y);eqSymmetry > [(x + y)| = (x +y) > (x+y) =

)|; eqSymmetry t> |x] = x > x = [x|; subLeqLeft > (x +y) =

)| > (x+y) <= x> |(x+y)| <= x;subLeqRight > x = |x| > |(x + y)| <=
x> [(x +y)| <= [x[], po, )]

[splitNumericalSum (4 — small) ° gt SystemQ F Vx: Vy:0 <= xFy<=0F
lyl <= [x[ F [x+y)I <= |x]]

[splitNumericalSum(+ — small) s “splitNumericalSum(+-small)”]

[splitNumericalSum(+ — small) P “lemma splitNumericalSum (+-,
smallNegative)”]

splitNumericalSum(+ — big)

[splitNumericalSum(+ — big) POt NeAx. P([SystemQ - ¥x: Vy:0 <=xFy <=

F (x| <= ly| = = (= (x| = |y])n)n)n F NonnegativeNegated > 0 <= x >
(—ux) <= 0; NonpositiveNegated > y <= 0> 0 <= (—uy); SignNumerical >
x| = [(=ux)[; SubLessLeft > [x| = [(—ux)| > = (x| <= |y| = = (= (x| =
yDmn)n > (|(—ux)] <= lyl = (> (|(—wx)] = y|)n)n)n; SignNumerical >
] = [(~ny)|: SubLessRight &> |y| = [(~uy)| > = (| (~ux)| <= |y| =

S (5 ([(mw)] = [y)n)n)n > = ([(-ux)| <= [(—uy)[ = = (= ((-wx)| =

)|
)|

—~

|(=uy))n)n)n; LessLeq &> = (|(—ux)| <= |(-uy)| = = (= (|(-wx)| =
|(—uy)|)n)n)n > |(—ux)| <= |(—uy)|; splitNumericalSum(+ — small) > 0 <=
(—uy) > (—ux) <= 00 |(-ux)| <= |(-uy)| > |((—uy) + (—ux))| <=
|(—uy)|; SignNumerical > [(x +y)| = [(-u(x+y))[;—x—y = —(x+y) >
((—ux) 4+ (—uy)) = (—u(x +y)); plusCommutativity > ((—ux) + (—uy)) =
((—uy) + (—ux)); Equality > ((—ux) 4 (—uy)) =

<

£ ‘if»< \
=<

< IX
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(—ulx+y)) > ((mwx) + (-uy)) = ((uy) + (-ux)) > (-ulx +y)) = ((-uy) +
(—ux)); SameNumerical > (—u(x +y)) = ((—uy) + (-ux)) > [(-u(x +y))| =
|((—uy) + (—ux))|; eqTransitivity > [(x +y)| = [(—u(x +y))[ > [(-u(x +y))| =
[((=uy) + (ux)[ > |[(x +y)| = [(-uy) + (—ux))|; eqSymmetry > [(x +y)| =
|((=uy)+(=ux))| > [((—uy) +(-ux))| = [(x+y)]; eqSymmetry > |y| = [(—uy)| >
|(—uy)| = ly|; subLeqLeft & |((—uy) + (—ux))| = [(x+y)[ > |((—uy) + (—ux))| <=
[(—uy)| > [(x +y)| <= |(—uy)|;subLeqRight > |(—uy)| = |y| > [(x +y)| <=
[(=uy)[ > |(x+y)| <= ly[], po, )]

[splitNumericalSum (4 — big) ° I SystemQ b Vx: Vy:0<=xky<=0F
S ([ <=yl = (= (x| = lyDn)n)n = [(x + y)| <= ly]]

) tex «

[splitNumericalSum(+ — big splitNumericalSum(+-big)”]

[splitNumericalSum(+ — big) = Riy

bigNegative)”]

“lemma splitNumericalSum (+-,

splitNumericalSum(+—)

proof

[splitNumericalSum(+—) "= Ac.Ax.P([SystemQ F Vx: Vy: |y| <= [x| F 0 <=

x -y <= 0 F splitNumericalSum(+4 — small) > 0 <= x>y <= 0> |y| <= |x| >
|(x+y)| <= |x[;0 <= [x| > 0 <= |y|; LeqAdditionLeft > 0 <= |y| >

(x| +0) < (|x\ + |y]); plus0 > (|x| 4- 0) = |x|; subLeqLeft > (|x| + 0) =

x| > (I +0) <= (x| +[yl) > |x| <= (|x| + [y|); leqTransitivity > [(x + y)| <=
x| > x| <= (|X| Iy >+ y)f <= (x| + |y]); ¥x: Vy: = |y <= [x|)n -0 <=

xty <=0F ToLess >~ (|y| <= |x[)n > = (|x| <= |y| = - (~ (|x| =
|X|)H) )n; splitNumericalSum(+ — big) >0 <= x > [<: 0>~ (x| <=ly| =
(A (X = lyhn)n)n > [(x+y)| <= |y|;0 <= [x| > 0 <= |x|;leqAddition>0 <=
x| > (0+41y[) <= (|x[+ ly|); plusOLeft > (0+|y|) = |y|; subLeqLeft > (0 +|y|) =
ly[ > (0 + ly|) <= ([ + lyl) > [y| <= ([ + ly|); leqTransitivity &> [(x + y)| <=
ly| > lyl <= (Ix| +y[) > [(x +y)| <= ([x| + ly|); ¥x: Vy: Ded B> Vx: Vy: [y| <=
X[ FO0<=xky<=0F|x+y)<=(xl+]y}) >y <=x=0<=x=y<=
0=|(x+y)| <= (x| + |y|) Ded 1> Vx: Vy: = (Jy| <= [x[)n - 0 <=xFy<=0F
(x+y) <= (xI+ly) >yl <= X =0<=x=y <=0=|x+y)| <=
(Ix] + ly]); 0 <= xFy <= 0 F FromNegations > |y| <= K=0<=x=y<=
0= |(x+y)| <= (x[+ly)>=(yl <= x)n=0<=x=y <=0=|(x+y)| <=
(XI+]y) >0 <=x=y <=0=[(x+y)| <= (x| + ]y MP2>0 <=x=y <=
0= |(x+y)| <= (xI+y) >0 <=x>y <=0>|(x+y)| <= (x| +[y])], o, )]

) %tmt

[splitNumericalSum (+— SystemQ F Vx: Vy:0 <= xFy<=0F
|

(x+y)l <= (x| +1yD]
[splitNumericalSum(+—) < “splitNumericalSum(+-)"]

[splitNumericalSum(+—) X “lemma splitNumericalSum(+-)”]
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splitNumericalSum(—+)

[splitNumericalSum(—+) "— PO AeAx. P([SystemQ - Vx:Vy:x <=0F 0 <=y F

NonpositiveNegated > x <= 0> 0 <= (—ux); NonnegativeNegated > 0 <=
y > (—uy) <= 0;splitNumericalSum(+—) > 0 <= (—ux) > (—uy) <= 0>>
[(—ux) + (—uy))| <= (|(—wx)| + |(—uy)]); SplitNumericalSumHElper >

[((—ux) + (—uy))| <= (|(mux)[ + [(=uy)]) > [(x +y)| <= (x| + [y})], po, ¢)]

[splitNumericalSum(—+) 23 I SystemQ b Vx: Vyix<=0F0<=yk
|(x+y)l <= (x| + ly])]
te:

[splitNumericalSum(—+) = “splitNumericalSum(-+)”]

[splitNumericalSum(—+) 2 “lemma splitNumericalSum(-+)”]

splitNumericalSum

proof

[splitNumericalSum "—" Ac.Ax.P([SystemQ - Vx: Vy: 0 <= xF 0 <=y
splitNumericalSum(++) > 0 <= x>0 <=y > [(x +y)| <=

(Ix[ 4+ [y]); ¥x: Vy: 0 <=xFy <=0F sphtNumerlcalSum( —)>0<=x>y<=
0>>\(x—|—y)|< (|x|—|—|y|)VxVyx< OF0O<=yF
splitNumericalSum(—+) > x <=0 0 <= y>>|(x+y)|<—

(x| + ly]); ¥x: Vy:x <= 0 F y <= 0 |- splitNumericalSum(——) > x <= 0>y <=
0> |(x+y)| <= (x| +|y]); ¥x: Vy: Ded > ¥x: Vy: 0 <= x - 0 <=y F |(x +y)| <=
(X +ly)>0<=x=0<= y:>\(x+y|< (Ix] + ly]); Ded > ¥x: Vy: 0 <=
xFy<=0F|x+y)|<=(x|+ly) >0<=x=y<=0=|(x+y)| <=
(|x|—|—|y\) Ded > Vx:Vy:x <=0 0 <=y F|(x+y) <= (x| +]y]) >x<=0=
0<=y=|(x+y)| <= (x| +|y|); Ded > Vx:Vy:x <= 0y <=0+ |(x +y)| <=
x| +ly]) >x<=0=y<=0=|(x+y)| <= (]x| + |y|); FromLeqGeq > 0 <=
x=0<=y=|x+y)<=(x/+y)>x<=0=0<=y=|(x+y)| <=

x| +ly[) >0 <=y = |[(x+y)| <= (|x| + ly|]); FromLeqGeq > 0 <=x =y <=
0= [x+y)l<=(xI+[y)>x<=0=y<=0=[x+y)| <= (x| +[y]) >

y <=0=[(x+y)| <= (]x| + |y]); FromLeqGeq > 0 <=y = |(x +y)| <=

(Xl +ly) >y <=0=[(x+y)| <= (Ix[ +[y]) > [x+y)| <= (Ix[ +[yD1. po, )]

~IX —~

[splitNumericalSum *3" SystemQ F Vx: vy |[(x +y)| <= (x| + ly])]

tex «

[splitNumericalSum — “splitNumericalSum”|

[splitNumericalSum 2 “lemma splitNumericalSum”]
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SplitNumericalProduct(++)

proof

[SplitNumericalProduct(++) "= Ac.Ax.P([SystemQ - Vx: Vy: 0 <=xF 0 <=

y F NonnegativeFactors > 0 <= x> 0 <= y>»0<=
(x * y); NonnegativeNumerical > 0 <= (x*xy) > |(x xy)| =
(x*y); NonnegativeNumerical >0 <= x > |x| = x; NonnegativeNumerical>0 <=

Y);
y > |y| = y; MultiplyEquations > |x| = x> |y| =y > (|x| x |y|) =
(x *y);eqSymmetry &> (|x] * [y|) = (x*y) > (x*y) = (|x| * ly|); eqTransitivity o
|(xxy)| = (xxy) > (xxy) = (Ix] *|y]) > |[(x*y)[ = (I * [y)], Po, )]

[SplitNumericalProduct(++) *3 M System(Q F Vx: Vy:0 <=xF0<=yhk

[(xx y)l = (x| [y])]

[SplitNumericalProduct(4++) = s

“SplitNumericalProduct(++)”]

[SplitNumericalProduct (++) X “lemma splitNumericalProduct(++)”]

SplitNumericalProduct(+—)

[SplitNumericalProduct(+—) "— PPt AeAx. P([SystemQ F Vx:Vy:0 <=xFy <=

0 F SignNumerical > [(x x y)| = [(—u(x * y))|; eqSymmetry l> Tx*y)| =
(—u(x*y))| > [(—u(x*y))| = [(x * y)[; PlusTimesMinus > (x * (—uy)
u(x * y)); SameNumerical &> (x * (—uy)) = (—u(x xy)) > |(x * (—uy)
u(x+y))|; eqTransitivity>| (xx (—uy)) = |(—u(xxy))|>|(—ulery))| = [(xry
(—uy))| = [(x * y)|; SignNumerical > |y| = [(—uy)|; eqSymmetry > |y| =

) =
)=

|( *y)| >
*

uy)| > |(—uy)| = |y|; EqMultiplicationLeft > [(—uy)| = |y| >

| % |(—uy)]) = (|x| * y|); NonpositiveNegated > y <= 0> 0 <=

|

(—

|(—u

|(x

(ol

(7u ); SplitNumericalProduct(++) > 0 <= x> 0 <= (—uy) > |(x* (—uy))| =
(

(

|

|| * |(—uy)|); eqTransitivity > |(x * (—uy))| = (x| * |(—uy)]) > (x| * [(-uy)]) =
X [y[) > [(x* (—uy))[ = ([x] * |y]); Equality &> |(x * (—uy))| =

(x# y)[ > G (—uy))[ = (x| [y[) > [(x* y)[ = (X * [y])], o, €]
[SplitNumericalProduct(+—) 2 System(Q F Vx: Vy:0 <=xky<=0F
[(xxy)| = (Ix] * ly])]

[SplitNumericalProduct(4—

X
X
X *

) “¥ “SplitNumericalProduct(+-)”]

[SplitNumericalProduct(+—) X “Yemma splitNumericalProduct(+-)”]

SplitNumericalProduct

proof

[SplitNumericalProduct "= Ac.Ax.P([SystemQ I Vx: Vy: 0 <= xF 0 <=y I
SplitNumericalProduct(++4) > 0 <= x>0 <=y > |(x *y)| =
(Ix] * y]); ¥x: ¥y: 0 <= x - y <= 0 I SplitNumericalProduct(+—) > 0 <=
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xDy <= 0> |(x*y)| = (]x| *[y|]); Vx: Vy: x <= 0 0 <=y I-

SplitNumericalProduct(+—) >0 <=y >x <= 0> |(y *x)| =

(ly] * |x|); timesCommutativity > (x * y) = (y * x); SameNumerical > (x xy) =

(y *x) > [(x *y)| = |(y * x)|; timesCommutativity > (|y| * |x|) =

(1|  y]); eqTransitivity & (x x y)| = |(y )] & |(y *)] =

(yl IxD) & (lyl s x]) = (x| lyl) > [+ y)[ = (Ix] * y]); vx: Vy:x <= 0 F y <=
0 F NonpositiveNegated > x <= 0 > 0 <= (—ux); NonpositiveNegated >y <=
0>> 0 <= (—uy); SplitNumericalProduct(++) > 0 <= (—ux) > 0 <= (—uy) >
(1) % (—uy))] = ([(—wx)] % |(—uy)]); MinusTirmesMinus > ((—ux)  (—uy)) =
(x+ y): SameNumerical > ((—1w¢) * (—y)) = (x* y) > | ((—x) * (—uy))] =

(x#y)l; eqSymmetry &> [((—ux) * (—uy))| = |(x* y)| > [(x x y)| =

(—ux)  (—uy))|; SignNumerical > x| = |(—ux)[; SignNumerical > |y| =

|

I¢

|(—uy); MultiplyEquations > [x| = |(—ux)| > |y| = |[(=uy)| > (x| * |y|) =
(|(=ux)[ = [(—uy)|); eqSymmetry > (|x| * |y|) = ([(—ux)| = [(—uy)|) >

(|(=ux)[ = [(—uy)[) = (Ix[ = |y|); eqTransitivity4 &> [(x * y)| =

|((—ux) * (—uy))| > |[((—ux) * (—uy))| = (|(—ux)|*[(—u )|)>(|( ux)| |(—uy)|) =
([xl[y[) > [(x*y)| = (Ix[*]y]); ¥x: Vy: Ded>Vx: Vy: 0 <= x F 0 <=y I [(x*y)| =
(Ix[*]y)) >0<=x=0<= y:|(x*y)|—(|x\ ly|); Ded > Vx: Vy: 0 <= x -
y<=0F|[x*y)[=(x*ly) >0<=x=y<=0=|(x*xy)| =

(x| * ly]); Ded > Vx: Vy: x <=0F 0 <=y F [(x*xy)| = (|x[ * y]) >x <= 0=
0<=y=|(xxy)| = (]x[*|y]);Ded > V¥x:Vy:x <= 0Fy <=0F |[(x xy)| =

(X *ly]) >x<=0=y <= 0:>|(x>ky)|—(|x| lyl); FromLeqGeq > 0 <= x =
0<=y=|@x*y)=(x*lyh>x<=0=0<=y=|x*y)| = (x| *[y}) >
0<=y=[(x*y)| = (x| * |y]); FromLeqGeq >0 <=x =y <= 0= [(x xy)| =
(IX*lyh>x<=0=y<=0=[(x*y)| = (x| *ly)) >y <=0=[(x*y)[=
(|x|* [y]); FromLeqGeq > 0 <=y = [(xx y)| = (|x| * [y]) >y <= 0= [(x*y)| =
(IxI = y[) > [(x* y)| = ([x] * ly[)], Po, )]

[SplitNumericalProduct S8 SystemQ F Vx: Vy: [(xx y)[ = (x| * y])]
plitNumericalProduct — “SplitNumericalProduct
SplitN icalProduct ¥ “SplitN icalProduct”

[SplitNumericalProduct X “demma splitNumericalProduct”]

insert MiddleTerm(Numerical)

[insertMiddleTerm(Numerical) progf Ac Ax.P([SystemQ +

Vx: Vy: Vz: splitNumericalSum > [((x + (—uz)) + (z +y))| <=

(|(x+ (—uz))| + [(z + y)|); insertMiddleTerm(Sum) > (x +y) =

((x + (=uz)) + (z +y)); SameNumerical > (x +y) = ((x + (—uz)) + (z +y)) >
|(x+y)| = [((x+ (—uz)) + (z+y))[; eaSymmetry &> [(x + y)| =

[(x+ (—uz)) + (z+y)| > [(x+ (—uz)) + (z+y))| =

|(x+y)|; subLeqLeftr> |((x+(—uz))+(z+y))| = [(x+y)|>[((x+(—uz))+(z+y))| <=
(Ix+ (—uz))| + 1z +yl) > [(x+y)| <= (|(x+ (—uz))[ + [(z+ y)])], o, c)]
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[msertMlddleTerm(Numerlcal) 2 SystemQ F Vx: Vy:Vz: [(x +y)| <=
(I + (—uz))| + [z + )]

[insertMiddleTerm(Numerical) tex 1nsertM1ddleTerm(Numerlcal) ]
[

insertMiddleTerm(Numerical) 25 “lemma insertMiddleTerm(Numerical)”]

insert TwoMiddle Terms(Numerical)

[insert TwoMiddleTerms(Numerical) "= " AeAx. P([SystemQ F
Vx: Vy: Vz: Yu: insertMiddleTerm(Numerical) > [(x +y)| <=

(|(x+ (—uz))| + [(z + y)|); insertMiddleTerm(Numerical) > [(z +y)| <=
(|(z+ (—uw))| + |(u+y)]); LeqAdditionLeft &> |(z + y)| <=

(Iz+ (mu)| + [(u+y)) > (x+ (—u2)| + [z +y)]) <=

(|(x+ (=uz))| + ((z+ (—uw))| + |(U+Y)|)) leqTransitivity > |(x +y)| <=
(Ix+ (—uz)| +1z+y) &> ((x+ (—u2) [+ [z + y)]) <=

(J(x+ (muz))| + (I(z+ ()| + [(u+ Y)]) > [(x+y)| <=

(|(x+ (—uz))| + (I(z+ (—uw))| + [(u + y)|)); plusAssociativity >

(|4 (—uz) [+ |(z+ (—uw)) ) + [(u+y)[) = (|(x+ (—uz)[+ (|(z+ (—uw))[+[(u+
y)1)); eqSymmetry > ((|(x+ (—uz))[ +[(z+ (—uw))|) + |(u+y)]) = ([(x+ (—uz))[+
(Iz+ ()| + [(u+y)]) > (I(x+ (—uz)| + ([ + (—uw)[ + [(u+y)]) =
(([(x+ (—uz))| + [(z+ (—uw))[) +[(u+y)|); subLeqRight > (| (x + (—uz))| + (|(z +
(—au)|+|(u+y)]) = (x4 (—uz))| + [z + (—uw)]) + [(u+y)[) > [(x +y)| <=
(I(x+ (—uz))| + ((z+ (—aw)| + [(u+y)]) > [(x+y)| <=

((Ix+ (=uz))[ + [(z + (—ww))|) + [(u+y)DT, Pos )]

[insert TwoMiddleTerms(Numerical) **3* SystemQ + Vx: Vy:Vz: Vu: [(x +y)| <=
(16 + (—u2))| + |(z + (—uw)]) + [(u + )]

tex

insertTwoMiddleTerms(Numerical) = “insert TwoMiddleTerms(Numerical)”]

~

[ )
[insert TwoMiddleTerms(Numerical) "% “lemma
i

insert TwoMiddleTerms(Numerical)”]

Three2twoTerms

[Three2tonerms 0T AeAx. P([SystemQ F Vx: Vy:Vz:Vu: (y +z) =u k-
EqAdditionLeft > (y +z) = u>> (x+ (y + z)) = (x + u); plusAssociativity >
(x+y) +2) = (x+ (y +2));eqTransitivity > ((x +y) +2) =
(x+(y+2z)>x+(y+z)=x+u)>(x+y)+z)=(x+u)l po,c)]

[

Three2twoTerms *5' System(Q + Vx: Vy:Vz:Vu: (y +z) =ubk ((x+y) +2) =
(x+u)]

[Three2twoTerms ¥ “Three2twoTerms” ]
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pyk 77]

[Three2twoTerms = “lemma three2twoTerms

Three2threeTerms

[Three2threeTerms PO e Ax. P([SystemQ I Vx: Vy: Vz: plusCommutativity >
(y+2z) = (z+y); Three2twoTerms > (y +z) = (z+y) > ((x+y) +2) = (x+(z+
y)); plusAssociativity > ((x+2z)+y) = (x+(z+y)); eqSymmetry > ((x+2)+y) =
+(z+y) > x+(z+y) = (x+2) +y)eqTransitivity > ((x +y) +2) =
+(z+y) > x+(z+y) = (x+2) +y) > ((x+y) +2) = (x+2) +Y)], po, )]

[Three2threeTerms U SystemQ F Vx: Vy:Vz: ((x+y) +2) = ((x+2) +y)]

(x
(x

[Three2threeTerms s “Three2threeTerms” |

[Three2threeTerms X “emma three2threeTerms” |

Three2twoFactors

[Three2twoFactors P AeAx. P([SystemQ - Vx: Vy:Vz: Vu: (y xz) = u k-
EqMultiplicationLeft > (y * z) = u > (x * (y *z)) = (x * u); timesAssociativity >
((x*y)*2z) = (x* (y * z)); eqTransitivity > ((x * y) * z) =

(x* (y*2)) > (x* (y*2)) = (x*xu) > ((x+y) *2) = (x* )], po, ¢)]
[Three2twoFactors *5' SystemQ b V: Vy:Vz: Vu: (y*z) = u b= ((x*y)*z) = (x*u)]

ex

[Three2twoFactors “= “Three2twoFactors”]

[Three2twoFactors ¥ “lemma three2twoFactors”]

Three2threeFactors

[Three2threeFactors PrOot N Ax. P([SystemQ -
Vx: Vy: Vz: timesCommutativity > (y * z) = (z * y); Three2twoFactors > (y * z) =
(zxy)> ((x*y)*2z) = (x* (z*y)); timesAssociativity > ((x*z) xy) =

(x* (z*y));eqSymmetry > ((x *z) xy) = (x* (z*y)) > (x* (zxy))
E(x*z );eqTransitivity > ((x*y) xz) = (x* (z*y)) > (x* (z*y)) =

*y
(xx2) xy) > ((x*y) *2) = ((x*2) x y)], o, €]
[Three2threeFactors *5" System(Q + Vx: Vy:Vz: ((x*y) *z) = ((x*2) *y)]

[Three2threeFactors s “Three2threeFactors”]

[Three2threeFactors X “lemma three2threeFactors”]
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Times(—1)

proof

[Times(—1) "= Ac.Ax.P([SystemQ I Vx: Negative > (1 4 (—ul)) =
0; plusCommutativity > ((—ul) + 1) =
(14 (—ul));eqTransitivity > ((—ul) + 1) = (1 + (—ul)) > (1 + (—ul)) = 0>

((—ul) + 1) = 0; EqQMultiplicationLeft > ((—ul) +1) = 0> (x* ((—ul) + 1)) =
(x%0);x%x0=0> (x*0) = 0; eqTransitivity > (x * ((—ul) + 1)) =

(x#0)> (x*x0) =0> (x* ((—ul) 4+ 1)) = 0; Distribution > (x * ((—ul) + 1)) =
((x#(—ul))+ (x*x1)); eqSymmetry > (x* ((—ul) +1)) = ((x* (—ul)) + (xx1)) >
((x*(—ul))+(x*1)) = (x*((—ul) +1)); eqTransitivity > ((x* (—ul)) + (x* 1)) =
(x* ((—ul) +1)) > (x* ((—ul) +1)) = 0> ((x* (—ul)) + (x* 1)) =

0; PositiveToRight(Eq) t> ((x * (—ul)) + (x* 1)) = 0>> (x* (—ul)) =

)
(O + (—u(x* 1))); plusOLeft > (0 + (—u(xx 1))) =
(—u(x*1)); eqTransitivity > (x x (—ul)) = (0+ (—u(x*1))) > (0+ (—u(x*1))) =
(—u(x*1)) > (x* (—ul)) = (—u(x* 1)); timesl > (x* 1) =
x; EqNegated > (x 1) = x > (—u(xx* 1)) = (—ux); eqTransitivity > (x* (—ul)) =
(mulx* 1) > (-u(x* 1)) = (—ux) > (x* (-ul)) = (—ux)], po, c)]
[Times(—1) ° Y SystemQ F Vx: (x * (—ul)) = (—u x)]
[Times(—1) = jacs “Times(-1)”]
[

Times(—1) = P “lemma times(-1)”]

Times(—1)Left

[Times(—1)Left PO NCAX. P([SystemQ F Vx: Times(—1) > (x x (—ul)) =
(—ux); tlmesCommutatlwty > ((—ul) xx) = (x * (—ul)); eqTransitivity >
((=ul)*x) = (x* (-ul)) &> (x* (—ul)) = (—ux) > ((—ul) *x) = (~ux)], po, ¢)]
[Times(—1)Left 3" SystemQ F Vx: ((—ul) * x) = (—ux)]

[Times(—1)Left “= “Times(-1)Left”]
[

Times(—1)Left > VY “Jemma times(-1)Left”]

MaxLeq(1)
[MaxLeq(1) "— Proof N Ax. P([SystemQ - ¥x: Vy:y <= x - FromMax(1) >y <=
x> if(y <= x,x,y) = x;eqSymmetry > if(y <= x,x,y) = x > x = if(y <=
X, %, Y); eqLeq|>x71f(y< X,%,y) > x <= if(y <= x,x,y); ¥x: Vy: = (y <=

x)n = FromMax(2) > = (y <= x)n > if(y <= x,x,y) = y; eqSymmetry > if(y <=
xxy)—y>>y—1f(y< %,%,Y); ToLess > - (y <= x)n > = (x <=y =

S (5 (x = y)n)n)n; LessLeq > -1 (x <=y = = (5 (x = y)n)n)n > x <=
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y;subLeqRight >y = if(y <= x,x,y) > x <=y > x <= if(

y
xxy)VXVyDedDVxVyy<—xl—x< ifly <= x,xy) >y<=x=x<=
if(y <= x,x,y); Ded > ¥x: Vy: 1 (y <= x)n k- x <= if(y <=x,x,y) > 5 (y <=
x)n = x <= if(y <= x,x,y); FromNegations > y <= x = x <= if(y <=
X,%,Y) B> (y <=x)n = x <=if(y <= x,x,y) > x <= if(y <= x,%,¥)], Po, ¢)]

[MaxLeq(1) **3" SystemQ + Vx: Vy:x <= if(y <= x,x,y)]

)
[MaxLeq(1) *= “MaxLeq(1)”]
) =

[MaxLeq(1) 25 ¥ “Jemma leqMax1”]

MaxLeq(2)

[MaxLeq(2) "— PO e, P([SystemQ - ¥x: Vy:y <= x - FromMax(1) >y <
x> if(y <=x,x,y) = x;eqSymmetry > if(y <= x,x,y) = x> x = if(y <=
X, X, y);subLeqRight > x = if(y <= x,x,y) >y <= x

>y <=if(ly <=
xxy) Vx: Vy—|(y<fx)nFFromMax()|>'(y =x)n > if(y <=x,x,y) =
y;eqSymmetry > if(y <= x,x,y) =y >y =if(y <= x,x,y);eqleq >y = if(y <=
X, %, y) >y <=if(y <= x,x,y); Vx: Vy: Ded > Vx: Vy:y —x}—y< if(y <=
xxy)>>y<—x:>y< if(y <= x,x,y); Ded > Vx: Vy: -1 (y <= x)n k- y <=
if(y <=x,x,y) > = (y <= x)n =y <= if(y <= x,x,y); FromNegations > y <=
x=y<=ifly <=xxy) > (y <=x)n =y <=ifly <=x,x,y) >y <=

iy <=x,x yﬂ Po; ©)]
[MaxLeq(2) 3" SystemQ + Vx: Vy:y <=if(y <=x,x,y)]

[MaxLeq(2) “= “MaxLeq(2)"]
[MaxLeq(2) P “lemma leqMax2”]

LessThanMax

[LessThanMax Proof e Ax. P([SystemQ F Va:¥x:Vy:Vz:a = - (x <=y =
( (x=ymnnnkFakFMPra=-(x<=y=-(2(x=ynnn>a>

x<=y="(-(x=yn)n )n MaxLeq(1) >y <=if(z <=

,2); LessLeqTran51t1v1ty Dh(x<=y= A (S(x=yn)n)n>y<=if(z<=

z) > (x<=1if(z<=y,y,z) = " (- (x=if(z <=

) n)n;Va:¥x: Vy:Vz: 5 (a)n = S (x <=z = = (4 (x =z)n)n)n - = (a)n

n:>—|(x<—z:>%(—'|(x—z) jn)n> - (a)n> A (x<=z=

n)n)n; MaxLeq(2) > z <= if(z <=y, y, z); LessLeqTransitivity >
:>4|( (x=zn)n)n>z <=if(z <=y,y,z) > - (x <= if(z <=

z) = = (- (x=if(z <=y,y,z))n)n)n; Va: Vx: Vy: Vz: Ded > Va: Vx: Vy: Vz: a =
:>ﬁ( (x—y)))nl—a}— (x<—1f(z< yy,) S(h(x=

g 1 g\;«%x

I< o
HES
\NL‘\“/:V

-
—
—~
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if(z <=vy,y,z) = = (- (x = if(z <=y, y,z))n)n)n; Ded > Va: Vx: Vy: Vz: = (a)n =
Sx<=z=A("x=zn)nnk (@nk S (x<=ifz<=y,y,z) = (7 (x =
if(z <=y,y,z))n)n)n > —'( m=(x<=z=-(>(x=z)n)n)n = - (a)n =
Sx<=ifz<=y,y,z) = (" (x=ifz <=y y,Z))nnma = S (x <=y =
A(t(x=ynn)nkAa(@n= - (x<=z= - (~(x=znnnkMP>a=
S(x <oy = 5 (5 (x =y = 2 = 5 (x <=z <= Y,y,2) = 5 (5 (x =
if(z <=vy,y,z))n)n )n a=S(x<=y="("(x=ynnn>a=(x<=
if(z<=vy,y,z) = (- (x=if(z<=y,y,z2)n)n)n; MP >~ (a)n = 2 (x <=z =
A(h(x=znn)n=(a)n= " (x<=if(z<=y,y,z) = 7 (- (x=if(z <=
Y.y, D)n B (@)1 = 4 (x <= 2 = (3 (<= 2n)a)n > (@) = - (x <=
1f(z< Y,¥,2) = S (5 (x—1f(z< y,y,z))n)n)n; FromNegations > a =

S (x <=if(z <=y, Y,z z) = S (h(x=ifz<=y,y,z)n)n)n> 4 (a)n = 5 (x <=
f(z< y,y,z) = = (5 (x—1f(z< y,y,2))n)n)n > = (x <= if(z <=vy,y,z) =

5 (5 (x = if(z <= y,y,2))m)m)n], pos )]

[LesthanMax *IB System(Q F Va: Vx: Vy: Vzia = = (x <= y= (k=
ymnta@n=s(x<=z=-(x=znnnk - (x<=ifz <=y,y,z) =
A (m(x=if(z <=y,y,z))n)n)n]

ex

[LessThanMax = “LessThanMax”]

\/
N

—

()

o

/-\

[LessThanMax VX “lemma lessThanMax”]

x 4+ y = zBackwards

[x + y = zBackwards propf A Ax.P([SystemQ - Vx: Vy:Vz: (x +y) =z F
plusCommutativity > (x +y) = (y + x); Equality > (x +y) =z> z =
(X + 5)—‘ » Pos C)]

[x + y = zBackwards stogt SystemQ I Vx: Vy: Vz: (x +y) = zF z = (y + x)]

tex «

[x +y = zBackwards — “x+y=zBackwards”]

[x + y = zBackwards “ X “lemma x+y=zBackwards”]

x x y = zBackwards

[x * y = zBackwards PIOPT A Ax. P([SystemQ - Vx: Vy: Vz: (x x y
timesCommutativity > (x+y) = (y#x); Equalityr>(x+y) =z>> z ( gﬂ Po, C)]

\/

[x * y = zBackwards sty SystemQ = Vx: Vy:Vz: (x xy) = zF z = (y * x)]
[x % y = zBackwards =5 “xxy=zBackwards”]

[x * y = zBackwards 2 emma xxy=zBackwards” |
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x=x+(y—y)

x=x+ (v — y) "% A A P([SystemQ - Vx: Vy: plus0 > (x + 0) =

x; Negative > (y + (—uy)) = 0; eqSymmetry &> (y + (—uy)) = 0> 0 =

(y + (—uy)); EqAdditionLeft > 0 = (y + (—uy)) > (x+ 0) =

(x+ (y + (—uy))); Equality > (x +0) = x> (x + 0) = (x+ (y + (—uy))) > x =
(x+ (y + (—uy)))T, po c)]

stmt

[x=x+(y—y) — SystemQ F Vx:Vy:x = (x + (y + (—uy)))]

x=x+(y—y) = x=x+(yy)"]

x=x+(y-y) = PY¥ “lemma, x=x+(y-y)"]

Xx=X+y—y

x=x+y-y progf AC A P([SystemQ F Vx:Vy:x = x4 (y —y) > x =

(x+ (y + (—uy))); plusAssociativity > ((x +y) + (—uy)) =

(x+ (y + (—uy))); eqSymmetry > ((x +y) + (—uy)) = (x + (y + (—uy))) >
(x+ (y + (=uy))) = ((x +y) + (—uy)); eqTransitivity > x = (x + (y + (—uy))) >
(x+ (y + (—uy))) = (x+y) + (—uy)) > x = ((x+y) + (—uy)) 1, o, ©)]
x=x+y—y B SystemQ I Vx: Vy:x = ((x +y) + (—uy))]

[
x=x+y—y = “x=xtyy’]
[

XxX=x+y—y X “lemma x=x+y-y"]

x = xxy (1)
[x=xx*xy=x(1/y) PO e . P([SystemQ - ¥x: Vy: - (y = 0)n F times] > (x *
1) = x; Reciprocal > = (y = 0)n > (y *recy) = 1; Three2twoFactors > (y *recy) =
1> ((xxy)#recy) = (xx1); eqTrans1t1v1ty>((x*x)*recx) (xx1)>(x*1) = x>
((xxy)*recy) = x; eqSymmetry > ((xxy) #recy) = x> x = ((xxy) #recy) |, po, ¢)]

x=xxyx*(l/y )SL»tSystele—Vx Vy: 5 (y = 0)n bk x = ((x *y) * recy)]

[
[x=x*y*(1/y) "% “x=xxy*(1/y)"]
[

x=xxyx(l/y) = VY “emma x= xxy*(1/y)”]

(6]



insertMiddleTerm(Sum)

proof

[insertMiddleTerm(Sum) "— Ac.Ax.P([SystemQ k- Vx: Vy:Vz:x = x +y —y >
((x+ z) + (—uz)); Three2threeTerms > ((x + z) + (—uz)) =

+ (—uz)) + z); eqTransitivity > x = ((x + z) + (—uz)) > ((x + z) + (—uz)) =
+(—uz)) +2z) > x = ((x+ (—uz)) +z); eqAddition > x = ((x+ (—uz)) +z

= (((x+ (—uz)) 4+ z) +y); plusAssociativity > (((x + (—uz) +
(x+ (—uz)) + (z+y)); eqTransitivity > (x+y) = ((x+ (—uz)) +2) +y) > (
—uz))+2z)+y) = ((x+(-uz))+(z+y)) > (x+y) = ((x+(—uz))+(z+y)) ] po,

[insertMiddleTerm(Sum) *I2 SystemQ F Vx: Vy:Vz: (x +y) =
(x+ (—uz)) + (z+y))]

[insertMiddleTerm (Sum) tex “insertMiddleTerm(Sum)”]
[

insert MiddleTerm (Sum) Y “lemma insertMiddleTerm(Sum)”]

insert TwoMiddleTerms(Sum)

proof

[insert TwoMiddleTerms(Sum) " —  Ac.Ax.P([SystemQ
Vx: Vy: Vz: Vu: insertMiddleTerm(Sum) > (x +y) =

((x + (—uz)) + (z +y)); insertMiddleTerm(Sum) > (z +y) =

((z+ (—uw)) + (u+y)); EqAdditionLeft > (z + y) = ((z + (—uw)) + (u+y)) >
((x+(—uz))+(z+y)) = ((x+(—uz))+((z+(—uu))+(u+y))); plusAssociativity >
(x4 (—uz)) + (z+ (—w))) + (u+y)) = (x+ (—uz)) + ((z+ (—uw)) + (u+
¥))); eqSymmetry > (((x + (—uz)) + (z + (—uw))) + (u+y)) =

((X+ uz)) + ((z+ (—uw)) + (u+y))) > ((x+(—uz)) + ((z+ (—ww)) + (u+y))) =
(((x+ (—uz)) + (z+ (—uw))) + (u +y)); eqTransitivityd > (x +y) =

(x+ (-uz)) + (z+y) > (x+ (—uz)) + (z+y)) =

((x+ ( 2)) + ((z+ (—uw)) + (u+y))) > (x+ (—uz)) + (2 + (—uw)) + (u+y))) =
((x+ (-uz)) + (z+ (—ww))) + (u+y)) > (x+y) =

((x+ (—uz)) + (z+ (—uw))) + (u+y))], o, )]

stmt

[insert TwoMiddleTerms(Sum) "= SystemQ I Vx: Vy: Vz: Vu: (x +y) =
(x4 (—uz)) + (z+ (—uw))) + (u+y))]

insert TwoMiddleTerms(Sum) % “insertT woMiddleTerms(Sum)”]
)

[ S
[insert TwoMiddleTerms(Sum X “lemma insert TwoMiddleTerms(Sum)”]

insertMiddleTerm(Difference)

[insertMiddleTerm (Difference) progt AcAx.P([SystemQ F
Vx: Vy: Vz: insertMiddleTerm(Sum) > (x + (—uy)) =
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((x+ (-u(-uz))) + ((—uz) + (—uy))); DoubleMinus > (—u(—uz)) =

z; EqAdditionLeft > (—u(—uz)) =z > (x + (—u(—uz))) =

(x + z); plusCommutativity > ((—uz) + (—uy)) = ((—uy) + (-uz)); —x —y =
—(x+y) > ((—uy) + (—uz)) = (—u(y + z)); eqTransitivity > ((—uz) + (—uy)) =

((—uy) + (—uz)) > ((—uy) + (—uz)) = (—uly +2)) > ((—uz) + (-uy)) =

(—u(y + z)); AddEquations > (x + (—u(—uz))) = (x +z) > ((—uz) + (—uy)) =

E u(y +2)) > ((x+ (—u(-uz))) + ((—uz) + (-uy))) =

(

(

>

(x+2z) + (—u(y + 2))); eqTransitivity > (x 4 (—uy
(x+ (—u(-uz))) + ((—uz) + (—uy))) > ((x+ (—u(-uz))) + ((—uz) + (-uy))) =
(x+2) + (-uly +2))) > (x+ (-uy)) = ((x +2) + (—uly +2)))], po, ¢)]

[insertMiddleTerm(Difference) S System(@ F Vx: Vy:Vz: (x + (—uy)) =
((x+2) + (~uly +2)))]

[insertMiddleTerm (Difference) ¥ “insertMiddleTerm(Difference)”]
[

insertMiddleTerm(Difference) 2 X “lemma insertMiddleTerm(Difference)”]

x*x0+x=x

proof

x*0+x=x — AcAxP([SystemQ F Vx: timesl > (x* 1) =
x; eqSymmetry B> (x * 1) = x > x = (x * 1); EqAdditionLeft > x = (x* 1) >
(x*0) +x) = ((x*0) + (x* 1)); Distribution > (x* (0 + 1)) =
(x*0)+(xx1)); eqSymmetry > (x* (04+1)) = ((xx0)+(x*1)) > (
x#* (0 + 1)); plusOLeft > (04 1) = 1; EqQMultiplicationLeft &> (0
x*(0+1)) = (x*1); eqTransitivityd5 > ((x* 0) +x) = ((x*0) 4 (x*
x*k1)) = (xx(0+1))> (x*(04+1)) = (xx1)> (x*1) = x> ((x*0)+

(x*0)+(xx1)) =
+H)=1>

D)) > ((x+0)+
x) = x|, o, ¢)]

(
(
(
(
(

stmt ]

[x*04+x=x — SystemQ F Vx: ((x*0) 4+ x) =
[x#0 4 x = x = “xx04x=x"]
[

pyk
x*0+x=x > “lemma xx0+x=x"]

xx0=20
[ 0 =0 proof
((x*0) + (x + (—ux))); plusAssociativity > (((x* 0) + x) + (—ux)) =

((x*0) + (x + (—ux))); eqSymmetry &> (((x * 0) + x) + (—ux)) =

((x*0)+ (x+(—ux))) > ((xx0)+ (x+ (—ux))) = (((x*0)+x) + (—ux)); x*0+x =
x> ((x*0) +x) = x;eqAddition > ((x* 0) +x) = x> (((x*0) + x) + (—ux)) =
(x 4+ (—ux)); Negative > (x + (—ux)) = 0; eqTransitivitys > (x * 0) =

((x#0) + (x4 (—ux))) > ((x % 0) + (x4 (—ux))) = (((x*0) +x) + (—ux)) > (((x*
0) +x) + (—ux)) = (x + (—ux)) > (x + (—ux)) = 0> (x* 0) = 0], po, ¢)]

ACAXP([SystemQ FVxix =x+ (y —y) > (x*0) =

T



[x %0 = 0" SystemQ F Vx: (x * 0) = 0]
[x#0 =0 “xx0=0"]

[x*x0=0 X “lemma xx0=0"]

NonnegativeFactors

proof

[NonnegativeFactors “— Ac.Ax.P([SystemQ F Vx:Vy:0 <=xF0<=yF

legMultiplicationt>0 <= y>0 <= x> (0xy) < (X*7y) timesCommutativity >
(0%y) = (y*0);x%0 = 0 > (y*0) = 0; eqTransitivity > (0xy) = (y*0) > (y*0) =
0> (0*y) = 0;subLeqLeft> (0xy) = OI>(O*y) = (x*y) > 0 <= (x*y)],po,c)]

[NonnegativeFactors 3" System@ + Vx: Vy:0 <=xF0<=yF0<=(x*xy)]
[NonnegativeFactors =5 “NonnegativeFactors”]

. pyk .
[NonnegativeFactors = “lemma nonnegativeFactors”]

NonzeroFactors

[NonzeroFactors progf Ac AP ([SystemQ F Vx:Vy: 5 (x =0)n k- = (y =0)nt
NegMultiplication > - (y = 0)n > = (x = 0)n > = ((x*y) = -

(0 x y))n; timesCommutativity > (0xy) = (y*0);x*0=0>> (y*0) =

0; eqTransitivity > (0 y) = (y * 0) > (y *0) = 0> (0 * y)

0; SubNeqRight > (0 xy) = 0> - ((x xy) = (0% y))n > = ((x *y) = 0)n], po, c)]

[NonzeroFactors I SystemQ F Vx: Vy: 5 (x=0nk-(y=0nk-((x*xy) =
O)n]

tex
[NonzeroFactors — “NonzeroFactors”]

pyk
[NonzeroFactors = “lemma nonzeroFactors”|

PositiveFactors

[PositiveFactors progt ACAX.P([SystemQ F Vx: Vy: 7 (0 <=x= = (- (0=
x)n)n)n 4 (0 <=y = (- (0 = y)n)n)n - Repetition > - (0 <= x =

S (5 (0 =x)n)n)n > 4 (0 <= x = (= (0 = x)n)n)n; FlI‘thOHjunCt >0 <=
x= S (5(0=x)n)n)n > 0 <= x; SecondConjunct > = (0 <=x = = (- (0 =
x)n)n)n > = (0 = x)n; NeqSymmetry > = (0 = x)n > = (x =

0)n; Repetition > - (0 <= y:>%(%(0—y) mn>-0<=y=-(-(0=
y)n)n)n; FlrstConJunct >o(0<=y=(2(0=ynnn>0<=

y; SecondConjunct > - (0 <=y = 5 (= (0 = y)n)n)n > = (0 =

8



y)n; NegSymmetry > = (0 = y)n > = (y = 0)n; NonnegativeFactors >0<=
x>0 <=y > 0 <= (x+*y); NonzeroFactors > 1 (x = 0)n > 1 (y = 0)n >

< ((x*y) = 0)n; NeqSymmetry > = ((x #y) =0)n > - (0=

(x * y))n; JoinConjuncts > 0 <= (xxy) > = (0 = (x*y))n > = (0 <= (x xy) =

5 (4(0 = (x*y))n)n)n; Repetition > = (0 <= (xxy) = = (= (0 =
(x*xy)n)n)n > = (0 <= (xxy) = = (= (0 = (x* y))n)n)n], po, c)]

[PosfsweFactors * System(Q F Vx: Vy: (0 <=x= —|(—'\ (0 =x)n)n)n
“(0<=y = 0=ymnnk (0 <= (xxy) = (0= (x+y))n)n)n]

" tex "
[PositiveFactors — “PositiveFactors”]

.. pyk ..
[PositiveFactors = “lemma positiveFactors”]

PlusTimesMinus

[PlusTimesMinus PP AeAx. P([SystemQ F Vx: Vy: Times(—1)Left >

((=ul) xy) = (—uy); EqMultiplicationLeft > ((—ul) *y) = (— uy)

(x* ((—ul) *y)) = (x* (—uy)); timesAssociativity > ((x * (—ul)) xy) =

(x# ((—ul) * y)); timesCommutativity > (x * (—ul)) =

((—ul) * x); eqMultiplication > (x * (—ul)) = ((—ul) *x) > ((x * (—ul)) xy) =
(((—ul) * x) * y); timesAssociativity > (((—ul) *x) xy) =

((—ul) * (x*y)); Times(—1)Left > ((—ul) * (xxy)) =

(—u(x *y)); eqTransitivity4 > ((x * (—ul)) xy) =

(((mul) x )+ y) > (((—ul) xx) x y) = ((=ul) * (x* y)) > ((—ul) * (xxy)) =
(—ux*y)) > ((x* (-ul)) xy) = (—u(x*y)); Equality > ((x * (—ul)) xy) =
(—ulx*y)) > ((x* (—ul)) xy) = (x* ((—ul) xy)) > (—u(x*y)) =

(x* ((—ul)+y)); eqTransitivity > (—u(xxy)) = (x((—ul)*y)) > (x*((—ul)+y)) =
(x* (—uy)) > (—u(x*y)) = (x* (-uy)); eqSymmetry &> (—u(x *y)) =

(x* (muy)) > (x* (-uy)) = (—ulx*y))], po, )]

PlusTimesMinus *3' SystemQ + Vx: Vy: (x * (—uy)) = (—u(x xy))]

[ y
[PlusTimesMinus tex “PlusTimesMinus”|
[

. . k . .
PlusTimesMinus *5 “lemma plusTimesMinus”|

MinusTimesMinus

[MinusTimesMinus progf Ac. Ax.P([SystemQ I ¥x: Vy: DoubleMinus >>
(—u(—uy)) = y; Times(—1)Left > ((—ul) * (—uy)) =

(—u(—uy)); eqTransitivity &> ((—ul)  (~uy)) = (—u(-uy)) > (~u(-uy)) =y >
((—ul) = (—uy)) = y; EqMultiplicationLeft > ((—ul) = (—uy)) =y >
(x* ((—ul) * (-uy))) = (x*y); Times(—1) > (x ( 1) =

(—ux); x) > ((x* (—ul)) * (-uy)) =

eqMultiplication > (x * (—ul)) = (—u
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((—ux) * (—uy)); timesAssociativity > ((x * (—ul)) * (—uy)) =

(x * ((—ul) * (—uy))); Equality & ((x * (—ul)) * (—uy)) =

((—ux)#(—uy))> (o (—u))(— uy)) = (xx((—ul)*(—uy))) > ((—uwx)*(-uy)) =
(x* ((—ul) * (—uy))); eqTransitivity > ((—ux) * (—uy)) = (x* ((—ul) *
(—uy))) & (x* ((—ul) * (-uy))) = (x*y) > ((—ux) * (~uy)) = (x*y)], po, )]

MinusTimesMinus *2" SystemQ F Vx: Vy: ((—ux) * (—uy)) = (x*y)]

. . . tex . . .
[MinusTimesMinus — “MinusTimesMinus”|

pyk
MinusTimesMinus = “lemma minusTimesMinus”]

—1)x1=0 POt \eAx. P([System@Q F DistributionOut >

—ul)) + ((—ul) x 1)) = ((—ul) * ((—ul) + 1)); Negative >
) = 0; plusCommutativity > ((—ul) +1) =

); eqTransitivity > ((—ul) + 1) = (1 + (—ul)) > (1 + (—ul)) = 0>
) = 0; EqMultiplicationLeft o> ((—ul) + 1) = 0>

—ul)+1)) = ((—ul)*0); x%0 = 0 > ((—ul)*0) = 0; eqTransitivity4d>
)+ (—ud) 1)) = ((—ul) s (Cul) + 1) (—ul) = (—ul) +1)) =
(—ul) % 0) = 0> (((—ul) * (—ul)) + ((—ul) * 1)) = 0], po, ¢)]
(=

) (—1) + (1) % 1 = 0" SystemQ F (((—ul) * (—ul)) + ((—ul) = 1)) = 0]
—1) (=1 + (1) % 1= 05 “(1)x(-1)+(-1)1=0"]
)x(=1)+(-1)x1=0 X “lemma (-1)*(-1)+(-1)%1=0"]

proof

[(-1)*x(=1)=1"= AcAxP([SystemQF x=x+(y—y) > ((—ul)*(—ul)) =
EE —ul) % (—ul)) + (1 + (—ul))); timesl > ((—ul) * 1) = (—ul); eqSymmetry >

—ul) x1) = (—ul) > (—ul) = ((—ul) * 1); EqAdditionLeft > (—ul) =
((—ul)*1) > (14 (—ul)) = (1 + ((—ul) * 1)); EqAdditionLeft t> (1 4 (—ul)) =
(14 ((—ul) * 1) > (((—u1) 5 (~ul)) + (1 + (1)) =
(((—ul) % (—ul)) + (1 4+ ((—ul) * 1))); plusCommutativity > (14 ((—ul)*1)) =
(((—ul) * 1) + 1); EqAdditionLeft > (1 4+ ((—ul) * 1)) = (((—ul) * 1) + 1) >
((—u1) % (—u1)) & (1 + ((—ul) * 1))) = (((—ul) * (—u1)) + (((-ul) * 1) +
1)); plusAssociativity 3 ((((—u1) # (1) + ((—ul) 5 1)) + 1) = (((~u1) »
(Zu1))+(((—u1) 1)+ 1)); eqSymmetry & ((((—ul) # (—ul))+ ((—ul) #1))+1) =
(((—uL) # (—uL)) + (1) # 1) 1)) 3 (((—ul) 5 (L)) + (((—ul) 5 1) +1)) =
((((mul) * (—ul)) + ((—ul) * 1)) + 1); (- (-1) + (-1)*1=0>
(((—ul)#(—ul))+((—ul)*1)) = 0;eqAdditiont> (((—ul)*(—ul))+((—ul)*1)) =
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0> (((—ul) * (—ul)) + ((—ul) * 1)) + 1) = (0 + 1); plusOLeft > (0+1) =

1; eqTransitivity5 > ((—ul) * (—ul)) =

(((=ul) * (=ul)) + (1 + (—ul))) &> (((=ul) * (—ul)) + (1 + (—ul))) =

(((=ul) * (=ul)) + (1 + ((=ul) * 1)) > (((—ul) * (—ul)) + (1 + ((-ul) * 1))) =
(((=ul) * (—ul)) + (((—ul) * 1) + 1)) &> (((—ul) * (—ul)) + (((-ul) * 1) + 1)) =
(((=ul) * (=ul)) + ((=ul) ¥ 1)) + 1) > ((—ul) * (~ul)) =

((((=ul) * (=ul)) + ((—ul) * 1)) + 1); eqTransitivity4 > ((—ul) * (—ul)) =
((((=ul)* (=ul)) + ((=ul) * 1)) + 1) &> ((((=ul) * (—ul)) + ((-ul) ¥ 1)) + 1) =
0+1)>(0+4+1) =1> ((—ul)* (—ul)) = 1], po, c)]

[(—1) * (1) = 1 5" SystemQ - ((—ul) * (—ul)) = 1]

[(=1) % (=1) = 1= “(-1)x(-1)=17]

[(—=1) % (=1) = 1 25 “Yemma (-1)(-1)=17]

0 < 1Helper

0 < 1Helper %" A\e.\x.P([SystemQ F 1 <= 0 F leqAddition > 1 <= 0>
(14 (—ul)) <= (0 + (—ul)); Negative > (1 + (—ul)) =
0; subLeqLeft > (1 4+ (—ul)) =0 (1 + (—ul)) <= (0+ (—ul)) > 0 <=
0+ (—ul)); plusOLeft > (0 + (—ul)) = (—ul);subLeqRight > (0 + (—ul)) =
—ul) >0 <= (0+ (—ul)) > 0 <= (—ul); leqMultiplication > 0 <=

i

ul)>0 <= (—ul) > (0%(—ul)) <= ((—ul)*(—ul));x*x0 = 0> ((—ul)*0) =
; timesCommutativity > (0x(—ul)) = ((—ul)*0); eqTransitivityt>(0x(—ul)) =
(—ul) *0) > ((—ul) *0) = 0> (0% (—ul)) = 0; subLeqLeft > (0 * (—ul))
> (0% (—ul)) <= ((—ul) * (—ul)) > 0 <= ((—ul) * (—ul)); (—1) = (-1)
1> ((—ul) * (—ul)) = 1;subLeqRight > ((—ul) * (—ul)) = 1> 0 <=

(—ul)x(—ul)) > 0 <=1;Ded>1 <=0F0<=1>1<=0= 0<=1],po, )]

0
0

(
(
(
(
(
0 < 1Helper *3* SystemQ F 1 <=0 = 0 <= 1]

[
[0 < 1Helper “= “0<1Helper”]
[

0 < 1Helper Y “emma 0<1Helper”]

0<1

proo

0 < 17" Ae . P([SystemQ F leqTotality > = (0 <= 1)n = 1 <=

0; AutoImply > 0<=1=0<=1;0 < 1Helper > 1 <=0=0<=
1;FromDisjuncts > - (0 <=1n=1<=0>0<=1=0<=1>1<=0=
0 <=1>0<=1;0notl > - (0 = 1)n; JoinConjuncts >0 <= 11> = (0 =
Dn> 4 (0<=1= 4 (-(0=1)n)n)n],po,c)]

stm

[0 < 12" SystemQ - = (0 <=1 = (< (0 = 1)n)n)n)]
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tex

[0<1—> 0<17]

0<1 ¥ “lemma 0<17]

0<?2

proof

0< 272 A P([SystemQ F 0 < 133 (0 <= 1= (=(0 =

1)n)n)n; LessAddition > < (0 <=1= = (= (0 = 1)n)n)n > = ((0+1) <=
(1+1)=-(=((0+1) = (1+1))n)n)n; plusOLeft > (0 + 1) = 1; SubLessLeft >
0+1)=1(0+1) <=1+ =0+ =10+ D))n)n)n> - (1 <=
(1+1)= 5(~(1=(1+1))n)n)n; LessTransitivity > - (0 <=1 = (- (0 =
Dnnn>-(l<=1+1)=-(-1=01+D)n)nn>-0<=(1+1)=

S (5 (0= (1+1))n)n)n, po, )]

[0 <25 SystemQ F - (0 <= (14 1) = = (= (0 = (14 1))n)n)n)

tex

[O<2—> 0<2”]

1
)

0<2 X “lemma 0<27]

0<3

proof

AC.AX. P(fSystele—O <2>»40<=(1+1)=
)) Jn)n; LessLeq> - (0<=(1+1)= (0= (1+ 1))
1);Leq+150<=(1+1)> (0 <= ((1+1)+1) = (-

1+ 1)+ 1))n)n)n; Repetition > = (0 <= ((1 +1H)+1)=5(A

14+1)+1))n)n)n > = (0 <= ((14+1)+1) = = (= (0 = ((1+1)

S (0 =
n)n >0 <=
(0=

0

))n)n)n}, po, c)]
1)+ D)o

0< = (
(1+ )
1+ -
(( (
(( +1
0 < 33" SystemQ F (0 <= ((1+1)+1) = = (= (0= ((1+

tex

[
[O<3—> 0<37]
[

0 < 32 “lernma 0<3”]

0<1/2

0 < 1/2”%" Aeax. P([SystemQF 0.< 2> = (0 <= (1+1) = = (= (0=

(14 1))n)n)n; FirstConjunct > - (0 <= (1+1) = ( (0= (1+1))n)n)n

0 <= (14 1);SecondConjunct > (0 <= (1+1)= (= (0=(1 1))n)n)n >
(0=(1+1))n;NeqSymmetry >~ (0= (1+1))n>-((1+1)=0)n;0 < 1>

S0<=1=2("0=Dn)n)nxx0=0> ((1+1)*0) =0;x*xy =
zBackwards > ((1+1) % 0) =0>> 0= (0% (1 + 1)); SubLessLeft > 0 =
0% (1+1)>=(0<=1= (0= Dm)n)n > (0% (1 +1)) <=1=
S (5 ((0% (14 1)) = 1)n)n)n; Reciprocal > = ((1 + 1) = 0)n >
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(1+1)*rec(1+1)) = 1;x+y = zBackwards> ((1 + 1) #rec(1 4+ 1)) =1> 1=
(rec(141)*(1+1)); SubLessRight>1 = (rec(1+1)*(1+1))>=((0%(14+1)) <=
1= 0«*1+1)=1)n)n)n > (0% (14+1)) <= (rec(1+1)*(1+1)) =
S(5((0%(141)) = (rec(1 +1) % (1 4 1)))n)n)n; LessDivision > 0 <=
(I+1)>5((0x(141)) <= (rec(1+1)*(1+1)) = S (= (0% (1+1)) = (rec(1+
1)*(141)))n)n)n > (0 <=rec(l +1) = - (- (0 =rec(l + 1))n)n)n], po, )]

stmt

[0 <1/2"=" SystemQ F (0 <=rec(l +1) = - (- (0 =rec(1+ 1))n)n)n]

[0<1/2%F “0<1/27]

0 < 1/2 2 “lemma 0<1/27]

0<1/3

proof

[0<1/3"=" AcAxP([SystemQF0<3>-(0<=((1+1)+1)=-(-(0=
((1+1)+1))n)n)n; Positivelnverted>>= (0 <= ((14+1)+1) = = (- (0= ((1+1)+
1))n)n)n > - (0 <=rec((1+1)+1) = - (- (0 =rec((1+ 1) + 1))n)n)n], po, )]

stmt

[0<1/3 =" SystemQF = (0 <=rec((1+1)+1)=-(~(0=
rec((1+1) +1))n)n)n]

tex

[0 < 1/3% “0<1/37]
[

0 < 1/3 ™ “lemma 0<1/3"]

TwoWholes

proof

[TwoWholes " — Ac.\x.P([SystemQ I Vx: timesl > (x*1) = x; eqSymmetry >

x = (x*1); EqAdditionLeft>x = (x*1) > (x+x) = (x+(x*1)); eqAddition>x =
x1) 3> (- (1)) = (x5 1)+ (x 1)); eqTransitivity & (x-+x) = (x-+ (x+1)) &

x+(x*1)) = ((x*1)+ (x*1)) > (x+x) = ((x* 1)+ (x*1)); DistributionOut >
x* 1)+ (x*1)) = (x* (1 +1)); Repetition > ((x* 1) + (x* 1)) = (x* (1 + 1)) >

x* 1)+ (x*1)) = (x* (14 1)); timesCommutativity > (x* (1 +1)) =

1+ 1) *x); eqTransitivityd > (x +x) = ((x* 1) + (x* 1)) > ((x* 1) 4+ (x* 1)) =

[TwoWholes "' SystemQ F Vx: (x + x) = ((1 + 1) % x)]
[TwoWholes “= “TwoWholes”]
[

TwoWholes pyX “lemma x+x=2%x"]
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ThreeWholes

[ThreeWholes propf Ac.Ax.P([SystemQ F Vx: TwoWholes > (x + x) =
14 1) xx); times1Left >> (1 % x) = x; eqSymmetry &> (1 % x) = x> x =
% x); AddEquations > (x +x) = (1 + 1) #sx) >x= (1 %x) > ((x+x) +x) =
(14 1) *x) 4+ (1 xx)); DistributionOutLeft > (((1 + 1) *x) + (1 xx)) =

% ((141) + 1)); timesCommutativity > (x* (1 + 1)+ 1)) =
(141)+ 1) *x); eqTransitivityd > ((x + x) + x) =
(141)#x) + (1)) > (14 1) #x) + (1)) = (xx((1+1)+1))> (xx ((14+1)+1)) =
(1+1)+1)*x) > ((x+x)+x) = (((1+1)+1) *x); Repetition > ((x +x) +x) =
(1) +1) %) > ((x-+2) +2) = (1+1) + 1) %], por )

NN AN N N N N
___= \>< —_ ==

[ThreeWholes *3 SystemQ F Vx: ((x +x) +x) = ((1 +1) 4+ 1) #x)]
[ThreeWholes > “ThreeWholes”]
[

ThreeWholes By “lemma x+x+x=3%x"]

TwoHalves

proof

[TwoHalves "— Ac.Ax. ’P(fSystemQ FYx0<2>40<=(1+1)= (0=
1+ 1))n)n)n;LessNeq> 2 (0 <=(14+1)= - (-(0=(1+1))n)n)n>> - (0=
1+ 1))n; NegSymmetry > = (0 = (1 4+ 1))n > = ((1 4+ 1) = 0)n; TwoWholes >
(rec(l—l—l)*x) (rec(141)%x)) = ((141)*(rec(141)*x)); timesAssociativity >
(141) = rec(l +1))xx) = ((1+1) * (rec(1 + 1) xx)); eqSymmetry t> (((1 +
)i rec(1 4+ 1)) ) = ((1+ 1) % (rec(1 + 1) #x)) > ((1+ 1) % (rec(1 + 1) +x)
((141)*rec(1+1))*x); Reciprocal>= ((1+1) = 0)n > ((14 1) xrec(1+1))
;eqMultiplication > ((1 + 1) *xrec(1+1)) = 1> (1 + 1) xrec(1 + 1)) xx) =
*x); times1Left >> (1xx) = x; eqTransitivity5r> ((rec(1+1)%x)+(rec(14+1)*x)) =
(I4+1)*(rec(14+1)*x)) > ((1+1) % (rec(l1 +1) xx)) =
(T4 1) xrec(1+1))x«x)> (((14+1)*rec(l4+1))xx) = (1xx) > (1xx) =x>
(rec(14 1) *x) + (rec(l + 1) *x)) = x], po, €]

(
(
(
(
1
(
1;
(1
(
(
(

[TwoHalves I SystemQ F Vx: ((rec(1 +1) *x) + (rec(1 + 1) xx)) = x]
[TwoHalves 5 “TwoHalves”]
[

TwoHalves ™5 “lemma (1/2)x+(1/2)x=x"]

ThreeThirds

proof

[ThreeThlrds — A M. P([SystemQ F Vx: 0 < 3 > = S(0<=(1+1)+1) =
S(=0=((141)4+1))n)n)n; P051tlveN0nzer0 >a0<=((1+1)+1) =
S(=0=((1+1)+1)n)n)n>> - (((1+1)+ 1) = 0)n; ThreeWholes >

(((rec((141)+1)xx)+(rec((1+1)+1)*x))+(rec((14+1)+1)*x)) = (((1+1)+1) =

84



rec((141)41) xx)); timesAssociativity > ((((14+1)+1)*rec((1+1)+1))*x
((1+1)+1)*(rec((14+1)+1)*x)); eqSymmetry > ((((1+1)+1)*rec((1+1)+1
)= ((14+1)+1)x(rec((14+1)+1)xx)) > ((1+1)+1)* (rec((1+1)+1) *x)
((14+1)+1)*rec((14+1)+1))*x); Reciprocal > = (((1+1) +1) = 0)n > (((
)+1)*rec((1+1)+1)) = 1;eqMultiplicationt> (((1+1)+1) *rec((1+1)+1)
> (((L4+1)4+ 1) *rec((14+1) 4+ 1)) *x) = (1 % x); times1Left > (1 *xx) =

;eqTransitivity5 > (((rec((141)+1)#x)+(rec((14+1)+1)%x))+ (rec((14+1)+1)*
)= (((1+1)+1)*(rec((1+1)+1)*x)) > ((1+1)+ 1)« (rec((1+1)+1) xx)) =
(A+1)+ 1) *rec((1+1)+ 1) *x) > ((L+1)+ 1) s*rec((14+1)+ 1)) *x) =

X) > (15x) = x>
(rec((14+1)+ 1) *x) + (rec((1+1)+1) *x)) + (rec((1+1) + 1) *x)) = x], po, €)]

[ThreeThirds I SystemQ -
Vx: (((rec((14+1) + 1) #x) + (rec((1+ 1) + 1) xx)) + (rec((1 +1) + 1) xx)) = ¥]

[ThreeThirds *< “ThreeThirds”]

(r
(
(
1)+1
1> (

)
((
(1%
((

[ThreeThirds 2 “emma (1/3)x+(1/3)x+(1/3)x=x"]

—x—y=—(x+y)
POl NeAx. P([SystemQ F Vx: Vy: Times(—1)Left >

ux); Times(—1)Left > ((—ul) *y) = (—uy); AddEquations >
) B> ((—ul) xy) = (—uy) > (((—ul) *x) + ((—ul) xy)) =
eqSymmetry > (((—ul) *x) +((—ul) xy)) = ((—ux) +(—uy)) >
= (((=ul) * x) 4+ ((—ul) * y)); DistributionOut >

) ) =

((—ul) * (x +y)); Times(—1)Left >
ux +y)

(

)

(—u
); eqTransitivity4 > ((—ux) + (—uy)) =
) y)) & (((=ul) #x) + ((—ul) *y)) = ((—ul) * (x +y)) >
—u(x+y)) > ((~uw) + (—uy)) = (~u(x+y))1, po, )]

= —(x +y) " SystemQ F Vx: Vy: ((—ux) + (—uy)) = (—u(x+y))]

)tggu

/\}—‘/—\H’\

Xx-y=-(x+y)”]
VX “lemma -x-y=-(x+y)”]

—x*xy=—(x*Yy)
y) — Proof 3 e Ax. P([SystemQ F Vx: Vy: Times(—1)Left >

ux); eqMultiplication > ((—ul) * x) = (—ux) >

= ((—ux) * y); eqSymmetry &> (((—ul) *x) xy) = ((—ux) xy) >
—ul) * x) * y); timesAssociativity > (((—ul) *x) xy) =

; Times(—1)Left > ((—ul) * (xxy)) = -
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(—u(x*y)); eqTransitivity4 > ((—ux) *y)

y = (((=ul) xx) xy) > (((—ul) xx) *y) =
((mul)*(xxy))> ((mul)*(xxy)) = (ulxxy)) > ((mux)*y) = (~ulx*y))], po, )]

[—x#y = —(xxy) 3" SystemQ I Vx: Vy: ((—ux) *y) = (—u(x * y))]

)
[y =~ y) X “xy=(xwy)’]
)

~

Py

[x*xy=—(xxy) = “lemma -xxy=-(xxy)”]

—0=0

proof

=0 — Ac.Ax.P([SystemQ F Negative > (0 + (—u0)) = 0; plus0 >
0) = 0; UniqueNegativer> (04 (—u0)) = 0> (0+0) = 0 > (—u0) = 0], po, ¢)]

0=
+
—0 = 02" SystemQ + (—u0) = 0]
0
0

SFsymmetry

[SFsymmetry “= “SFsymmetry”]

[SFsymmetry 2 “lemnma sameFsymmetry”]

SFtransitivity

X

[SFtransitivity s “SFtransitivity”]

. k .
[SFtransitivity 2 “lemma sameFtransitivity”]

f2R(Plus)

[f2R(Plus) *< “f2R(Plus)”]
[£2R(Plus) 2 “lemma f2R(Plus)”]

f2R(Times)

[f2R(Times) % “f2R(Times)”]
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[f2R(Times) X “lemma f2R(Times)”]

<< TransitivityHelper(Q)
[<< TransitivityHelper(Q) = “<<TransitivityHelper(Q)”]
[<< TransitivityHelper(Q) P “lemma << TransitivityHelper(Q)”]
<< Transitivity
[<< Transitivity “ “<<Transitivity”]
[<< Transitivity X “Yemma <<Transitivity”]
<<== Reflexivity
<<== henexivity — "<J==helexivity
Reflexivit tex Reflexivity”
[<<== Reflexivity X “lemma <<==Reflexivity”]
<<== AntisymmetryHelper(Q)

[<<== AntisymmetryHelper(Q) "= “<<==AntisymmetryHelper(Q)”]

[<<== AntisymmetryHelper(Q) = P “emma
<<==AntisymmetryHelper(Q)”]

FromNot < f(Weak)(Helper)

proof

[FromNot < f(Weak)(Helper) — Ac.Ax.P([SystemQ F

Vm: Vn: V(e): V(£x): V(fy): = (5 (5 (0 <= (¢) = = (- (0= (¢))n)n)n = - (n <=
m = (£)[m] <= ((fy)[m] + (—u(e)))n)n)n k= (0 <= () = = (= (0 =
i))n)n)n FromNegatedAnd > = (< (5 (0 <= (6) = = (= (0= (¢))n)n)n =

S (n<=m = (fx)[m] <= ((fy)[m] + (—u(e))))n)n)n > = (0 <= (¢) = = (~ (0=
(6))n)n)n > - (n<=m= (fx)[m] <=

((fy)[m] + (—u(e))))n FromNegatedImply > (n<=m= (fx)[m] <=

((fy)[m] + (—u(e))))n > = (n <=m = = (= ((x)[m] <=

((fy)[m] + (—u(e))))n)n)n; FirstConjunct > = (n<=m= (= ((fx)[m] <=
((fy)[m] + (—u(e))))n)n)n > n <= m; SecondConjunct > - (n <=m =
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oinConjuncts > n

e}

[FromNot < f(Weak)(Helper) = “FromNot<f(Weak)(Helper)”]

)
)

vk

[FromNot < f(Weak)(Helper) 25 “lemma fromNot<f(Weak) helper”]

FromNot < f(Weak)

(5 (0=(e))n)n)n = = (n <=m = (fx)[m] <= ((fy)[m] +
(—u(e))))n)n)n)n)n)n = Ded > = (Fobj(€): 7 (5 (Vobin: = (Vobjm: = (5 (0 <=
()= (=(0=(eg)n)n)n= ~(n<=m ij)[m} <=

@[m] + (—uiM)n)n)n)n)n)n > 51 (Vopj(€): 5 (5 (Vobjn: =1 (Vopjm: = (7 (0 <=
(¢) = (- (0=(e))nn)n=-(n<=m éﬁix)[m} <= ((fy)[m] +
(—u(e))))n)n)n)n)n)n; Repetition > = (Vob;(€): = (-1 (Vop;n: =1 (Vopim: =1 (4 (0 <=
() = - (=(0 ie))n)n)n =-(<=m #ﬁix)[ﬁ} <=

@[ﬁ] +(—u eJ)n)n)n)n)n)n > 5 (Vobj€): 5 (5 (Vobjn: = (Vopjm: = (2 (0 <=
() = - (=(0 ie))n)n)n =S(<=m= @[ﬁ} <=

((fy)[m] + (—u(e))))n)n)n)n)n)n; ¥m: ¥n: V(e): V(fx): V(fy): Ded >

Vm: Vn: V(€): V(fx): V(fy): 5 (Vob;(€): = (5 (Vobjn: = (Vobjm: = (5 (0 <= (¢) =
(2 (0=(g)nn)n= - (n<=m= (fx)[ml<=

@[m] (—u(il n)n)n)n)n)n = = (Vopi(€): 5 (5 (Vopj: = (Vobjm: =1 (4 (0 <=
() = - (= (0=(e))n)n)n = ~ (A <=m = (Ix)[mM] <=
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)
t < f(Weak) s SystemQ F
V(fX V(F ): S (5 (vaJ( ) - (% (Vobjﬁl - (Vobjmi - <% (O <= (6) =
n ]

<|—|
\35“?
<E
< ©

1]
R

~E
=]
N[}
B
=
/\
3
U
I8
e
=
E.
+
i
o
a2
=
A
1
5
B
I3

[FromNot < f(Weak ¥ FromNot<f(Weak) ]

)
[FromNot < f(Weak) ¥ “lemma fromNot <f(Weak)”]

FromNot < f(Strong)(Helper2)

proof

[FromNot < f(Strong)(Helper2) "= Ac.Ax.P([SystemQ F

Vx: Vy: Vz: Vu: Vv: = (|(x 4 (—uy))| <= (rec((1+1)+1)*v) = = (= (|(x+(—uy))| =

(rec((l + 1)+ 1) «v))n)n)n k= (|(z+ (—uw))| <= (rec((l +1)+1)
= (5 (|2 + (muw))| = (rec((1 +1) +1) * v)Jujun == ((y + (—uu))

(rec((1+ 1) + 1) #v) = = (5 ({y + (—uw) = (rec((1+ 1) + 1) + v))mm)n F x <=

x| > (x+ (—uy)) <= |(x + (—uy))l; leqLessTransitivity > (x 4 (—uy)) <

(—uy (x+ (=
[(x+ (—u )))I = (l(x )(uy))|< (rec((L+1)+1) #v) = = (= (|(x+ (- uy))lz

(rec((1+ 1)« v))n)n)n > = ((x + (—uy)) <= (rec((1 +1) +1) xv) =
A (5 ((x+ (—=uy)) = (rec((1 + 1) + 1) * v))n)n)n; NumericalDifference >
|(z+ (—uw))| = [(u+ (—uz))|; SubLessLeft &> [(z + (—uw))| =
|(u+(—uz))[> ﬂ(l( + (—uw))| <= (rec((1+1)+1)*v) = = (= (|(z+ (—uw))| =
(rec((1+1) +1) *v)jujn)n > = ([(u + (-uz))| <= (rec((1+1) +1) xv) =

S (5 ([(ut(—uz))| = (rec((1+1)+1)*v))n)n)n;x <= |x| > (u+(—uz)) <= [(u+
(—uz))|;leqLessTransitivity > (u+ (—uz)) <= |(u+(—uz))|> (|(u+(—uz))| <=
(rec((14+1) + 1) xv) = = (= (|(u + (-uz))| = (rec((l +1)+ 1) *v))n)n)n >

1
+(-uz)) <= (rec((1+ 1) + 1) xv) = = (= ((u+ (-uz)) = (rec((1 +1) +

< ((u
) v))n)n)n; AddEquations(Less) > = ((x + (—u. 7)) <=(rec((14+1)4+1)*v) =
= (5 ((x+ (—uy)) = (rec((1+1) + 1)+ v)nju)n & = ((y + (—uw)) <=
(rec((1+1) + 1) v) = 5 (= ((y + (—uw)) = (rec((141) + 1) *v))n)n)n >
S (((x+ (—uy) + (y+ (—uw))) <= ((rec((1+1)+1)*v) + (rec((1+1)+1)*v)) =
S (5 (((x+ (—uy) + (y + (—uw))) = ((rec((1+1) + 1) % v) + (rec((1+1) + 1)
v)))n)n)n; AddEquations(Less) > = (((x + (—uy)) + (y + (—uu))) <=



v) + (rec((1 4+
v) = (5 (ut (=
Y+( u))) +

o-’r‘\
—
-
@
3
BN
=
=
+
—_
=
¥
—
S~—
*
1<
S~—
S~—
;D\U

= (((rec((1+1)+1)*v)+ (re
ert MlddleTerms(Sum) (x+
(—HY))+(Y+( )))+(H+(— z))); eqSymmetry &> (x + (—uz
u+(—uz))) > (((x+(—uy)) + (y + (—uu)))
Leftt> (((x+(—uy))+(y+(—uw)))+(u ( uz)))
(—uw))) + (u+ (—uz))) <=
1 V) +1)xv)) + (rec((1+1) +1) xv)) =
(x + (=uy)) + (y + (-uw))) + (u + (-uz))) = (((rec((1 + 1) + 1) * v) +
)) + (rec((1+1) +1) *v)))n)n)n > = ((x + (—uz)) <=
(rec((1+1)4+1)*v)) + (rec((1+1)+1)*xv)) =
= (((rec((1+1)+1)*v)+ (rec((1+1) +1) *v)) + (rec((1 +
n; ThreeThirds > (((rec((1 +1) + 1) xv) + (rec((1 + 1) + 1)
*V)) = v; SubLessnghtD(((rec (I4+1)+1)*v)+ (rec((1+
* (1+1)+1)*v)=v> o ((x+ (—u ))< (((rec((1+1)+
#v) + (rec((1+1) + 1) xv)) + (rec((1 +1) + 1) xv)) = 5 (7 ((x+ (—uz)) =
T *y)+(rec((1+1)+1)*v)) (rec((14+1)+1)*v)))n)n)n >

) re
S ((x+ (-uz)) <=v= (" ((x+ (-uz)) = v)n)n)n], p, c)]

[FromNot < f(Strong)(Helper2) * 2 SystemQ +

Vx: Vy: Vz: Vu: Vv: = (|(x + (—uy))| <= (rec((1 +1) +1) xv) =

(5 (14 (muy))[ = (rece((1+ 1) + 1)+ v))m)n)n = = (|(z + (—uw))| <=

(rec((l +1)+1)xv) = (= (J(z+ (—uw))| = (rec((1 +1) + 1) *v))n)n)n -
S((y + (-uw)) <= (rec((L+ 1) + 1) *v) = = (5 ((y + (-ww)) =

(rec((1+1) +1)xv))njn)n = = ((x+(-uz)) <=v = = (7 (x+(-uz)) = v)n)n)n]

[FromNot < f(Strong)(Helper2) *< “FromNot<f(Strong)(Helper2)”]

[FromNot < f(Strong)(Helper2) ¥ “emma fromNot<f(Strong) helper2”]

FromNot < f(Strong)(Helper)

[FromNot < f(Strong)(Helper) "= " Aex. P([SystemQ F
V(Vl) V(v2):Vm: V(nl): V(n2): V(e): V(fx): V(fy): - (0 <= (rec((1+1)+1)*(€))
S(5(0=(rec((1+ 1)+ 1) * (¢)))n)n)n = = ((nl) <= (n2) =
= (2 () [(m2)] + (—u(rec((1+1) +1) #(6)))) <= (fx '
+1)x())) = (£)[(m2)])n)n)n
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S ([(E[GD] + (—u(fy) [(v2)])] <= (rec((1+ 1) +1) * (¢)) =
S (2 ([(E)[VD]+ (—ufy) [(v2)])] = (rec((1+1)+1)#(€)))n)n)n)n)n = = (0 <=
(e) = (= (0=(g)n)n)n = (n2) <=m = = (((fy)[m] + (—u(fx)[m])) <=
(e) = = (= (((fy)[m] + (—u(fx)[m])) = (€))n)n)n|, po, c)]
[FromNot < f(Strong)(Helper) 5" SystemQ +
V(v1):V(v2):Vm: V(nl): V(n2): V(e): V(fx): V(fy): - (0 <= (rec((1+1)+1)x(€)) =
(5 (0= (rec((1+1) + 1) * (¢)))n)n)n = = ((nl) <= (n2) =
S (5 () [(02)] + (—u(rec((1+1) +1)*(€)))) <= (£x)[(n2)] = = (= (((fy)[(n2)]+
(—u(rec((1+1)+1)x(e)))) = @[(HZ) Jn)n)n)n)n = Vobi(v1): Yobj(v2): = (0 <=
(rec((14+1 +1)*i)> = (- (0 = (rec (1—|—1)+1)*i)))n n)n = (nl) <= (vl) =
(n1) <= (v2) = = (= (|((E)[(vD)] + (—u(Ex)[(v2)]))] <= (rec((1+1)+1)*(c)) =
S (5 ([(E)[(vD)] + (—u(x)[(v2)]))] = (rec((1 + 1) + 1) * (¢)))n)n)n =
5 (5 (RIED) + (—ul)[2)])] <= (rec((1+ 1) + 1) % (6)) =
5 (5 ((EIOT) + (—al) ()] = (rec((1+ 1) + 1) () m)m)mm)n =
(0 <:@:ﬁ(%(02(76) njn n$(1172)<=m:>
= (((fy)lm] + (—u()[m])) <= (€) = = (= (((fy) m] + (—u(Bx)[m])) = ())m)m)n]
[FromNot < f(Strong)(Helper) *= “FromNot<f(Strong) (Helper)”]

(Strong)(

[FromNot < f(Strong)(Helper)

FromNot < f(Strong)

= “lemma fromNot<f(Strong) helper”]

)= (= (0= (e))n)n)n =~ (" <=m = (fx)[m] <=
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(n1) <= (v2) = = (5 ([(B) [(vD)] + (—u(ix)[(v2)])] <= (rec((1+1)+1)*(€)) =

S (5 ([(()[(vD] + (—u(Bx) [(v2)]))] = (rec((1 +1) + 1) * (¢)))n)n)n =

S (5 () [(VD] + (—ulfy) [(v2)])] <= (rec((1+1) + 1) * (€)) =

S (3 ()] + (—uy)[(v2)]))| = (rec((1 + 1) + 1) * (€)))n)n)n)n)n)n)n >

(0 <=(e) = = (= (0= (¢))n)n)n = (n2) <=m = = (((fy)[m] +

(—u(fx)[m])) <= (¢) = = (= ((({y)[m] + (—u(fx)[m])) = (€))n)n)n], po, c)]

[FromNot < f(Strong) *I SystemQ

Vf(vl):V(v2):Vm7(n2) (€):V(£x): V(fy): = (5 (Vobj(€): 7 (1 (Vobih: = (Vobim: = (4 (0

(¢) :i% (-(0=(e))n)n)n = - (h<=m = (fx)[m] <= (@[ﬁ] +

(=u(e))))n)n)n)n)n)n)n = - (0 <= (¢) = = (= (0= (¢))n)n)n = (n2) <=m =

= () [m] + (—u(fx)[m])) <= (€) = = (= (((fy)[m] + (—u(fx)[m])) = (€))n)n)n]
tex FromN0t<f(Str0ng) ]

[FromNot < f(Strong)
( )"

[FromNot < f(Strong “lemma fromNot<f(Strong)”]

fromNotSameF (Strongest)(Helper2)

proof

[fromNotSameF (Strongest)(Helper2) "— Ac.Ax.P([SystemQ +

Vx: Vy: Vz: Vu: Vv: = (|(x + (—uy))| <= (rec((1 +1) + 1) ) =

= (5 (—uy))| = (rec((1 5 1) + 1) +v))m)n b (2 + (—uw))| <=
(rec((14+1)+1)*v) = (= (|(z+ (—uu))| = (rec((1 + 1) + 1) * v))n)n)n -
v <= |(y + (—uu))| F NumericalDifference > |(x + (—uy))| =

|(y + (—ux))[; SubLessLeft &> |(x + (—uy))| = [(y + (—ux))| > = (|(x + (—uy))| <=
(rec((14+1) +1)*v) = = (= (|(x+ (—uy))| = (rec((1 4+ 1) + 1) * v))n)n)n >

S (|(y + (—uwx))| <= (rec((1+1) +1) xv) = = (= (|(y + (—ux))| = (rec((1+1) +
1) * v))n)n)n; LessNegated > = (|(y + (—ux))| <= (rec((l +1)+1)xv) =

S (5 ([(y+(—ux))| = (rec((14+1)+1)*v))n)n)n > = ((—u(rec((1+1)+1)xv)) <=
(—ul(y + (—wx))[) = =~ (= ((—u(rec((1+1) + 1) * v)) =

(—u|(y+(—ux))[))n)n)n; LessNegatedr> (|(z+(—uu))| <= (rec((1+1)+1)*v) =
(5 ([(z+ ()| = (reC((1+1)+1)*V)) Jn)n > = ((—u(rec((1+1)+1)xv)) <=
(—ulz+ (—uw)))) = (= ((—u(rec((1 + 1) + 1) xv)) =

(—u/(z+ (—uu))|))n)n)n; AddEquations(LeqLess) > v <

[(y + (uw))| > = ((—ufrec((1 +1) + 1) *v)) <= (—u (xjr ( X)) =

S (5 ((—urec((14+1) + 1) *v)) = (—ul(y + (—ux))|))n)n)n >

(v A+ (u(rec((I+1) + 1) xv))) <= (|(y + (—aw))| + (—u|(y+ (—ux))[)) =
= (5 (v A (murec((L +1) +1) *v))) = (|{y + (—uw))[ + (—uf(y +
(—ux))|)))n)n)n; Adquuatlonb(Lebs) > ((v+ (—u(rec((14+1) + 1) xv))) <=
([(y + (muu)[ + (—u[(y + (—ux))])) = (= ((v + (—u(rec((1 + 1) + 1) x v))) =
([(y + (muw)[ + (—ul(y + (—uwx))[)))n)n)n > = ((—u(rec((1 + 1) + 1) * v)) <=
(—u|(z+(—uw))]) = = (4 ((—urec((1+1)+1)*v)) = (—u|(z+(—uw))|))n)n)n >
S (((v+ (—u(rec((1 +1) + 1) * v))) + (—u(rec((1 + 1) + 1) * v))) <=

(I(y + (—uw)[ + (—ul(y + (—ux))])) + (—ul(z + (—uw))])) =
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]

S (v 4 (—u(ree((1+1) + 1) xv))) + (—u(rec((1+ 1)+ 1) xv))) =
(—uw)| + (—ul(y + (—ux))])) + (—ul(z +
)))n)n)n; insert TwoMiddleTerms(Numerical) > |(y + (—uu))| <=
( ux))| + |(x + (—uz))]) + [(z + (—uw))|); plusAssociativity >
ux))| + [(x + (—uz))|) + [(z + (—uww))|) =
)|+ (|[(x + (—uz))| + [(z + (—uw))|)); plusCommutativity >
+(|(x+ (—uz) [+|(z+ (—uw))])) = (([(x+(—uz))|+[(z+ (—uw))|) +
qTranSltIVlty>((|(Y+(—UX))|+| ( 2))[) + [(z+ (—uw))|) =
+ (|(x + (—uz))| + [(z + (—uw))|)) + (—ux))| + ([(x +
Z))|+|(Z+( w))|)) = ((|(x + (—uz)| + [(z ( uu))]) + [(y + (—ux))[) >
+ (—wx)) |+ | (x+ (—uz)) ) + [(z+ (—uw))[) = ((|(x+(—uz))|+](z
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S50 =(@)mnn =1 <=m = = (|((E)[m] + (—u(fy)[m]))| <= (¢) =

= (= () [m] + (—u(ty)[M]))] = (¢))n)n)n)n)n)n > -

51 (Vobj(€): 71 (1 (Vobin: =1 (Vopym: = (51(0 <= (€) = = (= (0 = (¢))n)n)n =

S (n <iﬁ = (fy)[m] <= ((fx)[m] + (—u(e )ln)n)n)n)n)n; P@)etition >

5 (Vobj(€): 1 (51 (Vobjn: 5 (Vobjm: =1 (5 (0 <= (€) = = (7 (0 = (¢))n)n)n =
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[ToLess(R) = “ToLess(R)”]

[ToLess(R) 2 “Jemma toLess(R)”]
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FromNotSameF (Weak)(Helper)

proof

mNotSameF (Weak) (Helper) "— Ac.Ax.P([SystemQ F Vx: Vy:Vz:z <=
(—uy))| F 0 <= (x+(—uy)) - NonnegativeNumerical >0 <= (x+(—uy)) >
(—uy))| = (x+ (—uy)); subLeqRight > | (x + (—uy))| = (x+ (-uy)) >z <=
+ (—uy))| > z <= (x + (—uy)); negativeToLeft(Leq) > z <= (x + (—uy)) >
<= x; plusCommutativity > (z +y) = (y + z); subLeqLeft > (z+y) =
>(z+y) <=x>(y+z)<=x P051tlveToR1ght(Leq) (y+2z) <=x>

Fr

o

+ (—uz)); WeakenOrl >y <= (x + (—uz)) > = ( = (y+(-uz)))n =
+( 2)); VXVXVZZ<—|(X+( uy))| F=(0 < (x+( y)))n -
oLess > =1 (0 <= (x+ (—uy)))n > = ((x+ (-uy)) <= 0= = (2 ((x+ (-uy)) =

0)n)n)n; NegativeNumerical > |(x + (—uy))| =

(—1i(x + (~uy))): MinusNegated 3 (~u(x + (—uy))) =

(y+(—ux)); cqTransitivity & (x- (—uy))| = (—u(+ (—uy)) & (—u(ec+ (~uy))) =
(3 + (—10) 3 |(x + (—uy))| = (y + (~1x)); subLeqRight & [(x + (—uy))| =
(y+(—uwx))>z <= |(x+(—uy))| > z <= (y+(—ux)); negativeToLeft(Leq) >z <=
(y + (—ux)) > (z+ x) <= y; plusCommutativity > (z + x) =

(x

y; Po 51t1veToR1ght(Leq) (x+2z) <=y > x <= (y+(—uz)); WeakenOr2 >x <=
(—uz)) > - (x <= (y + (—uz)))n = y <= (x + (—uz)); Vx: Vy: Vz: Ded 1>

+

+z);subLeqLeft > (z+x) = (x +2) > (z+x) <=y > (x +2) <=

(y+ y
Vx:Vy:Vziz <= [(x + (—uy))| F 0 <= (x+ (—uy)) F = (x <= (y + (—uz)))n =
y <

= (x+ (-uz)) >z <=|(x+ (-uy))| = 0 <= (x+ (-uy)) = = (x <=
(y+ (-uz)))n = y <= (x+ (—uz)); Ded > ¥x: Vy: Vziz <=|(x+ (— uy))| F
A0 <= (x+(-uy)))nk - (x<=(y+(-uz)))n =y <= (x+ (—uz)) >z <=
|(x+ (- UY))|$ﬁ(0< x4+ (—uy))n = (x<=(y+(-uz))n=y <=
(x+ (—uz)); = (= (|(x (UY))|< z= (7 (|(x+ (—uy))| = z)n)n)n)n
fromNotLess > = (= (|(x + (—uy))| <=z = - (= (|(x+ (—uy))| = z)n)n)n)n >
z<=|[(x+ (-uy))[MP >z <=[(x+ (-uy))| = 0 <= (x+ (—uy)) = " (x <=
(y ( 2)))n =y <= (x+(—uz)) >z <= [(x+ (—uy))| > 0 <= (x+ (—uy)) =
S(x<=(y+(-uz))n =y <= (X+( z));MP >z <= [(x + (—uy))| =
50 <= (x+ (—uy))n = S (x <= (y + (—u )))H$X<:(X+(—UZ))>Z<=
[(x+ (—uy))| > (0 <= (x+ (—uy)))n = 5 (x <= (y + (—uz)))n = y <=
( ( )) FromNegatlons>O< (x+ (-uy)) = 2 (x <= (y + (-uz)))n =

= (x4 (-uz)) > = (0 <= (x+ (- uy)))n = = (x <= (y + (—uz)))n =y <=

( +(-uz)) > 2 (x <= (y + (-uz))n =y <= (x+ (-uz))], po; )]

[FromNotSameF (Weak)(Helper) S System(
Vx:Vy:Vz: 5 (5 (|(x + (uy))| <=z = 5 (5 ([(x+ (-uy))| = z)n)nju)n F
Tx <=y (Fw))n =y <= (x+ (-uz))]

[FromNotSameF (Weak) (Helper) “ “FromNotSameF (Weak) (Helper)”]
[FromNotSameF (Weak)(Helper) X “demma fromNotSameF (Weak) (Helper)”]

118



FromNotSameF (Weak)

[FromNotSameF (Weak) progt Ac.Ax.P([SystemQ

Vm: Vn: V(e): V(fx): V(£y): = (Vobj(€): 1 (Vobjn: = (Vobim: = (0 <= (¢) = = (- (0 =
(6))n)n)n = n <=m = = (|((&x)[M] + (—u(fy)[m]))| <= (¢)

S (2 (I((Ex) [m] 4 (—u(fy)[m]))| = (€))n)n)n)n)n)n
Repetition > = (Vopj(€): 51 (Vobin: 1 (Vobim: 51 (0 <= (€) = = (H (0=

e)n)n)n =n <=m = - (|((fx)[m] + (—u(fy)[m]))| <= (¢) =

S (2 (I((Ex)[m] 4+ (—u(fy)[m]))| = (¢))n)n)n)n)n)n >

5 (Vobj(€): 71 (Vo 51 (Vobim: 51 (0 <= (€) = 7 (- (0= (¢))n)n)n =" <=M =
= (|[((E) [m] + (—u(fy)[m]))| <= (e) = = (= (|((Ex)[m] + (—u(ty)[m]))| =
(€))n)n)n)n)n)n; Ded > = (Vob;(€): =1 (Vobjh: 51 (Vobim: 51 (0 <= (€) = = (- (0=
(6)n)n)n = n <=m = = (|((fx)[M] + (—u(ty)[m]))| <= (¢) =

5 (5 (B9[] + (~ulty) )] = (@)m)m)m)m)n)n >

= (vobji: = (Vobjﬂi = (Vobjm: = (0 <= @ = = (;| (0 = e))n)n)n > n<=m-=
= (((BTm) + (Cuts)ml)) <= (6) == (= (|((x) m] + (—u(fy) m]))| =
(6))n)n)n)n)n)n; AEA — negated > = (Vopj(€): = (Vobjn: = (Vobjm: = (0 <= (¢) =
(50 =(e))n)n)n = n <=m = = (|((fx)|m] + (—u(fy)[m]))| <= (¢) =

= (7 ([((Ex) [m] 4 (—u(fy)[m]))| = (¢))n)n)n)n)n)n >

= (Vobj(€): 7 (Vobin: = (Vopjm: = (7 (5 (0 <= (6) = = (= (0= (¢))n)n)n = n <=
m = S ({(Em] + (—u(E)m]))] <= (€) = = (= (I((Ex)fm] + (<u(fy)[m]))]| =
(€))n)n)n)n)n)n)n)n; ¥m: Vn: V(e): V(fx): V(fy): = (= (0 <= (¢) = = (= (0 =
@) = n <= m = = (|((Bm] + (—ully)m]))| <= () =

=15 (1 (5[] + (—u(y)[m))T = (e))m)m)u)n

FromNegated (2 * Imply) > = (- (0 <= (¢) = 2 (5 (0 = (¢))n)n)n = n <=m =
S ([((E)[m] + (—ulfy)[m])] <= (e) = = (= (|((E)[m] + (—u(fy)[m]))[ =
(e)n)n)n)n > = (- (5 (0 <= (¢) = = (= (0 = (¢))n)n)n = = (n <= m)n)n =

= (5 (5 (J((Ex) [m] + (—u(fy)[m]))[| <= (€) = = (= (|((£x)[m] + (—u(fy)[m]))[ =
(€))n)n)n)n)n)n; FirstConjunct &> = (- (- (0 <= (¢) = = (- (0 = (¢))n)n)n =

= (n <=m)n)n = = (5 (7 (|((x)[m] + (—u(fy)[m]))] <= (¢) =

S (5 ([((E) [m] + (—u(ty)[m]))[ = (€))n)n)n)n)n)n > = (5 (0 <= () = = (~ (0=
(i))n)n)n = - (n <= m)n)n; SecondConjunct > = (- (- (0 <= (6)=~(~(0=
(e)n)n)n = = (n <= m)n)n = = (= (= (|((Ex)[m] + (—u(fy)[m]))| <= (¢) =

= (2 (|((fx)[m] 4 (—u(fy)[m]))| = (€))n)n)n)n)n)n >

= (5 (J(() [m] 4+ (—u(fy)[m]))| <= (€) = = (= (|((Ex)[m] + (—u(fy)[m]))| =
@)n)n)n)n FromNotSameF (Weak) (Helper) > (= (]((fx)[m]+ —u@[m])) <=
(e) = = (= ([((Ex)[m] + (—u(fy)[m]))| = (€))n)n)n)n > = ((fx)[m] <= ((fy)[m]
(—u@)))n = fl)[m] <= ((fix[m]+(—ui)));JoinConJuncts>%(% 0<= @ =
S (5(0=(e))n)n)n = = (n <= m)n)n > = ((fx)[m] <= ((fy)[m] + (—u(e))))n =
(fy)[m] <= ((fx)[m] + (—u(e))) > = (- (= (0 <= (¢) = = (= (0 = (¢))n)n)n =
= (n <=m)n)n = = (5 ((fx)[m] <= ((fy)[m] + (—u(e))))n = (fy)[m] <=
(@[m + (—u(e))))n)n; Ded > Vm: Vn: V(e): V(fx): V(fy): = (— (0 <= (¢) =

(5 (0=(e)n)n)n = n <=m = = (|((fx)[m] + (—u(fy)[m]))| <= (¢) =
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[FromNotSameF (Weak) P “lemma fromNotSameF (Weak)” |

[FromNotSameF(Weak) % “FromNotSameF (Weak)”]

[FromNotLess(F) P “lemma fromNotLess(F)”]

[FromNotLess(F) *= “FromNotLess(F)”]

FromNotLess(F)



== Addition

[== Addition “% “==Addition”]

[== Addition 2 “lemma ==Addition”]

== AdditionLeft

[== AdditionLeft *¥ “==AdditionLeft”]

[== AdditionLeft P “lemma ==AdditionLeft”]

Fpart — Bounded(Base)

proof

[Fpart — Bounded(Base) "— Ac.Ax.P([SystemQ F
V(v1):V(v2n): V(fx): (v2n) <= 0 - LeqLessEq > (v2n) <= 0> = (5 ((v2n) <=
0= - (-((v2n) = 0)n)n)n)n = (v2n) = 0; Nonnegative(N) > 0 <=
(v2n); toNotLess > 0 <= (v2n) > = (= ((v2n) <=0 = - (= ((v2n) =
0)n)n)n)n; NegateDisjunctl > = (= ((v2n) <=0 = = (- ((v2n) = 0)n)n)n)n =
(v2n) =0 = (= ((v2n) <= 0= - (- ((v2n) = 0)n)n)n)n > (v2n) =

0; SameSeries>(v2n) = 0 > (fx)[(v2n)] = (fx)[0]; SameNumericalt> (fx)[(v2n)] =
0]]; eqAddition > |(fx)[(v2n)]| = |(£x)[0]] >
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V(v1): ¥(v2): Vn: V(fx): = (Yob (v )ﬁ(Vobj(VQ): v2) <=n==(|(x)[(v2)]| <=
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Fpart — Bounde tex part-Bounde
Bounded “F Bounded”
[

Fpart — Bounded ° Y emma fpart-Bounded”]

F — Bounded(Helper)

proof

[F — Bounded(Helper) "= Ac.Ax.P([SystemQ I ¥x: Vy: Vz: = (|(x + (—uy))| <=
z= (5 (|(x+ (-uy))| =z)n)n)n

NumericalDifferenceLess > (x4 (—uy))| <=z = = (= (|(x+ (—uy))
Zn)u)n > = (5 ((y+ (-uz)) <=x= = (= ((y + (-uz)) = x)n)n)n x
(y +2) = 5 (= (x = (y + 2))n)n)n)n)n; FirstConjunct > = (= ((y + (—uz)) <=
x= =2 (= ((y + (-uz)) =xnnn = 2 (= (x <=y +2) = (2 x =

(y +2)mn)nn)n > = ((y + (-uz) <=x= (= ((y + (-uz)) =

(x + (—uz))|; subLeqRight & |(z + (—ux))| = |(x + (—u2))| > (z
(21 ()| > (24 (~x) <= |(x-+ (12))l; LeaNegated o (2 + (—e)) <=
(x+ (—uz))| > ) <= (~u(z+ (—u >»hmn;eamd>

x)n)n)n; NegatlveTonght(Less) ((y+ (—uz)) <=x= (= ((y+ (—uz)) =
Qunn > 1y <= (x+2) = = (7(y = (x+ Znpmnix <= x| > (x+2) <=
|(x + z)|; LessLeqTransitivity > = (y <= (x +z) = = (- (y =

(s D (c2) <= (420> (g <= (42> (=

[+ 2)[m)m)m; MaxLeq(1) 3 |(x +2)] <= i#((x + (—uz))]| <=
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|(x+2)], [(x+ 2)|, [(x + (—uz))|))n)n)n; SecondConjunct > = (= ((y 4+ (—uz)) <=
x= =2 (= ((y +(-uz)) =xnnn = 2 (= (x <= (y+2) = (2 (x =

(y +z)nnn)nn > = (x <= (y+2z) = (7 (x =

(y +z))n)n)n; PoutlveToLeft(Lebb) DAax<=(y+z)= (K=

(y +2)n)n)n > = ((x+ (-uz)) <=y = - (7 ((x+ (—uz)) = y)n)n)n;

x| > (z+ (—ux)) <= |(z+ (—ux))|; NumericalDifference > |(z + (— ux))| =

I —uz + (—wx)) <

| —u (—u|(x + (—uz))|

(—u(z+ (—ux))) = (x + (—uz)); subLeqRight &> (—u(z + (—ux))) =

(x+ (-uz)) &> (—u|(x + (-uz))[) <= (-u(z + (-ux))) > (—ul(x + (-uz))|) <
(x + (—uz));leqLessTransitivity > (—u|(x + (—uz))|) <= (x+ (—uz)) > = ((7
(-uz)) <=y = (" ((x+ (-uz)) = y)n)n)n > = ((—u|(x + (-uz))[) <=y =

S (5 ((—ul(x + (—uz))[) = y)n)n)n; MaxLeq(2) > |(x + (—uz))| <=
if(|(x+(—uz))| <= [(x+2)|, |(x+2)], [(x+(—uz))|); LeqNegated > |(x+(—uz))| <=
ﬁ(\(yr —uz))| <= [(x+2)[, |(x+2)],[(x + (—uz))|) > (—uif(|(x + (—uz))| <=

x+2z)|,|(x+2)], [(x+ (—uz))|)) T (—ul(x + (—uz))|); leqLessTransitivity >
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S (5 ((—uif([(x + (—uz)| <= [(x + 2)|, [(x + 2)|, [(x + (—uz))])) =

y)n)n)n; ToNumericalLess > = ((—uif(|(x + (—uz))| <= |(x + 2)|, |(x + 2)|, |(x +
(—uz))])) <=y = = (= ((—uif(|(x+(—uz))| <= [(x+2)|, [(x+2)],|(x+(~uz))])) =
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[F — Bounded(Helper) *3* SystemQ F Vx: Vy:Vz: 5 (|(x + (—uy))| <=z =
(5 (1 + (muy))l = 2n)n)n = = (Jy| <= if(|(x + (-uz))| <=
[(x+2)|;[(x+2)[, [(x + (=u2))]) = = (= (y| = H([(x + (-uz))| <=
|(x+2)|; [(x+2)[, [(x + (—uz))[))n)n)n]
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obj(0p1): = (= (Vopj (0p2) (= ((op1) € N'= = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)}} )n)n)n)n)n)n} | = (Vobim: = (epn =
{{m, m}, {m, ((x)[m] * (fz)[m])}})n)n}[m] + (—u{ph € {ph €
P(P(Union({N, Q}))) | = (Vob;(opl): =

1 (Vobj(0p2): = (<2 (< ((opl) € N =
plf)

(=
bj
}) ,{(op1), (0p2)}}

= (
= ((op2) € Q)n)n = = (apn = {{(op1), (0 ( Jn)n)n)n)n)nt |
= (Vobjm: = (epn = {{m, m}, {m, ((fy)[m] * (£z)[m])} })n)n}[m]))| =
(€))n)n)n)n )1 3> Yobj (€): = (Vobii: = (Vopgm: = (0 <= () = = (5 (0 =
€ ) n )n =7 <= m= —\(|({ph € {ph € P(P(Union({N, Q}))) |

ﬁ(aph = {{(Opl) (Opl)} {(Opl) (OPQ)}})D) jn)n)n)n} | = (Vobim: = (epn =
+ (—u{ph € {ph €

VYobj(0p2): = (< (< ((opl) € N =

(1f)}) ,{(op1), (OPQ)}})if1 l n)n)n)n} |

[m])}m)n}[m]))] <= (e) =

eEN= 4 ((op2) € Q)n)n =
jn)n)n)n)n} [ = (Vobjm: = (epn =
(—u{ph € {ph €

bi(0p2): = (4 (5 ((opl) € N =
D} {(op1), (0p2)}})n)n)n)n)n)n} |
(fz)[m]) }})n)n}[m]))| =

P( (UHIOH({N Q}))) | ﬁ(VobJ(Opl) (=
= ((op2) € Q)n)n = = (apn = {{(op1), (0
= (Vobim: = (epn = {{m, m}, {m, ((fy)[m
= (5 (|({ph € {ph € P(P(Union(

= (Vobj(op1): = (= (Yobj(0p2): = (- ( ((opl
= (apn = {{(op1), (op1)},{(op1), (0p2) }
{{m, m}, {m, ((fx)[m] * (fz)[m]) } })n)n
P(P(Union({N, Q}))) | = (Vobj(opl): =
= ((op2) € Q)n)n = = (apy = {{(Opl)
= (Vobim: = (epn = {{m, m}, {m, ((fy)[m

)n
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)n)n; Repetition B> Vopj(€): 5 (Vobih: = (Vopjm: = (0 <= () = = (= (0 =

—
™
~
=}
~—
=}
~—
5

(e))n)n)n =1 <=m = = (|({ph € {ph € P(P(Union({N, Q}))) |

= (Vobj(opl): = (= (Vobj(0p2): = (= (= ((opl) € N = = ((op2) € Q)n)n =

> (apn = ({(op1), (op1)}, {(0pT), (0D2)} Hmm)m)m)mn} |  (Vapgm:  (opy, =
{{m, m}, {m, ((x)[m] * (fz)[m])}})n)n}[m] + (—u{ph € {ph €
P(P(Union({N, Q}))) | = (Yobj(0p1): = (= (Vonj(0p2): = (2 (=1 ((op1) € N =

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
51 (Vobjm: = (epn = {{m, m}, {m, ((fy)[m] * (fz)[m]) } })n)n}[m]))| <= () =

= (= (I({ph & {ph € P(P(Union({N, Q}))) | o

5 (Vobj(op1): 1 (1 (Vobj(0p2): = (1 (< ((opl) € N = = ((0p2) € Q)n)n =

(opl)
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((£x)[m] * (fz)[m])} })n)n}[m] + (—u{ph € {ph €
P(P(Union({N, Q}))) | = (Vobj(opl): = (= (V.

(=
pi(0p2): = (5 (= ((opl) € N =
}){(Opl) ; (0p2) }H)n)n)n)njn)n} |

o

= ((op2) € Q)n)n = = (apn = {{(op1), (op1) )
= (Yobjm: = (epn = {{m, m}, {m, ((fy)[m] * (fz)[m])} })n)n}[m]))| =
(©)m)n)n)m)n > Vop;(€): = (Yobii: = (Vobjm: = (0 <= (€) = = (2(0 =
(@)n)njn =71 <=m = = (|({ph € {ph € P(P(Union({N,Q}))) |
= (Yonj(0p1): = (=1 (Yonj (0p2): = (= (= ((op1) € N'= = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}} )n)n)n)n)n)n} | = (Vobim: = (epn =
{{m, m}, {m, ((x)[m] * (fz)[m])} })n)n}[m] + (—u{ph € {ph €
P(P(Union({N,Q}))) |  (Yob;(0p1): = (= (Yop;(0p2): (= (= ((op1) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Vobjm: = (epn = {{m, m}, {m, ((fy)[m] * (fz)[m])} )n)n}[m}))| <= () =

}
= (I({ph € {ph € P(P(Union({N, Q}))) | I
= (Yobj(op1): = (%1 (Yobj(0p2): = (1 (= ((0p1) € N = = ((0p2) € Q)u)n =
apn = {{(op1), (op1)}, {(op1), (0p2) } })m)n)n)n)n)n} | = (Vopjm: = (epn =
{{m,m}, {m, ((£x)[m]  (fz)[m])}})n)n}[m] + (—u{ph € {ph €
-
(
]
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P(P(Union({N, Q}))) | 1 (Vob;(0p1): = (= (Yob;(0p2): = (=1 (= ((opl) € N =
f)}) , {(op1), (0p2)}})n)n)n)n)n)n} |

[m])}})n)n}(m]))| =
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p

*

= ((0p2) € Q)n)n = = (apy, = {{(opl), (0
= (Yobjm: = (epn = {{m, m}, {m, ((fy)[m

(€))n)n)n)n)nf, po, c)

€
[SameFmultiplication I SystemQ

@ V( 2): Vmin VQ VQ V@: V@: vobj(e)' ; (Voan _‘(vobjm5_.‘(07<:
(€@ =2(=0=()unn =n <=m = = (|((&)[m] + (-ulfy)[m]))| <= (e) =
= (5 ([((Ex) [m] + (—u(fy)[m]))| = (e))n)n)n)n)n +

- < = (= (0

opl) € N = = ((0p2) € Q)n)n =
)} njn)njn)njn} | = (Vobim: = (epn =
{{m m} {m, ((&) )[m] * (£2)[m])}))n)n} ] + (—ufph € {ph e

P(P(Union({N, Q}))) |  (Vory (0pL): = (= (Vo; (0p2): (= (= ((opL) € N =
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= ((0p2) € Qn)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)n)n)n)n)n} |
5 (Yobjm: = (epn = {{m, m}, {m, ((fy)[m] * (z)[m])}})n)n}[m]))| <= (¢) =
= (= (I({ph & {ph € P(P(Union({N, Q}))) |

= (Yobj(0p1): 1 (1 (Vobj (0p2): = (41 (= ((0p1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)njn)n} | = (Vopim: = (epn =
{{m, m}, {m, ((£x)[m] * (fz)[m])} })n)n

}

P(P(Union({N, Q}))) | 1 (Vob;(0p1): = (= (Yob;(0p2): = (=1 (< ((opl) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
= (Yobim: = (epn = {{m, m}, {m, ((fy)[m]* (z)[m])} })n)n}[m]))| = (¢))n)n)n)n)n]

[Samequltlphcatlon % “SameFmultiplication”]

}
[m] + (—u{ph € {ph €
.
(
]

[SameFmultiplication X “emma sameFmultiplication”]

EqMultiplication(R)

proof

[EqMultiplication(R) "= Ac.Ax.P([SystemQ F V(fx): V(fy): V(fz): {ph €
P({ph € P({ph € P(P(Union({N,Q}))) |
 (Vobj(0p1): 5 (1 (Vobj (0p2): = (2 (2 ((op :
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)m)m)njnjn}) | = (= (Yob;(rl
fen = = (Vobj(0p1): = (= (Vabi(0p2): = (7 (- ’

((ﬂ) = {{(Opl (op1)},{(op1). (0p2)

(). @} ), ()} € fo (1) = () = () = (Fujn
= (g 51): (51) € N = = (Foug (52): > ({{51), G 1 4G, (2D} €
Fon)m)n)n)n}) | Yous(6): = (VopyT: = (Vouy = (0 <= (6) = = ((0 = () =
m < m = = (|((Bl] + (—udmylm))] <= (6] =
= (5 ([((E)[M] + (—udps[M]))| = (¢))n)n)n)n)n} = {ph € P({ph € P({ph €
P(P(Union({N, Q}))) [ = (Vobj(op1): = (= (Vob;(0p2): = (= (= ((opl) € N =
= ((op2) € Qu)n = = (apn = {{(opl), (op1)},{(opl), (op2)} })n)n)n)n)n)n}) |
4 (5 (Vobj(rl): (r1) € fp}i—'\ (Vobj(opl): = (5 (Vobj(op2): = (- (= ((opl) € N =
= ((op2) € Q)u)n = = ((x1) = {{(op1), (op1)}, {(0opl), (0p2)} })n)n)n)njn)n =
“ (Yobj (f1): Vob; (f ) Vobj(f3): Von; (f4): {{(f1), (f1)}, {(f1), (f2)}} € fpn =

F)}} € for, = (1) = (8) = (12) = [f))n)n =
%(Vobj(82) S ({{(s1), (s1)}, {(s1), (s2)}} €
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= (\(l[m] + (—UdPh@) |
)[m] + (—udps[M]))| = (€))n)n)n)n)n} >
Vobj (E): = (V biN: = (Vome = (0 <= )

>
A
I

3|
I

]
—~
J
—
=
—~
—n

= ((BYIM] + (—ulf)m)] <= (& = (= ()] + (~uiy) )| =
@)n)n)n)nﬁn SameFmultiplication > VObJ@ = (Vobj: 51 (Vobjm: ﬁQ <=(e) =
(5 (0=(e))n)n)n =n <=m = = (|((x)[M] + (—u(fy)[m]))| <= (¢) =

S (5 ([((B) [m] + (—u(ty)[m]))| = ())n)n)n)n)n >

Vo (€): 1 (Vb 1 (Vobg: 1 (0 <= (€) = = (4 (0 = (€))n)n)n = f <= =
|({ph € {ph € P(P(Union({N,Q}))) |

o~ o~

_|.

vobj (Opl): - ( (vobJ (Op2) ( (

((o eEN== ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}

)
n)n)n)n)n)n} | = (Vepym: = (epy, =

{{m, m}, {m, ((£x)[m] * (fz)[m])}})n)n}[m] + (—u{ph € {ph €

P(P(Union({N, Q}))) | = (Vopj(0p1): = (= (Vobj(0p2): = (= (=1((op1) €N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Yopim: = (epn = {{m, m}, {m, (Q[ | * (fz)[m]) } n)n}[m]))[ <= (¢) =
E (I({ph € {ph € P(P (UDIOHE{N Q})) |

(= ((op1) € N'= = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2) } })n)n)n)n)n)n} | = (Vopjm: = (epn =

ObJ(Opl) ( (vobJ(OPQ) o
}
{{m, m}, {m, ((x)[m] * (fz)[m])}})n)n}[m] + (—u{ph € {ph €
S (5
(
]

P(P(Union({N, Q}))) | = (Yobj(op1): =1 (<1 (Vobj(0p2): = (- (< ((0p1)

4 ((op2) € Q)n)n = = (apy = {{(op1), (op1)}, {(op1), (0p2)}})n

= (Vobim: = (epn = {{m, m}, {m, ((fy)[m] * (fz)[m])}})n)n}[m]))|
(©)m)n)n)n)n; To == B>Yop;(€): = (Yobj: = (Vobym: = (0 <= (e)
€)mn)n = 1 <=m = = (|({ph € {ph € P(P(Union({N, Q}))) |

= (Vobj(op1): = (5 (Vobj(0p2): = (4 (< ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(opl), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((£x)[m] * (fz)[m])}})n)n}[m] + (—u{ph € {ph €

1)eN=
n)n)n)njn} |

A(5(0=
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i
= 5
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Vobj(0p2): = (= (= ((opl) € N =

P(P(Union({N,Q}))) | * (Vobj(0p1): = (= (Yob
~((op2) € Q)n = = (apn = {{(op1), (op1)}, {(op1), (0p2) } })n)n)n)n)n)n} |
* (f2)[m])} Ho)n}[m)))| <= (e) =

=(
= (Vobim: = (epn = {{m, m}, {m, ((fy)[m] « (fz)
= (= (I({ph € {ph € P(P(Union({N, Q}))) | -
= ( (= (= ((op1) € N'= = ((op2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2) } })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((£x)[m] * (fz)[m])} })n)n}[m] + (—u{ph € {ph €
P(P(Union((N. Q}) | (i (op1): 2 (Yo (00 (opT) < X =
b2) € Q)nn = = (apy, = {{(op1), (0p1)}, {{op1), (00D} })m)m)m)m)m)n} |
= (Vobjm: = (epn = {{m, m}, {m, ((fy)[m] + (fz)[m])} })n)n}[m]))| =
wmun)n > {ph € P({ph € P({ph € P(P(Union({N.Q})) |
Yob (Opl) (= (Vobj(0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2 |
h= ﬂ(vobj(opl) = (5 (Vobj (0p2): = (%
= ((r1) = {{(op1), (op1)}, {(op1), (0p2)
= (Vo 71) ObJ(f2) Yon; (£3): VobJ(f‘li 24, W)t ),
{{ 3), (f4) )}} € fpp = fl) =(f3) = (f2) = (f4))n)n =
JsD): (51 ) € N = = (Vobj (s2): = ({{(s1). (s1)}, {(51), (52
) o3 (€): 1 (Vongi: = (Vopgm: = (0 < S (=
ph € {ph € P( (Unlon({N Q)
( ((Opl)

7 (Vobj(opl): = (5 (Vob(0p2): =
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fph = (Vobj(opl) = (5 (Vobj(0p2): = (7
= ((r1) = {{(op1), (op1)}, {(0p1), (op2)
- (va](fl) Ob]( ) Ob]( )'vob.i(f4): {{(f1)7 f1)}7 {( 1), (f2)}} € fpn =

(). B
b

fpy)n)n)n)n | bJ( (VOan 4 (Vobjﬁ: (0 <= (e) = - (- (0= (¢))n)n)n =
n<=m = = (|({ph € {ph € P(P(Union({N,Q}))) |
5 (Vobj(op1): =1 (1 (Vobj(0p2): =2 (1 (= ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} | = (Vopym: = (epn =
{{m, m}, {m ((fy)[m] * (fz)[m]) }} )n)n}[m] + (—udpn[m]))| <= (¢) =

{ph € {ph € P(P(Union({N, Q}))) |

Vo (0p1): = (5 (Yobj (0p2): = (= (= ((0p1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Vop;m: = (epn =
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; (fy) [m] * (fz)[m])} })n)n}[m] + (—udpn[m]))| =

}; eqReflexivity > {ph € P({ph € P({ph €

N, Q1)) | = (Vobj(0p1): = (= (Vobj(0p2): = (5 (= ((opl) € N =
)n)n:>—‘(ap} = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n}) |
r1): (1) € fon = = (Yobj (0P1): = (% (Vobj (0p2): = (= (= ((op1) € N =
Ju)n = = ((r1) = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n =
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}) | vobj(e). - (VOan - (vobJ i (0 <= 6) == (;‘ (0
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= (apn = {{(op1), (Opl)}7{( pl), ( pQ)}}) Jn)n) | = (Vob;
{{m, m}, {m, ((x)[m] * (fz )[ [)}H)n)n}[m] + (—udes[M]))| = (€))n)n)n)n)n} =
{ph € P({ph € P({ph € P(P(Union({N, Q}))) |
5 (Vobj(op1): = (5 (Vobj(0p2): = (= (= ((opl) € N = = ((op2) € Qn)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn}) [ = (= (Vop;(rl): (r1) €
fon = = (Vobj (0p1): =1 (51 (Vobj (0p2): 5 (7 (4 ((opl) € N = = ((0p2) € Q)n)n =
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{{m, m}, {m, ((fy)[m] * (fZ [

{ph € P({ph € P({ph €
= (Vobj(opl): = (5 (Vobj (0

= (apn = {{(op1), (op1)}, {(o
frn = 5 (Vobj(opl): = (= (V.

- (@i{{(opl) (opl)} {

7 (Yobj(op1): = (= (Vopj (0p2): =

D:(s1) € N.= = (Vobj(s2): = ({{(s1), (s1)}, {(s1), (2)}} €
n)n)n)n 1) | Vi (€): = (YonjT1: = (Vonim: = 2(5(0=
n <=m = = (|({ph € {ph € P(P(Union({N, Q}))) |

(<f3>} ). i >}}efph:,<1>= ) = (12) = (H))n)n =

(= (= ((op1)

S
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n
{{m, m}, {m, ((£z)[m] * (fy)[m])} })n)n}[m] + (—
{ph € {ph € P(P(Union({N, Q}))) |

= (= (I(
5 (Vobj(0p1): 1 (1 (Vobj(0p2): = (= (4 ((opl) € N = = ((op2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} H)n)n)n)n)n)n} | = (Vobim: = (epn =
{{m, m}, {m, ((fz)[m] * (fy)[m])} })n)n}[m] + (—uden[M]))| = (€))n)n)n)n)n} >
{ph € P({ph € P({ph € P(P(Union({N,Q}))) |

5 (Yobj(opl): = (5 (Vobj(0p2): = (7 (4 ((opl) € N = = ((0p2) € Qu)n =

= (apn = {{(opl), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n}) | = (= (Vob;(rl): (r1) €

fphi% (Vob; (opl): = (- (vobj(

= (Yob (F1): ObJ(f2) obJ(f3) Vobj(f‘l (1), (1)}, {(f1), (£2)}} € fon =

{{(83), (83)}, {(£3), (F4)}} € fpn = (1) = (13) = (12) = (f4))n)n =
5 (Vobj(s1): (s1) e N = _‘(VObJ(S2) S({{(s1), D} {(s1), (s2)} e
fon))n)n)n}) | Vobj(€): = (Fobjfi: = (Yobji: = (0 <= (€) = = (= (0 = (¢))m)n)n =
n <=m = =(|({ph € {ph € P(P(Union({N,Q}))) |

™ (Yobj(0p1): = (% (Yobj (0p2): = (= (= ((0p1) € N = = ((0p2) € Q)n)n =
(aPh = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n)n} [ = (Vopim: = (epn =

{{m m}, {m, ((z)[m] * (fx)[m])}})n)n}[m] + (—udpn[m]))| <= (e) =

=
; vaJ

—

—

{ph € {ph € P(P(Union({N, Q}))) |
opl): = (5 (Vopj(0p2):

(= (= ((op1) € N'= = ((0p2) € Q)n)n =

A/_\,_\

apn = {{(op1), (op1)}, {

(op

1), (op2) }H)m)n)n)n)n)n} | = (Vopjm: = (epn =
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2]
N
—
N
—
I
=
=~
N
—

= (Yobj(s1): ( (= ' (s1)},{(s1),(s2)}} €
fen)n)n)n)n}) | Vobj(e): = (Vonin: = (Vopim: = (0 <= (€) = = (= (0 =
n <=m = = (|({ph € {ph € P(P(Union({N, Q}))) |

5 (Vobj(op1): = (= (Vobj(0p2): = (= (= ((opl) € N = = ((op2)

= (apn = {{(op1), (op1)}, {(op1), (0p2) } })m)n)m)njnjn} | = (Vo
{{m, m}, {m, ((fz)[m] * (fy)[m])}})n)n}[m] + (—uden[m]))| <= (€) =

= (= (I({ph & {ph € P(P(Union({N, Q}))
(vaJ (Opl) ( (vaJ (Op2) (-
5 (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |

{{m, m}, {m, ((fz)[m] * (fy)[m])} })n)n}[m] + (—udpn[m]))| =

(e))n)n)n)n)n}, po,c)]

[EqMultiplicationLeft(R) *2" SystemQ - V(fx): V(fy): V(fz): {ph € P({ph €

P({ph € P(P(Union({N, Q}))) | =+ (Vob;j(0p1): = (-
N = = ((op2) € Q)n)n = = (app =

{{ opl), (Opl)} {(op1), (0p2)} })m)n)n)mjnn}) | = (= (o

ObJ (

= (5 (Vobj(0p2): = (< (= ((opl
1), (op1)}, {(op1), (0p2)}})
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5 (Vobj(s2): = ({{(s )7
5 (Vobjn: = (Vobjm:
)+ (~uden )
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( =
N (VObJ(S2) } { Sl)? Sl)}a{ S]-)v 'S

<
°
S
3 =
J
@
)
=
\

j(0p2)i*( (< ((opl) e N =
,{(op1), (0p2)}})

nju)n)njn)n}) |
(= (= ((op1)6N=>

| €
—udpn[m]))| = (¢))n)n)n)n)n} F {ph € P({ph € P({ph €



" (apn = {{(Op'l) (Opl)} {(OPI) (OPQ)}})H) 1)n)n)n)n}) |
: : ((opl) eN=

{{m, m}, {m, ((fZ)[m} * (fX)[m])}})n)n}W + (—udps[M]))[ = (€))n)n)n)n)n}t =
{ph € P({ph € P({ph € P(P(Union({N, Q})))

1 (Vobj(op1): = (%1 (Vobj(0p2): 1 (1 (2 ((opl) €

= (apn = {{(opl), (op1)}, {(op1), (0p2)}})n)n
fon = = (Vobj (op1): =1 (51 (Vobj (0p2): = (
*((rl)i{{(opl) (Opl)} {(Opl) (0 §>2)

{{

fP

—

/\

)(f3)}7( ); ( )}}Gfph=>(1)=(f3 = (f2) = (f4))n)n =
Yobj(s1): (s1) € N = = (Vopj(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
))))})IVJ() (Yobj: = (Vobjm: = (0 <= (0=
== (\({ph € {ph € P(P(Union({N, Q}))) |

= (5 (Vobj(0p2): = (= (2 ((opl) €
{(Opl) (op1)}, {(op1), (0p2)} })n)n)n
» {m, ((f2)[m] * (fy)[m])} })n)n}[m] + (-
ph € {ph € P(P(Union({N, Q}))) |
i(0p1): 5 (= (Vobj(0p2): = (= (= ((opl) € N = = ((

= (apn = {{(op1), (op1)}, {(0op1), (0p2)} })n)n)n)n)n)n} | =
{{m, m}, {m, ((fz)[m] * (fy)[m])} })n)n}[m] + (—udpn[m]))|
]

¥ “BqMultiplicationLeft(R)”

yx—\
/—\

3\

4 4.3l
Q
E’

3
3 =
i

_l.f—"ﬁ . .
—
< -
S
S
;

{

Q

€ n)n:>
Vobjm: = (epy, =

() n)n)n)n)n}]

[EqMultiplicationLeft(R) =

[EqMultiplicationLeft(R) P “lemma eqMultiplicationLeft(R)”]

x* 0= 0(F)

proof

[x*0=0(F) = Ac.Ax.P([SystemQ I Vm: V(fx): TimesF > {ph € {ph €
P(P(Union({N, Q}))) | = (Yonj(0p1): = (= (Vo (0p2): = (= (= ((opl) € N =
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= ((0p2) € Q)u)n = = (apy = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Yobjm: = (epn = {{m, m}, {m, ((fx)[m] + {ph € {ph € P(P(Union({N,Q}))) |
= (Yabi(0p1): = (5 (Yobj (0p2): = (= (= ((0p1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} H)n)m)n)n)n)n} | = (Vobj(crsl): = (cpn =
{{(crs1), (ers1)}, {(crs1), 0} })n)n}[m])} })n)n}{m] = ((fx)[m] + {ph € {ph €
P(P(Union({N, Q}))) [ = (Yobj(op1): = (= (Vobj(0p2): = (= (= ((opl) € N =

((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(0op1), (0p2)}})n)n)n)n)n)n} |
(Wobj(crsl): = (cpp = {{(crsl), (crsl)}, {(crsl), 0} })n)n}m]); NatType > m €
N;0f > m € N> {ph € {ph € P(P(Union({N,Q}))) |
= (Yonj(0p1): = (%1 (Yonj(0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}  )n)n)n)n)n)n} | = (Vobj(crsl): = (cpn =
{{(crsl), (crs1)}, {(crsl),0}})n)n}[m] = 0; EqMultiplicationLeft > {ph € {ph €
P(P(Union({N, Q}))) | = (Vons(opD): = (= (Yo (0p2): = (= (= ({op1) € N =
= ((op2) € Q)u)n = = (apy = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
4 (Vopj(crsl): = (cpn = {{(crsl), (crsl)}, {(crsl), 0} )n)n}m] = 0 >
((tx)[m] + {ph € {ph € P(P(Union({N,Q}))) |
= (Y
= (

bj(0P1): = (=2 (Yo (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
apn = {{(op1), (opD)}, {(0op1), (0p2) }})n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =

{{(crsl), (ers1)}, {(crsl), 0} })n)n}tm]) = ((fx)[m] * 0);x %0 = 0>
((fx)[m] % 0) = 0; eqSymmetry > {ph € {ph € P(P(Union({N, Q})))

= (Yonj(0p1): = (%1 (Yonj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)n)m)njn)n} | = (Vop;(crsl): = (cpn =
{{(crsl), (crs1)}, {(crsl),0}})n)n}[m] =0>> 0 = {ph € {ph €

(P(Union({N, Q}))) | = (Vonj(0p1): = (= (Vopj(0p2): = (= (= ((opl) € N =
~((op2) € Q)n = = (apn = {{(op1), (op1)}, {(op1), (0p2) } })n)n)n)n)n)n} |

7 (Vopj(crsl): = (cpn =

{(crsl), (crsl)}, {(crsl), 0} })n)n}[m]; eqTransitivity5 &> {ph € {ph €
(P(Union({N, Q}))) | * (%abs(0p1): > (> (Fobg (0D2): = (= (= ({op]) € N =
~((op2) € Qu)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)njn)n} |
7 (Vobim: = (epn = {{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N,Q}))) |
7 (Vobj(0p1): =1 (= (Vobj(0p2): = (4 (< ( jn =

o (
(

<

P
{

(opl) € N= = ((op2) € Q)n

o

P
{

(= ((
ph = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vob;(crsl): = (cpn =
(crsl), (ers1)}, {(crs1),0}})n)n}[m])}})n)n}[m] = ((£x)[m] « {ph € {ph €
P(P(Union({N, Q}))) | = (Vobj(op1): 1 (-1 (Vobj(0p2): = (= (7 ((opl) € N =
“((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
5 (Vobj(ersl): = (cpn = {{(crs1), (crs1)}, {(crsl), 0} })n)n}[m]) & ((fx)[m] « {ph €
{ph € P(P(Union({N,Q}))) | = (Vob;j(op1): = (= (Vonj(0p2): = (= (= ((op1) €
N = = ((op2) € Qu)n = = (apy =
{{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Vop;(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1),0}})n)n}[m]) = ((fx)[m] * 0) > ((fx)[m] % 0) = 0> 0 =
{ph € {ph € P(P(Union({N,Q}))) |
5 (Vobj(0p1): =1 (= (Vobi (0p2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =
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= (apn = {{(opl),
{{(crs1), (crs1)}, {
= (Vobj(opl): = (—
= (apn = {{(op1),
{{m,m}, {m, ((£x)
5 (Vobj(opl): = (&

op1)}, {(op1), (0p2)}})m)n)n)n)n)n} | = (Vop;(crsl): = (cp
crs1), 0} })n)n}[m] > {ph € {ph € P(P(Union({N, Q})))
Vobj(0p2): = (4 (7 ((opl) € N = = ((0p2) € Q)n)n =
opl)}, {(op1), (op2)}})n)n)n)n)n)n} | = (Vopjm: = (epy =

m| * {ph € {ph € P(P(Union({N, Q}))) |
Vobj(0p2): 1 (41 (7 ((opl) € N = = ((0op2) € Q)n)n =
= (apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{(ers1). fersD)}, {(crs1), 0} )} m]) o} m] = {ph € {ph €
P(P(Union (N, Q})) | * (Yons{0p1): (= (Yo (0p2): = (5 (> ((op1] € N =
7 ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(opl), (0p2)}})n)n)n)n)n)nt |
A (Vobj(crsl): = (cpn = {{(crsl), (crs1)}, {(crsl), 0} })n)n}[m]; Gen>{ph € {ph €
(P(Union({N, Q}))) | = (Vobj(op1): 1 (=1 (Vobj(0p2): = (5 (— ((opl) € N =
((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(opl), (0p2)}})n)n)n)n)n)n} |
7 (Vobjm: =1 (epn = {{m, m}, {m, ((£x)[m] x {ph € {ph € P(P(Union({N, Q}))) |
1 (Vobj(0p1): =1 (=1 (Vobj (0p2): = (= (1 ((opl) € N = = ((op2) € Q)n)n =
“ (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)n)n)n)n)n} | = (Vop;(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1),0}})n)n}[m])}})n)n}[m] = {ph € {ph €
P(P(Union (N, Q})) | * (Yons{0p1): ~ (= (Yo (0b2): = (= (2 ((op1] € N =
- ({o02) € Q)1 = * (apy, = {{(op1), (0p1)}. {(op1), (0p2)} m)m)n)mmu} |
5 (Vobj(crsl): = (cpn = {{(crsl), (crs1)}, {(crs1), 0} })n)n}[m] > Vop;m: {ph €
{ph € P(P(Union({N, Q}))) | = (Vo;(0p1): 3 ( (Fons (0D2): = (= (= ((op1) €
N = = ((op2) € Qn)n = = (apy =
{{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} | = (Vopym: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N, Q}))) |

% (Fop (0D T): = (= (Vong(0D2): 5 (5 (= ((op1) € N = * ({op2) € Qun =

“ (ap, = {{(op1), (0PL)}, {{oP1), (0p2)FHm)m)m)m)m)n} | - (Fopi(ersi): = (cp =
{{(ers1). fersD)}, {(ers1), 0} )} m]) )} m] = {ph € {ph €
P(P(Union({N, Q}))) | = (Vobj(opl): 1 (2 (Vobj(0p2): = (4 (7 ((opl) € N =

(op1)},
)

—_]

h =
|

—~

/\'—'/—\

—| =

J- = 1 1

J

\_//—\

(

= ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} |
5 (Vobj(crsl): = (cpn = {{(crsl), (crs1)}, {(crs1), 0} })n)n}[m]; To =

f > Vobjm: {ph € {ph € P(P(Union({N, Q}))) |

1 (Yobj (0p1): 1 (1 (Yopj (0p2): = (41 (< ((0p1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobim: - (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N, Q}))) |

5 (Vobj(opl): = (5 (Vobj(0p2): = (4 (— ((opl) € N = = ((op2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
é{(CYSU , (crs1)}, {(crs1), 0} )n)n}[m ])}}) )n}m] = {Ph € {ph e

(P(Union({N, Q}))) | = (Vobj(opl): 1 (=1 (Vobj(0p2): = (5 (— ((opl) € N =

= ((op2) € Qn)n = = (apy = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
4 (Vopj(ersl): = (cpn = {{(crsl), (crsl)}, {(crsl), 0} })n)n}[m] > {ph € {ph €
PP
= (

(Union({N, Q}))) | = (Vo; (0p1): * (= (Va; (0D2): = (= (= ((op1) € N =
(0p2) € Q)u)n = = (apy = {{(op1), (0p1)}, {(opL): (0p2)} })m)n)u)n)n)u} |
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5 (Vobjm: = (epn = {{m, m}, {m, (( x)[m

= (Yabj(0p1): = (= (Yobj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =

“ (apn = {{(0p1), (oD1)}. (00T}, (0D2)} HpmJm)m)m)m)a} | = (Yo (crsT): = (epn, =
{{ers1), (ers1)}, {(ers1), 0} })mm) [m])}})m)n} = {ph € {ph €
P(P(Union({N, Q}))) | = (Vopj(0p1): = (= (Vobj(0p2): = (= (= ((0p1) € N'-=

= ((op2) € Q)n)n = = (apy = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Vobj(crsl): = (cpn = {{(crsl), (crs1)}, {(crs1), 0} })n)n}], po, €)]
[x 0 = O(F) "2* SystemQ - Vm: V(fx): {ph € {ph € P(P(Union({N,Q}))) |
= (Vabi(0p1): = (5 (Yobj (0p2): = (1 (2 ((0p1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): = (%1 (Vobj (0p2): = (1 (= ((0p1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1), 0} })n)n}[m])} })n)n} = {ph € {ph €
P(P(Union({N, Q}))) | = (Yobj(0p1): = (= (Vobj(0p2): = (2 (= ((opl) € N'=

= ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |

= (Yobj(crsl): = (epn = {{(crs1), (crs1)}, {(crs1), 0} })n)n}]
[x %0 = 0(F) = “xx0=0(F)”]

)

ex
pyk |
= “]

|+ {ph € {ph € P(P(Union({N, Q}))) |

[x*x0=0(F emma xx0=0(F)”]

xx0=0(R)
[ # 0 = 0(R) "= Ae.Ax.P([SystemQ - ¥(£x): x % 0 = 0(F) > {ph € {ph €
P(P(Union({N, Q}))) | = (Vobs(0p1): = (= (Vans(op2): 5 (4 (4 (opl) € N =
(0p2) € Q)n)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |
objm: = (epy = {{m, m}, {m, ((x)[m] x {ph € {ph € P(P(Union({N, Q}))) |
bj(0P1): = (=2 (Yo (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
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ph = {{(op1), (op1)}, {(op1), (op2)}
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(ap Jnju)njn)njnt) | = (= (Yop;(rl): (rl) €
fen = = (Vobj(0p1): = (5 (Vobj(0p2): = (= (= ((0p1) € N = = ((0p2) € Q)n)n =
' E(fl = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n =

fen)n)njn)n}) | Vop;(€): = (Yobim: = (Vopm: = (0 <=
m {ph € {ph € P( (Union({N,Q}))) |

Vobj(0p1): =1 (51 (Vobj(0p2): = (41 (4 ((0p1) € N = = ((

apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n} | = (Vob;(crsl): = (cpn =
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N= -+ ((0p2) € Q)n)n = - (app =
{{{opD), (op1)}, {(op1), (0p?
{{(crsl), (crs1)}, {(crs1),0}})n
{ph € P({ph € P({ph € P(P(Uni

5 (Vobj(op1): = (1 (Vobj (0p2): = (< (- ((op :

S (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n}) | = (-
fpn = = (Vopj(0p1): = (51 (Vb (0p2): =1 (+ ) €N= = ((op ) € Q) )
= ((r1) = {{(op1), (op1)}, {(op1), (op2)
1 (Vo (f1): Von; (£2): Von; (£3): Vobj(f H{{(f1), (f1)}, {(f1), (2)}} € fpn =
{{(83), (13)}, {(£3), (F 4)}} € fon = (1) = (3) = (12) = (f4))n)n =
7 (Vobj(s1): (s1) € N = =1 (Vop;(s2): = ({{(s1), (s1)}, {(s1), (s2)

Jn}) | Vobj(€): = (Yobjii: = (Yobjm: = (0 <= (€) = = (= (0

n <=m = = (|({ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(opl): = (5 (Vobi(0p2): = (5 (= (( -

= (apn = {{(op1), (op1)},{(opl), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m,m}, {m, ((fx)[m] « {ph € {ph € P(P(Union({N, Q}))) |

* (Vobj (0p1): = (5 (Yob(0p2): = (< (= ((op1) € N = = ((0p2) € Q)n)n =

S (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{(crs1), (ers1)}, {(crs1), 0} Hu)n[m])} Hn)nj[m] + (—udpn[m]))| <= () =

= (= (I({ph € {ph € P(P(Union({N, Q}))) -

51 (Vobj(op1): = (5 (Vobj(0p2): = (7 (= ((opl) € N = = ((0op2) € Q)n)n =

= (apn = {{(op1), (op1)},{(opl), (op2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N, Q}))) |

4 (Yobj(0p1): = (5 (Yob(0p2): = (5 (= ((op1) € N = = ((0p2) € Q)n)n =

S (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{(crs1), (ers1)}, {(crs1), 0} })n)n}[m])} })n)n}[m] + (—udpn[m]))|
(€))n)n)nju)n} = {ph € P({ph € P({ph € P(P(Union({N, Q}))) |
51 (Vobj(op1): = (5 (Vobj(0p2): =2 (7 (4 ((opl) € N = = ((0op2) € Q)n)n =
= (apn = {{(op1), (op1)},{(opl), (0p2)}})n)n
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A<= ﬂ\({fahe{phep (B (Unonl(N. Q1))
= (Vobj(opl): = (= (Vobj(0p2) ( (— ((opl) € N = = ((op2)
| o

Nfﬂ(( 2) €Q)n )n=>*(aph=
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njn)n} | ﬁ( obj(crsl): = (cpn =
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N = = (Vonj(s2): = ({{(s1), (s1)}, {(s1),
(€)1 (Vg = (Vobm: =

ph € {ph € P(P(Union({N, Q})))

7 (Vob; (Vob1(0p2) (7 (5((opl) EN=
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)
{{m,m}, {m, ((x)[m] = {ph € {ph € P(P

i(s1): (s1)
n}) |

op2) € Q)n)n =

= (Vobjm: = (epn =

“ (Yobj (0p1): = (= (Vobj(0p2): = (= (= ((opl) € N = %((OPQ) €Qn)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })m)n)n)n)nn} | = (Yop;(crsl): = (cpn =
{{(crs1), (exsD)}, {(crs1), 0}})m)n} [m])} o)} ] + (—udew )| <= () =

= (= (I({ph € {ph € P(P(Union({N, Q}))) |
* (Yobj (0p1): 1 (1 (Yobj (0p2): = (41 (< ((0p1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m,m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N, Q}))) |
* (Vobj (0p1): = (5 (Yobj(0p2): = (4 (4 ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)
{H(c rsl) (crs1)}, {(crs1), 0} })n)n}[m])}})n)n} [m] 4 (—udpn[m]))
n)n)n} = {ph € P({ph € P({ph € P(P
%(Vobj(opl)ﬁ( (Vobj(0p2): = (= (= ((opl) € N = ﬁ((0p2) Q)n)n =
= (apn = {{(opl), (0p1)} {(op1), (op2 b
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N= 4 ((0p2) S Q)n)n =5 (aph =
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{{(crs1), (crs1)}, {(crs1), 0}})n)n}[ | + (—udpn[m]))| = (€))n)n)n)n)n} >
{ph € P({ph € P({ph € P(P(Union({N, Q}))) |

—
—
v
\_/
EL
2
=]
S~—
=}
S—
[}
—
J
—~
<
°
&
o
=
7]
=
J
—
(9]
)
=
|

168



5 (Vobj(op1): = (= (Vobj(0p2): = (= (= ((opl) € N = = ((op2) € Qn)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n)n}) [ = (= (Vob;(rl): (r1) €
fon = = (Vobj (0p1): =1 (51 (Vobj (0p2): 5 (7 (= ((opl) € N = = ((0op2) € Q)n)n =
*E(rl) = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n =

5 (Vobj(op1): 1 (4 (Vobj(0p2): = (- (= ((op )n)n -

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vop;(crsl): = (cpn =
{{(crs1), (ers1)}, {(crs1), 0} })n)n}[m]) } })n)n}[M] 4 (—udpn [M]))| <= (¢) =

= (= (I({ph € {ph € P(P(Union({N,Q}))) |

= (Vobj(op1): = (5 (Vobj(0p2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N, Q}))) |

—~

51 (Vobj(0p1): =1 (1 (Vobj (0p2): = (= (= ((op )
= (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
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N = = ((op2) € Q)n)n = ~ (apn =
{{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Vop;(crsl): = (cpn =
{{(crsl), (crs1)}, {(crs1),0}})n)n}[m] + (—udpn[M]))| = (¢))n)n)n)n)n}], po,c)]

[x 0 = 0(R) *"™8" SystemQ F V(fx): {ph € P({ph € P({ph €

P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((op1) € N =

= ((0op2) € Q)u)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n}) |
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fPhi—'( obj(op1)

als rl ): =
= ((op2) € Qu)n = = ((r1) = {{(op1), (
_‘( VObJ f ) vobj (f3) ObJ(f4) {{

4)}} € fpn = (fl) =

(
) |Vobj(€)' = (Vobifi: = (Yob M
- { € {ph € P(P(Union

 (Yans{0PL): = (4 (o (002):

3), (f
:(31) € N = = (Youy (52): = ({{(s1), 51}, {(s1), (s2)}} €
= (. =

7 (Vobj (0p2): = (< (41 ((opl) € N =
1}, {(op1), (op2)}})n)n)n)n)n)n =
)1 A{E), (2)}} € fpu =

(=
opl)},
(f1), (f1)}, {1

(f3) = (£2)

m: (0 <
(~.Q)) |

()

E

@]
=
-
z

SN~—

£
S—

((op
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Yobj(crsl): = (cpn =
[

{{(crs1), (crs1)}, {(crs1),0}})n)n}
(I({ph € {ph € P(P(Union({N,

= (5
5 (Vobj(0p1): 51 (5 (Vobj(0p2): 5 (5 (4 (

m))} }n)n} ] + (—udps[m))| <= (¢) =
QD)) |

) € N= = ((op2) € Qu)n =

(opl
= (apn = {{(op1), (op1)}, {(op1), (0p2%}}() n)n)n)n)n)n} | = (Yobim: = (epn =

{{m,m}, {m, ((fx)[m] = {ph € {ph € P(P

Union({N, Q}))) |

[
= (Yobj (0p1): 1 (1 (Vobj(0p2): = (=1 (= ((0p1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} P)n)n)n)n)njn} | = (Vobj(crsl): = (cpn =
|

{{(crsD), (ersD)}, {(exsL), 0} Pn)u}m]) } )} ] + (—udpy [m])

(€))m)n)n)n)n} = {ph € P({ph € P({ph

j b
{{(13), f3)},{(f 7(f4)}} EfPhi(f1)=
o

{ph € P(P(Union({N, Q}))) [ = (Von;(op
N = = ((op2) € Qu)n = = (aph =

aPh = {{(Opl) (Opl)} {(Opl) (0p2)}})n)n)n)
{{(Crsl) (ers1)}, {(crsl), 03 )n)nj[m] + (=

€ P(P(Union({N,Q}))) |

)
(Yobj(op1): = (= (VobJ(0p2) ( (ﬁ ((op1) € N = = ((op2) € Q)n)n

1)z (5 (Yonj(0p2): = (5 (= ((op1) €

{{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n} [ = (Vop;(crsl): = (cpn =

{{(crs1), (crs1)}, {(crs1), 0} })n)n}{m] +

tex

[x*0=0(R) = “xx0=0(R)”]
x*0=0(R) = PV “lemma xk0= 0(R)”]

(—udpn[m]))| = (€))n)n)n)n)n}]
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LessMultiplication(F)(Helper2)

proo

[LessMultiplication(F)(Helper2) “—" Ac.Ax.P([SystemQ
Vx:Vy:VzoVu: Vv 2 (0 <=u = (5 (0=un)n)n - (0 <=v =~ (-(0 =
v)n)n)n - x <= (y + (—uu)) F 0 <= (z + (—uyv)) F negativeToLeft(Leq) > x <=
(y + (—uu)) > (x + u) <= y; plusCommutativity > (x + u) =
(u+x);subLeqLeft > (x +u) = (u+x) > (x +u) <=y > (u+x) <=
y; PositiveToRight(Leq) > (u +x) <=y > u <=
(y + (—ux)); negativeToLeft(Leq)(1term) > 0 <= (z + (—uv)) > v <=
;;LessLqu 0<=u=-(-(0=un)n)n >0 <= u;LessLeq> - (0 <=v =
( (0 = v)n)n)n > 0 <= v; MultiplyEquations(Leq) >0 <= ur>0 <= v>u <=
( X)) > v <=z> (uxv) <= ((y + (—ux)) * z); timesCommutativity >
ux)) * z) = (z * (y + (—ux))); DistributionLeft > (z * (y + (—ux))) =
() #2)); —xy = —(x 5 ) > ((—ux) +2) =
; EqAdditionLeft > ((—ux) *z) = (—u(x*z)) > ((y*z) + ((—ux) *z)) =
—u(x * z))); eqTransitivity4 > ((y + (—ux)) * z) =
w0))) B (2 {y + () = ((y*2) + ((—x) #2) B ((y #2)+ ((~ux) z)) =
u(x2))) > ((y+ (—10)) +2) = ((y #2) + (~u(x2)); subLeqRight &
+2) = ((y+2)+ (—u(x52))) &> (ury) <= ((y+ (1)) 52) 3> (urv) <=
u(x*z))); negativeToLeft(Leq) > (u*v) <= ((y*z) + (—u(x*z))) >
% z)) <= (y * z); plusCommutativity > ((u*v) + (x*z)) =
)+ (wv)); subLeqLefte> () +(x2)) = ((x#2)-+(wiv)) > (wiv)+ (52)) <=
%z) > ((x*z)+ (uxv)) <= (y*z); PositiveToRight(Leq) >> ((x*z) + (u*v)) <=
*2) > (x#2z) <= ((y *2) + (—u(u*v)))], po, ¢)]

LessMultiplication(F) (Helper2) ® 2 SystemQ F Vx: Vy:Vz: Vu:Vv: - (0 <= u =
(=0 =unn)nkE=0<=v==(>(0=y)n)n)nkx <= (y + (—uu)) -
0<=(z+ (-w)) F (xx2) <= ((y *2) + (-uu*v)))

[LessMultiplication(F) (Helper2) tex “LessMultiplication(F) (Helper2)”]
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[LessMultiplication(F)(Helper2) = VX “lemma lessMultiplication(F) helper2”]

LessMultiplication(F)(Helper)

proof

[LessMultiplication(F)(Helper) “— Ac.\x.P([SystemQ +

Vm: Vn: V(e)1: V(€2): V(fx): V(fy): V(fz): Vopjm: = (5 (0 <= (€)1 = = ( (0=

(Qy)n)n)n = = (n <=m = (B)[m] <= ((fy)[m] + (—u(€)1)))n)n -

Vobjm: = (5(0 <= (€2) = - (- (0 = (€2))n)n)n = - (n <=m = {ph € {ph €
P(P(Union({N, Q1)) | = (Yoby 0D1): = (= (Vons(002): = (= (5 ({op1) € N =

= ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |

" (Vobj(crs1): = (cpn = {{(crs1), (crs)}, {(crs1), 0} Hn)n}m] <=

(f2)[m] + (—u(e2))))n)n = Ad@m &> Vopim: = (5 (0 <= (6)1 = = (2 (0 =

eyn)n)n = = (n <=m = (fx)[m] <= ((fy)[m] + (—u(e)1)))n)n > = (= (0 <=

~
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nn)n = - (n <=m = (fx)[m] <=
(€)1)))n)n; A4@ml>VOmeﬁ(%(0<: 2)= (= (0=

Jn)n)n = - (n <= m = {ph € {ph € P(P(Union({N,Q}))) |
= . =
) n

Vobj(ersl): = (cpn = {{(crsl), (crsl)}, {(crsl), 0}})n)n}[m} <=

(fz)[m] + (—u(e2))))n)n; FirstConjunct > = (- (0 <= ()1 = = (- (0 =
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= {ph € {ph € P(P(Union({N,Q}))) |

<
Vobj(opl):%(' (Vobj(0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =

1> {(op1), (0p2) } })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =

5 (5 (0 <= @ (0

0}})n)n}[m] <= ((fz)[m] + (—u(e2))))n)n >
0= (€2))n)n Jn=-(n<=m= {phe{phe

P(P(Union({N, Q}))) | = (Yobj(0p1): = (= (Yop(0p2): = (=1 (=1 ((op1) € N =

(Yobj(0p1): = (1 (Vobj (0p2): = (= (= ((op1) € N = =

(op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)} })n)n
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Vobj(ersl): = (cpy = {{(crsl), (crsl)}, {(crsl) 0}})n)n}[m] <=
(fz)[m] + (—u(€2))))n)n; FirstConjunct > = (- (0 <= ()1 = = (- (0 =
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5 (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1), 0} })n)n}[m] <= ((fz)[m] + (—u(e2))))n)n > = (0 <=
(€2) = = (= (0 = (e2))n)n)n; SecondConjunct > = (= (0 <= ()1 = ~ (~ (0 =
()n)n)n = = (n <=m = (fx)[m] <= ((fy)[m] + (—u(e)1)))n)n >n <=m =
(B9)[m] <= ((fy)[m] + (—u(€)1)); MP & n <= m = (x)[m] <=

((fy)[m] + (—u(e)1)) >n <= m > (fx)[m] <=

((fy)[m] + (—u(€71)) SecondConjunct > = (5 (0 <= (€2) = - (- (0 =
(€2))n)n)n = = (n <= m = {ph € {ph € P(P(Union({N,Q}))) |

= (Yapf(OPT): 5 ( (Yo (0D2): = ( (= (oDT) € N = = ((op2) € Q) =

= (aPh = {{(Opl) (Opl)}a {(Opl) (OPQ)}})H)H)H)H)H)H} | = (Vobj(crsl): = (cpn =

Zwobj(opl): (= <vobj<op2> = (5 (= ((op
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(Union({N,Q}))) | = (Vonj(op1): = (1 (Von;(0p2): = (4 (= ((opl) € N =
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= (Vobj (0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((£x)[m] * (fz)[m])}})n)n}[m] <= ({ph € {ph €
P(P(Union({N, Q}))) | = (Vobj(0P1): = (= (Yobj (0p2): = (= (= ((opl) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
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n<=m= {phe {ph € P(P(Union({N,Q}))) |

S (= ((opl) € N = = ((op2) € Qu)n =
' ;(0p2)}H)n)n)n)n)n)n} | = (Vobj(crsl): = (cpn =
{{(crs1), (ers)}, {(ers1), 0} )n)n}[m] <= ((f2)[m] + (—u(e))))n)n)n)n)n)n -
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(0 <= (&) = = (= (0 = (¢))n)n)n =

S <=m = (fx)[m] <= ((fy)[m] + (—u(e))))n)n)n)n)n)n
4 (Vobi(€): =1 (51 (Vo =1 (Yop;m: = (4 (0 <=
“(n<=m= {ph e {phe P( (Union({N, Q L
5 (Vobj(op1): =1 (1 (Vobj(0p2): = (1 (< ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n ) jn)n)n} | = (Vobim: = (epn =
{{m, m}, {m, ((£x)[m] * (fz)[m]) } })n)n}[m] <= ({fph € {phc
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{{(ers1), (crs1)}, {(crsl), 0} })n)n}[m] <= ((

5 (Vobj(€): 1 (52 (Vobjn: 5 (Vobjm: =1 (5 (0 <= (€) = = (= (0 = (¢))n)n)n =
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{{(crs1), (crs1)}, {(crsl) 0}})n)n}[ ] <=
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5 (Vobim: = (epn = {{m, m}, {m, ((fy)[m
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o bj )
{{(£3), (183)}, {(£3), (14) }} € fpn = (f1) = (£3) = ({2) = (f4))n)n =
5 (Yonj(s1): (s1) € N = = (Vopj(s2): 2 ({{(s1), (1)}, {(s1), (s2)}} €
. jm: = = (- (0=(e))n)n)n =

{{m.m}. (m ((ty)m]  (E2) )}y ] +

- oy (0D1): (= (Ve (0D2): = (& (-

- € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobim: = (epn =
{{m, m}, {m, ((fy)[m] * (fz)[m]) } })n)n}[m] + (—udpx[m]))| = (€))n)n)n)n)n}]
[LegMultiplication(R) *= “LegqMultiplication(R)”]
pyk

[LegMultiplication(R) = “lemma leqMultiplication(R)”]

PlusAssociativity (F)

[PlusAssociativity(F) *= “PlusAssociativity(F)”]

[PlusAssociativity (F) ¥ “emma plusAssociativity (F)”]

PlusO(F)

[PlusO(F) = “Plus0(F)”]
[PlusO(F) P “lemma plusO(F)”]

PlusCommutativity(F)

[PlusCommutativity (F) 5 “PlusCommutativity(F)”]

[PlusCommutativity (F) 2 “demma plusCommutativity (F)”]

TimesAssociativity(F)

[TimesAssociativity (F) ' “TimesAssociativity(F)”]

[TimesAssociativity (F) P “lemma timesAssociativity (F)”]
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[Times1f X “lemma times1{”]

Cauchy(2)(Helper)

[Times1f fex “Times1{”]
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[Cauchy(2) (Helper) “= “Cauchy(2)(Helper)”]
[Cauchy(2)(Helper) 2 “Yemma 2cauchy helper”|
Cauchy(2)

proof
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= (5 ((IGD] + (—uiy) [(v2)]))] <= () =

= (5 (W) [VD] + (—u(ty)[(v2)])] = (€))n)n)n)n)njn)n >

Vobj(€): 7 (Vobjn: = (Vobj (V1): Vo (v2): = (0 <= (¢) = - (= (0 = (¢))n)n)n =
n <= (vl) = n <= (v2) = 5 (5 () [(vD] + (—u(Bx)[(v2)]))| <= () =

S (5 ([((B)[(vD] + (—u(B) [(v2)]))] = (€))n)n)n =

= (5 (((IGD] + (—uiy) [(v2)]))] <= () =

(5 (WD + (—u(fy)[(v2)])] = (€))m)n)n)n)n)n)n], po, c)]

[Cauchy(2) U System(Q

V(V]. IV(VQ):VQZ V(nl) V(n?) V@ V@ V@ obj@ —|(Vobjn - Vobjﬂ vaJ (VQ
(€)== (=(0=(e))n)n)n = n <= (vl) = n <= (v2) = = (= (|((E)[(vD)] +
(—u®)[(v2)]))| <= (€) = = (= (((E)VD] + (—u(ix)[(v2)]))| = (¢))n)n)n =
(5 () (VD] + (mu(ty)[(v2)])] <= (¢) =

S (5 (D] + (—ulEy)[(v2)])] = (€)n)n)n)n)n)n)n]

[Cauchy(2) % “Cauchy(2)”]

[Cauchy(2) X “lemma 2cauchy”]

ReciprocalFnonzero

[ReciprocalFnonzero progf AcAx.P([SystemQ F ¥Vm: V(m1): V(fx): = ((x)[m] =
0)n - NatType > m € N; ReciprocallsRationalSeries > = (< (Vop;(rl): (rl) €
{ph € {ph € P(P(Union({N, Q}))) | I
= (Vobj(opl): = (= (Vobj(0p2): = (= (= ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |
= (Yobjm: = (= (= (5 () [m] = 0)n = = (fpy =
{{m, m}, {m, rec(fx)[m]} } )n)n)n = = ((fx)[m] = 0 = = (fpn =
{{m, m}, {m, 0} })n)n)n)n} = = (Yon;j(op1): = (= (Vonj(0p2): = (= (= ((op1) €
N = = ((op2) € Qu)n = = ((rl) =
{{(op1), (op1)}, {(op1), (0p2)} Hwm)n)ynynn =

1 (Yobj (F1): Von; (£2): Von; (£3): Vou; (f4): {{(f1), (F1)}, {(f1), (£2)} } € {ph € {ph €
P(P(Union({N, Q}))) [ = (Yobj(op1): = (= (Vobj(0p2): = (= (= ((0opl) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Vobjm: = (= (5 (5 (%) [m] = 0)n = = (fpy, =
{{m, m}, {m, rec(B)[m]}})m)n)n =  ((){m] = 0 = = (for, =
{{m,m}, {m, 0} })n)n)n)n} = {{(13), (£3)}, {(3), ((4)} }  {ph € {ph €
P(P(Union({N, Q}))) [ = (Yobj(op1): = (= (Yobj(0p2): = (= (= ((0opl) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |
= (Yobim: = (= (5 (5 () [m] = 0)n = = (fpy =
{{m, m}, {m, rec(B)[m[Tmm)n = = (E)m] = 0 = = (fp

)

Jn)n
{{m,m}, {m,0}})n)n n)n}( = (f1)

- ) = 1))n
Vobj(s2): = ({{(s1), (s1)}, {(s1), (s2) }} € {ph € {ph €

(f2) = ( ))nn=>

5 (Vobj(s1): (s1) e N =
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P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((opl) € N =
= ((0op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
= (Vobjm: = (5 (5 (5 () [m] = 0)n = = (fpn, =
{{m. m}, {m, rec(B) I H)n)n)n = - ((E)fm] = 0 =  (fpy, =
{{m,m},{m, 0} )n)n)n)n})n)n)n)n; MemberOfSeries > m €
N> = (5 (Vob(r1): (r1) € {ph € {ph € P(P(Union({N, Q}))) |

= (Vobj(0p1): = (=1 (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (opl } {( opl), (0p2)}})n)n)n)n)n)n} |
= (Vopjm: = (= (= (= (B)[m] = 0)n = = (fpy, =
{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpr, =
{{m, m}, {m, 0} })n)n)n)n} = =
N = = ((op2) € Qu)n = = ((rl) =
{{(op1), (op1)}, {(op1), (op2)} Hwm)n)ynjnn =

= (Yob; (1): Vob; (f2): Vo (£3): Vo, (f4): {{(f1), (f1) }, {(f1), (£2)} } € {ph € {ph €
P(P(Union({N, Q}))) [ = (Yobj(op1): = (= (Yobj(0p2): = (= (= ((opl) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
= (Vobjm: = (5 (5 (5 (%) [m] = 0)n = = (fpn, =
{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn, =

)
{{m, m}, {m,0}})m)n)n)n} = {{(£3). (£3)}, {(£3), (f4)}} € {ph € {ph €
P(P(Union({N, Q}))) | = (Vobj(opl): = (-1 (Vob;
= ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} |
5 (Vobim: = (4 (5 (4 ((fx)[m] = 0)n = = (fpr, =
{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((f)[m] = 0 = = (fp, =
{{m, m}, {m, 0} })n)n)n )n}é( 1) = (3) =
5 (Yobj(s1): (s1) € N = = (Vop(s2): = ({{(s
PP (Union({N, Q}))) | = (Vobj(op1): = (= (
= ((op2) € Q)n)n = = (apy = {{(opl), (op1)},
= (Vopjm: = (5 (5 (5 () [m] = 0)n = = (fen
{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fp, =
{{m, m}, {m, 0} })n)n)n)n})n)n)n)n > {{m, m}, {m, {ph € {ph €
P(P(Union({N, Q}))) | = (Vobj(opl): = (- (Vobj(0p2): = (< (= ((opl) € N =
= ((op2) € Qn)n = = (apn = {{(opl), (op1)}, {(opl), (0p2)}})n)n)n)n)n)n} |
5 (Vobim: = (1 (5 (4 ((x)[m] = 0)n = = (fpr, =
{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m] = 0 = = (fpr =
{{m,m}, {m, 0} })n)n)n)n}[m[}} € {ph € {ph € P(P(Union({N, Q}))) |
= (Vobj(op1): = (4 (Vobj(0p2): = (4 (= ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
= (Vobim: = (5 (5 (4 ((fx)[m] = 0)n = = (fpy, =
{{m, m}, {m, rec(fx)[m]}})n)n)n = = ((fx)[m] = 0 = = (fpn =
{{m, m}, {m, 0} })n)n)n)n}; Repetition > {{m, m}, {m, {ph € {ph €
P(P(Union({N,Q}))) | = (Vobj(opl): = (- (Vobj(0p2): = (= (= ((opl) € N =
= ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} |
5 (Yobjm: = (5 (5 (2 ((fx)[m] = 0)n = = (fpr =

(Vonj(0p1): = (5 (Vonj (0p2): = (= (= ((opl) €
)

<
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{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn =
{{m,m}, {m, 0} )n)n)n)n}[m]}} € {ph € {ph € P(P(Union({N, Q}))) |
(VobJ (Opl) (ﬂ (Vobj(0p2): = (= (= ((Opl) eN= - ((OPZ) €Qun =

(vobJ(Opl) S (-
= (apn = {{(op!
= (Yopjm: = (= (* 2 ((B)[m] = O)n = = (fPh =
{{m,m}, {m,re
{{m,m}, {m, 0}}

= (Yonj(op1): = (5
= (apn = {{(op1),
= (Yonim: = (= (= (
{{m,m}, {m, rec(B)[m[T}m)n)n =  ((B)[m] = 0 = * (fpy, =
{{m,m},{m,0}})n )n)n)n} Separat10n2f0rmula( ) > {{m m}, {m, {ph € {ph €

P(P(Uniton({N, Q1)) | * (Yous (0D1): > (= (Vons(02): = (= (= ({op]) € N =

= ((op2) € Q)u)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
5 (Vobjm: = (4 (5 (5 ((fx)[m] = 0)n = = (fpn, =
{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn =
{{m,m}, {m, 0} })n)n)n)n}[m[}} € {ph € {ph € P(P(Union({N, Q}))) |

= (Vobj(0p1): = (= (Vopj(0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(0op1), (0p2)} Hu)n)n)n)n)n} |

= (Yobjm: = (5 (= (5 () [m] = O)n = = (fpn =
{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fer, =
{{m,m}, {m, 0} ))n)n)n)n} > = (Vob;(m1): = (= (5 (-
= ({{m,m}, {m, {ph € {ph € P(P(Union({N, Q}))

Q
—~
»—h/.\u
Kl

—~

/‘\\_/

) |

= (Vobj (0p1): = (=1 (Vopj (0p2): = (=2 (= ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |

= (Vobjm: = (5 (5 (5 (%) [m] = 0)n = = (fp, =

{{m, m}, {m, rec(fx)[m[} })n)n)n = = ((fx)[m] = 0 = = (fpn, =

{{m, m}, {m, 0} })n)n)n)n}[m|}} =

{{(m1), (m1)}, {(m1), rec(fx)[(m1)]} })n '

= ({{m, m}, {m, {ph € {ph € P(P(T (Unlon({N, Q})) |

= (Vobj(0p1): = (=5 (Vopj (0p2): = (= (= ((op1) € N = = (
(

\5
U
J

=
=)

=
I
jan}

U

(
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Yobim: = (5 (= (5 () [m] = O)n = = (fen =
{{m. m}, {m, rec(fx)[m[} })n)n)n = = ((fx)[m] = 0 = = (fpn, =
{{m, m}, {m, 0} P)n)n)n)n}[m]}} =
{{(m1), (m1)}, {(m1), 0}})n)n)n)n; vm:v(ml): v(fx): = ((fx)[(m1)] = O)n =

(5 (5 ((&)[mD] = 0)n = = ({{m,m}, {m, {ph € {ph €
P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vopj(0p2): = (= (= ((opl) €N =
= ((op2) € Q)n ) = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)njn)n} |

~—
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= (Yobjm: = (= (*( ((t9)[m] = O)n = = (fen =

{{m, m}, {m, rec(fx)[m[}} )n)n)n = = ((fx)[m] = 0 = = (fpr, =
{{m, m}, {m, 0} ))n)n)n)n}|
{{(m1), (m1)}, {(m1), reC(f

[(m )}}}) Jnjn = = ((K)[(m1)] = 0 =
= ({{m, m}, {m, {ph € {ph € P(P(Union({N, Q}))) [
= (Yonj(0p1): = (=1 (Yonj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =
(0p2)}})n)n)njn)n)nt |

(=
= (apn = {{(op1), (op1)}, {(op1),
= (Vobjm: = (= (= (= (B9 [m] = 0)n = = (fpy =
{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m] = 0 = = (fpn, =
{{m,m}, {m, 0} hu)n)n)n}[m]}} = {{(m1), (m1)}, {(m1),0}})n)n -
ToNegatedAnd( ) > = ((fx)[(m1)] = 0)n > = (= ((fx)[(m1)] = 0 =
= ({{m,m}, {m, {ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(op1): =1 (1 (Vobj(0p2): = (1 (=2 ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} u)n)n)n)n)n} |
5 (Vobjm: = (5 (5 (2 ((fx) [m] = O)n = = (fpr =
{{m, m}, {m, rec(fx)[m]|} })n)n)n = = ((fx)[m] = 0 = = (fpr, =
{{m,m}, {m, 0} })n)n)n)n}[m]}} =
{{(m1), (m1)}, {(m1),0}})n)n)n; NegateDisjunct2 > = (- (- (@[@] =
O)n = = ({{m,m}, {m, {ph € {ph € P(P(Union({N,Q}))) |
51 (Vobj(op1): = (5 (Vobj(0p2): = (1 (= ((opl) € N = = ((0op2) € Q)n)n =
= (apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} |
5 (Vobjm: =1 (5 (5 ( ((fx)[m] = 0)n = = (fpn =
{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m] = 0 = = (fpr, =
{{m, m}, {m, 0} P)n)n)n)n}[m]}} =
{{(ml), (m1)}, {(m1), rec(f )[( DI}Hn)n)n = = ((fx)[(ml)] = 0 =
= ({{m, m}, {m, {ph € {ph € P(P(Union({N,Q})))[
= (Vobj(op1): =1 (1 (Vobj(0p2): =2 (1 (= ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
5 (Vobjm: = (<1 (5 (7 ((£x)[m] = 0)n = = (fpr, =
{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m] = 0 = = (fpn, =
{{m, m}, {m, 0} })n); ) ) jn}m ]}}—
{{(m1), (m1)}, {(m1),0}})n)n > = (= ((fx)[(m1)] = 0 = = ({{m,m},{m, {ph €
ph € P(P(Union({N, Q1)) |  (Yens0p1): = (= (Yon; (0p2): = (= ( ({opT) €
N = - ((op2) € Qn)n = ~ (apy =
{{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopym: = (5 (= (= ((£x)[m] =
0)n = “ (Fpy, = {{m, m}, {m, rec(E)[m]}hn)mn =  ((x)[m] = 0 = = (Fp), =
{{m, m}, {m, 0} })n)n)n)n}[m]}} = {{(m1), (m1)}, {(m1),0}})n)n)n >
= (E9)](01)] = 0 =  ({{m, m}, {m, {ph € {ph € P(P(Union({N, Q})) |
(o (0P 1)1 ( (Vo {092 (5 (5 (0p1) € N = = ({0p2) € Q) =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Vobjm: = (= (= (= (B9 [m] = 0)n = = (fpy, =
{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m] = 0 = = (fpn =
{{m, m}, {m, 0} })n)n)n )n}[m]}} =
{{(m1), (m1)}, {(m1),rec(fx)[(m1)]}})n)n; SecondConjunct > = (- ((fx)[(m1)] =
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= (Fopgm: (4 (5 (5 ((Fx)
{{m, m}, {m, rec(f) [m]} n)n)n = = ((B)[m] = 0 = = (fpp, =
{{m m] {m 0}}>n> e

=
—
—
S—
=2
\
—
,—H
3
3
=
/—*—\
3
—~
’U
=
m
,—»—\
ko)
=
m

{{m m} {m rec(fx)[m]}})n)
{{m, m}, {m, 0} })n)n)n)n}[m]}} =
{{(m1), (m1)}, {(m1), rec(fx)[(m1
{{m,m}, {m, {ph € {ph € (P(UHIOH({N Qh)) |
5 (Vobj(op1): =1 (= (Vobj(0p2): = (+ = ((op2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (OPQ)}}) Jn)n)n)n)n} |
51 (Vobym: = (= (5 (= ((fx) [m] = : =
{{m, m}, {m, rec(fx)[m]}})n)n)n = = ((fx)[m] = 0 = = (fpn, =
{{m, m}, {m, 0} })n)n)n)n}[m]}} = {{(m1), (m1)}, {(m1), rec(fx)[(m1)]}} >
{ph & {ph € P(P(Union({N, Q}))) | -
5 (Vobj(opl): = (5 (va](Opz) S (7 (5 ((opl) € N= = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
5 (Vobjm: = (5 (5 (1 ((E )[ ] = )ni = (fpn =
{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m] = 0 = = (fpr, =
{{m, m}, {m, 0} })n)n)n)n}[m] =
rec(fx)[(m1)]; FromOrderedPair(1) > {{m, m}, {m, {ph € {ph €
P(P(Union({N, Q}))) | = (Vobj(opl): 1 (2 (Vobj(0p2): = (- (7 ((opl) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} |
= (Vobjm: - (% (% (% (@[m] = O)n = (fph =
{{m, m}, {m, rec(fx)[m[} })n)n)n = = ((fx)[m] = 0 = = (fpr =
{{m,m}, {m, 0} )n)n)n)n}[m]}} = {{(ml), (m1)}, {(m1), rec(fx)[(m1)]}} >
m = (m1); SameSeries > m = (m1) > (fx)[m] = (fx)[(n1)]; eqSymmetry >
() [m] = (fx)[(m1)] > (fx)[(m1)] = (fx)[m]; SameReciprocal &> = ((fx)[(m1)] =

0)n > (fx) )7 )] (fX) [m] > rec(fx)[(m1)] = rec@[@ﬁransitivityﬁ{ph €
i(0p1): 5 (= (Vobj(0p2): = (= (= ((opl) €

i
—
—~
&)
o
g
o
=
[oN
@
=
@
o
e
=]
=
~—~
S~—"

—

/—\

——
ke
=
m
"U
A
(:‘
E.
@]
=
—~
——
Z
-«—/
S~—
S~—
J
—~
<C
o
&
o

al
{{(op1), (op1)}, {(Opl) (0p2)} H)n)n)n)n)njnj | = (Vopsm: = (= (= (= ((Ex)[m] =
O)n = = (fen = {{m, m}, {m, rec(fx)[m]} })n)n)n = = ((x)[m] = 0 = = (fpn =
{{m, m}, {m, 0} })n)n)n)n}[m] =r m1)] &> rec(fx)[(m1)] = rec(fx)[m] >

{ph € {ph € P(P(Union({N, Q})))
5 (Yobj(op1): = (5 (Yobj(0p2): = (% (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |

= (Yobjm: = (= (5 (5 ((fx)[m] = 0)n = = (fpn =

{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn =
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{{m, m}, {m, 0} })n)n)n)n}[m] =
rec(fx)[m]; Ded > Vm: V(m1): V(fx): = ((x)[(m1)] = 0)n - = (- (& (@[(ml)] =
0)n = = ({{m, m}, {m, {ph ¢ 6{
(vaJ (opl): = (— (vaJ (op2): -
= (apn = {{(op1), (op1)}, {(opl
5 (Yobjm: = (5 (5 (2 ((fx)[m] =
{{m, m}, {m, rec(fx)[m[}})n)n
{{m, m}, {m, 0} })n)n)n)n} m]
{{(m1), (m1)}, {(ml), rec(fx)|
= (H{m,m}, {m, {ph € {ph € P(P(Union({N,Q}))) |
5 (Vobj(op1): 1 (1 (Vobj(0p2): = (1 (< ((opl) € N = = ((
= (apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} |
51 (Yobjm: = (5 (5 (5 ((fx)[m] = O)n = = (fpr =
{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m] = 0 = = (fpr, =
{{m,m}, {m, 0} })n)n)n)n}[m|}} = {{(ml), (m1)}, {(m1),0}})n)n - {ph €
{ph € P(P(Union({N, Q) | * (Vons{001): = (= (Yons{op2): = (5 (= ((opT) €
N= -~ ((OPQ) € Q)n)n = = (apy =

/\
—~
—

O)n = = (fPh = {{m m} {m, reC(fX)[m]}}) n )n = % ((fX)[m =0= ~(fpn =
{{m, m}, {m, 0} })n)n)n)n}[m] = rec(fx)[m] > = ((fx)[m] = O)n =
= (= (2 ((B)[(m1)] = 0)n = = ({{m, m}, {m, {ph € {ph €
P(P(Union({N,Q}))) | (Vob;(0p1): = (2 (Von;(0p2): = (<2 (=1 ((opl) € N =
= ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
5 (Vobim: = (7 (= (5 () [m] = 0)n = = (fpn, =
{{m, m}, {m, rec(fx)[m]} Hn)n)n = = ((fx)[m] = 0 = = (fpr, =
{{m,m}, {m, 0} })n)n)n)n}[m]}} =
{{(m1), (m1)}, {(m1),rec(fx)[(m1)]} })n)n)n = = ((fx)[(m1)] = 0 =
= ({{m, m}, {m, {ph € {ph € P(P(Union({N,Q})))
5 (Vobj(opl): = (51 (Vobj(0p2): = (4 (— ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} |
5 (Yobim: = (5 (7 (5 () [m] = 0)n = = (fpp, =
{{m, m}, {m, rec(fx)[m[} )n)n)n = = ((fx)[m] = 0 = = (fpn =
{{m,m},{m, 0}})n)n)n)n}[m]}} = {{(m1), (m1)}, {(m1),0}})n)n = {ph €
{ph € P(P(Union({N,Q}))) [ = (Vobj(op1): = (- (Vobj(0p2): = (= (= ((opl) €
N = - ((op2) € Q)n)n = - (apy, =
{{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njnj | = (Vopim: = (= (= (= ((Ex)[m] =
0)n = = (fpn = {{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpr, =
{{m,m},{m, 0}})n)n)n)n}[m ]*rec( fx)[m]; MP &> = ((fx)[m] = 0)n =
= (2 (= ((B)[(m1)] = 0)n = = ({{m, m}, {m, {ph € {ph €

P(P(Union({N, Q}))) | = (Yobj(op1): =1 (= (Vobj(0p2): = (- (2 ((opl) € N =
= ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |

|
= (
n

= (Yopim: = (= (= (5 () [m] = 0)n = = (fpy =
{{m’ m}a {mv rec(fx) [m]}}) ) )n = (@[m] =0=- (fPh =
{{m,m}, {m, 0} })n)n)n)n}[m]}} =
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{{(m1), (m1)}, {(m1), rec(fx)[(m1)]} })n)n)n =

= ({{m, m}, {m, {ph € {ph € P(P(Union({N, Q})))

= (Yobj(0p1): = (= (Yobj (0p2): = (= (= ((0p1) € N =
=(

|
= (
apn = {{(op1), (op1)}, {(op1), (0p2)}})m)n)n)n)n)n
5 (Vobim: = (1 (5 (7 () [m] = 0)n = = (fpr, =
{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m] = 0 = = (fpr =
{{m, m}, {m, 0} )n)n)n)n}[m|}} = {{(m1), (m1)}, {(m1),0}})n)n = {ph €
{ph € P(P(Union({N,Q}))) | = (Vobj(opl): 1 (-2 (Vobj(0p2): = (- (< ((opl) €

N = = ((op2) € Q)n)n = ~ (apy, =
{{(op1), (op1)}, {(op1), (0p2) }})n)n)n)n)n)n} | = (Vopjm: = (= (< (= ((fx)[m] =

m]}Hn)n)n = = ((fx)[m] = 0= = (fpn =
{m

0)n = = (fpp, = {{m, m}, {m, rec(fx)|
{{m, m}, {m, 0}})n)n)n)n}[m] = rec(fx)[m] > = ((fx)[m] = 0)n >>

S (5 (5 ((x)[(m1)] = 0)n = = ({{m, m},
P(P(Union({N, Q1)) | * (Veos(0B1): * (= (Ven;(0B2): = (= (+ ((opT) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} |
% (Fapgts (5 (5 (= (B6)[m] = O)n = (Fpy =
{m, m}, {m, rec(fx)[m[} })n)n)n = = ((fx)[m] = 0 = = (fpr, =
{m,m}, {m, 0} })n)n)n)n}[m[}} =
{{(ml), (m1)}, {(ml), rec(E)[(mD)[}})n)n)n = = ((E)[(mD)] = 0 =
= ({{m, m}, {m, {ph € {ph € P(P(Union({N, Q}))) |
= (Vobj(0p1): =1 (1 (Vobj(0p2): =2 (1 (=2 ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} n)n)n)n)n)n} |
5 (Vobym: = (5 (5 (5 (@[m] =0)n = = (fpy =
{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpr, =
{{m, m}, {m, 0} })n)n)n)n}[m]}} = {{(m1), (m1)}, {(mn1),0}})n)n = {ph €
{ph € P(P(Union({N, Q}))) | = (Vor;(0p1): = (= (Yon; (0D2): = (= (= ((opl) €
N = - ((op2) € Q)n)n = - (apy =
{{(op1), (op1)}, {(op1), (0p2) }})n)n)n)n)n)n} | = (Vopjm: = (= (= (= ((fx)[m] =
0)n = = (fen = {{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m| = 0 = = (fpr, =
{{m, m}, {m, 0} })n)n)n)n}[m] = rec(fx)[m]; ExistMP > = (= (= ((fx) [(m1)] =
0)n = = ({{m, m}, {m, {ph € {ph € P(P(Union({N, Q}))) |
1 (Vobj(0p1): =1 (=1 (Vobj (0p2): = (= (1 ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0 2)}})11) jn)n)n)n} |
51 (Yobjm: = (5 (5 (5 ((fx)[m] = O)n = = (fpr, =
{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m] = 0 = = (fpr, =
{{m, m}, {m, 0} })n)n)n)n}m ]}}—
{{(m1), (m1)}, {(ml), rec(fx)[(mD)[}})n)n)n = = ((E)[(mD)] = 0 =
= ({{m, m}, {m, {ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(op1): = (1 (Vobj(0p2): =2 (1 (= ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
5 (Vobim: = (<1 (5 (7 ((Ex) [m] = O)n = = (fpr, =
{{m, m}, {m, rec(fx)[m[} })n)n)n = = ((fx)[m] = 0 = = (fpr, =
{{m, m}, {m, 0} )n)n)n)n}[m]}} = {{(ml), (m1)}, {(m1),0}})n)n = {ph €
{ph € P(P(Union({N, Q}))) | = (Vor;(0p1): = (= (Yons (0D2): = (= (= ((opl) €

{ph € {ph €

=

[y

——
~—
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N = = ((op2) € Q)n)
{{(op1), (op1)}, {(

nn = (aph =

opl), (op2)} })m)n)m)n)njn} | = (Vopjm: = (= (5 (= ((£x) [m] =
O)n = = (fpn = {{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn =
{{m, m}, {m, 0} })n)n)n)n}[m| =

rec(fx)[m] &> = (Vob (m1): = (= (= (= ((B) [(mD)] = 0)n = = ({{m, m}, {m, {ph €
{ph € P(P(Union({N, Q}))) | = (Vob;(0p1): = (= (Vob; (0p2): = (= (= ((op1) €

N = 4 ((op2) € Q)n)n = = (apy =

{{(op1), (op1)},{(op1), (0p2)} )m)n)m)m)n)n} | = (Vopjm: = (= (= (= ((fx) [m] =
O)n = = (fpn = {{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn =
{{m, m}, {m, 0} })n)n)n)n}[m]}} =

{{(m1), (m1)}, {(m1), rec(fx)[(m1)]}})n)n)n =

= ({{m,m}, {m, {ph € {ph € P(P(Union({N, Q}))) |
1 (Vobj (0p1): =1 (5 (Yobi(0p2): = (= (4 ((0pl) € N = =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)
5 (Vobim: = (7 (7 (5 ((Ex)[m] = 0)n = = (fpn, =

{{m, m}, {m, rec(fx)[m]}})n)n)n = = ((fx)[m] = 0 = = (fpn
{{m, m}, {m, 0} })n)n)n)n}[m|}} = {{(m1), (m1)}, {(m1),0}})n)n)n)n > {ph €
{ph € P(P(Union({N, Q}))) | * (Yens(0p1): = (= (Yons (0p2): = (= (* ({opT) €

N = - ((op2) € Qn)n = ~ (apy =

{{(op1), (op1)}, {(op1), (0p2) } })n)n)n)n)n)n} | = (Vobjm: = (= (= (= ((fx)[m] =
O)n = = (fpn = {{m, m}, {m, reC(fX)[ [P Hmn)n = = ((fx)[m] = 0 = = (fen, =
{{m, m}, {m, 0}})n)n)n)n}[m] = rec(fx)[m]], po, c)]

[ReciprocalFnonzero * SystemQ - Vm: V(m1): V(fx): = ((fx)[m] = 0)n - {ph €
{ph € P(P(Union({N, Q}))) | = (Vob;(0p1): = (= (Vo; (0p2): = (= (= ((op1) €

N = - ((op2) € Q)n)n = - (apy, =

{{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Vopim: = (= (= (= ((fx)[m] =
O)n = = (fen = {{m, m}, {m, rec(tx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn =
{{m,m},{m, 0}})n)n)n)n}[m] = rec(fx) m]

[Reciprocaanonzero ¥ “ReciprocalFnonzero”]

~—
~—

. pyk .
[ReciprocalFnonzero = “lemma reciprocalF nonzero”

(Eventually = f)2sameF (Helper)

[(Eventually = f)2sameF (Helper) "= 200 XeAx. P([SystemQ F

Vm: Vn: V(e): V(fx): V(fy): Yobjm: n <= m = (fx)[m] = (fy)[m ]I—A4@m>
Yoy n <= m = (B[] = (fy){m] > n <= m = (B[] = (fy)[m]; > (0 <=
(6) =~ (= (O:Q nn)nkn<=mkMP>n<=m= (fx)[m] =

(fy)[m] > n <= m > (fx)[m] = (fy)[m]; PositiveToLeft(Eq)(Iterm) > (fx)[m] =
(fy)[m] > ((f)[m] + (—u(fy)[m])) =

0; SameNumerical > () [m] + (—u(fy)[m])) = 0> [((fx)[m] + (—u(fy)[m]))| =
0]: 0] = 0 > [o] = 0: eqTransitivity & & [((£)[m] + (—u(fy)[m]))| = [0] > [0] =
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Vm: Vn V@:V_@ V(fy): Vobjm:n <= m = (fx)[m] = (fy)[m] = (0 <= (¢) =
S (5(0=(g))n)n)n = n <=m = = (|((fx)[m] + (—u(fy)[m]))| <= (¢) =
S (5 (I((Ex)[m] + (—u(fy)[m]))] = (€))n)n)n]

tex

[(Eventually = f)2sameF (Helper) — “(Eventually=f)2sameF(Helper)”]

(
[(Eventually = f)2sameF (Helper) X “lemma eventually=f to sameF helper”]

(Eventually = f)2sameF

proo

[(Eventually = f)2sameF ropf AcAx. P([SystemQ
Ym: Vn: V(fx): V(£y): = (Vobin: = (Vopjm:n <= m = (fx)[m] = (fy)[m])n)

=
T

(Eventually = f)2sameF (Helper) > Vopim:n <= m = (fx)[m] =
S2(0<=(e)= (0= (¢))n)n)n=n<=m=

%)(I((fX)[mTJr (—u(fy)[m]))] <= (e) = = (-

5
B
1
=
B
U

= (5 m))| <= (e) =

= (5 ([(()[m] + (—u(fy)[m]))] = (€))n)n)n > = (Vopjn: = (Vopjm:n <=m =
() [m] = (fy)[m])n)n > = (0 <= (¢) = = (= (0= (¢))n)n)n = n <=m =

= ([((5) [m] + (—u(fy)[m]))[ <= (¢) = = (= (|((£x)[m] + (—u(fy)[m]))| =
(6))n)n)n; Gen > = (0 <= (¢) = ~ (7 (0= (¢))n)n)n =n <=m =

= ([(B)[m] + (—u(fy)[m]))] <= () = = (= ([((E)[m] + (—u(fy)[m]))[ =
(6))n)n)n > Yopim: = (0 <= (€) = = (= (0= (¢))n)n)n = n <=m =

= ([((B)[m] + (—u(fy)[m]))] <= (¢) = = (= ([(E)[m] + (—u(fy)[m]))[ =
(€))n)n)n; IntroExist @ n &> Yopjm: = (0 <= (¢) = = (- (0 = (¢))n)n)n = n <=
m = = (|((5) [m] + (—u(fy)[m]))] <= () = = (= (|((x)[m] + (—u(fy)[m]))| =
(e))n)n)n > = (Vopjn: = (Vopjm: = (0 <= (€) = = (= (0 = (¢))n)n)n = n <=
m = = (|((fx)[m] + (—u(fy)[m]))| <= (€) = = (= (|((£x)[m] + (—u(fy)[m]))| =
(6))n)n)n)n)n; Gen > = (Vopin: = (Vobjm: = (0 <= () = = (- (0 = (¢))n)n)n =
n <=m = = ([((B)[m] + (—ulfy)[m]))| <= () =

= (5 (|((B) [m] + (—u(fy)[m]))| = (€))n)n)n)n)n >

Vobi (€): 7 (Vopjn: = (Vopjm: = (0 <= (€) = = (= (0 = (¢))n)n)n = n <=m =
= (I((B)[m] + (—u(fy)[m]))| <= () = = (= ([(E)[m] + (—u(fy)[m]))[ =
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- fX)[m] ( u(t )[ ]))
Vobj(€): 71 (VoM =1 (Vopim: = (
(fx)[m] + ( (fY)[ D) <= 6) é*(*(l(@[ﬁﬂ*ﬂ(f )[m))| =

[(Eventually = f)QSameF 2 SystemQ

Vm: Vn: V(£x): V(fy): = (Vobjn: = (Vobjm:n <= m = (fx)[m] = (fy)[m])n)n -
Vobj (€): 5 (Yobfi: = (Vopim: (0 <= (€) = = (5 (0 = ())n)n)n = 7 <= =
= (B m] + (—ulfy)[M)] <= (¢) = = (= () [M] + (—ully)[m]))| =
(€))n)n)n)n)n

[(Eventually = f)2sameF < “(Eventually=f)2sameF”]
(

[(Eventually = f)2sameF Y “lemma eventually=f to sameF”]

FromNotSameF (Strong) (Helper2)

proof

[FromNotSameF (Strong)(Helper2) “— Ac.Ax.P([SystemQ
Vx: Vy: Vz: Vu: Vv v <= |(x 4 (—uz))| F = (|(x + (= uy))| <= (rec(1+1)*v) =
= (5 ¢ (—uy))| = (rec(1+ 1) < W) b (|(z + (—uw))] <=

(rec(l +1)+¥) = (3 (|(z + (~))| = (rec(L+ 1) S

LessNegated > = (|(x + (—ux))\ <= (rec(l+1)*v) = (= (|(x+ (—uy))| =
(rec(1+ 1) # W) > = ((=u(rec(l +1) *v)) <= (<ul(x-+ (~uy))|) =

A (5 ((—u(rec(1 +1) xv)) = (—u|(x + (—uy))|))n)n mericalDifference >
l(z+ (—uu))| = |(u+ (—uz))|; SubLessLeft &> |(z + )| =
[(ut (-uz))[ > = ([(z+ (—uw)| <= (rec(l + 1) xv) = = (= ([(z+ (-ww))| =
(rec(1+ 1) *v))n)n)n > = (J(u+ (—uz))| <= (rec(l +1) *xv) =

S (5 ([(u+ (—uz))| = (rec(1 + 1) * v))n)n)n; LessNegated > = (|(u +

(rec(1+ 1) #v) = = (5 ({4 + (~1z))| = (vec(1 + 1) #))mjn)n >

“ ((—ufrec(1 + 1) 5 v)) <= (—ul(u + (—uz))) = (= ((—u(rec(1 + 1) * v)) =
E— :(7 (—u ))}))n)n)n ; AddEquations(Less) > = ((—u(rec(1 + 1) *v)) <=
1

n; Nllll
(—uw)

(—uz))| <=

(

ul(u + 1

al(x+ (—uy))]) = = (5 (—ulrec(1 +1) 5 v)) = (~ul(x + (—uy)) ) )mn)n &
“ (“ufree(1 +1) +v)) <= (—ul(u + (—uz)]) = = (= (—uree(] + 1) +v)) =
(Cul(u+ (uz) ) > = ((~u(rec(] +1) »v)) + (—u(rec(L + 1) #v))) <=
(=l (+ (—ay)) )+ (=l (a4 (—uz))])) = = (= (((—u(rec(1+1)v))+(—u(rec(1+
) #v))) = ((—u|(x + (—uy))|) + (—ul(u + (-uz))|)))n)n)n; TwoHalves >
((rec(1+1)*v)+(rec(1+41)*v)) = v; EqNegatedr> ((rec(1+1)#v)+(rec(141)xv)) =
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(x+ (—uy)) <= [(y + (~uw)| > = (0 <=
omPositiveNumerical>- (0 <=

(Ity + ()] + 6+ (~uy))]) & (16 + (2] + (~ul(u + (~uz))])) <=

(16 + (uy)| + [(y + (=uw)[) > (|(x + (—uz)| + (—ul(u + (-uz))[)) <=
(1(y + ()| + (x+ (—uy))]); PositiveToLeft(Lea) & (|(x + (—uz)| + (—ul(u +
(—uz))) <= (Iy + (=uw)[ + [(x + (=uy))) > (([(x + (—uz))| + (—ul(u+
(—uz))|)) + (—uf[(x+ (—uy))|)) <= [(y + (—uu))|; LessLeqTransitivity > - (0 <=
((I(x+ (—uz))| + (—ul(u + (—uz)))) + (—u|(x + (—uy))])) = = (= (0 =

(I + (—u2))| + (—ul(u + (=uz)])) + (—ulx + (—uy))[)))m)n)n > ((|(x +

|( ) + (=l

|

[FromNotSameF (Strong) (Helper2) stmt SystemQ F Vx: Vy: Vz: Vu: Vv: v <=
(x+ (—uz))[ F = (J(x+ (-uy))| <= (rec(1 +1) xv) = = (= (|(x + (-uy))| =
rec(l 4+ 1) x y))ngn)n Fa(l(z+ (—uw))| <= (rec(l +1) xv) =

(5 ([(z+ (—aw))| = (rec(1 + 1) * v))n)n)n = = (y = u)n]
[FromNotSameF (Strong) (Helper2) ¥ “FromNotSameF (Strong) (Helper2)”]

(
[FromNotSameF (Strong) (Helper2) P “emma fromNotSameF (Strong)

helper2”]

FromNotSameF (Strong) (Helper)

r) progf Ac. Ax.P([SystemQ F
€ -

=
N

[FromNotSameF (Strong) (Helpe
V(v1):V(v2): Ym: V(nl): ¥V(n2): vV
(.i))-n Jn = (nl) <= (n2 -
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SameFreciprocal (Helper)

[SameFreciprocal(Helper) propf Ac.Ax.P([SystemQ F Vm: Vn: V(fx): Vopjm: n <=
m = = ((fx)[m] = {ph € {ph € P(P(Union({N, Q}))) | o
= (Yonj(0p1): = (%1 (Yonj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)n)m)njnjn} | = (Vop;(crsl): = (cpn =
{{(crsl), (crs1)}, {(crsl),0}})n)n}m))nFn <=mk Ad@m > Vopjm:n <=
m = ({£)jm] = {ph € {ph € P(P(Union({N.Q}) | __

= (Yonj(0p1): = (%1 (Yonj (0p2): = (= (= ((0p1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} Hn)n)n)n)n)n} | = (Vobj(crsl): = (cpn =
{{(crs), (ers1)}, {(crs1), 0} )n)n}[m])n > n <= m = = ((fx)[m] = {ph € {ph €

P(P(Union({N, Q}))) | = (Vobs0p1): = (= (Vans(0p2): 5 (5 (= (opl) € N =
(0p2) € Q)n)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |
i(crsl): = (cpn = {{(crsl), (crsl)}, {(crsl), 0} })n)n}m])n; MP > n <=
m = = ((fx)[m] = {ph € {ph € P(P(Union({N, Q}))) |
Vo (0P1): = (1 (Vopj(0p2): = (%1 (5 ((op1) € N = = ((0p2) €
apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)m)n)n)n} | = (Yopj(crsl): = (cpn =
{(crs1), (ers1)}, {(crs1), 0} })n)n}[m])n > n <= m > = ((fx)[m] = {ph € {ph €
P(P(Union({N, Q}))) | = (Vopj(0p1): = (= (Vobj(0p2): = (= ( ((0p1) € N =
op2) € Qu)n = = (apn = {{(opl), (opD)}, {(op1), (0p2)} })n)n)n)n)n)n} |
b3 (@51): = (cpn = {{(czs1), (ers1)}, {(crsL), 0} m)u}H[m]jn; NatType >
m € N; 0f > m e N > {ph € {ph € P(P(Union({N, Q}))) |
5 (Yobj(op1): = (5 (Vobj(0p2): = (5 (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobj(crsl): = (cpn =
{(crsl), (crs1)}, {(crsl), 0} })n)n}[m] = 0; SubNeqRight t> {ph € {ph €
P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((opl) € N =
= ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)njn)n} |
= (Yobj(crsl): = (cpn = {{(crs1), (crs1)}, {(crs1), 0} })n)n}{m] = 0> = ((fx)[m] =
{ph € {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): 1 (1 (Vobj (0p2): = (=1 (= ((0p1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)n)n)njn)n} | = (Vopj(crsl): = (cpn =
{{(crs), (ers1)}, {(crs1), 0} })n)n}[m)n > = ((fx)[m] =
0)n; ReciprocalFnonzero &> = ((fx)[m] = 0)n > {ph € {ph €
P(P(Union({N,Q}))) |  (Yob;(0p1): = (= (Yob;(0p2): = (= (= ((op1) € N =
= ((op2) € Q)n = = (apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)njn} |
= (vobjm: - (% (% (% (@[m] = O)n = (fph =
{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn =
{{m, m}, {m, 0} })n)n)n)n}[m] = rec(fx)[m]; EqMultiplicationLeft > {ph €
{ph € P(P(Union({N,Q}))) | = (Van;(0p1): = (= (Yob;(0p2): = (= (= ((opl) €
N= = ((op2) € Qn)n = = (apy =
{{(op1), (op1)}, {(0op1), (0p2)} })m)m)m)n)n)n} | = (Vobm: = (= (= (= ((fx)[m] =

N
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0)n = = (fpn = {{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpr, =
{{m,m}, {m, 0} })n)n)n)n}[m] = rec(fx)[m] > ((£x)[m] « {ph € {ph €
P(P(Union({N,Q}))) | = (Vob;(0p1): = (<2 (Von;(0p2): = (2 (=1 ((opl) € N =

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |

= (Vobjm: = (= (= (5 ((£9)[m] = 0)n = = (fpy =

{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m] = 0 = = (fpn, =

{{m, m}, {m, 0} })n)n)n)n}[m]) = ((£ )[ J*rec(fx)[m]); Reciprocal > = ((fx)[m] =
0)n > ((fx)[m] * rec(fx)[m]) = 1;1f > m € N> {ph € {ph €

P(P(Union({N, Q}))) | = (Vob;(op1): = ( (Yobj(0p2): = (= (= ((opl) € N =
= ((0op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (op2) } })n)n)n)n)n)n} |
= (Vobj(crsl): = (cpn = {{(crsl), (crs1)}, {(crs1), 1}})n)n}{m]

1;eqSymmetry > {ph € {ph € P(P(Union({N,Q}))) |

= (Yang(01): 5 (5 (Yong(002): = (= (= ({op1) € N = = ((0p2) € Q) =

“ (ap, = {{(op1), (0PL)}, {(oP1), (0p2)FH)m)m)m)m)n} | = (Fops(ers1): = (cpn =
{{(crs1), (crs1)}, {(crsl),1}})n)n}m]=1> 1= {ph € {ph €

P(P(Union({N, Q}))) | = (Vanj(0pl): = (2 (Vobj(0p2): = (= (= ((opl) € N =

(0p2) € Q)u)n = = (apn = {{(opl), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |
obj(crsl): = (cpn = {{(crsl), (crsl)}, {(crsl), 1}})n)n}[m]; eqTransitivity >
((£x)[m] * rec(fx)[m]) = 1> 1 = {ph € {ph € P(P(Union({N,Q}))) |

= (Yang(OD1): = (5 (Yong(002): = (= (= (opT) € N = = ((0p2) € Q) =

“ (apn = {{(oD1), (0pL)}, {(op1), (0p2)FHm)m)m)m)mn} | “ (Fopi(ers1): = (cp =
{{{ersD), fersT)}, {(crs1), LHHm)}fm] > ((8x)[m]  rec(f)[m]) = {ph € {ph €

P(P(Union({N, Q}))) | * (Yous{0p1): = (= (Vous (0p2): (= (= (Gp1) € N =

= E(OPQ) € Qu)n = = (apn = {{(op1), (op1)}, {(op1), (OPQ)}}})H)H)D)H)H)H} |

= (
= (¥

\_./—\

—~

Vobj(ersl): = (cpn = {{(crsl), (crsl)}, {(crsl), 1}})n)n}[m]; TimesF > {ph €
{ph € P(P(Union({N, Q})) | = (Vans(0DL): = (= (Yons(0p2): = (5 (4 ({op) €
N = = ((op2) € Qu)n = = (apy =

{{(op1), (op1)},{(0p1), (0p2)}})n)n)n)n)n)n} | = (Vobym: = (epn =

{{m, m}, {m, ((£x)[m] * {ph € {ph € P(P(Union({N, Q}))) |

(Yo (0D1): = (= (Vong(002): 5 (5 (= (op1) € N = * ({op2) € Qm)n =

- (apy, = {{{oD1), (op1)}, (oD T), [op2)} Hm)m)m)mymn} |

5 (Vobjm: = (5 (5 (5 ((fx)[m] = 0)n = = (fpn, =
{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m] = 0 = = (fpn, =
n ] = ((fx)[m] = {ph € {ph €

x)
{{m, m}, {m, 0} })n)n)n)n}[m])}})n)n}
)| =

m]
- (=
(apn = {{(op1), (0

{{m, m}, {m, rec(fx)[m[}} )n)n)n = *(@[ m] =0 = = (fpn =

{{m, m}, {m, 0} }Hn): )n)n)n}[ ]); eqTransitivity4 > {ph € {ph €
P(P(Union({N, Q}))) [ = (Yobj(op1): = (= (Vobj(0p2): = (= (= ((opl) € N =

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |
= (Yobim: = (epn = {{m, m}, {m, ((fx)[m] + {ph € {ph € P(P(Union({N, Q}))) |

P(P(Union({N,Q}))) |  (Yob;(0p1): = (= (Yop;(0p2): = (= (= ((op1) € N =
= ((op2) € Q)u)n = = p1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Yobjm: = (5 (= (5 () [m] = O)n = = (fpn =
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= (Yobj(0p1): = (=1 (Yonj(0p2): = (= (= ((opl) € N = -

= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |

= (Yopim: = (= (= (5 () [m] = 0)n = = (fpn =

{{m, m}, {m, rec(fx)[m]} )n)n)n = = ((fx)[m] = 0 = = (fpn =

{{m, m}, {m, 0}})n)n)n)n}[m])} }n)n}m| = ]
P(P(Union({N, Q}))) | = (Vobj(op1): = (= (Vo :

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |

= (Yopim: = (= (= (5 () [m] = 0)n = = (fpy =

{{m, m}, {m, rec(fx)[m :

{{m, m}, {m, 0} })n)n)n)n}[m]) > ((fx)[m] « {ph € {ph € P(P (Union({N»Q}))) |
= (Yobj(0p1): 1 (1 (Vobj (0p2): = (41 (= ((0p1) € N = = ((0p2) € Q)n)n =
(aph = {{(Qpl) (Opl)} {(Opl) (0p2)_}})n)n)n)n)n)n} |

~— J
5 o~
- =

3

{{m,m}, {m,0}))n)n ) )H}[ ]) ((7 () (ix) x)
{ph € {ph € P(P(Union({N, Q})

|
%(Vobj(opl)r (- (Vobj(0p2): = (< (= ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n} | = (Vob;(crsl): = (cp
{{(crs1), (crs1)}, {(crs1), 1} })n)n}[m] > {ph € {ph € P(P(Union({N, Q}>))
(

~—
~—

=
|

= (Vobj(0p1): = (= (Vopj (0p2): = (1 (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobym: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N,Q}))) |
= (Yobj (0p1): 1 (1 (Yobj(0p2): = (=1 (= ((0p1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} n)n)n)n)n)n} |

5 (Vobjm: = (5 (5 (5 ((fx)[m] = 0)n = = (fpn =
{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpr, =
{{m,m},{m, 0} )n)n)n)n}[m})}})n)n}[m] = {ph € {ph €

n)
P(P(Union({N, Q}))) | = (Vopj(0p1): = (= (Vobj(0p2): = (= (* ((0p1) € N'=

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Vobj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1), 1} })n)n}{m; (fx)
Vm: Vn: V(fx): Vopjm:n <=m = = ((fx)[m] = {ph € {ph €
P(P(Union({N, Q}))) | = (Vanj(0pl): = (= (Vopj(0p2): = (= (= ((opl) € N =

= ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |
4 (Vopj(crsl): = (cpn = {{(crsl), (crsl)}, {(crsl),0})n)n}m))nFn <=mF
{ph € {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): 1 (1 (Vobj (0p2): = (=1 (= ((0p1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobym: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N,Q}))) |
= (Yonj(0p1): = (%1 (Yonj (0p2): = (4 (= ((op1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Yopim: = (= (= (5 () [m] = 0)n = = (fpy =
{{m, m}, {m, rec(fx)[m[} n)n)n = = ((&)[m] = 0 = = (fer, =

Vm: Vn: V(fx): Ded >
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{{m.m}, {m. 0} )} m]) )n)n} ] = {ph € {ph €
P(P(Union ([N, Q}))) | = (Yo (0p1): = (= (Vs (0p2): = (= (= ((opT) € N =
(0p2) € Q)u)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
obj(crsl): = (cpn = {{(crsl), (crsl)}, {(crsl), 1} })n)n}[m] > Vopim:n <=
m = = ((fx)[m] = {ph € {ph € P(P(Union({N, Q}))) |

J
/2:/—\

 (Fop (0D 1): = (= (Vong(0p2): 5 (5 (= ((opT) € N = * ({op2) € Qm)n =
(apn = {{(p1), (opL)}, {(0DT), 0p2)} m)mymm)n)n} |  (Vops(crsD): = (cpp =
(crsl), (ers1)}, {(crsl), 0} })n)n}{m) ])n =n<=m= {ph e {phe
(P(Union({N, Q}))) | = (Vobj(op1): = (= (Vobj(0p2): = (= (= ((opl) € N =
. E(0p2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} |

(

= (

- J

4o 41

Yobjm: = (epn = {{m, m}, {m, ((fx)[m] + {ph € {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): = (= (Yo (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
apn = {{(op1), (op1)},{(op1), (0p2) } })n)n)n)n)n)n} |

= (Yobim: = (= (5 (5 () [m] = 0)n = = (fpy =
{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m]
{{m, m}, {m, 0} })n)n)n)n}[m])}})n)n}m

=

=0= = (fph =

m|={phe {phe
P(P(Union({N, Q}))) | = (Vobj(0pl): = (- (Vobj(op2): = (= (— ((opl) € N =
= ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
5 (Vobj(ersl): = (cpn = {{(crsl), (crs1)}, {(crsl), 1} })n)n}[m]], po, c)]

[SameFreciprocal(Helper) *3" SystemQ + Vm: Vn: V(fx): V objMm:n <=m =
= ((fx)[m] = {ph € {ph € P(P(Union({N,Q}))) |

= (Yobj(0p1): = (=1 (Yonj (0p2): = (= (= ((0p1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)m)n)n)n} | = (Yopj(crsl): = (cpn =
{{(crsl), (crsl)}, {(crsl),O}})n)n}[m])n =n<=m= {phe{phe

(P(Union({N, Q}))) | = (Yab;(0PL): = (* (Vob;(0p2): = (= (= ((opl) € N =
((0p2) € Q) = = (apy, = {{(opL). (op1)}, { (op1), (0p2)} })m)m))m)u)n} |
(Vobjm:  (epn = {{m, m}, {m, ((E)[m] * {ph € {ph € P(P(Union({N,Q}))) |
(%
= (

bj(0p1): = (= (Yobj(0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
aph = {{(op1), (op1)}, {(0p1), (0p2)} u)jn)n)n)n)n} |
= (Yobim: = (= (= (5 () [m] = 0)n = = (fpy =
{{m, m}, {m, rec(fx)[m]} } )n)n)n = = ((fx)[m] = 0 = = (fen =
{{m, m}, {m, 0}})n)n)n)n}[mj)} })n)n}{m| = {ph € {ph €
P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((op1) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
5 (Vobj(ersl): = (cpn = {{(crsl), (crs1)}, {(crsl), 1} })n)n}[m]]

[SameFreciprocal(Helper) % “SameFreciprocal (Helper)”]

P
-
-
-

[SameFreciprocal (Helper) Y% “emma sameFreciprocal helper”]
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SameFreciprocal

ameFrec1procal propf AcAx.P([SystemQ F

[S

V(£x): 5 (Yobj(€): 1 (Vobjn: 51 (Vobm: = (0 <= (€) = = (= (0 = (¢))n)n)n = n <=

m = = (|((&)[m] + (—u{ph € {ph € P(P(Union({N, Q}))) |

ﬂ(V j(0p1): = (-7 (Vopj(0p2): - (7 (5 ((opl) € N = = ((0p2)
5 (apn = {{(op1), (op1)}, {(0op1), (0p2) 1)n

{{(crs1), (ers1)}, {(crs1), 0} Hn)n}[m]))| <= (€) = = (= (|((fx)[m

{ph € P(P(Union({N, Q}))) | = (Vobj(0p1): = (=2 (Vob;(0p2): 1 (= (= ((opl) €

N = = ((op2) € Q)n)n = = (apy, =

{{(op1), (op1)}, {(op1), (0p2) }})m)m)m)n)n)n} | = (Vob;(crsl): = (cppn =

{{(crsl), (crs1)}, {(crs1), 0} Hn)n}[m]))| = (€))n)n)n)n)n)n -

FromNotSameF(Strong) 4 (Vobi (€): = (Vobjm: = (Vopim: = (0 <= (€) =
= (2(0= ())n)n)n = 7 <=m = = (|((fx)[M] + (—u{ph € {ph €

(fx)
P(P(Union({N, Q}))) | * (¥ob;(0p1): = (= (Yob;(0p2): = (= (= ((opl) € N =
~((op2) € Q)n = = (apn = {{(opl), (opD)}, {(op1), (0p2) }})n)n)n)njn)n} |
7 (Vobj(crsl): = (cpn = {{(crsl), (ers1)}, {(crs1), 0} }n)n}[m]))| <= (e) =
~ (5 (I((B)[m] + (—u{ph € {ph € P(P(Union({N, Q}))) |

p S
FHn)n)n)n)n)n} | = (Vop;(crsl): = (cpn =
| < ]

{{(crsl), (crs1)}, {(Crsl) 0}}) )H}[*])) =
objl: 51 (Vopjm:n <=m = = ((fx)[m] = {ph € {ph € P(P(Union({N, Q}))) |

oy
= (Yobj (0p1): 1 (1 (Vobj(0p2): = (=1 (= ((0p1) € N = = ((0p2) € Q)u)n =
= (ap )
(crs
bjm

—

(v (
pn = {{(op1), (op1)}, {(op1), (0p2)} })m)n)m)njnjn} | = (Vopj(crsl): = (cpn =
1), (crs1)}, {(crsl), 0} })n)n}[m])n)n)n; SameFreciprocal(Helper) >
in <=m = = ((fx)[m] = {ph € {ph € P(P(Union({N, Q}))) |

H
Yo

* (Vobj (0p1): = (5 (Yobj(0p2): = (4 (4 ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{(crsl), (crs1)}, {(crsl), 0} })n)n}m])n = n <=m = {ph € {ph €
(P(Union({N, Q1)) |  (Yab(0p1): = (* (Foby (002): -+ (= (= ((0p1) € N =

- ({op2) € Q)n)n = *(apy = {{(op1), (0p1)}. {(oP1), (0p2)} Hm)m)m)mymn} |

7 (Vobym: = (epn = {{m, m}, {m, ((fx)[m]  {ph € {ph € P(P(Union({N,Q}))) |
= (V.
= (

Ob_](opl) 5 (5 (Vobj(0p2): 5 (4 (7 ((opl) € N = = ((0p2) € Q)n)n =
apn = {{(op1), (op1)}, {(0op1), (0p2)} )n)n)n)n)n} |
5 (Vobjm: = (5 (5 (5 ((fx)[m] = 0)n = = (fpn =
{{m, m}, {m, rec(fx))[m]}})n)n)n = S ((x)[m] =0= =~ (fpy =

(
{{m, m}, {m,0}})n)n)n)n}[m])} })n)n}m| = {ph € {ph €
P(P(Union({N, Q}))) [ = (Yobj(op1): = (= (Vobj(0p2): = (* (= ((opl) € N =
= ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |
= (Vobj(crsl): = (cpn = {{(crsl), (crsl)}, {(crsl), 1}})n)n}[m]; ExistMP >
Yapgmin <= m = = ((fx){m] = {ph & {ph € P(P(Union({N, Q}))) |

_I_I_I"U’““J




_I_I_I"U

Vobj(0P1): = (= (Yobj (0p2): 1 (= (= ((0p1) € N = = ((0p2) € Q)n)n =
apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} |

= (Yopjm: = (= (= (= (B [m] = 0)n = = (fpy, =

{{m, m}, {m, rec(fx)[m]} } )n)n)n = = ((fx)[m] =
{{m, m}, {m, 0} })n)n)n)n}[m])}})n)njimf = {ph € {phe

P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((opl) € N =
((0p2) € Q)n)n = = (apy = {{(091;, (opD)}, {(op1), (0p2)}})n)n)n)n)n)n} |
] =

( o

~((op opl)
' (Vobjm ﬁ(eph = {{m m}, {m (@[m} {ph € {ph € P(P(Union({N, Q}))) |
(

= (

Oé—'(fph—

Vobj(ersl): = (cpn = {{(crsl), (crsl)}, {(crsl), 1} })n)n}{m] o>

Vobin: = (Vobjm:n <=m = = ((fx)[m = {ph € {ph € P(P(Union({N, Q}))) |
Vobj (0p1): = (=1 (Vonj (0p2): = (5 (< ((
apn = {{(op1), (op1)}, {(op1), (0p2)
{{(Crsl) (crs1)}, {(crs1), 0} })n)n}{m]
(Union({N, Q}))) | - (Vobj(opl):

o

p1) € N = * ({op2) € Q)u)n =
Drjmm)mnn} | (Fopy(ersL): = (con =
n)n > n <=m= {ph € {phe

(P = (Vopj(op2): = (= (= ((opl) € N =
~((op2) € Q)n = = (apn = {{(op1), (op1)}, {(op1), (0p2) } })n)n)n)n)n)n} |

7 (Vobjm: = (epn = {{m, m}, {m, ((fx)[m] + {ph € {ph € P(P(Union({N, Q}))) |
(Yo

= (

1
)n

—

~—

AE

=~

3

bj(0p1): = (1 (Vopj (0p2): = (4 (1 ((op1) € N = = ((0p2) € Q)n)n =
apn = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
5 (Vobjm: = (5 (5 (5 ((fx)[m] = 0)n = = (fpn, =
{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m] = 0 = = (fpr =
{{m, m}, {m,0}})n)n)n)n}[m])} })n)n}m| = {ph € {ph
P(P(Union({N,Q}))) | = (Vobj(opl): = ( (Vobj(0p2): = (4 (= ((opl) € N =
= ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n
= (Vobj(crsl): = (cpn = {{(crsl), (crs1)}, {(crsl), 1}})n)n}[m]; Gen > n <=
{ph € {ph € P(P(Union({N, Q}))) |
* (Vobj (0p1): = (5 (Yobj(0p2): = (5 (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N, Q}))) |

n} |

)n
<

m

% (Yoi (0D1): = (= (Yong(092): = (+ (4 ((op]) € N = * ((0p2) € Qm)n =

 (apn = {{(op1), (op1)}, {{0p1). (0p2)}m))n)m)nn} |

= (Yogm: = (5 (= (= ((8x) [m] = 0)n = = (fpy, =

{{m. m}. {m, rec(E)[m]} })n)n)n = = ((Bx)[m] = 0 = = (fpy, =

{{m,m}. {m, 0} }Jn)n)n)n}m])} })n)n}[m

P(P(Union({N, Q}))) | = (Vops(opD): = (-

2 (fop2l € Qoin = = (o, = (o]
)

] = {ph € {ph e
(Vobj(0p2): =1 (41 (=1 ((opl) € N =
Or(>1)} ,{(op1), (op2)}})n)n)n)n)n)n} |

crsl), 1} })n)n}[m] > Vopim:n <=

<

= (Vopj(crsl): = (cpn = {{(crsl), (crsl
m = {ph € {ph € P(P(Union({N,Q})))

= (Yobj(0p1): = (1 (Yonj(0p2): = (5 (= ((op1) € N = = ((0p2) € Q)u)n =

—~
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= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: - (epn =
{{m,m}, {m, ((x)[m] « {ph € {ph € P(P(Union({N, Q}))) |
* (Vobj (0p1): = (5 (Yobj(0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} n)n)n)n)n)n} |
5 (Vobjm: = (<1 (5 (7 ((Ex)[m] = O)n = = (fpr, =
{{m, m}, {m, rec(fx)[m[} })n)n)n = = ((fx)[m] = 0 = = (fpr, =
{{m,m}, {m, 0} u)n)n)n}[m])}hn)n}[m] = {ph € {phe
P(P(Union({N, Q1)) | * (Vebg(0B1): > (= (Ven(0b2): - (= ( ((opT) € N =
= ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} |
= ( obj (CI‘S].)I - (Cph =
{{(crsl), (crsl)}, {(crsl), 1} })n)n}[m]; IntroExist @n > n <=m = {ph € {ph €
P(P(Union({N, Q1)) | * (Varg 0D1): = (5 (Y {02): = (= (= (0p1) € N =
S ((op2) € Q)n)n = = (apy = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
5 (Vobjm: = (epn = {{m, m}, {m, ((£x)[m] + {ph € {ph € P(P(Union({N,Q}))) |
* (Vobj (0p1): = (5 (Yobj(0p2): = (< (= ((op1) € N = = ((0p2) € Q)u)n =
(apn = {{(op1), (op1)}, {(op1), (0p2) }})n)n)n)njn)n} |
51 (Vobjm: = (= (= (= ((fx) [m] = U)H = (fpn =
{{m, m}, {m, l“eC(fX)[m]}}) jn)n = = ((fx)[m] = 0 = = (fpr, =
{{m,m}, {m, 0} )u)n)n)n}[m])}hn)n}[m] = {ph € {phe
P(P(Union({N, Q1)) | * (Foug (0D1): > (= (Fony (0p2): (= (= ((0p1) € N =
= ((op2) € Qu)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)} })u)n)n)n)n)n} |
%Ezobj(crsl) = (cpn = {{(crsl), (crsl)}, {(crsl), 1} })n)n}[m] >
(

<

-

objn: T (Vobjm:n <= m = {ph € {ph € P(P(Union({N,Q}))) |

<

obj(0p1): 5 (% (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
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5 (Vobj(crsl): = (cpn = {{(crsl), (crs)}, {(crsl), 1}})n)n}t[m]))| <= (¢) =

= (= (I({ph € {ph € P(P(Union({N, Q}))) |

= (v, ObJ(Opl) (5 (VObJ(Op2) (= (= (

(opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)},{(opl), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N, Q}))) |
4 (Yobj(0p1): = (5 (Yob(0p2): = (5 (4 ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
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{{m, m}, {m, ((x)[m] « {ph € {ph € P(P(Union({N, Q}))) |
= (Vobj(opl): = (< (Vobj(0p2): = (- (- ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n)n} |
5 (Vobim: = (<1 (5 (7 ((Ex)[m] = 0)n = = (fpr, =
{{m, m}, {m, reC(fX)[m]})‘})H) n)n = = ((fx)[m] =0 = = (gTh

{{m, m},{m, 0} P)n)n)n)n}[m])}})n)n}m] + (—udps[m])
(¢6))n)n)n)n)n}; ——Tran51t1V1tyl>{phEP({phEP({phE

P(P(Union({N,Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (=
= ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(opl), (0p2)}
ﬁ( ( ObJ(rl) (1"1) c fp}iﬁ(vobj(opl S (= ; T
= ((op2) € Q)n)n = = ((r1) = {{(op1), (op1)}, {(op1), (op2
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1 (Vob; (FL): Von; (£2): Yob; (£3): Von; 4) {{(7)( D} A(f1), (£2)}} € fpn =
,(f4)}} € fpp = (f1) = (3) = (f2) = (f4))n)n =
(s1) € N = = (Vo (s2): = ({{(s1), (s} {(s1), (s2)}} €
fen)n)njn)n}) | Von;(€): = (Yobim: = (Vopym: = A(5 (0=
m = =(|({ph & {ph € P(P(Union({N, Q})
£ (5 (Vobj (0p2): = (5 (4 ((
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)
[m] + {ph € {ph € P(P (Unlon({NvQ}))) |
= (Yobj(0p1): = (= (Vobj(0p2): = (= (= ((op1) € N = = ((0p2) € Qu)n =
= (apn = {{(op1), (op1)},{(0p1), (0p2) } })n)n)n)n)n)n} |
= (Vobim: = (5 (= (5 ((fx)[m] = 0)n = = (fpn =
{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn =
{{m, m}, {m, 0} })n)n)n)n}[m))} })n)nj[m] + (—uden[m]))| <= () =
= (= (I({ph € {ph € P(P(Union({N, Q}))) | _
 (Vobj(0p1): = (1 (Vo (0p2): = (1 (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n)n} | = (Vopim: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N,Q}))) |
5 (Vobj(op1): = (5 (Vobj(0p2): = (= (= ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
 (Yopym: = (5 (5 (= ((E9)[m] = O)n = = (fp, =
{{m, m}, {m, rec(fx)[m]} })n
{{m, m}, {m, 0} })n)n)n)
{ph € P({ph € P({ph € P(P(Union({N,Q}))) | _
5 (Vobj(op1): = (= (Vobj(0p2): = (= (= ((opl) € N = = ((op2) € Q)n)n =
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- ((op2) € Q)n)n =
n)n} | - (Vopjm: = (epn =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)m)n)njn}) [ = (= (Vo (r1): (rl) €
fen = = (Vobj(0p1): = (% (Vobj(0p2): = (= (= ((0p1) € N = = ((0p2) € Q)n)n =
= ((r1) = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)njujn =

5 (Yobj (F1): Vob; (f2): Vo (£3): Von; (£4): {{(f1), (f1)}, {(f1), (2)}} € fpn =
{{(£3), (£3)}, {(3), (f4)}} € fen = (f1) = (£3) = (£2) = (f4))n)n =

5 (Yobj(s1): (s1) € N = = (Yob;(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fPh) )H) ) | Yobj (€): =1 (Vabyl: = (Fobj: = (0 <= |(6 = 5 (5(0 = (¢))n)n)n =

' (Vobj(opl) = (5 (Vobj(0p2): = (< (= (
= (aph = {{(0p1) (op1)}, {(op1), (op2
]*{ph € {pheP
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= (Yobj(0p1): 1 (1 (Vobj (0p2): = (=1 (= ((0p1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |
= (Yobjm: = (= (5 (5 () [m] = 0)n = = (fpy =
{{m. m}, {m, rec(fx)[m[} })n)n)n = = ((fx)[m] = 0 = = (fpn, =
{{m, m},{m, 0} })n)n)n)n}[m])}})n)n}m] + (—udpn[m}))| <= (¢) =
= (= (/({ph € {ph € P(P(Union({N, Q}))) | I
= (Yobj(op1): = (1 (Yonj(0p2): = (5 (= ((0p1) € N = = ((0p2) € Q)u)n =
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= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobym: = (epn =

{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N,Q}))) |

= (Yobj (0p1): 1 (1 (Vobj(0p2): = (=1 (= ((0p1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(0p1), (0p2)} n)n)n)n)n)n} |

= (Vobjm: = (5 (5 (5 () [m] = 0)n = = (fpn, =

{{m, m}, {m, rec(fx)[m]}})n)n)n = = ((fx)[m] = 0 = = (fpn, =
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fen = = (Vobj(0p1): = (5 (Vobj(0p2): = (= (= ((0p1) € N = = ((0p2) € Q)n)n =
= ((r1) = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n =

—
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{( )7@}7{(” (f4)}} € fen = (f1) = (£3) = (f2) = (f4))n)
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51 (Vobjm: = (5 (5 (5 ((fx)[m] = O)n = = (fpr, =
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{{m,m}, {m, 0} )n)n)n)n}[m])}})n)n}[m] + (—udpn[m]))| <= (¢) =
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1 (Vobj(0p1): =1 (1 (Vobj (0p2): = (= (1 ((opl) € N 0p2) € Qn)n =
“ (apn = {{(opl), (op1)}, {(0p1), (0p2)} })n)n)n)n)njn} |
= (Yopjm: = (= (5 (2 () [m] = 0)n = = (fpr, =
{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn =
{{m, m}, {m, 0} })n)n)n)n}[m])}})n)n}[m] + (—udpn[m]))| <= () =
= (= (I({ph € {ph € P(P(Union({N, Q}))) |

1 (Yonj (0p1): 1 (1 (Yopj (0p2): = (41 (< ((0pl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)},{(op1), (op2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N, Q}))) |

= (Vobj(op1): = (5 (Vobj(0p2): = (4 (< ((opl) € N = = ((0p2) € Q)n)n =
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fen)n)n)njn}) | Yobi(€): = (YobiM: 1 (Vobjm: (0 <= (€) = = (=2 (0 = (¢))n)n)n =

<=m = = (|({ph € {ph € P(P(Union({N, Q}))) |
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apn = {{(op1), (op1)}, {(op1), (0p2) } })n)n)n)n)n)n} | = (Vobj(crsl): = (cpn =
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N = - ((op2) € Q)n)n = - (apy =

{{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vop;(crsl): = (cpn =
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5 (Vobj(op1): 1 (1 (Vobj(0p2): = (4 (< ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =

{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(0p1): =1 (1 (Vobj(0p2): = (4 (7 ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
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4\/

{{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{{ers1), @D}, {(crsD), 1} )} ] + (—udpy )] = ()mpnjn)nn) >
{ph € P({ph € P({ph € P(P(Un.on {(N7 ) |

= (Yonj(0p1): = (=1 (Yonj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} )m)m)n)n)nn}) | = (= (Vobj(r1): (1) €
fen = = (Yobj(0p1): = (= (Vobj(0p2): = (= (= ((0opl) € N = = ((0p2) € Q)n)n =
= ((r1) = {{(op1), (op1)},{(op1), (0p2)} })m)n)n)n)n)n =
= (Yob; (F1): Vob; (f2): Vo (£3): Vo (£4): {{(f1), (f1)}, {(f1), (£2)}} € fen =
f1) = (f3) = (f2) = (f4))n)n =
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) S (50 =

5 (Yobj(opl): = (5 (Vobj(0p2) (= (= ((Opl) €N= =((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N,Q}))) |
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1 (Yobj (0p1): 1 (1 (Yopj (0p2): =1 (41 (1 ((0pl) € N = = ((0p2) € Q)n)n =
< (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
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~—

},{(op1), (op2

(0p2): = (= (=

1) €N = = ((op2) € Qn)n =
Jn)n)njn)njn} | = (Vobim: = (epn =
P(Union({N, Q}))) |

((opl) e N = = ((op2) € Q)n)n =

= (apn = {{(op1),

{{m, m}, {m, rec(fx)
{{m, m}, {m, 0} })n)n)n

pl)}, {(Opl), (Op2
5 (Vobjm: = (5 (5 (2 ((Ex

[m]}]
)

}
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~—

}Hm)njn)n)njn} |

)[m] = 0)n = = (fpr, =
(f)[m] =0 = = (fen =
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{ph € P({ph € P({ph € P(P(Union({N, Q}))) | I
= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n
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fphi+ (Yobj(0p1): = (<1 (Vobj(0p2): = (< (< ((op
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))})IV
{p

m<=m == (|(

{{(13), (f
= (Vo N =
fpn)n)r (e): =

(Opl) (= (Vobj(0p2): =

(va] (52)

bj = (Vobin: =1 (Vobim: =
h € {ph € P( (Union({N, Q}
(= (= ((opl) €N ==

)}} € fph = (fl) = (f3) = (f2) = (f4))n)n =

= (Yo
= (

apn = {{(op1), (opD)}, {(0op1), (0p2)}})n)n)n)n)
{{(crs1), (ers1)}, {(crs1), 1} })njn}[m] + (= ]

{ph € P(P(Union({N, Q}))) | = (Vob;(0p1): = (= (Von; (0p2): = (= (= ((opl) €
N = = ((op2) € Q)n)n = = (apy =

{{(op1), (op1)}, {(0op1), (0p2)} })n)n)n)nn)n} | = (Vop;(crsl): = (cpn =

{{(crst), (crs1)}, {(crs1), 1}})n)n}{m] + (—udpn[m ]))

)
[Reciprocal(R )tﬂ “Reciprocal(R)”]
)

[Reciprocal(R RA

= “lemma reciprocal(R)”]
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TimesCommutativity (F)

[TimesCommutativity (F) “¥ “TimesCommutativity(F)”]

[TimesCommutativity (F) X “lemma timesCommutativity(F)”]

Distribution(F)

[Distribution(F) *= “Distribution(F)”]

[Distribution(F) P “lemma distribution(F)”]

FromMax(1)

proof

[FromMax(1) "—" Ac.Ax.P([SystemQ F Vx: Vy:y <= xF Max > = (- (y <=
x = = (ifly <= xxy) =x)n)nn = = (2 (y <= x)n = = (ifly <= xxy) =
y)n)n; AddDoubleNeg > y <=x>- (= (y <=
x)n)n; ToNegatedAnd(1) > = (= (y <= x)n)n > = (5 (—'\ (y <=x)n = = (if(y <=
x,%,y) = y)n)n)n; NegateDisjunct2 > = (- (y <= x = = (if(y <= x,x,y) =
x)n)n )né%ﬁ(y <=x)n = = (if(ly <=x,x,y) =y)n W B (5 (5 (y <= x)n =

~—

= (ifly <= xxy) =ymnn > =y <=x= = (ifly <= x,xy) =
X)n)n; SecondConJunct > (y <=x= A (if(y <= x,x,y) = x)n)n > if(y <=
% %y) = X[, P, ¢)]

[FromMax(1) stogt SystemQ I Vx: Vy:y <= x - if(y <= x,x,y) = x|

k

(
[FromMax(1) s “FromMax(1)”]
[FromMax(1) 2%

“lemma fromMax(1)”]

FromMax(2)

[FromMax( ) = PP AeAx. P([SystemQ - ¥x: Vy: = (y <= x)n - Max >
S (7 (y <= x= A (if(y <= xxy) =x)n)n)n = 5 (5 (y <=x)n = = (ifly <=
x,%,y) = y)n)n; ToNegatedAnd(1) > — (y <= x)n > 5 (4 (y <= x = = (if(y <=
x,%,y) = x)n)n)n; NegateDisjunctl > = (< (y <= x = = (if(y <= x,x,y) =
Jn)n)n = 4 (4 (y <= x)n = = (1f(y <=x%y)=ynn> o (h(y <=x=
if(y <=x,x,y) = x)n)n )n > A(n(y <= g)n:>—|(1f(y <=XX%Y) =
)n)n; SecondConjunct > = (4 (y <= x)n = = (if(y <= x,x,y) = y)n)n >
if(y <=x,x,y) =y, po, )]
[FromMax(2) S SystemQ F Wx: Vy: =1 (y <= x)n b if(y <= x,x,y) = ]

X 1

J

<
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[FromMax(2) ¥ “FromMax(2)”]

[FromMax(2) 2 “lemma fromMax(2)”]

ToNegatedAnd

[ToNegatedAnd ™% Ac. Ax.P([SystemQ F Va: Vb:a = = (b)n -
AddDoubleNeg > a = - (b)n > = (- (a = = (b)n)n)n; Repetition > ~ (- (a =
S (b)n)n)n > = (= (a = = (b)n)n)n}, po, c)]

[ToNegated And I SystemQ F Va: Vb:a = = (b)n k5 (< (a2 = = (b)n)n)n]

tex

[ToNegatedAnd — “ToNegated And”]

[ToNegated And pyk “prop lemma to negated and”]

DistributionOut

[DistributionOut PP NeAx. P([SystemQ I Vx: Vy: Vz: Distribution >
(x*(y+2)) = ((x*y) + (x* 2)); eqSymmetry > (x * (y +2)) =
((x#y)+ (xx2)) > ((x*y) + (x*2)) = (x* (y +2))], o, ©)]

[DistributionOut *™%" System@Q F Vx: ¥y: Vz: (x * y) + (x ¥ 2)) = (x * (y + 2))]

tex

[DistributionOut — “DistributionOut”]

[DistributionOut ¥ “lemma distributionOut” ]

DistributionOutLeft
[DistributionOutLeft “— POt \eAx. P([SystemQ F

Vx: Vy: Vz: timesCommutativity > (y * x) = (x * y); timesCommutativity >
(z*x) = (x*2); AddEquations > (y xx) = (x*y) > (z*x) = (xx2) >
((y*#x) +(z*x)) = ((x *y) + (x* z)); DistributionOut > ((x*y) + (x *2)) =
(x*(y+2)); eqTransitivity > ((y #x) + (z%x)) = ((xxy) +(x*2)) > ((x*xy) +(x*2)) =
(x*(y+2) > ((y¥x) + (zxx)) = (x* (y +2))], po, )]

[DistributionOutLeft "— stogt SystemQ I Vx: Vy: Vz: ((y * x) + (2 *x)) = (x* (y +2))]

tex

[DistributionOutLeft = “DistributionOutLeft”]

[DistributionOutLeft P “lemma distributionOutLeft”]
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DistributionLeft

[DistributionLeft "= A Ax. P([SystemQ F Vx: Vy: Vz: DistributionOutLeft >
((y *x) + (z*x)) = (x* (y + 2)); eqSymmetry > ((y *x) + (z* x)) =
(x* (y+2)) > (x*(y +2)) = ((y *x) + (2*x))], po, ¢)]

stmt

[DistributionLeft "—" SystemQ F Vx: Vy: Vz: (x * (y + 2)) = ((y *x) + (z* x))]
[DistributionLeft *¥ “DistributionLeft”]
[

DistributionLeft 2 “lemma distributionLeft”]
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fen)n)n)n)n}) | Vopi(€): = (Vopin: = (Vobjm (0 <=(e) = (= (0=(¢))n)n)n =
n<=m = = ([((fy)[m] + (—udpn[M]))| <= (¢) =

= (5 ([((y)[m] + (—udps[M]))| = (€))n)n)n)n)n} = {ph € P({ph € P({ph €
P(P(Union({N, Q}))) | = (Yobj(op1): 1 (= (Yobj(0p2): = (= (= ((0pl) € N =

' (0p2) € Q)H)H = = (apn = {{(Opl) (
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[FromNotLess(R) = “FromNotLess(R)”]
) Py

[FromNotLess(R) = “lemma fromNotLess(R)”]

CartProdIsRelation

[CartProdIsRelation "= FAcax. P([SystemQ - V(sx): V(sy): (r1) € {ph €
P (P (Union({(sx), (s)}))) | = (Yobj(0p1): 1 (= (Vo (0p2): = (= (=1 ((op1) €
(sx) = = ((op2) € Jn)n = = (apy =

(sy)
{{(op1), (op1)}, {(0p1), (0p2)}})m)n)n)n)njn} i- Sep2Formula > (r1) € {ph €
P(P(Union({(sx), (sy)}))) | = (Vobj(0p1): = (=2 (Vobj (0p2): = (= (= ((op1) €

288



(sx) = = ((op2) € (sy))n)n = = (apy =

{{(op1), (op1)}, {(op1), (0p2) } })n)n)n)n)n)n} > = ((r1) €

P(P(Union({(sx), (sy)}))) = = (% (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((opl) €

(sx) = = ((op2) € (sy))n)n = = ((r1) =

{{(op1), (op1)}, {(opl), (op2)}})n)n)n)n)n)n)n)n; SecondConjunct > = ((rl) €
P(P(Union({(sx), (sy)}))) = = (= (Vobj(0p1): = (5 (Vobj(0p2): = (= (= ((opl) €
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4 ((r1) = {{(op1), (op1)}, {(op1), (0p2)}})n

n
[CartProdIsRelation *“3" SystemQ - V(sx): V(sy): Vobj(rl): (rl)

P(P(Union({(sx), (sy)}))) | = (Yobj(op1): = (= (Yobj(0p2): = (= (= ((opl) €

(sx) = = ((0p2) € (sy))n)n = = (apn =

{{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n}

s |

= (Yobj (0p1): = (=1 (Vobj (0p2): = (= (= ((0p1) € (%) = = ((0p2) € (sy))m)n =

(1) = {{(op1). (op1)}, {(op1), (0p2)} })n)m)n)n)n)n

[CartProdIsRelation *= “CartProdIsRelation”]

[CartProdIsRelation ¥ “emma cartProdIsRelation” |

]

FromSubset
[FromSubset "% PIOPT N Ax. P([SystemQ - V(sx): V(sy): V(sz): Vobj(s1): (s1) €
(sx) = (sl) € (sy) = @ (sx) - Repetition > obj(s1): (si gé (s1) €
(L—Y) > Vobi(s1): (s1) (sx) = (sl) e (sy); A4 @ (s2) B> Vopj(s1): (s1) € (sx) =
(s1) € (sy) > (s2) € (sx) = (s2) € (sy); MP 1> (s2) € (sx) = (s2) € (sy) > (s2) €
(%) > (s2) € (sy)],po, c)]

romSubset *3" System(@ + V(sx): V(sy): V(s2): Vobi(31): (s1) € (sx) = (s1) €

[
(sy) & (s2) € (sx) - (s7) € (sy)]

FromSubset > “FromSubset” ]

k
FromSubset 2> “lemma fromSubset”]

SubsetIsRelation
[SubsetIsRelation "= "Ae. Ax.P([SystemQ F
V(sx): V(sy): V(82): V(su): Vb (rl): (r1) € (sx) =
= (Yobj(0p1): = (= (Vonj (0p2): = (5 (= ((op1) € (s2) = = ((0p2) € (sw))n)n =
= ((r1) = {{(op1), (op1)}, {(0p1), (0p2) } ) )m)n)n)n)n)n - Vop;(s1): (s1) € (sy) =
(s1) € (sx) F (r1) € (sy) - Repetition > Vop;(r1): (r1) € (sx) =
(Vs (©P1): (= (Vaps (092): = (5 (5 ([op1) € (52) = = ((op2) € (s} =
(1) = {{{op1), (o)}, {(op1), (0P2) H}Jm)m)mm)n)n 3 Yoy (): (1T) €
5%) = 5 (Vobj(0p1): = (5 (Vobj(0p2): = (5 (= ((opl) € (s2) = = ((op2) €
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{{(op1), (op1)}, {(op1), (0p2)}}) )n) ) ) )n; Repet1t10n>vob1( rl): (r
(sy) = = (Yonj(op1): = (= (Yon; (0p
(sw)n)n = = ((11) = {{(opl) (op
Vobj(rl)( 1) e (sy) = (ObJ(Opl)
= ((0p2) € (sw)n)n = = ((r1) =
{{(op1), (opl)} {( ) (op2)}})n ) Jn)n)n)n}, po, c)]

\/v

= (1) = {{(Opl) (op1)}, {(Opl) (0p2)}})n)n)n)n)n)n
[SubsetIsRelation > “SubsetIsRelation”]

[SubsetIsRelation ¥ “lemma subsetIsRelation” ]

ToSeries
[ToSeries "%’ " A Ax. P([SystemQ F V(fx): V(sy) Vobj(r1): (r1) € (fx) =
(Vo (OP1): = (5 (s(0D2): = (= (5 ((opT) € N =  ((op2) € (sy))m)n =
= ((r1) = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n
Vobj (£1): Vob; (£2): Vob; (£3): Vob; (f4): ifl ,@} {Q, fi} € (fx)i -
(), ()}, {), ()} € (&) = (1) = () = () = (6 b Vou,(51): 1) €
N = = (Vobi(52): = ({{(s1), (s1)}, {(s1), (s2)}} € (E))m)n -
Repetition > Vop;(r1): (r1) € (fx) =

“ (Vobj (0p1): =1 (5 (Yobj(0p2): = (< (=1 ((0p1) € N = = ((0p2) € (sy))m)n =
= ((r1) = {{(op1), (op1)}, {(op1), (0p2)} })m)n)n)n)n)n 3> Vep,; (rl): (r1) €
(fx) = _.'(VObJ ) (5 (Yobj(0p2): = (4 (7 '

Lﬁ)n)n =5

(
{{(op1), (Opl)

(B > (ng op1): B o P
(o wn = = (1) = {{(op1), (op1)}, {01, (oD2)}}))m)m)m)m)n

Vot (1): Vb 2): Vo (13): Vs (F0): {{(F1), (FD)}, {1, ()} € (o) =
(), @)}, (03, ()} € (5) = (1) = () = () = ()

(Yo (1)< (L) € (80) = (Yo (0DD): = (= (Vony(02): = (= (= ({opD) € N =
<< 2 < Emn = (@D =



5 (Vo (F1): Yoy (2): Von; (£3): Von; (F4): {{(f1), (f1)},
@3)7®}7{(f3) (f4)}} € (fx) = (f1)

(f4))n)n; Repetition > = (Vobj(r ):

“ (Vo (0p1): 5 (< (Vobj(0D2): = (
= (1 i{{(opl) (op1)}, {(o ) op2
= (v, ObJ(fl) obj (£2): V. obj (£3): Vob : )
{{(f3), (£3)}, {(£3), (f4)}} € (£ ) = (f1) = (f3) = (f2) = (f4))n)n >

(

_l
— »—l
J-

= (Yobj (r1): (1) € (fx) = = (Vopj(0p1): = (= (Yobj (0p2): = ( (= ((opl) € N =
= ((0p2) € (sy))m)n = = ((r1) =
{{(op1), (op1)}, {( D), (op2)}nmmnjo)n =
5 (Vob; (1): Vob; (f2): Vob; (f3): Vo, f) {{(t1), (f1)},{(f1), (2)}} € (fx) =
€ (Ix

{{(f3), (83)}, {(f3), (f4)}}
(f4))n

(f4))n)n; JoinConjuncts &> = (¥,
= (Yobj (0p1): = (1 (Vobj (0p2): =
= (
= (v

(r1) = {{(op1), (op1)}, {(0
obj(f1): Vob; (£2): Von; (£3): Von,
{{(f3), (83)}, {(£3), (F4)}} € (£ )=>(f1 =B)=(2)=
(F4))n)n &> Vobj(s1): (s1) € N = = (Yonj (s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
@) n)n > = (5 (Vopj (rl): (1) €

Yobj(0p1): = (5 (Vobj(0p2): = (= (= ((op1
rl) = {{(op1), (op1)}, {(op1), (0p2)}})
obj (F1): Vob; (f2): Von; (£3): Vou; (f4): {{(f1), (1)}, {(£1), (2)}} € (fx) =

(£3), (f4)}} € (fx) = (1 n

)eNjﬁ(vobj(S )
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* (Yonj(0p1): = (1 (Vonj (0

= ((r)) = {{(op1), (op

Ao
Yo (F1): ob; (£2): Yop; (£3): V.
{{(13), (£3)}, {(3), €

(4)
N = = (Vo (52): = ({{(s1),
(fx) = = (Vobj(0p1): = (= (Vob;

1 b )
(sy))n)n = = ((r1) = {{(op1), (op1)}

{wmgggi
% (Yopg51): (3 )GNiﬂWm(%%

[ToSeries “= “ToSeries”]

pyk
[ToSeries — “lemma toSeries”]

FromSeries

(
(vaJ (ﬂ) Vob (f2) vobj (f?)) vobj (f4)
(£3),

[FromSeries " P A, P([SystemQ F V(fx)

(VobJ(Opl) S (5 (Vopj(op2): = (5 (+

= ((r1) = {{(op1), (op1)}, {( {(Opl) (Op
1 (Vobj (F1): Vob; (£2): Von; (3):V

{{(83), (13)}, {(13), (f4)}} € () =

(Yo (51): 51) € N = = (Yo (52): -
(fx))n)n)n)n - Repetition > = (=

= (Yobj (0p1): = (1 (Vobj (0p2): = (= (=

()= () = {)wn =
), (s1)},{(s1), (s2)}} €
rl) € (fx) =

= ((r1) = {{(op1), (op1)}, {(op1), (op
= (Vobj
{{( 3),

(f
(£3)
pi(s1): (1) € N = = (Vop;(s2): =
w)m)n 3> (5 (Ve (L): (1) €
(Opl (VObJ (op2):  (~ (

(£))n

) obj (f2) vobJ (f3) Vob (f4)
£3)}, {(£3), (f4)}} € (fx) = (f1) = (&

N
)

)i (=
= {{(op1), (op1)},{( {(Opl) , (op
obj (f1): Vo (£2): Von; (£3): V. 4):

Hzﬁg@gﬁ) Mnuz&;i

eN= - (vobj (S2
epetition > = (5 (Vop;

~—
A
}—‘




(), 1), (). [} € (8 = [0 = ) = () = [ -
5 (Vobj(s1): (s1) € N = = (Vop; (s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
(f))n)n)n)n > = (- (Yobi(rl): (r1) € (fx) =

Vobj(0p1): = (5 (Vobj(0p2): = (4 (5 '

). )} (), (@)} € (B0 = (1) = (1) = (1) = [@)nn =
5 (Vobj(s1): (s1) € N = = (Vop;j(s2): - ({{(s1), (s1)}, {(s1), (s2) }} €
(fx))n)n)n)n; Repetition &> = (= (Vop;(rl): (r1) € (fx) =

Vobj(opl): = (op2) ( €N = = ((op2) € (sy))n)n =
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{{(13), (13)}, {(£3), (f4)}} € (fx) = (f1

)
4 (Vobi(31): (31) € N = = (Vop(s2): = ({{(s1), (s1)

1
(fx))n)n)n)n; Repetition > = (51 (Vob(rl): (rl)

@)} L ) = (f1) = (83) = (£2) = (f4)))n =
5 (Vobj(s1): (s1) € N = = (Vop; (s2): 7 ({{(s1), (s1)}, {(s1), (s2)}} €
(B))n)n)n)n > = (5 (Yobi(rl): (r1) € (fx) =
Yob; (opl): = (-~ (VObJ (op2): = (— (=

: :(s1)
(£x))n)n)n)nf, po, c)]

[FromSeries *2 System(Q - V(£x): V(sy): (5 (Vopj(rl): (r1)

= (Yobj(0p1): = (= (Yonj (0p2): = (= (= ((opl
)

{{(13), (£3)}, {(13), (f4)}} € (£x) = (f1) = (£3) = (£2) = (£

= (Vobj (1)1 Vob; (£2): Vob; (£3): Von; (f4): {{ (f1), (f1) }, {(f1), (2)}} € (fx) =
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b
{{(83), (13)}, {(13), (f4)}} € (fx)
= (vobj Sl): 1) ecN= - (Vobj

/\\—/
—~
=

(s2): =
[FromSeries “ “FromSeries”]

. pyk .
[FromSeries = “lemma fromSeries”]

SeriesSubsetCP

proof

[SeriesSubsetCP "— Ac.Ax.P([SystemQ F V(fx): V(sy): = (5 (Vobj(rl): (r1) €

(fx )éﬁ(\fom(op) = (5 (Vobj (0p2): =

(+(=((op1) € N = = ((op2)

1
(r1) = {{(op1), (op1)},
(Vobj (F1): Vob; (£2): Von; (£3): Von; (f4):

{(op1), (0p2)}})n)n)n)n)n

{{(f0), (F)}, {(f1), (12)}} € (Bx) =

(), (), (0B, ()} € (6) = (1) = () = () = [E)u)n
= (Vo (51): (51) € N = = (Vo (52): = ({{(s1), (51)}, {(s1), (52)}}
(fx))n)n)n)n - (s1) € (fx) - FromSeries > * (4 (Vob; (r1): (r1) € (
= (Yobj(0p1): = (5 (Yonj (0p2): = (= (= ((op1) € N = = ((0p2) € (s
= ((r1) = {{(op1), (op1)}, {(0p1), (0p2)} Pu)n)n)njn)n =
;'(VObJ 1) Vob; (f2):vobj (f3) Vobj (f4) )

- Vobj(fl):vob-
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ﬁecondConjunct > = ((opl) € N = = ((op2) € (Sy)ﬁ > (op2) €

(sy); SecondConjunct > = (-

((op1) € N'= = ((op2) € (sy))n)n = = ((s1) =

{{(op1), (op1)}, {(op1), (op2

Hn)n > (s1) =

)
)

{{(op1), (op1)}, {(op1), (0p2)}}; eqSymmetry > (s1) =

{{(op1), (op1)}, {(op1), (0p2)}} > {{(0p1), (op1)},{(op1), (0p2)}} =
(s1); ToCartProd o> (opl) € N &> (0p2) € (sy) >

{{(op1), (op1)}, {(op1), (0p2)}} € {ph € P(P(Union({N, (sy)}))) |

= (Vobj(0p1): = (= (Vopj (0p2): =

(= (= ((op1) € N = = ((0p2) € (sy))n)n =

= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n)n}; SameMember >

{{(op1), (op1)}, {(op1), (0p2)}} = (s1) & {{(0p1), (op1)}, {(0p1), (0p2)}} €
{ph € P(P(Union({N, (sy)}))) | = (Yobj(op1): = (= (Vonj(0p2): = (= (= ((0p1) €

N = = ((op2) € (sy))n)n = -

(aPh =

{{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} > (s1) € {ph €
P(P(Union({N, (sy)}))) | = (Vobj(op1): =1 (= (Vobj(0p2): = (= (= ((opl) € N =
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= ((op2) € (sy))n)n = = (aph =

{{(op1), (op1)},{(0p1), (0p2)}})n)n)n)n)n)n}; Ded > V(sy): = (= ((opl) € N =
S

S

= ((0p2) € (sy))n)n = = ((s1) = {{(op1), (op1)}, {(0p1), (0p2)} }))n - (s1
{ph € P(P(Union({N, (sy)}))) | = (Yobj(0p1): = (= (Vonj(0p2): = (= (= ((op1

N = = ((op2) € (sy))n)n = = (apn =

{{(op1), (op1)},{(op1), (0p2) } Phn)n)n)n)njn} > = (= ((opl) € N = = ((op2) €

(sy))n)n = = ((s1) = {{(op1), (op1)},{(opl), (0p2)}})n)n = (s1) € {ph €
4 (- ((opl) e N =

~—

~—

P(P(Union({N, (sy)}))) | = (Vonj(0p1): = (= (Vobj(0p2): = (
= ((op2) € (sy))n)n = = (apn =

{{(op1), (opD)}, {{op1). (0p2)} Pm)m)m)m)n)n}; TwiceExistMP t> = (*({opl) €

n
N = = ((op2) € (sy))n)n = = ((s1) = {{(op1), (op1)}, {(op1), (0p2)}})n)n =
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= (Yobj (f1): Vob; (f2): Vo (3): Vo (f4): {{(f1), (1)}, {(f1), (2)} } € (fx) =

{{(B3), )}, {{13), ()}} € () = (1) = (8) = (
( ,

(fx))n)n)n)n = MP > = (5 (Vob; (v
5 (Vobj(op1): = (= (Vobj(0p2): = (

(
= ((r1) = {{(op1), (op1)},{(op1), (0p2)}}
= (Yon; (F1): Vob; (f2): Vo (£3): Vo (£4): {{(f1), (f1)}, {(f1), (f2)}} € (fx) =

{{(£3), (3}, {(83), (f4)}} € (Fx) = (f1) = (£3) = (f2

5 (Vobj(s1): (s1) € N = = (Vobj(s ({(s1) (s1),(s2)}} €
(fx) )n)n)n)n = Vop;j(sl): (s1) € (fx) = (s1) € {ph € P(P(Union({N, (sy)}))) |
5 (Vobj(op1): = (= (Vobj(0p2): = (< (

- (ai:ﬂ SRS 5 }

Vobj(s1): (s1) € (fx) = (s1) € {ph € P(P(Union({N, (sy)}))) |

1 (Vobj(op1): = (5 (Vobj(0p2): = (1 (= ((opl) € N = = ((0op2) € (sy))n)n =
“ (apn = {{(op1), (op1)}, {(op1), (0p2)} Hm)m)n)n)n)n} > Vop;(s1): (s1) €
(fx) = (s1) € {ph € P(P(Union({N, (sy)}))) |

“ (Vobj (0p1): = (5 (Yobj(0p2): = (< (1 ((0p1) € N = = ((0p2) € (sy))n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n}1, po,c)]

[SeriesSubsetCP *25° System(Q + V(fx): V(sy): = (= (Vobj(rl): (rl) € (fx) =

1 (Vobj(0p1): =1 (=1 (Vobj (0p2): = (= (- ((opl
= ((r1) = {{(op1), (op1)}, {(op1), (o0p2)}})

1 (Vo (f1): Vob; (£2): Vob; (£3): Vob; (f4): {{ (1), (f1)}, {(f1), (£2)}} € (fx) =
). )} ), (@)} € (5 = (1) = (1) = () = [@)nn

5 (Vobj(s1): (s1) € N = = (Vop;(s2): 1 ( s1)}, {(s1), (s

(fx))n)n)n)n F Vopj(sl): (s1) € (fx) = (s1) € {ph € P(P(Union({N, (sy)}))) |

= (Yonj(op1): = (5 (Vopj(0p2): = (5 (= ((op1) € N'= = ((0p2) € (sy))n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n}|
[SeriesSubsetCP % “SeriesSubsetCP”]

[SeriesSubsetCP X “emma seriesSubsetCP”|
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ValueType
[ValueType Proof N Ax. P([SystemQ F Vm: V(fx): ¥(sy):m € N+
= (5 (Yobj (r1): (11) € (£x) = = (Yonj(0p1): = (= (Vonj(0p2): = (= (= ((opl) € N =
= ((op2) € (sy))n)n = = ((r]) =
{{(op1), 1( pvl)} {(op1), (0p2)}})n)n)n)n)n)n =

= (Vobg (F1): Vob; (£2): Yob; (£3): Yob; (£4): {{(F1), (1)}, {(F1), (2)}} € (fx) =
{{(£3), (83) n
(s1)

)

3)},{(83), (H)}} € (fx) = (f1) = (£3) = (£2) = (f4))n)

5 (Vobj(s1): ( 1) eN= (¥ Ob]( 2):-
@)n) n)n)n - MemberOfSeries >
1 (Vobj (op1): = (= (Vobj(0p2): = (= (=

S (1) = {{(Opl) (op1)}, {(op1), (0
( ﬂ) obj (f2) Vobj (f3) vObJ(f

BJ
= Mm
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i(51): (1) € N = = (Vg (52): =
Jnjn > {{m, m}, {m, (fx)[m ]}
eriesSubsetCP > = (= (Vob;
£ (1 (Vobj(0p2): = (5
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{{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} & {{m, m}, {m, (fx)[m]}} €
() > {{m, m}, {m, (fx)[m]}} € {ph € P(P(Union({N, (sy)}))) |

= (Yobj (0p1): = (= (Yobj(0p2): = (= (= ((0p1) € N = = ((0p2) € (sy))m)n =

“ (apn = {{(op1), (op1)}, {(0op1), (0p2)}})n)n)n)n)n)n}; FromCartProd(2) >
{{m.m}. {m, (<) im]}} € {ph € P(P(Union({N, (sy)})))
= (Vobj(opl): =1 (= (Vobj(0p2): = (= (- ((opl) € N = = ((op2) € (sy))n)n =
= (apn = {{(op1), (op1)},{(0p1), (0p2)} })n)n)n)n)n)n} > (fx)[m] €
(sy)1: po; ©)]
[ValueType I SystemQ b Vm: V(fx):V(sy):m € N I = (5 (Vop; (r1): (11) €
(£) = = (Yobj (0p1): = (= (Yobj (0p2): = (= (2
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@) n)n = = ((r1) = {{(op1), (op1)}, {(op1),

= (Y (F1): Vo (12): Y E3): Vo (F0): {{(FD), (D)}, {{ >L>}}e<fx>
({{), [3)}, (), ()} € (&) = (1) = () = () = [{@))n =
% (Yapg(51): (1) € N = (Yo (2): 5 ({51, G}, {51), (2)} €

(fx))n)n)n)n F (fx)[m] € (sy)]
[ValueType =% “ValueType”]

[ValueType P “emma valueType”]

RemoveOr

[RemoveOr progt Ac.Ax.P([SystemQ F Va: = (a)n = a F Repetition > = (a)n =
a> S (a)n = a; Autolmply > a = a;FromNegations>a = al> - (a)n = a>

§~| ; PO, C)]
[RemoveOr “Y SystemQ F Va: (an=at a3
[RemoveOr = “RemoveOr”]

pyk
[RemoveOr = “prop lemma remove or”]

FromSingleton

[FromSingleton PrOOF N Ax. P([SystemQ + V(sx): V@ sx) €4
Repetition > (sx) € {(sy), (sy)} > (sx) € {(sy), @} r2FoEm

{(sy), (59)} > = ((sx) = (sy))n = (sx) = (sy); RemoveOr &>
(sx) = (sy) > (5x) = (sy)], o, ©)]

x):V(sy): (5x) € {(sy), (59)} F () = (sy)]

FromSingleton * e SystemQ F V(s

[
[FromSingleton ¥ “FromSingleton”
[

FromSingleton > Y “emma fromSingleton”]

InPair(1)
[InPair(1) P AeAx. P(fSystemQ F V(sx): V(sy): eqReflexivity > (sx) =
(sx); WeakenOr2 > (sx) (sx) > 4 ((sx) = (sx))n = (sx) =

sy); Formula2Pair > 5 ((sx) = (sx))n = (sx) = (sy) > (sx) €

(%), (sy)}1, po, ©)]
[InPair(1) **5" System( + V(sx): V(sy): (sx) € {(s%), (sy)}]



[InPair(1) < “InPair(1)”]

[InPair(1) X “lemma inPair(1)”]

InPair(2)

[InPair(2) Proof e Ax. P([SystemQ FV(sx) ) V(sy) R flexivity > (sy) =
(sy); WeakenOrl i (sy) = (sy) > = ((sy

(sy); Formula2Pair > = ((sy) = (sx) ))?(

(s%), (sy) )H Po; ©)]
InPair(2) *2" SystemQ - V(sx): V(sy): (sy) € {(sx), (sy)}]

o
v

V/\
]
v

/\v
—~ @
)
<
~—

[ )
[InPalr(2) ti) ‘InPalr( ) ]
[ )

InPair(2) 2% “lemma inPair(2)"]

SameMember(2)

proof

[SameMember(2) "= Ac.Ax.P([SystemQ F V(sx): V(sy): V(sz): (sx) = (sy) F
(sy) € (s2) F eqSymmetry > (sx) = (sy) > (sy) = (sx); SameMember &> (sy)

(sx) &> (sy) € (s7) > (s%) € (52)[, po, O]

[SameMember(2) *3" SystemQ + V(sx): V(sy): V(s2): (sx) = (sy) - (sy) € (s2) F
(sx) € (s2)

[SameMember(2) ¥ “SameMember(2)”]
[

SameMember(2) X “lemma sameMember(2)”]

ToBinaryUnion(1)

[ToBinaryUnion(l) POt \eAx. P([SystemQ - V(sx): V(sy): V(sz): V(su): (sx) €
sy) F InPair(1 ) > (sy) € {(sy), ( z) }; JoinConjuncts > (sx) € (sy)

>
{(SY) (s2)} > = ((sx) € (sy) = = ((sy) € {(sy), () })n)n; IntroExist @ (sy)

)]
farl
I v

S (%) € (sy) = = ((sy) € {(sy), () Pn)n > = (Vopj (su): = (4 ((sx) € (su)

= ((su) € {@, Q}) n)n)n)n; Formula2Union > = (Vop; (su): = (5 ((sx) € (su) =
= ((su) € {(sy), (s2)})n)n)n)n > (sx) € Union({(sy), (sz)}); Repetition > (sx) €
Union({(sy), (sz)}) > (sx) € Uni

(sy), (s2)})
)

[ToBinaryUnion(1 2 SystemQ
(sx) € Union({(sy), (sz)})]

on({(sy), (s2))T, po, )]
= V(sx): V(sy): V(s2): V(su): (sx) € (sy) I
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[ToBinaryUnion(1) ‘< “ToBinaryUnion(1)”]

[ToBinaryUnion(1) ¥ “emma toBinaryUnion(1)”]

ToBinaryUnion(2)

[ToBinaryUnion(2) "% f e ax. P([SystemQ F V(sx): V(sy): V(sz): V(su): (sx) €

sz) F InPair(2 ) > (sz) € {(sy), (sz)} JoinConjuncts > (sx) € (sz) D(siz)é

{( y), (s2)} > = ((sx )G)(Z) = ((s2) € {(sy). ( 2)})n)n; IntroExist @ (s

>
su): 5 (< ((sx) € (su) =

5((sx) € (s2) = = ((s2) € {(s), (s9)Hn)n > = (Von (s (su)

S ((su) € {(sy), (s2) })n)n )n)n; Formula2Union > = (Vop;(su): = (5 ((sx) € (su) =
= ((su) € {(sy), LZ)}) n)n)n)n > u € Union({(sy), ( ) }); Repetition DLX) €
Union({(sy), (s2) ) > (sx) € Union({(sy), (s2)}), po, c)]

% “ToBinaryUnion(2)”]

)
ToBinaryUnion(2) 2 “emnma toBinaryUnion(2)”]

FromOrderedPair(TwoLevels)

[FromOrderedPair(TwoLevels) POt N Ax. P([SystemQ F
V(sx): V(sy): V(sz): V(su): (sx) € (sy) F (sy) € {{(s2), (s2)},{

Repetition > (sy) € {{(s2), (s2)}, {(s2), (su)}} > (sy) €
{{(s2), (s2) {( z), (su)} }; Pair2Formul

((sy. J P = (sy) = {(s2), (su) }; ¥(sx): ¥(sy): V(s2):
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_|.
—~—

N
~—
—~

wn

N
~—
~—|

:3

)}
l<
—

—

1))

N
3
—

S

I |

)
¥
m
—
)]
<
N—
T
U)
tlj
Z
Q
—
v
()]
<
N—|
I
)
N
S—|
N
X
—

—~~
0
N
~—|
—~
wn
N
~—

TN A
\/uv—/hv—“,_.«_\v

wn
53
~—|
T
e
]
<
=
0
=+
@]
=
Y
—
wn
=
N—
m
—~
w0
N
)
N
S—
—
Y
w
w
SN—"

|
wm
N
il
w
<
Il
o
N
N~—
S—
=
)
"
—,
Il
—~
)
c
S~—|
<C
w
Na¥
=
7))
<
<
w
N
S~—
<C
w
[
S—
W
2]

pigy|
)
=
N

—~

o2}

N
~—
——

TV
|~
IS
< d

~
»n
=

N

A~ A
» |~
[« 7))
~| N
S
@
(oW
v
=
w0
<
N>

—
2]
"

Na»

!
)
=1

Z
v
7]

~<

¥

]
2
N
-
I
e

a
R
o
@
ol

=
=2
v

—~
w0
"

N

— <C
EIJ/V\
%
Il
wn| >
=
Sa N
\25=S
/—\U
S
i<-/\_/
<C
|
wn
e
S—
(2
~—|
I

|
wn
s
Nas
Il
|
»
N
>

—~ .
wn

J
N —

|

|
—

)

N

-
/a?”
=N
~~|
——| N
n U/\JH
)]

i

N~—

m

)

2]
S— | —

~— —|
=}
N
w0
»
~—|
I
—
w0
=
:-/
e
Q

—
)
=

Nas

—~
)

52

-

5 m v
Mz
wn
ZUnwv

N |

2z
w0

N

w

~<

N’

—~
w0
"
~—]
|
~—~
w3
"
~—]

IJ-

|
wn
N
N
—
w0
o
~—]
Vo
o
i
m
—
wn
=
\V4
|
w
ey
Il
>
N
~—
N~—
=
>
B
Il
>
o
-
ko)
(e]
(@]
=

stmt

[FromOrderedPair(TwoLevels) "—" SystemQ I V(sx): V(sy): V(sz): V(su): (sx) €
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(sy) = (sy) € {{(s2), (s2)}, {(s2), (s} F = ((sx) = (s2))n = (%) = (su)]
[FromOrderedPair(TwoLevels) — “FromOrderedPair(TwoLevels)”]

tex
—
[FromOrderedPair(TwoLevels) ¥ “lemma fromOrderedPair(twoLevels)”]

ToCartProd(Helper)

proof

[ToCartProd(Helper) "— Ac.Ax.P([SystemQ +
V(53 V(eL): Yoy ) V(sy): (se): () € (1) - (s9) € ov1) - (57) €

H{(sx), ()}, {(sx), (sy) } } F(s1) € (sz )I—Fron;OrderedPair(TWioLevels)DEE

(52) € {{(sx), ()}, {(s) (sy) }} > = ((s1) = (sx))n = (s1) =

(sy); V(sx): V(sx1): @Q (sx1) (s1) = (sx) - SameMember(2) &> (s1)

(sx) > (sx) € (sx1) > (s x1); ToBinaryUnion(1) > (s1) € (sx1) > (s1) €
});V(le)iv(s ):V(syl): (sy) € (syl) F (s1) = (sy)
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(s1) € Union({(sxl) (
Union({(sx1), (sy1)});

(sx) € (sx) )€
Unlon({(sxl) (syD)}); Ded o> V(sx1): ¥(sy): V(syl): (sy) € (syl) (s1) = (sy) =
(s1) € Union({(sx1), (syl)}) > (sy) € (syl) 7(571) = (sy) i(ST €
Union({(sx1), (sy1)}); MP > (sy) € (syl)i sl) = (S’LL sl) €
Union({(sx1), (syl)}) & (sy) € (syl) > (sl)j@ = (sl €
Union({(sx1), (sy1)}); FromDisjuncts > = ((s1) = (sx))n = (s1) = (sy) &> (s1) =
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(
mon({(SX1)>@})-| » PO, C)]

[ToCartProd(Helper) *2 System(Q + V(sx): V(sx1): V(sy): V(syl): V(sz): (sx) €

(sx1) F (sy) € (syl) F (sz) € {{(sx), (sx)}, {(sx), (sy) }} F Vobj(s1): (s1) € (sz) =

~—

1) € Union({(sx1), (sv1)})]
[ToCartProd(Helper) “ “ToCartProd(Helper)”]
[ToCartProd(Helper) ¥ “emma toCartProd helper”]

ToCartProd

[ToCartProd progf Ac Ax.P([SystemQ F V(sx): V(sx1):V(sy): V(syl): (sx) €

(sx1) F (sy) € (svD) - (1) € {{(s), (50}, {9, (sy)}} -

ToCartITod(Helper) D> (sx) € (sx1) > (sy) €
€

{{(59), (59}, {(5%); (55)}} > Vony (51): (1)

Union({(sx1), (syl)}); Formula2Power > V,1,;(s1): (s1) € (s1) = (s1) €

(sx1), (syl)}) > (s1) €

Union(

-

(%), ()}, {(5x), (sy) }} = (s1) € P(Union({(sx1), (sy1)})) >
1A

A, (sy)} = (s1)

{H{(sx), (%)}, {(sx), (sy) {(sx), (5x)}, {(5%), (sy) } }; JoinConjuncts &> (sx) €
(sx1) > (sy) € (sy1) > = ((sx) € (sx1) = = ((sy) €
(syl))n : ) = = ((sy) €
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[ToCartProd = “ToCartProd”]

[ToCartProd X “lemma toCartProd”]

Nonreciprocal ToRight(Eq)

proof

[Nonreciprocal ToRight(Eq) "— Ac.Ax.P([SystemQ - Vx: Vy:Vz: = (y = 0)n +
(x*y) = z F eqMultiplication > (x * y) = z > ((x * y) * recy) = (z * recy); x =
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xxy* (1/y)>=(y =0)n>> x = ((x*y) *recy); eqTransitivity > x =
((x *y) *recy) B> ((x * y) * recy) = (z * recy) > x = (z * recy)], po, c)]

[Nonreciprocal ToRight(Eq) *3" SystemQ F Vx: Vy:Vz: 5 (y =0)n bk (xxy) =z
x = (z* recy)]

[Nonreciprocal ToRight (Eq) ¥ “Nonreciprocal ToRight (Eq)”]

[Nonreciprocal ToRight (Eq) P “emma nonreciprocal ToRight (Eq)”]

Nonreciprocal ToLeft(Eq)(1term)

proof

[Nonreciprocal ToLeft(Eq)(1term) "= Ac.Ax.P([System@Q F Vx: Vy: 1 = (x*y) F
eqSymmetry > 1 = (xxy) > (x *y) = 1; Nonreciprocal ToRight(Eq) (1term) >
(x*y) = 1> x = recy; eqSymmetry > x = recy > recy = x|, po, )]

[Nonreciprocal ToLeft (Eq) (1term) *3° SystemQ + V: Vy:1 = (x*y) F recy = x]
[Nonreciprocal ToLeft(Eq)(1term) =¥ “Nonreciprocal ToLeft (Eq)(1 term)”]

[Nonreciprocal ToLeft(Eq)(1term) 2 “lemma nonreciprocalToLeft(Eq)(1
term)”|

SameReciprocal

proof

[SameReciprocal "= Ac.Ax.P([SystemQ F ¥x:Vy: = (x = 0)nk x =
times1Left > (1 * x) = x; eqTransitivity > (1 xx) =x>x =y > (1
y; Nonreciprocal ToRight(Eq) > - (x = 0)n > (1 xx) =y > 1 =

(y * recx); timesCommutativity > (y * recx) = (recx * y); eqTransitivity > 1 =
(y * recx) > (y * recx) = (recx xy) > 1 = B

(recx * y); Nonreciprocal ToLeft (Eq)(1term) > 1 = (recx * y) > recy =

recx; eqSymmetry > recy = recx 3> recx = recy |, po, C)]
[SameReciprocal 1Y System(Q + Vx: Vy: = (x = 0)n - x =y I recx = recy]
[SameReciprocal % “SameReciprocal”]

. pyk .
[SameReciprocal = “lemma sameReciprocal”]

CPseparationlsRelation

[CPseparationIsRelation progf Ac. Ax.P([SystemQ |- Va: V(sx): V(sy): (s1) €
{ph € {ph € P(P(Union({(sx), (sy)}))) |
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1 (Vobj(0p1): =1 (41 (Vobj (0p2): -
5 (apn = {{(op1), (op1)},{(0

Separation2formula(1) > (s1)

= (Yobj (0p1): 1 (1 (Vobj(0p2): = (= (=1 ((0p1) € (sx n

= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | a} > (s1) € {ph €

P(P(Union({(sx), (sy)))) | = (Yobj(op1): = (= (Vobj(0p2): = (= (= ((0p1) €

(sx) = = ((op2) € (sy))n)n = = (aph =

{{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n}; va: v(sx): v(sy): Ded &>

Va: V(sx): V(sy): (s1) € {ph € {ph € P(P(Union({(s
Yobj(0p1): =1 (5 (Vob (0p2): = (=1 (1 (

1

= (
= (apn = {{(op
P(P(Union({(sx),

(= (= ((op1) € (sx) = = ((0p2) € (sy))m)n =

pl), (0p2)}})n)n)n)n)n)n; | aj
€ {ph € {ph e P(P

»
—

w
N
=
=
=

/\:—\
Q
T
—
~—
—
——
o
T
—_
~—
—
Q
ie)
[\

| —] —
-~ O
T
=}
~—
j}
~—
2
=
=}
—
=}

(

{{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)njn} > Vop;j(s1): (s1) € {ph € {ph €
P(P(Union({(sx), (sy)}))) | = (Vobj(0p1): = (5 (Voj (0p2): = (= (= ((op1) €
(sx
{

(sx) = = ((op2) € (sy))n)n = = (apn =

{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | a} = (s1) € {ph €
P(P(Union({(sx), (sy)}))) | 1 (Vobj(0p1): =1 (-1 (Vobj(0p2): = (< (1 ((opl) €
(sx) = = ((op2) € (sy))n)n = = (apn =
{{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n}; Repetition &> Vop;(s1): (s1) €
{ph € {ph € P(P(Union({(sx), (sy)}

—

~—

“ (Yobj (0p1): = (5 (Yobj (0p2): = (= (= ((0p1) € (sx) = = ((0p2) € (sy))n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | a} = (s1) € {ph €
P(P(Union({(sx), (sy)}))) | = ( obj(0P1): = (= (Vobj(0p2): = (= (= ((opl) €
(sx) = = ((0p2) € (sy))n)n = = (apy = -
{{(op1), (op1)}, {(op1), (0p2) }})n)n)n)n)n)n} > Vob;(sl): (s1) € {ph € {ph €
P(P(Union({(sx), (sy)}))) | = (Vobj(op1): = (= (Vobj(0p2): = (= (= ((opl) €
(sx) = = ((op2) € ) = ﬁ(aph =

(sy)
{{(op1), (op1)}, {(op
P(P(Union({(sx), (sy)

(sx) = = ((op2) € (sy))n)n = _‘(aPh =

{{(op1), (op1)}, {(opl), (0p2)}})n)n)n)n)n)n}; CartProdIsRelation >
VobJ(rl) (r1) € {ph € P(P(Union({(sx), (sy)}))) |
5 (Vobj(op1): = (= (Vobj(0p2): = (= (= ((opl) € (sx) = = ((0p2) € (sy))n)n =

) € (sx :%(@6@)n)n:>
n)n)n)n)n)n; SubsetIsRelation >




opl), (op2)}} 1) e {ph e
{ph € P(P(Union({(sx), (sy)}))) | = (Vobj(op1): = (= (Vobj(0p2): = (= (= ((opl) €
(sx) = —((op2) € (sy))n n= -(app =

p2)} Hnjn)n)n)n)n} | a} = (s1) € {ph €
| = (v, ObJ(Opl) 7 (5 (Yobj(0p2): = (5 (= ((op1) €

p2)}}H)n)n)n)n)n)n} > Vop;(rl): (r1) € {ph € {ph €
| = (Vobj(op1): = (= (Vobj(0p2): = (5 (= ((opl) €

AU
@]

{(op1), (op1)}, {(op1), (0p2)})m)m)m)m)n)n} | a} =
= (Yonj(0p1): = (= (Yonj (0p2): = (= (= ((op1) € (sx) = = ((op2

= ((r1) = {{(op1), (op1)}, {(0p1), (0p2) } })n)n)n)n)n
[CPseparationIsRelation "2 SystemQ + Va: V(sx):
{ph € P(P(Union({(sx), (sy)}))) | = (Yobj(0p1): = (= (Vob;(0p2): = (= (=1 ((0p1) €
(sx) = = ((0p2) € (sy))n)n = = (apy =

{{(op1), (op1)}, {(op1), (0p2)} u)n)n)nju)n} | a} =
= (Vobj(0p1): = (= (Vo (0p2): = (5 (= ((op1) € (sx) = = ((0p2) € (sy))n)n =

= ((r1) = {{(op1), (op1)}, {(op1), (0p2) }})m)n)n)n)n)n]

[CPseparationlsRelation “% “CPseparationIsRelation”]

[CPseparationIsRelation “ Y “Jemma, CPseparationIsRelation”]

OrderedPairEquality

[OrderedPairEquality POt N Ax. P P([SystemQ F
V(sx): V(sx1): V(sy): V(syl): V(sz): V( 1):V(su)'V(su1):~g{(sx), sx)}, {(sx), (sx1)}} =

{{(sy), (5y)} A(sy), (syD}} F {{(s2). (s2)}, {(s2), (s21) }

{{(sw), (5w}, {(sw), (sub)}} F () = (s2)

FromOrderedPair(1) > {{(sx), (sx)}, {(sx), (s

{{(sy), sy} {(sy), (syD)}} >

(sx); FromOrderedPair (1)
su), )

(5w}, {(sw), (sul

n
N

: | ,
{{(sy), (sy)}, {(W) (byl)}}F{{( 2), (s )} (s2), (s2)}} =
{Gw), 5w}, {(sw), (sub)}} F (sx) = (s




[OrderedPairEquality tex “OrderedPairEquality”]

[OrderedPairEquality P emma orderedPairEquality”|

ReciprocallsFunction

[ReciprocallsFunctio 7)\ P ([SystemQ

Ym: Vm: v(fx): {{(f1), ( } {(f1),(£2)}} € {ph € {ph € P(P(Union({N, Q}))) |
= (Yobj (0p1): 1 (1 (Vobj(0p2): = (=1 (= ((0p1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)njn} |
= (Yopim: = (= (= (5 () [m] = 0)n = = (fpy =

{{m, m}, {m, rec(fx)[m[} })n)n)n = = ((fx)[m] = 0 = = (fpn =

{{m, m}, {m,0}})m)n)n)n} - {{(83). (£3)}, {(£3). (f4)}} € {ph € {ph €
P(P(Union({N, Q}))) [ = (Yobj(op1): = (= (Vobj(0p2): = (= (= ((opl) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |

= (Yopim: = (= (= (5 () [m] = 0)n = = (fpy =

(op2):
1)}, {(op
x)[m] =

{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn =
{{m,m}, {m, 0} hu)n)n)n} - (f1) = (3) -
Repetition & {{(f1), (f1)}. {(f1), (2)}} € {ph € {ph € P(P(Union({N, Q}))) |
= (Yonj(0p1): = (%1 (Yonj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} Hu)n)n)n)n)n} |
= (Yopim: = (= (= (5 () [m] = 0)n = = (fpy =
{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn =

)n
{{m, m}, {m, 0} })n)m)n)n} > {{(f), (f1)}, {(f1), (2)}} € {ph € {ph €
P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((opl) € N =
= ((op2) € Q)n)n %(31[3 n = {{(op1), (op1)}, {(0op1), (0p2)}})n)n)n)n)n)n} |

5 (Vobjm: = (5 (5 (2 ((fx) [m] = O)n = = (fpr =

{{m, m}, {m, rec(fx)[m|} hu)n)n = = () [m] =0 = =~ (fpn =
{{m, m}, {m, 0}})n)n)n)n}; Separation2formula(2) > {{(f1), (1)}, {(f1), (f2)}} €
{ph & {ph € P(P(Union({N, Q}))) |

= (Yobj(0p1): 1 (1 (Vobj (0p2): = (<1 (= ((0p1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)njn} |
= (Vobjm: = (= (= (% ((B)[m] = O)n = = (fp, =
{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m] = 0 = = (fpy =
{{m, m}, {m, 0} })n)n)n)n} 3> = (Vopjm: = (= (= (= ((fx)[m] = O)n =
= ({{(f1), (F)}, {(F1), (£2)}} = {{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] =

0= = ({{(f1), ()}, {(f1), (2)}} = o
{{m, m}, {m, O}})n)n) )n; Repetition > {{(f3), (£3)}, {(f ), (f4)}} € {ph € {ph €
P(P(Union({N,Q}))) | = (V¥ ObJ(Opl) S (5 (Vobj(0p2) ( o (

= ((op2) € Q)n)n = + 0
5 (Vobim: = (1 (5 (7 ((fx) [m] = O)n = ﬁ(fPh =
{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m] = 0 = = (fer =
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{{m, m}, {m, 0} })n)n)njn} > {{(13), (£3)}, {(3), ((4)} }  {ph € {ph €
P(P(Union({N, Q}))) | = (Yobj(0p1): = (= (Vonj(0p2): = (= (= ((op1) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |

= (Yopim: = (= (= (5 () [m] = 0)n = = (fpn =

{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m] = 0 = = (fpn, =

{{m, m}, {m, 0} })n)n)n)n}; Separation2formula(2) > {{(£3), (3)}, {(£3), (f4)}} €

{ph € {ph € P(P(Union({N.Q}))) | o
5 (Yobj(op1): = (5 (Vobj(0p2): = (% (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Yobim: = (5 (= (5 ((Bx)[m] = O)n = = (fpn =

{{m, m}, {m, rec(fx)[m[}} )n)n)n = = ((fx)[m] = 0 = = (fpr, =

{{m,m}, {m. O} m)n)n} 3  (Fopgm: = (= (= (= () m] = 0)n =

—~

= ({{(f), (B}, {(f1), (12)}} = {{m, m}, {m, rec(fx)[m]}})n)n)n = = ((fx)[m] =
0= = ({{(f1), (M)}, {(f1), (2)}} =
{{m, m}, {m, 0} })n)n)n)n; ¥m: Vm: ¥(fx): (f1) = (£3) F = (< ((fx)[m] = 0)n =
= ({{(f), (F1)}, {(f1), (f2) [m
0)n = = ({{(13), (13)}, {(13), (f4)}} = {{m m} {
FirstConjunct t> = (- ((£x :
{{m, m}, {m, rec(fx) m]}})1

[m
0)n; SecondConjunct > =

{{m, m}, {m, rec(fx)[m] }
{{m, m}, {m, rec(fx)[m]}

\3
<‘D
(@) —_

J.
B
E}

I
=

=

4

J
o~

}
}; SecondConjunct > = (= ((fx) [m]
) ()]

= ({{(8), )}, {(8), ()
(), [B)), (@), @} = I
{{m, m}, {m, rec(Ex)[m

1}}; FromOrderedPair(1) o> {{(f1), (f1)}, {(f1), (f2)}} =
&n m}, {m, rec(fx)[m]}} > (f1) = m; eqSymmetry > (f1) = m
(f1); FromOrderedPair(1) > {{(£3), (£3)}, {(£3), (f4)}} = S
{{m, m}, {m, rec(fx)[m]}} > (£3) = m; eqTransitivityd > m = (f1) &> (f1) =
( 3)>(f3)=m>m=m; SameSerles >m=m> (fx)m] =
(fx)[m]; SameReciprocal t> = ((fx)[m] = 0)n > (fx)[m] = (fx)[m] > rec(fx)[m] =
rec(fx) [m]; FromOrderedPair(2) o> {{(f1), (f1)}, {(f1), (f2)}} =
{{m, m}, {m, rec(fx)[m]}} > (f2) = rec(fx)[m]; FromOrderedPair(2) >

{{(£3), (83)}, {(£3), (F4)}} = {{m, m}, {m, rec(fx)[m]}} > (F4) =

rec(fx)[m]; eqSymmetry o> (f4) = rec(fx)[m] > rec(fx)[m] =

(f4); eqTransitivity4 o> (f2) = rec(f )Elec(fx)[ ] = rec(fx)[m] > rec(fx)[m] =
(f4) > (£2) = (f4); Vm: Vm: V(fx): (F1) = (£3) - = (= ((fx) [m] = O)n =
= ({{(f1), (B}, {(F1), (£2)}} = {{m, m}, {m, rec(fx)[m]} })n)n F = ((fx)[m] =
( 0}

0 = = ({{(83), (£3)}, {(£3), (#4)}} = {{m, m}, {m O} Pu)n - _
FirstConjunct t> = ( () [m] = 0)n = = ({{(f1), (f)}, {{f1). (2)}} =

{{m, m}, {m, rec(fx)[m]} })n)n > = ((fx)[m] =

A
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0)n; SecondConjunct > = (= ((fx)[m] = 0)n = =~ ({{(f1), (f1)}, {(f1), (f2)}} =
}

{{m, m}, {m, rec(fx)[m]} })n)n > {{(f1), (f1)}, {(f1), (2)}
{{m,m},{m,rec(fx)[ 1}}; FirstConjunct > - (( x)[m] =0 =

= ({{(83), (83)}, {(83), (f4)}} = {{m, m}, {m, 0} )n)n > (fx)[m] =

0; SecondConjunct & = ((fx)[m] = 0 = = ({{(83), (3)}, {(£3). (}4)}} =
{{m,m}, {m, 0} h)n)n > {{(£3), (£3)}, {(£3), (f4)}} =

{{m, m}, {m,0}}; OrderedPairEquality > {{(f1), (f1)}, {(f1), (f2)}}
{{m, m}, {m, rec(fx)[m]}} > {{(3), (£3)}, {(£3), (f4)}} =

{{m,m},{m,0}} > (f1) = (f3) > m = m; SameSeries > m = m > (fx)[m] =

(fx)[m ]eqTranblthltyD@[ m| = @[ m| > (fx)[m ]—0>L) m] =

0; FromContradiction t> (fx)[m] = 0 > = ((fx)[m] = 0)n > (f2) =

(4); Vm: Vm: V(fx): (£1) = (3) - = ((fx)[m] = 0 = = ({{(f1), (1)}, {(1), (2)}} =
{{m,m}, {m, 0} Hhn)n F = (= (@[ m] = 0)n = = ({{(83), (83)}, {(3), (f4)}} =
{{m, m}, {m, rec(fx)[m]} })n)n I FirstConjunct &> - ((fx)[m] = 0 =

= ({70, (E}, {0, (@)} } = {{m, m}, {m, 0}})n)n > (8x)[m] =

0; SecondConjunct > = ((fx)[m] = 0 = = ({{(f1), (f1)}, {(f1), (2)}} =

{{m; m}ﬂ {mv 0}})n)n > {{@v @}7 {@7 @}} =
{{m, m}, {m, 0} }; FirstConjunct > = (- ((fx)[m] = 0)n =

(), )} (), [} = {{m, m}, {m, rec(B)lm]}}n)n > * (E)m] =
0)n; SecondConjunct > = (5 (@[m]iO)Lé %(7{{(f37),(f3)}, {(13),(f4)}} =
{{m.m}, {m.rec(B0mPun > (). @) (@), @ =
{{m, m}, {m, rec(fx)[m]} }; OrderedPairEquality > {{(f1), (f1)}, {(f1), (f2)}} =
{{m, m}, {m, 0}} > {{(83), (E3)}, {(£3), (f4)}} =

{{m, m}, {m, rec(fx)[m]}} > (f1) = (£3) > m = m; SameSeries > m = m >

(fx)[m] = (fx)[m]; eqSymmetry > (fx)[m] = (fx)[m] > (fx)[m] =
(fx)[m]; eqTransitivity o> (fx)[m] = (fx)[m] > (fx)[m] = 0> (fx)[m] =
0; FromContradiction &> (fx)[m] = 0 > = ((fx)[m] = 0)n > (f2) =

{F1); Ym: Vin: ¥(£): = ((B) ] = 0 = ({{{F1), ()}, {{F1), (2)}} =

{{m, m}, {m, 0} }))n)n &= = ((fx)[m] = 0 = = ({{(£3), (£3)}, {(£3), (f4)}} =
{{m,m}, {m, 0} })n)n - SecondConjunct t> = ((fx)[m] = 0 =

= (U () )} A{(f1), (2)}} = {{m, m}, {m, 0}})n)n >
(

, (f1) f
{{(f1), (f1) }, {(f1), (£2)}} = {{m, m}, {m, 0} }; SecondConjunctD%(@[m] =
0 = ({{(8), [B)}. {(5), ()} } = {{m, m}, {m, 0} })u)n >
{{{83), ()}, {(53), (F)}} = {{m, m}, {m, 0} }; FromOrderedPair(2) t
HE). (). ([, (2} = {{m.m). {m.0}} > () =
0; FromOrderedPair(2) > {{(£3), (£3) }, {(£3), (f4)}} = {{m, m}, {m, 0}} > (f4) =
0; eqSymmetry > ( >0=(f4) >
(f2) (f4); Vm: Vm:

= ({{(f), (F)}, {(F1)

0= = ({{(F1), (F)}, {(F1). (22)}} = {{m, m}, {m, 0} Pm)n b= = (= (= ((£x) [m] =

f4) =0> 0= (f4); eqTransitivity > (f

2) = 0
V(fx): (f1) = () = = (= (= () [m] = O)n =
);

(2)}} = {{m, m}, {m, rec(fx)[m]} Hn)n)n = = ((fx)[m] =
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= (D), (fl)} {(fD)
0)n = = ({{(f3), (£3)
(f4) > (f1) = (f3) =
{{m, m}, {m, rec(fx)[m
= ({{(83), (83)}, {(83),

(f4) MP &> (fl) (f3) = (:((fX)[m} =0n ==
(B)[m

(f4) (fl) (f3)
{{m, mi}, {grec(fx)[

]
(@)

m}))nn = () =
(), ()}, (). @)} =

—~
,—A—~
—~—
=
[O%)
=«
=
[J%)
=
-
—~
.’-R
C».'J
=«
rg
‘—v—‘
—
—~—
\3
3
—
=
3
]
D
(@]
C:
.‘><
D
E3
——
—
=
=D
=]
o
[\}
S~—
I
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52): 2 ({{(s1), (51}, {(s1), (s2)}} € {ph € {ph € P(P(Union({N, Q}))) |

-
J-

—~

( ObJ(
5 (Vobj(op1): = (5 (Vobj(0p2): = (7 (= ((opl) € N = = ((0op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n ) Jn)n)n} |
1 (Vopjm: = (5 (5 (5 () [m] = 0)n = = (fpy,
{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m ]ZOé%(fPh:
{{m. m}, {m, 0}} )} )n)n > Vo, (51): (51) € N =
5 (Vobj(s2): = ({{(s1), (s1)}, {(s1), (82)}} € {ph € {ph € P(P(Union({N, Q}))) |

o (oDT): (5 (o903 = (= ((001) € N = ((op2) € Qyn =
= (ap = {{(op1). (opD)}. {{op]). (0p2)}})n)m)n)m)n)n} |
% (Vogm: = (= (2 (5 () [m] = O)n = * (fpr, =
{{m.m}, {m. rec(E)[m[}})n)n)n = * (B [m] = 0 = * (fpy, =
{{m.m}. {m.0}}Ju)n)n)n}))n]. po, c)]

[ReciprocallsTotal *5" SystemQ - V(fx): Vobj(s1): (s1) € N =

= (Yob(52): =~ ({{(s1), (51)}, {(s1), (s2)}} € {ph € {ph € P(P(Union({N, Q}))) |
= (Yonj(0p1): = (%1 (Yonj (0p2): = (4 (= ((op1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Yopim: = (= (= (5 () [m] = 0)n = = (fpy =
{{m, m}, {m, rec(fx)[m]} } )n)n)n = = ((fx)[m] = 0 = = (fen =
{{m, m}, {m, 0} })n)n)n)n})n)n]

[ReciprocallsTotal “ “ReciprocallsTotal”]

—
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[ReciprocallsTotal X “lemma reciprocallsTotal”]

ReciprocallsRationalSeries

[ReciprocallsRationalSeries propf AcAx.P([System@Q F

V(fx): CPseparationIsRelation > Vop;(rl): (rl) € {ph € {ph €

P(P(Union({N, Q1)) | = (Vons(op1): = (= (Vans(op2): 5 (5 (5 (opT) € N =

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} |

= (Vobim: = (5 (5 (5 ((fx)[m] = 0)n = = (fprn =

{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn =

{{m, m}, {m, 0} })n)n)n)n} = = (Vopj(opl): = (5 (Vobi (0p2): = (= (= ((opl) €

N = - ((op2) € Q)n)n = - ((rl) =

{{(op1), (op1)}, {(opl), (0p2)}})n)n)n)n)n)n; ReciprocallsFunction >

Yob; (f1): Vob; (£2): Vob; (£3): Vob; (4): {{(f1), (FD)}, {(1), (2)}} € {ph € {ph €

P(P(Union({N, Q}))) | = (Yobj(op1): 1 (= (Yobj(0p2): = (= (= ((opl) € N =

= ((0p2) € Q)n)n = = (apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} |

= (Vobjm: = (5 (5 (5 ((fx)[m] = 0)n = = (fp

{{m, m}, {m, rec(fx)[m]}})n)n)n = = ((fx)

{{m, m}, {m, 0}})n)n)n)n} = {{(83), (£3)},

P(P(Union({N, Q}))) | = (Vobj(opl): = (= (Yo

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)

= (Vobim: = (5 (5 (= ((fx)[m ]—0)n=>*

{{m, m}, {m, rec(fx)[m[}}
)

<

]:— 0= (fph =

(£3), (f4)}} € {ph € {ph €
i(0p2): = (5 (= ((opl) € N =

Pl 1> {(op1), (op2)} })m)n)n)n)n)n} |
PhL =

Ph
[m
{

<

{{m,im},{m 0}})n)n ) 2) = (f4); ReciprocallsTotal >>

(1)}, {(s1), (s2)}} € {ph € {ph €
(Yobj(0p2): = (= (= ((0pl) € N =

((0p2) €Q)n )H = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |

= (Yopim: = (= (= (5 () [m] = 0)n = = (fpn =

{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m] = 0 = = (fpr, =

{{m,m},{m, 0} })n)n)n)n})n)n; ToSeries &> Vop;(rl): (rl) € {ph € {ph €

P(P(Union({N, Q}))) | = (Vobs(0p1): = (= (Vans(0p2): 5 (5 (> ((opT) € N =

 ({o02) € Q) = * (apy, = {{(op1), (0p1)}, {(ob1), (0p2)}})m)m)m)mmu} |

= (Yobim: = (5 (= (5 () [m] = O)n = = (fpn =

{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fen =

{{m, m}, {m, 0}}mm))n} = = (Foug (opL): = (= (Yony 0p2): = (= (= ({op1) €

N = = ((op2) € Qm)n =  ({71) =

{{(opD), (opD)}, {(op1), (0p2)} })n)n)n)n)n)n >

Vo (F1): Wob; (£2): Yob; (£3): Yo; (£4): {{(F1), (f1)}, {(F1), (f2)}} € {ph € {ph €

P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((opl) € N =

= ((op2) € Q)n = = (apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)njn} |

= (Yobjm: = (= (5 (5 (i) [m] = 0)n = = (fpn =

<

<
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{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn =

{{m, m}, {m, 0} )n)n)n)n} = {{(£3), (83)}, {(£3). (f)}} € {ph € {ph €
P(P(Union({N, Q}))) [ = (Yobj(op1): = (= (Yobj(0p2): = (= (= ((0opl) € N =

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |

= (Yopim: = (= (= (5 () [m] = 0)n = = (fpy =

{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn =

{{m, m}, {m, 0}})n)njnn} = (f1) = (f3) = (£2) = (F4) > Vop;(s1): (s1) € N =
“ (Vo (52): 5 ({{(s1), (51}, {(s1), (52)}} € {ph € {ph € P(P(Union({N, Q}))) |
= (Yonj(0p1): = (=1 (Yonj (0p2): = (4 (= ((op1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(0p1), (0p2)} Hu)n)n)n)n)n} |

= (Yobim: = (5 (= (5 () [m] = O)n = = (fen =

{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn

{{m, m}, {m, 0} })n)n)n)n})njn > = (= (Vob; (r1): (r1) € {ph € {ph €
P(P(Union({N, Q}))) | = (Vob; (op ) ( (Yonj(0p2) *(' (= ((op1) €N =

= ((op2) € Q)n)n = =

5 (Vobym: = (5 (5 (4 ((Ex

{{m, m}, {m, reC(fX)[m]

{{m, m},{m,0}})n)

N:>ﬂ((0p2)€an -

{{(op1), (op1)},{(op1), (0p2
(vobj(ﬂ) vobJ (fQ) vobJ f3) obj(f4) {{(ﬂ) (

P(P(Union({N, Q}))) | = (Vobj(opl): 1 (2 (Vob;(op ) *(* (< ((opl) e N =

= ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(opl), (0p2)} })n)n)n)n)n)n} |

5 (Vobjm: = (<1 (5 (7 ((£x)[m] = 0)n = = (fpr, =

{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpr, =

{{m, m}, {m, 0} )n)n)n)n} = {{(£3), (£3)}, {(13), (f4)}} € {ph € {phe

P(P(Union({N, Q}))) | = (Vobj(opl): = (+ (Vobj(0op2): = (- (= ((opl) € N =

S ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} |

5 (Vobim: = (= (5 (= ((£x) [m ]—O)Iliﬂ(fm

{{m, m}, {m, rec(fx)[m]}})n)n)n = = ((fx)[m] = 0 = = (fpn, =

{{m,m}, {m, 0} })n)n)n)n} = (f) = (B3) =

5 (Vobj(s1): (s1) € N = = (Vob;(s2): = ({{(s1),

P(P(Union({N, Q}))) | = (Vobj(opl): = (= (

= ((op2) € Q)n)n = = (apn = {{(op1), (op

5 (Vobim: = (51 (5 (1 ((fx) [m] = 0)n = = (fpp,

{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn, =

{{m, m}, {m, 0}})n)n)n)n})n)n)n)n|, po, )

[ReciprocallsRationalSeries I SystemQ V(fx): 5 (5 (Vobj(rl): (rl) € {ph €

1
{ph € P(P(Union({N,Q}))) | = (Vobj(opl): 1 (= (Vobj(0p2): = (+ (— ((opl) €
N = - ((op2) € Qn)n = = (apy =
{{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopym: = (5 (= (= ((£x)[m] =
O)n = = (fpp, = {{m, m}, {m, rec(fx)[m]}})n)n)n =4 (@[m] =0= = (fpp =

-
-

p)EN:>
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{{m, m}, {m, 0} ))n)n)n)n} = = (Vob;(op1): = (= (Yob;(0p2): = (= (= ((op1) €
N = =((op2) € Qu)n = = ((r1) =

{{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n =

“ (Vog (F1): Vob; (F2): Yob; (£3): Yob; (F4): {{(f1), (1)}, {(f1), (f2)}} € {ph € {ph €
P(P(Union({N, Q}))) | = (Yobj(op1): = (= (Yobj(0p2): = (= (= ((0opl) € N =

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |
= (Yobim: = (5 (5 (5 () [m] = O)n = = (fpn =

{{m. m}, {m, rec(fx)[m[} })n)n)n = = ((fx)[m] = 0 = = (fpn, =

{{m,m}, {m,0}})m)n)n)n} = {{(£3), (£3)}, {(£3), (f4)}} € {ph € {ph €
P(P(Union({N, Q}))) | = (Vop;(op1): = (5 (Vob](OPQ) (= (5((opl) EN =

= ((op2) € Q)u)n = =
= (Yobjm: = (5 (= (5 ((£x)[m ]—0)n=>%(fph=

{{m, m}, {m, rec(fx)[m[} })n)n)n = = ((fx)[m] = 0 = = (fpn, =
{{m, m}, {m, 0} Pn)njn)n} = (f1) = (£3) = (£2) = (f4))n)n =
5 (Yobj(s1): (s1) € N = = (Vobj(s2): = ({{(s1), (sD)}, {(s1), (s2)}} € {ph € {ph €
P(P(Union({N, Q}))) [ = (Yobj(op1): = (= (Yobj(0p2): = (= (= ((0opl) € N =

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |
= (Yobim: = (= (5 (5 () [m] = 0)n = = (fpy =

{{m, m}, {m, rec(fx)[m[} })n)n)n = = ((fx)[m] = 0 = = (fpr, =

{{m, m}, {m, 0} })n)n)n)n})n)njn)n]

[ReciprocallsRationalSeries s “ReciprocallsRationalSeries” |

ll

. . . k . . .
[ReciprocallsRationalSeries 2 “lemma reciprocallsRationalSeries”]

CrslsRelation

proof

[CrsIsRelation " — Ac.Ax. P([SybtemQ Fx: (s1) € {ph € {ph e
P(P(Union({N, Q1)) | = (Vobs(0p1): = (= (Yaps(0p2): > (4 (> ((opT) € N =
= ((op2) € Qn)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)} })n)n)n)n j
= (Vobj(crsl): = (cpn = {{(crsl), (crsl)}, {(crsl),x}})n)n} - Repetition > (s1
{ph € {ph € P(P(Union({N, Q}))) |
= (Yobj (0p1): = (= (Vobj (0p2): = (= (= ((0p1) € N = = ((0p2) € Q) jn =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} Pn)n)n)n)n)n} | = (Vobj(crsl): = (cpn =
{(ersD), (ers1)}, {(ersD), s Hjn} > (s1) € {ph € {ph €
P(P(Union({N, Q}))) | = (Yobj(op1): 1 (= (Yobj(0p2): = (= (= ((0pl) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
= (vobj (CI‘SI): = (Cph = L
{{(crsl), (crsl)}, {(crsl),x}})n)n}; Sep2Formula > sl) € {phe{phe
P(P(Union({N, Q}))) | * (Vebs(0p1): = (= (Vans(0p2): 5 (5 (> ({opl) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |
4 (Vobj(crsl): = (cpn = {{(crsl), (crsl)}, {(crsl),x}})n)n} > = ((s1) € {ph €
P(P(Union({N, Q}))) [ = (Vobj(op1): = (= (Vob;(0p2): = (= (= ((opl) € N =
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J
—
<
°
5
g
=
o
2
1%
—_
N
J
TN~

s1)

,{(crsl), x}})n)n)n)n; FirstConjunct > - ((s1) € {ph €

(P(Union({N, Q}))) | = (Yobj(op1): = (= (Vobj(0p2): = (= (% (

((op2) € Q)n = = (apn = {{(opl), (op1)}, {(0p1), (0p2)

(5 (Vopj(ersl): = ((s1) = {{(crsl), (crsl)}, {(crsl),x}})n)n)n

(P(Union({N, Q1)) | * (Vo op1)i = (= (Vos{op2): = (= (= ((opl) € N =

op2) € Q)n)n = = (apy =

{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n)n}; vx: Ded &> ¥x: (s1) € {ph € {ph €

(P(Union({N, Q1)) | = (Yobi (001 (= (Vons (062): = (5 (= ((op1) € N =

~((op2) € Q)n = = (apn = {{(opl), (opD)}, {(op1), (op2) } Pu)n)n)njn)n} |

A (Vobj(crsl): = (cpn = {{(crsl), (crsl)}, {(crsl),x}})n)n} F (s1) € {ph €

(P(Union({N, Q1)) | = (Yob; (0p1): = (= (Von; 0DD): = (5 (= ((op1) € N =

= ((0p2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n;} >

€ {ph € {ph € P(P(Union({N, Q})))

bi(0p1): = (5 (Vo (0p2): = (= (5 ((

aPh = {{(op1), (op1)}, {(op1), (0p2)
Al (s1)

i~
—

—
—

J- ]
—_~ =
<[\./

(Vobj (Opl) ( (Vobj(0p2): = (= (op

= (apn = {{(op1), (op1)}, {(op1), (op2)} Phn)n)n)n)n)n}; Gen &> (s
{ph € P(P(Union({N, Q}))) | = (Vobj(op1): 1 (- (Vobj(0p2): = (4 (+ ((opl) €
N = - ((op2) € Qn)n = = (apy =
{{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} | - (Vob;(crsl): = (cpn =
{{(Crbl) (Crbl)} {(crs1),x}})n)n} = (s1) € {ph € P( (Union({N, Q}))) |

5 (Vobj(opl): = (5 (Vobj(0p2): = (4 (— ((opl) € N = = ((op2) € Q)n)n =

= (apn = {{(op1), (op1)},{(opl), (0p2)} })n)n)n)n)n)n} > Vobi(sl): (sl) €
{ph € {ph € P(P(Union({N, Q}))) |
A (Vobj(opl): = (5 (Vo (0p2): = (= (= ((op
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (V, ObJ(Cr81) = (cpn =
{{(crs1), (CFSU} {(crs1),x}})n)n} = (s1) € {ph € P(P(Union({N, Q}))) |

~—

 (Fobj(0p1): = (= (Vobj (0p2): = (2 (= ((0p1) € N = =((0p2) € Q)n)n =
(aE {{(op1), (op1)},{(0p1), (0p2)}})n)n)n)n)n)n}; Repetition o
Vobj(s1): (s1) € {ph € {ph € P(P(Union({N,Q}))) |
(VobJ(Opl) (5 (Vobj(0p2): 1 (1 (1 ((opl) € N = = ((op2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Yopj(crsl): = (cpn =
{{(crs1), (crs1)}, {(ersl),x} Pujn} = (s1) € {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): = (= (Yobj (0p2): = (= (= ((Opl) eEN= ﬂ((0p2) € Qun =

{ph €{phe P(P(Union({N, Q) |
= (Yobj(0p1): 1 (1 (Vobj (0p2): = (=1 (= ((0p1) € N = = ((0p2) € Q)n)n =
op)},{(op1), (0p2)} })m)n)njn)n)n} [ = (Vop;(crsl):

= (apn = {{(op1), ( )1 = (cp
{{(crs1), (crs1)}, {(ersl),x} ujn} = (s1) € {ph € P(P(Union({N, Q}))) |
= (Vobj (0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =



,{(op1), (op2)}})n)n)n)n)n)n}; CartProdIsRelation >
P(Union({N, Q}))) |
opl) eN

= (Vobj (0p1): = (= (Vopj (0p2): = (= (= (( = = ((op2) € Q)n)
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} =
= (Yobj (0p1): = (= (Vo (0p2): = (5 (= ((op1) € N = = ((0p2) € Q)n)

(
,{(opl), (op2)}})n)n)n)n)n)n; SubsetIsRelation >
P(Union({N, Q}) |

J
—
—
—
—
—
|
I~
=
I~
]
o)
—
. | s
—
o
e}
—
—
Aw—f Q
A,—Aﬁ

: ((
= (apn = {{(op1), (op1)}, {(Oplz, (0p2)}})n)n)n)n)njn} =

= (Yobj (0p1): = (= (Vopj (0p2): = (7 (= ((op1) € N = = ((0p2) € Q)n)n =
= ((r1) = {{(op1), (op1)}, {(0p1), (0p2)} })m)n)n)n)n)n &> Vop(s1): (s1) € {ph €
{ph € P(P(Union({N, Q}))) | = (Vob;(0p1): = (= (Voj (0p2): = (= (= ((op1) €

N = - ((op2) € Qu)n = = (apy =
{{fop1), (001}, {(op1), (o62) }}Jmm)m)mm)n} | * (Vops(ersD): - (cpr =
{{(crsl) (crsl)} {(crsl), x}})n

= (Vobj(0p1): = (= (Vopj (0p2): = (5

= (apn = {{(op1), (op1)}, {(op1), (op
{ph & {ph & P(P(Union({N. Q})) |
= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Yopj(crsl): = (cpn =
{{(crsl) (crsl)} {(crsl), x}})n)n} =

= (Yobj(0p1): = (5 (Yobj(0p2): = (5 (= ((0
= ((r1) = {{(op1), (op1)}, {(op1), (0p2)
[CrsIsRelation 25" System(Q + Vx: VObJ (r1): (r1) € {ph € {ph €

P(P(Union({N, Q1)) | = (Yous 0D1): (= (Vo 002): = (= (> (op]) € N =

- ({op2) € Q) =  (apy = {{(op1), (0p1)}. {(ob1), (0p2)}}m)m)m)mmu} |
= (Vopj(crsl): = (cpn = {{(crsl), (crsl)}, {(crsl),x}})n)n} =
% (Yapg(OP): 5 (5 (Yang(0D2): = (* (= ({op1) € N = = ((0p2) € Q) =
(1) = {{(op1), (o)}, {(oP1), (0p2)HH)m)m)m)m)m)u)

[CrsIsRelation “< “CrsIsRelation”]

~—
~—

[CrsIsRelation Y% “emma crsIsRelation”]

CrslsFunction

[CrsIsFunction PO N Ax.P P([SystemQ F vx: {{(f1), (f1)}, {(f1), (2)}} =
{{(crs1), (ersD}, {(ersD), x}} = {{(£3), (3)}, {(3), (f4) }} =

{{(crsl), (crs1)}, {(crsl),x}} F FromOrderedPaer {{(fl) (fH},{(f1), (f2)}} =
{{(crsl), (crs1)}, {(crsl), x}} > ~ ((fL) = (crsl) ((

x)n)n; SecondConjunct > = ((f1) = (crsl) = = ((f2) =
x; FromOrderedPair > {{(f3), (3)}, {(f3), (f4)}} =

n> (f2) =

\_/
Bv
Nat
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{{(crsl), (crsl)}, {(crsl), g}}z% ((f3 (crsl) S ((f4)
x)n)n; SecondConjunct > = ((f3) ((f4) 5)

x; eqSymmetry > (f4) = x> x =
(f2) = (f4); Vx: Ded > Vx: {{(f1), (
s (ersD)}, {(ersl), x}} = {{(£3

{{(crs1) )

{{(crs1), (crsD)}, {(crsl), x}} F (f2)7(f47)>> {a1), (1)}, {(f1), (£2)}} =
{{(crs1), (ersD}, {(ersD), x}} = {{(13), (B3}, {(£3), () }} =

{{(crs), (ers1)}, {(crsl), x}} = (f2 ) = (f4); {{(f1), (f1)}, {(f1), (£2)}} € {ph €
{ph € P(P(Union({N, Q}))) | = (Vob;(0p1): = (1 (Vo; (0p2): = (= (= ((opl) €

N = = ((op2) € Qn)n = = (apy =
{{(op1), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} | = (Vob;(crsl): = (cpn =
{{(crs1), (ersl)}, {(ersl), x}p)n)n} = {{(f3 (13), (£3)}, {(f3), (f4)}} € {ph € {ph €
P(P(Union({N,Q}))) | = (Vobj(opl): = (=2 (Vobj(0p2): = (+ (= ((opl) € N =
= ((op2) € Qu)n = = (apy = {{(opl), (opL)}, {(0p1), (0p2)} u)n)n)n)nn} |
5 (Vobj(crsl): = (cpn = {{(crsl), (ers1)}, {(crsl), x} Hn)n} - (f1) = (£3)
Sep2Formula t> {{(f1), (1)}, {(f1), (2)}} € {ph € {ph € P(P(Unio ({N Q) |
5 (Vobj(op1): 5 (51 (Vobj(0p2): = (= (< ((op
(aPh = {{(Opl)a( pl)}, {(op1), (0p2)}})n)n)n)ﬂ)n)n} |
{(ers .

= (YapgersD): = ({{(). (L)}, {(1). (2)}) = o
{{(crsl), (crsl)}, {(crsl), x} })n)n; Sep2Formula > {{(£3), (£3)}, {(f3), (f4)}} €
{ph & {ph € P(P(Union({N, Q}))) |

= (Yobj(op1): = (5 (Yobj(0p2): = (% (= ((op1) € N = = ((0p2) € Q)n)n =

~(apn = {{(op1), (opD)}, {(0p1), (0p2)}})n)n)n)n)nn} | = (Yob(crsl): = (cpn =
{{(ersD), {ersh)}, {(ers), xPhmn} > = ({{(3), (B)},

P(P(Union({N, Q}))) | = (Yobj(0p1): = (= (Yobj(0p2): = (2 (= ((opl) € N'=
= ((op2) € Qu)n = = (apy = {{(opl), (op1)}, {(0p1), (0p2)}Hu)n)n)n)n)n} =
5 (5 (Vobj(ersl): = ({{(3), (13)}, {(£3), (f4)}} =
{{(crs1), (crs1)}, {(crsl), x}})n)n)n)n; SecondConjunct >
S ({{(13), (83)}, {(13), (f4)}} € {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): = (%1 (Vobj (0p2): = (1 (= ((op1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (opD)}, {(op1), (0p2)} })n)n)n)n)njn} =
5 (5 (Vobj(ersl): = ({{(83), (£3)}, {(£3), (4)}} =
{{(@sD), (D)}, {(ersh), xPHmm)mn >
= (Yonj(ersl): = ({{(3), (f3)}, {(3), (f4) } } =




{{(crsl), (crs1)}, {(crsl),x}})n)n; ExistMP2 > {{( ) (f1)}, {(f1), (f2)}} =
{{(crs1), (crsD)}, {(crs1),x}} = {{(13), (£3)}, {(£3), (f4)}} =
{{(crs1), (crsl)}, {(crsl) x}} = (f2) =
(f4) > = (Vobj(ersl): = ({{(f1), (f1)}, {( 1),(2)}} = -
{{(crs1), (crs1)}, {(crs1), x} })n)n &> = (Vops(crsl): = ({{(3), (£3)}, {(£3), (f4)}} =
{{(crs1), (crs1)}, {(crs1), x} })n)n > (12) = (f4); Vx: Ded >
Vx: {{(EL), (1)}, {(f1), (2)}} € {ph € {ph € P(P(Union({N, Q}))) |

5 (Vobj(op1): =1 (= (Vobj(0p2): = (1 (5 ((

1) e N= = ((op2) € Q)n)n =
n nn} | = (Vobj(crsl): = (cpn =
(f3) (#)}} € {ph € {ph €

- op
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n
{{(crs1), (exsD)}, {(ersD), x}}n)n} = {{(£3), (£3)},
P(P(Union({N, Q1)) | * (Yobs (0p1): > (* (Vob(0p2):
- (o02) € Qi (o (oD (o213 o0, PP Ly |
51 (Vobj(ersl): = (epn = {{(crsl), (crs1)}, {(crsl), x =
(f4) > Yobi (F1): Yob; (£2): Vob; (£3): Von; (f4): {{(f1), (f1
{ph € P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj (0p2): = (= (= ((op1) €
N = 4 ((op2) € Q)n)n = = (apy, =
{{(op1), (op1)},{(0p1), (0p2)}})n)n)n)
{{(crs1), (ers1)}, {(ersl), x} Hu)n} = {{
P(P(Union({N, Q}))) | = (Vanj(opl): = (=
= ((op2) € Q)n)n = = (apn = {{(op1), (o n)n)
= (Voj(erst): = (cpn = {{(crs1), (crs1)}, {(crsl), x}Pn)n} = (f1) = (£3) =
) = (f4); CrsIsRelation > Vob;(rl): (rl) € {ph € {ph €
>(P(Union({N, @}))) | = (Vobj(0p1): = (= (Vonj(0p2): = (= (~ ((op1) € N =
op2) € Q)n)n = = (apw = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
Crsl) (cpn = {{(crsl), (crs1)}, {(crsl),x}})n)n} =
(5 (Yaps(0p2): 5 (5 (5 ({op1) € N = = ((0p2) € Q) =
opl) (op1)}, {(opl), (op2)}})n)n)n)n)n)n; JoinConjuncts >
€ {ph € {ph € P(P(Union({N, Q}))) |
Opl = (5 (Vopj(0p2): 5 (= (= ((op1) € N = = ((0p2) € Qn)n =
= {{(op1), (op1)}, {(0p1), (0p2)} })n)m)n)n)njn} | = (Vobj(crsl): = (cpn =
) (crsD)}, {(crsl), x}Hnn} =
obj (0P1): = (=1 (Vo (0p2): = (= (= ((op1
rl) = {{(op1), (op1)}, {(op1), (0p2)}})
+Vobj (f2): Von; (3): Vo (f4): {{(f1), (f1)}, {(f1), (f2)}} € {ph € {ph €
ion({N, Q}))) | = (Vo;(0p1): = (=1 (Von; 2 (5 (= ((opl) eN =
€ Q)n)n = = (apy = {{(opl), 1 {(op1), (0p2)}})n)n)n)n)njn} |
s1): = (cpn = {{(crsl), (crs1)}, {(c X
{{F3).(B)}. (1), (FD)}. € {ph < {ph € P(P(Union({N. Q)
= (Yonj(0p1): = (= (Yonj (0p2): = (5 (= ( : €
= )} m)n)n)n)n)n} | = (Vob;(crsl): = (cpn =
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apn = {{(op1), (op1)}, {(op1), (op2
{{(crsl), (crsl)}, {(crsl),x}})n)n} = (f1) = (£3) = (f2) = (f4) >
= (Vo (r1): (r1) € {ph € {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): = (1 (Yonj(0p2): = (5 (= ((0p1) € N = = ((0p2) € Q)u)n =
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apn = {{(op1), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{(crsl) (crsl)} {(crsl),x}}Hn)n} =
obj(0p1): 71 (51 (Vobj(0p2): = (4 (< (

= ((r1) = {{(op1), (op1)}, {(op1), (op2)}}
vObJ(ﬂ) vobJ (fQ) vobj (f3) vobJ(f4) {{(
P(Union({N, Q}))) [ = (Vobj(opl): = (-
op2) € Q)n)n = = (apn = {{(opl), (

1): 5 (epn = {{(crs1), (ers1)}, {(c X

{{ £3), (£3)}, {(13), (f4)}} € {ph € {ph € P(P(Union({N, Q}))
Vobj(opl) = (5 (Vobi(0p2): 5 (4 (7 ((op ;
apn = {{(op1), (op1)},{(op1), (0p2)}})n)
{{(Crbl) (crs1)}, {(crsl),x}})n)n} =
[CrsIsFunction "3 SystemQ F Vx: = (¥,
(P(Union({N, Q}))) | = (Vos0p1): > (= (Foni (0p2): = (= (= ((opL) € N =

(
op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
crsl): = (cpp = {{(crsl), (crsl)},
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obj

obj(0p1): = (5 (Yo (0p2): = (= (< (

fl) ={{(op1), (op1)},{(op1), (0p2)} }Hn)n)n)n)n)n =

o (F1): Von (£2): Von; (£3): Vou (F4): {{(f1), (F1)}, {(f1), (2)}} € {ph € {ph €
(Union({N, Q1)) |  (%ab(0pD): (= (Fous (0D = (= (= ((op1) € N =
((op2) € Q)n)n = ~ (apn = {{(opl), (op1)}, {(opl), (0p2)}})n)n)n)n)n)n} |
(Vobj(crsl): = (cpp = {{(crsl), (crsl)}, {(crsl), x}})n)n} =

{{(83), (£3)}, {( 3),(f4)}} € {ph € {ph € P(P(Union({N, Q}))) |

1 (Vobj(op1): = (5 (Vobj(0p2): =2 (7 (4 ((opl) € N = = ((0op2) € Q)n)n =

= (apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{(ers), {ersD)}, {(ersi) } Hmjn} = (1) = (3) = (&) = (62))m)n]

[CrsIsFunction ¥ «CrsIsFunction ’ ’]

A

. pyk .
[CrsIsFunction = “lemma crsIsFunction”]

CrslsTotal

proof

[CrsIsTotal "= Ac.Ax.P([SystemQ F ¥m: ¥x: Ac. TypeRational0([x]) - m €
N F RationalType > Ac.TypeRational0([x]) > x € Q; ToCartProd > m €
Nxe Q> {{m,m},{m,x}} € {ph € P(P(Union({N, Q}))) |

5 (Vobj(0p1): =1 (1 (Vobj (0p2): = (= (1 ((opl) € N = = ((op2) € Q)n)n =

“ (apn = {{(op1), (0p1)}, {(op1), (0p2)}})n)m)n)m)n)n}; cqReflexivity >
{{m, m},{m,x}} = {{m, m}, {m, x}}; IntroExist @m &> {{m, m}, {m, x}} =
{{m, m}, {m, x}} > = (Yopj(crs1): = ({{m, m}, {m, x}} =

{{{ersD). (ersD)}, {{ersD). x} }Jm)n: Formula2Sep & {{m, m}, {m.x}} € {ph €
P(P(Union({N, Q}))) | = (Vobj(op1): =1 (=1 (Vob;(0p2): = (= (= ((opl) € N =
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= ((op2) € Qu)n = = (apn = {{(op1), (op1)}, {(opl), (0p2)} })n)n)n)n)njnj &
= (Vobj(ersl): = ({{m, m}, {m, x}} = {{(crs1), (crs1)}, {(crsl),x}})n)n >
{{m,m}, {m,x}} € {ph € {ph € P(P(Union({N,Q}))) |
= (Yobj(op1): = (5 (Yobj(0p2): = (% (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })m)n)n)mn)n} | = (Vop;(crsl): = (cpn =
{{(crs1), (ers1)}, {(crs1), x}})n)n} ], po, ©)]
[CrsIsTotal *5" SystemQ F Vm: ¥x: Ac. TypeRational0([x]) # m € N
{{m, m}, {m,x}} € {ph € {ph € P(P(Union({N,Q}))) |
= (Vobj(opl): = (5 (Vobj(0p2): = (- (- ((opl) € N = = ((op2) € Qm:
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Vobj(crsl): = (cpn =
{{(crs1), (ers1)}, {(crs1), x}})n)n}]

tex

[CrsIsTotal = “CrsIsTotal”]

[CrsIsTotal ® VX “lemma crsIsTotal”]

CrslsSeries

[CrsIsSeries p%c.)\x.P((Sys‘cemQ - Vx: (s1) € N I CrslsTotal > (s1) € N >
{{(s1), (sD)},{(s1),x}} € {ph € {ph € P(P(Union({N, Q}))) |
% (Fong 0D1): (Yo (0D2): = (5 (= ([op1) € N = = ((op2) € Qu)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobj(crsl): = (cpn =
{{ crsl), (c (crsl)} {(crs1), x}})n)n}; IntroExist @x > (s1) € N >>

= (Yonj(s2): = ({{(s1), (sD)}, {(s1), (s2)}} € {ph € {ph € P(P(Union({N, Q}))) |
= (Yonj(0p1): = (%1 (Yonj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(0op1), (0p2)}})n)n)n)n)n)n | (v obJ(CrSU = (cpn =
{{(ers1), (crs1)}, {(crsl), x} })n)n})n)n; ¥x: Ded o> Vx: (s1)
' }) € {phe {pheP

eEN
5 (Yobj(s2): = ({{(s1), (sD)}, {(s1), (s2) (P (Unlon({N Q) |
= (Yonj(0p1): = (%1 (Yonj (0p2): = (4 (= ((op1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op ) »{(op1), (0p2)}})m)n)n)n)n)n} | = (Yopj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs X}}) Jn} n) > (s1) e N =
(VObJ(S2) ({{(Sl) }} € {ph € {ph € P(P(Union({N, Q}))) |
' j " ((op1) € N = = ((0p2) € Q)n)n =

—

—
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e
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(oD2) ) mmmn)n)ng | = (Foug (ers)s = (cor =

} n)n; Gen > (s1) € N =

s2)}} € {ph € {ph € P(P(Union({N, Q}))) |

= ((opl) € N = = ((op2) € Q)n)n =

2)}})H)H)@)ILH} | = (Vopj(crsl): = (cpn =

n > Yopi(sl): (sl) e N =

)}} € {ph € {ph € P(P(Union({N, Q}))) |
j(0p2)¢ *( (5 ((op1) € N = = ((op2) € Q)n)n =

aph = {{(op1), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} | = (Vop;(crsl): = (cpn =
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{{(crsl), (crs1)}, {(crsl), x}})n)n})n)n; CrsIsFunction > = (Vo (rl): (rl
{ph & {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): = (= (Yobj(0p2): = (= (= ((0p1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Yopj(crsl): = (cpn =
{{(Cl‘bl) (CI‘bl)} {(crsl),x}})n)n} =

1 (Vobj (0p1): =1 (=1 (Vobj (0p2): = (1 (= (
2 ((r1) = {{(opL), (op1)}, {(op1), (op2)} Pn)n)n)n)n)n =
7 (Vobj (1)1 Von; (£2): Von; (£3): Vob; (f4): {{(f1), (f1)}, {(f1), (£2)}} € {ph € {ph €
(P -
o (
(

(Union({N, Q}))) | = (Vobj(0p1): = (- (Vonj(0p2): =1 (7 (1 ((opl) € N =
(0p2) € Q)n)n = = (apn = {{(op1), (op1)}, {(Opl) (op2)}})n)n)n)n)n)n} |
1) (Cph = {{(crsl), (crs1)}, {(
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(crs 1) (crsl)}, {(crsl),g}}) Jn} = (f1

)n)n; JoinConjuncts > = (Vop;(rl): (rl) € {ph € {ph €
P(Union({N, Q}))) | = (Vobj(0p1): = (= (Yobj(0p2): = (5 (= ((0pl) € N =
op2) € Q)n)n = = (apn = {{(op1), (0
crsl): = (cpn = {{(crsl), (crsl)
bi(0P1): = (= (Vobj(0p2): = (= (= ((0
(rl) = {{(op1), (op1)}, {(0p1), (0p2)}})n
obj (FL): Yob; (£2): Yon; (£3): Vs (F4): {{(F1), (f1)}, {(1), (2)}} € {ph € {ph €
(Union({N, Q}))) | = (Ves(0p1): = (= (Yo (0p2): = (= (= (opT) € N =
(0p2) € Q)n)n = = (apn = {{(opl), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |
j(crsl): = (cpn = {{(crs1), (crs1)}, {(crsl), x}}Hn)n} =
{{(83), (83)}, {(f3), (f4)}} € {ph € {ph € P(P(Union({N,Q}))) |
7 (Yobj(0p1): = (= (Vopj(0p2): = (% (= ((op1) € N = = ((0p2) € Qu)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Yopj(crsl): = (cpn =
crsl), (crsl)}, {(crsl),x}})n)n} = (f1 f

) n)n > Vopj(s1): (s1) € N'= = (Vopj(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
{ph € {ph € P(P(Union({N, Q}))) |
= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (0p1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (obj(crsl): = (cpn =
{{(crs1), (ers1)}, {(crsl),x} })n)n})n)n > = (= (Vobj(rl):
P (Union({N, Q}))) | = (Yobj(0p1): = (= (Yobj(0p2): = (= (*
op2) € Q)n)n = = (apn = {{(op1), (0p1)}, {(op1), (0
obj(crsl): = (cpn = {{(crsl), (crs1)}, {(crsl),x}})n)n} =

obj (0p1): 5 (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
i) — = {{(op1), (op1)}, {(0p1), (0p2)} Pn)n)n)n)n)n =
b (F1): Vob; (£2): Vob; (£3): va](f4) Hl
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= ((0p2) € Q)n )H = S (apn = {{(Opl) o
7 (Vobj (crsl): = (cpn = {{(crs1), (crs1)}, {
(£3)

3)},{(£3), (f4)}} € {ph € {ph € P(P (Umon({N,Q})))

{{(f3), |
= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} Pn)n)m)m)n)n} | = (Vobj(crsl): = (cpn =

RPN

{(crsl) (crs1)}, {(crsl),x}})n)n} = (f1
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[FromOrderedPair I System(Q -
V(sx): V(sx1): V(sy): V(sy1): {{(sx), (sx)}, {(sx), (by)}} =

[FromOrderedPair fex “FromOrderedPair”]
[

FromOrderedPair pyk “lemma fromOrderedPair”]
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FromOrderedPair(1)

[FromOrderedPair(1) progf Ac. Ax.P([SystemQ F

V(sx): V(sx1): V(sy): V(syl): {{@,@}, {@, @}} =

{{(sx1), (sx1)}, {(sx1), (syl)}} F FromOrderedPair >

{{(sx), ()3, {(sx), (sy) 1} = {{(sx1), (sxD) }, {(sx1), (sy1) }} > = ((s) =
(sx1) = = ((sy) = (syl))n)n; FirstConjunct > - (( X) = (sxl) = 4 ((sy) =

(syD)n)n > (sx) = (sx1)], po, )]

[FromOrderedPair(1) I SystemQ
V(sx): V(sx1): V(sy): V(syl): {{(sx), (sx)}, {(sx), (sy) }} =
{{(sx1), (sxD)}, {(sx1), (syD)}} F (sx) = (sx1)]

FromOrderedPair(1) *> “FromOrderedPair(1)”]

E

FromOrderedPair(1) X “lemma fromOrderedPair(1)”]

FromOrderedPair(2)

proof

[FromOrderedPair(2) "— Ac.Ax.P([SystemQ
V(sx): V(sx1): V(sy): V(syl): {{(sx), ()}, {(x), (s9) }} =

3
8

{{(sx1), (sx1)}, {(sx1), (sy1)}} F FromOrderedPair >
{{(sx), ()}, (%), (sy) 1} = {{(sx1), (sx1)}, {(sx1), (sy1)}} > = ((sx) =
(sx1) = = ((sy) = (sy1))n)n; SecondConjunct > = ((sx) = (sx1) = = ((sy) =

(syD)n)n > (sy) = (syD)], po, c)]
[FromOrderedPair(2) 3" SystemQ +
V(sx): V(sx1):V(sy): V(sy1): {{(sx), ()}, {(s%), (sy)}} =

{{(sx1), (sxD)}, {(sx1), sy D} F (sy) = (syD)]
[FromOrderedPair(2) ' “FromOrderedPair(2)”]

[FromOrderedPair(2) > YX “lemma fromOrderedPair(2)”]

FromCartProd

[FromCartProd "% " Aex. P([SystemQ +
V(sx): V(sx1): V(sy): V(syl): {{(sx), (sx)}, {(sx), (sy) }} € {ph €

P(P(Union({(sx1), (sy1)}))) [ = (Von; ( p1): = (5 (Vobi(0p2): = (= (= ((opl) €
(sx1) = = ((op2) € (syl))n)n = = (apn =

{{(op1), (op1)}, {(op1), (0p2)} })n)n )n n)n)n} F

Repetition > {{@ )} {(sx), (sy)}} € {ph € P(P(Union({(sx1), (sy1)}))) |
= (Yobj(op1): = (5 p2): = (5 (5 ((op1) € (sx1) = = ((op2) € (syl))n)n =

338



{{(Opl)a(ﬁl)},{(opl)
= (Vobj(opl): = (5 (Vobj 0p2)
S ({{(sx), (sx)}, {(sx), (sy) }} =
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(sy1))n)n; FirstConjunct > = ((opl) (sxl
(sx1); SecondConjunct > = ((opl) € (sx1) = -
syl); SecondConjunct > = (= ((opl) € (sx1) = = ((op2) € (syl))n)n =
= ({{(sx), (sx)}, {(sx), (sy) }} = {{(op1), (op1)}, {(0p1), (0p2)}})n)n >
H{(sx), ()}, {(s%), (sy) }} =
{{(op1), (op1)}, {(opl), (op2)}}; FromOrderedPair(1) >
{{(sx), ()}, {(sx), (sy)}} = {{(op1), (0p1)}, {(0p1), (0p2)}} > (sx) =
opl); SameMember(2) > (sx) = (opl) &> (opl) € (sx1) > (sx) €

) x), (sx)}, {(sx), (sy) }} =

—~

><

sx1); FromOrderedPair(2) > {{(sx), (sx)

{(op1), (op1)},{(op1), (0p2) }} > 7) = (0p2); SameMember(2) &> (sy) =
op2) > (0p2) € (syl) > (sy) € ( ; JoinConjuncts > (sx) € (sx1) B> (sy) €
syl) > = ((sx) € (sx1) = = ((sy syl))n)n; Ded >
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{{(sx), ()}, {(9), (sy)}} =

) , n)n = = ((sx) € (sx1) = = ((sy) € (syl))n)n>
A (Vobj(opl): =1 (< (Vobj(0p2): = (5 (- ((opl) € (sx1) = = ((op2) € (syl))n)n =
5 ({5, (59}, {(5%), (59)}} = {{(op1), oD D)}, {(oD1), (0p2)} Hm)mymym)m)n >
S ((sx) € (sx1) = = ((sy) € (syl))n)n], po,c)]
[FromCartProd st SystemQ
V(sx): V(sx1): V(sy): V(syl): {{(sx), (sx)}, {(sx), (sy) } } € {ph €
P(P(Union({(sx1), (sy1)}))) | = (Vobj(op1): = (= (Vobj(0p2): = (= (= ((op1) €
(sx1) = = ((op2) € (syl))n)n = = (apy =

[FromCartProd % “FromCartProd”]

[FromCartProd X “lemma fromCartProd”]

FromCartProd(1)

[FromCartProd(1) “— Ac.Ax.P([SystemQ +
V(sx): V(sx1): V(sy): V(syl): {{(sx), ()}, {(sx), (sy) }} € {ph €

P(P(Union({(sx1), (sy1)}))) | = (Vobj(0op1): = (= (Vob;(0p2): = (= (= ((opl) €
(sx1) = = ((op2) € (syl))n)n = = (apy =

{{(op1), (op1)}, {(opl), (op2)}})n)n)n)n)n)n} F FromCartProd >

{(sx), (59}, {(sx), (sy)}} € {ph € P(P(Union({(sx1), (syD)}))) |

(Vobi(opl): = (5 (Vobj(0p2): = (5 (< ((opl) € (sx1) = = ((op2) € (syl))n)n =
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[FromCartProd(1) = “FromCartProd(1)”]

tex
[FromCartProd(1) ¥ “lemma fromCartProd(1)”]

FromCartProd(2)

proof

[FromCartProd(2) "— Ac.Ax.P([SystemQ +
V(sx): V(sx1): V(sy): V(syl): {{(sx), ()}, {(sx), (sy) }} € {ph €

P(P(Union({(sx1), (sy1)}))) | = (Yobj(0p1): = (= (Yonj(0p2): = (= (= ((op1) €

(syD))n)n = = (apn =

€
{{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} F FromCartProd &>
( ): (5y)}} € {ph € P(P(Union({(sx1), (sy1)}))) |

= (Vobj(0p1): = (= (Vopj(0p2): = (= (= ((op1) € (sx1) = = ((op2) € (syl))n)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} Hn)n)njnjn)n} > = ((sx) € (sx1) =
= ((sy) € (syl))n)n; SecondConjunct > = ((sx) € (sx1) = = ((sy) € (syl))n)n >

[FromCartProd(2) = “FromCartProd(2)”]

[FromCartProd(2) = “lemma fromCartProd(2)”]

sameQOrderedPair

[sameOrderedPair POPT A Ax. P([SystemQ F V(sx): V(sx1): ¥(sy): ¥(syl): (sx)
) =

(sx1) F (sy) = (syl) F SameSingleton > (sx
(sx1), (sx1)}; SamePair > (sx) = (sx1) > (y)

{

{(sxl) y1)}; SamePair > {(sx), (sx)} = {(sx]
{(le) yD} > {{(sx), (5x)}, {(sx), (sy)}} =
x1)}, {(sx1), (syD) } }; Repetition > {{(sx), (sx)}, {(sx), (s
le)} {(sx1), (sy1)}} > {{(sx), (sx)}, {(sx), (sy)

) (sxD)}, {(sx1), (syD)}}1, po, )]

~
/\

[sameOrderedPair ° U SystemQ V(sx): V(sx1): V(sy): V(syl): (sx) =

(sy) = (sy1) = {{(sx), (59}, {(s9), (sy)}} = {{(sxD), (sx D)}, {(sx), (

.. tex .
[sameOrderedPair — “sameOrderedPair”]
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. pyk .
[sameOrderedPair = “lemma sameOrderedPair”]

InSeriesHelper

proof

[InSeriesHelper "= Ac.Ax.P([SystemQ F Vm: V(fx): V(sx): V(sy): (sy) € (fx) -

= (5 (Vom(rl) (r1
= ((op2) € )n) = ((r1) )=

{{(op1), (0
: (Vobj(ﬂ

opl), (0p2 4 SameMember > (sy) =

(opl), (op1)}, {(
{{(op1), (op1)}, {(op1), (op2)}} &> (sy) € (fx) >
(opl), (opl)}, {(opl), (op2)}} € (fx); MemberOfSeries >

opl

) € (£x) = = (Yobj(0p1): = (= (Yobj(0p2): = (= (= ((op1) € N =
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N &> = (= (Vobj(r1): (r1) € (£x) = = (Yobj(0p1): = (= (Vobj(0p2): = (= (=1 ((opl) €

N = = ((op2) € (s))m)n = = ({t]) =

{{(op1), (op1)},{(0p1), (0p2)}})n)n)n)n)n)n =

5 (Vobj (1)1 Vob; (£2): Vob; (£3): Vob; (f4): {{(f1), (f1) }, {(f1), (f2)}} € (fx) =
(f3) (f1)

):
{{(83), (83)}, {(13), (f4)}} € (fx) = (11) = (83) = (£2) = (}4))n)n =
> (Yobj (s1): (1) € N = = (Yon; (s2): = ({{(s1), (s1)} {(sl),( 2)}} €
(E))mn)n)n > {{(opl), (op1)}, {(op1), (Bx)[(op1)I}}
(Vobj(rl): (r1) € (fx =

(opl) = (opl); UniqueMember > = (=
(Vo -

bj(0p1): =1 (< (Yobj(0p2): = (< (< ((op1) = ((op2) € (sx))n)n =
5 ((r1) = {{(op1), (op1)},{(0p1), (0p2)}})n)m)n)n)n)n =
1 (Vo (F1): Von; (£2): Vou; (£3): Vo, (F4): {{(F1), (F1)}, {(F1), (2)}} € (fx) =
{{(83), (8}, {{13), (M)} € (£x) = (1) = () = () = [{)n)n =
5 (Vobj(s1): (s1) € N = = (Vo (s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
(£))n)n)n)n > {{(op1), (op1)}, {(op1), (0p2)}} €
(x) > {{(op1), (op1)}, {(op1), (fx)[(op )}} € (fx) > (op1) = (op1) > (0op2) =

(fx)[(op1)]; sameOrderedPair &> (op
{(op1), (op1)},{(op1), (0p2)}} =

—_
~—
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{{{op1)., (op1)}, {(op1), () [(op1)]}}; eqTransitivity o> (sy) =
{{{opL). (op1)}. {(op), (0p2)}} & {{(opL), (op1)}, {(opL). (0D2)}} =
{{(op1). (opD)}, {(op]). (B[P DI} > () =

{{{op1), (op1)}, {(opL), () [(op1)]}}; IntroExist @ (opL) t> (sy) =
{{(opL), (opL)}. {(opL), (B[0P} > * (Vorm: = ((sy) =

{{m, m}, {m, (B)[m]}})iJ; ¥m: V() V(sx): W(sy): Ded &

Vm: V(fx): V(sx): V(sy): (sy) € (fx) F = (5 (Vob;(rl): (r1) € (fx) =
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(Bx))n) (sx)

{{(op1), (op1)}, {(op1), (0p2) } })n)n = = (Yopim: = ((sy) =
{{m, m}, {m, (fx)[m]}})n)n], po, c)]

[InSeriesHelper *5" SystemQ b Vm: V(£x): V(sx): V(sy): (sy) € (fx) =

5 (5 (Vobj(rl): (rl) € (fx) = = (Vobj(opl): = (5 (Vobj(0p2): = (= (- ((opl) € N =

(r1)
= ((0p2) € (sx))n)n = = ((r1) =
{{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n =

- (Vobj@: VcﬂL(f?)iVobj (£3): Vob; (£4): {{(F1), (f1)}, {(f1), (£2)}}
{{(f?’)v@}v {(£3), (f4)}} € (fx) = (f1) = (£3) = (2) = (f4))n
5 (Vobj(s1): (s1) € N = = (Vopj(s2): = ({{(s1), (s1)},

(fx))n)n)n)n = = (- ((opl) € N = = ((op2) € (sx))n)n :; S ((sy) =

{{(op1), (op1)}, {(op1), (0p2) }})n)n = = (Yopim: = ((sy) =
{{m, m}, {m, (fx)[m]}})n)n]

[InSeriesHelper ¥ “InSeriesHelper”|

. k . .
[InSeriesHelper 2 “lemma inSeries helper”]
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InSeries

[InSeries progt Ac.Ax.P([SystemQ +

Vm: V(fx): V(sx): V(sy): Ac. TypeseriesO([(fx)], [(sx)]) - (sy) € (fx) F
S

SeriesType > Ac.TypeseriesO([(fx)],

= (Yonj (op1): = (5 (Vopj (0p2): = (= (=

[(sx)1) > = (= (Yob

;‘(vobj ﬂ)tvobj(fQ):Vobj(f?))ivobj f4)

: 5 (5 (Vobj (0p2): 5 (5 (=
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3), ()}, {(8), (}} € (&) = (1)
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4)}} e (fx) = (f1) = (£3)
x) = 5 (Vonj(opl): =




= ((op2) € (sx)m)n = = ((1]) =

{{(op1), (op1)}, {(op1), (0p2)}}) ) )njn)n)n
= (Vog (F1): Vob; (£2): Wob; (£3): Yob; (F4): {{(f1), (f1)

{(83), (B)},{(13), (M)}} € (fX = (1) = (B)
(f4))n)n; FirstConjunct > = (¥, :
%(vobJ(Opl) (1 (Vobj(0p2): -
(
(

(0 = (((op1).fop1). (6
= vobJ(fl) obj (f2) obj (fg) ob
H#3), (f3)} {( 3) (f4)}} € (£ )
Vob;(r1): j
= ((op2)

(B) =~

B ' (0p2): = (=1 (= ((opl) € N = = ((0op2) € (sx))n)n =
S ((sy) = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n; MP &> (sy) € (fx) =
5 (Vobj(op1): = (1 (Vobj(0p2): 1 (1 (= ((opl) € N = = ((op2) € (sx))n)n =
= ((sy) = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n t> (sy) € (fx) >

1 (Vobj(op1): = (= (Vobj(0p2): = (1 (= ((op1) € N = = ((0op2) € (sx))n)n =
S ((sy) = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n; Repetition >

4 (Vobj(opl): = (5 (Vobj(0p2): = (5 (< ((opl) € N = = ((op2) € @)n)n =
= ((sy) = {{(op1), (op1)},{(0p1), (0p2)}})n)n)n)n)n)n >

5 (Vobj(op1): = (= (Vobj(0p2): = (1 (= ((op1) € N = = ((0op2) € (sx))n)n =
= ((sy) = {{(op1), (op1)},{(opl), (op2)}})n)n)n)n)n)n; InSeriesHelper >>
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) ()
= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € (sx))n)n =
= ((r1) = {{(op1), (op1)},{(op1), (0p2) lf)l)n)n)n)lﬂ)n=>

ﬁ(Vobj(fl)tvoif?):jbj(f?)):Vobj £4): {{(£1), (1)}, {(£1) (f2)}} € () =

{{m, m}, {m, (£x)[m]}})n)n > (sy) € (£x) &> = (= (Vo (r1): (r1) € (fx) =

= (Yonj(0p1): = (5 (Yonj (0p2): = (= (= ((op1) € N'= = ((0p2) € (sx))n)n =
= ((r1) = {{(opL), (op1)}, {( {(OPI)QQ)}M)YLH)H)&;;

A (Vobj (£1): Vob; (£2): Von; (£3):

bj
{{(13), (£3)},{(£3), (f4)}} € (fx) = (f1) = (13) = (£2) = (f4))n)
= (Vobj (s1): (s1) € N = = (Vo (s2): = ({{(s1), (s1)},
(f))n)n)n)n > = (- ((opl) € N= = ((op2) € ( )

\_/

(SX))H)H == (@ = {{(Opl)a (op1)}, {(op1), (0p2)}})n)n =

S Vapgm: = (59) = {{mom). {m, (B)m}n s>

= (Vog (0D1): = (= (Vo (002): = (= (= ((op1) € N = * ((0p2) € (53))m)n =
 ((sy) = {{(opD), (op1)}, {(op1), (oD2)} HJm)m)m)m)m)n > = (Vopgm: = ((sy) =
{{m, m}, {m, (£)[m]}})n)n], po, c)]

[InSeries *5° System@Q - Vm: V(£x): V(sx): V(sy): Ac. TypeseriesO([ (fx)], [(sx)]) #
(sy) € () = = (Vobjm: ﬂ(( ) ={{m,m}, {m &)W

[InSeries °% “InSeries”]
[

. pyk . .
InSeries = “lemma inSeries”|

= f(Subset)(Helper)




eqReflexivity > m = m; Ad@m D> Vo, (tx)
(fy) [m]; sameOrderedPair > m = m > (fx)[m

m]
{{m, m}, {m, (fx)[m]}} = {{m,m}, {m (fy)[m]

m: (fx)[m] = (fy)[m] > (fx)[m] =
x)[m] = (fy)[m] >
(fx) }}; eqTransitivity o> (s1) =

{{m, m}, {m, (&)[m]}} > {{m, m}, {m, (£x)[m]}} = {{m, m}, {m, (fy)[m]}} >
(s1) = {{m, m}, {m, (fy)[m]} }; eqSymmetry t> (s1) = {{m, m}, {m, (fy)[m]}} >
{m, m}, {m, (fy)[m]}} = (s1); NatType > m € N; MemberOfSeries > m € N >
(= (Yobj (r1): (11) € (£y) = = (Yonj(0p1): = (= (Yonj(0p2): = (= (= ((opl) € N =
= ((op2) € Q)n)n = = ((rl) = {{(op1), (op1)}, {(0op1), (0p2) } })n)n)n)n)n)n =
)} e (ty) =
jn =

= (Yobj (F1): Von; (£2): Vob; (3): Vou; (f4): {{(f1), (F1)}, { (1), (£2
{{(f3), (83)}, {(f3), (F4)}} € (fy) = (f1) = (3) = (f2) = (f4))n
= (Yab(51): (51) € N = = (Yo (s2): = ({{(s1), (51)}, {(s1), (52)}} €

(fy))n)n)n)n > {{m, m}, {m, (fy)[m]}} €
(fy); SameMember > {{m, m}, {m, (fy)[m]}} = (s1) > {{m, m}, {m, (fy)[m]}} €
(fy) > (s1) € (fy); Vm: V(£x): V(fy): Ded > Vm: V(£x): V(fy): = (5 (Vob;(r1): (r1) €
(fy) = = (Yonj(0p1): = (5 (Vopj (0p2): 1 (< (=1 ((op1) € N = 4 ((0p2) € Q)n)n =
5 ((r1) = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n =
1 (Vob; (F1): Vob; (£2): Von; (£3): Von; (4): {{(f1), (f1)}, {(f1), (2)}} € (fy) =

{(83), (83)}, {(83), (E)}} € (fy) = (1) = (83)
5 (Vobj(s1): (s1) € N = = (Vob;(s2): = ({{(s1), (s1)},
(fy))n)n)n)nFVobJ : () [m] = (fy)[m] - (s1) = {{
(£y) > = (= (Yopj(r1): (r1) € (fy) =

ii
E
I
=
L=
=]
S~—"
=]
4

S (V. obJ p1): = (5 (Yobj(0p2): = (4 (= ((0p1) € N = = ((0p2) € Qu)n =
= ((rl {{(Opl) (op1)}, {(op1), (0p2)}})n)n)n)n)n)n;*’
2 (Vo (FL): Vo (£2): ong (£3): Wop; (F4):

{{( ) (83)}, {(83), (f4)}} € (fy) = (f1) E)i(ﬂ)i(%)né

= (Voni(s1): (s1) € N = = (Vo (s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
(fy))n)n)n)n = Vopjm: (x)[m] = (fy)[m] = (s1) = {{m, m}, {m, (fx)[m]}} =
(s1) € (fy)1,po, )]

[To = f(Subset)(Helper) " SystemQ - Vm: ¥(fx): V(fy): = (= (Vop; (11): (11) €
(fy) = = (Yobj(0p1): = (51 (Vobj(0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =

= ((r1) = {{(op1), (op1)}, {(op1), (op2)} )H)H jn)n)n =
51 (Vobj (1)1 Vob; (£2): Vob; (£3): Vob; (f4): {{(f1
)=

2
({8), ()}, {(B). W} € (1) = () = (B) = ) = ()
(g B1): (51) € N = = (g (52): <{{<s1>4s1 ) (G0, (2)})
(fy))n)n)n)n = Yepim: (fx)[m] = (fy)[m] = (s1) = {{m, m}, {m, (fx)[m]}} =
(s1) € (fy)]

(s1)
[To = f(Subset)(Helper) b “To=f(Subset)(Helper)”]
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[To = f(Subset)(Helper) VX “lemma to=f subset helper”]

= f(Subset)

[To = f(Subset) Proof \ e Ax. P([SystemQ F Vm: V( X): V(fy) (5 (Vobj(ril:m €
(fx) = = (Yobj(opl): = (1 (Vobj(0p2): = (- ( ((Opl) € N= - ((op2) € Q)n)

r1) = {{(op1), (op1)}, {(op1), (0p2)}})n
obj ﬂ) Ob](fQ) obl(f3> Ob](f4) {
)

{{(13), (f3 } {( 3), (f4)}} € (fX) (fl = (83) = (2
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(s1) € (fy); ExistMP > (sl) ={{m,m}, {m, (fx)[ 1} = 571)6
(fy) > = (Yobym: = ((s1) = {{m, m}, {m, (fx)[m]}})n)n > (s1) €
(fy); Vm: V(£x): V(fy): Ded > Vm: V(fx): V(fy): = (< (Vop; (r1): (rl) € (fx) =

5 (Vobj(s1): ( 1) € N = ﬁ(Vobﬁ)i : {{(Sl) (s1)}, {(s1), (s2)}}
(x))n)n)n)n = = (5 (Vopj(rl): (r1) € (fy) =
Vobj(0p1): =1 (1 (Vobj(0p2): = ( (-

' Vobj(ﬂ):vobj(m) vobj(fg);
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ko]
=

~ (=
' (( = {{@1) (Opl)} {(Opl) (op 2)}
bj (£2): Vob; (£3): Vo (f4): {{(f1), (f1)}, {(f1), (f

, (183)},{(£3), (f4)}} € (fx) = (f1) = (83) = (2) = (f ))n)n=>

NC)
&S
=
Zlm
< O
O ~—
B
=
J

= (Yobj (1) (1) € N = = (Yo (s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
(B Series Type B> Ac Typeseries0([(fy)], [Q1) > = (* (Von (rT)
(fy) = = (Yobj(0p1): = (5 (Yobj(0p2): = (= (= ((0p1) € N = = ((0p2) € Q)
= n =

((r1) = {{(op1), (op1)}, {(op1), (0p2)}})n)n) )n)n)
1 (Vo (F1): Won; (£2): Von; (£3): Yon; (f4): {{(f1), (

({(3), (13)}, {(13), (F4)}} € (fy) = (1) = (13) 3> @) — @n>
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pj(s1): (s1) € N'= = (Vob;(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
n ) Jn; MP3 &> = (5 (Vob (rl): (r1) € (fx) =
obj (0p1): = (5 (Vo (0p2): = (= (5 (
rl) = {{(op1), (op1)},{( {(Opl) . (0p2
o (F1): o (£2): o (£3): V.
(£3)}, {(f3), (f4)}} € (fx) = (f1) =
) eEN= = (Vob (S
= 5 (5 (Vop;(r1): rl)
= (5 (Vobj(0p2): = ( (= (
1), (op1)}, {(op1), (0p2)}}
ﬂ) vobJ(fQ) vobj(fg) v0 f4){{( 1)7 fl)}?{(f1)7( ) }6@:>

= (Yo
(fy)
= (
= (
= (

{{(#3), (13

(Vobj(bl
x))n)n)n)
vobJ(Opl

\./\./

(fx)

I
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= (Yo

=
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=
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vobj (fl)

Vobj (Sl : Sl) S @ = (Sl) S @ > Vobj (Sl): (Sl) S @ = @ S (fyﬂ Po, C)}

Ac. Typeserleb()((( )1, [Q]) VObJ (fx)[m] = (fy)[m] F Yob; (sl : sl) € @ =

(s1) € (fy)]
[To = f(Subset) “% “To=f(Subset)”]

[To = f(Subset) ® V¥ “lemma to=f subset” ]

350



To="f

= £ P2 Aex P([SystemQ +

V(fX) V(fy): Ac. TypeseriesO([(fx)], [Q]) k= Ac. TypeseriesO([(fy)], [Q])

bim: () [m] = (fy)[m] = Ad@m > Vopim: (£x)[m] = (fy)[m] > (fx)[m] =

[m}; eqSymmetry &> (fx)[m] = (fy)[m] > (fy)[m] = (fx)[m]; G

fx)[m] > Vop;m u[m} (fx)[m]; To = f(Subset) 1>

TypeseriesO([(fx)], [Q]) > Ac.TypeseriesO([(fy)], [Q]) &> Vopjm: (fx)[m] =
m] > Yop;(s1): (s1) = (s1) € (fy); To = f(Subset) 1>

Tvpeseread( (B0, [Q1) 5 2e Ty pesersbi0 ([ (8], 101t Vo ()] =

fx)[m] > Vop;(s1) (fy) ) (s1) € (fx); ToSetEquality > Vop;(s1): (s1) €

Pos

1
x) = (s1) € (fy) > (s1) € (fy) = (s1) € (fx) > (fx) = (fy)].p

> Vob
= *8" SystemQ + ) V(fy): Ac. TypeseriesO([ (fx)], [Q 1))

[To
Ac.TypeseriesO([ (fy)], [ 1) m: (fx)[m] = (fy)[m] - (fx) = (£

<(<E*
\3
=

—~
»—ho
S

—~

Ay
t<ﬁ
:H

X)
(s1) €
V)1 1Q
): (s1) €
i(s1)
N
Q

/\y
\><°

—
»—h

]

tex

To =f = “To={"]

[To =f" VY “Jemma to={"]

productIsFunction
AP ([SystemQ F V(m1): V(m2): V(fx): V(fy): (f1) =

. (x):vily)
(y)[(m)
)

[productIsFunction "=

(83) - {{(f1), (F)},{
{{(m1), (m1)},{
{{(m2), (
{{(f),

(f1) =
(13),

f1), (f )
(Q[(

(ml), )] * )1 {{(83), (83)}, {(83), (f4)}} =
m2)}, {(m2), ((&)[(m2)]  (fy)[(m2

]

1)}} F FromOrderedPair(1) o

)}, {(f1), (2)}} = {{(m1), (mD)}, {(m1), () [(m1)]  (fy)[(m1)])}} >
(m1); eqSymmetry > (f1) = (ml) > (ml) = (f1); FromOrderedPair(1) >

(f1)
ml
(83)}, {(£3), (#4)}} = {{(m2), (m2)}, {(m2), ((x)[(m2)] * (fy)[(m2)])}} >
m2); eqTransitivity4 > (m1) = (f1) > (f1) = ( = (m2) > (ml) =
; SameSeriest> (m1) = (m2) > (fx)[(m1)] = (fx)[(m2)]; SameSeries>(m1) =
(fy)[(m1)] = (fy)[(m2)]; MultiplyEquations =
(ty)[(m1)] = (fy)[(m2)] > ((fx)[(m1

) D
(fy)[(m2)]); FromOrderedPair(2) > {{(f1), (f1)}, {(f1), (f2)}} =

m1)}, {(ml), ((5)[(m1)] + (fy)[(m (2)
[

2 )

( D >®=

1 )]); FromOrderedPair(2) > {{(£3), (£3)}, {(f3), (f4)}} =
(m2)}, {(m2), (&) [(m2)]  (fy)[(n2)] =

2

2
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)3} > (f4)
;eqSymmetry &> (f4) = ((fx)[(m2)]  (fy)[(m2)]) >

=
o]
Na»

= (f4); eqTransitivity4 > (f2)
> ((B)[(mD)] + (fy)[(mD)]) =
> ((fx)[(m2)]  (fy)[(m2)])

=
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stmt

[productlsFunction "—" SystemQF L

V(m1): ¥(m2): V(£x): V(fy): Yon; (F1): Von; (£2): Vob; (£3): Yob; (f4): {{(f1), (F1)}, { (1), (f
{ph € {ph € P(P(Union({N, Q}))) | S
= (Yonj(0p1): = (=1 (Yonj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)njn} | = (Vobym: = (epn =
{{m, m}, {m, ((x)[m] * (fy)[m]) }})n)n} = {{(3), (£3)}, {(13), (f4)}} € {ph €
{ph € P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vob; (0p2): = (= (= ((op1) €
N = 4 ((op2) € Q)n)n = = (apy =

{{(op1), (op1)}, {(op1), (0p2)} })m)n)n)n)n)n} | = (Vop;m: = (epn =

{{m, m}, {m, ((fx)[m] = (fy)[m])}})n)n} = (f1) = (£3) = (f2) = (4)]

[productIsFunction ey “productIsFunction”]

. k .
[productIsFunction 5 “lemma productIsFunction”]

productlsTotal

[productIsTotal ~— PP AeAx. P([SystemQ - Vm: V(fx): V(fy): (s1) eNF
SeriesType >> = (4 (Vob(rl): (r1) € (fx) =
A/ ObJ( 1): 5 (5 (Vo (0p2): = (= (= ((op1
= ((r1 i{{( 1), (op1)}, {(op1), (0p2)}})
1 (Yob; (F1): Von; (f2): Vob; (£3): Vou; (f4): {{(f1), (F1)}, {(f1), (12)} } € (fx) =
{{(13), (83)}, {(£3), (F4)}} € (fx) = (f1 n)n

= (v Ob_](bl) ( 1)eN=~ (vobj (s2): 1
(fx))n)n)n)n; SeriesType > = (= (Vob;(r1): (r1) € (fy)
= (Yo (0p1): = (5 (Vobj (0p2): = (= (=

op
obj
(£3)

x)
- (
((r1) = {{(op1), (op1)}, {(op1), (op2)}}

(Von; (F1): Yon; (£2): Vob; (£3): Vob; (f4): {{(f1), (f1)}, {(f1), (£2)}} € (fy) =
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P(P(Umon({N’Q}))) | = (Yobj

(Vobj(s1): ( ) N = (Vb (52): ({ (s1), (s} {
n > (fx)[(s )] Q; ValueType >(s1) e N
S
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{ ) (s}, {(s

1),(s2)
tlphcatlon) > (fx)[(sl RS

() [} =

; Formula2Sep >

s1])}} € {ph € P(P(Union({N, Q}))) |

pl) € N = = ((op2) € Q)n)n =
})*)n)n)n) n)n)nj o>

s+ (fy)[(sDD}} =

= (Yobj(0p2): = (= (= ((opl) € N =

(o
(MGQ) Jn = = (apn = {{

h
= (Vopjm: = (epn = {{m, m}, {m,

;[) (}0131)} , {(op1), (0p2) } }n)n)njn)n)n} |

* (fy)[m]) } })n)n}; Repetition o

{1, G} {6, (B[(s1)] * (fy)[(s1))}} € {ph € {ph €

P

(Union({N, Q}))) | = (Yopj(opl): =

)
(

4 (Yobj(0p2): = (5 (= ((opl) € N =

= (Yobim: = (epn = {{m, m}, {m, ((fx)[m

{1, D} {GD), (B[(s1)]

(fy)[(s1)

(P
E(0p2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |

(fy)[m])} })n)n} >

J *
I}t e{phe{phe
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P(P(Union({N,Q}))) |  (Vob;(0p1): = (=2 (Yobj(0p2): = (=1 (= ((opl) € N =
=((op2) € Q)u)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n)n} |

{{m, m}, {m, ((x)[m] * (fy)[m])} } )n)n}; IntroExist @((fx)[(s1)] = (fy)[(s1)]) >

{{s1), (1}, {(s1), (B)[(s1)] * (£y)[(s1)])}} € {ph € {ph €

| Top1): (= (Vebs(00D): = (5 (5 ([opT) € N =

; (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |

m] s (fy)[m])} })n)n} >

} € {ph € {ph € P(P(Union({N, Q}))) |
p2) € Q)n)n =

| - (va]m - (epn =

'm fy): Ded >

m s1), 51)}7{(81) (s2)}} € {ph €

{ph € P(P(Union({N, Q}))) | = (Vobj (0p1): = (=1 (Vop; (0p2): = (4 (= ((op1) €

(;o;@ ({{(s1), (s1)}, {(s1), (s2)}} € {ph € {ph € P(P(Union({N,Q}))) |
5 (Vobj(op1): = (5 (Vobi(0p2): = (1 (= ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Vop;m: = (epn =
{{m, m}, {m, ((£)[m] * (fy)[m])}})n)n})n)n], po, c)]
[productIsTotal Y SystemQ F Vm: V(fx): V(fy): Vobj(s1): (s1) € N =
= (Vobj(52): = ({{(s1), (51)}, {(s1), (52)}} € {ph € {ph € P(P(Union({N,Q}))) |
= (Yobj(0p1): = (%1 (Vobj(0p2): = (5 (= ((0p1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)},{(0p1), (0p2) } })n)n)n)n)n)n} | = (Vopim: = (epn =
{{m, m}, {m, ((£x)[m] * (fy)[m])}})n)n})n)n]

[productIsTotal “= “productIsTotal”]

[productIsTotal ” X “emma productIsTotal”]

ProductIsRationalSeries

[ProductIsRationalSeries PO XA, P([SystemQ + S
Vm: V(m1): V(m2): V(fx): V(fy): CPseparationlsRelation > Vop,j(r1): (r1) € {ph €
{ph € P(P(Union({N,Q}))) | = (Yob;(0p1): = (= (obj (0p2): = (= (= ( 1) e

N = = ((op2) € Qu)n = = (apy =
{{(op1), (op1)},{(op1), (0p2) } })n)n)n)n
{{m, m}, {m, ((£x)[m] * (fy)[m])} })n)n}

= (Yabj(0p1): = (= (obj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =

n)n} [ 5 (Vopjm: = (epn =
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= ((r1) = {{(opl), (op1)}, {(opl), (0p2)}})n)n)n)n)n)n; productIsFunction >
Yobj (f1): Von; (£2): Vob; (3): Vou; (f4): {{(f1), (f1)}, {(f1), (£2)}} € {ph € {ph €
P(P(Union({N, Q}))) | = (Yobj(0p1): = (% (Yobj(0p2): = (2 (= ((opl) € N'=

= ((op2) € Qn)n = = (apn = {{(op1), (op1)}, {(0op1), (0p2)} })n)n)n)n)n)n} |
= (Yobjm: = (epn = {{m, m}, {m, ((fx)[m]
{{(83), (£3)}, {(£3), (f4)}} € {ph € {p

= (Yobj(0p1): = (=5 (Vopj (0p2): = ( (= ((op

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((fx)[m] * (fy)[m])} })n

(f4); productIsTotal > Vop;(s1): (s1) € N =

4 (Yonj (s2): = ({{(s1), (s1)}, {(s1), (s2)}} € {ph € {ph € P(P(Union({N,Q}))) |
5 (Vobj(0p1): =1 (1 (Vobj(0p2): = (4 (4 ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((£x)[m] * (fy)[m]) }})n)n})n)n; ToSeries &> Vop;(r1): (r1) € {ph €
{ph € P(P(Union({N, Q}))) | = (Vob;(0p1): *1 (* (Vob;(0p2): =1 (= (1 ((opl) €
N = = ((op2) € Q)n)n = = (apy =
{{(op1), (op1)}, {(op1), (0p2)} H)n)n)n)n)n)n} | = (Vopim: = (epn =
{m, m}, {m, ((fx)[m] * (fy)[m])}})n)n} =

= (Vobj(opl): = (5 (Vobj(0p2): = (4 (— ((opl) € N = = ((op2) € Q)n)n =

= ((r1) = {{(op1), (op1)}, {(op1), (0p2)} })n
Yonj (F1): Vob; (£2): Vob; (£3): Vob; (F4): {{(f1), (f1)}, {(f1), (f2)}} € {ph € {ph €
P(P(Union({N,Q}))) | = (¥ obj(Opl)i*(* (Yobj(op2): = (= (= ((Opl) €eN=
= ((op2) € Q)n)n = = (apn = {{(opl), :
5 (Vobjm: = (epn = {{m, m}, {m, ((fx) )[m} (fy)[m])}})n)n} =
{{(£3), (£3)}, {(f3) (f4)}} € {ph € {ph € P(P(Union({N, Q}))
=1 (Vobj(opl ( ( ObJ(Opz) (ﬁ( ((Op ;
aph = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | - (Yobim: = (epn =

A»T
m
g%
I~
3
(@)
8. =
@]
=8
—
Z
s
-
SN—

~—

\_/
=
* 3
[y
=
-~ T
—~
—
[©]
3
c
=
—
[©]
S
[\}
>
—
—
S—
=
=
\./
\_/
\_/
B
=
—

—

<C
—~
~—

5 o)} | = (

{{m, m}, {m, ((59)[m] + () [m]) })n)n} = () = (1) = (@) =

{F2) B Yoy (51): (51) € N = = (Vo (52): = ({{(51), G}, {G), (2)})} € {ph €
{ph € P(P(Union({N, Q}))) | = (Veb;(0p1): = (= (Van;(0p2): * (* (* ({op1) €
N = = ((0p2)

S Q) )n = —|(aph =

{{{opD). (o1}, {(0p1), (0p2))m)m)mpmm)n} | “ (Vopsm: = (epy =

{{m, m}, {m, ((x)[m]  (fy)[m]) } })n)n})n)n > = (= (Vop;(rl): (r1) € {ph € {ph €

P(P(Union({N, Q}))) | = (Vobj(op1): 1 (=1 (Vobj(0p2): = (7 (7 ((opl) € N =
op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |

pjm: = (epn = {{m, m}, {m, ((fx)[m] « (fy)[m])}})n)n} =

bi(0P1): 1 (4 (Vobj(0p2): = (=1 (= ((0p1) € N = = ((0p2) € Q)n)n =
fl) = {{(op1), (op1)}, {(0p1), (0p2)} Pn)n)n)n)n)n =
obj (f1): Von; (£2): Von; (f3): Vob; (f4): {{ (1), (f1)}, {(f1), (£2)}} € {ph € {ph €
(Union({N, Q}))) | = (Yonj(op1): = ( (Vonj (0
(op2) € Q)n)n = = (apn = {{(op1), (op1)},

p2): = (= (= ((opl) € N =
(Opl (0p2)}})n)n)njn)n)n} |

= (
(Yo
" (Yo
~ (
" (¥
(P
~ (

J"UJ_I_I_I

355



 (Vopgm: = (epn = {{m, m}, {m, ((fx)[m] » (&) [m])} }))n} =
{{(£3), (83)}, {(13), (f4)}} € {ph € {ph € P(P(Union({N, Q})))
= (Vobj(0pl): = (< (Vobj(0p2): = (= (= ((opl) € N = = ((op2)

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n
(.} {m. (59 m] « (fy)lm]) P} = 0T = ()

5 (Vopj(s1): (s1) € Niﬁ(vobj(ﬁ) = ({{(s1), (s1)},

(P(Union({N, Q}))) | = (Vobj(op1): = (= (Vob;(op
S ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(0
51 (Vopjm: = (epn = {{m, m}, {m, ((fx)[m] « (fy)[m])

[ProductIsRationalSeries sty SystemQF
Vm: V(m1): V(m2): V(fx): V(fy): = (- (Vob;(r1): (1) € {ph € {ph €
P(P(Union({N, Q1)) | = (Vabi 0B1): = (= (Vo {0D2): = (= (= ((op1) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
objm: = (epn = {{m, m}, {m, ((fx)[m]  (fy)[m])}})n)n} =

|
€Qnn =
n}|ﬂ(v 'm:;\(ephz

b | = (Vorm:
) = (f2) =

f4))n)n =
(s1),(s2)}} € {ph € {ph €
2): 5 (5 (5 ((opl) €N =
pl), (op2)}})n)n)n)n)n)n} |
}Hn)n})n)n)n)ng, po, c)]

P

-

=
—_

obj(0p1): 71 (<1 (Vobj(0p2): 1 (<2 (= ((op1) € N = = ((0p2) € Q)n)n =
= {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n =

j (EL): Vo (£2): Yoy (£3): Yoy (£4): {{(EL), (L)}, {(EL), (£2)}} € {ph € {ph €
P(Union({N, Q}))) | = (Vobj(op1): 51 (52 (Vobj(0p2): = (= (41 ((opl) € N =
op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)nt |
objm: = (eph = {{m, m}, {m, ((fx)[m] * (fy)[m ])}}) jn} =
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(Vo (51): (51) € N = = (Vo (s2): ({{(s1), (sD)} {(s1), (s2)}} € {ph € {ph €
(P(Union({N, Q}))) [ = (Vobj(op1): = (=1 (Vob; (A (=
' E(OPQ) €Q)n )H == (aPh = {{(Opl) % opl)},
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=}
=
T
<

]

[ProductIsRationalSeries tg( “ProductIsRationalSeries”]

[ProductIsRationalSeries ¥ “emma productIsRationalSeries”]

TimesF

proof

[TimesF "— Ac.A\x.P([SystemQ F Vm: V(fx): V(fy): Ac. TypeNatO([m]) H
Ac.TypeseriesO( [ (fx)], [Q]) # Ac. TypeseriesO([(fy)], [Q]) # NatType > m €

N; SeriesType > = (4 (Vb (rl): (r1) € (fx) = -
= (Yobj (0p1): = (5 (Yobj(0p2): = (5 (= ((0p1) € N = = ((0p2) € Q)u)n =

&
= ((r1) = {{(op1), (op1)},{(op1), (0p2)} Pn)n)n)n)n)n =
= (Yon; (F1): Yob; (f2): Vo (£3): Vo (£4): {{(f1), (f1) }, {(f1), (2)} } € () =
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j
Jn)n)n; SerlesType > 5 ( (
J -/ _‘

(fy))n)n)n )n ProductIsRatlonaISerles >> ( (VO i rl):( 1) e {ph e {ph €
P(P(Union({N, Q1)) | * (Yabj{0p1): (= (Fobg (0D2): = (= (= ({opT) € N =
 ((op2) € Q) = = (ap, = {{(0p1), (op 1)}, {(op1), (D2 }})m)m)m)m)m)n} |
= (Yobjm: ﬁ(eph—{{mﬁ{m () [m] * (fy)[m])}})n)n} =

= (Yobi(0p1): = (5 (obj (0p2): = (1 (= ((0p1) € N = = ((0p2) € Q)n)n =

= ((r1) = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n)n =

= (Yon; (F1): Vob; (£2): Vo (£3): Vo, (£4): {{(f1), (f1)}, {(f1), (£2)} } € {ph € {ph €
P(P(Union({N, Q}))) | 1 (Vobj(0p1): = (= (Vob;(0p2): <2 (=1 (= ((0pl) € N =

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Yobjm: = (epn = {{m, m}, {m, ((fx)[m] * (fy)[m])} })n)n} =

{{((53) ((f3)} {(83), (4)}} € {ph € ~({ph P(P(Union({N, Q}))) |

4 (Vob; 4

opl): = (<1 (Vopj (0p2): - (5
= (apn = {{(op1), (op1)},{(op1), (op
{{m, m}, {m, ((x)[m] * (fy)[m])}})n)n )
4 (Vobi(s1): (s1) € N = = (Vo (s2): = ({{(81)7(51 3, {(s1), (s2)
P(P(Union({N, Q}))) | = (Vobj(opl): = (-1 (Vobj(0p2): = (< (-
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (op
= (Vobjm: = (epn =

{{m, m}, {m, (Li)[m]i( y)[m])}})n)n})n)n)n)n; MemberOfSeries > m €

[m
1) € {ph € {ph € P(P(Union({N, Q}))) |

/—\

N = (5 (o (r1): (r

= (Yobj(0p1): 1 (1 (Vobj (0p2): = (41 (= ((0p1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Vopjm: = (epn =
{{m, m}, {m, ((£x)[m] * (fy)[m])} })n)n}

= (Yob (0p1): 1 (1 (Vobj(0p2): = (= (= ((0p1) € N = = ((0p2) € Q)u)n =

(r1) = {{(op1), (op1)}, {(op1), (0p2)} u)m)n)n)n)n =

)
= ( hn

5 (Vobj (£1): Yon; (£2): Yo (£3): vobj(f4): {(f1), (1)}, {(f1), (£2)}} € {ph € {ph €

P(P(Union({N, Q}))) | = (Vobj(op1): 1 (=1 (Vobj(0p2): = (= (7 ((opl) € N =

= ((op2) € Qu)n = = (apn = {{(op1), (op1)}, {(op1), (0p2) } })n)n)n)nju)n} |
5 (Vobjm: = (epn = {{m, m}, {m, ((fx)[m] « (fy)[m])}})n)n} =

{{(83), (£3)}, {(£3), (f4)}} € {ph € {ph € P(P(Union({N,Q}))) |

5 (Vobj(0p1): = (1 (Vobj(0p2): 1 (1 (1 ((0p1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n)n} | = (Vobim: = (epn =

{{m, m}, {m, ((£)[m] * (fy)[m])} )u)n} = (f1) = (83) = (f2) = (4))n)n =
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= (Vops(51): (51) € N = = (Vo (52): = ({51, 51}, {51, (52)}} € {ph € {ph €

P(P(Union({N, Q}))) |  (Voby (0pL): = (= (Vo; (0p2): (= (= ((opL) € N =

 ((0p2) € Q)m)n = = (apn = {{(op1), (0p1)}, {(op1), (D)} })n)m)n)m)nn} |
= (Vopym: = (epn, = {{m, m}, {m, ((E9)[m)] * (fy)[m])}})n)n})n)n)n)n >

{{m,m}, {m, {ph € {ph € P(P(Union({N,QJ))) |

Ol (Wony(op2): (= (1) €N = = (@92 € Qi =

= (apn = {{(op1), (op1)}, {(op1), (0p2)
{{m, m}, {m, ((£x)[m] * (fy)[m])} })n)n}[m L
P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((opl) € N =
(0p2) € Q)n)n = = (apn = {{((Opl) (Opl)iy {(op1), (0p2)} })n)n)n)n)n)n} |

objm: = (epn = {{m,m}, {m
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m))}}; IntroExi
m} {m, (B9 [m

])}}) n)u; FOTHHHBQSGPD {{m, m}, {m, ((&x)[m] * (fy)[m])}} € {ph €
P(Union({N, Q}))) | = (Vobj(0op1): = (= ( -
op2) € Qu)n = = (apn = {{(op1), (op
objm: = ({{m, m}, {m, ((fx)[m] * (fy)[m] ,
(m])}Hn)n > {{m, m}, {m, ((£x)[m] « (fy)[m])}} € {ph € {ph €
P(Union({N, Q}))) [ = (Yonj(op1): = (*+ (Yon :

~((op2) € Qu)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)njn)n} |
(g = (epp = {{m, m}, {m, ((Bx)[m] * (fy)[m]) } )} eqReflexivity > m =
m; UniqueMember > = (= (Vob;(r1): (r1) € {ph € {ph € P(P(Union({N,Q}))) |
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= (apn, = {{(op1). (op1)}, {{0pD), (02)} um)mm)m)n} | = (Vym:  (epr, =
{{m,m}. {m, (£5){m] « (iy)[m) }} n)n) o

= (Vog (0P1): = ( (Voy (002): = (= (4 ((0p1) € N = = ({0p2) € Qu)n =

% ((r1) = {{{opL). (op1)}. {(0p1). (op2)} Dr)mm)n ) =

= (Vo (E1): Vo (E2): Vo (B8): Yoy (£0): {{(11), (E)}, {(F1), (2)}} € {ph € {ph €
P(P(Union({N, Q}))) | * (Yari (0p1): * (= (Yous (0p2): = (= (* ((op1) € N =
(@ D)}, {{opD), (op2)}})n)n)n)njn)n} |

(op2) € Q)n)n = = (apn = {{(opl), (op
Vobim: =1 (epn = {{m, m}, {m, ((fx)[m] *
{{(3), (£3)},{(3), (f4)}} € { {ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(0p1): =1 (1 (Vobj(0p2): = (1 (= ((op :
S (apn = {{(op1), (op1)}, {(op1), (op2) }})n)n)n)n)n)n} | = (Vopym: = (epn =
{{m, m}, {m, ((fx)[m] * (fy)[m]) }})n)n} = (f1) = (£3) :>( f2) = (f4))n)n =
= (g 51): 1) € N = * (Vo 52): » (G
P(P(Union({N, Q}))) | = (Yobj(op1): 1 (= (Vob :
- ({op2) € Qn)n = “ (apn = {{(op1), (op)}. {(opL). (0P
= (Vobjm: = (epyn =
{{m, m}, {m, ((£x)[m] * (fy)[m]) }})n)n})n)n)n)n > {{m, m}, {m, {ph € {ph €
P(P(Union({N, Q1)) | * (Vs (0p1): = (= (o {002): = (= (= (fop1) € N =
(o) € QJajn = * ({0, GoD ) (op1). o) Da)u)w)n)ujn} |
7 (Vobym: = (epn = {{m, m}, {m, ((fx)[m] * (fy)[m])}})n)n}[m]}} € {ph € {ph €
P(P(Union ([N, Q}))) | = (ot (0DD): = (= (Yo (op2): (5 (= (o1 € N =
©pD)}, {{op1), (002} )m)mym)m)m)n} |
S

<

AA/\,_\/_\

<

= ((op2) € Q)n)n = = (apn = {{(opl),

7 (Vobjm: = (epn = {{m, m}, {m, ((fx) (fy)[m])} Hn)n} >

{{m m}, {m, ((fx)[m] * (fy)[m])}} € {ph € {ph € P(P(Union({N, Q}))) |
obj(0p1): 1 (5 (Vob(0p2): = (4 (< ((opl) € N = = ((0p2) € Q)n)n =
apnh = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Yobim: = (epn =
{m,m}, {m, ((fx)[m] * (fy)[m])} })n)n} >m = m > {ph € {ph €

( (Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (+ ((opl) € N =
= ((op2) € Q)u)n = = (apn = {{(op1), (

objm: =1 (epn = {{m, m}, {m, ((f )[m} * (fy)[m])} })n)n}{m] =
((fX>[ ]+ (fy)[m])], Po, )]

[TimesF *2" SystemQ - Vm: V(fx): V(fy): Ac. TypeNat0([m]) #

Ac.TypeseriesO([(fx)], [Q]) # Ac. TypeseriesO([ (fy)], [Q]) # {ph € {ph €
P(P(Union({N, QF))) | * (Veps(op1): = (= (Vans(op2): 5 (5 (5 (opT) € N =

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |

= (Yopim: = (epn = {{m, m}, {m, ((£x)[m] * (fy)[m])} })n)n}[m] =

((£x) [m] + (fy)[m])]

[TimesF “% “TimesF”]

’<?

—~

—~~
S~—

/2/\

[TimesF X “Yemma timesF” |
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—x+ (1/2)x = —(1/2)x

[—x + (1/2)x = —(1/2)x 2 “x+(1/2)x=-(1/2)x"]
[—x+ (1/2)x = —(1/2)x ° VY “lemma -x+(1/2)x=-(1/2)x"]

PositiveTripled

proof

[P051t1veTr1pled — Ac. A P([SystemQ F ¥x: - (0 <= (rec((1+1) + 1) *x) =
(5 (0= (rec((1+1)+1)*x))n)n)nF0<3>-(0<=((1+1)+1) =
(= (0=((14+1)+1))n)n)n; Pos1t1veFactors >a(0<=((1+1)+1)=
S (5 (14+1)4+1))n)n)ne> (0 <= (rec((14+1)+ 1) xx) = (- (0=
e 1)+ 1) s x))n)n)n > 5 (0 <= ((14+1)+1) * (rec((1+1) + 1) xx)) =
(( ((( 4 1)+ ( + 1) % (rec((1 + 1) + 1) * x)))n)n)n; timesAssociativity >
2 qSymmetry >
(
1+

(0=

0
(1
0

(rec(

vll—i—l\

+1D)4+1)xx)=(((1+1)+ 1)« (rec((1+1)+1) =
1+1)+1)xrec((1+1)+1))*xx) =
+1)+1)*x) > (1+1)+1) % (rec((1+1)+ 1) xx)) =

(1
((((1+
14+1)4+1) * (rec((1
(1+1)+1)*rec((1+4 1)+ 1)) x x); PositiveNonzero > - (0 <=
D +1) % 530 = (1 1)+ D > = (1 +1)+ 1) =

(1+1)+1)=0n> ((1+1)+1)*rec((1+1)+1)) =
;eqMultiplication > (((1 +1) + 1) *rec((1 +1) +1)) = 1>
(((1 +1)+1)xrec((14+1)+ 1)) *x) = (1 *x); timeslLeft > (1 *x) =
seqTransitivity4d > (1 + 1) + 1) * (rec((1+ 1) + 1) xx)) =
(((1+1)+1)*rec((1+1)+1)) X)> (((1+1)+1)*rec((14+1)+1)) xx) =
Tsx)>(1xx)=x>(((1+1)+1)= (rec((1+1)+1) x)) =
x; SubLessRight > (((1 + 1) + 1) * (rec( (1 +1) + )) =x>(0<=
(T4+1)+1)*(rec((L+1)+1)xx)) = (- (0= ((( )+ 1) % (rec((L+1) +
1) %x)))n)n)n > = (0 <= x = = (= (0 = x)n)n)n], po, ¢)
[

]
PositiveTripled *3" SystemQ F Vx: = (0 <= (rec((1+1) 4 1) #x) = = (= (0 =
(rec((1+1) + 1)+ x))n)n)n F = (0 <= x = = (5 (0 = x)n)n)n]

(@
);
(
(
(1+
)

X
0)n; Reciprocal > = ((
X

(
(
(
(
1;
(
(
(1%

[PositiveTripled ey “PositiveTripled”]
[

K
PositiveTripled "5 “lemma positiveTripled”]

PositiveDivided By3

proof

[P051t1veD1v1dedBy3 — Ac.Ax. ”P(fSystemQ F¥xa(0<=x=-(-(0=
x)nnkF0<3>2(0<=((1+1)+1)= (0=

((14+1) 4+ 1))n)n)n; PositiveInverted > - (0 <= ((1+ 1)+ 1) = - (- (0 =
(I+1)+1))nn)n>-(0<=rec((1+1)+1)= (- (0=

rec((1+ 1) + 1))n)n)n; PositiveFactors > = (0 <=rec((1 + 1)+ 1) = = (= (0 =
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rec(1+1)+1D)n)n)n> (0 <=x= (- (0=x)n)n)n>> = (0 <=
(rec((1 4+ 1) + 1) x) = = (5 (0 = (rec((1 + 1) + 1) * x))n)n)n], po, )]

[PositiveDividedBy3 *5" System(Q F Vx: <1 (0 <= x = = (1 (0 = x)n)n)n
S(0 <= (rec((1+ 1)+ 1) xx) = - (5 (0 = (rec((1+ 1) + 1) * x))n)n)n]

[PositiveDividedBy3 = “PositiveDividedBy3”]

[PositiveDividedBy3 X “lemma positiveDividedBy3”]

|x —x| =0

[x—x|=0 Proof \ex. P([SystemQ F Vx: eqReflexivity > x =

x; PositiveToLeft(Eq)(1term) > x = x > (x + (—ux)) =
0; SameNumerical > (x + (—ux)) = 0> |(x + (—ux))| = [0[;|0] =0 > |0| =
0; eqTransitivity > |(x + (—ux))| = [0] > [0] = 0> |(x + (—ux))| = 0], po, ¢)]
[Ix — x| = 0°*™" SystemQ - ¥x: |(x + (—ux))| = 0]

tex

[x — x| = 0 “[xx|=07]

[[x—x|=0 2 “emma |x-x|=0"]

1 <2
1< 2pﬁ°fAchP((systekao<1>>%(0<:1;»+(%(0:
1)n)n)n; LessAddltlon >A(0<=1=4(-0=1n)n)n>-(0+1) <=

)= (= ((0+1) = (1+1))n)n)n; plusOLeft > (0 + 1) = 1; SubLessLeft >
)=12(0+1) <=1+ =2 (0+1) =1+ Dnnn > =(1 <=
)= (=(1= (1 + 1))n)n)n; Repetition> = (1 <= (1+1) = 2 (- (1 =
Donjn > = (1 <= (1+1) = = (= (1 = (14 1))n)n)n], po, c)]

1

)
1< 2% SystemQ F (1 <= (1+1) = 5 (5 (1 = (1+1))n)n)n]

1< 2% “1<27]

(
(
(
(
[
[

1<2 X “lemma 1<2”]

1/3 < 2/3

[1/3 < 2/3 "2 Ae A P([SystemQ 1 < 2> = (1 1+41)=>5(=(1=
(I1+1)n)n)n;0<1/3> (0 <=rec((1+1)+1

rec((14+1) + 1))n)n)n; LessMultiplication > = (0
(- (0=rec((1+1)+1))n)n)ne (1< (1(?—1

<=(

)= (2 (0=
<=rec((1+1)+1)=
1):>%(%(1:
+

(1+1)n)n)n > = ((T*rec((1+1)+1)) < 1) xrec((14+1)+1)) =
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(5 ((1xrec((14+1)4+1))=((1+1)*rec((1+ 1)+ 1)))n)n)n; times1Left >
(Isrec((14+1)+1)) =rec((1+ 1)+ 1); SubLessLeft > (1 xrec((1+ 1)+ 1)) =
rec((I14+1)+1)> = ((1xrec((14+1)+1) <=(1+1)*rec((14+1)+1)) =
a( (Isrec((1+1)4+1))=((14+1)*rec((1+1)+1)))n)n)n >

Srec(1+1)+1) <= ((1+1)*rec((1+1)+1)) = (- (rec((1+1)+1) =
(T+1)*rec((1+1)+1)))n)n )n Repetition > = (rec((1 + 1) + 1) <=
(14+1)*rec((1+1)+1)) =~ ( (rec((1+1)+1) =
((141)xsrec((141)+1)))n)n)n > = (rec((14+1)+1) <= ((1+1)*rec((1+1)+1)) =
5 (5 (ree((1+ 1) + 1) = ((1+ 1) s rec((1+ 1) + 1)) mm)a], po, c)]

[1/3 < 2/3°3" SystemQ F = (rec((1+ 1)+ 1) <= (1 +1) xrec((1+1) + 1)) =
S(a(rec(1+1)+1)=((14+1)*xrec((L+ 1)+ 1)))n)n)n]

< — <
1/3 < 2/3'3 “1/3<2/3”
[1/3 < 2/3 %5 “lemma 1/3<2/3"]

(1/3)x+ (1/3)x = (2/3)x

f
[ proo

(1/3)x+ (1/3)x = (2/3)x "= Ac.Ax.P([SystemQ F Vx: TwoWholes >>

rec((14+1)+1)*x)+ (rec((1 +1)+ 1) xx)) =

1+41)*(rec((1+41)+1)*x)); timesAssociativity > (((1+1)srec((14+1)+1))*x) =
1) % (rec((1+1) + 1) xx)); eqSymmetry > (((14+1) xrec((14+1)+1)) *x) =

1) * (rec((14+1)+1)%x)) > (1 +1) % (rec((1+1)+1) xx)) =

1—|—1)*rec((1+1)—|—1)) *x); eqTransitivity &> ((rec((14+1) +1) xx) +

+1)*x)) = ((1+1)*(rec((14+1)+1)*x)) > ((1+1) * (rec((1+1) +

(I+1)*rec((1+1)4+1))*x) > ((rec((1+1)+1)*x) + (rec((1+1)+

(14 1) *rec((1+ 1) + 1)) % x); Repetition > ((rec((1 4+ 1) + 1) * x) +
D x)) = ((L+ 1) s rec((14+1) + 1)) x) >

rec((1+1)+1)#x)+ (rec((1+1)+1) #x)) = ((1+1)*rec((1+1)+1))*x)], po, ¢)]

(1/3)x + (1/3)x = (2/3)x "2 SystemQ +

Vx: ((rec((14+1)+1)%x) + (rec((1+1)+1) *x)) = (((1+1)*rec((1+1)+1)) *x)]
L/3)x + (1/3)x = (2/3)x =5 “(1/3)x+(1/3)x=(2/3)x"]

1/3)x+ (1/3)x = (2/3)x X “lomma (1/3)x+(1/3)x=(2/3)x”]

1+
14
(

—~~

ecC

A~ = =
"S\_/\/»—-g
@

o

—~ L =
—_ =
+ 11+

/\\X \><

((
((
((1+
((1+
((
1)
((
((
1)+
(

(
[

[(
[(

(2/3)x + (1/3)x =

[(2/3)x+ (1/3)x = x Proof N Ax. P([SystemQ F ¥x: TwoWholes >
((rec((1+1)+1) xx) + (rec((1+ 1)+ 1) xx)) =

((1+1)*(rec((141)4+1)*x)); timesAssociativity > (((1+1)*rec((1+1)4+1))*x) =
((T+1) % (rec((1+1) +1) xx)); eqSymmetry > (((1+1) *xrec((1+1)+ 1)) *x) =
(T+1)*(rec((I4+1)+1)%x)) > (1 +1) * (rec((14+1)+1) xx)) =
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rec

)
)

(1+1)xrec((14+1)4+1)) *x); eqTransitivity &> ((rec((14+1) + 1) *x)
+1)xx)) = ((1+1)*(rec((1+1)+1)xx)) > ((1+1) % (rec((1 +1)
(I+1)*rec((1+1)4+1))*x) > ((rec((1+1)+1)*x) + (rec((1+1)
(141)*rec((1+ ) 1)) x x); eqAddition > ((rec((1 + 1) + 1) * x)
+1) * )) (1 +1) *rec((1+1) + 1)) *x) >
(rec((14+1) + 1) *x) + (rec((1 + 1) + 1) xx)) + (v
((141)*rec((14+1)4+1)) *x) + (rec((1+ 1) + 1) *x)); ThreeThirds >
(rec((1+1)+1)xx)+ (rec((1 + 1)+ 1) xx)) + (rec((1+ 1) + 1) xx)) =

; Equality > (((rec((141)+1) xx) + (rec((1+1) 4+ 1) *x)) + (rec((14+1)+1) xx))
(T+ 1) xrec((1+1)+1))*x)+ (rec((1+1 1

+ (rec((1 +1) + 1) xx)) + (rec((1 +1) + 1) xx))
(141)*rec((14+1)+1)) *x)+ (rec((1+1)+1

1
(2/3)x + (1/3)x = x *3* SystemQ F
Vx: ((((1+1) xrec((1+1) +1)) xx) + (rec((1 +1) +1) xx)) = x]

tex

[(2/3)x+ (1/3)x = x = “(2/3)x+(1/3)x=x"]
[(2/3)x +

—~

* %
IX |X
_Z 2
+ 01+

= — —

+(
+1
+1
+ (

ec

—~

(
)
(
()
E ec((141)+1)xx)) =
(

> (((rec((1 4+ 1) + 1) *

)) Lpo,Cﬂ

(
1
(
(
1
(
(
(
(@

(
)
((
[

(1/3)x = x 2 “lemma (2/3)x+(1/3)x=x"]

—x+(2/3)x = —(1/3)x

[—x + (2/3)x = —(1/3)x = “x+(2/3)x=-(1/3)x"]
[—x + (2/3)x = —(1/3)x 2 “lemma -x+(2/3)x=-(1/3)x"]

—(1/3)x = (1/3)x = =(2/3)x

(1/3)x — (1/3)x = —(2/3)x "= Ae. A P([SystemQ F ¥x: (1/3)x + (1/3)x =

/3)x > ((rec((14+1) +1) *x) + (rec((1 +1) +1) xx)) = (((1 rec((1+
)+ 1)) * x); EqNegated > ((rec((1 4 1) + 1) * x) + (rec((1 + 1) x)) =
((1+1)*rec((141)+1))xx) > (—u((rec((14+1)4+1)*x)+ (rec((1 )#x))) =
—u((T+1)*rec((14+1)+1))*x)); —x—y = —(x+y) > ((—u(rec( 1) *
x)) + (—u(rec((1+ 1) + 1) £x))) = (—u((rec((1+ 1) + 1) £x) + (rec((1+1) + 1) »
x))); eqTransitivity > ((—u(rec((1 + 1) + 1) *x)) + (—u(rec((1 + 1) + 1) xx))) =
(—u((ree((1+ 1)+ 1) ) + (ree((1+ 1) + 1) ))) & (—u((rec((1 + 1)+ 1) #x) +
(rec((1+1)+1)*x))) = (—u(((1+1)xrec((1+1)+1)) *x)) > ((—u(rec((1+1)+

#x)) + (—u(rec((1+1)+1) xx))) = (—u(((1+1) *rec((1+1)+1))*x))], po, c)]

(1/3)x — (1/3)x = —(2/3)x stogt SystemQ F Vx: ((—u(rec((1 4+ 1) + 1) xx)) +
u(rec((14+1)4+1)*x))) = (—u(((1+ 1) xrec((1+ 1)+ 1)) *xx))]
—(1/3)x — (1/3)x = —(2/3)x =% “(1/3)x-(1/3)x=(2/3)x"]
—(1/3)x — (1/3)x = —(2/3)x ® Y “lemma -(1/3)x-(1/3)x=-(2/3)x"]

[-
(2 +1) %
1 +1) =

( +1)41)*x)
( (I+1)+
D

(-
(=
[
[
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—x+ (1/3)x = —(2/3)x

[—x + (1/3)x = —(2/3)x "% Ac AP ([SystemQ F Vx: (2/3)x + (1/3)x = x >
(((L+1)*rec((14+1)+1)) *xx) + (rec((1 + 1) + 1) xx))

x; PositiveToRight(Eq) > ((((1+1) xrec((1+1)41))*x) + (rec((1+1)+1) xx)) =
x> ((14+1)*rec((14+1)4+ 1)) xx) =

(x+ (—u(rec((141) + 1) xx))); EqNegated > (((1 + 1) *rec((1 + 1) + 1)) xx) =
(x+ (—u(rec((1+ 1) + 1) #2))) 3 (—u((1+ 1) % rec((1+1) + 1)) 5x)) =
(—u(x + (—u(rec((1 4+ 1) + 1) x x)))); MinusNegated > (—u(x + (—u(rec((1 +
1)+ 1) xx)))) = ((rec((1 + 1) + 1) * x) + (—ux)); plusCommutativity >
(rec((1+ 1) + 1) #x) + (—uwx)) =

(— ug) (rec((141)+1)*x)); eqTransitivity4dr> (—u(((141)*rec((1+1)+1))x*
“ulet (—ufree((1+ 1) + 1) ) 5 (~ulx+ (—ufree(1+1) + 1) #x)))) =
Erec(() —l—(l) —é— 1) #x) + (—ux)) > ((rec((1 +1) + 1) * x) + (—ux)) =

ux) + (rec
(—ux)+ (rec((1+1)+1)*x)); eqSymmetry > (—u(((141) *rec((14+1)+1))*x)) =
() + (ree((1+ 1) + 1) %)) 3 ((—we) + (rec((1+ 1) + 1) ) =

I+ +1)*x)) > (—u(((T+1)*rec((14+1)+ 1)) xx)) =
u(((1+1)xrec((1+1)+ 1)) *xx))], po, c)]

+
e((
X+ (1/3)x = —(2/3)x *5" SystemQ F Vx: ((—ux) + (rec((1+1) + 1) % x)) =
u(((141) #rec((1+1) 4+ 1)) #x))]
—(
—(

2/3)x 1 “x+(1/3)x=-(2/3)x"]
2/3)x > Y “lemma -x+(1/3)x=-(2/3)x”]

X

(1/3)x =

(
(
(
(
(
(
(
(
(-
(=
-
[—x+(1/3)x =

+
X +

PreservelessGreater

proof

[PreserveLessGreater — Ac.Ax.P([SystemQ H

V(x1):V(x2):V(y1): V(y2): Vz: (x1) <= ((y1) + (—uz)) F
S ([((x1) + (—u(x2)))| <= (rec((1 +1) + 1) *z) = = (= (|((x1)
n)n)n = = ([((v1) + (—u(y2)))| <= (r
)| = (rec((1+1)+1)*2z))n)n)n

1 eqLessTransitivity > 0 <= |((x1)
| <= (rec((1+1)+1) z) = (=
n)n)n > (0 <= (rec((1 + H+1)*x2) =

1

1)+1)= z) n)n)n; PositiveTripled > - (0 <= (rec((
= (rec((1+1)+1) *z))n)n )n>> 0<=z=(=(0=
z)n)n)n; NumericalDifferenceLess > = (|((x1) + (—u(x2)))| <=
1+ 1)+ 1) xz) = S (5 ([(x1) + (= ui)))| = (rec((l +1)+1)xz))n)n)n >
S (5 (((x2) + (—ufrec((1 + 1) + 1) x2))) <= (x1) = = (= (((x2
1)+1)xz))) = (x1))n)n)n = = (7 ((x1) <= ((x2) + (rec((1 +1) + 1) x2)) =
= (5 ((x1) = ((x2)+(rec((14+1)+1)z)))n)n)n)n)n; FirstConjunct>= (= (((x2)+
D+1)x2)) <= (x )=>ﬁ(ﬂ1((( 2) + (—u(rec((1+1)+1)*2))) =

+ ) < ©
GD)n)n)n = 5 (5 ((x1) <= ((2) + (rec((1 +1) +1) x2)) = = (~((x1) =
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==

@—1— —u(rec((14+1) +1) x2))) <=
+2)) = (x1)m)n)n > = ((x2) <=

2
=
U
1
o  —
1

—
o
=

Z

—~,
—~
»
—_
~—

™
=

~

3)x = —(2/3)x > ((—uz) + (rec((1 +

—_
N

+1)x2)) = (—u(((1
(14+1)+1)*z))
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o
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+ =
— %
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=
=
=
=
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I Vg
=3
(AN
=5
T
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N |
=g
vV +
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-
D
(@)

*

x2))) > ((x1) + (rec((1+ 1) + 1) x2)) <=
(rec((1+1)+1)xz)) > ((x1) + (rec((1+ 1)+ 1) x2)) <=
; NumericalDifferencelLess >
z)

=2 (= ((D) + (—u(y2)))| =

(1) +(—uz)) +(

Q\\/
=
+
—~
|
=
s

e e
QA
~<
A’\‘C —
(= N
A
~ —~
—
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IN
—~—

il
o —
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=
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[SubLessLeft(R) ® Y “lemnma subLessLeft(R)”]

ClosetogreaterIsGreater

[ClosetogreaterIsGreater progf Ac AP ([SystemQ F Vx: V(y1):V(y2):Vz: x <=
) + (—uz)) F = (|((v1) + (—u(y2)))| <= (rec((1 +1) +1) x2) =
(= (D) + (—u2) = (rec((T+1) + 1) * z))n)n)n - 0 <= [x| > 0 <=
- (—u(y2)))[; leqLessTransitivity > 0 <=
(—u(y2))| > = ([((y1) + (—u(y2)))| <= (rec((1+1) + 1) xz) =
y1) + (—u(y2)))| = (rec((1 +1) +1) *2))n)n)n > = (0 <=
1+ +1)*xz) = (5 (0= (rec((1 +1)+ 1) *z))n)n)n; [x — x| = 0>
| = 0; eqSymmetry > |(x + (—ux))| = 0> 0 =
;SubLessLeft >0 = |(x + (—ux))| > = (0 <= (rec((1+1) + 1) xz) =
(141D 4+1)*z))n)n)n > = (|(x+(—ux))| <= (rec((14+1)+1)*z) =
( ux))| = (rec((1 + 1) + 1) * z))n)n)n; PreserveLessGreater > x <=
(D) + (—uz)) > = (J(x + (—ux))| <= (feC((1+1) 1)*2z) =

S (5 ([(x+ (mux)) = (ree((1 + 1) + 1)+ 2))n)n)n > = ([((y1) + (—u(y2)))| <=

(reC((1+1)+1) z) = 2 (5 (G + (—uy2))| =

(rec((1+1) +1) *z))n)n)n > x <= ((y2) + (—u(rec((1 + 1) + 1) *2)))1, po, c)]
[ClosetogreaterIsGreater Y SystemQ F Vx: V(y1): V(y2): Vz: x <=

(D) +(—uz)) F = (D) + (—u(y2))| <= (reC(( +1)+1)#z) = (= (|(vD) +
(—u(y2)))| = (rec((1+1)+1)*z)n)n)n b x <= ((y2)+(—u(rec((1+1)+1)+2)))]

ClosetogreaterIsGreater by “ClosetogreaterIsGreater” |
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[ClosetogreaterIsGreater X “Yemma closetogreaterIsGreater”]

SubLessRight(F)

proof

[SubLessRight(F) "— Ac.Ax.P([SystemQ + o
V(£x): V(Ey): V(£2): Vo (€): = (Vani: 5 (Vopg: 51 (0 <= (€) = = (= (0 =
()mn)n =7 <= = = (|((E)[M] + (~u(fy)[@]))| <= () =
= (2 (|((E) [W] + (—u(fy) [M])] = (€))n)n)n)n)n F
= (v

obj (€): 1 (51 (Vg = (Yo =2 (5 (0 <= () = = (= (0 = (¢))m)n)n =
= (<=M = (f2)[M] <= ((B)[@] + (—u(e))))n)n)n)n)n)n F
Repetition B> Vop;(€): 5 (Vobifi: =1 (Vobim: = (0 <= (€) = 5 (= (0 = (¢))n)n)n =
<= = (|(&) ] + (—u(fy) )| <= () =
= (5 () [m] + (—u(ty)[M]))| = (€))n)n)n)n)n >
Vobi (€): 1 (Yobii: 1 (Vobjm: = (0 <= (€) = = (2 (0 = 56))n) njn = ﬁ<)=m=>

(I(( )[m] + ( u(fy)[m ]))|< Ui%(%(l(( )[m + (—u(fy)[m]

/—\
5
\_/
=
~—
=
5
B
»
@
Q.
V
<C
]

. &

A

( bi : (0 E = (5 (0=(¢e))n)n)n = (nl) <=
m = = ([((B)[m] + (—uly)[M)] <= () = = (= (B [M] + (—ufy)[m])| =
(€))n)n)n)n)n; Ad @(rec((1 + 1) + 1) * (€)) > Vopj(€): = (Vobn: =1 (Vop;jm: =1 (0 <=
(€= 2(=0=())unn =n <=m = = (|((&)[m] + (—ulfy)[m]))| <= () =
= (5 (B ]+ (—ulE) )| = (D) > = (Vopy (11): = (Vo = (0 <=
(rec((1+1) +1)x(e)) = 7 (- (0= (rec((1 +1) +1) % (¢)))n)n)n = (nl) <=
m = = ([((B)[m] + (—ulfy)[m])] <= (rec((1 + 1) + 1) * (¢)) =
S (5 (|((7f7x)[ﬁ] + (fufiy)[ﬁ]) | = (rec((1+ 1)7+ 1) *(e)))n n)f n)n; Repetition >
5 (Vobj(€): 71 (51 (Vobin: =1 (Vopym: = (5 (0 <= (€) = = (- (0 = (¢))n)n)n =
- (A <=m= (fz)[m] <= ((fx)[m] + (—u(e))Lﬁl)n)n)n)n)n >
(Yo (: = (2 (Vo = (Fongis = (5 (0 <= (€] = = (= (0 = ()m)n)n =
= (M <=m = (fz)[m] <= ((fx)[M] + (—u(€))))n)n)njn)n)n; Ded &>
5 (Vobj (€): 1 (5 (YoM 5 (Vobim: = ((0 <= (€) = = (5 (0 = (¢))n)n)n =
- (A <iﬁ = (fz)[mL: ((fx)[m] + (—u(e))))n@n)n)n)n >
= (Yobj (€): 7 (5 (Yobj(n2): = (Yopjm: = (5 (0 <= (¢) = = (= (0 = (€))n)n)n =
4 ((n2) <:ﬁi@[ﬁ] = -
((x)[m] Jr;u(e))))n)n)n&l)n; V(fx): V(fx): V(f2): Vop;m: = (— (0 <= (¢6) =
S (5(0=(e))n)n)n = = ((n2) <=m = (fz)[m] <= ((&x)[m] + (—u(e))))n)n
AL@T B> Vopim: = (5(0 <= () = = (5 (0 = (€))n)n)n = - ((n2) <=m =
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[SubLessRight(F) 3" SystemQ
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[SubLessRight(F) *< “SubLessRight(F)”
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[SubLessRight(F) 2% “emma subLessRight(F)”]
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2 (|((E)[W] + (—udpy [M])] = (€))n )
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( p
bj (2): Vob; (£3): Vonj (f4): {{(f1), (f1) }, {(f1), (f2)}
}

(f4)}} € fpp = (f1) = (£3) = (f2) = (f4))n)n =
5 (Vobj(s1): (s1) € N = = (Vopj(s2): = ({{(s1), (s1)}, {(s1)
fen)n)n)n)n}) | Vobj(€): = (Yobjn: = (Vopjm: = (0 <= () = = (= (0

)]
/‘\[\D
—
i m

n<=m = - (|((fy)[m] + (—udph@)” <=(e) =

= (5 ([((Ey) [m] + (—udpn[M]))[ = (€))n)n)n)n)n} -

5 (Vo (€): 1 (52 (Vobjn: 51 (Vobjm: =1 (5 (0 <= (€) = = (= (0 = (¢))n)n)n =
- (n <=m= (fz)[m] <= ((fx)[M] + (—u 6))&1)n)n)n)n)n }—7

5 (Vobj(€): 1 (52 (Vobjn: 5 (Vobjm: =1 (5 (0 <= (€) = = (7 (0 = (¢))n)n)n =
S <=m = (fz)[m] <= ((fy)[M] + (—u(e))))n)n)n)n)n)n

t

[SubLessRight(R) = “SubLessRight(R)”]
[SubLessRight(R) X “lemma subLessRight(R)”]

plusOLeft

proof

[plusOLeft "— Ac.Ax.P([SystemQ F V¥x: plusO > (x + 0) =
x; plusCommutativity > (0 4 x) = (x 4 0); eqTransitivity > (0 + x) =
(x+0)> (x+0) = x> (0+x) = x],po, )]

[plusOLeft stmpt SystemQ F Vx: (0 + x) = x|
[plusOLeft ¥ “plusOLeft”]
[

plusOLeft P “emma plusOLeft”]

times]Left

proo:

[times]1Left ropf AcAX.P([SystemQ F Vx: timesl > (xx 1) =
x; timesCommutativity > (1 % x) = (x * 1); eqTransitivity > (1 * x) =
(x*1) > (x*1) = x> (1%x) = x|, po, )]
times1Left *3" SystemQ b Vx: (1 % x) = x|
tex

[
[times1Left = “times1Left”]
[

times1Left By “lemma times1Left”]
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EqAdditionLeft

proof

[EqAdditionLeft "= Ac.Ax.P([SystemQ I Vx: Vy: Vz: x = y - eqAddition > x =
y > (x+z) = (y + z); plusCommutativity > (z +x) =

(x + z); plusCommutativity > (y +z) = (z + y); eqTransitivity4 > (z + x) =
x+2)>(x+2)=(y+2) > (y+2) = (z+y) > (2+%) = (z+Y)],po,¢)]

[EqAdditionLeft 3" SystemQ F Vx: Vy:Vzix =y (z+x) = (z+y)]
[EqAdditionLeft > “EqAdditionLeft”]
[EqAdditionLeft P “lemma eqAdditionLeft”)

EqMultiplicationLeft

proof

[EqMultiplicationLeft "=~ Ac.Ax.P([SystemQ - Vx: Vy:Vz:x =y -
eqMultiplication > x =y > (x * z) = (y * z); timesCommutativity > (z * x) =
(x * z); timesCommutativity > (y * z) = (z * y); eqTransitivity4 > (z * x) =

(x*z)> (x*z) = (y*2z) > (y*z) = (zxy) > (zxx) = (zxy)],po, )]
EgMultiplicationLeft syt SystemQ = Vx: Vy:Vzix = y F (z ¥ x) = (z x y)]

[
[EqMultiplicationLeft tex “EqMultiplicationLeft”]
[

EgMultiplicationLeft ¥ Yemma eqMultiplicationLeft”]

PlusF(Sym)

proof

[PlusF(Sym) “—" Ac.Ax.P([SystemQ - Vm: V(fx): V(fy): PlusF > {ph € {ph €
P(P(Union({N, Q}))) | = (Yobj(0p1): = (1 (Yonj(0p2): = (= (= ((opl) € N =
= ((0p2) € Q)u)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Vobym: = (dpp = {{m, m}, {m, ((fx)[m] + (fy)[m])}})n)n}[m] =
((fx)[m] + (fy)[m]); eqSymmetry > {ph € {ph € P(P(Union({N, Q}))) |
= (Fong (OPL): = (= (Ve (0D2): = (5 (= ({op1) € N =  ({op2) € Qujn =

- (apy, = {{{oD1), (op1)}, (o1, oP2)} Him)m)m)m)m)n} | * (Vopsm:  (dpy, =
{{m, m}, {m, ((fx)[m] + (fy)[m])}})n)n}[m] = ((fx)[m] + (fy)[m]) >
(@[m] + (fy)[m]) = {ph € {ph € P(P(Union({N,Q}))) |

“ (Vo (0p1): = (5 (Yobj(0p2): = (=1 (= ((0p1) € N = = ((0p2) € Q)u)n =

“ (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopim: = (dpn =
{{m, m}, {m, ((x)[m] + (fy)[m])}})n)n}[m]], po, c)]

[PlusF (Sym) *2" SystemQ - Vm: V(fx): V(fy): ((fx)[m] + (fy)[m]) = {ph € {ph €
P(P(Union({N, Q}))) [ = (Vobj(op1): = (= (Vob;(0p2): = (= (= ((opl) € N =

\_/J
5~
—~




= ((0p2) € Qn)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)n)n)n)n)n} |
= (Yobjm: = (dpn = {{m, m}, {m, ((£x)[m] + (fy)[m])} })n)n}[m]]

[PlusF(Sym) % “PlusF(Sym)”]
[PlusF(Sym) = X “lemma plusF(Sym)”|

TimesF (Sym)

p roof

[TimesF (Sym) "= Ac.Ax.P([SystemQ - Vm: V(fx): V(fy): TimesF > {ph €
{ph € P(P(Union({N, Q}))) | = (Vob;(0p1): = (<2 (Vob;(0p2): = (=2 (=1 ((op1) €
N = = ((op2) € Q)n)n = = (apy, =
{{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Vobim: = (epn =
{{m, m}, {m, ((fx)[m] * (fy)[m]) } })n)n}[m] =
((£x)[m] * (fy)[m]); eqSymmetry > {ph € {ph € P(P(Union({N, Q}))) |
= (Vobj(opl): = (5 (Vobj(0p2): = (4 (< ((opl) € N = = ((0op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | = (Vopym: = (epn =
{{m, m}, {m, ((x)[m] * (fy)[m]) }})n)n}[m] = ((fx)[m] * (fy)[m]) >
((£x)[m] * (fy)[m]) = {ph € {ph € P(P(Union({N, Q}))) |

% (Fab (0D 1): = (= (Vong(0p2): 5 (5 (= ((op1) € N = * ({op2) € Qm)n =

“ (ap1, = {{(op1), (0p1)}, {{0P1), 0P} ))m)m)mm)n)n} |  (Fougm:  (epy =
{{m, m}, {m, ((£x)[m] * (fy)[m]) } })n)n}[m]], po, c)]
[TimesF(Sym) stogt SystemQ F Vm: V(fx): V(fy):
P(P(Union({N, Q}))) [ = (Vobj(opl): =1 (-1 (Vo
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(Opl) (OPQ)}}) jn)n)n)n)n} |
5 (Vobjm: = (epn = {{m, m}, {m, ((fx)[m] * (fy) n}{m]]

tex

[TimesF(Sym) = “TimesF(Sym)”]

—~
A\/

)[ ]Q[ m]) = {ph € {ph €

[TimesF (Sym) ® X “Yemma timesF (Sym)”]

SameSeries(Gen)

[SameSeries(Gen) " — POt N Ax. P([SystemQ F Vm: Vn: V(fx): V(fy): V(sz):m € N -
B €N (5 (Vony (1): (1) € (Fx) =
5 (Fag (0D1): (= Yoy (092): = (= (= ({op
S ((r1 7{{(01)1) (op1)}, {(op1), (op2)} })n
5 (Vob; (£1): Vob; (£2): Vob; (£3): Von; (£4): {
{{ £3), (£3)}, { (£3), f
Vobi(s1): (s1) € N = = (Vop;(s2): =

i (F
(£3) (H)}} € () = (f1)




)
n)n)n)n)n)n =

T
E.
Q0
o
@
=
@
=
IS8
[¢]
=
Y
_|.
Py
_|.
<
[}
i
-
=
=
=
m
=
SN~—

= ((op2) € (sz))n)n = = ((r1) =
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< =

{{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n =

= (Vobj(ﬂ)ZVobJ’ (f2)2vobj (f?))tvobj(fﬁl)Z{ ( 1)7( 1) ,

{H(83), (183)}, {(83), ((4)}} € () = (f1) = (3)

(©2) = (f4))n)n =
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~
—~
~—

H{{(f), (F1)}, {(f1), (22)}} € (fy) =




EqualsSameF

[EqualsSameF ” Prool \ e x. P([SystemQ F V(fx): V(fy): (fx) = (fy) F = (0 <=

(€) = 4 (5 (0= (e))n)n)n O <=mk NatType >meN; SerlesType >

5 (7 (Voby (11): (r1) € (£ ) 5 (Vobj(opl): = (= (v0b1(0p2) (7 (5 ((opl) EN =
= ((0p2) € Q)u)n = = ((x1) = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n =
1 (Vo (F1): Wob; (£2): Von; (£3): Von; (F4): {{(F1), (F1)}, {(f1), (£2)}} € (fx) =
{{(83), (83)}, {(£3). (F4)}} € (£x) = (f1) = (B3) = (£2) = (f4))m)n =

= (Yob; (s1): (s1) € N = = (Yob(s2): = ({{(s1), (51}, {(s1), (2)}} €

(fx))n)n)n)n; SeriesType > = (- (Vop; (r1): (r1) (fy) =

= (Yob (0p1): 1 (1 (Vobj(0p2): = (= (= ((0p1) € N = = ((0p2) € Q)u)n =

(G = {{{op1). (op])}. {{oDT). opD)} Py

= (Yon; (f1): Yo, (f2) ): Yob; (£3): You; (f4): {{(f1), (1)}, {(f1), (2)}} € (fy) =

)€N=>%(Vobj( )i ) )

; eqReflexivity >> m = m; SameSeries(Gen) > m €
= ( (r1) € (fx) = = (Vobj(opl): = (= - (5
= ((op2) € Qu)n = = ((r1) = {{(op1), (opl
= (Vobj (f1): Vob; (f2): Vob; (£3): Vob; (f4): {{( B AC

{{(#3), (f3)}7{( 3), (f4)}} € (fx) = (f1) = (B) = (2) = (4))n)
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|((fx) [M] + (—u(fy) [ﬁ]]))) = 0; SameNumerical &> ((fx)[m] + (—u(fy)[m])) = 0>

: () (ty) 0] 0] = 0>
|((fx)[m] + (—u(fy)[m]))| = 0; eqSymmetry &> [((x)[m] + (—u(fy)[m]))| = 0> 0 =
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[BEqualsSameF *5' SystemQ - V(£x): V(fy): (fx)
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[EqualsSameF % “EqualsSameF”]

[EqualsSameF ¥ “lemma equalsSameF” ]

LeqReflexivity(R)

proof

[LeqReflexivity(R) "= Ac.Ax.P([SystemQ F V(fx): eqReflexivity > {ph €
P({ph € P({ph € P(P(Union({N, Q}))) |
5 (Vobj(op1): = (5 (Vobj(0p2): 1 (1 (7 ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} Hm)m)n)n)n)n}) | = (= (Vop;(r1): (1) €
fen = = (Vopj(0p1): 2 (= (Voby (0p2): = (= (2 ((0p1) € N'= = ((0p2) € Q)n)n =

= ((r1) = {{(op1), (op1)}, {(op1), (0 §>2) n

= (Yon; (F1): Yob; (f2): Vo (£3): Vo (£4): {{(f1), (f1)}, {(f1), (£2)}} € fpn =
{{(83), (83)}, {(£3), (4)}} € fpn = (f1) = (13) = (£2) = (f4))n)n =

5 (Yonj(s1): (s1) € N = = (Vopj(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fen)n)n)n)n}) | Yob;(€): = (Vopin: = (Vopym: =1 (0 <= (€) = = (5 (0 = (€))n)n)n =
n<=m = = (|((&)[m] + (—udpn[M]))| <= () =
= (= (|((£9) [] + (—udpn[m)))| = (€))n)n)n)n)n} = {ph € P({ph € P({ph €
P(P(Union({N, Q}))) | = (¥ob;(0p1): = (=2 (Yobj(0p2): = (= (= ((opl) € N =
= ((0p2) € Qu)n = = (apn = {{(opl), (op1)}, {(op1), (op2)} })n)n)n)n)n)n}) |
5 (2 (Vopj(r1): (r1) € fon = = (Vobj(0p1): = (5 (Vobj (0p2): = (= (= ((opl) € N =
= ((0p2) € Qm)n = = ((x1) = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n =
“ (Yob; (F1): Vob; (f2): Vob; (£3): Vo (£4): {{(f1), (f1)}, {(f1), (£2)}} € fon =
{{(13), (£3)}, {(13), (£4)}} € fon = (f1) = (£3) = (12) = (f4))n)n =
5 (Yobj(s1): (s1) € N = = (Vopj(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fen)n)n)njn}) | Yob;(€): = (Vobjim: = (Vopm: = (0 <= (€) = = (= (0 = (¢))n)n)n =
n<=m = = (|((&)[m] + (—udpn[M]))| <= (&) = = (= (|((x)[m] +
(—udpn[m]))| = (e))n)n)n)n)n} lemma eqLeq(R) > {ph e P({ph e P({ph €
P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((opl) € N =
= ((op2) € Qu)n = = (apy = {{(op1), (op1)}, {(opl), (0p2)} })n)n)njn)n)n}) |
5 (5 (Yopj (r1): (r1) € fon = = (Vobj(0p1): = (5 (Vobj (0p2): = (= (= ((opl) € N =
= ((op2) € Q)n)n = = ((rl) = {{(op1), (op1)}, {(opL), (0p2) } })n)n)n)n)n)n =
= ( Yobj (£2): Vob; (£3): Vo (f4): {{(f1), (1) {(ﬂ) ( )}} € fpn =
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[LeqReﬂeX1V1ty( ) st System(@

(fX) ( (vobj( ) ( ( oan _‘(vobjii;‘ -
{eNmn)n = * (7 <= i = (B[] <=
{ph € P({ph € P({ph € P(P(Union({N,Q}))) |
5 (Vobj(op1): 2 (5 (Vob(0p2): - (4 (< ((opl) € N = = ((OPZ) € Q)n)n =

—~ 3

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)n)n)n)njn}) | = (= (Yobj(rl): (r1) €
fon = 5 (Vobj(0p1): 1 (5 (Vobj (0p2): 1 (5 (7 ((opl) € N = = ((0op2) € Q)n)n =
= ((r1) = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n =
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Testerl

proof

[Testerl "= Ac.Ax.P([SystemQ F Vm: V(fx): V(fy): Vop;m: (fx)[m] = (fy)[m]

To = f > VYop;m: (fx)[m] = (fy)[m] > (fx) = (fy)], po, )]
[Testerl " SystemQ - Vm: V(£x): V(fy): Vopjm: (£x)[m] = (fy)[m] - (fx) = (fy)]
[Tester] % “Tester1”]

k
[Testerl "5 “testerl”]

Tester2

[Tester2 ey “Tester2”]

[Tester2 25 ¥ “tester2” ]

Tester3

[Tester3 % “Tester3”]

[Tester3 A “tester3” ]
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Testerd

[Testerd “¥ “Testerd”]

k
[Testerd "5 “testerd”]

Testerd

[Testers = “Tester5”]

k
[Testers 25 “tester5”]

Tester6

tex

[Tester6 — “Tester6”]
[Tester6 A “tester6” ]
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