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[(F4)], [(OP1)], [(OP2)], [(R1)], [(S1)], [(S2)], [(EPob)], [(CRS1ob)], [(Flob)],
[(F20Db)], [(F30b)], [(F4ob)], [(N1ob)], [(N2ob)], [(OP1ob)], [(OP20b)], [(R1ob)],
[(S1ob)], [(S20b)], [pha], [phs], [Phe], [NAT], [RATIONALSERIES], [SERIES],

[S etOfReals] [SetOfFxs], [N], [Q], [X], [xs], [xaF], [ysF], [us], [usFoelge], [0], [1],
(=) [2), 31, [1/2], [1/3], [2/3], O8], 18}, 00], 011, [(— — 01], [02],[01/ /02,
[lemma plusOLeft], [lemma timeslLeft], lemma eqAdditionLeft],

[lemma eqMultiplicationLeft], [PlusAssociativity(R)],

[PlusAssociativity (R)XX], [PlusO(R)], [Negative(R)], [Times1(R)],
[lessAddition(R)], [PlusCommutativity (R)], [LeqAntisymmetry(R)],
[LeqTransitivity (R)], [leqAddition(R)], [Distribution(R)], [A4(Axiom)],
[InductionAxiom], [Equality Axiom], [EqLeqAxiom], [EqAdditionAxiom],
[EqMultiplicationAxiom], [QisClosed(Reciprocal) (Imply)],
[QisClosed(Reciprocal)], [QisClosed (Negative)(Imply)], [QisClosed (Negative)],
[leqReflexivity], [leqAntisymmetry Axiom], [leqTransitivity Axiom], [leqTotality],
[leqAdditionAxiom], [leqMultiplicationAxiom], [plusAssociativity],
[plusCommutativity], [Negative], [plus0], [timesAssociativity],
[timesCommutativity], [Reciprocal Axiom)], [times]], [Distribution], [Onot1],
[lemma eqLeq(R)], [TimesAssociativity (R)], [TimesCommutativity (R)],

[lemma =f to sameF], [lemma plusF(Sym)], [lemma timesF(Sym)],
[Separation2formula(1)], [Separation2formula(2)], [IfThenElse(T)],
[IfThenElse(F)], [Cauchy], [PlusF], [ReciprocalF], [From ==], [To ==],

[From <<], [to <<], [FromInR], [PlusR], [PlusR(Sym)], [TimesR],



[TimesR(Sym)], [ReciprocalR(Axiom)], [LessMinusl(N)], [Nonnegative(N)],
[USO0], [NextXS(UpperBound)], [NextXS(NoUpperBound)],
[NextUS(UpperBound)], [NextUS(NoUpperBound)], [ExpZero], [ExpPositive],
[ExpZero(R)], [ExpPositive(R)], [BSzero], [BSpositive], [UStelescope(Zero)],
[UStelescope(Positive)], [EqAddition(R)], [Unminus(R)], [FromLimit],
[ToUpperBound], [FromUpperBound], [USisUpperBound], [0not1(R)],
[ExpUnbounded(R)], [FromLeq(Advanced)(N)], [FromLeastUpperBound],
[ToLeastUpperBound], [XSisNotUpperBound], [ysFGreater], [ysFLess],
[Smalllnverse], [Nat Type], [Rational Type], [SeriesType], [Max], [Numerical],
[MemberOfSeries(Imply)], [JoinConjuncts(2conditions)],

[prop lemma imply negation], [ TND], [FromNegatedImply], [ToNegatedImply],
[FromNegated (2 * Imply)], [FromNegated And], [FromNegatedOr],
[ToNegatedOr], [FromNegations], [From3Disjuncts], [From2 % 2Disjuncts],
[NegateDisjunct1], [NegateDisjunct2], [ExpandDisjuncts], [SENC1], [SENC2],
[LessLeq(R)], [MemberOfSeries|, [memberOfSeries(Type)], [Tol! ==],
[ToNegatedDoublelmply], [ToNegatedAnd(1)], [AddNegated All],

[(A)to( B )(Tmply)], [(E)to{ A )(Imply)], [(E )to( A)(mply)], [ToNegated AEA]
[UniqueNegative], [DoubleMinus], [MinusNegated], [eqReflexivity],
[eqSymmetry], [eqTransitivity], [eq Transitivity4], [eqTransitivity5],
[eqTransitivity6], [AddEquations], [SubtractEquations],
[SubtractEquationsLeft], [MultiplyEquations], [EqNegated],
[PositiveToRight(Eq)], [PositiveToLeft(Eq)], [PositiveToLeft(Eq)(1term)],
[NegativeToLeft(Eq)], [Nonreciprocal ToRight(Eq)(1term)],
[DistributionOut(Minus)], [PositiveToRight(Eq) (1term)],
[SameSeries(NumDiff)], [PlusAssociativity (4terms)], [LessNeq], [NeqSymmetry],
[NegNegated], [SubNeqRight], [SubNeqLeft], [NegativeToRight(Neq)(1term)],
[NeqAddition], [NeqMultiplication], [NonzeroProduct(2)],

[SwitchTerms(x <=y — z)], [NegativeToLeft(Less)(lterm)]7 [(+1)IsPositive(N)],
[(1/2)(x+) — x = (1/2)(3 — )} [y — (1/2)(x +¥) = (1/2)(y — %),
[ExpZero(Exact)], [SameExp(Base)], [SameExp(Indu)], [SameExp], [Exp(+1)],
[PositiveBase(Base)], [PositiveBase(Indu)], [PositiveBase], [BSzero(Exact)],
[SameBS(2)(Base)], [SameBS(2)(Indu)], [SameBS(2)], [BS(+1)],
[BSbound(Exact)(Base)], [BSbound(Exact)(Indu)], [BSbound (Exact)],
[BSbound], [UStelescope(Zero) (Exact)], [SameTelescope(2)(Base)],
[SameTelescope(2)(Indu)], [SameTelescope(2)], [UStelescope(+1)],
[TelescopeNumerical(Base)], [TelescopeNumerical(Indu)], [TelescopeNumerical],
[TelescopeBound(Base)], [TelescopeBound (Indu)], [TelescopeBound],
[LessNeq(F)(Helper)], [LessNeq(F)], [LessNeq(R)], [IntervalSize(Base)],
[IntervalSize(Indu)], [IntervalSize], [XS < US], [lemma USdecreasing(+1)],
[CloseUS], [CloseUS(n + 1)], [AllNegated (Imply)], [ExistNegated (Imply)],
[IntroExist(Helper)], [IntroExist], [ExistMP], [ExistMP2], [TwiceExistMP],
[TwiceExistMP2], [EAE — MP], [AddAll], [AddExist(Helperl)],
[AddExist(Helper2)], [AddExist], [AddExist(SimpleAnt)], [AddExist(Simple)],
[AddEAE], [AEA — negated], [EEA — negated], [Induction], [leqAntisymmetry],
[leqTransitivity], [leqAddition], [leqMultiplication], [Reciprocal], [Equality],
[eqLeq], [eqAddition], [eqMultiplication], [LeqMultiplicationLeft], [LeqLessEq],



[LessLeq], [FromLeqGeq], [subLeqRight], [subLeqLeft], [Leq + 1],
[PositiveToRight(Leq)], [PositiveToRight(Leq)(1term)],

[lemma negativeToRight(Leq)], [PositiveToLeft(Leq)], [negativeToLeft(Leq)],
[negativeToLeft(Leq)(1term)], [LeqAdditionLeft], [leqSubtraction],
[leqSubtractionLeft], [thirdGeq], [LeqNegated], [AddEquations(Leq)],
[MultiplyEquations(Leq)], [Third GeqSeries], [LeqgNeqLess]|, [FromLess], [ToLess],
[fromNotLess|, [foNotLess], [NegativeLessPositive], [leqLessTransitivity],
[LessLeqTransitivity], [LessTransitivity], [LessTotality], [SubLessRight],
[SubLessLeft], [SwitchTerms(x < y — z)], [SwitchTerms(x — y < z)],
[LessAddition], [LessAdditionLeft], [LessMultiplication],
[LessMultiplicationLeft], [LessDivision], [PositiveToRight (Less)],
[PositiveToLeft(Less)], [NegativeToLeft(Less)], [NegativeToRight(Less)],
[AddEquations(Less)], [AddEquations(LeqLess)], [reciprocal ToLeft (Less)],
[LessNegated], [PositiveNonzero], [PositiveNegated], [NonpositiveNegated],
[NegativeNegated], [NonnegativeNegated], [PositiveHalved], [Positivelnverted],
[NonnegativeNumerical], [NegativeNumerical], [PositiveNumerical],

[lemma nonpositiveNumerical], [|0] = 0], [0 <= [x]], [x <= [x]],
[FromPositiveNumerical], [SameNumerical], [SignNumerical(+)],
[SignNumerical], [ToNumericalLess], [FromNumericalGreater],
[NumericalDifference], [NumericalDifferenceLess(Helper)],
[NumericalDifferenceLess], [SplitNumericalSumHelper],
[splitNumericalSum(++)], [splitNumericalSum(——)],
[splitNumericalSum(+ — small)], [splitNumericalSum(+ — big)],
[splitNumericalSum(+—)], [splitNumericalSum(—+)], [splitNumericalSum],
[SplitNumericalProduct(++)], [SplitNumericalProduct(+—)],
[SplitNumericalProduct], [insertMiddleTerm (Numerical)],

[insert TwoMiddleTerms(Numerical)], [Three2twoTerms], [Three2threeTerms],
[Three2twoFactors], [Three2threeFactors|, [Times(—1)], [Times(—1)Left],
[MaxLeq(1)], [MaxLeq(2)], [LessThanMax], [x + y = zBackwards],

fx ¢ y = zBackwards], i< = x + (v — y)l, b = x +y — y], [x = xy % (1/3)],
[insertMiddleTerm(Sum)], [insert TwoMiddleTerms(Sum)],
[insertMiddleTerm(Difference)], [x * 0 4+ x = x], [x * 0 = 0], [NonnegativeFactors],
[NonzeroFactors], [PositiveFactors], [PlusTimesMinus], [MinusTimesMinus],
[(—1) % (=1) + (=1) * 1 = 0], [(=1) * (—1) = 1], [0 < 1Helper], [0 < 1], [0 < 2],

[0 <3],]0<1/2],[0 < 1/3],[TwoWholes], [ThreeWholes], [TwoHalves],
[ThreeThirds], [-x —y = —(x+y)],[-x*y = —(xxy)],[-0 = 0],
[SFsymmetry], [SFtransitivity], [f2R(Plus)], [f2R(Times)],

[<< TransitivityHelper(Q)], [< < Transitivity], [<<== Reflexivity],

[<<== AntisymmetryHelper(Q)], [FromNot < f(Weak)(Helper)],

[FromNot < f(Weak)], [FromNot < f(Strong)(Helper2)],

[FromNot < f(Strong)(Helper)], [FromNot < f(Strong)],

[fromNotSameF (Strongest) (Helper2)], [fromNotSameF (Strongest ) (Helper)],
[fromNotSameF (Strongest)], [ToLess(F) (Helper)], [ToLess(F)], [FromNot <<],
[ToLess(R)], [LeqTotality(R)], [FromNotSameF (Weak)(Helper)],
[FromNotSameF (Weak)], [FromNotLess(F)], [== Addition], [== AdditionLeft],
[Fpart — Bounded(Base)], [Fpart — Bounded(InduHelper)],
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[Fpart — Bounded(Indu)], [Fpart — Bounded], [F — Bounded(Helper)],

[F — Bounded], [SameFmultiplication(Helper)], [SameFmultiplication],
[EqMultiplication(R)], [EqMultiplicationLeft(R)], [x * 0 = O(F)], [x * 0 = O(R)],
[LessMultiplication(F) (Helper2)], [LessMultiplication(F) (Helper)],
[LessMultiplication(F)], [LessMultiplication(R)], [LeqMultiplication(R)],
[PlusAssociativity (F)], [PlusO(F)], [PlusCommutativity (F)],
[TimesAssociativity (F)], [Times1f], [Cauchy(2)(Helper)], [Cauchy(2)],
[ReciprocalFnonzero], [ReciprocalFnynonzero|,

[(Eventually = f)2sameF (Helper)], [(Eventually = f)2sameF],
[FromNotSameF (Strong) (Helper2)], [FromNotSameF (Strong) (Helper)],
[FromNotSameF (Strong)], [SameFreciprocal(Helper)], [SameFreciprocal],
[From!! ==], [Reciprocal(R)], [TimesCommutativity(F)], [Distribution(F)],
[FromMax(1)], [FromMax(2)], [ToNegated And], [PositiveToRight(Less)(1term)],
[(A )to( E)], lemma ==Transitivity4], [PlusOLeft(R)], [x =x + (y — y)(R)],
[x = x +y — y(R)], [PositiveToRight(Eq)(R)], [SubtractEquations(R)],
[NeqAddition(R)], [EqAdditionLeft(R)], [Three2twoTerms(R)],
[PositiveToRight(Less)(R)], [Three2threeTerms(R)],
[PositiveToRight(Less)(1term)(R)], [ToLeq(Advanced)(R)], [LeqNeqLess(R)],
[SubLeqLeft(R)], [LeqLessTransitivity (R)], [NegativeToLeft(Eq)(R)],
[NegativeToRight(Less)(R)], [!! == Symmetry], [NegativeToRight(Eq)(R)],
[NegativeToRight(Eq)(1term)(R)], [DoubleMinus(R)], [UniqueNegative(R)],
[SubtractEquationsLeft(R)], [EqNegated(R)], [NeqNegated(R)],
[LeqNegated(R)], [LessNegated(R)], [-0 = 0(R)], [NegativeNegated(R)],
[FromLeqGeq(R)], [SubLeqRight(R)], [FromLess(R)],
[NonnegativeNumerical(R)], [NegativeNumerical(R)], [0 <= |x|(R)],
[PositiveNegated(R)], [AddEquations(R)], [DistributionOut(R)],

[== Transitivity5], [x * 0 + x = x(R)], [x * 0 = O(R)(fff)], [Times(—1)(R)],
[Times(—1)Left(R)], [-x — y = —(x + y)(R)], [LessTotality (R)],
[PositiveNumerical(R)], [SignNumerical(+)(R)], [SameNumerical(R)],
[MlnusNegated( )], [SignNumerical(R)], [NumericalDifference(R)],

[x <= |x|(R)], [USlimitIsUpperBound (Helper)], [USlimitIsUpperBound],
(1) % (=1) + (—1) £ 1 = O(R)], [(—1)  (~1) = L(R)],[0 < 1Helper(R)].

[0 < 1(R)], [ExpZero(Exact)(R)], [PositiveBase(R)(Base)],
[Three2twoFactors(R)], [x = x * y * (1/y)(R)], [NeqMultiplication(R)],
[LessTransitivity (R)], [0 < 2(R)], [SameExp(R)(Base)], [SameExp(R)(Indu)],
[SameExp(R)], [SubNeqLeft(R)], [SubNeqRight(R)], [NonzeroFactors(R)],
[NonnegativeFactors(R)], [PositiveFactors(R)], [LessDivision(R)], [0 < 1/2(R)],
[PositiveToRight(Eq)(1term)(R)], [Exp(4+1)(R)], [PositiveBase(R)(Indu)],
[PositiveBase(R)], [—x * y = —(x * y)(R)], [PositiveToLeft(Eq)(R)],
[Times1Left(R)], [== Transitivity6], [x + x = 2 * x(R)],

[(1/2)x + (1/2)x = x(R)], [DistributionOut(Minus)(R)],

[(1/2)(x+y) —x=(1/2)(y — x)(R)], [IntervalSize(R)(Base)],
[LessMultiplicationLeft(R)], [NegativeToLeft(Less)(R)],
[NegativeToLeft(Less)(1term)(R)], [y — (1/2)(x +y) = (1/2)(y — x)(R)],
[IntervalSize(R)(Indu)], [IntervalSize(R)], [XSlessUS(R)],
[USdecreasing(+1)(R)], [ExpUnbounded(Base)], [ExpUnbounded (Indu)],
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[ExpUnbounded], [1 <= x + 1(N)], [NonzeroProduct(2)(R)],
[PositiveNonzero(R)], [Nonreciprocal ToRight(Eq) (1term)(R)],
[ExpNonzero(Base)], [ExpNonzero(Indu)], [ExpNonzero], [ExpNonzero(2)],
[MultiplyEquations(R)], [HalfBase(Base)], [HalfBase(Indu)], [HalfBase],
[Three2threeFactors(R)], [x * y = zBackwards(R)], [PositiveInverted(R)],
[ReciprocalToRight(Less)(R)], [Reciprocal ToRight (Less)(1term)(R)],
[Nonreciprocal ToLeft(Less)(R)], [1 < x * y(R)], [SwitchFactors(1/x < y)(R)],
[SmallHalving], [IntervalSize(anyPositive)], [USdecreasing(+n)(Base)],
[USdecreasing(+n)(Indu)], [USdecreasing(+n)], [USdecreasing],
[LeqAdditionLeft(R)], [ToNotLess(R)], [LimitOfUSIsLeq],
[SubtractEquations(Less)(R)], [SubtractEquationsLeft(Less)(R)],
[LessNegated(Negative)(R)], [FromNegated And (Imply)],
[RemoveDoubleNeg(Consequent)], [FromNotUpperBound], [DistributionOut],
[DistributionOutLeft], [DistributionLeft], [LeqNUB],
[USlimitIsLeastUpperBound(Helper)], [USlimitIsLeastUpperBound],
[FromNotLess(R)], [ExistMP3], [GreaterPositive(N)], [ysFClose(Helper)],
[ysFClose], [ysFCauchy (Helper)], [ysF Cauchy], [CartProdIsRelation],
[FromSubset], [SubsetIsRelation], [ToSeries|, [FromSeries], [SeriesSubsetCP],
[ValueType], [RemoveOr], [FromSingleton], [InPair(1)], InPair(2)],
[SameMember(2)], [ToBinaryUnion(1)], [ToBinaryUnion(2)],
[FromOrderedPair(TwoLevels)], [ToCartProd(Helper)], [ToCartProd],
[Nonreciprocal ToRight (Eq)], [Nonreciprocal ToLeft (Eq) (1term)],
[SameReciprocal], [CPseparationIsRelation], [OrderedPairEquality],
[ReciprocallsFunction], [ReciprocallsTotal], [ReciprocallsRationalSeries],
[CrsIsRelation], [CrsIsFunction], [CrsIsTotal], [CrsIsSeries], [CrsLookup], [0f],
[1f], [ToSingleton], [FromSameSingleton], [SingletonmembersEqual],
[UnequalsNotInSingleton], [NonsingletonmembersUnequal], [FromOrderedPair],
[FromOrderedPair(1)], [FromOrderedPair(2)], [FromCartProd],
[FromCartProd(1)], [FromCartProd(2)], [sameOrderedPair], [InSeriesHelper],
[InSeries], [To = f(Subset)(Helper)], [To = f(Subset)], [To = {],
[productIsFunction], [productIsTotal], [ProductIsRationalSeries], [TimesF],

[—x + (1/2)x = —(1/2)x], [PositiveTripled], [PositiveDividedBy3], [|x — x| = 0],
(1< 20,[1/3 < 2/3], [(1/3)x + (1/3)x = (2/3)x], [(2/3)x + (1/3)x = x),

[—x -+ (2/3)x = —(1/3)x], [~ (1/3)x — (1/3)x = —(2/3)x],

[—x 4+ (1/3)x = —(2/3)x], [PreserveLessGreater], [ClosetolessIsLess],
[SubLessLeft(F)], [SubLessLeft(R)], [ClosetogreaterIsGreater],
[SubLessRight(F)], [SubLessRight(R)];

Preassociative

[Testerl], [Tester2], [Tester3], [Tester4], [Tester5], [Tester6];

Preassociative

[*_{*}], [*/indexintro(x, %, *, x)], [*/intro(*, *, *)], [*/bothintro(x, %, *, *, *)],
[*/nameintro(x, *, %, )], [«'], [x[ *]], [#[+—=]], [x[+=>=]], [x0], [* ]’[Ob] [#-color(x)],
recolor* ()] L] s [V, 44, 1, ], o, ), ], 63, 2, P, o), 1,
44 BB BB LB B I DL L LB B
Preassociative
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ms], [nx], [ox],
LI

D], [ax], [rx], [s#], [t+], [we], [v], [w], [ex], [y+]

Preassociative x; x|, [Postassociative *; ],

[newline #|, [macro newline ], [Macrolndent( );

Preassociative

[+ 78], [ s

Preassociative

[*(exp)+];

Preassociative

[<'], [R()], [= = R(#)], [recx];

Preassociative

[ /%], [ 0 %], [x[+]];

Preassociative

(U], b U 4, [P0

Preassociative

[{*}], [StateExpand(x, *, x)], [extractSeries(x)], [SetOfSeries(x)], [— — Macro(x)],

[ExpandList(x, *, )], [+ * Macro(x)], [+ + Macro(x)], [<< Macro(x)], [UB(x, *)],

[LUB(x*, %)], [BS(x, *)], [UStelescope(, x)], [(*)], [|r * |], [Limit(x, *)], [Unlon(* 1,

[IsOrderedPair(x, *, x)], [IsRelation(x, %, )], [isFunction(x, *, x)], [[sSeries(, )],

[IsNatural(x, )], [OrderedPair(x, *)], [TypeNat(*)], [TypeNat0(*)],

[TypeRational(x)], [TypeRationalO(x)], [TypeSeries(x, *)], [TypeseriesO(x, )];

Preassociative

E*7 *}], [(*, *>]7 [(_u*)]7 [—f*], [(_ - *)]7 [lf/*]7 [HhY/*]ﬂ [01//temp>l<];
reassociative

[x(*, %)], [ReflRel(x, *)], [SymRel(*, x)], [TransRel(x, *)], [EqRel(x, *)], [* € *].],

[Partition(x, *)];

Preassociative

[ - ], [% 0 *], [( % %)], [% xg *], [% % #x];

Preassociative

[+ ], [ o ], [+ 1 #], [ — ], [ —o ], [ =0 %], [+ )], [(6 = %)), [ +¢ 4],

[+ —¢ #], [« + 4], [R(x) — —R(x)];

Preassociative

[+ € #J;

Preassociative

[ 1, [, %, )], [Max(e, )], [Max(s, )]

Preassoc1at1ve

[* = *}7 [* 7& *]7 [* <= *}7 [* < *]’ [* <t *]’ [* <t *]’ [SF(*v *)]’ [* == *]7

[#l == ], [*x << #], [ <<== x];

Preassociative

[ U £}, e U, [\ (o

Postassociative

L], [ [+, 7+,

[
*], [priority * end],

[“%71, 01, [(+)*], [string () + ], [string () ++ ], [

#, [, (B, (], (], (8], (04, [&ex], [, [Col, D)#], D, [l [ o], [, 4], (/4]
[04], [1], [2+], [3%], [4], [5#], (6], [7+], [8], [9%], [:#], [; ], [<#], [=+], [>], [74],
[@x], [Ax], [Bx], [Cx], [D#], [Ex], [F], [Got], [Hax], [Lx], [J#], [K#], [Lot], [Mix], [N],
(0], [P, [Q], [Rox], [Sx], [T], [U], [Vx], [W], [Xk], [Y ], [Z#], [[+], [\s], []#], ["#],
P*]»[‘*],[a*],[b*} e I, ][ #], [lee], 1], |

[

X
#, [d#], ex], [f4], [g#], [ ][Eﬁ,
[[+],
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[ ] [ o], [xon ], [ 2% %], [ 000 %], [ +25% %5
Postassociative
[, *[;
Preassociative
[k ], [~ k], [~ 5], [ o o, [ ao ], [ = ], [ 5 ], [ 4], [ 5 ], [ = ],
[x € *], [* Cr %], [* ], [* free in *], [ free in™ x|, [x free for * in |,
[+ free for™ = in *, [* €¢ |, [* < *], [* <’ #], [x < «], [« = *], [* # ], [+"*],
(0], [ ], 4], [k == ], [ C ];
Preassociative
[, [5 ()n], [+ ¢ =], [* # =];
Preassociative
[« A k], [% A ], [x A %], [ Ac ], [* A [;
Preassociative
[« Vo], [ || #], [ V=]
Postassociative
[ V %;
Preassociative
[T ], [V ], [Vopjx: %], [Tk #];
Postassociative
[ = x|, [x = #], [x & «], [x & «];
Preassociative
[{ph € = | *}];
Postassociative
[* : ], [* spy ], [*!x];
Preassociative
*
J;
Preassociative
[Ax ], [A % %], [A%], [if * then x else |, [let x = in %], [let * = % in *];
Preassociative
[f];
Preassociative
(], B0, V] e [, )
Preassociative
[« @], [* D> ], [* B> ], [* > *], [ > *];
Postassociative
[ b ], [x B %], [* Le. «];
Preassociative
[V ], [TTk: %]
Postassociative
[* & «];
Postassociative
[%; %5
Preassociative
[ proves x|;

% =

(9
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Preassociative

[* proof of x: x|, [Linex* : % > «; %], [Last line x > 0],

[Line * : Premise >> x; %], [Line  : Side-condition >> *; x|, [Arbitrary > #; %],
[Local > x = x; %], [Begin *; x : End; ], [Last block line * > ],
[Arbitrary > *; «|;

Postassociative

[« | #];

Postassociative

[, ], [ s

Preassociative

[&ex];

Preassociative

[¥\\*], [* linebreak[4] ], [\ \]; ]

[sup tex “sup”]

Toll ==

tex

[Toll =="% “Toll=="]
[To!! == “lemma toll=="]
ToNegatedDoubleImply

tex

[ToNegatedDoubleImply = “ToNegatedDoubleImply”]

[ToNegatedDoubleImply fdy “prop lemma to negated double imply”]

ToNegatedAnd(1)

proof

[ToNegatedAnd(1) "= Ac.Ax.P([SystemQ F Va:Vb: - (a)ntat
FromContradiction t> a > = (a)n > = (b)n; Va: Vb: Ded > Va: Vb: - (a)n - a F
“(bn> S(a)n=a= = (b)n;(a)nk MP >4 (a)n=>2a= - (bn>

a = = (b)n; ToNegatedAnd >a = = (b)n > = (= (a = = (b)n)n)n], po, ¢)]
[ToNegated And(1) *IB System(Q + Va: Vb: - (@nk = (=(a= = (b)n)n)n]
[ToNegatedAnd(1) “ “ToNegatedAnd(1)”]

[ToNegated And(1) Ri “prop lemma to negated and(1)”]
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AddNegatedAll

[AddNegatedAll “= “AddNegated All”]
[AddNegatedAll 2 “pred lemma addNegated All”]

(A)to( E )(Imply)

[(A)to( E )(Tmply) * “(A)to("E")(Imply)”]

[(A)to( E )(Imply) iy “pred lemma (A)to("E”)(Imply)”]
(E)to( A )(Imply)

[(E)to( A )(Tmply) * “(E)to(”A”)(Imply)”]

[(E)to( A )(Imply) Ry “pred lemma (E)to("A7)(Imply)”]
(E )to( A)(Imply)

[(E )to( A)(Tmply) ** “(E")to("A) (Imply)”]

[(E )to( A)(Imply) iy “pred lemma (E7)to("A)(Imply)”]
ToNegatedAEA

[ToNegated AEA % “ToNegated AEA 7]

[ToNegated AEA = By “pred lemma toNegated AEA”]
UniqueNegative

[UniqueNegative "= " Aeax. P([SystemQ F Vx:Vy:Vz: (x +y) =0F (x+2z) =

0 i plusCommutativity > (y + x) = (x + y); eqTransitivity > (y + x) =
(x+y) > (x+y)=0> (y+x) = 0; PositiveToRight(Eq) > (y +x) = 0 >y =
(0 + (—ux)); plusCommutativity > (z + x) = (x + z); eqTransitivity > (z + x) =
(x+2z)> (x+2) = 0> (z+ x) = 0; PositiveToRight(Eq) > (z+x) = 0>z =
(0 + (—ux)); eqSymmetry >z = (0 + (—ux)) > (0 + (—ux)) =

z; eqTransitivity >y = (0 + (—ux)) > (0 + (—ux)) =z >y = z], po, ¢)]
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[UniqueNegative "2 System(Q + Vx: Vy:Vz: (x +y) =0F (x+2) =0Fy =2

[UniqueNegative tex “UniqueNegative”]

[UniqueNegative P emma uniqueNegative”]

DoubleMinus

proof

[DoubleMinus "= Ac.Ax.P([SystemQ F V¥x: Negative >

((—ux) + (—u(—ux))) = 0;x + y = zBackwards > ((—ux) + (—u(—ux))) = 0>
0 = ((—u(-ux)) + (—ux)); NegativeToLeft(Eq) > 0 = ((—u(—ux)) + (-ux)) >

(04 x) = (—u(—ux)); lemma plusOLeft >> (0 + x) = x; Equality t> (0 + x) =
(=

u(—ux)) &> (0 +x) = x> (—u(-ux)) = x}, po, c)]
[DoubleMinus *3" SystemQ F Vx: (—u(—ux)) = x|
[DoubleMinus “% “DoubleMinus”|

[DoubleMinus X “lemma doubleMinus”]

MinusNegated

proo

[MinusNegated " — Ac.Ax.P([System@Q F Vx: Vy: DoubleMinus > (—u(—uy)) =
y; eqAddition > (—u(—uy)) =y > ((—u(-uy)) + (-ux)) =

(y + (—ux)); eqSymmetry &> ((—u(—uy)) + (—ux)) = (y + (—ux)) >

(y + (—ux)) = ((—u(—uy)) + (—wx)); —x —y = —(x +y) >

((—u(—uy)) + (—ux)) = (—u((—u y) + x)); plusCommutativity > ((—uy) +x) =
(x+ (—uy)); EqNegated &> ((—uy) + x) = (x + (—uy)) > (—u((—uy) +x)) =
(—u(x + (—uy))); eqTransitivityd > (y 4 (—ux)) = ((—u(—uy)) + (—ux)) >
((—u(—uy)) + (—ux)) = (—u((—uy) +x)) > (—u((—uy) +x)) =

(—u(x ( wy))) > (y+ (—ux)) = (—u(x+(—uy))); eqSymmetry > (y + (—ux)) =
(—u(x+ (—uy))) > (—u(x+ (—uy))) = (y + (—ux))], po, c)]

[MinusNegated I SystemQ F Vx: Vy: (—u(x + (—uy))) = (y + (—ux))]
[MinusNegated = “MinusNegated”]

[MinusNegated X “lemma minusNegated”]

eqReflexivity

[eqReflexivity propf AcAx.P([SystemQ F Vx: leqReflexivity > x <=
x;leqAntisymmetry > x <= x> x <= x > x = x|, Po, ¢)]
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[eqReflexivity I SystemQ b Vx:x = x]
[eqReflexivity s “eqReflexivity”]

[eqReflexivity P Yemma eqReflexivity”]

eqSymmetry
[eqSymmetry progf Ac Ax.P([SystemQ - ¥x: Vy: x = y - eqReflexivity > x =
x; Equality > x =y > x = x >y = x], o, )]
[eqSymmetry I SystemQ F Vx: Vy:x=yhky=x
eqSymmetr by “eqSymmetry”
Yy Yy y Yy

K
[eqSymmetry "5 “lemma eqSymmetry”]

eqTransitivity

[eqTransitivity propf Ac A P([SystemQ - Vx: Vy:Vzix =y Fy =z F
eqSymmetry >x =y >y = X; EquahtyDX—§>X:;>>§=;],po,c)]
[eqTransitivity stopt SystemQ - Vx:Vy:Vzix =yFy =zF x=17]
[eqTransitivity by “eqTransitivity”|

. k e e
[eqTransitivity P “lemma eqTransitivity”]

eqTransitivity4

[eqTransitivity4 Proof N e x. P([SystemQ - Vx: Vy:Vz:Vu:x =y Fy=zFz=
u k= eqTransitivity > x =y >y = z > x = z;eqTransitivity > x =z>z=u >
x = ul,po, )]

[eqTransitivity4 stmyt SystemQ F Vx:Vy:Vz:Vu:x =ykFy=zFz=ukx= u]
[eqTransitivity4 tex “eqTransitivity4”]

o Kk _
[eqTransitivity4 25 “lemma eqTransitivity4”]
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eqTransitivityd

[eqTransitivityb progf A Ax.P([SystemQ - ¥x: Vy: Vz: Vu: Vvix =y Fy =zk z =
uku=yvk eqTransitivityd>x=y>y=zD>z=u>x=
u; eqTransitivity > x = u>u=v > x = v|, po, ¢)]

[eqTransitivity5 stugt SystemQ F Vx: Vy:Vz:Vu:Vv:ix =y Fy =zFz=uku=
vEx=y]

[eqTransitivityb tex “eqTransitivity5”]

[eqTran51t1V1ty5 ¥ “emma eqTransitivity5”|

eqTransitivity6

[eqTransitivity6 Proel e ax. P([SystemQ - Vx: Vy: Vz: Vu: Vv: Vw: x =y Fy = z -
z=uklFu=vkv=wk eqTransitivity > x=y>y=zD>z=ubu=yv>x=

v; eqTransitivity > x = v > v =w > x = w], po, )]

[eqTransitivity6 st SystemQ I Vx: Vy:Vz: Vu: Vv:Vw:x =y Fy =zkFz=uk
u=vhEv=wkx=w

[eqTransitivity6 tex “eqTransitivity6”|

[eqTransitivity6 P “emma eqTransitivity6”]

AddEquations

[AddEquations propf Ac A P([SystemQ - Vx: Vy:Vz:Vu:x =y Fz=uk
eqAddition > x =y > (x +z) = (y + z); lemma eqAdditionLeft >z = u
(y +2z) = (y + u); eqTransitivity > (x +z) = (y +z) > (y +2) = (y + u)
(x+2) = (y+u)l,po,c)]

[AddEquations strgt SystemQ I Vx: Vy: Vz:Vu:x = y -z =

tex

[AddEquations — “AddEquations”]

[AddEquations P “lemma addEquations”]

SubtractEquations

[SubtractEquations Proof e M. P([SystemQ t Vx: Vy: Vz: Vu: (x +z) = (y +u) -
z =ut eqAddition > (x +2z) = (y + u) > ((x+2z) + (—uz)) =
((y +u) + (—uz)); lemma plusOLeft > (0 + z) = z; eqTransitivity > (0 +z) =
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z>z=u> (0+ z) = u; PositiveToRight(Eq) > (0+2z) =u>> 0=

(u+ (- 7)),eqSymmetry>O— (u+(—uz)) > (u+ (—uz) =

0;lemma eqAdditionLeft > (u + (—uz)) = 0> (y + (u + (—uz))) =

(y40); plusAssociativity > ((y+u)+(—uz)) = (y+(u+(—uz))); plusO > (y+0) =
y; eqTransitivityd > ((y + u) + (—uz)) = (y + (u+ (—uz))) > (y + (u+ (—uz))) =
y+0)>(y+0)=y> ((y+u) +(-uz) =y;x=x+y—-y>x=

(x+2) + (—uz)); eqTransitivityd > x = ((x + 2) + (—uz)) > ((x + z) + (—uz)) =
(y+u)+ (—uz)) > ((y + u) + (—uz)) = y > x = y|,po, )]

(u
;

[SubtractEquations stogt SystemQ - Vx: Vy:Vz: Vu: (x +2) = (y +u) Fz=uF
x =]

[SubtractEquations "= “SubtractEquations”]

. k .
[SubtractEquations % “lemma subtractEquations”]

SubtractEquationsLeft

[ proof

SubtractEquationsLeft "— Ac.Ax.P([SystemQ F Vx: Vy: Vz: Vu: (x + z) =

(y +u) F x =y - plusCommutativity > (z +x) =

(x + z); plusCommutativity > (y +u) = (u +y); eqTransitivity4 &> (z + x) =
(x+2)B (c+2) = (y+0) b (y F 1) = (u+y) > (2+2) =

(u+ y); SubtractEquations > (z+x) = (u+y) >x =y >z = u], po, )]

[SubtractEquationsLeft stmpt SystemQ F Vx: Vy: Vz: Vu: (x+2) = (X +ubx=
ykz=y

ex

[SubtractEquationsLeft “ “SubtractEquationsLeft”]

[SubtractEquationsLeft "% ¥ “lemma subtractEquationsLeft”]

MultiplyEquations

[MultiplyEquations proof A A P([SystemQ b Vx: Vy:Vz:Vu:x =y Fz=uk
eqMultiplication > x = y 3> (x * z) = (y * z); lemma eqMultiplicationLeft > z =
u>> (y*z) = (y *u);eqTransitivity > (x x z) = (y *z) > (y * z) = (y ¥ u) >
(x*2) = (y*u)],po,c)]

[MultiplyEquations stmpt SystemQ = Vx: Vy: Vz: Vu:x = y -z = u I (xxz) = (y*u)]

[MultiplyEquations by “MultiplyEquations”]

[MultiplyEquations P “emnma multiplyEquations”|
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EqNegated

[EqNegated PrOof N Ax. P([SystemQ I ¥x: Vy: x =y - Negative >

(x + (—ux)) = 0; Negative > (y + (—uy)) = 0; eqSymmetry > (y + (—uy)) =

0>> 0 = (y + (—uy)); eqTransitivity > (x + (—ux)) = 0> 0 = (y + (—uy)) >
(—ux)) = (y + (—uy)); SubtractEquationsLeft > (x + (—ux)) =

(x+
(y + (—uy)) >x =y > (—ux) = (—uy)],po, )]

[EqNegated "2 SystemQ + Vx: Vy:x =y bk (—ux) = (—uy)]

[EqNegated =¥ “EqNegated”]

[EqNegated P “lemma eqNegated”]

PositiveToRight(Eq)

proof

[PositiveToRight(Eq) "— Ac.Ax.P([SystemQ F Vx: Vy:Vz: (x +y) =z

quddition> (x+y) =z> (x+y)+(-uy)) = (z+ (—uy))ix=x+y—y>
= ((x +y) + (—uy)); eqTransitivity > x =

((X +y) + (—uy)) & (x+y) + (—uy)) = 2+ (~uy)) > x = (z+ (~uy))], po, )]

(
[PositiveToRight(Eq) *3" SystemQ + Vx: Vy:Vz: (x +y) =z x = (z+ (—uy))]

?T

) =
[PositiveToRight(Eq) = “PositiveToRight(Eq)”]
)=

[PositiveToRight(Eq) 2> “lemma positiveToRight(Eq)”]

PositiveToLeft(Eq)

[PositiveToLeft(Eq) "= “PositiveToLeft(Eq)”]

[PositiveToLeft(Eq) X “lemma positiveToLeft(Eq)”]

PositiveToLeft(Eq)(1term)

proof

[PositiveToLeft(Eq)(1term) "= Ac.Ax.P([SystemQ - ¥x: Vy: x = y
eqAddition > x =y > (x + (—uy)) = (y + (—uy)); Negative > (y +
0; eqTransitivity > (x + (—uy)) = (y + (—uy)) > (y + (—uy)) = 0>
(x+ (—uy)) = 01, po, )]

[PositiveToLeft(Eq)(1term) *3" SystemQ + Vx: Vy:x =y (x4 (—uy)) = 0]

l_
(—uy)) =

X

[PositiveToLeft(Eq)(1term) X “PositiveToLeft(Eq)(1 term)”]
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[PositiveToLeft(Eq)(1term) P “lemma positiveToLeft(Eq)(1 term)”]

NegativeToLeft(Eq)

f
) proo

[NegativeToLeft(Eq Ac A P([SystemQ F Vx: Vy: Vz:x = (y + (—uz)) -
eqAddition>x = (y+(—uz)) > (x+z) = ((y+(—uz)) +z); Three2threeTerms >
(y+(-uz)) +2)=((y +2) + (-uz)ix=x+y -y >y=

((y +2) + (—uz)); eqSymmetry >y = ((y +2) + (-uz)) > ((y +2) + (-uz)) =
y; eqTransitivityd & (x +2) = ((y + (—uz)) +2) &> ((y + (~uz)) +2) =

((y +2) + (~uz2)) > ((y + 2) + (-uz)) =y > (x+2) = y],po, )]
[NegativeToLeft(Eq) "% SystemQ F Vx: Vy: Vz: x = (y + (—uz)) F (x +2) = Y]
[NegativeToLeft(Eq) " “NegativeToLeft(Eq)”]

[NegativeToLeft(Eq) %5 Y “lernma negativeToLeft(Eq)”]

Nonreciprocal ToRight(Eq)(1term)

proof

[Nonreciprocal ToRight (Eq) (1term) " — Ac.Ax.P([SystemQ F Vx: ¥y: (x

1 F eqMultiplication > (x*y) = 1 > ((x*y) *recy) = (1 *recy) 0<1>-

1= 4 (- (0 = 1)n)n)n; PositiveNonzero> = (0 <=1 = - (- (0 = 1)n)n)n >

(1 = 0)n; eqSymmetry > (x *y) =1 > 1 = (x*y); SubNeqLeft > 1 =

(x #y) > (1=0)n>> = ((x*y) = 0)n; NonzeroProduct(2) > = ((x
Sy =0mx=x*xyx*(1/y)> (y=0n>x=

((x * y) * recy); lemma times1Left > (1  recy) = recy; eqTransitivity4 > x =

((x ) * recy) & ((xcxy) * recy) = (1 +recy) i (1 xrecy) = recy 3 x = recy], o, )]

[Nonreciprocal ToRight (Eq) (1term) I System(@ F Vx: Vy: (x*y) = 1 x = recy|

[Nonreciprocal ToRight (Eq) (1term) s “Nonreciprocal ToRight(Eq)(1 term)”]

—

[Nonreciprocal ToRight (Eq) (1term) 25 “lemma nonreciprocal ToRight(Eq)(1
term)”|

DistributionOut(Minus)

[DistributionOut(Minus) — e “DistributionOut(Minus)”|

[DistributionOut(Minus) ¥ “lemma distributionOut(Minus)”]
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PositiveToRight(Eq)(1term)

[PositiveToRight(Eq)(1term) “% “PositiveToRight (Eq)(1 term)”]

[PositiveToRight (Eq)(1term) X “lemma positiveToRight(Eq)(1 term)”]

SameSeries(NumDiff)

[SameSeries(NumDiff) % “SameSeries(NumDiff)”]

[SameSeries(NumDiff) PV “emma sameSeries(NumDiff)” ]

PlusAssociativity (4terms)

[PlusAssociativity(4terms) X “PlusAssociativity(4 terms)”]

[PlusAssociativity (4terms) P “lemma plusAssociativity(4 terms)”|

LessNeq

[LessNeq progf Ac A P([SystemQ - Vx: Vy: - (x <=y = = (= (x =y)n)n)n +
Repetition > = (x <=y = = (4 (x = y)n)n)n > = (x <=y = -
= y)n],po, c)]

y)n)n)n; SecondConjunct>= (x <=y = = (= (x = y)n)n )n > 4 (x
[LessNeq U SystemQ F Vx: Vy:t(x<=y= (" (x=ymnn)nk - (x=y)n]

I '~<

[LessNeq "= “LessNeq”]

[LessNeq X “emma lessNeq”]

NegSymmetry

[NeqSymmetry Proof N Ax. P([SystemQ - Vx: ¥y:y = x - eqSymmetry >y =
x> x=y;¥x:Vy:Ded > Vx:Vy:y =xbFx=y>y=x=x=y;7(x=y)nkF

MT>y=x=x=y>" S(x=y)n > = (y =x)n],po,c)]

[NegSymmetry *2° SystemQ + Vx: Vy: - (x =y)nk = (y = x)n]
[NeqSymmetry tex “NeqSymmetry”]

[NeqSymmetry P emma neqSymmetry” |
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NeqNegated
[NeqNegated "= % A Ax. P([SystemQ - ¥x: Vy: = (x = y)n I (—ux) = (—uy) F
EqNegated > (—ux) = (—uy) > (—u(—ux)) = (—u(—uy)); DoubleMinus >>
(—u(—ux)) = x; eqSymmetry > (—u(—ux)) = x> x =

(—u(—ux)); DoubleMinus > (—u(—uy)) = y; eqTransitivity4 > x =
(—u(-uw)) > (—u(-ux)) = (-u(-uy)) > (—u(-uy)) =y >x =

y; FromContradiction > x =y > = (x = y)n > = ((—ux) =

(- uy))anVyDedDVxVyﬂ(x—y)nl—( x) = (—uy) F = ((—ux) =
(yn > ==y = (09 = () = 2((w0) = (2=
MP B 2 (x = y)1 = (—100) = (~1) = = ((-0) = (~uy))n & 2 (x —y)n >
(—ux) = ( uy) = - ((—ux) = (- uy))n7 prop lemma imply negation > (—ux) =

(—uy) = = ((-uwx) = (—uy))n > = ((-ux) = (—uy))n], po, c)]
[NegNegated *3" SystemQ F Vx: Vy: 4 (x = y)n = 5 ((—ux) = (—uy))n]
[NegNegated “= “NeqNegated”]

[NegNegated P “emma neqNegated”|

SubNeqRight

proo

[SubNeqRight “— /\c./\x.P(fSybtemQ FVx:Vy:Vzix =y k- (z=
NeqSymmetry > - (z = x)n > = (x = z)n; SubNeqLeft > x =y > = (x = z)n >
= (y = 2)n; NegSymmetry > = (y = z)n > = (z = y)n], po, ¢)]

[SubNeqRight 2 SystemQ b Vx: Vy:Vzix =yF - (z=x)nk - (z=y)n]
[SubNeqRight tex “SubNeqRight”]
[SubNeqRight 2 “Yemma subNeqRight”]

SubNeqLeft

proof

[SubNegLeft "—" Ac.Ax.P([SystemQ - Vx:Vy:Vzix =y F = (x =z)n F
EqualityAxiom >y =x=y=z=x=1z eq@ymmetr}bx—y>>y—
xMPDy—x:>y—z:>x—z>y_x>>y—z:>x—z Contrapositive >y =
z=x=z> " (x=zn="(y=z;MP> - (x=2zn="(y=z)n> " (x=
z)n > = (y = z)n], po, )]

[SubNeqLeft *2* SystemQ + Vx: Vy:Vzix=ykF - (x=z)nk - (y = z)n]
[SubNeqLeft by “SubNeqLeft”]

[SubNeqLeft VY “lemma subNeqLeft”]
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NegativeToRight(Neq)(1term)

proof

[NegativeToRight(Neq)(1term) — Ac.Ax.P([SystemQ F ¥x:Vy:x =y -
PositiveToLeft(Eq)(lterm) > x = y 3> (x + (—uy)) = 0; Vx: Vy: Ded > Vx: Vy: x =
yF(x+(-uy) =0>x=y = (x+ (-uy)) = 0 ((x+ (-uy)) = 0)n k-

MT > x =y = (x+ (-uy)) =05 = ((x+ (~uy)) = 0)n > = (x = y)n], po,c)]

[NegativeToRight(Neq)(1term) *3° SystemQ + Vx: Vy: = ((x + (—uy)) = 0)n +
5 (x = y)n]

[NegativeToRight(Neq)(1term) = “NegativeToRight(Neq)(1 term)”]

[NegativeToRight(Neq)(1term) P “emma negativeToRight(Neq)(1 term)”]

NeqAddition

[NeqAddition PO AeAx. P([SystemQ - Vx: Vy:Vz: 7 (x = y)n k- (x + 2) =

(y + z) F eqReflexivity > z = z; SubtractEquatlons >(x+z)=(y+z)>z=
z>> x = y; FromContradiction > x =y > = (x = y)n > “ ((x + z) =

(y +2))n; Vx: Vy: Vz: Ded B> Vx: Vy: Vz: Sx=ynk (x+z)=(y+z) F - ((x+z) =
(y+z2)n>s(x=ym= (x+2z)=(y+2) = ~(x+2) = (y+2))n; 7 (x =y)n +
MP>5(x=yn=(x+z)=(y+2z)= " (x+z)=(y+z)n>"(x=yn>

(x+2) = (y+z) = = ((x+2) = (y+2))n; prop lemma imply negation D_(§+;) =
(Y+2) = 2 (x+2) = (y+2))n> 5 ((x+2) = (y+2)n], po, )]

[NeqAddition *5" SystemQ - Vx: Vy:Vzi s (x =y A ((x+2) = (y +2)n]

tex

[NeqAddition = “NeqAddition”]

[NeqAddition X “lemma neqAddition”|

NegMultiplication

[NegMultiplication progf A AP ([SystemQ F Vx: Vy:Vz: 5 (z=0)nF ~ (x =
ynk(xxz) = (y*z) Fx=x*y*(1/y) > (z=0)n>>x= ((x*2) *
recz); eqMultiplication > (x * z) = (y * z) > ((x * z) * recz) = ((y * z) * recz); x =
xxy*(1/y)>=(z=0)n >y = ((y*z)+*recz); eqSymmetry >y = ((y*z)*recz) >
(y * z) * recz) = y; eqTransitivityd > x = ((x * ) * recz) > ((x * z) * recz) =
(y *z) xrecz) > ((y *z) *recz) = y > x = y; FromContradiction > x = y > = (
n>> S ((x*z) = (y*z))n Vx: Vy: Vz: DedDVx Vy:Vz: 5 (z=0)nF S (x=y)
5*2) (y*2)F=((xx2) = (y*x2))n> 2 (z=0n= 2 (x=yn = (x+2) =
xz) = S ((xxz) = (y*z))m; - (z=0nk - (x=ynkMP2> - (z=0)n=
S~ yn > (602) = 102) = 2((x02) = (2202 = == yn >
x2z) = (y*2z) = = ((x*2) = (y *2))n; prop lemma imply negation > (x x z) =

< —~

X
n

Az—\
’“<
=

—~
I ><
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(y*z) = " ((x*2) = (y*2z))n > = ((x*2) = (y *z))nl, po, c)]

[NegqMultiplication *5* SystemQ b Vx: Vy:Vz: 2 (z=0nk - (x=y)nk
= ((x*2z) = (y*2z))n]

[NegMultiplication tex “NegMultiplication”]

[NegMultiplication P “emma neqMultiplication”]

NonzeroProduct(2)

proof

[NonzeroProduct(2) "— Ac.Ax.P([SystemQ F Vx:Vy:y =0 F

lemma eqMultiplicationLeft >y = 0> (x*y) = (x*0);x*0=0>> (x*0) =
0; eqTransitivity > (x *y) = (x* 0) > (x * 0) = 0> (x *y) =

0;Vx: Vy: Ded > Vx: Vy:y = 0 F (x ky) =0 >y = 0= (xxy) = 0; - ((xxy) =
OnFMT>y=0= (x*y) =0>((x*y) =0)n> = (y =0)n],po,c)]

[NonzeroProduct(2) I System(@ F Vx: Vy: 5 ((x*y) =0)nk = (y = 0)n]
[NonzeroProduct(2) tex “NonzeroProduct(2)”]

[NonzeroProduct(2) P “lemma nonzeroProduct(2)”]

SwitchTerms(x <=y — z)

tex

[SwitchTerms(x <=y —z) — “SwitchTerms(x<=y-z)”]

[SwitchTerms(x <=y — z) ¥ “lemma switchTerms(x<=y-z)"]

NegativeToLeft(Less)(1term)

[NegativeToLeft(Less)(1term) “= “NegativeToLeft(Less)(1 term)”]

[NegativeToLeft(Less)(1term) P “lemma negativeToLeft(Less)(1 term)”]

(+1)IsPositive(N)

[(+1)IsPositive(N) % ¢(+1)IsPositive(N)”]

[(+1)IsPositive(N) ¥ “emma +1IsPositive(N)”]

26



(1/2)(x+y) —x=(1/2)(y = x)

[(1/2)(x +y) —x = (1/2)(y = %) =¥ “(1/2) (x+y)-x=(1/2)(y-%)"]
[(1/2)(x +¥) = x = (1/2)(y — %) 2 “lemma (1/2)(x+y)x=(1/2)(yx)"]

y—(1/2)(x+y) = (1/2)(y — x)

[y — (1/2)(x +y) = (1/2)(y — x) = “y-(1/2) (x+y)=(1/2) (yx)"]
v — (1/2)(x +y) = (1/2)(y — %) 2 “lemma y-(1/2) (x+y)=(1/2)(y-x)"]

ExpZero(Exact)

[ExpZero(Exact) *< “ExpZero(Exact) ”]

[ExpZero(Exact) Y “lemma expZero exact” ]

SameFExp(Base)

[SameExp(Base) ' “SameExp(Base)” ]

[SameExp(Base) 2 “Yemma sameExp base”]

SameExp(Indu)

[SameExp(Indu) *= “SameExp(Indu)”]

[SameExp(Indu) 2 “emma sameExp indu”]

SameExp

[SameExp = “SameExp”]

[SameExp X “lemma sameExp”]
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Exp(+1)

[Exp(+1) = “Exp(+1)”]
[Exp(+1) P “lemma exp(+1)”]

PositiveBase(Base)

[PositiveBase(Base) “= “PositiveBase(Base)”]

. k .
[PositiveBase(Base) 2 “lemma positiveBase base”]

PositiveBase(Indu)

tex

[PositiveBase(Indu) = “PositiveBase(Indu)”]

. k . .
[PositiveBase(Indu) 2 “lemma positiveBase indu”]

PositiveBase

eLs tex ipe
[PositiveBase — “PositiveBase” ]

e pyk s
[PositiveBase = “lemma positiveBase”]

BSzero(Exact)

[BSzero(Exact) “ “BSzero(Exact)”]

[BSzero(Exact) ¥ “lemma base(1/2)Sum zero exact”]

SameBS(2)(Base)

[SameBS(2)(Base) s “SameBS(2)(Base)” ]

[SameBS(2)(Base) 2 “emma sameBase(1/2)Sum second base”]
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SameBS(2)(Indu)

[SameBS(2)(Indu) % “SameBS(2)(Indu)”]

[SameBS(2)(Indu) X “lemma sameBase(1/2)Sum second indu”]

SameBS(2)

[SameBS(2) % “SameBS(2)”]

[SameBS(2) 2 “Yemma sameBase(1/2)Sum second”]

BS(+1)

[BS(+1) ™ “BS(+1)”]
[BS(+1) X “lemma base(1/2)Sum(+1)”]

BSbound(Exact)(Base)

tex

[BSbound(Exact)(Base) — “BSbound(Exact)(Base)”]

[BSbound(Exact)(Base) Y% “emma base(1/2)Sum exact bound base”]

BSbound(Exact)(Indu)

tex

[BSbound(Exact)(Indu) = “BSbound(Exact)(Indu)”]

[BSbound(Exact)(Indu) ¥ “lemma base(1/2)Sum exact bound indu”]

BSbound(Exact)

[BSbound(Exact) > “BSbound(Exact)”]

[BSbound (Exact) X “Yemma base(1/2)Sum exact bound”]
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BSbound

tex

[BSbound = “BSbound”]
[BSbound Y% “emma base(1/2)Sum bound”]

UStelescope(Zero) (Exact)

[UStelescope(Zero) (Exact) “= “UStelescope(Zero)(Exact)”]

[UStelescope(Zero) (Exact) X “lemma UStelescope zero exact”|

SameTelescope(2)(Base)

tex

[SameTelescope(2)(Base) = “SameTelescope(2)(Base)”]

[SameTelescope(2)(Base) X “Yemma sameTelescope second base”]

SameTelescope(2)(Indu)

[SameTelescope(2)(Indu) = “SameTelescope(2)(Indu)”]

[SameTelescope(2)(Indu) 2 “emma sameTelescope second indu”]

SameTelescope(2)

[SameTelescope(2) 5 “SameTelescope(2)”]

[SameTelescope(2) X “lemma sameTelescope second”]

UStelescope(+1)

[UStelescope(+1) *= “UStelescope(+1)”]

[UStelescope(+1) X “Yemma UStelescope(+1)”]
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TelescopeNumerical(Base)

[TelescopeNumerical (Base) ¥ “TelescopeNumerical(Base)”]

[TelescopeNumerical(Base) P “lemma telescopeNumerical base”|

TelescopeNumerical(Indu)

[TelescopeNumerical(Indu) % “TelescopeNumerical(Indu)”]

[TelescopeNumerical(Indu) P “lemma telescopeNumerical indu”]

TelescopeNumerical
[TelescopeNumerical s “TelescopeNumerical”]

. k .
[TelescopeNumerical %> “lemma telescopeNumerical”]

TelescopeBound (Base)

tex

[TelescopeBound(Base) — “TelescopeBound(Base)”]

~

[TelescopeBound(Base) 25 “lemma telescopeBound base”]

TelescopeBound(Indu)

tex

[TelescopeBound(Indu) = “TelescopeBound(Indu)”]

~

[TelescopeBound(Indu) "5 “lemma telescopeBound indu”]

TelescopeBound

[TelescopeBound = “TelescopeBound”]

k
[TelescopeBound 25 “lemma, telescopeBound”]
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LessNeq(F)(Helper)

[LessNeq(F) (Helper) “% “LessNeq(F)(Helper)”]
[LessNeq(F)(Helper) P “lemma lessNeq(F) helper”|

LessNeq(F)

[LessNeq(F) % “LessNeq(F)”]
[LessNeq(F) X “lemma lessNeq(F)”]

LessNeq(R)

essNeq(R) = “LessNeq
LessNeq(R) "% “LessNeq(R)”
[LessNeq(R) 2 “emma lessNeq(R)”]

IntervalSize(Base)

[IntervalSize(Base) “ “IntervalSize(Base)”]

[IntervalSize(Base) X “lemma intervalSize base”]

IntervalSize(Indu)

[IntervalSize(Indu) *< “IntervalSize(Indu)”]

[IntervalSize(Indu) X “lemma intervalSize indu”]

IntervalSize

[IntervalSize *= “IntervalSize”]

. k . .
[IntervalSize 2 “lemma intervalSize”]
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XS < US

[XS < US ¥ “XS<US”|
[XS < US P “emma XSlessUS”|

lemma USdecreasing(+1)

[lemma USdecreasing(+1) X “emma USdecreasing(+1)”]

CloseUS

[CloseUS = “CloseUS”]
[CloseUS 2 Yemma closeUS”]

CloseUS(n + 1)

[CloseUS(n + 1) % “CloseUS(n+1)”]
[CloseUS(n + 1) P “lemma closeUS(n+1)”]

AllNegated(Imply)

proof

[AllNegated(Imply) "— Ac.Ax. P([SystemQ FV(vl):Va: Vopj(vl): = (5 (a)n)n F
Ad@x>Vopj(vl): = (- (a)n)n > = (5 (a)n)n; RemoveDoubleNegD—'( (a)n)n >
a; Gen > a > Vopj(vl):a; V(v1): Va: Ded > V(v1): Va: Yobj(v1): = (= (a)n)n =

Vob.1@a>>vob1 v1): = (= (a)n)n =
Vobi(v1): a; Contraposwwebvobj(vl) S (- (a)n)n :>Vobj(vl) a>
n)n:

'(VObJ@ a)n = = (Vobj(vl): - (= (2)n)n)n; Repetition > = (Vobjﬂsg)ni
5 (Vobj(v1): = (7 (@)n)n)n > = (Vopj(vl):a)n =
5 (Vopj(v1): = (< (a)n)n)n], po, c)]

1) n
[AHN (Imply) sy SystemQ F V(v1): Va: = (Vopj(vl):a)n =
(ObJ() = (= (@)n)n)n]
) =
) =

[AllNegated (Imply tex “AllNegated (Imply)”]

W‘

13

[AllNegated (Imply) 25 “pred lemma allNegated(Imply)”]



ExistNegated(Imply)

[ExistNegated (Imply) Poof NeAx. P(]SystemQ
LD:VQ:%(%( ObJ( 1): = (a)n)n)n - Repetition > = (- (Vobj(v1): = (a)n)n)n >
5 (5 (Yobi(v1): = (a)n)n) )n RemoveDoubleNeg 1> = (51 (Vob;
Vong (v1): (@) Y(v1)sVa: Deed b ¥(v1):Va: (= (Yo (1)
VD) 5 ()0 3 5 (5 (Fopg (v1): = @) = Yong (vI): = (2)n], po, )]
) =

SystemQ I V(v1): Va: = (- (Vobj (v1): = (a)n)n)n =

smt

[EXlstNegated (Imply
Vobj(v1): = (a)n]

[ExistNegated(Imply) “= “ExistNegated (Imply)”]

)py @

[ExistNegated (Imply pred lemma existNegated (Imply)”]

IntroExist(Helper)

[IntroExist(Helper) Proefze. M. P([SystemQ +

Vx: V(v1):Va: ¥b: (- (a)n== (b )n|(v1)::—><>Me H—VObJ( 1): = A
(~(@n= ( Jn|(V1):==x)ne >Vobj (v1): = (b)n > = (a)u; ¥Vx: V(v1): Va:
Vx: V(v1): Va: Vb: (= (a)n== (b)n|(v1):= :=X>Me - va_](L ' -
(+(@@n=> (b)n |(V):==x)me I Yopj(v1): = (b)n = = (a)n], po, ¢)]
[IntroExist(Helper) **5" System(Q +

Vx: V(v1): Va: Vb: (- (a)n=" (b)n|(v1):==x)me I Yobj(v1): = (b)n = ~ (a)n]

C‘/ |||

[IntroExist(Helper) ¥ “IntroExist (Helper)”]

[IntroExist(Helper) Ry “pred lemma intro exist helper”|

IntroExist

[IntroExist progf Ac. Ax.P([SystemQ

Vx: V(v1): Va: Vb: (- (a)n== (b)n|(v1):==x)me I+ IntroExist(Helper) @ x 1>

(> (@n=" (B)n|(vL):==x)nte > org (v1): = (B)n = = (a)nia

AddDoubleNeg > a > = (= (a)n)n; MT > VYop(v1): = (b)n = = (a)n >

= (5 (@)n)n > = (Vopj (v1): = (b)n)n; Repetition > = (Vobi (v1): = (b)n)n >

5 (Vobj(v1): = (b)n)n], po, c)]

[IntroExist 3" SystemQ F Vx: V(v1): Va: Vb: (- (a)n== (b)n|(v1):==x)ne t a
= (Yo (v1): = (B))n)

[IntroExist =¥ “IntroExist”]

[IntroExist P “pred lemma intro exist”]
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ExistMP

= (Vobj (Vl) (@nnk - (b)nFMT>a=
Vobi(v1): = (a)n; Repetition > 1 (Vb (v1): = (a)n)n >
. - (a)n)n; FromContradiction > V, ob} (vl): - (a

[ExistMP " oot Ae AP ([SystemQ - V(v1): Va: Vb:
=P

( ~(a)n)n > = (5 (b)n)n; V(vl):
( = (a)n)n k= (b)n k= (= (b)n)
Ei)n = % (% (b)n)n;a=bk = (VObJ(Vl
(

:‘<(
DJ
=&

\/\/

Vobj(v1): —\ (a)n)n = = (b)n = —\ (= (b)1 (b

tex

[ExistMP = “ExistMP”]

[ExistMP P “pred lemma exist mp”]

ExistMP2

pro of

[ExistMP2 "= Ac.Ax.P([SystemQ F V(v1):V(v2):Va:Vb:Ve:a=b = chH
4 (Vobi(v1): 5 (a)n)n = = (Vop;(v2): = (b)n)n - ExistMP > a = b =
c> = (Vobj(vl): = (a)n)n > b = ¢; ExistMP > b = ¢ > = (Vobj(v2): = (b)n)n >

Q—I , Po, C)]
[ExistMP2 stogt SystemQ FV(vl): ( 2):Va:Vb:Vc:a=b=chk

5 (Yobi(v1): = (a)n)n = = (Vob; (v2): = (b)n)n - ]
[ExistMP2 % “ExistMP2”]

[ExistMP2 = el “pred lemma exist mp2”]

TwiceExistMP
[TcheExthP Proot N Ax. P([SystemQ F V(v2) Va:Vb:a= bt
= (Vobj(v2): = (a)n)n - ExistMP > a = b > = (Vop;(v2): = (a)n)n >
b; V(v1):V(v2): Va: Vb: Ded > V(v2): Va: Vb:a = b b = (Vobi(v2): - (a)n)n F b >

a=b= - (Vobj(v2):m(a)n)n =b;a= bt

= (Vobj (Vl): = (% (Vobj@Z = (g)n)n)n)n FMP>a=b=
S (Vobj(v2): 7 (@an)n = b>a=b> = (VObJ(V2) - (a)n)n = b; ExistMP >

- (vobj( 2) - (é)n)n = b (vobj (Vl) ( (vaJ@ (7)11) ) )n > b1 Po, C)]

[Tw1ceEx1stMP bt SystemQ FV(vl):¥(v2):Va:Vb:a= b+

(vobJ@ ( (vobJ@ ( ) ) ) ]
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[TwiceExistMP ¥ “TwiceExistMP”]

. . k .
[TwiceExistMP 25 “pred lemma 2exist mp”]

TwiceExistMP2

f
[ proo

TwiceExistMP2 "—" Ac.Ax.P([SystemQ
V(vl) V(v2): V(VS) V(v4):Va:Vb:Vc:a=b=ct

5 (Vobj(v1): 1 (5 (Vob(v2): = (2)n)n)n)n -
- (V. obj (v3): =1 (5 (Vobj(v4): = (b)n)n)n)n + TwiceExistMP > a = b =
)i )

n
€ = (Vobj(v1): 5 (5 (Vobj (v2): = (a)n)n)n)n > b = ¢; TwiceExistMP > b =
5 (Vob(v3): = (% (Vopj (v4): = (B)n)n)n)n > cl, po, c)]
[TwiceExistMP2 I SystemQ - V(v1): V(v ) V(v3):V(v4): Va: Vb: Ve:a = b =

¢ F = (Vobj (v1): = (5 (Yobj (v2): = (a)n)n)n)n F
1 (Vobi (v3): = (51 (Vobj (v4): = (b)n)n)n)n - ¢]

[TwiceExistMP2 tex “TwiceExistMP2”]

[TwiceExistMP2 2 “pred lemma 2exist mp2”]

EAE — MP

[EAE — MP "% Ac.Ax.P([SystemQ b V(v2): ¥(v3): Va: ¥b:a = b I
Vobi (v2): 1 (Vobj (v3): = (a)n)n = A4 @ (v2) B Vou; (v2): =
4 (Vobj(v3): =1 (a)n)n; ExistMP > a = b > 1 (Vop; (v3):
b V(v1): V(v2): ¥(v3): Ya: ¥b: Ded > V/(v2): V/(v3): Va: Vb:
Yobj (v2): 5 (Vobi(v3): = (@)n)n kb > a = b=V,
bia = bk = (Vobj(v1): = (Vob (v2): 1 (Vobj(v3):
Vom(v2) 5 (Yobj(v3): = (a)n Vob;
b; ExistMP > Vobj( 2): - (Vob.,(v?)). (@)n)n =
b > = (Vob; (v1): = (Vobj(v2): = (Vob; (v3): = (a)n)n)n)n > b], po, ¢)]

[EAE — MP st SystemQ k- V(v1): ¥(v2): V(v3):
(vaJ@ (VobJ@ (Yob; (V3) = (a)n)n)n)n - b

[EAE — MP X “EAE-MP”]

[EAE — MP iy “pred lemma EAE mp”]

AddAll

f
[ proo

AddAll "= Ac.Ax.P([SystemQ - V(v1):Va:Vb:a = b F Vopj(vl):a bk
A4>VYopj(vl):a>a;MP>a=br>a> b;Gen>b >



Vobj(v1): b: V(v1): Va: ¥b: Ded 1> ¥(v1): Va: Vbia = b b Vop;(v1):a -
Vobj(vl):b > g:>p:>V0b](v1)a:>V0bJ(v1)ba:>b}—MPl>a:>b:>
vobJ( ) §:>v (V ) bl>a = b>> vobj( :>v0bj(V1) b-| Po,C )]

[AddALl 5" SystemQ F V(v1):Va: Vb:a = b F Vopj(v1):a = Vob;(v1): b]
[AddAll %% “AddAll 7]
[AddAL 2 “pred lemma addAll”]

AddExist(Helperl)

[AddExist(Helperl) "% Ac.\x.P([SystemQ

Vy V(v1):V(v2): Va: Vb: Ve: Vd: (= (b)n== (d)n|(v2):==y)mc Fa=bFc=ak
( obj(v1): = (c)n )nl—vobJ(VQ) S(d )nl—A4@ﬁVobJ( (d)n >

b)n;MT >a = b> - (b)n > ﬁ()n;MT>Q=>§l> ()n>>
)n Gen > S (e)n > Yobj(v1): = (c)n; Repetition &> = (Vopj(v1): = (c)n)n >
n)n; FromContradiction B> Vop;(v1): = (c)n >

n)n; Vy: V(v1): V(v2): Va: Vb: Vc: vd: Ded >

Vy V(vl V(v2): Va: Vb: Ve: Vd: (-5 ( Jn=- ( Jn|(v2): ——y>Me a=bktc=at
“ (Yobi(v1): = (c)n 0 Yoy (v2): = (d)n b = (Vou(v2): = (d)nn >

(- (b)n= (g)n|( 2) >MeH—a:>p:>c:>a:>ﬂ(vobj@:%(g)n)n:
Yobi(v2): = (d)n = = (Vob(v2): = (d)n)n], po, ¢)]

[AddExist(Helper1) *3" SystemQ +
Vy:V(vl): V(v )Va Vb: Ve: vd: (- (b )n_ (d)n|(v2):==y)me -2 = b:>g:>
a = = (Vobj (vD): = (e)n)n = Vopj (v2): = (d)n = = (Vb (v2): =

[AddExist(Helperl) = ¥ “AddExist(Helper1)” ]

[AddExist(Helperl) edy “pred lemma addExist helper1”]

AddExist(Helper2)

[AddExist(Helper2) propf AcAX.P( fSystemQ -
Vy:V(v1): V(v2): Va: ¥b: Ve: Vd: (= (b)n== (d)n|(v2):==y)me -a = bFc=ak
)

S (v ObJ(i :5(c)n)n AddEXist(Helperl) (-~ (b)n=~(d )n\(v2):::x>Me >
a=b=c=a= 5 (Vobj(vl):  (c)n)n = Yop;(v2): 7 (d)n =
4 (Vob @-ﬁ(g) )nMP3>a:>b:>c:>a:>ﬁ(obJ@. S (c)n)n =
ObJ( ): (d n = ( ObJ(V2) (d) )n‘>§:>b|>2$
aDﬂ(V i(v1): 5 (o)n)n > Vopi(v2): = (d)n =
(Vo J(i = (d)n)n; prop lemma imply negation > Vop;(v2): - (d)n =
5 (Vobj(v2): 5 (d)n)n >

37



(v2): 5 (d)n)n >
b \@ vd: Ded 1>

n|(v2):i==y)me -a=bFc=ak
> = (b)n== (d)n|(v2):==y)me -
= (Vobj(v2): = (d)n)nT, po, c)]

Vy:V(v1):V(v2): Va: Vb: Ve: Vd: (- (b)n== (d)n|(v2):==y)mc 2 = b = c =
a = = (Vobj(vl): = (e)n)n = = (Vopj (v2): = (d)n)n]

[AddExist(Helper2) = “AddExist(Helper2)”]

=

[AddExist(Helper2) ° Y SystemQ
V(v
bi (V1)

[AddEXist(HelperZ) pred lemma addExist helper2”]

AddExist

[AddExist PIOPE N Ax. P([SystemQ +
Vy:V(v1): ¥(v2): Va: Vb: Ve: Vd: (= (b)n== (d)n|(v2):==y)mc Fa = bFc=
Aﬁdmt(}meﬁ) > (< (b)n==(d)n|(v2):==y)me >a=b=>c=a=
A (Vopi(vD): = (c)n)n = = (Vobj(v2): 2 (d)n)n; MP2 >a = b =c=a=
'(Obji): (On)n = = (Vobj(v2): = (d)n)n>a=br>c=a>
0= = (Vobj (v2): = (d)n)n], po, ¢)]

= (Vobg (vD): = (c)n)

[AddExist ' SystemQ -
Wy: V(v1): V(v2): Va: Vb Ve: Vd: (= (b)n=" (d)n|(v2):==y)nte -2 = b c = a -
5 (Yobi (v1): = (e)n)n = = (Vop; (v2): = (d)n)n]

[AddExist “= “AddExist”]

Fc=alk
a

ob
ob
obj

—~

[AddExist By “pred lemma addExist”]

AddExist(SimpleAnt)

proof

[AddExist(SimpleAnt) "— Ac.Ax. 77( [SystemQ F

P )V V(B2 @02 2
AutoImply > a = a; AddExist @y > (= (b)n== (d)n|(v2):==y)mec >2a =
bra=a>-~ (VobJ(Vl) = (@)n)n = = (Vobj (v2): = (d)n)n], po, c)]

[AddExist(SimpleAnt) *5" System(Q -
Vy: V(v1): V(v2): Va: ¥b: Vd: (= (b)n==(d)n|(v2):==y)me H-a = b -

= (Vobg (v1): = (@)n)n = = (Vobj (v2): = (d)njn]
[AddExist(SimpleAnt) — tex

“AddExist(SimpleAnt)”]
[AddExist(SimpleAnt) 2is “pred lemma addExist(SimpleAnt)”]
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AddExist(Simple)

[AddExist(Simple) "% A Ax.P([SystemQ b V(v1): V(v2): Va: V
Autolmply > a = a; AddExist @ (v ) >a=bra=a>

5 (Vobg (v1): 5 (2)n)n = =1 (Yobj (v2): = (b)n)n], po, c)
)

[AddEx1st Slmple) gt SystemQ V(i V(v2):Va:Vb:a= bk
5 (Vobj (v1): 5 (@)n)n = = (Vob; (v2): = (B)n)n]
) =
) "

ta=>bh

A‘\

(
):
[AddExist(Simple e “AddExist(Simple)”]

(

[AddExist(Simple 2 “pred lemma addExist(Simple)”]

AddEAE

[AAAEAE %" Ae Ax.P([SystemQ F V(v1): V(v2): ( 3):Va:Vbia = b -
AddExist(Simple) >a=b>- ( obj(V3): = ( n)n =
=y (43) (0 AdIALE (7 53 @I = (g (13) (b >
Vong (V2 (Vong(v3): (@) =
Vobj(v2): 51 (Vobj(v3): = (b)n)n; AddExist (Slmple
(10 Yo (12)- 2 13 B >

Vobj (v2): 1 (Yobs (v3): =
1 (Vobj (v1): =1 (Vobj (v2): = (¥ obJ@ = (ajn)n)n)n =

“ (Fobi (V1): = (Foi (v2): = (Vo (v8): = (b)n)n)n)n], po, c)]

[AddEAE I SystemQ F V(v1): V(v2):V(v3): Va: Vbia = bk
51 (Vobj (v1): 51 (Vob (v2): 1 (Vobj(v3): 7 (a)n)n)n)n =

= (Yobi (v1): = (Vob (v2): = (Yo W (b)n)n)n)n]

[AddEAE ¥ “AddEAE"]

J J

[AddEAE = A “pred lemma addEAE”]

AEA — negated

[AEA — negated ™% " Aex. P([S ysternQ =
V(v1):¥(v2): ¥(v3): Va: = (Yob; (V1): = (Yob; (v2): = (Vobj(v3): a)n)n)n
AllNegated(Imply) > 1 (Vobj(v3):a)n = 5 (Vobi(v3): = (5 (a)n)n)n; AddAlLl >

= (Vobj (V3) ajn = (vaJ(Vi) = (5 (@n)n)n > Vob;(v2): = (Yoni (v (v3):a)n =
VObJ (v2): = (VobJ (v3): - (< (a)n)n)n; ExistNegated (Imply) >

= (5 (\72 bi (V2): = (Yobj(v3): a)n)n)n =

Vobj(v2): (VObJ (v3 a)n; ImplyTransitivity >

= (5 (Yob; (v2): = (Yobj(v3): a)n)n)n =

Vobj(i- (obju e obJ@ (Vobj(v3):a)n =

Yo (v2): 5 (Vobi (v3): 7 (1 (@)n)n)n > = (5 (Vop; (v2): = (Vob;(v3): a)n)n)n =
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: )n)n)n; AddExis
(Vobj(v3):a)n)n)n = Yop;(

-+
—~

Slmple) >

]
J

==

o

=

>

7 (5 (Vobj (v2): (v2): 5 (Vo (v3): = (= (2)n)n)n >
4 (Fong (VI 2 (5 (4 (Fong (¥2): > (g (v3): @) mmyn =

51 (Vobj (V1)1 1 (Vob; (v2): = (Vobj @ *(% (a)n)n)n)n)n; AliNegated (Imply) >
5 (Vobi (V1): 71 (Vobi (v2): = (Vopj (v3): a)n)n)n =

5 (Yobj (v1): 5 (5 (5 (Vobj (v2): = (Vob; (v3): a)n)n)n)n)n; Imply Transitivity ©>
5 (Vopj (v1): = (Vobj(v2): = (Vobj(v3):a)n)n)n =

A (Yo (1) (5 (5 (Vo (82): = (Vo (3):2))m)m)m)n

4 (Fapg 7T = (5 (5 (Vopg (V2): (o (v3)- a))m)n ) =

2 (Yo (7 (Yo (2): 2 (o (v3): 2 (= (a) ) >

5 (Vobj (vD): = (Vo (v2): = (Vobj(v3):a)n)n)n =

- (VObJLD - (Vobjﬂ - (VobJ(Vi B (_.' (g)n)n) )n)n; MP >

5 (Vobj (V1): = (Von; (v2): = (Yobj(v3):a)n)n)n =

(Vo (1) (g (72): = (Vo (38): = (5 (@)

5 (Vobj (v1): 51 (Vo (v2): = (Vobj(v3):a)n)n)n >

& (Fapg (VT = (Vo (92): 5 (Yo (V3] = (= (a)m)m)m)m)n], po, )]

[AEA — negated st SystemQ
V(v1):V(v2): V(v3): Va: - (Vobj (v1): 7 (Vob; (v2): 1 (Vobi(v3):a)n)n)n

5 (Vobj (V1)1 5 (Vobj (v2): 7 (Vobj (v3): = (4 (2)n)n)n)n)n]
[AEA — negated "< “AEA-negated”]

[AEA — negated BYk “pred lemma AEAnegated”]

EEA — negated

[EEA — negated propf AcAx.P( (SystemQ =

V(v1):V(v2): V(v3): Va: 5 (= (Vo (v1): = (= (Yonj (v2): = (Vobj(v3): a)n)n)n)n)n
AllNegated(Imply) > - (VObJ(V?)) a)n = 1 (Vobi(v3): = (ﬁ g) Jn)n; AddAll >
5 (Vobj (v3): a)n = = (Vobj (v3): = (5 (2)n)n)n 3> Vop; (v2): = (Von; (v3) ): 2)n =

n)n; ExistNegated (Imply) >
n)n =

vobJ (V2) (vobj (V3) (_' (a)
5 (5 (Vobj (v2): = (Vobj (v3):a)n

)n)
(v3):a)n)n)
V2):—'|( ObJ(V?)) a)n; mpl;r

Vobj Transitivity >

= (5 (Vo (¥2): * (Vo (v3): a)m)n)n =

vobj@ ﬁ(vobjm:a)nwobj(ﬁ) (Vobj(v3):a)n =

Vobj (v2): 1 (Vob (v3): 1 (5 (@)n)n)n > =1 (1 (Vob; (v2): = (Vopj(v3): a)n)n)n =
Yobj (v2): 5 (Vobj(v3): = (< (a)n)n)n; AddAll >

(5 (Fobi (v2): = (Vobj (v3): 2)n)n)n = Vobj (v2): =1 (Yobj (v3): = (4 (2)n)n)n >

N
E/
B
ml}

o ( )n; ExistNegated (Imply) >
= (5 (Vobj (V1): = (5 (Vob; (v2): = (Vop; (v3): )é)n)ﬂ)n) n)n =

ImplyTransitivity >
ra)n)n)n)n)n =




[EEA — negated I System@Q
V(v1):V(v2): ¥(v3): Va: = (5 (Vobj (v1): 5 (5 (Vo (v2): = (Vobj(v3): a)n)n)n)n)n

Yobj (V1): Vobj (v2): = (Vobj (v3): = (5 (a)n)n)n]

[EEA — negated tex “EEA-negated”|

[EEA — negated By “pred lemma EEAnegated”|

Induction

[Induction propf AcAx.P([SystemQ F V(v1): Va: Vb: Ve: (b=al(v1):==0)ne H
(c=a|(vl):==((v1) + 1))me - bFa=cF Gen>a = ¢c>> Vopj(vl):a =

¢; InductionAxiom 1> (b=a|(v1):==0)p > (c=a|(v1):==((v1) + 1))pe > b =
Vobi(vl)ia = ¢ = Vobi(vl):a;MP2 > b = Vopi(vl)ia = c=

Vobi(v1):a>b>Vopi(vl)ia = ¢ > Vobi(vl):a; A4 @ (v1)>Vop;(v1):a > al, po, )]

~—

[Induction * SystemQ V(v1):Va: Vb: Ve: (b=a|(v1):==0)ne I
(c=a|(vl):==((v1) + 1))me FDFa=clka]

[Induction ¥ “Induction”]

. pyk . .
[Induction = “lemma induction”]

leqAntisymmetry

[leqAntisymmetry progf Ac A P([SystemQ - Vx: Vy:x <=y Fy <=xk
leqAntisymmetryAxiom > x <=y =y <=x=>x=y;MP2>x <=y =y <=
X=x=y>x<=yb>y<=x3>x=y]|, poc)]

[leqAntisymmetry st SystemQ = Vx:Vy:x <=y Fy <=xFx=Y]

[leqAntisymmetry by “leqAntisymmetry”]

[leqAntisymmetry P “lemma leqAntisymmetry”|
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leqTransitivity

[leqTransitivity progf A Ax.P([SystemQ - Vx: Vy:Vz:x <=y Fy <=2z
leqTransitivityAxiom > x <=y =y <=z=x<=z;MP2>x <=y =y <=
2= x<=zD>x<=ybly<=2z>x<=z],po,c)]

[leqTransitivity stgt SystemQ + Vx: Vy:Vzix<=yky<=zkx<= Z]
[leqTransitivity tex “leqTransitivity”]

s k e
[leqTransitivity 5 “lemma leqTransitivity”]

leqAddition

proo:

[leqAddition roof A Ax.P([System@Q F Vx: Vy:Vz:x <=y I
leqAdditionAxiom > x <=y = (x+2z) <= (y +z); MP>x <=y = (x+2) <=
(y+2)>x<=y> (x+2) <= (y +2)],p0, )]

[leqAddition U SystemQ F Vx: Vy:Vzix <=y bk (x+2) <= (y +z)]
[leqAddition “% “leqAddition”]

[leqAddition P emma leqAddition”)

leqMultiplication

leqMultiplication "% Ac. Ax.P([SystemQ I ¥x: Vy:¥z: 0 <=z - x <=y -
legMultiplicationAxiom > 0 <=z = x <=y = (x*z) <= (y*z); MP2> 0 <=
z=x<=y= (x%z) <= (y*z)>0<=zD>x<=y> (x*z) <= (y*2)],po, )]

[leqMultiplication st SystemQ - Vx: Vy:Vz: 0 <=z F x <=y - (xxz) <= (y*2z)]
[leqMultiplication tex “leqMultiplication”]

. . k .. .
[leqMultiplication 2% “lemma leqMultiplication”]

Reciprocal

proo

[Reciprocal ropf Ac.Ax.P([SystemQ F Vx: = (x = 0)n F Reciprocal Axiom >
A(x=0n= (x*recx) = 1;MP > (x=0)n = (x*recx) = 1> (x=0n>
(x * recx) = 11, po, ¢)]

[Reciprocal stogt SystemQ F V¥x: - (x = 0)n F (x * recx) = 1]
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[Reciprocal “ “Reciprocal”]

. pyk .
[Reciprocal = “lemma reciprocal”]

Equality
[Equality Proof \eAx. P([SystemQ F Vx:Vy:Vzix =y Fx =z I
EqualltyAX1om>>x—y:>x—z:>y—z MP2p>x=y=x=z=y=zD>x=

y>x=2z>y=z|,po,c)]
[Equality ™" SystemQ F Vi Vy:Vzix =y Fx=zFy =1|
[Equality tex “Equality”]

[Equality 2 ¥ “emma equality”]

eqleq

[eqLeq "= " e x. P([SystemQ I Vx: Vy: x = y - EqLeqAxiom > x =y = x <=
YyMP>x=y=x<=y>x=y>x<=Yy],po,0)]

[eqLeq I SystemQ F Vx: Vy:ix=ykx<=y]

[eqLeq tex “eqLeq”]

[eqLeq P “emma eqleq”]

eqAddition

proof

[eqAddition "—" Ac.Ax.P([SystemQ - ¥x: Vy: Vz: x = y - EqAdditionAxiom >
x=y=(x+z)=(y+ 7),MP|>§:Xé(5+;):( Z)>x=y> (x+2) =
(y +2)1,po, )]

[eqAddition *5" SystemQ - Vx: Vy:Vzix =y F (x+2z) = (y + 2)]
[eqAddition “= “eqAddition”]

[eqAddition P “lemma eqAddition”]

eqMultiplication

[eqMultiplication propf AC AP ([SystemQ F Vx: Vy: Vz: x =
EgMultiplicationAxiom > x =y = (xxz) = (y * z); MP >
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(y*z)>x=y> (x+2) = (y*2)],po,¢)]
[eqMultiplication sty SystemQ = Vx: Vy: Vz:x = y = (x * z) = (y * 2)]
[eqMultiplication tex “eqMultiplication” ]

[eqMultiplication P “emma, eqMultiplication” |

LegMultiplicationLeft

[LeqMultiplicationLeft propf ACAX.P([SystemQ F vx: Vy:Vz: 0 <=z x <=y +

leqMultiplication>0 <= z>x <=y > (x*z) <= (yx* ;)7;timesCommutativit}7 >
(x#2z) = (z*x);subLeqLeft > (x xz) = (z*x) > (x x2) <= (y *2) > (z* x) <=
(y * z); timesCommutativity > (y * z) = (z * y); subLeqRight > (y * z) =

(zxy) > (z#x) <= (y*z) > (z*x) <= (z*Y)],po, )]

[LeqMultiplicationLeft stgt SystemQ = Vx:Vy:Vz:0 <= zF x <=y (z*x) <=
(z*y)]

[LeqMultiplicationLeft tex “LeqMultiplicationLeft 7]

[LeqMultiplicationLeft PV “emma leqMultiplicationLeft”]

LeqLessEq

[LeqLessEq POl \eAx. P([SystemQ F Vx:Vy:x <=y F = (- (x <=
(5 (x =y)n)n)n)n - fromNotLess > = (- (x <=y = = (- (x = y)n)n)n)n >
y <= x;leqAntisymmetry > x <=y>y <=x>x=

y; Vx:Vy:Ded > Vx: Vy:x <=y F A (H(x <=y = 2 (" (x=ynnn)nkx=y>
X <= X:>—'(ﬁ(é< y="(t(x=ynnnn=x=y;x<=yFMP>x <=
y="(nx<= y:%('(x_y))))n:x—zb <=y>a(tx<=y=
S (2 (x=y)n)n)n )n:>x-y,Repet1t10n> A<=y = Kx=

ymnnn = x =y > = (5 (x <=y = = (4 (x = y)n)n)n)n = x =y, po, )]

[LeqLessEq "' SystemQ F Vx: Vyix<=ykFa(tx<=y=-(Kx=
y)n)n)njn = x = y|

ex

[LeqLessEq = “LeqLessEq”|

[LeqLessEq ® VY “lemma leqLessEq”]
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LessLeq

[LessLeq propf Ac AP ([SystemQ = ¥x: Vy: 7 (x <=y = (7 (x =y)n)n)n
Repetition > = (x <=y = (2 (x=y)n)n)n > - (x <=y = = (- (x =
y)n)n)n; FirstConjunct > - (x <=y = = (- (x = y)n)n)n > x <= y|, po, ¢)]

~—

[LessLeq "2 SystemQ F Vx: Vy:n(x<=y= (2 (x=yn)n)nk x <=y|

[LessLeq tex “LessLeq”]

[LessLeq P “lemma lessLeq”]

FromLeqGeq

proof

[FromLeqGeq — Ac.Ax.P([SystemQ F Va: Vx: Vy:x <= y=a Fy<=x=al
leqTotality > = (x <= y)n = y <= x; FromDisjuncts > -1 (x <= y)n = y <=
5>5<=x:>a>z<—zéa>>§1,po, o)

[FromLeqGeq stopt SystemQ F Va:Vx:Vy:x <=y =akly<=x=ak aj
[FromLeqGeq by “FromLeqGeq”]

[FromLeqGeq 2 ¥ “lemma from leqGeq”]

subLeqRight
[subLeqRight progf AcAx.P([SystemQ - ¥x: Vy:Vz:x =y -z <= x -
eqleq > x =y > x <= y;leqTransitivity > z <= x> x <=y >z <=y],po, )]

strr t

[subLeqRight =" SystemQ I~ Vx: Vy:Vzix =y Fz <=xF z <=y]
[subLeqRight fex “subLeqRight”]

[subLeqRight ¥ “emma subLeqRight”]

subLeqLeft

proof

[subLeqLeft "— Ac.Ax.P([SystemQ F Vx:Vy:Vz:x =y F x <=z
eqSymmetry > x =y >y = x;eqleq > y = x > y <= x; leqTransitivity >y <=
X>x<=z>y <=z],po,c)

[subLeqLeft strgt SystemQ F Vx:Vy:Vzix =y b x <=zt y <= Z]

[subLeqLeft "% “subLeqLeft”]
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[subLeqLeft P “lemma subLeqLeft”]

Leq +1

f
[ proo

Leq+ 1" "= Ac.Ax.P([SystemQ F Vx: Vy: x <
S (5 (0=1)n)n)n; LessAddltlonLeft > = (O <=
Sy +0) <=y +1) = ('((y+0)=(z+

y; SubLessLeft > (y +0)=y>~((y+0) <=

Ey+1)) mnjn > =y <= (y +1) = (5

(

0<1>> 0<=1=
S (2 (0=1)n)n)n >
1) ))n plusO > (y+0) =

(y+1)==(=((y+0)=

1))n)n)n; leqLessTransitivity > x <=y y y
D)n)n)n > = (x <= (y +1) = = (7 (x = (y + 1))n)n)n], po, ¢)]

)
[Leq +1° oy Systele—VxVyx< yEox<=y+1)=-(kx=
(y +1))n)n)n]

[Leq + 1 tex “Leq+17]

y
y+

[Leq + 1 X “lemma leqPlus1”]

PositiveToRight(Leq)

proof

[PositiveToRight(Leq) "= Ac.Ax.P([SystemQ F Vx: Vy:Vz: (x +y) <=z
leqAddition & (x +y) <=z > ((x +y) + (-uy)) <= (z+ (-uy));x =
X+y—y>x=((x+y)+ (-uy));eqSymmetry > x = ((x +y) + (-uy)) >
((x+y) + (—uy)) = x; subLeqLeft > ((x +y) + (—uy)) =

> ((x+y) + (-uy)) <= (z+ (-uy)) > x <= (z+ (-uy))], o, 0]

[PositiveToRight(Leq) 2 SystemQ b Vx: Vy:Vz: (x +y) <=zkx <=
(z+ (~uy))]

[PositiveToRight(Leq) = “PositiveToRight(Leq)”]

[PositiveToRight (Leq) 2> ¥ “lemma positiveToRight(Leq)”]

PositiveToRight(Leq)(1term)

proof

[PositiveToRight(Leq)(1term) "—" Ac.Ax.P([SystemQ I- Vy:Vz:y <=z I
lemma plusOLeft > (0 4 y) = y;eqSymmetry > (0 +y) =y >y =
(0+y);subLeqLeft >y = (0+y) >y <=2z> (0+y) <=

z; PositiveToRight(Leq) > (0 +y) <=z > 0 <= (z+ (—uy))], po, )]

[PositiveToRight(Leq)(1term) ° 2 SystemQ Vy:Vziy <=zF 0 <=
(z+ (-uy))]
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[PositiveToRight(Leq) (1term) > “PositiveToRight(Leq)(1 term)”]

[PositiveToRight(Leq)(1term) 2 “lemma positiveToRight(Leq)(1 term)”]

lemma negativeToRight(Leq)

proof

[lemma negativeToRight(Leq) "— Ac.Ax.P([SystemQ
Vx: Vy:Vz: (x 4 (—uy)) <= z I leqAddition > (x + (—uy)) <=z >
(x+(-uy) +y) <=(z+y)ix=x+y—y>x=
X + y) (- uy)); Three2threeTerms > ((x +y) + (—uy)) =

); eqTransitivity > x = ((x + y) (—uy)) > ((x+y) + (—uy)) =
) > x = ((x+ (—uy)) +y); eqSymmetry > x =
) > ((x+ (—uy)) +y) = x;subLeqLeft > ((x + (—uy)) +y) =
((XJF(—UY))JFX) =(z+y) >x<= (Z+Xﬂ Po; )]

[lemma negativeToRight(Leq) I SystemQ F Vx: Vy:Vz: (x + (—uy)) <=z
x <= (z+Yy)]

[lemma negativeToRight(Leq) 2> “lemma negativeToRight(Leq)”]

PositiveToLeft(Leq)

proof

[PositiveToLeft(Leq) "—  Ac.Ax.P([SystemQ F Vx: Vy: Vz:
leqAddition > x <= (y +z) > (x+ (—uz)) <= ((y +2) + (—uz));x =

x+y—y>y=(ly+z) + (—uz));eqSymmetry >y = ((y + z) + (—uz)) >
((y +2) + (—uz)) = y;subLeqRight > ((y + z) + (—uz)) = y > (x + (—uz)) <=
((y +2) + (—uz)) > (x + (-uz)) <=yl po, )]

[PositiveToLeft(Leq) *22" System(Q + Vx: Vy:Vzix <= (y+2z) F (x+(—uz)) <=y]
[PositiveToLeft(Leq) — tex “PositiveToLeft(Leq)”]

[PositiveToLeft(Leq) 25> Y “lemma positiveToLeft(Leq)”]
negativeToLeft(Leq)

[negativeToLeft(Leq) ~— PO e . P([SystemQ - Vx: Vy:Vz: x <= (y + (—uz))

leqAddition > x <= (y + (—uz)) > (x+z) <= ((y + (—uz)) + z);x =
x+y—y>y=((y+2z) + (—uz)); Three2threeTerms > ((y + z) + (—uz)) =
((y + (—uz)) + 2); eqTransitivity >y = ((y + 2) + (-uz)) > ((y + 2) + (-uz)) =
((y + (-u2)) +2) >y = ((y + (—uz)) + 2); eqSymmetry > y =

((y + (—uz)) +2) > ((y + (—uz)) + 2) = y;subLeqRight > ((y + (—uz)) + 2) =
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yo> (x+2z) <= ((y + (-uz)) + z) > (x +z) <=y, po,c)]

stnm

[negativeToLeft(Leq SystemQ k- Vx: Vy: Vz: x <= (y+(—uz)) F (x+2z) <=y]

= (

(Leq) =

[negativeToLeft(Leq) tox ¢ ‘negativeToLeft(Leq)”]
(Leq) 2

[negativeToLeft(Leq “lemma negativeToLeft(Leq)”]

negativeToLeft(Leq)(1term)

proof

[negativeToLeft(Leq)(1term) "— Ac.Ax.P([SystemQ F Vy:Vz: 0 <=
(y + (—uz)) - negativeToLeft(Leq) > 0 <= (y + (—uz)) > (0 +z) <=
y; lemma plusOLeft > (0 4 z) = z;subLeqLeft > (0 + z) = z > z <=y], po, ¢)]

[negativeToLeft(Leq)(1term) *=" SystemQ Vy:Vz:0 <= (y+(—uz)) F z <=y]

[negativeToLeft(Leq)(1term) “% “negativeToLeft(Leq)(1 term)”]

[negativeToLeft(Leq)(1term) X “lemma negativeToLeft(Leq)(1 term)”)

LeqAdditionLeft

proof

[LeqAdditionLeft “—" Ac.Ax.P([SystemQ F Vx: Vy:Vz:x <=y

leqAddition > x <=y > (x +z) <= (y + z); plusCommutativity > (x +z) =
(z + x); plusCommutativity > (y +z) = (z +y);subLeqLeft > (x + z) =

(z+x) > (x+2) <= (y+2z) > (z+x) <= (y + z);subLeqRight > (y + z) =
(Z+Y)>(Z+><)<=(Y+Z)>>(Z+><) = (z+Y)1,po, ¢)]

[LegAdditionLeft 3" SystemQ F Vx: Vy:Vz:x <=y bk (z+x) <= (z+y)]

tex

[LeqAdditionLeft — “LeqAdditionLeft”]
[LeqAdditionLeft P “lemma leqAdditionLeft”]

leqSubtraction

[leqSubtraction propf AcAX.P([SystemQ F Vx: Vy:Vz: (x +2) <= (y+2) F
leqAddition > (x +2z) <= (y +2) > ((x+2) + (—uz)) <= ((y +2) + (—uz));x =
x+y—y>x=((x+2) + (—uz);eqSymmetry > x = ((x +z) + (—uz)) >
(x+2z)+(-uz)) =xx=x+y—y >y =((y+2) + (—uz));eqSymmetry >y =
((y +2) + (—uz)) > ((y + z) + (—uz)) = y;subLeqLeft > ((x + z) + (—uz)) =

x> ((x+2z)+(—uz)) <= ((y+z)+(—uz)) > x <= ((y+z)+(—uz)); subLeqRight>
((y +2) +(—uz)) =y >x <= ((y + 2) + (—uz)) > x <=y|,po, )]



[leqSubtraction stgt SystemQ = Vx: Vy: Vz: (x + 2) <= (y +2z) F x <=y]

[leqSubtraction = “leqSubtraction”]

[leqSubtraction X “demma leqSubtraction”]

leqSubtractionLeft

[leqSubtractionLeft "= " e x. P( fSystemQ FVx:Vy:Vz: (z+x) <= (z+y) F

plusCommutativity > (z + x) = (x + z); plusCommutativity > (z +y)
(y +z);subLeqLeft > (z+ x) = (x+2) > (z+x) <= (z+y) > (x+2) <
(z+y);subLeqRight > (z+y) = (y + z) (x+2z)<=(z+y) > (x+2)
(y + 2);leqSubtraction > (x +z) <= (y +z) > x <= y], po, c)]

<

[leqSubtractionLeft 3" SystemQ F Vx: Vy:Vz: (z+x) <= (z+y) Fx<=Y]

ex

[leqSubtractionLeft 3 “leqSubtractionLeft”]

[leqSubtractionLeft 2 “lemma leqSubtractionLeft”]

thirdGeq

proof

[thirdGeq "— Ac.Ax.P([SystemQ F Vx: Vy x <=y  leqReflexivity >y <=
y; JoinConjuncts > x <=y >y <=y > - (x< y:ﬁ(y<— B
y) )n; ExistIntro @cpx Qy > - (x <=y = = (y <= y)n)n > - (x <= Cpx =
S (y <= cex)n)n; Vx: Vyiy <= x leqReﬂex1v1ty > x <=
x; JoinConjuncts >x <=x>y <=x> " (x<=x= S (y <=
) )n; ExistIntro @ cpy @x B> = (x <= x = S (y <=x)n > 5 (x <= cpyx =
S (y <= cex)n)n; Vx: Vy: Ded > Vx: Vy: x <=y F 5 (x <= cgx = ~ (y <=
cEx) n>x <= y:>ﬂ(x<—cEx:>ﬂ(y <= cgx)n)n; Ded > Vx: Vy:y <=xt
S(x<=cpx =y <—cEX) N>y <=x= (x <=cgx > %(y <=
cex)n)n; leqTotality > = (x <= y)n = y <= x; FromDisjuncts > = (x <=y)n =
y <=xD>x<= y:>—|(x<chX:>ﬂ(y <chX) nn>y <=x= (x <=
Cex = T (Y <= CEx)N)D > = (X <= Cpx = T (y <= Cgx)n)n|, po, )]

[thirdGeq *2" SystemQ + Vx: Vy: = (x <= cpx = T (y <= Cpx)n)n]
[thirdGeq % “thirdGeq”]
[thirdGeq 25 ¥ “lemma thirdGeq”|
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LeqgNegated

[LeqNegated Proof Nex. P([SystemQ - ¥x: Vy: x <=y I- leqAddition > x <=

y > (x+ (—ux)) <= (y + (—ux)); Negative > (x + (—ux)) =

0;subLeqLeft > (x + (—ux)) = 0> (x + (—ux)) <= (y + (—ux)) > 0 <=

(y + (—ux)); plusCommutativity > (y + (—ux)) =

(—ux) + y); subLeqRight > (y + (—ux)) = ((—ux) +
= ((—ux) +y);leqAddition > 0 <= ((—ux) +y)

ux)) >

'~<
o Vv
\"’\’.\—‘,-O
C
\‘<f‘\
\_/
Nt

Vi

—ux) +y)+ (—uy)); lemma plusOLeft > (0+ (—u
((—ux) +y) + (~uy)); eqSymmetry > (—
(—uy)) = (—ux); subLeqLeft > (0

( —X+y y >
(

( +

(—uy) > (0 + (—uy)) <= (((—ux) +y) + (—uy))

Ttk >

Y)+( uy)) >

/\A\_/‘<
N

C: [| ~—

C

<

—

+ ><

—~ =

C:
X
C
&

< |
— N
A

u?) ;subLeqRight > (((—ux) +

\5V—|—‘

|

o

=
&=

I

p g
)

() +y) + (—uy)) > (-
[Lequgated ' SystemQ F Vx: Vy:x <=yt (-

ﬁ-i—
o

,Po; C)]

C
1<
N

S:
<
~—

A

Il

|
=i
x

tex

[LeqNegated — “LeqNegated”]

[LeqNegated Y emma leqNegated”|

AddEquations(Leq)

proof

[AddEquations(Leq) "= Ac.Ax.P([SystemQ - ¥x: Vy:Vz: Vu:x <=y F z <=
u k- legAddition > x <=y > (x4 z) <= (y + z); LeqAdditionLeft > z <= u >
(y +2z) <= (y + u); leqTransitivity > (x +z) < =(y+z)>(y+z)<=(y+u) >

(x+2z) <= (y +u)],po,c)]

[AddEquations(Leq) stmt SystemQ F Vx: Vy:Vz:Vu:x <=y Fz<=uhk
(x+2) <= (y +u)]

[AddEquations(Leq) % “AddEquations(Leq)”]

vk

[AddEquations(Leq) ™ “lemma addEquations(Leq)”]

Multiply Equations(Leq)

proof

[MultiplyEquations(Leq) "— Ac.Ax.P([SystemQ F Vx: Vy: Vz: Vu: 0 <= x F

0 <=zkx <=yt z <= uk leqMultiplication > 0 <=z x <= y > (xxz) <=
(y*2z);leqTransitivity>0 <= x>x <=y > 0 <= y; LeqMultiplicationLeft>0 <=
y>z<=u> (y*z) <= (y*u);leqTransitivity > (x *z) <= (y*z) > (y *xz) <=
(y*u) > (x*2z) <= (y*u)],po, )]

[MultiplyEquations(Leq) *25" SystemQ - Vx: Vy: Vz: Vu: 0 <= x - 0 <=z I-



x<=ykz<=ulk (xxz) <= (y*u)]
[MultiplyEquations(Leq) tex “MultiplyEquations(Leq)”]

[MultiplyEquations(Leq) P “emma, multiplyEquations(Leq)”]

ThirdGeqgSeries

[ThirdGeqSeries *= “ThirdGeqSeries”]

[ThirdGeqgSeries X “lemma thirdGeqSeries” |

LeqNeqLess

proo

[LeqNeqLess ropf Ac Ax.P([SystemQ - ¥x: Vy:x <=y = (x=y)n I
JoinConjuncts >x <=y> - (x=y)n > (x <=y = (7 (x=
y)n)n)n; Repetition > ~ (x <=y = 2 (- (x=yn)n)n> - (x <=y = - (- (x =

y)n)un}, po, c)]

[LeqNeqLess Y SystemQ F Vx: Vyix<=ykFa(x=ynkFax<=y=
S (5 (x = y)n)n)n]

[LeqNeqLess tex “LeqNeqLess”]

[LeqNeqLess P “lemma leqNeqLess”|

FromLess

proo

[FromLess ~— ! Ac. AP ([SystemQ F ¥x: Vy:y <= x | toNotLess >y <= x >
(5 (x <=y = (5 (x = y)n)n)n)n; Vx: Vy: Ded > Vx: Vy:y <= x = (5 (x <=
y=(x=ynnnn>y<=x=a(ax<=y= (0 (x=

y)n)n)n)n; = (x <=y = 5 (= (x = y)n)n)n - AddDoubleNeg > = (x <=y =

S((x=y)n)n)n > 5 (4 (5 (x <£x = A (5 (x=y)n)n)n)n)n; MT >y <=x=
S <=sy=a(Gx=ynnnn> S (hx<sy= S (tKx=
y)n)n)n)n)n > = (y <= x)nJ, po, c)

[};‘r(])mLess stmt SystemQ F Vx: Vy: = (x <= y= (~(x= X)n)n)n E = (X <=

tex
[FromLess — “FromLess”]

pyk
[FromLess = “lemma fromLess”|



ToLess

[ToLess propf Ac. Ax.P([SystemQ = Vx: Vy: = (= (
fromNotLess > - (- (y <= x = - (= (y = x)n)n)n)n >
y

y,VxVy Ded 1> Vx: Vy: =1 (41 (y <= x = = (- (y = x)n)n)n)n b x
Sy <=x= (2 (y=x)n)n)n)n = x<=y; 2 (x <= y)nk
NegativeMT > = (4 (y <= x= 2 (2 (y =x)n)n)n)n = x <=y > = (x <= y)n >

= (y <=x= = (= (y = x)n)n)n], po, c)]
[ToLess 5" SystemQ + Vx: Vy: A (x <=yt (y <=x= 5 (= (y = x)n)n)n]
[ToLess % “ToLess”]

k
[ToLess ™ “lemma toLess”]

fromNotLess

proof

[fromNotLess " — Ac.Ax.P([SystemQ F Vx:Vy: 5 (2 (x <=y = - (- (x=
X)n)n)n)nkg<:zFRepetitionb'('(x<7y:>%(ﬂ(x7y) )n)n)n >
S (5 (x <=y = (- (x=y)n)n)n)n; RemoveDoubleNeg > - (- (x <=y =
T =ynnnn > x<sy =5 (=) MPex <=y = (5 (x =
y)n)n>x <=y > = (- (x = y)n)n; RemoveDoubleNeg > - (- (x = y)n)n > x =
y,eqSymmetryDX—y>>y—x eqLquX—x>>y<— B

X; Vx: Vy Ded>Vx:Vy: 1 (n(x <=y = ("(x=ynn)n)nkx<=yky<=
x>A(hx<=y=("x=ynnnn=x<=y=y<=x(t(x<=y=
= (5 (x = ymmmn - MP b 5 (5 (x <= y = (4 (x = y)n)n)n)n = x <= y =
y<=xpo(tx<sy=(GE=ynnn>x<sy sy <=

x; Autolmply >y <= x = y <= x; leqTotality > = (x <=y)n =y <=

x; FromDisjuncts > 4 (x <=y)n =y <=xD>x <=y =y <=xD>y <=x =

y <=x>>y <=x],po,c)]

[fromNotLess 2 SystemQ b Vx: Vy:n(m(x<=y= (- (x=yn)n)n)n F
y <=4

[fromNotLess “% “fromNotLess”]

[fromNotLess P “lemma fromNotLess”]

toNotLess

[toNotLess POt NeAx. P([SystemQ F Vx: Vy:x <=y Fy<=x F

lquntlsymmetry >y <=xD>x <=y >y=x;AddDoubleNeg =x>
S(=(y=x)n )anVyDedDVxVyx< yFy<=xk-=(= ( ))n>>

X<=y=y<=x=o AR (y=xn)x<=yFMPDx<=y=y<=x=
S5 (y=xn)n>x <=y >y <=x= (- (y = x)n)n; AddDoubleNeg > y <=



[toNotLess *5° System(Q + Vx: Vyix<=ykFa(a(y<=x= (=
x)n)n)n)n]

[toNotLess "= “toNotLess”]

[toNotLess ¥ “lemma toNotLess” ]

NegativeLessPositive

[NegativeLessPositive Pt N Ax. P P([SystemQ F ¥x: = (0 <=x= (- (0=
x)n)n)n F FirstConjunct > - (0 <= x = = (- (0 =x)n)n)n > 0 <=

x; legAddition > 0 <= x> (0 4+ (—ux)) <= (x + (—ux)); lemma plusOLeft >
(04 (—ux)) = (—ux); Negative > (x + (—ux)) = 0; subLeqLeft > (0 + (—ux)) =
(—0) & (04 (~x)) <= (x+ (wx)) > (—wx) <=

(x + (—ux)); subLeqRight > (x + (—ux)) = 0 > (—ux) <= (x + (—ux)) >

(—ux) <= 0 leqLessTransitivity > (—ux) <=0> 2 (0 <=x= - (- (0 =
X)) 3 = ((—10) <= x = 4 (5 ((—ux) = m)m)n], po, )]

[NegativeLessPositive *25' SystemQ  Vx: 5 (0 <= x = = (= (0 = x)n)n)n -
S () <=x= = (5 ((-wx) = x)n)n)n]

[NegativeLessPositive 5 “NegativeLessPositive”]

. o k . o
[NegativeLessPositive % “lemma negativeLessPositive”]

leqLessTransitivity

[leqLessTransitivity propf AC X P([SystemQ F Vx: Vy:Vzix <=y F 2 (y <=z =
S(h(y=zn)n)nkx=zF FirstConjunct >o(y<=z=- (—WZy =z)n)n)n >
y <= z;SecondConjunct > - (y <=z = (- (y =z)n)n)n > - (y =

z)n;subLeqLeft >x =z > x <= y>z<=y; lquntlsymmetry Dy<=zD>z<=
y >y = z;FromContradiction >y =z> - (y =z)n > - (x =

z)n; Vx: Vy:Vz:Ded > Vx: Vy:Vzix <=y F = (y <=z= - (2 (y=zn)n)n - x =
zF’(xfz)n>>§<:Z:>%(y<fzé%(%(xzz)n)n)n:>g:;¢%(g:
)nx< yFa(y<=z=(-(y=2n )n)n}—MP2|>g<:X:>%(x<:z:>

J
<
I

S (5 (y =2z)n)n )n:>x—z:>—|(x—z)n>x< y>a(y<=z= (-
Z)n)n)n > x =z = 5 (x = z)n; prop lemma imply negation>x =z = 5 (x =
z)n > - (x = z)n; FirstConjunct > - (y <=z = - (= (y = z)n)n)n >y <=

z;leqTransitivity > x <=y >y <=z > x <= z; JoinConjuncts > x <=

z> S (x=2z)n> S (x <=z = S (5 (x =z)n)n)n|, po,c)|



[leqLess Transitivity 5" SystemQ + Vx: Vy:Vzix<=ykFa(y<=z=-(~(y=
Zn)n)nk S (x <=z = (7 (x=z)n)n)n|

[leqLessTransitivity tex “leqLessTransitivity”]

- k e
[leqLessTransitivity 2 “lemma leqLessTransitivity” ]

LessLeqTransitivity

[LessLeqTransitivity PIOOF N Ax. P([SystemQ F Vx: Vy:Vz: - (x <=y =

S (5 (x=ymnn)nky <=zt z=xt FirstConjunct > - (x <=y = - (- (x =
y)n)n)n > x <= y; SecondConjunct > - (x <=y = = (<1 (x = y)n)n)n > - (x =
y)n;subLeqRight > z = x >y <= z >y <= x;leqAntisymmetry > x <=
yl>y<—x>>x—y,FromContrad1ct10nl>x-y> (x=ymn>-~(z=
)anVszDedDVxVsz x<=y=>-("(x=ynnnky<=zkz=
xFoz=xn> (x<=y= (" (X_S/)))n:>y<—z:>z—x:>—\(;
n; = (x <= y:>ﬂ(—|(§—x)))nl—y<—zl—MP2> Alx<=y=>(Hkx=
nnn=y<=z=z=x=-(z=x)n>"(x<=y=>(-(x=
))nl>y7<—z>>;:g:>%(;:g)n;prop lemma imply negation >z = x =

X

k<\“<

)
y)n
S (z=x)n > - (z = x)n; NegSymmetry > - (z=x)n > - (x =
z)n; FirstConjunct > - (x <=y = = (- (x = y)n)n)n > x <=
y; leqTransitivity > x <=y >y <=z > x <= z; JoinConjuncts > x <=

z|>ﬂ(x—z)n>> (X<—Z:>ﬁ(ﬁ(><*2) )n)n], po,c)]

[LessLeqTransitivity sty SystemQ F Vx:Vy:Vz: = (x <=y = (- (x =
ymnnby <=zk 5 (x <=z = (- (x =z)n)n)n]

[LessLeqTransitivity tex “LessLeqTransitivity” |

e k e
[LessLeqTransitivity 2> “lemma lessLeqTransitivity”]

LessTransitivity

[LessTran51t1v1ty 0T AeAx. P([SystemQ F Vx:Vy:Vz: 7 (x <=y = = (5 (x =
y)n)n)n = (y <=z = = (= (y = z)n)n)n F FirstConjunct >  (y <=

z
(= (y = z)n)n)n > y <= z; LessLeqTransitivity > - (x <=y = 2 (7 (x =
ynuny <=z> 5 (x <=z = (7 (x=z)n)n)n], po, )]

[LessTrans1t1v1ty " SystemQ F Vx: Vy:Vz: = (x <=y="("(x=yn)n)nk
Ay<=z= " ("(y=zn)n)nk - (x<=z= - (- (x=z)n)n)n]

[LessTransitivity “= “LessTransitivity”]

- k s
[LessTransitivity > “lemma lessTransitivity”]



LessTotality

[ proof

LessTotality "= Ac.Ax.P([SystemQ - ¥x: Vy: = (5 (x <=y = = (= (x
y)n)n)n)n - - (x—y)nFfromNotLessl>—\(ﬂ(x< y = S (5 (x=y)n)n)n )n>>
y <=X; NeqSymmetryl> S (x =y)n > - (y = x)n; LeqNeqLess >y <= x

x)n > - (y<—x:>ﬂ( (y=x)n ) )anVyDedDVxVy—'( (X<:X

S x=ynuunE S x=ynE Sy <sx= S (5 = x)nn)n >

T <=y=aGE=yunn s sx=yn =Sy <sx= o (5 =
)))n Repetition > = (4 (x <= y=(2(x=ynnnn=-(x=yn=
Sly<=x=a((y=x)n)n)n> (- (x<=y= (7 (x=yn)n)n)n =
S(x= X)n = = (X <=x= (" (X = x)n)n)nl, po, c)]

\_/

><

[LessTotality * System(Q b Vx: Vy: 5 (m(x<=y= (-~ (x=yn)n)n)n =
Tx=yn =y <=x= (5 =x)n)u)n]

[LessTotality " “LessTotality”]

[LessTotality P “lemma lessTotality”]

SubLessRight

proo

[SubLessRight *— )\c.)\x.P([SystemQ FVx:Vy:Vzix=yFa(z<=x=

4 (4 (z =x)n)n)n F Repetition > 4 (z <= x = = (4 (z = x)n)n)n > - (z <=

x = 5 (- (z = x)n)n)n; FirstConjunct > - (z <= x = = (- (z:x) jn)n >z <=
x; subLeqRight > x =y > z <= x > z <= y; SecondConjunct > - (z <= x =
S(H(z=x)n)n)n > - (z=x)n; SubNequghtDX—yD (Z—§)n>>—'|(;:
y)n; JoinConjuncts >z <=y>-(z=yn>> S (z<=y= (- (z=

X)n)n)n] » PO C)]

[SubLessRight stmt SystemQ - Vx:Vy:Vzzix =y F S (z<=x= - (- (z=
)nn k- (z<=y= (2 (z=ynnn]

tex

[SubLessRight — “SubLessRight”]

/I\T
ol
1+ 1%

[SubLessRight P “lemma subLessRight”]

SubLessLeft

f
[ proo

SubLessLeft "— Ac. Ax.P( fSystemQ FVx:Vy:Vzix =y k- (x <=z =

4 (4 (x = z)n)n)n F Repetition > 4 (x <=z = = (4 (x = z)n)n)n > = (x <=
z= (- (x =z)n)n)n; FirstConjunct >~ (x <=z = (- (x = z) jn)n > x <=
z;subleqleft >x=y>x<=z>y <=z SecondConjunct >h(x<=z=

S (5 (x =z)n)n)n > 4 (x = z)n; SuBNeqLeft >x=y>= (x =zn>H(y=
z)n; JoinConjuncts >y <=z> 5 (y =z)n > = (y < <=z=4(~ (y= a



z)n)n)n, po, ¢}

stmt

[SubLessLeft — SystemQ F Vx:Vy:Vzix =y F A (x <=z = - (7 (x =
Zn)n)nk = (y <=z = = (= (y = z)n)n)n]

[SubLessLeft “X “SubLessLeft”]

[SubLessLeft X “lemma subLessLeft”|

SwitchTerms(x <y — z)

proof

[SwitchTerms(x <y —z) — Ac.Ax.P([SystemQ - Vx: Vy: Vz: - (x <=

(y + (—uz)) = = (- (x = (y + (—uz)))n)n)n F NegativeToLeft(Less) > = (x <=

(y+(-uz)) = (= (x=(y+(-uz))n)n)n > = (x+2z) <=y = 2 (2 ((x+2) =

y)n)n)n; plusCommutat1v1ty > (x+2z) = (z+ x); SubLessLeft > (x + z) =
z+x) > ((x+z) <=y= (0 (x+z) =ynnn>=(z+x) <=y =

S (5 ((z4x) = ) )n)n; PositiveToRight (Less) > ((z+x) <=y = = (= ((z+x) =

y)mn)n > = (z <= (y + (~ux)) = = (7 (z = (y + (~ux)))n)n)n], po, c)]

/—\

[SwitchTerms(x < y — z) "' SystemQ + Vx: Vy:Vz: - (x <= (y + (—uz)) =
A (x = (y + (-u2))n)n)n A (z <= (y + (—ux) = = (2 (2
(y + (=ux)))n)n)n]

[SwitchTerms(x <y — z) — “SwitchTerms(x<y-z)”]

tex
tex
[SwitchTerms(x < y — z) 2 “emma switchTerms(x<y-z)”]

SwitchTerms(x — y < z)

[SwitchTerms(x—y < z) Poof N e Ax. P([SystemQ F Vx: Vy: Vz: - ((x+(—uy)) <
z= (- ((x+ (—uy)) = z)n)n)n - NegativeToRight(Less) > - ((x + (—uy)) <
z= (2 ((x+ (~uy)) =zn)n)n > S (x <= (z+y) = = (2 (x =
(z+y))n)n )n plusCommutativity > (z+y) = (y +z); SubLessRight >> (z +y) =
Y+z)>ox<=(z+y) = (= (+y)mnn> 5 (x<=(y+2) =

A x=(y+ ;)) Jn)n; Pos1t1veToLeft(Less) Ax<=(y+z) = (0kx=
(y +2)n)n)n > = ((x+ (—uz)) <=y = = (= ((x+ (-uz)) = y)n)n)n], p, ¢)]

[SwitchTerms(x — y < z) I SystemQ F Vx: Vy:Vz: = ((x + (—uy)) <=1z
%)(*) ()(zﬁ (—uy)) =z)n)n)n k= ((x+ (-uz)) <=y = = (= (x + (—uz))
y)n)n)n

[SwitchTerms(x — y < z) “< “SwitchTerms(x-y<z)”]

[SwitchTerms(x — y < z) 2 “Yemma switchTerms(x-y<z)”|



LessAddition

[LessAddition P2l NeAx. P([SystemQ F Vx:Vy:Vz: 2 (x <=y = = (5 (x =
y)n)n)n k= LessLeq > = (x <=y = (= (x = y)n)n )n>>x<—
y;leqAddition > x <=y > (x +z) <= (y + z); LessNeq > = (x <=y =
(5 (x=y)n)n)n > * (x = y)n; NegAddition > = (x = y)n > - ((x + z) =
(y +z))n; JoinConjuncts > (x +z) <= (y +z) > 2 ((x +2) = (y + 2))n >
“(x+2) <=(y+2) = (= ((x+2) = (y +2))n)n)n], po, c)]

[LessAddltlon *2 System(Q F Vx: Vy: Vz: = (x<=y=-(~(x=ynn)nk
“((x+2z) <=(y+2) = (" ((x+2) = (y +2)m)n)n]

[LessAddition “ “LessAddition”]

[LessAddition P “lemma lessAddition”]

LessAdditionLeft

proof

[LessAdditionLeft "= Ac. )\x P(fSystemQ Fyx:Vy:Vzi o (x <=y = 5 (5 (x =
y)n)n)n LessAddltlon >a(x<=y=(t(x=ynnn>(x+z) <

(y+2) = = (- ((x+2z) = (y + z))n)n)n; plusCommutativity > (x +z) =
(z + x); SubLessLeft > (x + z) = (z +x)> o ((x+2z2) < (y +z)=
S (x+2) =+ > S (z+x) <= (y+2z) = 2 (5 (2 +x) =

((

z))n)n)n; plusCommutativity >> (y+2z) = (z+y); SubLessRight > (y+z)
y) S(z+x) <= +2) == ((z+% = (y+2)n)nn > 5 ((z+x) <
y) = (= ((z+x) = (z+y))n)n)n], po, ¢)]

[LessAddltlonLeft 2 SystemQ - Vx: Vy: Vz: 1 (x <=y = = (5 (x = y)n)n)n =
(z+x) <=(z+y) = (2 (z+x) = (z+y))n)n)n]

tex

[LessAdditionLeft — “LessAdditionLeft”]

[LessAdditionLeft X “emma lessAdditionLeft”]

LessMultiplication

[LessMultiplication "% e Ax.P([SystemQ b Vx: Vy: ¥z: (0 <=z = = (= (0 =
zn)n)nk S (x<=y= %(%(xfy)n)n)nFLessLqu%(§<:X¢%(—'|(§:
y)n)n)n > x <=y;LessLeq> - (0 <=z = (- (0 =z)n)n)n > 0 <=
z;leqMultiplication>0 <= z>x <=y > (x*z) <= (y*z); LessNeq>= (x <=y =
(R (x=y)n)n)n > - (x =y)n; LessNeql>—\(0 <=z= 4(4(0=2z)n)n)n >
4 (0 = z)n; NeqSymmetry > (0 = z)n > = (z = 0)n; NeqMultiplication> - (z =
0)n>= (x = y)n > = ((x+z) = (y*z))n; LeqgNeqLess> (x*z) <= (y*z)>= ((x*z) =
(y*z))n> = ((x*z) <= (y*z) = (" ((x*2) = (y *z))n)n)n}, po, ¢)]



[LessMultlphcatlon B SystemQ b Vx: Vy: Vz: 1 (0 <=z = = (5 (0 = z)n)n)n -
Sx<=y= S (x=ymnnnt A ((xxz) <= (y*z) = (2 ((x*z) =

(y * z))n)n)n]
[LessMultiplication ¥ “LessMultiplication”]

pyk o 1. . ,,]

[LessMultiplication = “lemma lessMultiplication

LessMultiplicationLeft

f
[ proo

LessMultiplicationLeft “—" Ac.Ax.P([SystemQ F Vx: Vy:Vz: = (0 <=z =

S 0=z (x<=y= (5 x=yn)n)nt
LessMultiplication > < (0 <=z = - (= (0=zn)n)n> - (x <=y = (7 (x =
yymnn > = ((x+z) <= (y*xz) = 2 (2 (x*2) =
(y * z))n)n)n; timesCommutativity > (x * z) = (z * x); timesCommutativity >>
y *z) = (z*y);SubLessLeft > (x  z) = (z*x) > ((x*xz) <= (y*z) =
S0 ((xxz) = (yxz))nnn > 5 ((z+x) <= (yxz) = 2 (5 (2*x) =
(y*z))n)n)n; SubLessRight > (y*z) = (zxy) > ((zxx) <= (y*2z) = = (= ((z+x) =
(y*z))nn)n > = ((z*x) <= (z*y) = 2 (= ((z*x) = (z*y))n)n)n], po, )]

essMultiplicationLeft 2" SystemQ F Vx: Vy: Vz: O<=z==(~(0=
nnnk - (x<=y= %(%(xzx)n)n)nl—%i((;*g) <=(zxy)=
(5 ((z*x) = (z*y))n)n)n]

[LessMultiplicationLeft s “LessMultiplicationLeft”]

[LessMultiplicationLeft X “emma lessMultiplicationLeft”)

LessDivision

[LessDivision progf ACAX.P([SystemQ F ¥x: Vy:Vz: 0 <=z F = ((x*x z) <=
(y+2) = (5 ((x2) = (y * 2))m)m)n - FromTess & = ((x 2) <= (y +2) =
(5 ((x*z) = (y*2z))n)n)n > = ((y*z) <= (x*z))n; leqMultiplicationAxiom >
0<=z=>y<=x=(yxz) <= (x*2);MP>0<=z=y<=x=> (y*z) <=
(x*xz)>0<=z>y <=x= (y *z) <= (x * z); Contrapositive > y <= x =
(y*z) <= (xx2) > ((yxz) <= (x*2))n = = (y <—x)n MP > = ((y xz) <=
(xxz)n==(y <=x)n>((y*z) <=(x*z))n> = (y <=

x)n; ToLess > = (y <= x)n > = (x <=y = = (- (x = y)n)n)n], po, c)]

[LessDivision stopt SystemQ = Vx: Vy:Vz: 0 <=z F = ((x x 2) <= (y * z) =
S(5((x*xz) = (y*z))n)n)nk = (x <=y = - (5 (x = y)n)n)n]

PR tex P
[LessDivision — “LessDivision”]

. pyk .
[LessDivision = “lemma lessDivision”]



PositiveToRight (Less)

pro

[PositiveToRight (Less) 0 A Ax. P([SystemQ - Vx: Vy: Vz: - ((x + y) =
%(%((zﬁ-z)—z) n)n)n - LessAddition > = ((x +y) <=z = (= ((x +y)
Z)n)n)n > S (((x+y) + (-uy)) <= 2+ (-uy) = 2 (2 ((x+y) + (-uy)) =
(z+ (muy)))n)n)n;x = x +y —y > x = ((x +y) + (—uy)); eqSymmetry &> x
((x+y) + (-uy)) > ((x +y) + (~uy)) = x; SubLessLeft > ((x +y) + (~uy)
x> ((x+y) +(-u ))<:( +(-uy) = 2 (5 (K +y) + (~wy) =

=

~—

(z+(—uy))m)n)n > = (x <= (z+(-uy)) = (= (x = (z+(-uy)))n)n)n], po,c)]

[PositiveToRight(Less) 2 System(Q F Vx: Vy:Vzi o ((x+y) <=z=
(5 (x+y) =gum)n kS (x <= (24 (-uy) = 2 (5 (x = (2 + (-uy)))n)n)n]

[PositiveToRight (Less) “= “PositiveToRight(Less)”]

[PositiveToRight(Less) X “Yemma positiveToRight (Less)”]

PositiveToLeft(Less)

[PositiveToLeft(Less) " — PP N Ax. P([SystemQ F Vx: Vy:Vz: = (x <= (y + z) =

(- (x=(y+2)n )( n)n F LessAddition > = (x <= (y +z) = = (4 (x =

(y +2))m)n)n > = ((x+ (-uz)) <= ((y +2) + (-uz)) = = (5 (x + (-uz)) =
((y+2)+(-uz)))n)n)n;x = x+y —y >y = ((y +2) + (~uz)); eqSymmetry >y =
((y +2) + (—uz)) > ((y +2) + (~uz)) = y; SubLessRight > ((y + 2) + (—uz)) =
y> A ((x+ (-uz) <= ((y +2) + (-uz) = 2 (2 (x + (-uz) = (y +2) +
(—uz))m)n)n > = ((x+ (-uz)) <=y = = (= ((x + (~uz)) = y)n)n)n], po, c)]

P 051t1veTOLeft(Less) Y SystemQ F Vx: Vy:Vz: (x <= (y+2) = (0 (x=

(y +z)nnjnt = (x+ (-uz)) <=y = = (2 (x+ (-uz)) = y)n)n)n]

PositiveToLeft(Less) = “PositiveToLeft (Less)”]

[
[

PositiveToLeft(Less) X “emma positiveToLeft(Less)”]

NegativeToLeft(Less)

uz)) = 2 (7 (x = (y + (—uz)))n)n)n - LessAddition > - (x <=
))=>ﬂ(ﬂ(x—(>’+( z)))n)n)n > = ((x+2) <= ((y+(-uz)) +2) =
(ﬁZ) ((y+ (—u2)) +2))m)n)n; Three2threcTerms > ({y -+ (—uz)) +2) =
z))ix =x+y—y>y=((y+2) + (-uz));eqSymmetry >y =
2)) > ((y +2) + (_uz) = y: eqTramsitivity & ((y + (—uz)) + 2) =
2))>((y+2)+(—uz)) =y > ((y+(—uz)) +2) = y; SubLessRight >

[Ne tlveToLeft(Less) = )\c Ax.P([SystemQ I Vx: Vy: Vz: - (x <=
(
( )

<<
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((y + (-uz)) + )—y> 2(xtz) <= (y+(-ug) +2) = (2 (x+2) =
((y + (muz)) + 2)nn)n > = ((x+2) <=y = 2 (2 ((x+2) = y)n

[NegativeToLeft(Le

)
ss) ¢ SystemQ FVx:Vy:Vz: 5 (x <= (y + (—uz)) =
(5 (x = (y+ (-uz)))n)n
)
)

Jnk5((x+z) <=y=-(=(x+2) =yn)n)n]

[NegativeToLeft(Less e ‘NegativeToLeft(Less)”|

[NegativeToLeft(Less X “lemma negativeToLeft(Less)”|

NegativeToRight(Less)

proof

[NegativeToRight(Less) "—  Ac.Ax.P([SystemQ Vx Vy:Vz: - ((x +
z = 5 (5 ((x+ (—uy)) = z)n)n)n k- LessAddition > = ((x + (—uy)) <
(5 ((x 4 (—uy)) = z)n)n)n > = ((x + (-uy)) +y) <= (z+y) =

A (5 (((x+(—uy)) +y) = (z+y))n)n)n; Three2threeTerms >> ((x+(—uy))+y) =
(x+y)+(-ay))ix=x+y—y>x=((x+y) + (—uy));eqSymmetry > x =
((x+y)+ (—uy)) > ((x+y) + (—uy)) = x; eqTransitivity > ((x + (—uy)) +y) =
((x+y) +(=uy)) > (x+y) + (—uy)) = x > ((x+(-uy)) +y) = x; SubLessLeft &>
((x+(—uy)) +y) = xe>= (((x+(—uy)) +y) <= (z+y) = = (© (((X+( uy))+y) =
(z+y)nnn > = (x <= (z+y) = 7 (- (x = (z+y))n)n)n], po, c)]

[N gativeToRight(Less) *“3" SystemQ F- Vx: Vy:Vz: = ((x + (—uy)) <=z =

S (x+ (-uy)) =znnnk S (x <= (z+y) = 7 (H(x = (z+y))n)n)n]

[NegativeToRight(Less) 3 “NegativeToRight (Less)”]

[NegativeToRight(Less) 2 “Yemma negativeToRight(Less)”]

AddEquations(Less)
[Adquuatlons( ) PIOPT N Ax. P( [SystemQ F Vx: Vy:Vz:Vu: = (x <=y =
S(5(x=y)n)n)nk 4 (z<=u= (7 (z=un)n)n+ LessAddition > - (x <=

y="(x=ynnn>((x+z) <=(y+z)= (" (x+2) =

+z))n)n )n LessAdditionLeft>= (z <= u = - (- (z=u)n)n)n > = ((y+z) <=
u) = - (= ((y +2z) = (y + u))n)n)n; LessTransitivity > = ((x +z) <=
z) =5 (5((x+2) = (y+2))n)nne> = ((y+z) <= (y+u) = 2 (= ((y+2) =
u))n)n)n > = ((x+2z) <= (y +u) = = (= ((x+2z) = (y + u))n)n)nj, po, c)]

dquuatlons(Less) M System@ - Vx: Vy:VzoVui - (x <=y = 2 (H(x =
ymn k= (z<=u= (2 z=wnnnk - (x+z) <=y +u) =

(2 ((x+2) = (y+u))n)n)n]

tex

[AddEquations(Less) = “AddEquations(Less)”]

(y
(y +
(y+
(y+
[A
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[AddEquations(Less) P “lemma addEquations(Less)”]

AddEquations(LeqLess)

proof

[AddEquations(LeqLess) "= Ac.Ax.P([SystemQ I ¥x: Vy: Vz: Vu: x <=y I
S(z<=u= S (5 (z=u)n)n ) F leqAddition > x <= y>>(x+z)<:

z); LessAddltlonLeft >a(z<=u=(m(z=un)n)n>((y+z) <=
u=-(y+z)=(y+u)n ) n)n; leqLessTransitivity > (x + z) <=
) ((y+z) <= (y+u) = (" ((y+2) = (y+u)n)nn > - ((x+2) <=
u) = (5 ((x+2) = (y +u))n)n)n}, py, )]

[AddEquations Less) I SystemQ F Vx: Vy VzVurx <=yk -(z<=u=
S =y S (x+z) <= (y+u) = ((x+2) = (y+u)

(Le
Yo -

[Adquuatlons(LeqLess) = “AddEquations(LeqLess)”]
(

+
_l’_
+
+

[AddEquations(LeqLess) * VY “emma addEquations(LeqLess)”]

reciprocal ToLeft(Less)

proof

[reciprocalToLeft(Less) “— Ac.Ax. P([SystemQ FVx:Vy:Vz: 2 (0 <=z =

% (2(0 = Zn)nn - (x <= (y +recz) = = (5 (x = (y * recz)Jn)nn -
LessMultiplication > - (0 <=z = = (- (0 = z)n)n)n > - (x <= (y * recz) =
S (5 (x = (y *recz))n)n)n > 5 ((x +z) <= ((y *recz) *z) = ~ (2 ((x*2) =
((y * recz) * z))n)n)n; Three2threeFactors > ((y * recz) x z) =

((y * z) * recz); PositiveNonzero > - (0 <=z = = (- (0 = z)n)n)n > - (z =
On;x =xxy* (1/y) >~ (z=0)n>y = ((y *z) *recz); eqSymmetry >y =
((y * z) xrecz) > ((y * z) * recz) = y; eqTransitivity > ((y * recz) x z) =
((y xz) *recz) > ((y * z) ¥ recz) =y > ((y ¥ recz) xz) =

¥; SubLessnghtD((y*recz)*z) =y ((xxz) <= ((y*recz)*z) = - (2 ((x*z) =
((y ¥ recz) #z))n)n)n > = ((xxz) <=y = = (- ((x*z) = y)n)n)n], po, c)]

[reciprocal ToLeft(Less) I SystemQ F Vx: Vy:Vzz2(0<=z= (- (0=
zn)n)n = 5 (x <= (y xrecz) = = (5 (x = (y #recz))nn)n = 5 ((x+z) <=y =
S (5 ((x*2) = y)n)n)n]

tex

[reciprocal ToLeft(Less) = “reciprocal ToLeft(Less)”]

~

[reciprocal ToLeft(Less) 2 “lemma reciprocalToLeft(Less)”]
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LessNegated

proof

essNegated " — Ac.A\x.P([SystemQ F Vx:Vy: - (x <=y = (- (x =

) )n k- LessLeq >~ (x <=y = = (- (x = y)n)n )n>>x<—

equgated Dx<=y> (—uy) <= (fug):LessNeq >Ax<=y="("(x=
n)n)n > = (x = y)n; NeqNegated > - (x = y)n > S ((—ux) =

uy))n; NeaSymmetry & (—1x) = (—uy))n > = ((—uy) =

x))n; LeqNeqLess > ( uy) <= (—ux) > - ((—uy) = (—ux))n >

—ux) <= (—ux) = = (= ((~uy) = (~ux))n)n)n], po,c)]

[LessNegated ' SystemQ F Vx: Vy:n(x<=y= (- (x=ymnnmnk
S ((—uy) <= (-ux) = = (5 ((-uy) = (-ux))n)n)n]

[LessNegated ey “LessNegated”]

r“?&¥§?
Qg r‘fj

[LessNegated Y “lemma lessNegated”|

PositiveNonzero

[PositiveNonzero "% Ac.Ax.P([SystemQ I Vx: = (0 <= x = = (= (0 =

x)n)n)n - Repetition > - (0 <=x= - (- (0 =x)n)n)n > - (0 <=x =

4 (5 (0 = x)n)n)n; SecondConjunct > = (0 <= x = = (- (0 =x)n)n)n > - (0 =
x)n; NeqSymmetry &> = (0 = x)n > = (x = 0)n], po, ¢)]

[PositiveNonzero 5" SystemQ - Vx: 51 (0 <= x = = (= (0 = x)n)n)n F = (x =
0)n]

ops tex ipe
[PositiveNonzero — “PositiveNonzero” |

.. pyk ..
[PositiveNonzero = “lemma positiveNonzero”

PositiveNegated

[PositiveNegated PO N Ax. P( fSystemQ Fvxio(0<=x=-(-(0=
x)n)n)n - LessNegated > = (0 <= x = = (- (0 =x)n)n)n > = ((—ux) <=
(—u0) = = (- ((—ux) = (—u0))n)n)n; —0 = 0> (—ul) =

0; SubLessRight > (—u0) = 0> = (( ux) <= (—ul) = - (- ((—ux) =
(=u0))n)n)n > = ((—ux) <= 0= = (= ((-ux) = 0)n)n)n], po, )]
[PositiveNegated *3" SystemQ F Vx: - (0 <= x = = (= (0 = x)n)n)n
() <= 0= (5 ((-ux) = 0)n)n)n]

[PositiveNegated *= “PositiveNegated”]

[PositiveNegated P “emma, positiveNegated”]
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NonpositiveNegated

[NonpositiveNegated propf AcAx.P([SystemQ F Vx:x <=0 F
LegNegated > x <= 0> (—u0) <= (—ux); =0 =0> (—u0) =
0; subLeqLeft > (—u0) = 0 > (—u0) <= (—ux) > 0 <= (—ux)], po, )]

[NonpositiveNegated 5" SystemQ F Vx:x <=0 F 0 <= (—ux)]

[NonpositiveNegated tex “NonpositiveNegated”]

o k e
[NonpositiveNegated "5 “lemma nonpositiveNegated”]

NegativeNegated

proof

[NegativeNegated "— Ac.Ax.P([SystemQ - Vx: 7 (x <=0= (- (x =
0)n)n)n F LessNegated > - (x <= 0= - (- (x = 0)n)n)n > = ((—ul) <=
() = (5 ((—10) = (—wx))m)n)n; —0 = 0 > (—u0) =

0; SubLessLeft > (—u0) = 0> = ((—u0) <= (—ux) = = (- ((—u0) =
(—ux))n)n)n > = (0 <= (—ux) = = (= (0 = (-ux))n)n)n], po, c)]

[NegativeNegated 1Y SystemQ b Vx: x<=0=-(-(x=0n)n)nkF = (0 <=
(—ux) = = (=(0 = (—ux))n)n)n]

[NegativeNegated tex “NegativeNegated”]

[NegativeNegated P “emma negativeNegated” ]

NonnegativeNegated

proo

[NonnegativeNegated "— ! AcAX.P([SystemQ F ¥x: 0 <= x
LeqNegated > 0 <= x > (—ux) <= (—u0); =0 =0>> (—u0) =
0; subLeqRight &> (—u0) = 0 > (—ux) <= (—u0) > (—ux) <= 0], po, ¢)]

[NonnegativeNegated sty SystemQ F ¥x: 0 <= x I (—ux) <= 0]
[NonnegativeNegated Jass “NonnegativeNegated”]

[NonnegativeNegated P “lemnma nonnegativeNegated”]

PositiveHalved

proo:

[PositiveHalved ropf AcAX.P([SystemQ - Vx: 5 (0 <=x= = (- (0 =x)n)n)n F
0<1/2>-0<=rec(l+1)=(~(0=
rec(1 + 1))n)n)n; LessMultiplicationLeft > = (0 <=rec(1 + 1) = = (- (0 =
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rec(l1+1))n)n)n> = (0 <=x= (- (0 =x)n)n)n > = ((rec(1 +1) % 0) <=
(rec(1+1) *x) = = (- ((rec(1 +1) % 0) = (rec(l + 1) * x))n)n)n xx0=0>
(rec(1 4 1) % 0) = 0; SubLessLeft > (rec(1 + 1) x0) = 0> = ((rec(1 + 1)*%0) <
(rec(l+1) *x) = (5 ((rec(1 4+ 1) % 0) = (rec(1 4+ 1) *x))n)n)n > - (0 <=
(rec(1 4+ 1) *x) = = (= (0 = (rec(1 + 1) *x))n)n)n], po, c]

[PositiveHalved *%" SystemQ F Vx: 1 (0 <= x = = (< (0 = x)n)n)n F = (0 <=
(rec(1+1) *x) = = (- (0= (rec(1l + 1) * x))n)n)n]

PositiveHalved “= “PositiveHalved”]

[PositiveHalved P “lemma positiveHalved” |

Positivelnverted

[PositiveInverted propf ACAX.P([SystemQ F ¥x: (0 <=x= (- (0=

x)n)n)n F FirstConjunct > - (0 <=x = = (- (0 =x)n)n)n > 0 <=

x; SecondConjunct > = (0 <= x = = (- (0 = x)n)n)n > - (0 =

x)n; NeqSymmetry > - (0 =x)n > 2 (x=0n;0<1>-(0<=1= (- (0=
Dn)n)n;x*0=0> (xx0) =0;x*y = zBackwards > (x* 0) = 0> 0 =

(0% x); SubLessLeft >0 = (0xx) >4 (0 <=1= - (- (0= 1)n)n)n >

S((0%x) <=1= (- ((0%x) = 1)n)n)n; Reciprocal > = (x = 0)n > (x*recx) =
1;x xy = zBackwards > (x * recx) = 1 >> 1 = (recx * x); SubLessRight > 1 =
(recx*xx) > ((0%x) <=1= (5 ((0xx) = I)n)n)n > = ((0xx) <= (recx*x) =
S (5 ((0%x) = (recx*x))n)n)n; LessDivision >0 <= x> - ((0%x) <= (recx*x) =
S (5 ((0%x) = (recx * x))n)n)n > - (0 <= recx = = (- (0 = recx)n)n)n|, pg, ¢)]

[PositiveInverted 1Y SystemQ b Vx: (0<=x=(-(0=x)n)n)nF (0 <=
recx = 5 (5 (0 = recx)n)n)n]
[Positivelnverted " “Positivelnverted”]

o k e
[PositiveInverted "5 “lemma positivelnverted”]

NonnegativeNumerical

[NonnegativeNumerical progf Ac. AP ([SystemQ F ¥x: 0 <= x F Numerical >
S0 <=x= (x| =x¥)n)n)n = = (5 (0 <=x)n = = (x| =

(—ux))n)n; AddDoubleNeg > 0 <= x> = (= (0 <=

x)n)n; ToNegatedAnd(1) > = (= (0 <= x)n)n > 4 (- (- (0 <=x)n = = (x| =
(—ux))n)n)n; NegateDisjunct2 > = (- (0 <= x = = (|x| = x)n)n)n = = (- (0 <=
00 = (] = (~m))n)n & (3 (50 <= )0 = (x| = (~wx))m)n)n >

(0 <=x = S (|x| = x)n)n; SecondConjunct > (0 <= x = = (|x| = x)n)n >
x| = x], po, c)]

[NonnegativeNumerical stmt SystemQ F ¥x: 0 <= x I |x| = ¥]
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. . tex . .
[NonnegativeNumerical = “NonnegativeNumerical”]

. . pyk . .
[NonnegativeNumerical = “lemma nonnegativeNumerical”]

NegativeNumerical

[NegativeNumerical progf AC AP ([SystemQ F Vx: 5 (x <=0= - (- (x=
0)n)n)n - Numerical > = (- (0 <=x= = (x| = x)n)n)n = (- (0 <=x)n =
4 (]| = (—ux))n)n; FromLess > - (x <=0 = 5 (5 (x = 0)n)n)n > - (0 <=
x)n; ToNegatedAnd(1) > - (0 <=x)n > S (7 (0 <=x= = (x| =

x)n)n)n; NegateDisjunctl > = (- (0 <=x = = (x| =x)n)n)n = = (- (0 <=
X1 = = ([x] = (—w))n B = (5 (0 <= x =  (jx] = x)m)m)n 3 = (= (0 <=
x)n = =1 (|x| = (—ux))n)n; SecondConjunct > = (- (0 <= x)n = = (x| =
(> = (g ]

[NegativeNumerical *5" SystemQ b Vx: = (x <=0 = = (< (x = 0)n)n)n b |x| =
(—ux)]

[NegativeNumerical > “NegativeNumerical”]

[NegativeNumerical ¥ “lemma negativeNumerical”]

PositiveNumerical

[PositiveNumerical propf A AX.P([SystemQ F Vx: - (0 <=x= - (- (0=
x)n)n)n F LessLeq > - (0 <= x= = (- (0 =x)n)n)n > 0 <=
x; NonnegativeNumerical > 0 <= x > |x| = x], po, ¢)]

[PositiveNumerical 3 SystemQ b Vx: 1 (0 <= x = = (= (0 = x)n)n)n F |x| =
x|

I . tex e .
[PositiveNumerical = “PositiveNumerical”]

e . pyk " .
[PositiveNumerical = “lemma positiveNumerical”]

lemma nonpositiveNumerical

[lemma nonpositiveNumerical propf Ac.Ax.P([SystemQ F Vx: = (x <=0 =

4 (4 (x = 0)n)n)n - NegativeNumerical > - (x <=0 = - (- (x = 0)n)n)n >

x| = (—ux); Vx:x = 0 F eqSymmetry >x = 0> 0 = x;eqLeq > 0= x> 0 <=
x; NonnegativeNumerical > 0 <=x>> |x| = x;—0 = 0> (—u0) =

0; eqSymmetry > (—u0) = 0 > 0 = (—u0); EqNegated > 0 = x > (—u0) =
(—ux); eqTransitivity5 > x| =x>x = 00> 0 = (—u0) > (—u0) = (—ux) > |x| =
(—ux); Vx: Ded > Vx: - (x <= 0= - (2 (x=0n)n)n - x| = (—ux) > = (x <=
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0= -(-(x=0n)n)n = |x| = (—ux);Ded > Vx:x =0 F |x| = (—ux) >x=0=
x| = (—ux);x <=0F LeqLessEq>x <=0> - (2 (x<=0= - (- (x=
0)n)n)n)n = x = 0; FromDisjuncts > = (7 (x <= 0= - (- (x = 0)n)n)n)n =
x=0>a(x<=0=4("(x=0n)n)n=|x|=(—uwx)>x=0= |x| =

(—ux) > |x| = (—ux)1, po, )]

[lemma nonpositiveNumerical S System@ b Wx:x <= 0 F x| = (—ux)]

s . pyk s .
[lemma nonpositiveNumerical = “lemma nonpositiveNumerical”]

0] =0

proof

[0 =0 "= Ac.Ax.P([SystemQ F leqReflexivity > 0 <=
0; NonnegativeNumerical > 0 <= 0 >> |0] = 0], po, ¢)]

(0] = 0 "" SystemQ + [0] = 0]
[10] = 0 %% “|0]=0"]

[10] = 0 ™ “lemma |0]=0"]

0 <= [x|

proo

[0 <= |x] ropf Ac.Ax.P([SystemQ F Vx: 0 <= x F NonnegativeNumerical>>0 <=
x> |x| = x; eqSymmetry > |x| = x > x = |x|; subLeqRight > x = [x| > 0 <=
x>0 <= |x|;Vx: 5 (0 <=x)ntF ToLess > = (0 <=x)n > S (x <=0=

4 (< (x = 0)n)n)n; NegativeNumerical > - (x <= 0= = (5 (x = 0)n)n)n > |x| =
(—ux); eqSymmetry > x| = (—ux) > (—ux) = |x|; NegativeNegated > + (x <=
0= (2 (x=0n)n)n>> (0 <= (—ux) = (- (0=

(—ux))n)n)n; LessLeq > = (0 <= (—ux) = - (- (0 = (—ux))n)n)n > 0 <=
(—ux); subLeqRight > (—ux) = [x| > 0 <= (—ux) > 0 <=

[x|;Vx: Ded > Vx: 0 <=xF 0 <= |x| > 0 <=x= 0 <= |x|; Ded > Vx: -~ (0 <=
x)n k0 <= x| > (0 <= x)n = 0 <= |x|; FromNegations > 0 <=x = 0 <=
x| > 5 (0 <=x)n =0 <= [x] > 0 <= [x[], po, ¢)]

[0 <= |x| I SystemQ F Vx: 0 <= (]
0 <= 1] “0<=}x]]

0 <= |x| 2 “lemma 0<=|x|"]
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x <= [X|

proof

[x <= x| = AcAx.P([SystemQ I ¥x: 0 <= x I NonnegativeNumerical >

x| = x; eqSymmetry > |x| = x > x = |x|;eqLeq > x = [x| > x <= [x|; Vx:x <=

0F 0 <= |x| > 0 <= |x|;leqTransitivity > x <= 0> 0 <= |x| > x <=

[x|; ¥x: Ded > Vx: 0 <= xF x <= [x| > 0 <=x= x <= [x|; Ded > Vx:x <=0 F-
<= x| > x<=0= x <= |x|;FromLeqGeq >0 <=x = x <= |x|>x<=0=
<= [x| > x <= [x|], po, )]

[x <= x| sty SystemQ = Vx: x <= [x]]

|te «

[x <= |x| = “x<=|x|"]

[x <= |x] 2 “emma x<=[x|"]

FromPositiveNumerical

[FromPositiveNumerical propf A Ax.P([SystemQ F ¥x: 0 <=xF - (0 <= |x| =
4 (5(0 = |x|)n)n)n - NonnegativeNumerical > 0 <= x > |x| =

x; SubLessRight > x| = x> - (0 <= |x| = = (= (0 = x])n)n)n > - (0 <=x =
S (- (0 =x)n)n)n; LessNeq > = (0 <= x = - (2 (0 =x)n)n)n > - (0 =

x)n; NeqSymmetry > - (0 = x)n > = (x = 0)n; Vx:x <= 0F = (0 <= [x| =

4 (4 (0 = |x|)n)n)n F lemma nonpositiveNumerical > x <= 0> |x| =

(—ux); SubLessRight &> |x| = (—ux) > = (0 <= |x| = = (- (0 = |x|)n)n)n >

4 (0 <= (—ux) = (5 (0 = (—ux))n)n)n; PositiveNegated > - (0 <= (—ux) =
5(5(0 = (—u)mmn 3 = ((—u(2ux) <=0 = - (4 (—u(—w)) =

0)n)n)n; DoubleMinus > (—u(—ux)) = x; SubLessLeft > (—u(—ux)) =

x B ((—u(—ux)) <= 0 = = (5 (—u(—w)) = O)m)n)n >  (x <= 0 =

(5 (x = 0)n)n)n; LessNeq > = (x <=0 = = (5 (x =0)n)n)n > - (x =

0)n; Vx: Ded > Vx: 0 <=xF 42 (0 <= |x| = (= (0= |x|)n)n)n k- = (x =0)n >
0<=x=(0<=x= (7 (0=|x)n)n)n = = (x=0)n;Ded > Vx: x <=0 F
A0<=x=-(0=x)n)nnk S (x=0n>x<= 0:>%(0< x| =

S (5(0= |x[)n)n)n = 5 (x = 0)n; - (0 <= [x| = = (= (0 = [x])n)n)n -
FromLeqGeq> 0 <=x= (0 <=[x| = 5 (=(0=|x|)n)n)n = - (x=0)n >
x<=0=-0<=x="(0=xP)n)n)n = - (x=0n> (0 <= |x| =

5 (5 (0 = m))n = = (x = 0)n; MP & (0 <= x| = = (= (0 = [x)n)n)n
S (x =0t (0 <= ¢ = 5 (5(0 = [x)n)n)n 3 = (x = O)n], po, )]

[FromPositiveNumerical I SystemQ - Vx: (0<=|x| == (= (0=
X[Jn)n)n F = (x = 0)n]

ope . tex " .
[FromPositiveNumerical = “FromPositiveNumerical”]

[FromP051tlveNumerlcal ¥ “lemma fromPositiveNumerical”|
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SameNumerical

[SameNumerical propt ACAX.P([SystemQ F Vx: Vy: 0 <=xFx=y+h

NonnegativeNumerical > 0 <= x > |x| = x; subLeqRight > x = y7l> 0<=x>

0 <= y; NonnegativeNumerical > 0 <=y > |y| = y; eqSymmetry > \y| =y>

y = |y[; eqTransitivityd > [x| = x>x =y >y = |y| > [x| = |y|; Vx: Vy: = (0 <=

x)nkx=ykF ToLess > - (0 <= x)n > = (x< 0=-(-(x=

0)n)n)n; NegativeNumerical > = (x <= 0 = = (= (x = 0)n)n)n > |x|

( ux); SubLessLefthzyD%(§<=0:>%(%(5—0) jnn > S (y <=0=
41 (< (y = 0)n)n)n; NegativeNumerical > 1 (y <=0 = = (= (y = O)n)}l)n >y =

(—uy); eqSymmetry>|y| = (—uy) > (—uy) = |y|; EqNegated>x = y > (—ux) =

(—uy); eqTransitivity4 > [x| = (—ux) > (—ux) = (—uy) > (—u ) ly| > |x| =

ly[;Vx:Vy:x =y F Ded >Vx:Vy:0 <= xFx=yF x| =y >0<=x=x=y=

x| = |yl; Ded>Vx: Vy: = (0 <= x)nFx=yF x| =|y[ > (0 <=x)n=>x=y =

x| = |y|; FromNegations>0 <=x = x=y = x| = ly|[>- (0 <=x)n = x =y =

X[ =lyl>x=y=x=lyfMP>x=y =[x =|y[>x=y > [x| = |y[],po, )]

[SameNumerical ® B SystemQ - Vx: Vy:x =y F x| = ly]]

. tex .
[SameNumerical = “SameNumerical”]

[SameNumerical 2 ¥ “lemma sameNumerical”|
SignNumerical(+)
proof

[SignNumerical(4+) "— Ac.Ax. P(fSystemQ Fvx:-(0<=x= (0=
x)n)n)n - PositiveNumerical > = (0 <= x = = (= (0 = x)n)n)n > |x| =

x; PositiveNegated > - (0 <= x = - (- (0 =x)n)n)n > = ((—ux) <=0 =

4 (4 ((—ux) = 0)n)n)n; NegativeNumerical > = ((—ux) <=0 = = (- ((—ux) =
0)n)n)n > |(—ux)| = (—u(—ux)); DoubleMinus > (—u(—ux)) =

x; eqTransitivity & |(—ux)| = (—u(-ux)) > (—u(-ux)) = x> |(-ux)| =

x; eqSymmetry > |(—ux)| = x > x = |(—ux)[; eqTransitivity > x| = x> x =
()| > [x] = |(~w0)[], po, O]

[SignNumerical(+) "3 SystemQ F Vx: = (0 <= x = = (= (0 = x)n)n)n F |x| =
|(—ux)]]

[SignNumerical(+) ey “SignNumerical(+)”]

[SignNumerical(+) V¥ “emma signNumerical(+)”]
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SignNumerical

[SignNumerical progt ACAX.P([SystemQ - Vx: 5 (x <=0= = (- (x=0)n)n)n F
NegativeNegated > = (x <= 0= = (- (x = 0)n)n)n > = (0 <= (—u
4 (4 (0 = (—ux))n)n)n; SignNumerical(+) > = (0 <= (—ux) = =
(—ux))n)n)n > [(—ux)| = |(—u(—ux))}; DoubleMlnuS > (—u(—
x; SameNumerical > (—u(—ux)) = x> |(—u(—ux))| =

xl: eq Tramsitivity & |(—wg)| = |(—u( )] > [(—u(—w)| = g 3 |(—w0)| =
|x|; eqSymmetry > |(—ux)| = |x| > [x| = |(—ux)|; ¥x:x = 0 F EqNegated > x =
0> (—ux) = (—u0); =0 = 0 > (—u0) = 0;eqSymmetry >x = 0> 0 =

x; eqTransitivity4 > (—ux) = (—u0) > (—u0) = 0> 0= x> (—ux) =

x; eqSymmetry > (—ux) = x > x = (—ux); SameNumerical > x = (—ux) > |x| =
[(—ux)]; Vx: = (0 <= x = = (5 (0 = x)n)n)n F SignNumerical(+) > - (0 <= x =
S (5 (0 =x)n)n)n > |x| = |(—ux)|; ¥x: Ded > Vx: 7 (x <=0 = = (- (x =
Ommyn - x| = [(—w)] 3 - (x <= 0 = (= (x = O)m)n)n = x| =

[(—ux); Ded > Vx:x =0F |x| = [(—ux)| > x=0= |x| =

[(—ux)|; Ded > Vx: - (0 <=x = = (- (0 = x)n)n)n - x| = |(—ux)| > - (0 <=
x= 5 (5 (0=x)n)n)n = |x| = |(—ux)|; LessTotality > = (- (x <=0 =

A= x=0n)nn)n=-(x=0n=-0<=x=-(-(0=

x)n)n)n; From3Disjuncts > = (2 (x <= 0= - (- (x =0)n)n)n)n = = (x =
On=-0<=x=2("0=x)n)n)n>-(x<=0= (= (x=0)n)n)n =

Xl =[(—uw)|>x=0=[x] = |(-ux)| > (0 <=x= (= (0=x)n)n)n = [x| =
[(=ux)[ > [x| = [(=uwx)[], po, ¢)]

[SignNumerical 3 System(Q F Vx: |x| = |(—ux)]]

[SignNumerical ey “SignNumerical”|

[SignNumerical 2> ¥ “lemma signNumerical”]
ToNumericalLess

[ToNumericalLess POt N Ax. P([SystemQ F Vx:Vy: - (x <=y = = (- (x =

y)n)n)n = 0 <= x - NonnegativeNumerical > 0 <= x > [x| =

x; eqSymmetry B> [x| = x > x = |x|; SubLessLeft >x = [x| >~ (x <=y =
5 (5 (x = ymm)n > 5 (] <= y = 5 (5 (1] = y)myn)n; v Wy: = ((—u

x = 5 (= ((—uy) = x)n)n )an< OFLessNegatedDﬂ(( uy) <=x =
5 (5 ((Fuy) = mn > 5 ((—ux) <= (—u(—uy)) = = (4 ((—wx) =
(—u(—uy)))n)n)n; lemma nonpositiveNumerical > x <= 0> |x| =

(—ux); eqSymmetry > |x| = (—ux) > (—ux) = |x|; SubLessLeft > (—ux) =
x| > = ((—ux) <= (—u(-uy)) = = (5 ((—ux) = (—u(-uy)))n)n)n > = (x| <=
(—u(=uy)) = “ (> (x| = (~u(~uy)))n)n)n; DoubleMinus > (~u(—uy))

y; SubLessRight b (—u(—uy)) = y &  (jx] <= (—u(~uy)) = * (= (x| =
(Ca(—uy)mn)n > = () <=y = = (= (x| =

y)n)n)n; Vx: Vy: Ded > Vx: Vy: 5 (x <=y = = (4 (x = y)n)n)n F 0 <= x -
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=5 (x <=y=(x=ynnn>~((-uy) <=x=
~((Fuy) =x)nnjn>x <=0= 5 (x| <=y == (2 (X =

Jn; FromLeqGeq>0 <= x = = (|x| <=y= (> (x| =yn)nn>x <=0=
x| <=y = (" (x[ =yn)n)n > - (x| <=y = = (= (x| = y)n)n)n], po,c)]
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X

[ToNumericalLess *3" SystemQ F Vx: Vy: = ((—uy) <=x= = (- ((—uy) =
x)n)n)n F 5 (x <= y = (5 (x= X)n)n)n F=(x <= y == (= (x| = y)n)n)n]

. tex .
[ToNumericalLess — “ToNumericalLess”|

[ToNumerlcalLess X “lemma toNumericalLess” ]

FromNumericalGreater

proof

[FromNumerlcalGreater — Ac. A P([SystemQ F Vx: Vy: = (x <= |y| =
S (5 (x = ly)n)n)n - 0 <=y F NonnegativeNumerical > 0 <=y > ly| =
y; SubLessRight > [y| =y > = (x <= ly|= (= (x=ly)n)n)n> - (x <=y =
S (5 (x =y)n)n)n; WeakenOrl > = (x <=y = = (- (x =y)n)n)n > - (= (y <=
(cx) = (5 (y = (—ux)mmmn = 4 (x <=y = (5 (x =
) Vi Wy: = (x <= [yl = = (= (x = |ylm)mjn Fy <= 0 F
lemma nonposmweNumerlcal >y<=0>ly|= (- uy) SubLessnght > |y| =
(—uy) B (x <= ly] = (3 (= |yDm))n > = (x <= (<uy) = = (= (x =
(—uy))n)n)n; LessNegated > = (x <= (—uy) = = (= (x = (—uy))n)n)n >
= (Cu(-uy)) <= (—x) = (5 (—u(-uy)) = (~wc))n)n)n; DoubleMinus >
(—u(—uy)) = y; SubLessLeft > (— ( uy)) =y > ( —u((—ux)) <= (—ux) =

y=(—w)nnnn = - (x <=y = (H(x=

y )nDedDVxVyﬂ(x< |y\j—"(—'\(gz\y|)n)n)n|—x<=0}—%(%(y<=
(— x) = 7 (M (y = (—wx)n)n)n)n = S (x <=y = (7 (x=y

<=l (3= y <0 (2 <

S (5 ((—u(-uy)) = (—ux))n Jjnn > = (y <= (-ux) = = (5 (y
( ux))n)n)n; WeakenOr2 > -+ (y <= (—ux) = = (< (y = (—ux))n)n)n >
Sy <=(w) = (0 (y=(Cw)nnnn = S (x <=y = (0 (x=
7) n)n)n; Vx: Vy: Ded > Vx: Vy: = (x <= |y| = = (4 (x = |y[)n)n)n - 0 <=y F
TGy <=Cw) sy = Fw)nnnn s S x<sy =S (hkx =
)n)n()n > 5 (x <=lyl=Cx=ly)nnn=0<=y= (- (y <= (~ux) =

Il

|

o
x
|

J

]
<

Il

XDI;)D)H FMP > = (x <= M = (5 (x=]y)n)n)n =0 <;X = 4 (4



Sx<=y= (5 (x=y)n ) n; FromLque

A (5 (y = (Fw))mn)n)n = S (x <=y = = (2
S5y <= (twx) = 2 (5 (y = (-w))n)n)o)n = y
yymnn > = (5 (y <= (-ux) = 2 (5 (y = (tw))nnnn = S (x <=y =

= (= (x =y)n)n)n], po,c)]

[FromNumericalGreater S System(Q F Vx: Vy: =1 (x <= lyl= (- (x=

lyDn)n)n - = (5 (y <= (—ux) = = (= (y = (—ux))n)n)n)n = 5 (x <=y =
(2 (x=y)n)n)n]

<
\%
X = I

tex .
[FromNumericalGreater = “FromNumericalGreater”]

[FromNumericalGreater * VX “lemma fromNumericalGreater” ]

NumericalDifference

[NumericalDifference progf A AP ([SystemQ = Vx: Vy: SignNumerical >
|(x+ (—uy))| = [(—u(x + (—uy)))|; MinusNegated > (—u(x + (—uy))) =
(y + (—ux)); SameNumerical > (—u(x + (—uy))) = (y + (—ux)) >

(—u(x+ (—uy))[ = [(y + (—ux))[; eqTransitivity &> |(x + (—uy))| =
(—ulx+ (muy)) > [(mulx + (—uy)))| = |y + (-uwx))| > [(x + (-uy))| =
(y + (=ux))[1, po, ¢)]

NumericalDifference 3" SystemQ - ¥x: Vy: | (x + (—uy))| = |(y + (—ux))]]

|
|
|
[
[NumericalDifference =5 “NumericalDifference”]
[

NumericalDifference 5 “lemma numericalDifference” ]

NumericalDifferenceLess(Helper)

proof

[NumericalDifferenceLess(Helper) " — Ac.Ax.P([SystemQ F Vx: Vy: Vz: 0 <=
(x+ (—uy)) = = ((x+ (-uy)) <=z= (= ((x+ (-uy)) = Zn)n)n -
leqLessTransitivity > 0 <= (x + (—uy)) > “ ((x + (—uy)) <=z =

S (5 (x4 (muy)) =z)nnn > = (0 <=z= = (5(0 =

) )n)n; PositiveNegated > - (0 <=z = = (—'| (0=z)n)n)n > -~ ((—uz) <=0=
( ((—uz) = 0)n)n)n; LessAdditionLeft > - ((—uz) <= 0= = (= ((—uz) =
Jnjon > = ((y + (-uz)) <= (y+0) = = (5 ((y + (-uz)) =

(7 0))n)n)n; plusO > (y40) = y; SubLessRightt> (y+0) = y>= ((y+(—uz)) <=
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<
_|_

0) = = (= ((y + (-uz)) = (y + 0))n)n)n > = ((y + (—uz))
(y + (—uz)) = y)n)n)n; negativeToLeft(Leq)(1term) >0 <
; LessLeqTransitivity > = ((y + (—uz)) <=y = = (= ((y

e
X |

=
=

Dy <=x>((y+(-uz)) <=x= (= ((y + (-uz)
; NegativeToRight(Less) > = ((x + (—uy)) <=z = = (- ((x+ (—uy)) =
> A (x <= (z+y) = 2 (- (x = (z+y))n)n)n; plusCommutativity >

= (y+2);SubLessRight > (z+y) = (y+2) > " (x <= (z+y) = (7 (x =
)1(1)n)n > 5 (x <= (y+2z) = = (- (x = (y + z))n)n)n; JoinConjuncts >

X< |<

IN

n

[=]

— =
B
B
— — — T
s BB

< I<

N
ININ
=

+ +

—uz)) <=x= (7 ((y + (-uz)) =x)n)n)n >~ (x <= (y + z) =
=(y+2z)nn)n> (= ((y+ (-uz) <=x= (= ((y + (-uz)) =
n= (" (x<=(y+z)= (7 (x=(y+2z)n)n)n)n)nf,po,c)]

~

N
<
<+

X ]. -
=~
S~—

5
S~—

[NumericalDifferenceLess(Helper) I System(@ F Vx: Vy:Vz: 0 <= (x+(—uy))
(x4 (-uy)) <=z = 2 (5 (x4 (-uy)) = Zn)n)n - = (5 ((y +(-uz)) <=x=
(5 ((y+(-uz)) =x)n)n)n = = (5 (x <= (y+2) = 2 (5 x = (y+2))n)n)n)n)n]

[NumericalDifferenceLess(Helper) *= “NumericalDifferenceLess(Helper)”]

[NumericalDifferenceLess(Helper) X “lemma numericalDifferenceLess helper”]

NumericalDifferencel.ess

[NumericalDifferenceLess propf Ac.Ax.P([SystemQ +
Vx:Vy:Vz: 5 ([(x 4 (—uy))| <=z = 2 (5 (|(x + (—uy))| =z
(x + (—uy)) - NonnegativeNumerical > 0 <= (x + (—uy)) > |[(x + (—uy))| =
(x + (—uy)); SubLessLeft > |(x + (—uy))| = (x + (—uy)) > = (|(x + (—uy))| <=

z= (5 (|(x+ (—uy))| = zn)n)n > = ((x+ (—uy)) <=z =

(5 ((x + (—uy)) = z)n)n)n; NumericalDifferenceLess(Helper) > 0 <=

(x+ (-uy)) > = ((x+ (-uy)) <=z= (2 ((x+ (—uy)) = z)n)n)n >

S5 ((y + (—u2)) <= x = (= ((y + (—uz) = x)mn)n = = (5 (x <= (y +2) =
S (A (x = (y + z))n)n)n)n)n; Vx: Vy: Vz: = (|(x + (—uy))| <=z =

(A (|(x+ (—uy))| =z)n)n)n F - (0 <= (x + (—uy)))n - ToLess > = (0 <=
(x+ (—uy)))n> = (x+ (-uy) <=0= (2 ((x+ (-uy)) =

0)n)n)n; NegativeNumerical > = ((x 4 (—uy)) <=0 = = (= ((x + (-uy)) =
0)n)n)n > |(x + (—uy))| = (—u(x + (—uy))); MinusNegated >

(—u(x+ (—uy))) = (y + (—ux)); eqTransitivity &> |(x + (—uy))| =

(mulx+ (-uy))) > (-ulx+ (—uy))) = (y + (-ux)) > [(x + (—uy))| =

(y + (—ux)); SubLessLeft > |(x + (—uy))| = (y + (—ux)) > = (|(x + (—uy))| <=
z= (5 (|x+ (~uy))[ = zn)n)n > = ((y + (~wx)) <=z =

(= ((y + (—ux)) = z)n)n)n; NegativeNegated > = ((x + (—uy)) <=0 =

S (5 (x4 (muy) = 0)n)n)n > = (0 <= (—u(x+ (-uy))) = = (= (0 =
(—u(x+(—uy))))n)n)n; SubLessRight > (—u(x+(—uy))) = (y+(—ux))>= (0 <=
(—ulx+ (—uy))) = = (5 (0 = (—ulx+ (—uy))))n)n)n > = (0 <= (y + (-ux)) =
(5 (0 = (y + (—ux)))n)n)n; LessLeq > = (0 <= (y + (—ux)) = = (= (0 =
(y+(—ux)))n)n)n > 0 <= (y+(—ux)); NumericalDifferenceLess(Helper) >0 <=
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(y+ (—ux)) > = ((y + (-ux)) <=z = (2 ((y + (—ux)) = z)n)n)n >
S+ (Fuz)) <=y = (7 (x+ (-uz)) =yn)n)n = (5 (y <= (x+2) =
S (5 (y = (x+z))n)n)n)n)n; FirstConjunct > = (< ((x + (—uz)) <=y =

S (x4 (-uz)) =yhn)nn = (4 (y <= (x+z) = (7 (y =
(x+z))n)n)n)n)n > = ((x + (—uz)) <=y = 2 (2 ((x+ (-uz)) =

y)n)n)n; NegativeToRight(Less) > = ((x + (—uz)) <=y = = (= ((x+ (-uz)) =
ynn)n > S(x <= (y+z) = (0 (x=

(y + z))n)n)n; SecondConjunct > = (= ((x + (—uz)) <=y = - (- ((x+ (—uz)) =
ynnn = (5 (y <= (x+2z) = (2 (y = x+2z))n)n)n)n)n > - (y <=

(x+2z) = (= (y = (x+ z))n)n)n; PositiveToLeft(Less) > = (y <= (x + z) =
Sy =&+2)n)n)n > S ((y + (-uz)) <=x= (= ((y + (-uz)) =

x)n)n)n; JoinConjuncts > = ((y + (—uz)) <=x= (= ((y + (-uz)) =

x)n)n)n > = (x <= (y +2z) = (5 (x = (y +2))n)n)n > 5 (5 ((y + (-uz)) <=
x= (5 ((y+ (-uz)) =x)n)n)n = = (S (x <= (y+2) = (7 (x=

(y + z))n)n)n)n)n; Vx: Vy: Vz: Ded > Vx: Vy: Vz: = (|(x + (—uy))| <=z =

(0 (x4 (muy)) =zn)n)n F 0 <= (x+ (—uy)) = = (5 ((y + (—uz)) <=x=
S5 ((y+ (Fuz)) =x¥nnn = (2 (x <= (y+2) = (7 (x=

(y +2z))n)n)n)n)n > = (|(x + (—uy))| <=z = (= (|(x+ (—uy))| = z)n)n)n =
0<=x+(-uy)) = (2 ((y + (-uz)) <=x= (= ((y + (-uz)) = x)n)n)n =
Shx<=(yt+tz) = (0 (x=

(y +z))n)n)n)n)n; Ded o> Vx: Vy: Vz: = (|(x + (—uy))| <=z =

S (Ix+ (muy)l =zn)n)n E = (0 <= (x+ (—uy)))n F = (5 ((y + (—uz)) <=
x= (2 ((y+ (-uz)) =x)n)nn = S (S (x <= (y+2) = (0 (x =

(y +z))n)n)n)n)n > = (|(x + (—uy))| <=z = 5 (5 (|(x + (—uy))| = z)n)n)n =
(0 <= (x+ (—uy)))n = (5 ((y + (-uz)) <=x= = (2 ((y + (-uz)) =
x)n)n)n = 5 (5 (x <= (y+2z) = 2 (7 (x = (y+2))n)n)n)n)n; = (|(x+(—uy))| <=
z= (0 (Ix+ (-uy)l =zn)n)n E MP > = (|(x + (-uy))| <=z =

S (I + (—uy))l = zn)n)n = 0 <= (x+ (—uy)) = (2 ((y + (-uz)) <=
x= (5 ((y+ (-uz)) =x)nnn= S (S (x <= (y+2) = 7 (7 (x=

(y +z))n)n)n)n)n > = (|(x + (-uy))| <=z = = (= (|(x + (—uy))| = z)n)n)n >
0 <=+ (-uy)) = (= ((y+ (-uz)) <=x= (= ((y + (-uz)) = x)n)n)n =
S <=(y+z) = (5 (x = (y+2z)n)n)n)n)n; MP > = ([(x+ (—uy))| <=z =
(5 (Ix+ (—uy)l = z2n)n)n = 5 (0 <= (x+ (—uy)))n = = (2 ((y + (-uz)) <=
x= (5 ((y+ (-uz)) =x)nnn = S (S (x <= (y+2) = 7 (0 (x=

(y +z))n)n)n)n)n > = (|(x + (—uy))| <=z = (5 (|(x + (—uy))| = z)n)n)n >
20 <=+ (-uy))n= (= ((y + (-uz)) <=x= (= ((y + (-uz)) =
x)n)n)n = = (5 (x <= (y +z) = (= (x = (y + z))n)n)n)n)n; FromNegations >
0 <= (x+ (—uy)) = 2 (2 ((y + (-uz)) <=x= ~ (= ((y + (—uz)) = x)n)n)n =
Ahx<=(y+z)= (K= (y+2)n)nnnn> (0 <= (x+ (—uy)))n =
(5 (y+ (Fuz) <=x= A (2 ((y + (-uz)) =x)n)n)n = - (2 (x <= (y + z) =
S x=(y+2)n)n)n)n)n > = (5 ((y + (-uz)) <=x= (2 ((y + (-uz)) =
x)n)n)n = = (5 (x <= (y +z) = = (7 (x = (y + z))n)n)n)n)nJ, po, )]

x)n)n)n = = (4 (x <= (y +2z) = (- (x = (y + z))n)n)n)n)n]
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. . tex . .
[NumericalDifferenceLess = “NumericalDifferenceLess” |

pyk . . 77]

[NumericalDifferenceLess = “lemma numericalDifferenceLess

SplitNumericalSumHelper

proof

[SplitNumericalSumHelper “— Ac.Ax.P([SystemQ +
Vx: Vy: |[((—ux) + (—uy))| <= (|(=ux)| 4 [(—uy)|) F SignNumerical > |x| =
|(—ux)|; SignNumerical > |y| = |(—uy)|; AddEquations > |x| = [(—ux)| > |y| =

[(=uy)| > (x| + ly]) = (|(=ux)| + [(—uy)|); eqSymmetry &> (x| + |y|) =

(I(—w)| + [(—uy)]) > ([(—w)| + [(—uy)]) = (x| + [y}); —x —y = —(x+y) >
((—ux) + (—uy)) = (—u(x +y)); SameNumerical > ((—ux) + (—uy)) =
(—ux+y)) > [((—ux) + (—uy))| = |[(—u(x +y))[; SignNumerical > |(x +y)| =
|(—u(x +y))l;eqSymmetry &> [(x +y)| = [(—ux + y))[ > |[(-u(x+y))| =

|(x +y)|; eqTransitivity > [((—ux) + (—uy))| = [(—u(x + y))| > [(—u(x + y))| =
|(x +y)| > [((—ux) + (—uy))| = |(x + y)|; subLeqRight > (|(—ux)| + [(—uy)|) =
(IxI+TyD) > [((—ux) + (—uy))| <= (|(—wx)| + [(—uy)]) > [((—ux) + (—uy))| <=
(Ix| + [y]); subLeqLeft &> |((—ux) + (—uy))| = |(x + y)| > |((—ux) + (—uy))| <=
(X[ + ly[) > [(x + y)[ <= (x| + [y}, o, ¢)]

[SplitNumericalSumHelper 2" System(Q + Vx: Vy: [((—ux) + (—uy))| <=
(I(=w)] + |[(=uy) ) F [(x+y)| <= (x| + [y])]

[SplitNumericalSumHelper tex “SplitNumericalSumHelper” |

[SphtNumerlcalSumHelper Y emma splitNumericalSumHelper”]

splitNumericalSum (++)

proof

[splitNumericalSum(++) "— Ac.Ax.P([SystemQ F Vx:Vy: 0 <= xF 0 <=y
AddEquations(Leq) > 0 <= x>0 <=y > (0+0) <= (x+y); plus0 >
(04+0) = 0;subLeqLeft > (0+0) =01 (04+0) <= (x+y) > 0<=

(x +y); NonnegativeNumerical > 0 <= (x +y) > |(x +y)| =

(x+ ;) NonnegativeNumerical > 0 <= x > [x| = a

x; NonnegativeNumerical > 0 <=y > |y| = y; AddEquations > |x| = x> |y| =

y > (Ix| + ly]) = (x +y); eqSymmetry > (|x| + |y]) = (x +y) > (x+y) =

(x| + [y]); eqTransitivity > [(x + y)| = (x+y) > (x+y) = (X +[y]) > |(x+y)| =
(I + [yD); ealeq & [(x + y)[ = (x| + [y[) > [(x + y)| <= (Ix| + [y])], po, )]

[splitNumericalSum(++) "= *I SystemQ F Vx: Vy:0<=xF0<=ykF
|+ y)l <= (Ix| + ly])]

[splitNumericalSum(++) * ¢

splitNumericalSum(-++)”]

[splitNumericalSum(++) P “lemma splitNumericalSum(++)"]
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splitNumericalSum(——)

[splitNumericalSum(——) "— PO AeAx. P([SystemQ - Vx: Vy:x <=0Fy <=0F

NonpositiveNegated > x <= 0> 0 <= (—ux); NonpositiveNegated >y <= 0>
0 <= (—uy); splitNumericalSum(++) > 0 <= (—ux) > 0 <= (—uy) >

|((—ux) + (—uy))| <= (|(—ux)| + |(—uy)|); SplitNumericalSumHelper >

|(—ux) + (—uy))| <= (|(-w)[ + [(—uy)]) > |[(x +y)| <= (x| + [y])], po, )]

[splitNumericalSum(——) "= I SystemQ F Vx: Vyix<=0ky<=0F

[(x+y)I <= (x| + lyD]
[splitNumericalSum(—-—) ¥ “splitNumericalSum(--)”]

[splitNumericalSum(——) P “lemma splitNumericalSum(--)”]

splitNumericalSum(+ — small)

proof

[splitNumericalSum(+ — small) "= Ac.Ax.P([System@Q F Vx: Vy: 0 <= x I

y <=0+ |y| <= |x| F LeqAdditionLeft >y <= 0>> (x+y) <= (x+ 0); plus0 >
(x+0) = x;subLeqRight > (x + 0) = x> (x +y) <= (x+0) > (x +y) <=

X; PosmveTonght(Leq)(1term) > ly| <=[x] > 0<= B

(Ix| + (—uly|)); lemma nonpositiveNumerical >y <= 0> |y| =

(—uy); EqNegated > |y| = (—uy) > (—uly|) = (—u(—uy)); DoubleMinus >
(—u(—uy)) = y; eqTransitivity &> (—uly|) = (~u(-uy)) > (-u(-uy)) =y >
(—uly|) = y; NonnegativeNumerical > 0 <= x > |x| = x; AddEquations > x| =
x> (—uly|) =y > (Ix| + (~ulyl)) = (x+y); subLeqRight &> (|x| + (—uly])) =
(x+y) >0 <= (x| + (=uly])) > 0 <= (x + y); NonnegativeNumerical > 0 <=
(x+y) > |(x+y)| = (x+y);eqSymmetry > [(x +y)| = (x+y) > (x+y) =

|(x + y)|; eqSymmetry > [x] = x > x = |x|; subLeqLeft > (x +y) =

I(é )| > (x+y) <=x>|(x+y)| <= x;subLeqRight > x = |x| > [(x +y)| <=

> [(x+y)| <= [x[], po, )]

[splitNumericalSum(+ — small) SystemQ FVx:Vy:0 <=xky<=0Hk
lyl <= Ix[ F [(x+y)I <= |x]]

[splitNumericalSum(+ — small) tex “splitNumericalSum(+-small)”]

[splitNumericalSum(+ — small) 2 “lemma splitNumericalSum (+-,
smallNegative)”]

splitNumericalSum(+ — big)

proof

[splitNumericalSum(+ — big) "= Ac.Ax.P([SystemQ - ¥x: Vy:0 <=xFy <=
F (x| <= |yl = = (= (x| = ly[)n)n)n - NonnegativeNegated > 0 <= x >

(6]



(—ux) <= 0; NonpositiveNegated >y <= 0> 0 <= (—uy); SignNumerical >
[x| = [(—ux)|; SubLessLeft & [x| = [(—ux)| &> = (x| <= ly| = = (= (x| =
lyDm)n)n > = (J(—ux)| <= [y| = = (= (|(—uwx)| = |y[)n)n)n; SignNumerical >

|yl = |(—uy)|; SubLessRight t> [y| = [(—uy)| &> = (|(-ux)[ <= [y| =

S (3 ([(ux)] = lyhn)n)n > = ([(—ux)| <= [(—uy)| = = (= (|(—ux)| =
|(—uy)|)n)n)n; LessLeq > = ([(—ux)| <= [(—uy)| = = (= (|(—uwx)| =
|(—uy)[)n)n)n > [(—ux)| <= |(—uy)|; splitNumericalSum(+ — small) > 0 <=
(—uy) > (—ux) <= 01 [(—ux)| <= [(—uy)| > [((—uy) + (-ux))| <=

|(—uy)|; SignNumerical > [(x +y)| = [(—u(x+y)) —x -y = —(x+y) >
((—ux) + (—uy)) = (—u(x +y)); plusCommutativity > ((—ux) + (—uy)) =
((—uy) + (—ux)); Equality > ((—ux) + (—uy)) =

(—u(x+y)) > ((—ux) + (—uy)) = ((—uy) + (—ux)) > (—u(x+y)) = ((—uy) +
(—ux)); SameNumerical > (—u(x +y)) = ((—uy) + (—ux)) > |[(—u(x+y))| =
|[((—uy) + (—ux))[; eqTransitivity > [(x + y)| = [(—u(x+y))| > [(—u(x +y))| =
|((—uy) + (—uwx))| > [(x+y)| = |[((—uy) + (—ux))[; eqSymmetry &> [(x + y)| =
|((—uy)+(—ux))| > |((—uy) +(—ux))| = [(x+y)|; eqSymmetry > |y| = [(—uy)| >
|(—uy)| = ly|; subLeqLeft > |((—uy) + (—ux))| = |[(x+y)| > [((—uy) + (—ux))| <=
[(—uy)| > [(x+y)| <= |(—uy)|; subLeqRight > |(—uy)| = |y| > [(x +y)| <=
|(—uy)| > |(x+y)| <= ly[l, po, )]

stmt

[splitNumericalSum(+ — big) "—" SystemQ F Vx: Vy: 0 <= xFy <=0
S ([ <=yl = 2 (= (x] = lyDn)n)n - [(x + y)| <= ly]]

[splitNumericalSum(+ — big) s “splitNumericalSum(+-big)”]

[splitNumericalSum(4 — big) 2 ¥ “lemma splitNumericalSum (+-,
bigNegative)”]

splitNumericalSum(+—)

[splitNumericalSum(+—) "= POt \eAx. P([SystemQ - Vx: Vy: ly| <= [x| F 0 <=

x Fy <= 0+ splitNumericalSum(+ — small) > 0 <= x>y <=0 |y| <= |x| >
|(x+y)| <= |x[;0 <= [x| > 0 <= |y|; LeqAdditionLeft > 0 <= |y| >

(Ix] +0) <= (x| + |y]); plus0 > (|x| + 0) = |x|; subLeqLeft &> (|x| 4- 0) =

x| > (I +0) <= (x| +[y[) > |x| <= (|x| + [y|); leqTransitivity > [(x +y)| <=
[ & x| <= (x| +Iy]) > [(x +y)| <= (Ix] +[y[); Vx: ¥y: = (ly| <= [x[)nF 0 <=

xFy<=0F ToLess > = (ly| <= [x|)n > = (x| <=|y| = = (= (]x| =

ly[)n)n)n; splitNumericalSum(+ — big) > 0 <= x>y <= 0> (x| <= |y| =
S (5 (X = lyDnn)n > [(x+y)| <= ly[; 0 <= x| > 0 <=

x|; leqAddition > 0 <= |x| > (0 + |y|) <= (x| + |y|); lemma plusOLeft >

(0+ Iyl) = Iyl subLeaLeft & (0 + [yl) = Iyl & (0+iy]) <= (ix] + yl) > ly| <=
x| + ly]); leqTransitivity o> |(x + y)| <= [y| & |y| <= (Ix] + ly|) > [(x +y)| <=

); Vx: Vy: Ded > Vx: Vy: |y| <= [x| FO <=xFy<=0F|(x+y)| <=

D>yl <=k=0<=x=y<=0=|x+y)| <=

);Ded > Vx:Vy: = (ly| <= [x)nk 0 <=xFy <=0F|(x+y)| <=
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+ly) >~ (lyl <=xn=0<=x=y<=0=|(x+y)| <= (]x|+]y[);0 <=
y <=0 F FromNegations > [y| <= |x| > 0 <=x=>y <=0= |(x+y)| <=
+lyDe =yl <=xn=0<=x=y<=0=|(x+y)| <= (x| +y]) >
=x=y<=0=|x+y) <= (x+]y)iMP2>0<=x=y<=0=
(x+y)|<=(xl+]y) >0 <=x>y<=0>|(x+y)| <= (x| +|y])], po,c)]

[splitNumericalSum(+—) " SystemQ F Vx: Vy:0<=xkFy<=0F
|[(x+y)| <= (X + ly])]

tex

[splitNumericalSum(+—) = “splitNumericalSum(+-)”]

[splitNumericalSum(+-—) X “lemma splitNumericalSum(+-)”]

splitNumericalSum(—+)

f
) proo

[splitNumericalSum(— A A P([SystemQ F Vx: Vy:x <=0+ 0 <=y -
NonpositiveNegated > x <=0 > 0 <= (—ux); NonnegativeNegated > 0 <=
y > (—uy) <= 0;splitNumericalSum(+—) > 0 <= (—ux) > (—uy) <= 0>
[((—ux) + (—uy))| <= (|(—ux)| 4 |(—uy)|); SplitNumericalSumHelper >

|

[((mux) + (—uy))| <= ([(=w)| + |(=uy)) > |(x + )| <= (|x] + [y}, po, ©)]

[splitNumericalSum(—+) 23 Y SystemQ b Vx: Vyix<=0F0<=yk
|(x+y)l <= (Ix| + ly])]
tex

[splitNumericalSum(—+) = “splitNumericalSum(-+)”]

[splitNumericalSum(—+) ¥ “lemma splitNumericalSum(-+)"]

splitNumericalSum

proof

[sphtNumemcalSum — A A P([SystemQ F Vx: Vy: 0 <= xF 0 <=y
splitNumericalSum(++) >0 <=x>0 <=y > |[(x +y)| <=

(Ix[ 4+ [y]); ¥x: Vy: 0 <=xFy <=0F sphtNumerlcalSum( —)>0<=x>y<=
0>>\(x—|—y)|< (|x|—|—|y|)VxVyx< OFO0O<=yF
splitNumericalSum(—+) > x <=0 0 <= y>>|(x—|—y)|<—

(x| + ly]); ¥x: Vy:x <= 0 F y <= 0 |- splitNumericalSum(——) > x <= 0>y <=
0> |(x+y)| <= (x| +|y|); ¥x: Vy: Ded > ¥x: Vy: 0 <= x - 0 <=y F |(x +y)| <=
(X[ +1y) >0<=x=0<= y:>\(x+y)|< (Ix] + ly]); Ded > ¥x: Vy: 0 <=
xby<=0F|x+y)|<=(xl+ly) >0<=x=y<=0=|x+y)| <=
(|x|—|—|y\) Ded > Vx:Vy:x <=0 0 <=y F|(x+y) <= (x| +]y]) >x<=0=
0<=y=|(x+y)| <= (x| +|y|); Ded > Vx:Vy:x <= 0y <=0+ |(x +y)| <=
x| +ly]) >x<=0=y <=0=|(x+y)| <= (]x| + |y|); FromLeqGeq > 0 <=
x=0<=y=|x+y)<=(x+y)>x<=0=0<=y=|(x+y)| <=

x| +ly]) >0 <=y =|[(x+y)| <= (x| + |y|); FromLeqGeq > 0 <= x =y <=

~IX
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0= |x+y)l<=x+ly)>x<=0=y<=0=|x+y)| <= (x| +ly]) >
y <=0=[(x+y)| <= (x| + ly]); FromLeqGeq > 0 <=y = |(x +y)
(Xl +ly) >y <=0=[x+y)l <= (x+lyD) > [(x+y)] <= (x|

[splitNumericalSum *3" SystemQ F Vx: Yy [(x+y)| <= (x| + |y])]

[splitNumericalSum = “splitNumericalSum”]

[splitNumericalSum P “emma splitNumericalSum”]

SplitNumericalProduct(++)

proof

[SplitNumericalProduct(4++) "— Ac.Ax.P([SystemQ F Vx: Vy: 0 <=xF 0 <=
y - NonnegativeFactors >0 <= x>0 <=y > 0 <= B

x * y); NonnegativeNumerical > 0 <= (x *y) > |(x * y)| =

Xk j; NonnegativeNumericalt>0 <= x > |x| = x; NonnegativeNumerical>0 <=
y > |y| = y; MultiplyEquations > |x| = x> |y| =y > (|x| * |y|) =

e )soaSymncey b (3]« ) = (50 9) > (0) = (b s Tty >
491 = ) 52) = (o ) > i+ 91 = i+ )T o)

(x
[SphtNumerlcalProduct(—|—+) B SystemQ - Vx: Vy:0<=xF0<=yF
| y)| = (Ix[ * [y])]

[SplitNumericalProduct(++) = “SplitNumericalProduct(++)"]

[SplitNumericalProduct(++) 2 ¥ “Yemma splitNumericalProduct(++)”]

SplitNumericalProduct(+—)

[SplitNumericalProduct(+—) "— POt \eAx. P([SystemQ - ¥x:Vy:0 <=xFy <=

0 I SignNumerical > |(x* y)| = |(—u(x * y))|; eqSymmetry > [(x * y)| =

(—ulx*y))[ > |(-ulx*y))| = [(x * y)|; PlusTimesMinus > (x * (—uy)) =
u(x *y)); SameNumerical &> (x * (—uy)) = (—u(x *y)) > |(x * (—uy))
((x*y)))

| =

(—u s eqTransitivity>| (x+(—uy))| = |(=u(xxy))[>[(—u(xxy))| = [(x+y)] >
(x * )| = |(x * y)|; SignNumerical > |y| = [(—uy)|; eqSymmetry > |y| =
(—uy)| > |(—uy)| = |y|; lemma eqMultiplicationLeft > |(—uy)| = |y| >
x| | (—uy)]) = (|x| * [y|); NonpositiveNegated >y <= 0> 0 <=

|
i
|
|
(
(—uy); SplitNumericalProduct(++) > 0 <= x> 0 <= (—u
(
(
|

y y) > |(x* (—uy))| =
|| * | (—uy)|); eqTransitivity > |(x * (—uy))| = (x| * |(—uy)]) > (x| * [(-uy)]) =
x| ly)) > [(x+ (—uy))| = (x| * |yl); Equality & | (x * (—uy))| =
(oY)l > [ (—uy))| = (Ix[ * lyl) > [(x* y)| = (I * lyDT, po; ¢)]

[SplitNumericalProduct(+—) stmpt SystemQ I Vx: Vy:0 <=xFy <=0F
[(x*y)| = (Ix] = |y])]

8



[SplitNumericalProduct(+—) < “SplitNumericalProduct(+-)”]

[SplitNumericalProduct(+—) * VX “lemma splitNumericalProduct(+-)”]

SplitNumerical Product

proof

[SplitNumericalProduct "= Ac.Ax.P([SystemQ F Vx: Vy: 0 <= xF 0 <=y
SplitNumericalProduct(++) > 0 <= x>0 <=y > |(x*y)| =

(1] * ly]); Vx: Vy: 0 <= x - y <= 0 I SplitNumericalProduct(+—) > 0 <=

x>y <=0 [(xxy)| = (x| *|y]); Vx:Vy:x <= 0F 0 <=y I-
SplitNumericalProduct(+—) >0 <=y > x <= 0> [(y *x)| =

(y| * |x|); timesCommutativity > (x * y) = (y * x); SameNumerical &> (x * y) =
(y#x) > [(x*y)| = [(y * x)|; timesCommutativity > (|y| * |x|) = B
(1| y))s eqTransitivityd & |(x < y)| = [(y )| & |(y +)| =

(Iyl = 1) (ly] 1) = (] * [y]) > [xy)] = (x| ¥ Iyl)s Yo Wy x <= 0 F y <=
0 - NonpositiveNegated > x <= 0 > 0 <= (—ux); NonpositiveNegated >y <=
0>> 0 <= (—uy); SplitNumericalProduct(++) > 0 <= (—ux) > 0 <= (—uy) >
() + (—uy))| = (|(—ux)] * |(—ay)]); MinusTirmesMinus > ((—ux) * (—uy)) =
(x * y); SameNumerical &> ((—ux) * (—uy)) = (x*y) > [((—ux) * (~uy))| =
(xy)l; cqSymmetry > [((—ux) * (~uy))| = |(x*y)| > [(cx y)| =

|

|((—ux) * (—uy))|; SignNumerical > |x| = |(—ux)|; SignNumerical > |y| =
|(—uy)|; MultiplyEquations > |x| = [(—ux)| &> [y| = [(—uy)[ > (|x[ = |y[) =
(|(=ux)| * [(—uy)|); eqSymmetry > (|x| * [y|) = (|(—ux)| * [(—uy)[) >
([(=ux)| = [(—uy)|) = (x| * ly|); eqTransitivity4 &> [(x * y)| =

|((—ux) = (—uy))[ > |((—ux) * (—uy))[ = ([(—ux)|* |(—uy)[) > ([(—ux)|*|(—uy)]) =
(IXI#[yD) > [(xxy) = (x| #[y]); Vx: ¥y: Ded > ¥x: Vy: 0 <= x = 0 <=y - |(x*y)|
(Ix[*y]) >0 <=x=0<=y=|(x*y)| = (]x| *|y|]);Ded > Vx: Vy: 0 <= x -
y<=0F|[xx*y)|=(x*]y)) >0<=x=y<=0=[(xx*y)| =

(Ix[ * |y]); Ded > ¥x: Vy:x <= 0F 0 <=y F |[(xxy)| = ([x] ¥ |y]) > x <= 0=
O<=Z$|(x*y)|—(|x| ly);Ded >Vx:Vy:x <=0Fy <=0F |[(x*y)| =
(Ix[*]y) >x<=0=y <= O:>|(x>ky)|—(|x| ly]); FromLeqGeq > 0 <= x =
0<=y=|x*y)|=(x[*ly)>x<=0=0<=y=|x*y) = (x| *y)) >
0<=y=|(xxy)| = (]x[ * |y]); FromLeqGeq > 0 <=x =y <= 0= |(xxy)| =
(Xl *[y) >x<=0=y<=0=|x*y)| = (x*|y) >y <=0=[(x*y)] =
([ * ly|); FromLeqGeq > 0 <=y = |(x xy)| = (|x| * |y[) >y <= 0= [(x*xy)| =
(Ixl* [y]) > [(x*y)| = ([x] * ly[)], po, )]

[SplitNumericalProduct ° sy SystemQ = Vx: Vy: [(x * y)| = (|| * |y])]

[SplitNumericalProduct > “SplitNumericalProduct”]

[SplitNumericalProduct *% ¥ “lemma splitNumericalProduct”]
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insert MiddleTerm(Numerical)

[insertMiddleTerm(Numerical) progf Ac. Ax.P([SystemQ -

Vx: Vy: Vz: splitNumericalSum > [((x + (—uz)) + (z +y))| <=
(|(x+ (—uz))| + [(z + y)|); insertMiddleTerm(Sum) > (x +y) =
(x-+ (—uz)) + (2 + y)); SameNumerical & (x +y) = ((x + (—u2)) + (z +)) >
G+ )| = [((x+ (—u2)) + (2 + y)) s cqSymmetry > |(x +y)| =

[((x+ (—uz)) + Z+y)| > [((x+ (-uz)) + (z+y))| =

|(x-+y)|; subLeqLefte>[((x+(—uz))+(z+y))| = |(x-+y)|>|((x+(—uz)+(z+y))| <=
(I + (—u2)| + 1z + Y > [+ y)| <= (x+ (—uz)| + [z + y)D1, po. ©)]

[1nsertM1ddleTerm(Numerlcal) M SystemQ F Vx: Vy:Vz: |(x +y)| <=
(I + (—uz))| + [z +y)])]

[insertMiddleTerm(Numerical) s 1nsertM1ddleTerm(Numerlcal) ]
[

insertMiddleTerm(Numerical) 25 “lemma insertMiddleTerm(Numerical)”]

insert TwoMiddleTerms(Numerical)

I‘OO

[insert TwoMiddleTerms(Numerical) "= Ac.Ax.P([SystemQ +

Vx: Vy: Vz: Yu: insert MiddleTerm (Numerical) > |(x +y)| <=

(|( ( uz) | +(z + y)|); insertMiddleTerm(Numerical) > |(z +y)| <=

+ |(u+y)|); LeqAdditionLeft > |(z + y)| <=

u +y)|) > (|(x+ (-u2)| + [z +y)]) <=

( ( w))| + I(u +y)|));leqTransitivity >|(x+y)| <=

[(x+ (-uz)[ + [z +y)l) <

u +y>|)) > [(x+y)l <=

u +y)|)); plusAssociativity >

uty)) = (|(x+(—uz)|+ (| (z

+l(z+(-u ))|)+|(U+Y)|)—

[(x+ (—uz))| + (|2 + (—uw))| +

—uw))) +[(u+y)[); subLeqRight &> (|(x +

x+(—uz))| +[(z+ (—uw)) +[(u+y)

+1u+y)) > [x+y)l <=
)+|(U+Y)|ﬂ Po, )]
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1) "3 SystemQ F Vx: Vy:Vz:Vu: [(x +y)| <=
(u+y))]

[insertTwoMiddleTerms(Numerica
|

([x+ (—uz)| + |z + (—uw))]) +
insertTwoMiddleTerms(Numerical tex 1nsertTwoM1ddleTerms(Numerlcal) ]

[ )
[insert TwoMiddle Terms(Numerical) 2%
insert TwoMiddleTerms(Numerical)”]

“lemma,
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Three2twoTerms

[Three2twoTerms progf Ac.Ax.P([SystemQ F Vx: Vy:Vz: Vu: (y +z) = u k-

lemma eqAdditionLeftt> (y+z) = u > (x+(y+z)) = (x4u); plusAssociativity >
(x+y) +2) = (x+ (y + 2)); eqTransitivity > ((x +y) +2) =

x+(y+2)> x+(y+2) = x+u) > (x+y) +2) = x+u)lpo,c)]

[Three2twoTerms *=" SystemQ F Vx: Vy:Vz:Vu: (y +z) =ubk ((x+y) +2) =
(x+ u)]

[Three2twoTerms tex “Three2twoTerms” |

[Three2twoTerms VX “lemma three2twoTerms” ]

Three2threeTerms

[Three2threeTerms propf AcAx. P([SystemQ F Vx: Vy: Vz: plusCommutativity >

+2) = (z+y); Three2twoTerms > (y +2z) = (z+y) > ((x+y) +2) = (x+ (z+

(y
y)); plusAssociativity > ((x+z)+y) = (x+(z+y)); eqSymmetry > ((x+2z) +y) =
X+ (z+y)) > (x+ (z+y)) = ((x+2) +y);eqTransitivity > ((x +y) +2z) =

x+(z+y) > (x+(z+y) =(x+2)+y) > (x+y)+2) = ((x+2)+y) ], po; )]

[Three2threeTerms e System@Q = Vx: Vy:Vz: ((x +y) +2) = ((x +2) +y)]
[Three2threeTerms s “Three2threeTerms” |

[Three2threeTerms X “lemma three2threeTerms” |

Three2twoFactors

proo

[Three2twoFactors *— ! ACAX.P([SystemQ F Vx: Vy:Vz:Vu: (yxz) =u b
lemma eqMultiplicationLeft > (y * z) = u > (x * (f* z)) = B

(x*u); timesAssociativity > ((xxy)*z) = (x*(y*z)); eqTransitivity > ((x*+y)*z) =
(x* (y*2)) > (x* (y*2)) = (xxu) > ((x*y) ¥2) = (x* )], po, )]

[Three2twoFactors *5' SystemQ + V: Vy:Vz: Vu: (y*z) = u b= ((x*y)*z) = (x*u)]
[Three2twoFactors “= “Three2twoFactors”]

k
[Three2twoFactors % “lemma three2twoFactors”]
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Three2threeFactors

[Three2threeFactors "— FAcx. P([SystemQ +

Vx: Vy: Vz: timesCommutativity > (y * z) = (z * y); Three2twoFactors > (y * z) =
(zxy) > ((x*y) *z) = (x* (z*y)); timesAssociativity > ((x *z) xy) =

(x* (z*y)); eqSymmetry &> ((x #2) xy) = (x* (z*y)) > (x* (zxy)) =

EEX % z) * y); eqTransitivity > ((x xy) xz) = (x* (zxy)) > (x* (z*y)) =

xxz)xy) > ((x*y) *2z) = ((x*2) *y)], o, )]
Three2threeFactors "' SystemQ - Vx: Vy:Vz: ((x*y) xz) = ((x* 2) *y)]

[
[Three2threeFactors ' “Three2threeFactors”]
[

Three2threeFactors 23 “lemma three2threeFactors”|

Times(—1)

proof

[Times(—1) "= Ac.Ax.P([SystemQ - Vx: Negative > (1 4 (—ul)) =
0; plusCommutativity > ((—ul) + 1) =
(1 + (—ul));eqTransitivity > ((—ul) + 1) = (1 4+ (—ul)) > (1 + (—ul)) = 0>

((—ul) + 1) = 0;lemma eqMultiplicationLeft &> ((—ul) + 1) = 0>
(x#((—ul)4+1)) = (xx0); xx0 = 0 > (x*0) = 0; eqTransitivityt> (x*((—ul)+1)) =
(x*0) > (x*0) = 0> (x*((—ul) + 1)) = 0; Distribution > (x* ((—ul) +1)) =
(oo (—ul)) + (xx1)); eqSymumetry B (o (—ul) + 1)) = (o (—ul)) + (1)) 3
(G (—ul))+ (x+1)) = (xx((—ul) +1)); eqTransitivity > ((x+ (—ul)) + (x+1)) =
(s (=) + 1)) B (o ((—ul) + 1)) = 0 > ((x (—ul)) + (x5 1)) =

0; PositiveToRight(Eq) > ((x * (—ul)) + (xx 1)) = 0> (x* (—ul)) =

(0 + (—u(x* 1)));lemma plusOLeft > (0 + (—u(x* 1))) =

(—u(x*1)); eqTransitivity > (x* (—ul)) = (04 (—u(x*1))) > (0+ (—u(x*1))) =
(—u(x*1)) > (x* (—ul)) = (—u(x*1)); timesl > (x* 1) =

x; EqNegated > (xx 1) = x > (—u(x*1)) = (—ux); eqTransitivity > (x* (—ul)) =
(mulx* 1)) > (-ulx 1)) = (-ux) > (x* (—ul)) = (~ux)], po, )]

[Times(—1) I SystemQ b Vx: (x * (—ul)) = (— ux)]

[Times(—1) *% “Times(-1)”]
[

Times(—1) X “lemma times(-1)”]

Times(—1)Left

[Times(—1)Left PO NCAX. P([SystemQ F Vx: Times(—1) > (x x (—ul)) =
(—ux); timesCommutativity > ((—ul) * x) = (x * (—ul)); eqTransitivity >

((—ul) #x) = (x (—ul)) & (x* (—ul)) = (—ux) > ((—ul) #x) = (~ux)], po,c)]
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[Times(—1)Left **3* SystemQ F ¥x: ((—ul) * x) = (—ux)]

tex

[Times(—1)Left = “Times(-1)Left”]

[Times(—1)Left P “lemma times(-1)Left”]

MaxLeq(1)

proof

[MaxLeq(1) "= Ac.Ax.P([SystemQ I ¥x: Vy:y <= x - FromMax(1) >y <=
x> if(y <= x,x,y) = x;eqSymmetry > if(y <= x,x,y) = x> x = if(y <=

X, %,Y); eqLeql>x-1f(y<—xxy)>>x<—1f(y<—;<xy) Vx:Vy: - (y <=
x)n F FromMax(2) > = (y <= x)n > if(y <—xxy)—y,eqSymmetryl>1f(y <=
xxy)—x>>y—1f(y<_xxy)ToLessD Ay <=xn> S (x<=y=

S (- (x = y)n)n)n; LessLeq > 1 (x <=y = 51 (5 (x = y)n)n)n > x <=
y;subLeqRight > y = if(y <= x,x,y) > x <=y > x <=if(y <=

X, %, Y); Vx: Vy: Ded > Vx: Vy:y <= x F x <= 1f(y<—><xy)>> <=x=X

if(y <= x,x,y); Ded > Vx: Vy: 1 (y <= x)n - x <= if(y <= x,x,y) > ﬁ(7<

x)n = x <= if(y <= x,x,y); FromNegations > y <= x = x <= if(y <=
X, %,y) > (y <= x)n:> x <= if(y <=x,x,y) > x <=if(y <= x,%,y)],Po, )]
[MaxLeq(1) " SystemQ - ¥x: Vy: x <= if(y <= x,x,y)]

) =
[MaxLeq(1) % “MaxLeq(1)”]
) =

[MaxLeq(1) 25 Y “Jemma leqMax1”]

MaxLeq(2)

[MaxLeq(2) "— POt \eAx. P([SystemQ - ¥x: Vy:y <= x - FromMax(1) >y <=
x> if(y <= x,x,y) = x;eqSymmetry > if(y <= x,x,y) = x> x = if(y <=
x,%,y);subLeqRight > x = if(y <= x,x,y) >y <= x>y <=if(y <=

xxy) Vx: Vy—|(y<—x)n|—FromMax()> Ay <=x)n > if(y <= x,x,y) =
y; eqSymmetry B> if(y <= x,x,y) =y >y = if(y <= x,x,y);eqLeq >y = if(y <=
X X,y) >y <= 1f(y<—xxx)VxVyDedDVxVyy<—x}—y< if(y <=
xxy)>>y<—x:>y< if(y <=x,x,y);Ded > ¥x: Vy: 2 (y <= x)n Fy <=
1f(yQ:xxy) > 5 (y<fx);1 =y <=if(y <= x,x,y); FromNegations >y <=
<=ifly <=x,xy) > (y <=x)n =y <=ifly <= x,x,y) >y <=

y
if(y <= x,x, Xﬂ P, C)]
[MaxLeq(2) —

S

( B SystemQ F Vx: Vy:y <=if(y <=x,x,y)]
[MaxLeq(2) ey “MaxLeq(2)”]
(2)

pyk

[MaxLeq(2) = “lemma leqMax2”]
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LessThanMax

f
[ proo

LessThanMax " — Ac.Ax.P([SystemQ F Va: Vx: Vy:Vz:a = S (x <=y =
S5 (x=ynnnkakMPra=-(x<=y= (2 (x=y)n)n)n>a>
S (x <=y = (7 (x=y)n)n)n; MaxLeq(1) >y <=if(z <=

Y.Y,2); LessLeqTransitivity >o(x<=y=>"("(x=ynnnp>y<=if(z <=

Y, Y,2) > S (x<=if(z <=y,y,z) = - (- (x = if(z <=

y,¥,z))n)n)n; Va: Vx: Vy:Vz: 2 (a)n = = (x <=z = - (2 (x=z)n)n)n - = (a)n F

MP>-(an= S(x<=z=-(-(x=z)n)n)n> " (a)n> - (x <=z =

= (5 (x = z)n)n)n; MaxLeq(2) > z <= if(z <=y, y, 2); LessLeqTransitivity >

Ax<=z=(E=zn)n)n>z<=if(z<=y,y,z) > - (x <=if(z <=

Y:Y:Z z) = S (= (xfif(z< Y,¥,z))n)n)n; Va: Vx: Vy: vz: Ded > Va: Vx: Vy: Vz:a =
Tlxamy = x =y b a b (x < iz <= y,,2) = 5 (4 x =

if(z <=vy,y,z))n)n )n>>a:ﬁ(x< y="("x=ynnn=a=(x<=

1f(z <=v,y,2z) = 2 (n(x=if(z <=y,y,z))n)n)n; Ded > Va: ¥x: Vy: Vz: - (a)n =
Ax<=z=>" (Ex=znnnk(ank(x<=if(z<=y,y,z) = (- (x=

f(2< Y,¥,z))n)n)n > S (an= S (x <=z = (2 (x=z)n)n)n = -~ (ajn =

S(x<=iflz<=vy,y,z) = (7 (x =if(z<=y,y,z))n)n)nja = S (x <=y =
A(t(x=ynn)nkA(@n= - (x<=z= (7 (x=z)n)n)n - MP>a=
Ax<=y=(Ex=ynnn=a=(x<=ifz<=y,y,z) = (- (x =
if(z<=y,y,z))nnn>a= - (x<=y= (2 (x=yn)n)n>a = - (x <=
if(z <=vy,y,z) = (- (x=ifz<=y,y,z))n)n)n; MP > - (a)n = ~ (x <=z =
A(t(x=zn)n)n=-(a)n = (x<=if(z<=y,y,z) = 2 (- (x =if(z <=
y,¥,z)n)n)n > (an = - (x <=z= (- (x=z)n)n)n > = (a)n = - (x <=
if(z <=vy,y,z) = - (= (x = if(z <=y, y,z))n)n)n; FromNegations > a =
S(x<=ifz<=y,y,z) = ~ (7 (x=if(z <=y,y,z))n)n)n > - (a)n = - (x <=
ifiz <=y,y,z) = 2 (- (x=if(z <=y,y,z))n)n)n > - (x <= if(z <=y,y,z) =
5 (7 (x =if(z <=y,y,z))n)n)n], po, c)]

[LessThanMax stgt SystemQ F Va: Vx: Vy:Vzza = S (x <=y = 2 (- (x=

ynnnk S @n= - (x<=z= (7 (x=zn)n)nk - (x <=if(z <=y,y,z) =
(5 (x=if(z <=y, y,2))n)n)n]

[LessThanMax % “LessThanMax”]

[LessThanMax X “emma lessThanMax”]

x + y = zBackwards

[x + y = zBackwards propt A Ax.P([SystemQ - Vx: Vy:Vz: (x +y) =z F
plusCommutativity > (x +y) = (y + x); Equality > (x +y) =z> z =
(¥ +x)1, po, ©)]

[x +y = zBackwards "' SystemQ - ¥x: Vy:Vz: (x +y) =z z = (y + x)]
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[x + vy = zBackwards ¥ “x+y=zBackwards”]

pyk 77]

[x +y = zBackwards = “lemma x+y=zBackwards

x x y = zBackwards

[x * y = zBackwards PP A Ax. P([SystemQ F ¥x:Vy:Vz: (x xy) =z F
timesCommutativity > (x*y) = (y#x); Equality(x+y) =z > z = (y*x)], po, )]

v

[x * y = zBackwards *3" SystemQ I Vx: Vy:Vz: (x xy) =zt z = (y *x)]
[x * y = zBackwards s “xxy=zBackwards”]

k
[x * y = zBackwards 2> “lemma x+y=zBackwards”]

X=x+(y—vy)

proof

K=x+(y—y) — AcAP([SystemQ I Vx: Vy: plus0 > (x +0) =

x; Negative > (y + (—uy)) = 0; eqSymmetry &> (y + (—uy)) = 0> 0 =

(y + (—uy));lemma eqAdditionLeft > 0 = (y 4+ (—uy)) > (x+ 0)

(y + (—uy))); Equality > (x 4+ 0) = x> (x + 0) = (x + (y + (—uy))) > x =

(x+
(x+ (y + (—uy)))1, o, )]
[x=x+ (y — y) " SystemQ b Vx: Vy: x = (x + (y + (—uy)))]

tex

k=x+(y-y) = “x=x+(y-y)"]

x=x+(y—y) P Yemma x=x+(y-y)"]

X=X+yV—Y¥

x=x+y-—y propf A A P([SystemQ - Vx:Vy:x =x+ (y —y) > x =

(x + (y + (—uy))); plusAssociativity > ((x +y) + (—uy)) =

(x+ (y + (—uy))); eqSymmetry > ((x +y) + (—uy)) = (x + (y + (—uy))) >
(x+ (y + (—uy))) = ((x+y) + (—uy)); eqTransitivity > x = (x + (y + (—uy))) >
(x+ (y + (—uy))) = ((x+y) + (—uy)) > x = ((x+y) + (—uy))], po, )]

[x=x+y—y " SystemQ I Vx: Vy:x = ((x+y) + (—uy))]

x=x+y—y= “x=xtyy]

x=x+y—-vy P “lemma x=x+y-y"]
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x=xx*xyx*(1/y)

[x=x*xy=x(1/y) POt \e AP P([SystemQ = Vx: Vy: = (y = 0)n I times1 > (x *
1) = x; Reciprocal > = (y = 0)n > (y *recy) = 1; Three2twoFactors > (y * recy) =
1> ((x*y)*recy) = (x*1); eqTransmwtyD((x*y)*recy) (xx1)>(xx1) = x>
((x*y)*recy) = x; eqSymmetry > ((x*y) *recy) = x > x = ((x*y)*recy)], po, c)]
x=x#y* (1/y) "2 SystemQ - Vx: Vy: 5 (y =0)nk x = ((x *y) * recy)]

pyk

[
o=y x (1/y) = “x=xxy(1/y)]
x=xx*xy=*(1/y) = “lemma x=xxy*(1/y)”]

insertMiddleTerm(Sum)

proof

[1nsertM1ddleTerm(Sum) — A A P([SystemQ F Vx:Vy:Vzix =x+y —y >
= ((x+2z) + (—uz)); Three2threeTerms > ((x +z) + (—uz)) =
(x 4+ (—uz)) + z); eqTransitivity > x = ((x + z) + (—uz)) > ((x -
(x+ (—uz)) +2z) > x = ((x+ (—uz)) + z); eqAddition > x = ((lJr(fuf))
+ X) = (((x+ (—uz)) + z) +y); plusAssociativity > (((x + (—u
+(—uz)) + (2 +y)); eqTransitivity > (x +y) = (((x+ (—u ))+ +
uz))+z)+y) = ((x+(-uz))+(z+y)) > (x+y) = ((x+(-uz))+(z+y))

/\

(
(
(x
((x
(=
[

1nsertM1ddleTerm(Sum) ot SystemQ I Vx: Vy: Vz: (x +y) =
(x4 (-uz)) + (z+y))]

insertMiddleTerm(Sum) ¥ “insertMiddleTerm(Sum)”]

[
[insert MiddleTerm(Sum) > VY “Yemma insertMiddleTerm(Sum)”]

insert TwoMiddleTerms(Sum)

proof

[insertTwoMiddleTerms(Sum) "— Ac.Ax.P([SystemQ F
Vx: Vy: Vz: Vu: insertMiddleTerm(Sum) > (x +y) =
((x+ (—uz)) + (z +y)); insertMiddleTerm(Sum) > (z +

y)
((z4(—uu))+(u+y)); lemma eqAdditionLeft> (z+y) = ((z+(—u u))+(uty)) >
((x+(—uz))+(z+y)) = ((x+(—uz))+((z+(—u )) (u+y))); plusAssociativity >
(x4 (—uz)) + (z+ (—uw) + (u+y)) = ((x+ (—uz)) + (z+ (—ww)) + (u+
y)));eqSymmetry &> (((x + (—uz)) + (z+ (—uw))) + (u+y)) =

je (x u
(( +( uz)) +((z+(—uw)) + (uty))) > ((x+(—uz))+( u
(x+ (—uz)) + (z+ (—ww))) + (u+y)); eqTransitivityd > (x +y) =
(x+(-uz)) + (z+y) > (x+ (~uz)) + (z+y)) =
(x+ (—uz)) + ((z+ (—uw)) + (u+y))) &> ((x+ (—uz)) + ((z+ (—uw) + (u+y))) =



(x+ (-uz)) + 2+ (—w))) + (u+y) > (x+y) =

(x4 (-u2)) + (z+ (—uw))) + (u+y))1, po, )]
[msertTwoMlddleTerms(Sum) Y SystemQ F Vx: Vy:Vz:Vu: (x +y) =
(x+ (uz)) + (z+ (—uww))) + (u+y))]

[insert TwoMiddleTerms(Sum) “ “insert TwoMiddleTerms(Sum)”]
[ )

insertTwoMiddleTerms(Sum

insertMiddleTerm(Difference)

proof

[insertMiddleTerm(Difference) "— Ac.Ax.P([SystemQ F

Vx: Vy: Vz: insertMiddleTerm(Sum) > (x + (—uy)) =

(x4 (—u(—uz))) + ((—uz) + (—uy))); DoubleMinus > (—u(—uz)) =
z;lemma eqAdditionLeft > (—u(—uz)) = z> (x+ (—u(—uz))) =

(x + z); plusCommutativity > ((—uz) + (—uy)) = ((—uy) + (~uz)); —x —y =
—(x+y) > ((—uy) + (-uz)) = (-uly + 2)); eqTransitivity &> ((—uz) + (—uy)) =
((=uy) + (—uz)) > ((—uy) + (—uz)) = (-uly +2)) > ((-uz) + (-uy)) =

(—u(y +z)); AddEquations > (x + (—u(—uz))) = (x +2) > ((—uz) + (—uy)) =
(—uly +2)) > (x+ (—u(-uz))) + ((-uz) + (-uy))) =

(x+2) + (- u(y + z))); eqTransitivity > (x + (—uy)) =

((x+ (—u(-uz))) + ((—uz) + ( y))) & ((x+ (—u(-uz))) + ((—uz) + (—uy))) =
(x+2) + (-uly +2))) > (x+ (-uy)) = (x+2) + (—uly +2)))],po, )]

[insertMiddleTerm (Difference) **5* System(Q + Vx: Vy:Vz: (x + (—uy)) =
(x+2)+ (—uly +2)))]
tex

insertMiddleTerm(Difference) —

“insertMiddleTerm(Difference)”]

insertMiddleTerm (Difference) X “lemma insertMiddleTerm (Difference)”]

x*x0+x=x

proof

[x*0+x=x — Ac.Ax.P([SystemQ F ¥x: timesl > (x* 1) =

x; eqSymmetry B> (x x 1) = x > x = (x * 1); lemma eqAdditionLeft > x =

(x*1) > ((x*0)+x) = ((x*0) 4+ (x * 1)); Distribution > (x* (0 + 1)) =
((x*0) + (x*1));eqSymmetry > (x* (0+ 1)) = ((x* 0) + (x* 1)) >
((x*0)+ (x*1)) = (x* (0+ 1)); lemma plusOLeft > (04 1) =

1;lemma eqMultiplicationLeft > (0 +1) = 1> (x* (0 + 1)) =

(s 1); eqTransitivity5 > ((x0) +x) = ((x0) + (¢ 1)) & (x%0) + (x5 1)) =
(x5 (0+ 1)) & (x (0-+ 1)) = (x51) & (x5 1) = x> ((0) +x) = x],po,)]

[x %0+ x = x "5" SystemQ F Vx: ((x * 0) + x) = x]

87



[x %0+ x = x = “xx0+x=x"]

[x*0+x=x VX “lemma xk0+x=x"]

x*x0=0

= 0" Ak P([SystemQ F Vx:x = x + (y — y) > (x*0) =

(x*0) + (x + (—ux))); plusAssociativity > (((x*0) + x) + (—ux)) =
(x*0) + (x + (—ux))); eqSymmetry &> (((x * 0) + x) + (—ux)) =

(x#0) +(x+ (—ux))) > ((x*0)+ (x4 (-ux))) = (((x+0) +x) + (—ux)); x+0+x =
> ((x*0) + x) = x;eqAddition > ((x* 0) +x) = x> (((x*0) +x) + (—ux)) =

A/\/‘\W
*
O

"

(x + (—ux)); Negative > (x + (—ux)) = 0; eqTransitivity5 > (x x 0) =
é()l* 0) + (x4 (—ux))) > ((x*0) + (éJr —ux))) = (((x*0) +x) + (—ux)) > (((x *
+x

(
)+ (—HX)) = (x+ (-ux)) > (x + (-ux)) = 0> (x % 0) = 0], po, ¢)]
[x %0 = 02" SystemQ F Vx: (x * 0) = 0]

[x* 0 =0 "% “xx0=0"]

[x*0=0 X “lemma xx0=0"]

NonnegativeFactors

proof

[NonnegativeFactors "— Ac.Ax.P([SystemQ F Vx:Vy: 0 <=xF0<=yF

legMultiplication>0 <= y>0 <= x> (0xy) < (X*7y) timesCommutativity >
(0%y) = (y*0);x%0 = 0 > (y*0) = 0; eqTransitivity > (0xy) = (y*0) > (y*0) =
0> (0*y) = 0;subLeqLeft> (0xy) = OI>(O*y) = (x*y) > 0 <= (x*y)],po,c)]

[NonnegativeFactors 3" SystemQ + Vx: Vy:0 <=xF0<=yF0<=(xxy)]
[NonnegativeFactors =5 “NonnegativeFactors”]

. pyk .
[NonnegativeFactors = “lemma nonnegativeFactors”]

NonzeroFactors

[NonzeroFactors progf Ac AP ([SystemQ F Vx:Vy: 5 (x =0)n k- = (y =0)nt
NeqMultiplication > = (y = 0)n > = (x = 0)n > S ((x *y) = B

(0 * y))n; timesCommutativity > (0%y) = (y * 0);x*0 = 0> (y x0) =

0; eqTransitivity > (0 xy) = (y * O) (y*0)=0> (0% y)

0; SubNeqRight > (0% y) = 0> = ((x*y) = (0xy))n > = ((x *xy) = 0)n], po, ¢)]

[NonzeroFactors stogt SystemQ = Vx:Vy: 7 (x = 0)n - = (y =0)n k- = ((xxy) =
0)n]
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tex
[NonzeroFactors — “NonzeroFactors”]

pyk
[NonzeroFactors — “lemma nonzeroFactors”]

PositiveFactors

[PositiveFactors PO AeAx. P([SystemQ F Vx:Vy: 5 (0 <=x= = (- (0=
x)nn)n k= (0 <=y = (5 (0= y) )n)n F Repetition > = (0 <= x =

S (5 (0=x)n)n)n > - (0 <=x= - (- (0 = x)n)n)n; FirstConjunct > - (0 <=
x= (" (0 =x)n)n)n > 0 <= x; SecondConjunct > - (0 <= x = = (- (0=
x)n)n)n >3 = (0 = x)n; NeqSymmetry > = (0 = x)n > = (x =

0)n; Repetition > 2 (0 <=y = (2 (0=yn)n)n> (0 <=y = (- (0=
y)n)n)n; FirstConjunct >0 <= y= (2 (0=yn)n)n >0 <=

y; SecondConjunct > - (0 <=y = - (= (0 =y)n)n)n > - (0 =

y)n; NeqSymmetry > - (0 = y)n > - (y = 0)n; NonnegativeFactors > 0 <=
g >0<=y>0<=(x*y); NonzeroFactors > (x = 0)n > (y =0)n>
S ((x*y) = 0)n; NeqSymmetry > = ((x *y) = 0)n > = (0 =
(x*y))n; JoinConjuncts > 0 <= (x xy) > (0 = (x xy))n > = (0 <= (x xy) =
S (5(0 = (x*y))n)n)n; Repetition > - (0 <= (x*y) = - (- (0 =

(x* y))m)n)n > = (0 <= (x*y) = = (= (0= (x* y))n)n)n], po, )]

k<

[PositiveFactors 3" SystemQ F Vx: Vy: 5 (0 <=x= = (- (0=x)n)n)n -
S0<=y=>(0=ynnnt (0 <= (x*y) = (=0 = (x*+y))n)n)n]

P tex ops
[PositiveFactors = “PositiveFactors”]

.. pyk ..
[PositiveFactors = “lemma positiveFactors”]

PlusTimesMinus

lusTimesMinus ”%" Ac.Ax.P([SystemQ F Vx: Vy: Times(—1)Left >

1) *y) = (—uy);lemma eqMultiplicationLeft > ((—ul) x y) = (—uy) >

) #y)) = (x* (—uy)); timesAssociativity > ((x * (—ul)) xy) =

) *y)); timesCommutativity > (x * (—ul)) = B

) * x); eqMultiplication > (x * (—ul)) = ((—ul) *x) > ((x * (—ul)) *y) =

P
((-u
(x* ((—ul
(x ((—ul
((—ul
(((—ul) * x) * y); timesAssociativity > (((—ul) xx) xy) =
E( ul) * (x *y)); Times(—1)Left > ((—ul) * (x*y)) =

(

(

(

(

(

(

x*y)); eqTransitivity4 > ((x * (—ul)) xy) =
((—ul) #x) xy) > (((—ul) xx) xy) = ((—ul) * (xxy)) > ((—ul) * (xxy)) =
—u(x*y)) > ((x*(—ul)) *y) = (—u(x*y)); Equality > ((x * (—ul)) xy) =
—u(x*y)) > ((x*(—ul)) *y) = (x* ((—ul) xy)) > (—u(x*y)) =
xx((—ul)*y)); eqTransitivity > (—u(x*y)) = (x((—ul)*y)) > (x*((—ul)*y)) =
x* (—uy)) > (—u(x*y)) = (x* (—uy)); eqSymmetry > (—u(x *y)) =
xx (—uy)) > (x* (—uy)) = (—u(x*y))|,po, )]
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[PlusTimesMinus *“3" System(Q + Vx: Vy: (xx (—uy)) = (—u(x xy))]

[PlusTimesMinus “< “PlusTimesMinus”]

[PlusTimesMinus P “lemma plusTimesMinus”]

MinusTimesMinus

[MinusTimesMinus progf Ac. Ax.P([SystemQ F Vx: Vy: DoubleMinus >>
—u(—uy)) = y; Times(—1)Left > ((—ul) * (—uy)) =
u(—uy)); eqTransitivity > ((—ul) * (—uy)) = (—u(—uy)) > (—u(-uy)) =y >
ul) (—uy)) = y;lemma eqMultiplicationLeft > ((—ul) * (—uy)) =y >
% ((—ul) * (—uy))) = (x*y); Times(—1) > (x * (—ul)) =
ux); eqMultiplication > (x * (—ul)) = (—ux) > ((x* (—ul)) * (—uy)) =
—ux) * (—uy)); timesAssociativity > ((x* (—ul)) * (—uy)) =
(—ul) x (—uy))); Equality > ((x * (—ul)) = (—uy)) =
(—uy))> (D) H(—uy) = (xe((—u) (1)) > ((~1)+(~uy)) =
ul) * (—uy))); eqTransitivity > ((—ux) % (—uy)) = (
>

(
x)
* (= y *
y))) > (x ((—ul) * (—uy))) = (x*y) > ((—ux) * (—uy)) = (x*y)1, po, )]

—uy)))
MinusTimesMinus *3" SystemQ F Vx: Vy: ((—ux) * (—uy)) = (x*y)]

. . . tex . . .
[MinusTimesMinus — “MinusTimesMinus”|

. . . pyk . . .
MinusTimesMinus = “lemma minusTimesMinus”|

(—1) % (=1) + (=1) %1 =0

proof

+(-1)*x1=0 Ac. Ax.P([SystemQ F DistributionOut >
ul)) + ((—ul) * 1)) = ((—ul) * ((—ul) + 1)); Negative >

= 0; plusCommutativity > ((—ul) +1) =

;eqTransitivity > ((—ul) + 1) = (1 4+ (—ul)) > (1 + (—ul)) = 0>
= 0;lemma eqMultiplicationLeft > ((—ul) + 1) = 0 >
u1)+1)) ((—ul)*0); xx0 = 0 > ((—ul)*0) = 0; eqTransitivity4 >
)+ ((—u1) 1)) = ((—ul) #((—ul)+1)) > ((—ud) * ((~ul) +1)) =
> ((=ul) % 0) = 0> (((—ul) * (=ul)) + ((—ul) * 1)) = 01, po, ¢)]
(=

JEX +(-1)*x1=0 sty SystemQ F (((—ul) x (—ul)) 4+ ((—ul) * 1)) = 0]
—1) 5 (=1) + (=1) % 1 = 0 5 “(-1)#(-1)+(-1)%1=0"]
)x(=1)+(-1)x1=0 2 emma (-1)%(-1)+(-1)x1=07]

(=
)
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(1) % (~1) =1

[(=1) % (1) = 1 "2 Ae A P([SystemQ F x = x + (y — y) >

((=ul) * (—ul)) = (((—=ul) * (—ul)) + (1 + (—ul))); timesl > ((—ul) * 1) =
(—ul); qSymmetry > ((—ul) x1) = (—ul) > (—ul) =

((—ul) * 1);lemma eqAdditionLeft > (—ul) = ((—ul) * 1) > (1 + (—ul)) =
(14 ((—ul) *1));lemma eqAdditionLeft > (1 4+ (—ul)) = (1 + ((—ul) * 1)) >
(((=ul) * (—ul)) + (1 + (-ul))) =

(((—ul) % (—ul)) + (1 4+ ((—ul) x 1))); plusCommutativity > (1 + ((—ul) x 1)) =
(((—ul)*1)41);lemma eqAdditionLeftt> (14 ((—ul) 1)) = (((— ul)*l) 1) >
(((—ul) * (—ul)) + (1 + ((—ul) * 1))) = (((—ul) * (—ul)) + (((—ul) * 1) +
1)); plusAssociativity > ((((—ul) x (—ul)) + ((—ul) * 1)) + 1) = ((( 1) *
(—ul))+(((—ul)*1)+1));eqSymmetry > ((((—ul) * (—ul)) +((—ul) x1))+1) =
(((=ul) % (—ul)) + (((—ul) x1) + 1)) > (((—ul) * (—ul)) + (((—ul) *1) + 1)) =
((((—ul) * (= U1))+(( ul) 1)) +1); (1) * (1) + (1) *1=0>
(((—ul)*(—ul))+((—ul)x1)) = 0; eqAdditiont> (((—ul)*(—ul))+((—ul)*1)) =
0> ((((—u ) ( ul)) + ((—ul) * 1)) + 1) = (0 + 1); lemma plusOLeft >>

(0 + 1) = 1;eqTransitivity5 > ((—ul) x (—ul)) =

(((=ul) * (=ul)) + (1 + (—ul))) > (((—ul) * (—ul)) + (1 + (—ul))) =
(((=ul) % (=ul)) + (1 + ((—ul) * 1)) > (((—ul) * (—ul)) + (1 + ((—ul) x 1))) =
(((—ul) * (—ul)) + (((—ul) * 1) + 1)) &> (((—ul) * (—ul)) + (((—ul) * 1) + 1)) =
((((—ul) * (—ul)) + ((—ul) x 1)) + 1) > ((—ul) * (—ul)) =

((((—ul) * (—ul)) + ((—ul) * 1)) + 1); eqTransitivity4 > ((—ul) x (—ul)) =
((((—ul) * (—ul)) + ((—ul) x 1)) + 1) > ((((—ul) * (—ul)) + ((—ul) * 1)) + 1) =
(0+1)>(0+1)=1> ((—ul) *(—ul)) =11, po, c)]

[(—1) % (~1) = 1 "' SystemQ F ((—ul) * (—ul)) = 1]

[(=1) % (=1) = 155 “(-1)x(-1)=1"]

[(—1) % (1) = 1 25 “lemnma (-1)%(-1)=1"]

0 < 1Helper

proof

[0 < 1Helper "= Ac.Ax.P([SystemQ - 1 <= 0 F leqAddition > 1 <=0>> (1
(—ul)) <= (0+(—ul)); Negative > (14 (—ul)) = 0; subLeqLeft > (1+(—ul))
0> (14 (—ul)) <= (0+ (—ul)) > 0 <= (0 + (—ul)); lemma plusOLeft >
(0+(—ul)) = (—ul);subLeqRight > (0+(—ul)) = (—ul)>0 <= (04 (—ul)) >
0 <= (—ul);leqMultiplication t> 0 <= (—ul) > 0 <= (—ul) > (0 % (—ul)) <=
((—ul) x (—ul));x %0 = 0>> ((—ul) * 0) = 0; timesCommutativity >
(0%(—ul)) = ((—ul)*0); eqTransitivity > (0% (—ul)) = ((—ul)*0)>((—ul)*0) =
0> (0% (—ul)) = 0;subLeqLeft > (0 * (—ul)) = 0> (0% (—ul)) <=

((Cut) # (—ul)) 3 0 <= ((—uL) (—ud)); (~1) # (~1) = 13> ((—ul) + (~ul)) =
1;subLeqRight > ((—ul) * (—ul)) = 1> 0 <= ((—ul) * (—ul)) > 0 <=
1;Ded>1<=0F0<=1>1<=0=0<=1],po,0)]

+
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[0 < 1Helper I GystemQ F 1 <=0 = 0 <= 1]

tex

[0 < 1Helper = “0O<1Helper”]

[0 < 1Helper P emma 0<1Helper”]

0<1

proof

[0<17=" Ae.Mx.P([SystemQ F leqTotality > - (0 <= 1)n =1 <=

0; Autolmply > 0<=1=0<=1;0 < 1Helper > 1 <=0=0<=
1;FromDisjuncts > - (0 <=1n=1<=0>0<=1=0<=1>1<=0=
0 <=1> 0 <= 1;0notl > (0 = 1)n; JoinConjuncts >0 <= 1> - (0 =
D3 (0 <= 12 = (- (0 = Lyn)n)n], po,c)

[0 < 15 SystemQ F 4 (0 <=1 = (= (0 = 1)n)n)n)]
[0 < 1% «0<17]

0 <12 “lemma 0<17]

0<?2

proof

0 < 2% X P([SystemQ F 0 < 1> = (0 <=1 = = (= (0=

1)n)n)n; LessAddition > < (0 <=1= = (2 (0= 1)n)n)n > = ((0+1) <=
(141)=-(-((0+1)=(1+1))n)n)n; lemma plusOLeft > (0 + 1) =
1;SubLessLeft > (0+1) =1>-((04+1) <=(1+1) = (= ((0+1) =
(I4+D)n)n)n>-(1<=(1+1)=-(-(1=(141))n)n)n; LessTransitivity >
S2(0<=1=-(-0O=Dnnn>-(1<=1+1)=-("1=(1+1)n)n)n>
20 <=(1+1) = =(=(0=(1+1)n)n)n}, po,c)]

[0 <25 SystemQ F (0 <= (14 1) = = (= (0 = (14 1))n)n)n)
[0 <2 “0<27]

0<2 X “lemma 0<27]

0<3

proof

[0<3 — )\c)\xP(fSystele—0<2>>;\(0< (1+1)= (-
Jn)n)n; LessLeq > - (0 <= (1+1) = (- (0 (1—|—1))n)

(0=

+1) n >

+1)iLeq+10<=(1+1)> (0 <= (1+1)+1) = =(2(0 =
+1) 4+ 1))n)n)n; Repetition > - (0 <= ((14+ 1)+ 1) = (ﬂ(
+1) 1

+1)) Jnjn > 5 (0 <= ((A+1)+1) = = (= (0 = (14+1)+1))n)n)n}, po, c)]
0 <38 SystemQ F (0 <= ((1+1)+1) = (5 (0 = (14 1) + 1))n)n)n]

n)n
0
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tex

[0 <3 = “0<3"]

0<3 ¥ “lemma 0<3”]

0<1/2

0 < 1/2 P2 Ae A P([SystemQ F 0 < 2 5 (0 <= (1+1) = = (= (0 =
n

(14 1))n)n)n; FirstConjunct > - (0 <= (1+1) = = (=(0=(1+1))n)n)n >

0 <= (14 1);SecondConjunct > (0 <= (1+1) == (= (0= (1+1))n)n)n>>
4 (0= (14 1))n;NegSymmetry>-(0=(1+1))n>-((1+1)=0n;0< 1>
A0<=1=-("0=Dn)n)np;x*0=0> ((1+1)*%0) =0;xxy =
zBackwards > ((1+1)%0) =0>> 0= (0 (1 + 1)); SubLessLeft > 0 =
OxA+1)>-0<=1=-(>0=n)n)n> - (0x(1+1)) <=1=

S (5 ((0% (14 1)) = 1)n)n)n; Reciprocal > = ((1 + 1) = 0)n >
(1+1)*rec(1+1)) = 1;x+xy = zBackwards> ((1 + 1) xrec(1 + 1)) =1> 1=
(rec(14+1)%(141)); SubLessRight>1 = (rec(1+1)*(14+1))>-((0x(141)) <=
I=5((0x(1+1)=n)n)n> (0% (1+1)) <= (rec(1+1)*(1+1)) =
(- ((0%(141)) = (rec(1+ 1) * (1 4+ 1)))n)n)n; LessDivision > 0 <=
(I+1D)>5(0x(14+1)) <= (rec(1+1)*(1+1)) = S (= (0% (1+1)) = (rec(1+
1) (1+1)))n)n)n> (0 <=rec(l +1) = = (- (0 =rec(1 + 1))n)n)n], po, )]
0<1/2 S System@ - (0 <=rec(l1+1)= = (-(0=rec(l+1))n)n)n]
[0<1/2%F “0<1/27)

0 < 1/2 % “emma 0<1/27]

0<1/3

[0 < 1/3 P2 e A P([SystemQ 0 < 3> (0 <= (141) +1) = = (= (0 =

((141)+1))n)n)n; PositiveInvertedt>= (0 <= ((1+1)+1) = = (= (0 = ((1+1)+
D)n)mn 3 (0 <= rec((1+1) +1) = (4 (0 = rec((1 + 1) + 1))n)u)n], po, o)

[0<1/3 stmgt SystemQ - = (0 <=rec((1+1)+1) = - (=(0 =
rec((1+1) +1))n)n)n]

0 <1/3% “0<1/37]
[

0 < 1/3 5 “lemma 0<1/3"]

TwoWholes

proo

[TwoWholes ropf AcAx.P([SystemQ F Vx: timesl > (xx 1) =
x; eqSymmetry > x = (x * 1); lemma eqAdditionLeft > x = (x % 1) > (x +x) =
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(x+ (x*1));eqAddition > x = (x* 1) > (x+ (x* 1)) =

((x*1) + (x* 1)); eqTransitivity > (x +x) = (x + (x* 1)) > (x + (x 1)) =

((x* 1)+ (x*1)) > (x+x) = ((x* 1) + (x* 1)); DistributionOut >

((x*x1)4+ (x*1)) = (x* (1 +1)); Repetition > ((x* 1) + (x* 1)) = (x* (1 +1)) >
((x*1) 4+ (x*1)) = (x* (1 + 1)); timesCommutativity > (x* (1 + 1)) =

((1 +1) *x);eqTransitivity4d > (x +x) = ((x* 1) + (x* 1)) > ((x* 1) + (x* 1)) =
(xx (T+ 1)) > xx (1+1)) = (L+1) #x) > (x+x) = (1 +1) *x)], po, )]

TwoWholes 23" SystemQ F Vx: (x +x) = ((1 + 1) *x)]
TwoWholes “ “TwoWholes”]

TwoWholes ™ “lemma X+x=2%x"|

ThreeWholes

proo

ThreeWholes "% AcAx.P([SystemQ F Vx: TwoWholes > (x + x) =

(14 1) * x);lemma times1Left > (1 % x) = x; eqSymmetry > (1 xx) = x> x =
1% x); AddEquations > (x +x) = (1 4+ 1) *x) >x = (1% x) > ((x +x) + x) =
((1+1) % x) + (1 % x)); DistributionOutLeft > (((1+ 1) *x) + (1 xx)) =

x#* ((1+1) 4+ 1)); timesCommutativity > (x* (1 +1) +1)) =

((1+1) + 1) x x); eqTransitivity4 > ((x + x) + x) =

(L4 1) #x) + (L)) &> (14 1) #x) +(14x)) = (e ((1+1)+1)) > (x+((1+1) +1)) =
(1+1)4+1)xx) > ((x+x)+x) = ((1+1)+1) xx); Repetition > ((x+x) +x) =
(T+1)+ 1) *x) > ((x+x) +x) = ((1 +1) + 1) *x)], po, c)]

[ThreeWholes stogt SystemQ F Vx: ((x +x) +x) = (L +1) + 1) * x)]
[ThreeWholes = “ThreeWholes”]
[

ThreeWholes By “lemma x+x+x=3*x"]

TwoHalves

proo

[TwoHalves ropt ACAX.P([SystemQ FVx:0 <2> 2 (0<=(14+1)= (- (0=
1+ 1))n)n)n;LessNeq> 2 (0 <=(14+1)= (- (0= (1+1))n)n)n>> - (0=
1+ 1))n; NeqSymmetry > (0 = (1 4+ 1))n > = ((1 + 1) = 0)n; TwoWholes >
(rec(141)%x)+ (rec(14+1)*x)) = ((14+1)*(rec(141)*x)); timesAssociativity >
(1+1)srec(l+1))xx) = ((1+1)* (rec(l + 1) *x)); eqSymmetry > (((1 +
Ykrec(1+1))*x) = ((141) % (rec(1+1) xx)) > ((1+1) * (rec(1 + 1) xx))
((141)*rec(1+1))*x); Reciprocal > ((1+1) = 0)n > ((14 1) xrec(1+1))
;eqMultiplication > ((1 +1) *rec(1+1)) = 1> (1 + 1) xrec(1 + 1)) xx) =
1 % x); lemma timeslLeft >> (1 % x) = x; eqTransitivity5 t> ((rec(1 + 1) x x) +
rec(1+1)xx)) = ((1+1)* (rec(L + 1) xx)) > ((1 + 1) * (rec(1 + 1) xx)) =
(T4+1)srec(14+1))x«x)> (((1+1)*rec(l+1))xx) = (1xx) > (1xx) =x>

(
(
(
(
1 =
( -
1

(
(
(
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(rec(1 +1) %) + (rec(1 + 1) #x)) = €], Do, )]

[TwoHalves I SystemQ F Vx: ((rec(1 4+ 1) xx) + (rec(1+ 1) *x)) = x]
[TwoHalves X “TwoHalves”]
[

TwoHalves 2 “lemma (1/2)x+(1/2)x=x"]

ThreeThirds

proof

[ThreeThlrds — A AXP([SystemQ FVx:0<3> -(0<=((14+1)+1) =
S (2 (0=((141)+1))n)n)n; PositiveNonzero> - (0 <= ((1+1) +1) =
(0= (1+1)+1)n)n)n > = (((14+1)+ 1) = 0)n; ThreeWholes >
(((rec((141)+1)xx)+ (rec((1+1)+1)%x))+ (rec((1+1)+1)*x)) = ((1+1)+1)*
(rec((141)+1)*x)); timesAssociativity > ((((1+1)+1)*rec((1+1)+1))*x) =
(I+1)+1)*(rec((141)+1)*x)); eqSymmetry > ((((14+1)+1) *rec((1+1)+1))x*
(14+1)+1)*(rec((141)+1) xx)) > (((1+1)+1)*(rec((1+1)+1)*x))l
)
x) =

(
)=
()(( +1)+1)*rec((1+1)+1))*x); Reciprocal > (((1+1)+1) = 0)n > (((

=+

(

(

1)+1)*rec((14+1)+1)) = 1;eqMultiplicationt> (((1+1)+1) *xrec((1+1)+1)
1> (((L+1)+1)*rec((141)+1)) xx) = (1xx);lemma timeslLeft > (1%x
x; eqTransitivity5 > (((rec((141)+1)%x)+ (rec((1+1)+1)*x))+ (rec((14+1)+1)x*
X)) = ((1+1)+1)*(rec((1+1)+1)*x)) > ((1+1)+1)*(rec((1+1)+1)xx)) =
(((I+D)+ 1) *rec(1+1)+1)*x)> ((L+1)+ 1) *rec((14+1)+ 1)) xx) =
(Ixx)> (1*xx)=x>

(((rec((14+1) +1) #x) + (rec((1+1) + 1) #x)) + (rec((1+1) + 1) ¥x)) = x], o, )]

[ThreeThirds I System(Q -
Vx: (((rec((14+ 1) + 1)« x) + (rec((1 4+ 1) + 1) xx)) + (rec((1 + 1) + 1) xx)) =]

[ThreeThirds “= “ThreeThirds”]
[ThreeThirds X “lemma (1/3)x+(1/3)x+(1/3)x=x"]

—x—y=—(x+y)

[x—y=—-(x+y) — Poof \ e Ax. P([SystemQ  Vx: Vy: Times(—1)Left >

((—ul) * x) = (—ux); Times(—1)Left > ((—ul) *y) = (—uy); AddEquations >
((—ul) %) = (—ux) > ((—ul) xy) = (—uy) > (((—ul) *x) + ((—ul) xy)) =
((—ux) + (—uy)); eqSymmetry > (((—ul) #x) + ((—ul) *y)) = ((—ux) +(—uy)) >
((=ux) + (—uy)) = (((—ul) *x) 4 ((—ul) * y)); DistributionOut >

(((=ul) *x) + ((—ul) *y)) = ((—ul) * (x +y)); Times(—1)Left >

((—ul) * (x+y)) = (—u(x+y)); eqTransitivity4 > ((—ux) + (—uy)) =

(((—ul) xx) + ((—ul) * y)) > (((—ul) xx) + ((—ul) * y)) = ((—ul) * ( +y) >
((—ul) * (x+y)) = (—ulx+y)) > ((—ux) + (—uy)) = (—u(x+y))1, po, c)]
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[~x —y = —(x+y) "5 SystemQ F Vx: Vy: ((—ux) + (—uy)) = (—u(x +y))]

tex b2
[x—y=—(x+y) = “xy=(x+y)’]

k
[x—y=—(x+y) ™ “lemma x-y=-(x+y)"]

—X*y = —(x*Yy)

—xxy=—(xxy) — Pool NeAx. P([SystemQ F Vx: Vy: Times(—1)Left >
(—ul) * x) = (—ux); eqMultiplication > ((—ul) * x) = (—ux) >
((=ul) xx) *y) = ((—ux) * y); eqSymmetry > (((—ul) *x) *y) = ((—ux) *y) >
(—ux) *xy) = (((—ul) % x) * y); timesAssociativity > (((—ul) *x) *y) =
1) * (x*y)); Times(—1)Left > ((—ul) * (x xy)) =
—u(xxy)); eqTransitivityd > ((—ux) x y) = (((—ul)*x) xy) > (((—ul) *x) xy) =
—ul)*(xxy))>((— 111) (x*y)) = (—ulxxy)) > ((—ux)+y) = (—u(x+y)), po,¢)]

—xxy = —(xx* ) SystemQ FVx: Vy: ((—ux) *y) = (—u(x *y))]
—xxy = —(xxy) F “xxy=-(xry)"]
—xxy=—(x*Yy) 2 “demma -xxy=-(x*y)”]
—0=0
proof

0= Ac. Ax.P([SystemQ - Negative > (0 4+ (—u0)) = 0; plus0 >
0+ ) = 0; UniqueNegativer> (0+ (—u0)) = 0> (04+0) = 0 > (—u0) = 0], po, ¢)]
—0=

stmt

0 "=~ SystemQ F (—u0) = 0]

tex

0_0_7“0 077]

—0 = 0" “lemma -0=0"]

SFsymmetry

[SFsymmetry ey “SFsymmetry”|

K
[SFsymmetry 25 “lemma sameFsymmetry”]

SEFtransitivity

[SFtransitivity =5 “SFtransitivity”]
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e k e
[SFtransitivity 2 “lemma sameFtransitivity”]

f2R(Plus)
[£2R (Plus) “Z “f2R(Plus)”]

[f2R(Plus) 2 “lemma f2R(Plus)”]

f2R(Times)

tex

[f2R(Times) — “f2R(Times)”]

[f2R(Times) X “demma f2R(Times)”]

<< TransitivityHelper(Q)

[<< TransitivityHelper(Q) == “<<TransitivityHelper(Q)”]
[<< TransitivityHelper(Q) P “lemma << TransitivityHelper(Q)”]
<< Transitivity

[<< Transitivity “ “<<Transitivity”]

[<< Transitivity ¥ “Yemma <<Transitivity”]

<<== Reflexivity

[<<== Reflexivity = “<<==Reflexivity”]

[<<== Reflexivity X “lemma <<==Reflexivity”]
<<== AntisymmetryHelper(Q)

[<<== AntisymmetryHelper(Q s “<<==AntisymmetryHelper(Q)”]

[<<== AntisymmetryHelper(Q) = “lemma

)
) pyk |
<<==AntisymmetryHelper(Q)”]
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FromNot < f(Weak)(Helper)

proo

[FromNot < f(Weak)(Helper) ropf AcAx.P([SystemQ F
Vm: Vn: V(e): V(fx):V(fy): 5 (- (2 (0 <= (¢) = = (= (0 = 6))n)'n)n = 4 (n<=

m = (Bolm] <= ((§)m] + (—u(e)))m)mn - 5 (0 <= (] = (= (0

(€))n)n)n = FromNegatedAnd > = (- (= (0 <= (¢) = - (= (0 = (¢))n)n)n =

= (n<=m= (fx)[m] <= ((fy)[m] + (—u(e))))n)n)n > - (0 <= (¢) = - (7 (0=
(6))n)n)n > = (n <=m = (fx)[m] <=

((fy)[m] + (—u(e))))n; FromNegatedImply > = (n <= m = (fx)[m] <=

((ty)[m] + (—u(€))))n > = (n <=m = = (= ((ix)[m] <=

(@[m] + (—u(i)))n)n)n; FirstConjunct > - (n <=m = = (5 (fl)[m] <=
((fy)[m] + (—u(e))))n)n)n > n <= m; SecondConjunct > - (n <=m =

= (5 () [m] <= ((fy)[m] + (—u(e))))n)n)n > = ((fx)[m] <=

(fy)[m] + (—u(e))))n; ToLess > = ((fx) [m] <= ((fy)[m] + (—u(e))))n >

S (((fy)[m] + (—u(e)) <= (Ex)[m] = = (= (((fy)[m] + (—u(e))) =
(fx)[m])n)n)n; JoinConjuncts > n <= m > = (((fy)[m] + (—u(e))) <= (fx)[m] =
(5 (((Ey)[m] + (—u(e))) = (&x)[m])n)n)n > = (n <=m =

= (5 (((Ey) [m] + (—ule))) <= (&) [m] = = (= (((fy)[m] + (—u(e))) =
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[FromNot < f(Weak)(Helper) = “FromNot<f(Weak)(Helper)”]

)
[FromNot < f(Weak)(Helper) X “Yemma fromNot<f(Weak) helper”|

FromNot < f(Weak)

proof

) = Ac.Ax.P([SystemQ +
Vm: Vn: V(€): V(fx): V(fy): 5 (Vob;(€): = (5 (Vobjn: = (Vobjm: = (5 (0 <= (¢) =
o (5 jn= = (n <=m = (fx)[m] <= ((fy)[m] +

)n F Ded > = (vobj(it - (;‘ (Vobjg: = (Vobjm: = (;| (O <=
5 (0= (e))n)n)n = - (n <=m = (fx)[m] <=
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(e))n)n)n = = (n<=m= (= (((fy) —u(e))) <= (fx)[m] =
= (5 (((Ey) [m] + (—u(e))) = () [m])n)n)n)n)n > = (Vopim: = (5 (5 (7 (0 <=
(€)= (=(0=(e)n)n)n = ~(n<=m = (fx)[m] <=
((Ey)[m] + (—ufe))))m)n)n)n)n > = (0 <= (¢) = = (= (0 = (e))n)n)n = = (n <=
m = = (5 (((fy)[m] + (—u(e))) <= (fx)[m] = = (= ((({y)[m] + (—u(e))) =
(fx)[m])n)n)n)n)n; IntroExist @m > = (0 <= (¢) = ~ (- (0 = (¢))n)n)n =
S (n<=m = (= (((fy)[m] + (—u(e))) <= (fx)[m] =
S (5 (((Ey)[m] + (—ufe))) = (fx)[m))n)n)n)n)n > = (Vopjm: = (5 (0 <= (¢) =
(50 =(e)n)n)n = = (n <=m = = (= (((fy)[m] + (—u(e))) <= (fx)[m| =
S (5 (((Hy)[m] + (—u(e))) = (Ex)[m])n)n)n)n)n)n)n; Gen &> = (Vopjm: = (5 (0 <=
(€)= (0= (eg)n)n)n = - (n <=m = = (= (((fy)[m] + (—ufe))) <=

m] = = (= ()] + (-u(©) = (Elm)mnmn)n)n >

(tv) (©)) <= (B [m] = = (5 ({{ty) m] + (~u(e))
(fi[m})n n)n)n)n)n)n; Gen > Vopin: = (Vopjm: = (5 (0 <= (¢) = = (- (0 =
(@) = (0 <= m - IR

) n
(5 (((Ey)[m] + (—ule))) = (fx) n)n)n >
Vobj(€): Vobjn: = (Yopjm: = (5 (0 <= (€) = = (= (0= (¢))n)n)n = - (n <=m =
= (5 (((Ey) [m] + (—u(e))) <= (&) [m] = = (= (((fy)[m] + (—u(e))) =
(fx)[m])n)n)n)n)n)n)n|, po, c)]

))n)n)n = - (0 <=m = (fx)[m

((ty)[m] + (—u(€))))n)n)n)n)n)n)n = Yop;(€): Vobjn: = (Vobim: = (-
= (5 EO = @)n)n()n = 2 (n <=m = = (= (((y) [m]
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[FromNot < f(Weak) ¥ “FromNot <f(Weak)”]

)
[FromNot < f(Weak) 25 “lemma, fromNot<f(Weak)”]

FromNot < f(Strong)(Helper2)

proo

[FromNot < f(Strong)(Helper2) ropf Ac.Ax.P([SystemQ F

Vx: Vy: Vz: Vu: Ve = ([(x 4 (—uy)) | <= (rec((1+1)+1)*v) = = (= (|(x+(—uy))| =
(rec((1+ 1)+ 1) *v))n)n)nk = (](z+ (—uu))| <= (rec((1+1) + 1) xv) =

S (5 ([(z+ (—uw))| = (rec((1+1) + 1) *v))n)n)n = = ((y + (—uw)) <=
(rec((1+1)+1)*v) = = (- ((y+ (—uu)) = (rec((14+1) + 1) *v))n)n)n - x <=
x| > (x+ (—uy)) <= |(x + (—uy))|; leqLessTransitivity > (x 4 (—uy)) <=

[+ (—y)] & (1(x+ (—uy)) | <= (ree((1+ 1)+ 1) 5v) = (= ([(x+ (—uy) | =
(rec((141) +1)*v))n)n)n > = ((x + (—uy)) <= (rec((1 +1) + 1) xv) =
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A (5 ((x+ (—uy)) = (rec((1 + 1) + 1) * v))n)n)n; NumericalDifference >

(z+ (—uw))| = |(u+ (—uz))|; SubLessLeft > |(z + (—uu))| =

( [> = (z+ (—uw) <= (rec((1+1) +1) xv) = = (= (|(z+ (—uw))| =
( + 1) xv))n)n)n > = (J(u+ (—uz))| <= (rec((1 +1) + 1) xv) =

(= ()l(HH uz))| = (rec((1+1)+1)+y))n

Jn)n; x <= |x| > (u+(-uz)) <= [(u+
—uz))|; leqLessTransitivity > (u+ (—uz)) <

= [(u+(—uz))|>= (|(u+(—uz))| <=
= (rec((l +1)+1)*v))n)n)n >
(5 ((u+ (—uz)) = (rec((1+1) +
(x4 (—uy)) <= (rec((1 +1) +1) *v) =
v))n)n)n > = ((y + (—uw)) <=
) = (rec((1 + 1) 1) % v))n)n)n >
ec((1+1)+1)*xv)+(rec((1+1)+1)*v)) =
(rec((1+1) )xv)+ (rec((14+1) 4+ 1) =
(x+ (—u + (—uw))) <=
)

c((14+1)+1) = ):>ﬁ(%(|(u+( uz))
+ (—u;)) <= (rec(( 1)+ v) =

1) *
>
((x + (—uy)) = (rec((14 1) +1)
o((1+1)+1) # >¢ﬁcw<+&
( ))
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uu) ec
(x+(—uy)) +(y+(—uw))) < ( +
S (((x+ (—uy) + (y + (—uw))) =
n)n)n Adquuatlons(Lesb) > = (
14+1)4+1)*v)+(rec((14+1)+1
1+1)+1)xv)+ (rec(( +1)
1+1)+1)*v) = (2 ((u+ (=
x+ (—uy)) + (y + (—uw))) + (u
( —|—1)+1)*v) (rec((1+1)+1)x
+(—uw))) + (u+ (= z)))z
( 1)*v)))n)n)n; inser
+ (—uy)) + (y + (—uw))) + H+(
+(-wy))+ ( +(—uw))) + (u+(—u
uz)); SubLessLe

+
+

I dos ol

—

+1
+

((
* V) )

X (y
yg):> (x y))+(y (UU))):
) = (re (1

+(-u

> ((u+(-uz)) <
1)+ 1)+ ¥)njn)n >
+(-uz)) <

))+(reC((1+1)+1)*M)) = 5 (A ((((x+
(((rec((141)+1) *v) + (rec((1+1)+1) %
tTwoMiddleTerms(Sum) > (x+ (—uz)) =
uz))); eqSymmetry > (x + (—uz)) =
z))) > (((x+(—uy)) + (y+ (—uw))) + (u+
((x+(—uy))+(y+(—uw)))+ ( +(—uz))) =
w))) + (u+ (—uz)) <

v)) + (rec((141) + 1) xv)) =
uz) (((re I+ +1)*v)+

1
y))
(=
n)n

L~
FSD —_
aQ
—~
O~~~

_|_
)+
)

|< —~
o= =
—~ ~ —~ —~
=
<
~—
= —
A/‘\

= IX X
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(u
uy)) +
v) (rec(( *
(y + (—uw))) + (u+ (—uz))) =
) #v)) + (rec((1+1) +1) *v)))n)n z)) <=
xv)+ (rec((14+1)+1)*v)) + (rec((1+ 1)+ 1) xv)) =
((rec((1+1) + 1) xv) + (rec( 1) +1)*v)) + (rec((1 +
reeThirds > (((rec((1 +1) 4+ 1) *v) + (rec((1 + 1) + 1) *
v)) =v; SubLessR1ghtl> (((rec((L+1)4+1) xv) + (rec((1+
I+ +1)*v)=v>a((x+ (—uz)) <= (((rec((l +1)+
+1)xv)) + (rec((1+1) + 1) *v)) = - (2 ((x+ (-uz)) =
( ) )+ (rec((1+1) +1) # v)) + (rec((1+1) + 1) # v)))n)n)n >
S ((x+ (-uz)) <=v= (7 ((x+ (-uz)) = v)n)n)n], py, c)]

[FromNot < f(Strong)(HelperQ) I SystemQ -

Vx: Vy: Vz: Vu: Vv: = ([(x + (—uy))| <= (rec((1 +1) +1) *v) =

(5 (10 (—uy))] = (rec((1+ 1) + 1) # v))m)n)n b = (|(z + (—uw)| <=

(rec((1+1) + 1) *v) = = (= (|(z + (—uw))| = (rec((1 + 1) + 1) *v))n)n)n
S((y + (muw)) <= (rec((1+ 1) + 1) *v) = = (5 ((y + (-uw)) =

(rec((1+1) +1)xv))n)n)n = = ((x+(-uz)) <=v = = (5 (x+(-uz)) = v)n)n)n]

[FromNot < f(Strong)(Helper2) * “FromNot<f(Strong) (Helper2)”]
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[FromNot < f(Strong)(Helper2) 5 “lemma fromNot<f(Strong) helper2”]
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FromNot < f(Strong)(Helper)

[FromNot < f(Strong)(Helper) progf Ac. Ax.P([SystemQ F
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[FromNot < f(Strong) *= “FromNot<f(Strong)”]

V\_/
l<<

(
[FromNot < f(Strong) % “lemma fromNot<f(Strong)”]

fromNotSameF (Strongest ) (Helper2)

proof

[fromNotSameF(Strongest)(Helper2) — A P([SystemQ F
Vx Vy: Vz: Yu: Vv: = (| (x + (—uy))| <= (rec((1 +1) + 1) *V) =
(5T 0c+ (—uy))| = (ree((1+ 1) + 1) s w)mmpn - 5 (2 + (—uw) | <=
(rec((1+ 1) + 1) #v) = = (= (|(z + (—uw))] = (ree((1 + 1) + 1) # v))m)n)n
v <=|(y + (—uu))| - NumericalDifference > |(x + (—uy))| =
|(y + (—ux))[; SubLessLeft > |(x + (—uy))| = [(y + (—ux))| > = (|(x + (-uy))| <=
(rec((1+1) + 1) xv) = = (= (|(x + (—uy))| = (rec((1 +1) +1) * v))njn)n >
S (I(y + ()| <= (rec((1+1) +1) xv) = = (5 (|(y + (—ux))| = (rec((1+1) +
) v))n)n)n; LessNegated > = (|(y + (—ux))| < (rec((l +1)+1)xv) =
= (2 (I(y+ (—w)| = (ree((1+1)+1)=v))m)n)n 3> = ((—u(rec((1+1)+1)*v)) <
(—ul(y + (mwx))]) = = (= ((—urec((1 + 1) +1) +v)) =
( u|(y+(—ux))|))n)n)n; LessNegatedr>- (|(z+(— ug))\ <= (rec((14+1)+1)xv) =
S (5 ([ (—uw))| = (rec((1+1)+1)*y))n)n)n > = ((—u(rec((1+1)+1)+v)) <=
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; AddEquations(LeqLess) > v <=
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>* v)) = (—ul(y + (—ux)) ) )n)n)n >
1) v)) <= (ly + (—uw))
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plusCommutahwty >

(o () 4|2+ (—uw) )+
(x+ (—uz))) + |z + (-ww))|) =
> (I(y + (mw))| + ([(x +

+ (—uw)))) + [(y + (~ux))]) >
(x+(—uz))[+|(z+ (-uw))|) +
+(-uz))) +[(z+ (-uw))) =

+|

+( uu)) (y + (—u))| <=
+(*UX))\+|(X+( z)) ((y + (—uw))| <=
+(—HZ))|+|(Z+( u)) si > |(y +
(J(x+ (= UZ))|+ (— ))\)+|(Z+(— x))[) > (|(y + (—uw))| +
))<= (|(x+ (—uz))| +|(z ) ositiveToLeft(Leq) >
u))| + (—ul(y + (—ux) - (z+ (—uw))]) >
u))[ + (—ully + (-ux) ) <=|(x

(-u
*v))) <= ((|(y + (-u )
v+ (—u(rec((1+1)+1
y+ (—uw))| + (—ul(y + (-u
—uw))| + (—ul(y + (—ux))[)) + (—ul(z |
(vt (—ufrec((1+1) +1) #v))) +(—u(rec((1+1) +
S (v + (—u(rec((1+1) + 1) xv)
|(x + (—uz))|)n)n)n; ThreeThirds >
(((r c((1+1) + 1) *v) + (rec((1 +1) + 1) *v)) + (rec((1 + 1) + 1) xv)) =
ositiveToRight(Eq) > (((rec((1+1) +1)*v) + (rec((1+1) + 1) *v)) + (rec((1 +
1#v)) = v > ((rec((1+1)+1)xv)+ (rec((1+1)+1)*v)) = (v+(—u(rec((1+
1)*v))); PositiveToRight(Eq) > ((rec((1+1)+1)*v)+ (rec((14+1)+1)*v)) =
(—u(rec((L+1)4+1)*v))) > (rec((1+1) + 1) xv) = ((v+ (—u(rec((1 +
1)+ 1)*v))) + (—u(rec((1 4+ 1) + 1) *v))); eqSymmetry &> (rec((1 + 1) + 1) xv) =
(v + (mulrec((1+1) + 1) xv))) + (—u(rec((1 + 1) + 1) xv))) >
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((v+(—u(rec((1+1) +1) #v))) + (—u(rec((1+1) +
v); SubLessLeft o ((v+( u(rec((L+1)+1)*v))) +
(rec((1 4+ 1) + 1) v) & = (((v + (—u(rec )+

)#v))) = (rec((1+1)+1)=x
—u(rec((1+1)+1)*v))) =
#v))) + (—u(rec((1+1) +

*v))) +

1<

+1
(
1)

—_

*
+

(1
1) xv))) <= |(x+ (—uz))| = = (= (((v + (—u(rec((1 +1) +1) *v)
(— (rec((1+1)+1)*v))) = |(x+ (—uz)))n)n)n > = ((rec((1+1) + 1) *xv) <=
[(x+ (—uz))[ = = (= ((rec((1 + 1) +1) #v) = |(x + (—uz))[)n)n)n], po, c)]
[fromNotSameF (Strongest ) (Helper2) ® 2 SystemQ +
Vx: Vy: Vz: Vu: Vv: = (|(x + (—uy))| <= (rec((1 +1) +1) xv) =
S (5 ([(x+ (muy))| = (ree((1 + 1) + D xv)nn)n k= ([(z+ (-ww))| <=
(rec((1+1) + 1) xv) = = (= ([(z+ (—uw))| = (rec((1 4+ 1) + 1) * v))n)n)n -
v <= |[(y + (—uw))[ F = ((rec((1 +1) + 1) *v) <= [(x+ (—uz))| =
S (5 (ree((T+1) + 1) *y) =[x+ (—u )) Jn)n)n]

[fromNotSameF (Strongest) (Helper?)
“fromNotSameF (Strongest ) (Helper2)” ]

[fromNotSameF (Strongest) (Helper2) % “lemma fromNotSameF (Strongest )
helper2”]

fromNotSameF (Strongest)(Helper)

proof

r) — Ac.Ax. ’P(fSystemQ F
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[ToLess(F)(Helper) ropf Ac Ax.P([SystemQ F
Vm: V(nl): V@:V@: V(fx): V(fy): Vobjm: = (5 (0 <= (¢) = ~ (- (0 =

(€))n)n)n = = m = = ((€) <= |((E)[m] + (—u(fy)[m]))| = = (= ((e) =

=
=
A
I
3
I
J

[(B0)[m] + (—u(E)fm))mmn)n)a - (0 <= () = (5 (0 = (e))mu)n =
(32) <= m = =(({fy)[m] + (—u(fx)lm])) <= (] =

= (((fy)[m] + (—ufBs) m])) = ()m)mn - if{(n2) <= (n1), (n1), (n2)) <= m
MaxLeq(1) > (nl) <=if((n2) <= (nl), (n1), (n2)); leqTransitivity > (nl) <=
if((n2) <= (nl), (nl), (n2)) > if((n2) <= (nl), (nl), (n2)) <=m> (nl) <=

m; MaxLeq(2) > (n2) <= if((n2) <= (nl), (nl), (n2));leqTransitivity o

(n2) <=if((n2) <= (nl), (nl), (n2)) > if((n2) <= (nl), (nl), (n2)) <=m >
(n2) <=m;Ad@m > Yopim: = (= (0 <= (¢) = = (= (0 = (¢))n)n)n =

= ((n1) <=m = = ((e) <= [((Ex)[m] + (—u(fy)[m]))| = = (= ((¢) =

|(£x)[m] + (—u(fy)[m]))[)n)n)n)n)n > = (% (0 <= (¢) = = (- (0 = (¢))n)n)n =
S((nl) <=m = = ((e) <= |((£x)[m] + (—u(fy)[m]))| = =~ (= ((¢e) =

|((fi[m] + (—u@[m]))|)n n)n)n)n; FirstConjunct > - (- (0 <= @ =

S (5(0=(e))n)n)n = = ((nl) <=m = = ((e) <= |((fx)[m] + (—u(fy)[m]))| =
= (7((e) = [((Ex) [m] + (—u(fy)[m]))[)n)n)n)n)n > = (0 <= (¢) = = (= (0 =
@)n)n)n, SecondConjunct > = (- (0 <= @ = 5 (- (0= (¢))n)n)n =

S((nl) <=m = = ((e) <= |((£x)[m] + (—u(fy)[m]))| = = (= ((¢e) = |((£x)[m] +
(—u(fy)[m])))n)n)n)n)n > (n1) <=m = = ((¢) <= |((x)[m] + (—u(fy)[m]))| =
S (7((e) = () [m] + (—u(fy)[m]))[)n)n)n; MP > (nl) <= m = = ((¢) <=
|((£x) [m] + (—u(fy)[m]))| = = (= ((€) = [((£x)[m]+ (—u(fy)[m])))n)n)ne>(nl) <=
m > = ((€) <= |((fx)[m] + (—u(fy)[m]))[ = = (= ((¢) =

|(@[m] + (—u(fy) m]))|)n)n)n; FromNumerical Greater > = ((e) <=

|(£x)[m] + (—u(fy)[m]))| = = (= ((¢e) = [((£x)[m] + (—u(fy)[m]))[)n)n)n >

S (5 () [m] + (—u(fy)[m])) <= (—u(e)) = = (= (((£x)[m] + (—u(fy)[m])) =
(—u(e)))n)n)n)n = = ((e) <= ((fx)[m] + (—u(fy)[m])) = = (= ((e) = ((fx)[m] +
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= (Vob; (€): 5 (5 (Vobl: = (Vopgm: = (5 (0 <= () =
= (M <=m = (fy)[m] <= ((fx)[m] + (—u(e))))n)n)n)n)
= (Vo (€): 5 (5 (Von: = (Vg m: = (5 ( =
(M <=m = (fy)[m] <= ((fx)[m] + (—u(e))))n)n)n)n)
( ObJ( ) ( (voan - (vobjm: - (;‘ (O <= (6) == (;'
S <=m = (fy)[m] <= ((fx)[m] + (—u(e))))n)n)n)n)n)n, po, c)]

[ToLess st System@Q +

(F) = _
Vm: Vn: V(nl):V(n2): V(e): V(fx): V(fy): = (5 (5 (Vobj(€): 7 (5 (Vobjn: = (Vopjm: = (5 (0

(@ =2(=0=())nnn == <=m= (fx)[m] <= o
()] + (—u(e))n)n)n)n)n)n)n = Yobj(€): = (Yobjhi: = (Vonii: = (0 <= (¢) =
2(2(0 = (m)n)n = 7 <=m = = (|((B)[M] + (—u(fy)[m])| <= (e

S ([(E)m] + (= ( Y)[M))| = (e))n)n)n)n)n)n - o

_‘EVObJ( €): 5 (5 (Vopyn: = (Vopm: ﬂ](* (0<=(e) = = (=(0=(¢))n)n)n =
S(i<=m

(=
= (fy)[m ] = ((()[M] + (—u(e))))n)n)n)n)n)n
[ToLess(F) “= “ToLess(F)”]

[ToLess(F) X “lemma toLess(F)”]

FromNot <<

= (=(0= (¢))n)n)n =

)

[FromNot <Pt Ac A P([SystemQ I V(fx): V(fy): Autolmply >
= (Vo (€): 2 (51 (Voni: 5 (Yoby: 1 (5 (0 <= (e
(<= m = ()] <= ()l + (—u(e))wm)mmn)n =
= (Yobj(€): 5 (5 (YobM: = (Yobim: = (5(0 <= (€) = = (= (0 = (€))n)n)n =
(M <=m= (fx)[m] <=

()] + (—u(e))))m)m)n)n)n)n; = (5 (Yobj (€): = (5 (Yobjfiz = (Voni: = (4 (0 <=
(€)= (= (0=(e))n)n)n = ~ (A <=M = (B)[m] <=
()] + (—u(e))))n)n)n)n)n)n)n -

MT > = (VObJ( ) %(% (Vobjﬁ:%(vobjm:% - (0 <:(
m n

(g T (> (o = Vg (= 0 =@ =>C0=nnn=
5 (1 <=m = (fx)[m] <= ()] + (~u(@))nmmmnns
(5 (Vog (0 (5 (Fopgt: = (Vo (50 <= () = = (5 (0 = {))m)n)n =
5 (1 <=m = (E)[m] <= ((fy)[m] + (~u{e))n)mn)mn)n >
(5 (Vobg (0 (5 (Fopgt: = (Vo (5 (0 <= () = = (5 (0 = {))m)n)n =
4 (1 <=m = (f)m] <= ((fy)[m] + (~u(e))))n)n)n)n))u)n], po, o)

[FromNot <<"2" SystemQ +
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m= -

(£): V(fy): = (Vob;

m
vV

(€):V(fx): V(fy)

n=n<

[FromNotSameF (Weak)
Vm: Vn: v
@)n)n)



FromNotSameF (Weak “FromNotSameF (Weak)”]

[
[FromNotSameF (Weak) = “lemma fromNotSameF(Weak)”|

FromNotLess(F)

[FromNotLess(F) “= “FromNotLess(F)”]

[FromNotLess(F) P “lemma fromNotLess(F)”]

== Addition

[== Addition < “==Addition”]

[== Addition P “lemma ==Addition”]

== AdditionLeft

[== AdditionLeft *¥ “==AdditionLeft”]

[== AdditionLeft P “lemma ==AdditionLeft”]

Fpart — Bounded(Base)

proof

[Fpart — Bounded(Base) "— Ac.Ax.P([SystemQ +
V(v1):V(v2n): V(fx): (v2n) <= 0 - LeqLessEq > (v2n) <= 0> = (5 ((v2n) <=
0= (- ((v2n) = 0)n)n)n)n = (v2n) = 0; Nonnegative(N) > 0 <=
(v2n); toNotLess > 0 <= (v2n) > = (= ((v2n) <=0 = - (= ((v2n) =
0)n)n)n)n; NegateDisjunctl &> = (< ((v2n) <= 0= - (- ((v2n) = 0)n)n)n)n =
(v2n) =0 - (= ((v2n) <= 0= - (- ((v2n) = 0)n)n)n)n > (v2n) =
0; SameSeries>(v2n) = 0 > (fx)[(v2n)] = (fx)[0]; SameNumericalt> (fx
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|
[+ 1) = = (5 (B [(v2n)]] =
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art — Bounded(Base) S System(
1):V(v2n): V(£x): 5 (Yobj (v1): 7 (Vopj(v2n): (v2n) <= 0= = (|(tx)[(v2n)]| <=
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[Fpart — Bounded(InduHelper) P “lemma fpart-Bounded indu helper”]



Fpart — Bounded(Indu)
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[Fpart — Bounded(Indu) "— Ac.Ax.P([SystemQ
V(v1):V(v2n): Vn: V(fx): (v2n) <= n = = (|(fx)[(v2n)]| <= (

++ A
==
J
J
=
=r
=
[\)
£

<.
Il
<
)
=
)
=
= I~
A =
Il

]
o
2

-+

— Bounded(

=
< -
— 9
~— =
<C
—~
<
DN
=
=
<C
>
<
= =
"

=
| T
Nab

|
<
N
=
=
A
Il

1)
): = (Vob; (v2

<

)i

Zl

= 5

(Yobj(v1): = ((

(= (B

J- 1]
=
°
&
&<
T =

J
—~
—~

—_

[(v2n)]| = (v

)
:(v2n) <= (n+ 1) = = (|(fx)[(

))n)n)njn)nj

tex

[Fpart — Bounded(Indu) = “Fpart-Bounded(Indu)”]

[Fpart — Bounded(Indu
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Fpart — Bounded

[Fpart — Bounded P2t e\ P([SystemQ F V(v1): V(v2): Vn: V(fx): Fpart —
|

Bounded(Base) > =1 (Vobi(v1): 1 (Vobi(v2): (v2) <= 0 = = (|(fx) [@] <=
v1))n)n)n)n)n; Fpart — Bounded(Indu) >
)

1 (Vobj (v1): 5 (Vobj(v2): (v2) <=n = = (] fx)[@“ <=(vl) =

S (5 (|(E)[(v2)]] = (v1))n)n)n)n)n = = (Vobi (v1): =1 (Vobi(v2): (v2) <=

(n+1) =~ (|(E)[(v2)]] <= (v1) = = (= (|(B)[(v2)]| =

(v1))n)n)n)n)n; Induction > = (Vopj (v1): = (Vopj(v2): (v2) <=0 =

= ([(E)[(v2)]] <= (v1) = = (= (|(B)[(v2)]| =

(v1))n)n)n)n)n > = (Vopj (v1): 5 (Vopj (v2): (v2) <= n = = (|(fx)[(v2)]| <=
(v1) = 5 (=2 (|(E)[(v2)]| = (v1))n)n)n)n)n = = (Vobi (v1): = (Vobi (v2): (v2) <=
(n+1) = = (|(fx)[(v2)]| <= (v1) = = (= (|(fx)[(v2)]| = (v1))n)n)n)n)n >

= (g (V1): (7o (V2): (v2) <= 1 = (B[] <= (v1) =

5 (5 (1 (v2)]l = FL)mnjmma], po, o]

stmt

rt — Bounded "=~ SystemQ
): ¥ (v2):Vn: V(Ix): 5 (Vobi (v1): = (Vobi(v2): (v

K
AN
Il
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2 (2 () [(v2)]] = (v1))n)n)n)n)n
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[Fpart — Bounded % “Fpart-Bounded”]
[

Fpart — Bounded X “lemma fpart-Bounded”]

F — Bounded(Helper)

proo:

[F — Bounded(Helper) ropf Ac. A P([SystemQ F Vx: Vy: Vz: = (|(x + (—uy))| <=
z= 5 (5 ([(x+ (—uy))| = z)n)n)n =
NumericalDifferenceLess > = (| (x + (—uy))| <=z = = (- (|(x + (—uy))| =

x= (5 ((y+ (-uz)) =x)n)n)n = (2 (x <= (y+2z) = (7 (x=
(y +2))n)n)n)n)n > = ((y + (-uz)) <= x = - (= ((y + (-~uz)) =

x)n)n)n; NegativeToRight (Less) > = ((y + (—uz)) <=x = = (- ((y + (-uz)) =
x)nn)n > 4 (y <= (x+2z) = 2 (2 (y = (x+2z)n)n)n;x <= [x| > (x +2) <=
|(x + z)|; LessLeq Transitivity > = (y <= (x+2) = - (~(y =

(x+z)n)nn> (x+z) <= |[(x+2)[ > = (y <=|[(x+2z)| = (2 (y =

|(x + z)|)n)n)n; MaxLeq(1) > |(x + z)| <= if(|(x + (—uz))| <=

|(x+2)|,|(x +2)[,|(x + (—uz))|); LessLeqTransitivity > = (y <= [(x + z)| =
(5 (y=x+z))n)n)n e |(x+z)| <= if(|(x + (—uz))| <=

|(x+2)|, |(x + 2)|, [(x + (—uz)[) > = (y <=if(|(x + (-uz))| <=

|(x+2)[,|(x+ 2)], [(x + (—uz))]) = = (= (y = if(|(x + (—uz))| <=

|(x+2)|, [(x+ 2)|, |(x + (—uz))|))n)n)n; SecondConjunct &> = (= ((y + (—uz)) <=
x= (0 ((y+ (-uz)) =x)n)nn= (2 (x <= (y+z) = 2 (7 (x=
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jnn)n > 5 (x <= (y +z) = (5 (x =
)n; PositiveToLeft(Less) DAax<=(y+z)= (K=
jn)n)n > = ((x + (—uz)) <=y = - (7 ((x+ (—uz)) = y)n)n)n;x <=
—ux)) = |(z+ (—ux))|; NumericalDifference > |(z + (— ux))| =
bLeqRight > [(z + (—ux))| = [(x + (—uz))| > (z + (—ux)) <
(z+ (—ux)) <= |(x + (—uz))|; LeqNegated > (z + (—ux)) <=
(—u|(x+ (—u2))|) <= (—u(z + (—ux))); MinusNegated >>
= (x + (—uz)); subLeqRight > (—u(z + (—ux))) =
(—ul(x+ (-uz))]) <= (~u(z+ (~uwx))) > (—ul(x + (-uz))|) <
— 1eqLessTrans1t1V1ty>( u|(x+ (—uz))]) <= x+ (—uz)) >~ (
) <=y =" ((x+(-uz)) =y)n)n)n > - ((—u|(x + (—uz))|) <=
+ (—uz))|) = y)n)n)n; MaxLeq(2) > |(x + (—uz))| <=
)| <= [(x+2)|, |(x+2)], [(x+(—uz))|); LeqNegated>|(x+(—uz))| <=
|(x+2)|, [(x + 2)[, |(x + (—uz))]) > (—uif([(x + (—uz))| <=
)|, [(x + (—uz))])) <= (—u|(x + (—uz))|); leqLessTransitivity >
—uz))| <= [x+2)|, |(x+ 2)|,[(x + (—uz))|)) <=
uz))|) &> = ((—ul(x + (—uz))|) <=y = - (= ((—u|(x + (-uz))])
n > = ((—uif([(x + (—uz))| <= |[(x+ 2)|, [(x + 2)|, |(x + (—uz))])) <=
(—uif(|(x + (—uz))| <= [(x + 2)[,[(x + )|, |(x + (- uz))l))
)n; ToNumericalLess > - ((—uif(|(x + (—uz))| <= |
uz))|)) <=y = = (= ((—uif(|(x+(—uz))| <= |[(x+2)], |
= (y <=if(|(x + (—uz)| <= |(x+2)], [(x + 2)], |
(5 (y =if(|(x+ (—uz))| <= |(x+2)[,[(x+ 2)|, | (x + (-uz)
2 (lyl <= if([(x + (—uz))| <= [(x+2)[,[(x + 2)|, |(x + (—uz))[) = = (= (ly| =
(Ix+ (—uz))| <= |(x+2)|,[(x + 2)|, |(x + (—uz))[))n)n)n],

F — Bounded(Helper) *2" SystemQ F ¥x: Vy: Vz: = (|(x + (—uy))| <=z=
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= (2 (12 + (—uy))| = Z)n)n)n - = (ly] <= if([(x + (—uz))| <=
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[

(x+2),[(x+2)[, [(x + (=uz))|) = = (= (y| = f(|(x + (-uz))| <=
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P(P(Union({N, Q}))) | = (Vopj(op1): = (= (¥ obj(0p2): = (4 (< ((op1) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Yobim: = (epn = {{m, m}, {m, ((fy)[m] * (fz)[m])} })n)n}[m]))| = (¢))n)n)n >

= (Vobjn: = (Yopjm: (0 <= (¢) = = (= (0 = (¢))n)n)n = n <=m = = (|({ph €
{ph € P(P(Union({N,Q}))) | = (Vobj(0p1): = (=1 (Vo (0p2): = (= (= ((op1) €

N = 4 ((op2) € Q)n)n = = (apy =

{{(op1), (op1)},{(op1), (0p2) }})n)n)n)n)n)n} | = (Vopjm: = (epn =

{{m, m}, {m, ((x)[m] * (fz)[m])}})n)n}[m] + (—u{ph € {ph €

P(P(Union({N, Q}))) |  (Vory (0pL): = (= (Vo; (0p2): (= (* ((opL) € N =
(0p2) € Qm)n = “ (apy = {{(0p1), (op1)}, {(0p1), <op2>}})>|n> w)n )r;) wn} |
<=

= (

= (Yobjm: = (epn = {{m, m}, {m, ((fy)[m] * (fz)[m])}})n)n}[m])

S (=(({ph € {ph € P(P (Umon({N QH)) |

= (v (= pl) € N = = ((op2) € Q)n)n =

Po)n)n)n)n)n} | = (Vopim: = (epn =

m] + (—u{ph € {ph €
obj(0p2): = (< (=1 ((op1)

obj (0p1): = (5 (Vo (0p2): =

= (apn = {{(op1), (op1)}, {(op1), (0p2)}
{{m, m}, {m, ((fx)[m] * (fz)[m])} })n)n}

P(P(Union({N, Q}))) | = (Vobj(opl): = (=

(

]

1)eN=

(V op
= ((op2) € Qnjn = = (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n)n} |
= (Vopjm: = (epn = {{m, m}, {m, ((fy)[m] * (fz)[m])}})n)n}[m]))| =
(€))n)n)n)n)n; Gen &> = (Vopin: = (Vopjm: = (0 <= (€) = = (= (0 = (¢))n)n)n =

n
<=m = = (|({ph € {ph € P(P(Union({N, Q}))) |
7 (Vobj (0p1): = (5 (Vobj (0p2): = (% (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2) } })m)n)n)n)n)n} | = (Vopim: = (epn =
{{m, m}, {m, ((£x)[m] * (fz)[m]) } })n)n}[m] + (—u{ph € {ph €

1o J-1=
<
°
&
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P(P(Union({N, Q}))) | = (Vopj(0p1): = (= (Vob(0p2): = (= (= ((0p1) € N =
= ((op2) € Qu)n = = (apy = {(op;), (op(l 1, {(op1), (0p2)}} |n n n()n)n nj |
- <=(e) =

( ; )
(Vobjm: = (eph = {{m, m}, {m, ((fy)[m] * (fz)[m])} })n)n}[m]))
E (I{ph € {ph € P(P (UnlonE N, Q})) |

Vobg (0D1): 7 ( (Yabj(0p2): (= (= ((op1) € N = = ((0p2) € Qm)n =

= (apn = {{(opL). (opL)}, {(op]), (0p2)}})m)m)m)m)n)n} | = (Vopym: = (epn =
{{m, m}, {m. ((£)[m] # (2)[m])}})n)n}m] + (—u{ph € {ph €
P(P(Union({N, Q}))) |  (Vor; (0pL): = (= (Vo; (0p2): (= (= ((opL) € N =
= ({op2) € Qn)n = = (apy, = {{(op1). (opD)}, {(0pL), (0p2)}})m)n)m)m)u)u} |
“ (Yopsm: = (epn = {{m, m}, {m, ((fy)[m] + (£)[m]) } })m)n} m])| =
(Qmm)a)n > Vo (e): = Wopyn = (Mo (0 <= (9) = (40 =
(@m0 = n <= m = = (|({ph € {ph € P(P(Union({N, Q}))) |

= (Vo (OPL): = (5 (Vobs(0p2): = (= (= ({op]) € N = = ((op2) € Qm)n =
= (apn = {{(opL), (0pL)}, {(op1), (0p2)} })m)m)mm)n)n} | = (Vopym: = (epy, =
{{m, m}, {m, ((5)[m] * (E2)[m})}})n)u}m] + (~u{ph € {ph €
P(P(Union({N, Q}))) |  (Vob; (0pL): = (= (Vo; (0p2): (= (* ((opL) € N =
= ({op2) € Qn)n = = (apy = {{(op1), (opD)}, {{0pL), (0p2)}m)n)m)m)n)u} |
= (Vopym: = (epn, = {{m, m}, {m, ((&y)[m] * (&z)[m])}))n)n}[m]))| <= (€) =
= (=(|({ph € {ph € P(P(Union({N, Q1))

* (Voj(0p1): = (* (Vopy (0D2): = (= (4 ((op1) € N = = ({0p2) € Q) =

= (apn = {{(opL). (opL)}, {(opD), { )pz> bn)m)n)n)n)n | = (Vopym: = (epy, =

u{ph € {ph €

{{m, m}, {m, ((x)[m] * (fz)[m])} })n (= -
( (Union({N, Q}))) | = (Vobj (0p1): = (5 (Yobj(0p2): = (= (=1 ((op1) € N =
= ((op2) € Q)u)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
" (Yobjm: = (epn = {{m, m}, {m, ((fy)[m]  (£z)[m])} })n)n}[m]))| =
)n)n)n)n)n; DedDVOb,( ): 5 (Yobin: 1 (Vobim: = (0 <= (¢) = = (= (0=
Jn)n)n = n <=m = = ([({ph € {ph € P(P(Union({N,Q}))) |
(Vobj (0p1): 1 (=1 (Vo (0p2): = (1 (- ((0
= (apn = {{(op1), (op1)}, {(op1), (0p2)}
S (5
(0

}
[m] +
.
(

~— _| ‘—v—’

J- -

—
@)

—~
[0
~—|

J.

1) € N= = ((op2) € Q)n)n =
n

p
Pnjnn)njn)n} | = (Vopjm: = (epn =

iR

n
u{ph € {ph €

{{m, m}, {m, ((£x)[m] * (fz)[m])} })n)n}[m] + (—
P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (% (=((op1) € N =
(op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
y)[m]  (fz)[m]) } })n)n}{m]))| <= (¢) =

= (
= (Yobim: = (epn = {{m, m}, {m, ((fy)[m] * (fz)
= (= (I({ph € {ph € P(P(Union({N, Q}))) |
= (Yabi(0p1): = (= (Yobj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}} )n)n)n)n)n)n} | = (Vobym: = (epn =
{{m, m}, {m, ((£x)[m] * (fz)[m]) } })n)n}[m] + (—u{ph € {ph €
=
(o

P(P(Union({N, Q}))) | 1 (Vobj(0p1): = (= (Yo;(0p2): =2 (= (= ((0pl) € N =
(0p2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
m: = (epn = {{m, m}, {m, ((fy)[m]  (fz)[m])}})n)n}[m]))| =

n)n)n)n)n 3> Yob;(€): = (Vobhi: = (Vopgi: = (0 <= (€) = = (= (0 =

n)n)n =n <=m = = (|({ph € {ph € P(P(Union({N, Q}))) |
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1 (Yobi(0p1): = (1 (Vob(0p2): = (< (= ((0
= (apn = {{(op1), (op1)}, {(op1), (o0p2)}
(=
(

1) €N = = ((op2) € Qn)n =

Jn)n)n)njn)n} | = (Vobim: = (epn =
(—u{ph € {ph €

bj(0p2): = (2 (< ((opl) € N =

1, {(op1), (0p2)}})n)n)n)n)n)n} |
m|)}} | <=

Jn)n} )| <= (e) =

p
}
{{m, m}, {m, ((fx)[m] * (fz)[m])} })n)n}[m] +

P(P(Union({N, Q}))) | = (Yobj(op1): =

(Yo

op )
((op1) € N = =((op2) € Q)n)n =

“ (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vop;m: = (epn =
{{m, m}, {m, ((£x)[m] * (fz)[m])}})n)n}[m] + (—u{ph € {ph €

P(P(Union({N, Q}))) | = (Yobj(0p1): = (= (Yon(0p2): = (=1 (1 ((op1) € N =
7 ((0p2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
7 (Vopim: = (epn = {{m, m}, {m, ((fy)[m] * (fz)[m]) } })n)n}[m]))| =

)n)n)n; Repetition > Vop; (€): 5 (Vopjn: = (Vopim: = (0 <= () = = (2 (0 =
Pjnn = 1 <= m = = (|({ph € {ph € P(P(Union({N.Q})) |
 (Vobj(0p1): = (1 (Vopj (0p2): = (1 (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)},{(0p1), (0p2) } })n)n)n)n)n)n} | = (Vopim: = (epn =

= ((op2) € Q)n)n = = (apn = {{(op1),
= (Yobjm: = (epn = {{m, m}, {m, ((fy)[m]
E (I({ph & {ph € P(P (UnlOlﬂE{l\(I ,Q})

n
<

—

Vobj(opl): = (4 (Vobj(0p2):

(v
opl

"h\_/o

(fz)

3

((op
p2)}}

} n
{{m, m}, {m, ((fx)[m] * (fz)[m]) } })n)n}[m] + (—u{ph € {ph €
P(P(Union({N,Q}))) |  (Yob;(0p1): = (= (Yop;(0p2): = (= (=~ ((op1) € N =
(op2) € Qu)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)njn)n} |
m])}})n)n}[m)))| <= () =

= (
5 (Vobjm: = (epn = {{m, m}, {m, ((fy)[m] * (fz)[m
= (= (|({ph & {ph € P(P (Union({N, Q}))) |
1 (Yobi(0p1): = (4 (Yobi(0p2): = (4 (1 ((op1) € N = = ((0p2) € Q)n)n =
“ (ap, = {{(0p1), (op1)}, {(0D1), (0P2)} Himm)m)m)m)n} | = (Foym:  (epy, =
{m, m}, {m, ((£x)[m] * (fz)[m]) }})n)n }W —u{ph € {ph €
P(P(Union({N,Q}))) | = (Vobj(opl):
((op2) € Q)n)n = = (apn = {{(opl), (op
(Vobjm (ePh = {{m m} {m, ((fy)[m] *
) _

—~
M
~—

A
|
=l
4
1
g
I

—
@)

apn = {{(0p1), (op1)}, {(opL). (0p2)}})m)m)n)m)m)n} | * (Vobsm: = (ep, =
juim + (-ufph e {phe

bi(op2): = (= (= ({op]) € N =
} oD Topal) |

fz)[m])} Hn)n} )| <= () =

€N = =((op2) € Qn)n =

Jn)n)n)n)n} | 5 (Vobjm: = (epn =

(—u{ph € {ph €

vobJ(OPQ) (5 (5 ((opl) EN =
1)} {(op1), (op2)} })n)n)n)n)n)n} |

HH
3
\3
——
ot
E]
=
eyt
E3
*
—~—
S
E
=
=
=

P(Union({N, Q}))) | = (Vob;(0op1): = (= (
(0p2) € Q)n )n = (aPh = {{(Opl) (opl

)n
<

<C
o
&
I3
4
’Fo\
U
=2
I
~—
,_:H
E]
E]
—
,—A—\
E]
<
B~
*

B R O R o B S LR

<

ObJ(Opl) = (5 (VobJ(0p2) ((opl
apn = {{(op1), (op1)}, {(op1), (0p2) }
{{m,m},{m,(@[m] (fz)[m])}})n)n

P(P(Union({N,Q}))) | = (Vobj(opl): -
< ((op2) € Q)n)n = = (apn = {{(opl),

AAA/—\A/_\
2
— |
ke]
=
m
*
’U
=
m
)
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o
—
c
E
o
=]

AA
-
AVZ
O

—~—

IN—"

IN—"

= v—‘

~— _| ~—,—/



= (Yobjm: = (epn = {{m, m}, {m, ((fy)[m] * (fz)[m])} })n)n}[m]))| =
(e))m)n)nn)n], po, c)]

[Samequltlphcatlon bt SystemQ
V(v1):V(v2): Vm: Vn: V(e): V(fx): V(fy): Vu Vobi(€): 7 (Vopjn: = (Vopim: = (0 <=

obi(€)
= 5 (20 = ())un)n =7 <=m = = (|((K)[M] + (—u(fy)[M)| <= (¢) =

(e)

= (5 () [m] + (—u(ty)[m]))| = (7)7) n)n)n)n -

VObJ 6) = (Vobjﬁi = (Vobjm = (0 <= (6) = 7 ( (O ( )) )n)n >n<=m=
= (|({ph_€ {ph € P(P(Union({N, Q}))) |

5 (Vobj(0p1): =1 (1 (Vobj (0p2): = (= 1) €N = = ((op2) € Qu)n =

(
= (apn = {{(op1), (op1)}, {(op1), (0p2) } }
{{m, m}, {m, ((£x)[m] * (fz)[m ])}})n)n}m

P(P(Union({N, Q}))) | = (Vob;( -

Jn)n)n)n)n)n} | = (Vepjm: = (epn =
] + (—u{ph € {ph €

= (Yobj(0p2): = (= (= ((op1) € N =

)} {(op1), (0p2)}})n)n)n)n)n)n} |
i |7)[m])}})n)n}m))| =

= ((op2) € Qu)n = = (apy = {{
E objm: = (epy = {{m, m}, {m,
= (Y

)n
<= (9 =
€N = = ((op2) € Q)n)n =

}Hnn)n)n)n)n} | = (Vobym: = (epn =
[m] + (—u{ph € {ph €
.
(
}

(I{ph € {ph e PP (Umon
3 (0DD): (5 (Yo (062): = (> (4 ({01
= (apn = {{(op1), (op1)}, {(op1), (0 2)}}
{{m, m}, {m, ((fx)[m] * (fz)[m])} })n)n}
P(P(Union({N, Q}))) | = (Yonj(op1): = (= (
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n ) Jn)n)n} |
= (Yobim: = (epn = {{m, m}, {m, ((fy)[m] (z)[m])} })n)n}[m]))| = (¢))n)n)n)n)n]

[SameFmultiplication 3 “SameFmultiplication”]

—~

/—\/-\
L~

E/v

Vobj(0p2): = (= (= ((op1) € N =
n

e k C e
[SameFmultiplication 2 “lemma sameFmultiplication”]

EqMultiplication(R)

proof

[EqMultiplication(R) "=~ Ac.Ax.P([SystemQ - V(fx): V(fy): V(fz): {ph €
P({ph € P({ph € P(P(Union({N,Q}))) |
= (Yobj(0p1): = (5 (Yobj(0p2): = (5 (= ((op '
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n}) | = (= (Vob;(rl):
fen = = (Vobj(0P1): = (5 (Vi (0p2): = (* :
= ((rl) = {{(Opl (op1)}, {(op1), (0p2)
5 (Vobj (£1): Von; (£2): Vob; (£3): Vob; (£4): )
)}} € fph = fl) =(3) = (f2) = (f4))n)n =

{{(83), (83)}, {(83), (¢ (3) = (12) = ({4))n)
= (Vobi(s1): (51) € N = = (Yob(52): = ({{(s1), 51}, {(s1), (52)}} €
fpn)n)n)n)n (€): = (Yongfi: = (Yo =2 (0 <= (€) = = (= (0 = (¢))n)n)n =

N m 1 2 (O] + (oden )
= (5 (| ()] + (—udpa )] = (@)m)m)n)n)n} = {ph € P({ph € P({ph ¢
P(P(Union({N, Q}))) |  (Vous(0p1): = (= (Vs (9D2): = (= (= ((op1) € N =

(s1) €
1} | Von
(fx)
(-
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(8
i
oD
3

IR -
Z
B

= 3l &

o2

= =

é“ —

- + z

[ [e]

| &

g -

_;-U —

= iD

ATz
o
&
>
J
<
[e]
&
3|
]
=N
A
Il
Gy
(8
J
]
>

—~
—~

Jac il
-
=
o
=
o
Z
O

'z

—
o
ke
[\
~
m
O
—
2
=]

- (apn = {{(op1). (p1)}. {(oD 1), (0p2)}})m)m)m)u)nyn}) |
- (Vg (OD1): = (= (Vo (0D2): = (= (= ((opL) € N =

J
<
o
X

Py

L3
T T
RO
IN—"
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Tm
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[m] + (—u(fy)[m]))| = (¢))n)n)n)n)n >

Vobi(€): T (Vobjfi: 1 (Vobim: = (0 <= (¢) = - (- (0= (¢))n)n)n =" <= =
= (I({ph € {ph € P(P(Union({N,Q}))) | -

(Vobj(0p1): = (51 (Vobj (0p2): 1 (<2 (1 ((opl) € N = = ((0op2) € Q)n)n =

“ (apy, = {{(0D1), (0p1)}, {(op1), (o2} m)mm)m)m)n} | - (Forym: = (epy =
{{m, m}, {m, ((x)[m] * (fz)[m])}})n)n}[m] + (—u{ph € {ph €

_|.

P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (+ (= ((opl) € N =

= ((0op2) € Q)u)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
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objm: = (epn = {{m, m}, {m, ((fy)
Q)

= (V.
= (= (I({ph & {ph € P(P(Union({N,
5 (Vobj(opl): = (5 (Vobj(0p2): = (4

(=

m]

)*) @[m])}})n)n}[m]))l <=(=

= (apn = {{(op1), (op1)}, {(op1), (

{{m, m}, {m, ((fx)[m] * (fz)[m])}})n)n

P(P(Union({N, Q}))) | = (Vop;(opl

).

((
p2)
n

}

pl) € N = = ((op2) € Q)n)n =

Pmjnn)njn)ng | = (Vopjm: = (epn =
m] + (—u{ph € {ph €

Vobj(0p2): = (= (= ((opl) € N =

objm: = (epn = {{m, m}, {m, ((fy)
Jn)n; To == >Vop;(€): 5 (Vo = (Vopim: = (0 <

P(P(Union({N, Q}))) | = (Yobj(op1): =

}
.
S (
Jul

n)n =(e)
) ) Jn = n <=m = = (|({ph € {ph € P(P(Union({N, Q}))) |
= (Yas(0PL): = (4 (Yo (002): = (= (= ({0p1) € N = = ((0p2) € Q) =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n
{{m, m}, {m, ((£x)[m] * (fz)[m]) } })n)n}[m] +

(
opl)}, {(op1), (0p2)}})n)n)n)njun)n} |
* (f2)[m]) } })n)n}[m]))

)

=5 (2(0=

Jn)n} | = (Vobjm: = (epn =

= ((op2) € Qu)n = = (apn = {{(o
5 (Vobjm: =1 (epn = {{m, m}, {m, ((fy
= (= (I({ph & {ph € P(P(Union({N,
( ObJ(Opl) ( (vobJ(OPZ) -

)n
(—u{ph € {ph €
): 5 (5 (Yobj(0p2): = (5 (= ((opl) € N =
pl), (op1)}, {(opl), (op2)}})n)n)n)n)n)n} |
)[m] * (fz)[m])} })n)n}[m]))| <= (¢) =
QD)) |

(=

- (-
= (apn = {{(op1), (op1)}, {(op1),

{{m, m}, {m, ((fx)[m] * (fz)[m])}})n)n

p
)n

}

P(P(Union({N, Q}))) | * (Vo; (0pD):

1) € N= = ((op2) € Q)n)n =

((op
2)}Hn)n)n)n)n)n} | = (Vopjm: = (epn =

m] +

u{ph € {ph €
j(0p2): = (= (= ((opl) € N =

= ((op2) € Q)n)n = = (apn = {{(o
Vobjm %(eph = {{m, m}, {m, ((fy)
)

):
p

1,
¥)[m

O
}
.
(
]

h

—~

(-
(Vob
p1)}, {(op1), (0p2)}})n)n)n)njnjn} |
2)[m])}})n)n}[m})
N

P(Union({N, Q})

(

m*o
A’_h\_/o

— —

152



o I | Vo ) (. (Yo
n<=m = - (|({ph € {ph € P(P(Union({N, Q}
5 (Vobj(op1): = (1 (Vobj(0p2): = (1 (= ((Opl) EN= = OP.)

{{m, m}, {m, ((fy)[m] * (fz)[m]) } })n)n}[m]
= (= (I({ph € {ph € P(P(Union({N, Q}))) |
= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Yopjm: = (epn =
{{m, m}, {m, ((fy)[m] * (fz)[m]) } })n)n}[m] + (—udpn[m]))| =
(e))n) Jn)n)n}; eqReflexivity > {ph € P({ph € P({ph €
P(Union({N, Q1)) |  (Foug (0D1): = (5 (Fong 092): = (> (= ([op1) € N =
_0p2 EQ) )u = = (apn = {{(opl), (op1)}, {(0pl). (0p2)}})n)n)n)n)n)n}) |

r1) € fpn = = (Vopj(0p1): = (1 (Vobj (0p2): = ( (= ((opl) € N =
(op2ﬁ Q) n)n = = ((r1) = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n =
Vo (F1): Yobj (£2): Vab; (£3): Von; (F4): {{(D), (1)}, {(F1), (£2)}} € fpy, =

4)}} € fpy, = (fl) (£3) = (2) = (f4))n)n =

3), (f

:(31) € N = = (Vobi(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €

}) | vaJ’(e)' (vaJn - (vobjm - (0 <= : =
€

n<=m= = (|({ph € {ph € P(P(Union({N, Q})))

= (Yobj(0p1): = (5 (Yobj (0p2): = (5 (= ((0p1) € N = = ((0p2) € Q)u)n =

= (apn = {{(0 pl) »{(op1), (0p2)} )n)n)n)n)n)n} [ = (Vop;m: = (epn =
fz)[m [

n | =
(fz)[m])} Pun}[m] + (—uden[m]))| <= (¢) =

- (vobj (Opl) - ( .
= (apn = {{(op1), )
fen = = (Vobj(0p1): = (1 (Vobj(0p2): =1 (
*((rl)i{{(opl) (Opl)} {(Opl) (o 52)

% (Yong (51): (51) € N = = (Vorg (2): = ({(s1), GD} AGL), (D)} €
fph) )n)n)n ) | vobj (6)2 = (Vobjﬁi = (Vobjﬁ: = (0 <= 6) = (% (0 = (e))n)n)n =
n<=m= " (|({ph € {ph € P( P(U}mon({N, QM) |

= (Yobj(0p1): = (5 (Yobj(0p2): = (5 (= ((0p1) € N = = ((0p2) € Q)u)n =

153



(3Ph

{{m, m}, {m, ((fx)[m]  (fz

-

(=
: (VobJ
- (aph

{{m, m}, {m, ((fx)[m] * (fz)[m])} })n)n}[m] +

(e))n)n) Jn)n}; eqReflexivity > {phE

(UHIOH({N Q) | = (Vobj(op1): = (=
(

J
—~=
o~
e
T —

{{m mj, {m, ((fy)[m] * (fz)[m])} })n)n} [m] +

- (Vobj
- (apn =

{
fpn = = (Vobj(opl) = (5 (Vob;

- (vobji

—

(0p2) 6 Q) ) = (1) = {{(Opl)
b ob

n<=m= - (|({ph € {ph € P( (Union({N, Q})
7 (Vobj(0p1): = (5 (Vobj (0p2): = (4 (4 ((op1)

= {{(op1), (op1)}, {(op1), (0p2)}}

(fz)[m])} })n)n}m] +
{ph € {ph € P(P(Union({N, Q})
(op1): = (1 (Vobj(0p2): = (4 (1 ((
= {{(op1), (op1)}, {(op1), (0p2)

O
/—\
m
1?'“
T‘
_|
—
<C
e}
&
S
T
C

( }
(f2) Vobj (3): Von; (f4): {{(f1), ( D). (1), (2)}) € fon =

, (£ )}} € fpr = (f1) = (3) = (f2) = (f4))n)n =
N = = (Vob;(s2): = ({{(s1), (s1)}, {(s1), (s2)} } €
bJ(e) (Vobjn: = (Vobim: = (0 <= |(e = (- (0=

B~
—-— =
J
<
o
E
3
J-
)
g
=
|

€
= {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n
(=

den[m]))| <= (6) =

—~
@]
o)
—_
~—
J
/—\
—~
<C
o
g
—
@]
ke
DO
~—

—~

opl): = (-

(
= {{(op1), (op1)},

I
<
o
&
@]
ke
>
J
R
B

o3
N—"
—
——
—

[
N
=

=
SN~—
—
—

m
5

. =
7~

s
SN—

Il

o3
N—"

3
S—

1
=

I
IN—"
=

]
=

=]

({N, -
i(opl): = (5 (Vobj(op2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =
),

(0p2)}})n)n)n)n)njn} | = (Vobim: = (epn =

{{m,m},{m(@[m]*@[ D}n)nt[m] + (—udpn[m]))| =

(e))n)n

Jn)n)n}; eqTransitivity4 > {ph € P({ph € P({ph €

P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((opl) € N =

= ((op2

) € Q)n)n = = (apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n}) |

154



A<=m= (\({;h € {ph € P(P(Union({N,

fPhi—'( obj(op1)

(Vob; (op

) (=
= ((r1) = {{(op1), (op1)

bj (£ ) Vobj (£3): Yon; (f4): {{(f1),

JAL
(f1

= (f2) =

4)}} € fpn = (fl) = (f3

- (voan _‘(vob

{{m, m}, {m, ((£x)[m] *
{ph € P({ph € P({ph € P
(va_] (Opl) (_' (vobj

—
=}
ko]
[\
~—
J
—
J.
J
&)
ol
=

“ (apn = {{(opl), (opl
fpn = 5 (Vopj(opl): = (-

—~

(1) = {{(op). (op1)}.{ opl), (.p2)}})n
1 (Vob; (F1): Von; (£2): Von; (£3): Von; (f4): {{(fL),

{H{(
(v
n

Ph)1

5/\/—\

3), (£3)
bi(81): (
)))})l Vobj(€): =

n <=
™ (Yob; Opl) (= (Yob;

3\

—

s1) € N = 5 (Vopj(s2): =

(£3)},{(83), (f4)}} € fpu = (1) = (B3

(Vobih: =1 (Vobim:

“(/({ph € {ph € P(P (Union({N,

(0p2): = (= (= ((op1)

= (apn = {{(op1), (op1
{{m, m}, {m, ((fx)[m] *

= (5 (I({ph € {ph € P(
™ (Yonj (0p1): = (% (Yo

—

—
~—

)}, {(op1), (0p2)}})n
(fz)[m]) } } )n)n}[m] +
P(Umo.nE{N,.Q})))

S (arn = {{
ﬁm, m}a {m, (@[ ]
(€))n)n
= (Vobj(0p1): =1 (1 (Vob;

—
—~

opl), (opl)},

(fz)
n)n)n} > {pheP

m])}})n)n}[m] +

= (apn = {{(op1), (op1
fPhi_' (vaJ (Opl) (

)}

—

A
Il
3\
2
o)
=
m
——
o]
=

.o m
:9
d
=3
@]
=8
I~
=z _I

opl), (op2)}})n)n)n)n)n)
( udph[i

{(op1), (
)}

3), (£
5 (Vobj(s1): (s1) € N = = (Vopj(s2): - ({{(s1), (s1)}, {(s1), (s2)}} €
Jn}) |V (=(0=




i |
5 (Vobj(0p2): = (5 (2 ((opl) € N = = ((0p2) € Qn =
); (op1)}, {(0p1), (0p2)}})n)m)m)n)n)n}) [ = (5 (Yobj(rl): (r1) €
fen = = (Vobj(op1): = (= (Yob(0p2): = (= (= ((0p1) € N = = ((0p2) € Q)n)n =
((ﬂ) = {{(Opl) (Opl)} {(Opl) (op2)}})n)n)nynjn)n =

( 4)}} € fo = (fl) =
N= (Vobj (82)

obj (€): = (Vi = (Vo T

—~
O
)
=
Il
—
—
—
]
ko]
—
=
—
]
ko]
—
S~—
/‘w—/

= (Yobj(op1): = (% (VobJ(O 2): %

~—

= (apn = {{(op1), (op1)},
{{m, m}, {m, ((fy)[m] * (fz)

—

(e))n)n)n)n)n} o> {ph € ph

;‘(vobj opl): = (= (V. objlO

—

= (apn = {{(op1), (Opl
fph = (VObJ (Opl) =

,_\A

((rl)—{{(opmop b A(
1 (Vob; (f1): Vop; (f2): Vo
{3

bj

4)}
v
n

A

)f3)}{(3
obj(s1):
)))

(
n<=
- (Vobj (Opl) (= (Yo

—~

(f
(sl) eN
n}) | Yoy (e):

Ph

),

€ 5 (Vobj (s2): = (
(Vobjn —\(Vobjm: .
(I({ph € {ph € P(P(Union({N,
bj(0p2): =

(= ((op1)

(
= (apn = {{(op1), (op1)},
(£

{
{{m, m}, {m, ((fy)[m] * (fz)
U

(op
[m]

)}Hn )n}[

(=
1),

(

S (= (I({ph € {ph € P(P(Union({N,

- (Vobj (Opl): = (% (vobJ (0p2)

0p2)}}

= (apn = {{(op1), (op1)}, {(op
(2)[m

{{m, m}, {m, ((fy)[m] * ]
{ph € P({ph € P({ph € P(P(
= (Vobj(op1): = (= (Vobj(0p2): =

n(

(=
1),
)} Hn

U1n

(

“(aps, = {{{op1). (op])}. {{op1

(=
);

156

(S
= (Vobjm: = (epn =

()m)n)n)njn} =




{{m, m}, {m, ((fy)[m] * (fZ [m])} Jnjnj[m]

{ph € P({ph € = P({ph €
= (Vobj(opl): = (2 (Vobj (0

=(
= (

{{m,m},{m,((fX)[ ] * (£ )[ ]
{ph € P({ph € P({ph € P(P(Uni

= (Vobj(0p1): = (= (Vopj (0p2): = (=
); (0

= (

fph

{(o
fen = 5 (Vobj(0p1): = (5 (Vob;

{
;‘(VObJ(ﬂ) vobJ (f2) vaJ (f3 :

= 71 (Vo (Opl) (=

apn = {{(op1), (op1)},

~ —~

(r1) = {{(op1), (op1)},{(

<(
o

o

&

—
—
—~=
~=
—
—

—~
N
e

w

c" SN—

.
w
N—"
—
=
’._g
C»J
=
—~
._,,
\_/
-
-
m
—
el
=
—~
=
N’
—

[Y)
=
=
I
—
——
—
@]
ko}
=
—
—~
]
e}
=
N—
—~
—
—
@]
ko}
=

apn = {{(op1), (op1)}, {(op1

J-
< -
o
&
—
o
k)
[\
~

=

=
m
——
ke
=
m
"U
=
pac)
G .
B

@]

=)
=8
——
z |

=
~—

&
I

N
[\
~
Il
—~

(s 6
}) | Yo J( ) (vaJn - (Vobjmi =
{ph € {ph € P(P(Union({N,

;‘(vaJ(Opl) (= (Vopj(0p2): = (= (= ((op1)

—~

= (apn = {{(op1), (op1)}, {(op1), (op2)}})
]+

{{m, m}, {m, ((fy)[m] * (fz)[m]) } })n)n}[m

J

m: = (epp =

= @)nmnm)n} >

A

=Je]

— =

—
—
i
N
=

—
—
m
Z
]
—
<

o
.E“_
—
2
[\
—
—
—
—~
—
2
—
—
2
N

*:'(0<

5 =

m
Z
\
IE
=)
i)
[\

Naod

2
=}
\

=

——
— —
) [
Z N

—~

=
=
=]
I

I
—
&
¢

2’\
—~
<C
]
o
<.
/\
wn
l\')
~—
—~
—~
—
wn
—_
~—
—
w0
—_




= (= (|({ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(op1): = (5 (Vobj(0p2): 1 (1 (7 ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} } )n)n)n)n)n)n} | = (Vopym: = (epn =
{{m, m}, {m, ((fy)[m] * (fz)[m m] + (—udps[m]))| =
(¢))n)n)n)n)n}], po, c)]
[EqMultiplication(R) *2" SystemQ F V/(fx): V(fy): V(fz): {ph € P({ph €
P({ph & P(P(Union({N, Q1)) | * (Vons(op1):  (* (Vo {002} (5 (5 ((0pT) €
N = *((op2) € Qu)n = = (apy =
{{ opl), (op1)},{(op1), (op2)}})n)n)n)n)n)n}) [ = (4 (r
ObJ(Opl) ( (Vobj(0p2): = (= (1 ((opl )G N = =((op2) € Q)n)n =
1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n
(f2) Vob; (£3): Vo (f4): {{(fl)v(fl)}v{(fl)v 2)}} € fpn =
( 3), (f4)}} € fon = (1) = =
1) e Nj - (vaJ(S2) ({{(S )7 Sl)},{ Sl)? s2) } €
| Yobj(€): 7 (Vobjh: = (Vopim: = 2 (- (0=
2 ([((x) [M] + (—udpn[m]))

|
+ (—udpn[m]))| = @)n)

I
—~—
—~
/—\

/_\/_\,_\

C—
~
—
r—h<[/‘\
w|o
T ~lT
'8
o~
—
=
—
<

f3)}

J
—~
<C
o
<.
—~
wn
—_
N
—~
w0

ol
)
=
Na?
=}
Na?

n

~—

n

—
N

5
A
I
= 3
G

_|.
I
ElE

n)n} = {ph € P({ph € P({ph €
bj(0p2): =1 (41 (- ((opl) €N =
}

: » {(op1), (0p2)}})m)m)njn)n)n}) |
£ (5 (Yobg (0p2): = (4 (5 ((opl) €EN=
19)¢

v
=
c
=
o
B=§
——
P

O
=

J

=<3
o
&
)
o)
=
B

—
(e}
i)
[\
m
o
=
J
o -
)
=
I
—~—
~
—
]
go]
=
IN—"
=)
T |~

J
—~
<
e}
&
—~
—
—
~—
—
'~
—
S~—"
m
=
d
—
<C
]
&
—
[}
T
—

—

o

ie)
N
—

m

B E
~ e~~~
O ~—

2

[

J

=

—_

IN—"

4

-

—~

—

o

ke}

=

:—/

|~

o

<
o
Z
=
Lo

-
w
IN—"
——
™
w
=
=
=
S~—
—
—
m
~E"
=
—
=
S~—
Il
w3
IN—"
%)
S~—
Il
£
=
=}
=
=]

—~
~
=
W
o =
<
—~
)]
—_
N

N—

B

S~—"

\=¥

3

= N

Zw
=

T
SN
<C
o
'v

1. =l
- A
|
= 3
2

Jacll
=
=
o

B

)
=z

s O
ot
J
<

o

S

)
S

=

EIg

+

\

=

o

el

El

\
E_

'z

Py

1=

/\O
;E?:
o

£ m
— O
e
=

' (Vobj(0p2)- - (ﬁ( ((Opl) EN=
{

<C
[e]
S
=
O

&=
=}
Rad?
;3
—
/\
=
>—~
IN—
—~
——
—
O
"O
=
\./

—

=}

o)
N
—

m

, (opl
) VobJ (£3): Vobj(f ): (T

D‘
=
[\

f4)}} € fpn = (f1) =

= = (Yob(s2): = ({{(s1), (sD}, {(s

b'(e)' 7 (Vo 1 (Vobim: 5 (0 <=

h € {ph € P(P(Union({N, Q}))) |

51 (Vobj(0p2): = (4 (7 ((opl) €

s (op1)}, {(op1), (op2)}})n)n)n

(£x)[m] * (fz)[m])} })n)n}[m] + (-
€ P(P(Union({N, Q})))

= (Vobj(0p2): = (5 (= ((op

|~

/,_.:
m\_/
2/—\

i;.ljj_l
Tm :
T~
=

3B =)
=
wn
=

<
—~

wn
—_
~—

9

=

S~—

=]

SN—

=]

—~

-
—~= <C

o)

=}
A
I
4
J-
o]

—~

S| 4
Q”C"\

= {{(0

—
I~ =
hg.,—ﬁ—\
m

I =

/;'U
U‘

158



o]
c,
:_/
—~
@]
i)
[\}
S~—
—~—
ot
=)
S~—
S~—
B
=
=
~—
=]
—~
i
<C
[e]
Z
I3
i
(]
=
=
I

= (apn = {{(op1), (op1)},
{{m, m}, {m, ((fx )([ m] * (f

{ph € P({ph € P({ph € P(P(Union({N, Q}))) |
= (Vobj(0p1): = (= (Vobj (0p2): = (5 (= ((opl) € N = = ((0p2) € Qun =
~(apn = {{(op1), (op1)}, {(op1), (0p2)} Hn)n)n)n)n)n}) | = (% (Vouj (rl): (r1) €

fen = = (Yobj(0p1): = (5 (Vobj(0p2): = (= (= ((op
f((rl) = {{(Opl) (Opl)} {(Opl) (0 §>2) )n)n

£3), (f4)
1(s1) € N = = (Vo (s2):

5 (Vob;(s1) ( ({{(s1), (s1)}, {(s1), (s2)}} €
fen)n)n)njn}) | Von;(€): = (Yobim: = (Vopm: = (0 <= () = = (% (0 = (¢))n)n)n =
n<=m= - (|({ph € {ph € P(P(Union({N,Q}))) |

s (Vops(OBT): (= (Vang (0D2): = (= (5 ({op1) € N = = ((0p2) € Q) =

= (apn = {{(op1), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m m}f{ {m, ((fy)[m] = (ZI)J[mD}}) n)n}[m] + (—udpn[m]))| <= (¢) =

Vobj(opl): = (= (Vobj(0p2): = €
= (apn = {{(op1), (op1)}, {(op1), (OPQ)}})D)H)H)H)H)D} | = (Yobjm: = (epn =
{{m, m}, {m, ((fy)[m] * (fz)[m]) }})n)n}[m] + (—udpn[m]))| = (€))n)n)n)n)n}|

[m
[EqMultiplication(R) *= “Eunlt1phcat1on(R) ]
(

[EqMultiplication(R) 5 “lemma eqMultiplication(R)”]

EqMultiplicationLeft(R)

proof

[EqMultiplicationLeft(R) "= Ac.Ax.P(
P({ph € P({ph € P(P(Union({N,Q})))
5 (Vobj(0p1): =1 (1 (Vobj(0p2): = (1 (= ((op L
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n}) | ﬁ(*( ObJ(rl) (ﬂ) €
fen = = (Vobj(0p1): =1 (= (Vobj(0p2): = (4 (-
= ((r1) = {{(op1), (op1)}, {(0p1), (op2)
s (Y FD): Vo (12): Y (3): Vo (E): {{(E), ()}, {(FD), (2)}} € fon, =
{{(83), (183)}, {(£3), (f4)}} € fpn = = (f1) = (f3) = (2) = (f4))n)n =
i(s1):(s1) € N = 5 (Vob(s2): = ({{(s1), (s1)}, {(s1), (s2)} } €
fph)n)n)n)n} | v bj (6)2 = (Vobjﬁt - (Vobjﬁ: = (0 <= (6) = (;\ (0 =

= (VObJ(Sl
n<=m= = (|((fx)[m] + (—udph@m <=(¢g) =

]
S (2 (((£x) [m] + (—udpn[m]))| = (¢))n)n)n)n)n} = {ph € P({ph € P({ph €
(P(Union({N, Q}))) | = (Vobj(op1): = (= (Vobj(0p2): = (= (= ((opl) € N =
= ((op2) € Q)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)} })n)n)n)u)unjn}) |
5 (5 (Vopy(r1): (r1) € fen = 5 (Vobj(op1): = (= (Vobj(0p2): =
4 ((op2) € Q)n = = ((r1) = {{(op1), (op1)}, {(op1), (0p2

SystemQ I V(fx): V(fy): V(fz): {ph €

— —

4 (- ((opl) e N =
HHn)n)n)n)n)n =

159



%(Vobj(ﬂ)ZVob (f2) obj (f3) VobJ(f4 s s
,(f4)}} € fph = fl) = (f3) = (f2) = (f4))n)n =
Né%(vom(ﬁ) S ({(s1), (s}, {(s1), (s2)}} €

bj 6) (vobjn _‘( objm: 5 (= =
7W+( udpn[m]))|

\_/
—
—
—
—h
=
—
—~
=
N—
——
—
=
—
-
[\
—
m
-+
3
=

fpn)n)n)n)n

I
3

¥

J
Y

~—
=
=
m
e
S
i)
=
- M
"U
Ci
E. 3
o
EL
[Ny
=z
<O
f

<C
]
&
—
o
ie)
—_
~—

(> (VobJ(0p2) ( (= ((op

apn = {{(op1). (op1)}, {(opL), (0p2)}})n)n)n)njn)n}) | = (= (vobj(

= 5 (Vobj(0p1): = (5 (Vobj(0p2): =
{{(Opl) (Opl)} {(Opl) (0 §>2

) f3)} {( 3), ( 4}t Gfph=> =)=

b N = = (Vobj(s2): = ({{(s1), (s}, {(s

Q“J _I:E_I Sl

A,_\

/i::: 1- -
<(>—n
°

obj (€)1 (Vopj: =1 (Vop;m: =
)[ ] + (—udpn[m]))]
(fx)[m] + (—udpn[M]))| = (¢))n)n)n)n)n} = {ph € P({ph € P({ph €
({N,Q}))) | = (Vobj(opl): = (= (

)n)n = = (apn = {{(op1), (op
1 (r1) € fpn = = (Vobj(opl): = (< (Vobj(0p2): = (< (= ((opl) € N =
n)n = = ((r1) = {{(op1), (op1)},{(op1), (0p2)

§(£2): Vo (£3): Yoy (£4): {{(f1), (1)}, {(f1), (2)}} € fpn =

(£3), (f 4)}} € fpn = (f1) = (£3) = (f2) = (f4))n)n =
s1) € N = = (Vob;(s2): = ({{(s1), (s1)}, {(s1),
| Yobj(€): 5 (Vobii: 5 (Vopjm: = (0 <= (¢) = = (= (0 = (¢))n)n)n =
= (|((fy) [M] + (—udpn[M]))| <= (

+ (—udps[m]))| = (€))n)n)n)n)n} > {ph € P({ph € P({ph €
))) | = (Vobj(op1): = (5 (Vobj(0p2): = (5 (= ((opl) € N =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n}) |
€ fPli;‘ (Vobj(opl): = (-1 (Vobj(0p2): = (7 (+ ((opl) € N =
n)n = = ((r1) = {{(op1), (op1)},{(opl), (0p2)}})n)n)n)n)n)n =
b (£2): Von; (£3): Vobs (£4): {{(f1), (1)}, {(f1), (£2
,(f)}} e fpn = (f1) = (3) = (f2) = (f4))n)n =

N = = (Vo (s2): = ({{(s1), (s1)}, {(s1)
bj(e):%(vobjn ﬂ(VOme —\(O <= 6) = (-
i <=m = = (|({ph € {ph € P(P(Union({N, Q}))
= (Vobj(opl): = (= (Vobj(0p2): = (= (= ((opl) €
= (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n
{{m, m}, {m, ((x)[m] * (f2)[m])} } )n)n}[m] + (-

= (= (I({ph & {ph € P(P(Union({N, Q}))) |
5 (Vobj(op1): = (5 (Vobj(0p2): 1 (1 (7 ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobym: = (epn =

—~

!
S A
[
= 3

IR i
=
g
=}
<O

=

o~~~

—
<C
O

/—\

6
i(f1):

SC)
s
/-\‘\‘:2
5;@:
U‘

—
N
/\

A;JJJJ
T :
S
=

1o 3l
=

A E
B
S—
B

[
—
wn
—_
~
—

n

~—

n

—

A
Il
3|
%

I
£
3

act
=
=
=
]
=
=
P
5 O
£

—
o
N—
m
o
=
\

—

—~

5 =

~—

S
f1):
1

A~~~
=
o
T
- U B S
&
—
—
i

<O

o = T

<C
o
I
I
—
—
=
%)
N
—
—
m
-
el
=

——
.

< n &

e}

i;JJJJ
G :
T~
=

n

1)
|

[
—~

wn
—_
~—

=
S~
N

i
=
~—
jm}
Na?
2
=}

~—

-

—_—~
J

—

—

160



{
fPh:>_‘(vobJ(Op1) = (5 (Vobj(0p2): = (4 (-
= ((r1) = {{(op1), (op1)}, {(0op1), (0p2)} Hn)n)n)
(VObJ(fl):VObJ (f2): Vob; (£3): vobJ(f4) {{(f1),
{H(83), (13)}, {(£3), (f4)}} € fen = (f1) = (£3)
(Vonj(s1): (s1) € N = = (Vob;(s2): = ({{(s1), (
Ph))n)n)n}) | Vobj(€): = (Vobyhi: = (Vobjm: = (0
n<=m= - (\({ph € {ph € P( (Union({N, Q}
5 (Vobj(op1): 1 (5 (Vonj (0p2): = (1 (= ((op1) €
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n
{{m, m}, {m, ((fy)[m] « (fz)[m])}})n)n}[m] + (-
= (= (|({ph € {ph € P(P(Union({N, Q}))) |
;'(vobj (Opl): ( (va_] (0p2) (
= (apn = {{(op1), (op1)},{(op1), (op2)}})n)n)n)n)

A S
S~—
I ==

~—
~—
~—

—~
J =
~—
| ——
&3
=
—~

(~((op1) €N = -

n)

(
n)

(0p2) € Qn)n =

| = (Vobjm: = (epn =

{{m, m}, {m, ((fy)[m]  (fz)[m])} })n)n}[m] + (—udpn[m]))| =
(e))n)n)n) n}; TlmesCommutatlvity(R) > {ph € P({ph e P({ph €
P(Union({N, Q}))) | = (Yonj(op1): = (= (Yonj(0p2): =

(= (=((opl) e N =

.0p2 6&) wn = = (app = {{(opl), (0p1)}, {(opl), (0p2)}})n)n)n)n)n)n}) |

- i(r1): (1) € fon = = (Yobj (0P1): = (% (Vobj (0p2): = (= (= ((op1) € N =
- (OP2EQ) )n = = ((r1) = {{(op1), (op1)}, {(op1). (0p2)} })m)n)n)n)n)n =
5 (Yobj (F1): Vob; (f2): Vo (£3): Von; (£4): {{(f1), (f1)}, {(f1), (2)}} € fpn =

{{(83), (83)}, {(3) 3), (f4)}} € fen = (f1) = (£3) = (2) = (f4))n)n =

5 (Yobj(s1): (s1) € N = = (Vobj(s2): = ({{(s1), (s1 )}ﬁ ), (s2)}} €
fon))n)n)n}) | Vobj(€): = (Yobii: = (Vobjii: = (0 <= () = = (= (0 = (¢))n)n)n =
n<=m= = (|({ph € {ph € P(P(Union({N, Q}))) |

= (Yonj(0p1): = (%1 (Yonj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)}} )n)n)n)n)n)n} | = (Vobim: = (epn =
{{m, m}, {m, ((fz)[m] * (£x)[m])}})n)n}[m] + (—udpn[m]))| <= (¢) =

]+
= (= (I({ph € {ph € P(P(Union({N, Q}))) |
(Vonj(op1): = (5 (Vopj (0p2): = (= (=
= (apn = {{(op1), (op1)}, {(op1), (0
)

5 (Vobj(0p1): =1 (1 (Vobj(0p2): = (+ (= ((opl) €
= (apn = {{(op1), (op1)},{(opl), (op2)} Hn)n)n)n)n)n}) | - (= (Vop;(rl
fPh = = (Vobj(opl): = (— (Vo .

= ((r1) = {{(op1), (op1)}, {(op1), (0p2
= (Yon; (F1): Vob; (£2): Vo (£3): Von; (£4): {{(f1), (f1)},

{{ )()}{(
b

3), (f
s1): (s1) € N = = (Yobj(s2):

/—\

((opl) € N = = ((op2) €
pQ)}})n)n) Jn)n)n} | = (Yobim: = (epn =

D} € fon = (1) = () = (2) = [#))n)n =
5 3 e



-
o)
=

{

A

A
I

[ R i R R
E]

(

o~~~

) | Vob; (€): 5 (Yobii: = (Yobim: = (0 <= (€) = = (= (0 = (¢))n)n)n =

= (|({ph € {ph € P(P(Union({N, Q}))) |

5 (5 (Vobj(0p2): 5 (4 (7 ((opl) € N = = ((0p2) € Q)n)n =

opl), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopim: = (epy =

, () [m] * (fz)[m]) }} )n)n}[m] 4 (—udpn[m]))| <= (¢) =

ph {ph e P(P (Umon({N,QM
): (5 (Vobj(0p2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =

apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} [ = (Vobjm: = (epn =

Jn)n)n)n

Jwa

'3\5
U:S

<(
—
—_
~—

Q
=
ER

I~

Il
f—"—~,_A_,'U
~=
A

\3

)

J

IS
&
—

o
o)

et

{m, m}, {m, ((x)[m] * (z)[m])} })n)n}[m] + (—udpn[m]))| =

(€))n)n)n)n)n}; TlmesCommutatlvity(R) > {ph € P({ph € P({ph €

P(P(Union({N, Q}))) | * (Vor; (0pL): = (= (Vo; (0p2): (= (= ((opL) € N =

= ((0p2) € Qn)n = = (ap = {{{op1). (op 1)}, {(op1), D2)}})m)mu)m)n)n}) |
(5 (Vo (11): (1) € fi = = (Yong (0PL): = ( (s (062): = ( (= ((0p1) € N =
= ({op2) € Qn)n = = (1) = {{(op1), (op1)}. {(opD). (opD)}})u)n)m)m)n)n =
= (Vo (FD): Vot (£2): Vo (E3): oy (F4): { {(TL), (E1)}, {(£1), (R2)}} € fpn =

({(3), (B}, {(53), ([0)}} € for, = (11) = (83) = () = (H)n)n =

 (Vonj(5L): (51) € N = (Vou; (52): = ({(s1), G}, {G1), (D))} €

o) m))n)n}) | Vobi (6): 4 (VapT: = (Ve - (0 <= (€) = = (= (0 = ())n)n)n =
m<=m = = (|({ph € {ph € P(P(Union({N,Q}))) |

A (Vobj(opl): = (=
- 1

(Vobj(0p2): = (< (= ((opl) €
; (op1)},{(op1), (0p2)}})n)n)n)
m] * (fz)[m]) } })n)n}[m] + (—

]+
= (|({ph € {ph € P(P(Union({N,Q}))) |

=(

= (Vobj (0p1): = (=1 (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (092)}})11)11) n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((fy)[m] * (fz)[m —udpn[M]))[ = (€))n)n)n)n)n} =

{ph € P({ph € P({
- (vobj (

= (

{ )
fen = = (Vobj(opl): = (5 (Vobj(0p2): = (— (7
1 )

= (

n<=m=
. (vobJ

{{m, m}, {m, ((fz)[m] * (fy)[m])} })n)n}[m] +
= (= (I({ph € {ph € P(P(Union({N, Q}))) |
= (Yobj(op1): = (5 (Yobj(0p2): =

= (v

= (

= (

{{m, m}, {m, ((fz)[m] * (fy)

—~

opl): = (4 (Y,
apn = {{(op1), (0

—~

(r1) = {{(op1), (op

1 (Yob; (F1): Von; (f2): Vo j(f3) Vob;(f4): {{(f1), (F1)}, {(f1), (2)}} € fpn =
H(E €

b
(#3)}.{(83), (f4)}
(s1):
n)n)n

fen = (f1) = (£3) = (

%)
S~—
Il
—+
=
IN—"
=
=

3),
obj(s1): (s1) € N = *(Vobj(52)i%( {(s1), (sD)}, {(s1), (s2)}} €
n) }) | Vobj(€): 1 (Vobih: 1 (Vop;m: = S (0=
= ([({ph & {ph € P(P(Union({N, Q}))) |
opl): = (1 (Vobj(0p2): = (< (= ((op1)

€
apn = {{(op1), (op1)}, {(op1), (0p2) } })n)n)n
(=

—

(= (= ((op1) € N = = ((0p2) € Qu)n =
apn = {{(op1), (op1)},{(op1), (0p2) } })n)n)n)n)n)n} | = (Vobym: = (epn =
)[m])} Hn)n}[m] + (—udpn[m]))| =

162



N—
]
S~—
]
S—
SRS
2
]
-

= Transitivity > {ph e P({ph e P({ph €

N, Q}))) | = (Yobj(op1): = (= (Vonj(0p2): = (5 (= ((op1) € N =
)H)Héﬁ(aPh = {{(op1), (op1)}, {(op1), (0p2)} })n)n)njn)n)n}) |
+(r1) € fen = = (Yopj(0p1): = (2 (Yonj (0p2): = (= (= ((opl) € N =
n)n = = ((11) = {{(op1), ( p)l)} ,{(op1), (0p2)}})

J /—\
’U
\‘3
@:

—
<C
o
X
I
—
=
—

NSRRI
pac
=
5

—
[}
ko)

[\

—

m

<O

(f2) Vom(f?’) Vobj (f4): {{(f1
)}}efph:(fl): B) — (12) = (H))u)n =
T (Vobi(s2): 7 ({{(s1), (s1)}, {(s1), (s2)}} €
obj (€) ) 5 (Vobjn: 1 (Vopim: = (0 <= () = A (= (0=
€ {ph € P(P(Union({N, Q}))) |
p2) (= (= ((opl) € N = = ((op2)
opl), (op2)} })n)n)n)n)n)n} | -
m])}})n )n}[ —udpn|

p2);' L

<C
<]
o
&L
—
—
i
—
° v\/

——
—
>—h
v

=

w

O"\_/

g

N

Zl@

N— | —
'.3/_\
3@
_\_/
Im&E

E ZA

=]
A
I
3|
(8
-
5
=

p

; (VobJ(Opl) ( o
= (apn = {{(op1), (op
{{m, m}, {m, ((fz)[m] =
= (= (/({ph € {ph € P(
5 (Vobj(0p1): = (5 (Von;(
= (apn = {{(op1), (op1)},

—~
<

&

—
o

,—\
=
Z
/“_VJ
V,A,
—
_HH
-

A‘
E. |3
O‘—"'O
=

o

-
R
EJ
SN— |~
f
f
=
o)
=
= Mm
z
i
=
ko)
>

ENE

bj
—udpy[M]))| = (€))n)n)n)n)n} =

—~
—~
3
3
‘:«—/
~
13
pi
=
S
X
i
*
~
—
=

X

—
—
2
=}
—
3l
+
—

——
ke}
=
m
g
—
I~
ke}
=
* M
Nas)
—~
——
ke}
=
m
g
o

(

c
=
S
=
-
Z
O
=

J.

op2):
o

(Vo (0p1): = (1 (Vopj (0
= (apn = {{(op1), (opl
fPh = = (va_] (Opl)
= ((fl);{{(orﬂ
(vobj(ﬂ) obj £2): ¥,
{(13), (13)}, {(13), (f4)
= (Wobj(s1): (s1) € N =~ (Vobj(s2): = ({{(s1), (s1)
h n)n} |vobj(€)' - (Vob]n ﬁ(Vobij%(O <
= = (|({ph € {ph € P(P(Union({N, Q})))
: 51 (5 (Wobj (0p2): = (1 (5 ((op1) €
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)
{m, ((x)[m] * (fz)[m])}})n)n}[m] 4 (-

~—|

1

o]

<C

B
VAO/\
’-U/-\
—| O
L
—

]

]

-

bj

(-
(op1)}, {(

Aw—/
<C
o
lon
it
=
IS
~—
—
—~
—
[
N
—~
[
~—
—
~
—
—
[
~—
—
[\)
~

- T

m

9

=

\i}

=

~—

Il

e

(3

B

Il

.

=

N—

E

E(\-H
m

u%“
=
(8

J

—

—~

—
»n

=
i

~—
wn
—~ N
_‘.\/
—
N m

I
—
(e
~—
—~
o

2
{ph € {ph € P(P(Union({N, Q}))) |

= (= (I

= (Vobj(0p1): = (= (Vo (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n | = (Vobjm: = (epp =
{{m, m}, {m, ((fx)[m] * (fz)[m]) } })n)n}[m] + (—udpn[m]))| =

(¢))n)n)n)n)n} &> {ph € P({ph € P({ph € P(P(Union({N, Q}))) |

= (Vobj(op1): = (= (Vobj (0p2): = (= (= ((opl) € N = = ((op2) € Q)n n=
= (apn = {{(op1), (op1)}, {(op1), (0p2)} ) n)m)n)n)njn}) [ = (= (Vo (r1): (rl) €
fen = = (Vo (0p1): = (5 (Vo (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
ﬁg(ﬂ) = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n)n =

163



fil<=m= =(|({ph € {ph € P(P (Union({N,Q}))) |

- Vobj(Opl):ﬁ( (va_]

(0p2): = (= (= ((Opl) € N = = ((op2)

= (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n

{{m, m}, {m, ((fx)[m] *

= (= (I({ph & {ph € P(P(Union({N, Q}))
= (Vobj(opl): = (5 (Vob;(0p2):

(f2)[m])} })n)n}[m %

= (apn = {{(op1), (op1)}, {(0
)[m

{{m, m}, {m, ((x)[m] *
{ph € P({ph € P({ph €

= (
pl), (op2)}})n)
(f

™ (Yonj (0p1): = (% (on (0 pQ)i%(%(%((Opl)E
) n

= (apn = {{(op1), (op1
fPh == (vaJ (Opl) (

((rl);{{(om) (op1)}, {( {(Opl
;‘(vobj(ﬂ) obj{14 (f2) v0bJ (f3)

~
—
e~
w
)
w
~—
—
I~
’,_.;
OJ
=
e
=
N~—
—
—
m
—
T
=
—~
=
N~—
-~
w
~—

e on e P(P P (Ument (N, Q)
(0p2): (= (

- (Vobj (Opl): (5 (vaJ
: 1), (opl

{{m, m}, {m, ((fy)[m] *
: € P(P

)

(
},{(op1), (0p2)
(fz)[m ])}})

{ph € P({ph € P({ph € P(P(Union({N,Q})))

= (Vobj(opl): = (=

(
= (apn = {{(opl),

fph = = (Vobj(opl): = (-
1

= ((r1) = {{(op1), (op

op
1 (Vobj (£1): Von; (£2): Vo J(f ): Vob;(f4): {{(f1), (f1)}, {(f1), (f2)
€ fpy (f ) = (£3) = (f2) = (f4))n)n =

{{(83),
(V b
Ph)1)

®)
e
w)n

fi<==
=(

)
D:(s (=
Jn}) | Vobj(e): =

b
£3)}, {(£3), (f4)}

1)eN=

(I({ph € {ph € P(P
Yobj(0p1): = (* (Yobj(0p2): =

(VObJ
(vaJ

,\3,\
g
—~
. <.
Le)

CF'
<.

= (apn = {{(op1), (op1
{{m m}, {m, ((fz)[m] *

)}

(

\/,_\
[}
i}
[\
S—
—
N
=
SN—

Aﬁfh
S—
=

(
(Vobl(opl) S (Vob1(0 )ﬁ(
)

= (apn = {{(op1), (opl
{{m, m}, {m, ((fz)[m] *
{ph € P({ph € P({ph €

)}

(

|
[m])} Jn)n}[m } ( udph[ﬁ])ﬂ:
< P(P(Union({N, Q}))) |

164

Q)n)fl =

\_/
\_/
53
=]
S~—
=}
—
J .
<
o
<

3
J

o
)

=

\

= (= ((opl) € N = = ((op2) € Q) )

(€))n)n)n)n



=]
A
I
3\
2
—~
= o
=
m
~—
Lo} . .
=
m
o
=k
—
(]
=)
@]
=
|~
I~

A
5
\_/
\_/
E/
wa
o
jm}
0
F'r
=2
<
=
<
Y
|~
=
=
.M
)
—
—
ko]
=
m
)
—
.
ko]
=
m

(UHIOH({N Q}))) | ﬂ(VObJ(Opl) = (5 (Yonj(0p2): = (= (= ((op1)

op2) € Q)n)n = = (app, = {{(opl), (op1)},

(op2) G Q)n)n = = ((x1) = {{(op1), (opl
b (F1): Vob; (2): Vob; (3): Yon; (f4): {{(f1),

)} € fen = (f1) = (3)

Wob; (€): 7 (Vobfi: = (Vo T =
{ h € {ph € P( (Unlon({N
= (Vobj (0p2): = (= (= ((op1)

{{m, m}, {m, ((fz)[m] * (£x)[m])}})n)n}[m] +
(= ph € P(P(Union({N, Q}))) |
'(VobJ(Opl) = (5 (Vobj(0p2): =

Alo
)

—
[~
ke]
=
m
Ay

, (f4)
1) € N= = (Vobj(s2): = ({{(s1),

€ (
), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n}
(—udpx|

(

( ) ) }n)n)

(5 (Voj(r1): (r1) € fon = = (Vobj(0p1): 2 (5 (Vobj(0p2): = (= (* ((op1) € N =
( )

(

| = (Vobjm
udpp ﬁ]))| <= (6) =

(= (= ((op1) € N = =((op2) € Q)n
1), n )

o
Y
=
3l
N—
=

|

o
N~—
S— .

]
Rad
Nab}
N—
SN~—

]
—

|

({om.m). . ((2)m] « (BOIm)} )]+ (—u -
{ph & P({ph € P({ph £ P(P(Union({N,Q}))) |
O oP: (5 oy for2) (2 (4(op1) € N = (03] € Q>
 (apn = {{(op1), (o 1)}, {{op1), (o)} mmpmmm)n}) | = (= Yoy (11
fon = (Yo (0P1):  (* (%os(0p2): = ( (= ((opT) € N = = ({op2) € Q
% (1) = {{{op1). (op1) 1 {{op1). (0p2) Drmm)n)nn =
(Vo (T1): Yo (12): Vg (13): on (E0): {{(F1), (FL)}, {(1T), ()} } € fo =
{4063, ()}, {(83), (F)}} € o, = (11) = (18] = (2) = (H))u)n =
5 (Vg (51): (51) € N = = (Youg (52): 5 (({(51), GO} {GD, (D)} €
fon ) ) | Yous (€):  (YougTs = (Vapg i (0 <= (6 = (= (0 =
n<=m= 5 (|({ph € {ph € P(P(Union({N,Q}))) |

165



= (Yonj(0p1): = (5 (Yopj (0p2): = (= (= ((op
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7 ((0p2) € Q)n)n = = (apn = {{(op1), (0p1)},{(op1), (0p2)}})n)n) )
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5 (Vobj(op1): =1 (1 (Vobj(0p2): = (1 (= ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (op2) } })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(op1): 1 (1 (Vobj(0p2): = (1 (< ((opl) € N = 1 ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
(crs1), (crsL)}, {(ersl), 0} f)n)nj[m])}})n)n}[m] = {ph € {ph €

(P(Union({N, Q}))) |  (Vons(0p1): = ( (Vs (0p2): = (= (= ((op1] € N =
7 ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
A (Vobj(crsl): = (cpn = {{(crsl), (crsl)}, (crsl) 0}})n)n}[m] > {ph € {ph €
(P(Union({N, Q}))) [ = (Vobj(0p1): = (= (Vobj(0p2): =2 (1 (1 ((opl) € N =
E(OPQ) € Q)n)n = = (apn = {{(op1), (o (] p1)}, {(opl), (op2)}})n)n)n)n)n)n} |
(Yo
o (

—~
/—'—\

1 )
m: = (epn = {{m, m}, {m, ((fx)[m] + {ph € {ph € P(P(Union({N,Q}))) |
bi (0p1): =1 (5 (Vopj (0p2): = (= (5 ((op1) € N = = ((0p2) € Qu)n =
apn = {{(op1), (opD)}, {(0op1), (0p2) } })n)n)n)nju)n} | = (Yopj(crsl): = (cpn =
(crs1), (ers1)}, {(crsl), 0} })n)n}[m])}})n)n} = {ph € {ph €
P(Union({N, Q}))) | = (Yonj(op1): = (*+ (Yonj(0p2): = (= (= ((opl) € N =
~((op2) € Qun = = (apn = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)nju)n} |
= (Yobj(ersl): = (epn = {{(crs1), (crs1)}, {(crs1), 0} })n)n}], po, c)]
[x%0=0(F)" M SystemQ - Vm: V(fx): {ph € {ph € P(P(Union({N, Q}))) |
 (Fons{OD): = (= (Fos(0p2): > (= (= ((0p1) € N = = ((0p2) € Q=
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)n)n)njn)n} | = (Vopim: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N,Q}))) |
= (Vo (0p1): = (5 (Yobj (0p2): 4 (4 (2 ((0p1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Vobj(crsl): = (cpn =
{{(crs1), (crs1)}, {(ers1), 0} })n)nj[m])} }n)n} = {ph € {ph €
P(P(Union({N, Q}))) | = (Vopj(0p1): = (= (Vobj(0p2): = (2 (= ((opl) € N'=
= ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)njn)n} |
= (Yobj(crsl): = (cpn = {{(crs1), (crs1)}, {(crs1), 0} })n)n}]

)i
[x*0=0(F )te" “xx0=0(F)"]
) =

\.//—\

—~
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—

—~

[x*x0=0(F “lemma xx0=0(F)”]
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[x*x0=0(R) PO XA, P([SystemQ F V(fx):x % 0 = 0(F) > {ph € {ph €
P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((opl) € N =

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |
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( objm: = (ePh = {{mvm}7 {m (( )[

5 (Vobj(op1): = (5 (Vobj(0p2): = (7 (= ((opl) € N = = ((0op2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vob;(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1), 0} })n)n}[m])}})n)n}t = {ph € {ph €
P((P(Union({N,Q}))) | = (Vobj(0p1): = (52 (Vobj(0p2): 1 (4 (= ((opl) € N =

(

|+ {ph € {ph € P(P(Union({N, Q}))) |

-

(v
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
= (Vobj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1),0}})n)n};lemma =f to sameF > {ph € {ph €
P(P(Union({N, Q}))) | = (Yobj(op1): = (= (Yobj(0p2): = (= (= ((0opl) € N =

= ((op2) € Q)n = = (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)njn} |
= (Yobjm: = (epn = {{m, m}, {m, ((fx)[m]  {ph € {ph € P(P(Union({N,Q}))) |
= (Yo bJ(Opl) = (= (Yobj(0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobj(crsl): = (cpn =

{{(crs1), (crs1)}, {(crs1), 0} })n)n}[m])} })n)n} = {ph € {ph €
P(P(Union({N, Q}))) | = (Yobj(op1): = (= (Vobj(0p2): = (= (*((opl) € N =
= ((0p2) € Qn)n = = (ap = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |

= (Vobj(crsl): = (cpn = {{(crsl), (crsl)}, {(crsl) 0}})n)n} >
Vobj(€): =1 (Vobjil: = (Vobjm: =1 (0 <= () = = (2 (0 = (¢))n)n)n = i <= =
= (|({ph_€ {ph € P(P(Union({N, Q}))) |
“ (Vobj (0p1): = (= (Vobj (0p2): = (= (= ((0p1) € N = = ((0p2) € Qu)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vop;m: = (epn =
{{m, m}, {m, ((x)[m] x {ph € {ph € P(P(Union({N,Q}))) |
= (Yobj(0p1): = (%1 (Vobj(0p2): = (5 (= ((0p1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n

( [m

Jn)m)m)n} | (Vo (crsl):  (cpp, =
{{{ersD), {ers)}, {(ers1), 0} mn} m]) ) m)n} ] + (—u{ph € {ph €
P(P(Union({N, Q}))) | * (Voby (0pL): = (= (Von; (0p2): = (= (= ((opL) € N =
= ({op2) € Qn)n = = (apy, = {{(op1), (opD)}. {(0p1), (0p2)} })u)n)m)m)u)u} |
= (Vapy(ersL): = (cp, = {{(ersD), (ersD)}, {(crs1), 0} )} [m))] <= () =
% (+(({ph € {ph € P(P(Union({N,Q}) | o
= (Vaps(0PL): 2 ( (Vobs(0p2): = (= (= ((0p1) € N = = ((op2) € Q) =

{{m, m}, {m, ((£)[m]  {ph € {ph € P(P(Union({N,Q}))) |

= (Vo (OPL): = (5 (Vons(0p2): = (4 (= ({0p1) € N = * ((0p2) € Qm)n =

= (apn = {{(opL), opL)} {(op1), (0p2)}})m)m)m)m)m)n} | = (Vups(ersL): = (cpn =
{{{ersD), {ersD)}, {(ers1), 0} mn} m]) })m)n} ] + (~u{ph € {ph €
(P(Union({N, Q}))) | = (Yob;(0PL): = (* (Vobj(0p2): = (= (= ({opl) € N =

~ (©02] € Qujn = = (ap = {{(opD). oD} (opT). CopD Fnmmmnjn} |
= (cpn = {{(crsD). (ersD) }, {(ers1), 0} })m)u} m)))|

n; To == \>vob3( ) ( Oan ﬁ(vobjm —'(O

= ((op
= (apn = {{(op1), (Opl)},{(opl),(OPQE}}()n) n)n)n)n)n} [ 5 (Vobim: = (epn =

P
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{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N,Q}))) |

= (Yonj(0p1): = (%1 (Yonj(0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =

 (apn = {1(0p1); (0p1)}, {(op1). (0b2) ) m)m)m)n)n)n} | (Vo (ersD):  (con =

{{(crs1), (ersl)}, {(crsl), 0} u)n}[m])}})n)nj[m] + (—u{ph € {ph €

P(P(Union({N, Q}))) | * (Yabs (opL): = (= (Varg (0p2): = (= (= ({opD) € N =
E(0p2) € Q)n)n = = (apy = {{(op1), (op1)}, {(op1), (0p2) } })n)n)n)n)n)n} |
ob
= (5
= (¥

[
—~

crsl): = (cpn = {{(crsl), (ers1)}, {(crsl), O} Hn)n}t[m]))| <= (¢) =
(I{ph € {ph € P(P(Union({N, Q}))) |
obj (0P1): = (51 (Vobj (0p2): = (1 (4 ((op1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)},{(opl), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(
5 (Vobj(0p1): =1 (1 (Vobj(0p2): = (4 (7 ((opl) € N = = ((0p2) € Q)n)n =
“ (apn = {{(op1), (op1)},{(op1), (0p2)} })m)n)n)n)n)n} | = (Vop;(crsl): = (cpn =
{{(crs1), (ers1)}, {(crsl), 0} Hn)n}t[m])} Hn)n}[m] + (—u{ph € {ph €
P(P(Union({N, Q1) | * (Fo{opL): = (5 (Vo (002): = (= (= (op1) € N =
0P2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
rs1): = (cpn = {{(crsl), (ers1)}, {(crsl), 0} })n)n}t[m]))| =
) Jn > {ph € P({ph € P({ph e P(P(Unlon({N, QM) |
obj Opl)ﬁ( (Vobj(0p2): = (< (= ((opl) € N = = ((op2)
= {{(op1), (op1)}, {(op1), (op })H)H)H)H)H)n}) | = (=
7 (Vobj(op1): -1 (5 (Vo (0p2): = '
{{(op1), (op1)},{(op1), (op2
i (F1): Yon; (f2): Von; (£3): Vob; (£4): ,
f3)} {(£3), (f4)}} € fon = f1) = (8) = (12) = (f4))n)n =

(s1) eN= _‘(VObJ(SQ) ({{(s1), (s1)},{(s1), (s
} | Obl( )i (va]n _‘(Vobjm:;‘ G
= (|({ph € {ph € P(P(Union({N, Q}))
1 (Vobj(0p1): =1 (%1 (Vobj(0p2): = (7 (7 ((opl) € N =
* (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
{{m, m}, {m, ((£x)[m] * {ph € {ph € P(P(Union({N, Q}))
= (Yobj (0p1): = (=1 (Vobj (0p2): = (= (= ((opl) € N = -
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n
{{(crs1), (crs1)}, {(crsl), 0} })n)n}[m))} Hn)u}[m] + (—
= (= (|({ph € {ph € P(P(Union({N, Q})))
= (Vobj(0pP1): = (= (Yobj(0p2): = (= (= ((0p1) € N = = ((0p2) € Q)n)n =
“ (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vop;m: = (epn =
{{m, m}, {m, ((£x)[m]  {ph € {ph € P(P(Union({N, Q}))) |
= (Vobj(opl): = (5 (Vobj(0p2): = (- (- ((opl) € N = = ((op2) € Q&:
= (apn = {{(op1), (op1)}, {(0p1), (0p2) } })n)n)n)n)n)n} | = (Vob;(crsl): = (cpn =
{{(crs1), (ers1)}, {(crsl), 0} })n)n}[m])} })n)n}[m] + (—udpn[m)))|
(€))n)n)nju)n} = {ph € P({ph € P({ph € P(P(Union({N, Q}))) |
5 (Vobj(op1): = (5 (Vobj(0p2): = (= (= ((opl) € N = = ((op2) € Q)n)n =
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fen)n)n)n)n}) | Vobj(€): = (Vobi: = (Vopjm: =
n<=m= 5 (|({ph € {ph € P( (Union({N, Q

= (Yonj(0p1): = (= (Yonj (0p2): = (= (= ((opl) € ((op2) €

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Yon;
{{(crs1), (crs1)}, {(crs1), 0} Hn)n}{m] + (—udpn[m]))[ <= () = = (-
{ph € P(P(Union({N, Q}))) [ = (Vobj(op1): = (= - (2

N = = ((op2) € Qn)n = = (apy, =

2
I~
B
!
!
=
=
=)
!

n

—_
~—
——
—~

wn

=
=
= ||

{{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vop;(crsl): = (
{{(CM;  (ers)}, {(crs1), 0} Hn)n}[m] + (—udps[m]))| =

(€))n)

)
)n)n}; eqReflexivity > {ph € P({ph € P({ph €

(P(UHIOH({N Q) [=(v ObJ(Opl) (ﬂ (Vobj(0p2): S (@ eN=

)
Qn ) = (1) = {{(Op
{

41} € fen = (f1)

(6 (vobjn _‘(VOme =
= *(/({ph € {ph € P(P(Union({N,
f(Vobj(Opl)i%( (Vobj(0p2): = (< (= ((opl) €

* {ph € {ph € P(P

= (apn = {{(op1),
{{(crs1), (crs1)}, {(crsl), 0} })n)nj[m])} })n)n
E (I{ph € {ph € P(P(Union({N, Q}))) |

); ;
b3 (£2): Vob; (3): Vou; (f4): {{(f1), (f1)}, { (1), (£2)

( =
N = (Vo (52): = ({{(s1), (1)}, {(51), (s2)}}
obj ) (;‘

(
0?1)} » {(op1), (0p2z}}) njn)n )

Hm

S (

()]

(Vobl(opl) = (= (Yobj(0p2): = (1 (= ((0p1) € N = = ((0p2) € Q)n)n =
(op1)}, {(op1), (0p2)} })n)n)n)n)n

| - (vaJ
—udpp[m]))

(crsl): = (cpn =
|<=(=

Vobj(0p1): = (= (Yobj (0p2): = (= (= ((0p1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)n)n)njnjn} | = (Vopim: = (epn =

{{m, m}, {m, ((fx)

] # {ph € {ph € P(P(Union({N, Q}))) |

[m
%(Vobjﬁi (1 (Vobj(0p2): =1 (=1 (1 ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)r
H(ers), (ers1)}, {(crs1), 0} }n)nj[m])} }n)n
(€))n)n)njn)n} = {ph € P({ph € P({ph € P

(P
= (Vobj(0p1): = (=5 (Vobj (0p2): = (= (= ((Opl)E

)n
}[m

Jnju)n} | = (Yonj(c
| + (—udpn[m)))
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= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn}) | = (= (Vob; 1) (r1)
fen = = (Vobj(0p1): = (5 (Vobj(0p2): = (= (= ((op ) € N= =((op2) € Q)n)n =
= ((r1) = {{(op1), (op1)},{(0p1), (0p2)} })n)n)n)n)n)n =
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b
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“ (Yobj (0p1): = (5 (Yobj (0p2): = (= (= ((0p1) € N = = ((0p2) € Q)n)n =
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= (apn = {{(opl), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n}) | = (= (Vob;(r

fPh = (Vob_] (Opl) (- (Vobj(0p2): = (- '
)
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N = - ((op2) € Q)n)n = - (apy =
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[x*0=0(R) = “xx0=0(R)”]

[x 0= O(R) 2 “lemma x+0=0(R)"]

LessMultiplication(F)(Helper2)

poo

[LessMultiplication(F)(Helper2) AC.AX. P([SystemQ H

Vx:Vy:VzzVu:Vv: 5 (0 <=u= (- (0=un)n)n - (0 <=v= (- (0=
v)n)n)n - x <= (y + (—uu)) F 0 <= (z+ (—uy)) - negativeToLeft(Leq) > x <=
(y + (—uu)) > (x + u) <= y; plusCommutativity > (x 4+ u) =
(u+x);subLeqLeft > (x +u) = (u+x) > (x +u) <=y > (u+x) <=

y; PositiveToRight(Leq) > (u +x) <=y > u <= N

(y + (—ux)); negativeToLeft(Leq)(1term) > 0 <= (z + (—uy)) > v <=

z; LessLeq > = (0 <=u = - (- (0 = u)n)n)n > 0 <= u;LessLeq > - (0 <= v =
4 (5 (0 =v)n)n)n > 0 <= v; MultiplyEquations(Leq) >0 <= u>0 <= vb>u <=

(y+ (—ux)) > v <=z> (u*v) <= ((y + (—ux)) * z); timesCommutativity >
((y + (—ux)) * z) = (z * (y + (—ux))); DistributionLeft > (z * (y + (—ux))) =
((y#2) + ((—w) #2)); —xxy = —(x 5 ) > ((—wx) #2) =

(—u(x * z)); lemma eqAdditionLeft > ((—ux) *z) = (—u(x*z)) >

((y*z)+ ((—ux) xz)) = ((y*2z) + (—u(x*2z))); eqﬂan81t1v1ty4>((x (—ux))*z) =
(22 () 2ty 0) = (2 (-0 2 (-2 (e ez) =
(y*2) + (~u(x*2))) > ((y + (~wx)) x2) = ((y #2) + (~u(x+2))); subLeqRight &
((y+ (—w0))52) = ((y2) + (—u(02) B (wsv) <= ((y-+(—w0) z) > (wrv) <=
((y *2z) + (—u(x*z))); negativeToLeft(Leq) > (u*v) <= ((y*z) + (—u(x*z))) >
((u*v) + (x*2z)) <= (y * z); plusCommutativity > ((u*v) + (x*z)) =

((xv2) +(urv)); subLealeftt> ((urv)-+(xx2)) = ((x52)+ (us)) > () + (x2)) <=
(y*2) 3 ((x2) + (usv)) <= (y #2); PositiveToRight(Leq) > ((x+2) + (uv)) <=
(y*2) > (xx2) <= ((y *2) + (—u(u *v)))], po, )]

[LessMultiplication(F) (Helper2) **5" SystemQ - Vx: Vy:Vz: Vu: Vv: - (0 <= u =
A(=O0=unn)nk=0<=v==(>(0=y)n)n)nk x <= (y + (—uu)) -
0<=(z+(-uy) F (x*2z) <= ((y*2) + (—u(u*v)))]

tcx

[LessMultiplication(F) (Helper2) — “LessMultiplication(F)(Helper2)”]
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[LessMultiplication(F)(Helper2) VX “lemma lessMultiplication(F) helper2”]

LessMultiplication(F)(Helper)
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U
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S ((0<=(e2) = (- (0= (e2))n)n)n = - (n <=m = {ph € {ph €

P(P(Union({N, Q}))) | = (Vobj(op1): = (-1 (Vobj(0p2): = (42 (71 ((opl) € N =
((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |

(Vobj(crsl): = (cpn = {{(crsl), (crsl)}, {(crsl),0}})n)n}[m] <=

(fz)[m] + (—u(e2))))n)n; FirstConjunct > - (- (0 <= (e); = - (- (0 =
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[m] + (—u(e)1)))n)n; Ad@m &> Vopjm: = (= (0 <= (€2) = = (5 (0 =
n)n = - (n <=m = {ph € {ph € P(P(Union({N, Q}))) |
obj(0p1): 1 (- (Vobj(0p2): - (- (= ((opl) € N = = ((0p2) € Q)n)n =
apn = {{(op1), (op1)}, {(0op1), (0p2)}})n)n obj

ws1). (exs)}. {(ers1). 0} )} m] <= ((f2)[m] + (~(e2)))))n >
“(0<=(e2) = = (= (0= (e2))n)n)n = = (n <=m = {ph € {ph €

—~

[}

\V]
N
—

=}
Naa
Na2

<

—~

~ e ]

{

o

J-
A/\

g
S

2) € Q) Jn = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)
= (cpn = {{(crs1), (crs1)}, {(crsl), 0} })n)n}[m] <=

H1A<A
—
o O
)
—

o

=

w

—_
—

X
B
+

- J-

(Union({N, Q}))) | = (Vo; (0pD): * (= (Va; (0D2): = (= (= ({op1) € N =

n} |

((fz) fuLQ)))) n)n; FirstConjunct > = (- (0 <= ()1 = = (- (0 =
(€)1)n)n)n = = (n <=m = (fx)[m] <= ((fy)[m] + (—u(€)1)))n)n > = (0 <=
(€)1 = - (=(0=(¢)1)n)n )n FirstConjunct > = (= (0 <= (e2) = = (= (0 =
(€2))n)n)n = = (n <=m = {ph € {ph € P(P(Union({N, Q}))) |

“ (Yobj (0p1): = (4 (Yobj (0p2): = (= (= ((0p1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)m)n)n)n} | = (Yopj(crsl): = (cpn =
{{(crs1), (ers1)}, {(crs1), 0} })n)n}[m] <= ((fz)[m] + (—u(€2))))n)n > = (0 <=
(€2) = = (- (0 = (€2))n)n)n; SecondConjunct > = (= (0 <= (¢)1 = = (= (0=
(€))n)n)n = = (n <=m = (fx)[m] <= ((fy)[m] + (—u(e)1)))n)n>>n <=m =
(B [m] <= ((fy)m] + (~u(1)); MP & n'<= m = ()] <=

((fy)[m] + (—u(e)1)) > n <=m> (fx)[m ] <=

((fy)[m] + (—u(e)1)); SecondConjunct > = (= (0 <= (€2) = = (= (0 =
(€2))n)n)n = = (n <=m = {ph € {ph € P(P(Union({N,Q}))) |

<

_|.

(Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(0op1), (0p2)} })n)n)n)n)n)n} | = (Yopj(crsl): = (
{{(crs1), (crs1)}, {(crs1), 0} })n)n}{m] <= ((fz)[m] + (—u(€2))))n)n >n <

m = {ph € {ph e P(P (Unlon({N Q)
= (Yobj(0p1): = (=5 (Vopj (0p2): = ( (=2 ((op
= (apn = {{(op1), (op1)}, {(0P1)7 (OPQ)}} n)n)n)njnn} | = (Vo (crsl): = (

m = {ph € {ph € P(P (UHIOH({N Q})))

= (Yonj(0p1): = (= (Yopj (0p2): = (= (= ((op ((

= (apn = {{(op1), (op1)}, {(0op1), (0p2)}})n)n)n)n)n)n} | =

{{(crs1), (ers1)}, {(crs1), 0} })n)n}[m] <= ((fz)[m] + (-u(€2))) >n <=m

{ph € {ph € P(P(Union({N, Q}))) |

5 (Vobj(op1): =1 (1 (Vobj(0p2): = (1 (= ((op

= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n

{{(crs1), (ers1)}, {(crs1), 0} })n)n}[m]

N 0Of>me N> {phe{phePP (Umo (IN,Q})
= (Vaj{0P1): = (= (Vony (0D2): = (2 (= eN
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)n)m)njnjn} | = (Vop;(crsl): = (

{{(crsl), (crs1)}, {(crsl),0}})n)n}[m] = 0;subLeqLeft > {ph € {ph €

P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((op1) € N =

= ((op2) € Q)u)n = = (apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)
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(Vobj(crsl): = (epn = {{(crsl), (crs1)}, {(crsl),0}Hn)n}m] = 0> {ph € {ph €
(P(Union({N, Q}))) | = (Vos(0p1): = (= (Vs 092): = (= (= ((opT) € N =
((op2) € Q)n)n = ~ (apn = {{(opl), (op1)}, {(opl), (0p2)}})n)n)n)n)n)n} |
(Vobj(crsl): = (cpn = {{(crsl), (crsl)}, {(crsl),0}})n)n}[m] <=
]+ (—u(e2))) > 0 <=
m] + (—u(e2))); LessMultlphcatlon( )(Helper2) >
S (5(0=(g))n)n)n> (0 <= (€2) = = (= (0 = (e ))I
fy)[m (€)1)) > 0 <= ((f2)[m] + (—u(e2))) > ((fx)
(£y)[m] * (f2)[m]) + (—u((e)1 * (€2)))); lemma timesF(Sym) >
o lm) + (2)[m]) = {ph € {ph € P(P(Union({N, Q}))
= (5 (Yobj(0p2): 5 (5 (5 ((opl) € N= = ((op2) € Q)u)n =
= (apn = {{(op1), (op1)},{(op1), (OPQ)}})
fx)[m] * (fz)[m]) }})n)n}[m
{ph e {Ph € P( >(P(Union({N, Q}))) |
51 (Vobj(op1): = (5 (Vobj(0p2): = (7 (4 ((opl) € N = = ((0op2) € Q)n)n =
= (apn = {{(op1), (op1)},{(opl), (0p2)}})n)n)n)n)n)n} | ﬁ( objm: = (epn =
{{m, m}, {m, ((fx)[m] * (fz)[m])}})n)n}[m] & ((
(((£y)[m] * (fz) mD + (—u((6)1 * (€2)))) > {ph
( obJ(Opl) ( -
1),
f;

\5

= (apn = {{(op
{{m, m}, {m. ((£x)[m] » (fZ)[m])}})n)n}[m] <=
(((fy)[m] * (fz)|m]) + (—u((e)s *
((fy)[ ] (fZ) m]) ={ph e {phe P(P(Umon({N Q}))

/\
m
v
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(€]
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|
5 (Vobj(0p2): = (4 (< ((opl) € N = = ((op2) € Q)n)n =
), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Vopjm: = (epp =
m * (fz)[m]) }})n)n}[m]; eqAddition &> ((fy)[m] * (fz)[m]) =
{ph € {ph € P(P(Union({N,Q}))) |
5 (Vobj(op1): = (1 (Vobj (0p2): = (< (- ((op
 (aph = {{(op1), (op1)}, {(op1), (0p2)}}
{{m, m}, {m, ((fy)[m] * (fz) n)n
(((£y)[m] * (fz)[m]) + (—u((€)1 * (¢2)))
“ (Vobj (0p1): =1 (5 (Yobj(0p2): = ( opl
5 (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} [ = (Vopym: = (epyn =
g({m ,m}, {m, ((fy)[m] * (fz) n}[m] + (—u(@* (e2 )))) subLequghtD

1) e N= = ((op2) € Qn)n =
ymmmmnn} | (v

—~

objm: T (epy =

(fy)[m] * (E2)[m]) + (~u((c)s

= (Vo (OPL): = (5 (Vo (0P2): -

“ (apn = {{(0p1), (op1)}, (

{{m, m}, {m. ((iy)[m] + (—u((e)1 * (2)))) &> {ph € {ph €
P(P(Union({N, Q}))) |  (Vory (0pL): = (= (Vo; (0p2): (= (> ((opL) € N =
=(fop2) € Qun = = (apy = {{©21). (0pD)} {lop1). 2} myn} |

(( by = (epy, = {{m, m}, {m, (((7)%@*(%[ m])} o] <

= (v

(((£y)[m] * (fz)[m]) + (—u((e)1 *

obj (0P1): 5 (5 (Vo (0p2): = (= (= ((op1) € N'= = ((op )E Qu)n =



= (apn = {{(op1), (op1)}, {(op1), (op2
{{m, m}, {m, ((fx)[m] * (fz)[m])} })n)
P(P(Union({N, Q}))) | = (Vobj(opl): =

)}Hn

Jn)n)n)n} | = (Vopim: = (epy, =

= ((op2) € Q)n)n = = (apn = {{(op1),

= (Vobim: = (eph = {{m, m}, {m, ((fy)[r)n]

(e?))));Vm:Vn:V(e)l:V( ) V(fx) V(fy

}n)n

n}[m] <= ({ph € {ph €
S (= (v

(op

bi(0p2): = (= (= ((opl) € N =
)))n}l

57, (onD), o2} aymem
fz) ] u

Vobjm: = (5 (0 <= (62) (5 (0= (e

L[m])}})n)n}[m + (—u((e) *
V(fz): Ded >
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= (Yobj(op1): = (% (Vobj(0p2) ( ( (

’}{<crs1’> 0} Pm)m}{m] <
fph € {ph € P(P(Union({N.Q}))) |

= (apn = {{(op1), (op1)}, {(op1), (op2

( (UHIOH({N Q1)) | = (Vobj(opl): =

1) e N= = ((op2) € Qn)n =
jn)n ) )n)n)n} | 5 (Vopm: - (epn =

(Yobj(0p2): = (=1 (< ((opl) € N =

2) € Qn)n = = (apn = {{(op1),

im:
> Vobjmt = (;| (0 <= (6)1 =5

}

{{m, m}, {m, ((fx)[m] * (f2)[m])} })n)n}[m] <= ({ph € {ph €
- (5
(

= (epn = {{m, m}, {m, ((fy)[m] * (fz)[m

opl)}, {(op1), (0p2)}})n)n)n)njnjn} |
)])}}in)n}[m] + (—u((e) *

jn)n)n = = (n <=m =

(= (0= (e

5)[m] <= ((fy)[m] + (—u(e)1)))n)n = Yopm: = (= (0 <= (€2) = = (= (0 =

{{(Cfsl) (ers)}. {(ers1), 0} Py m]
m = {ph € {ph e P(P (Unlon({N Q})

5 (Vobj(0p1): 51 (51 (Vobj(0p2): 5 (5 (4 (

)

= (apn = {{(op1), (op1)}, {(op1), (0p2

{{m, m}, {m, ((fx)[m] * (f2)[m])} })n)n}[m] <= ({ph € {ph €
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P (Union({N, Q}))) | = (Yob;(0p1): = (* (Yob;
op2) € Qu)n = = (apn = {{(op1), (op1
objm: = (epn = {{m, m}, {m, ((fy)[m] *

)); JoinConjuncts(2conditions) &
)y)mjun = = (n <=m = (fx)[m} <= (
objm: 1 (51(0 <= (e2) = = (= (0= (e2))n)n)n = < (n <=m = {ph e {phe
~ (
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{{(crs1), (crs1)}, {(crs1), 0} })n )n}[ | <= ((f2)[m] + (—u(e2))))n)n =>ﬁ<=
m = {ph € {ph € P(P(Union({N,Q})))

= (Vobj (0p1): = (= (Vopj (0p2): = (= (= ((op
= (apn = {{(op1), (op1)}, {(op1), (0p2)[}})n) njnju)n)n} | = (Vopjm: ﬁ(eph =
.

{{m, m}, {m, ((£x)[m] * (fz)[m]) } })n)n}[m] <= ({ph € {ph €
P(P(Union({N, Q}))) | = (Vopj(0p1): = (= (Vopy (0p2): = (= (= ((op1) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
+(Vobjm = (epn = {{m, m}, {m, ((fy)[m] * (fz)[m])} } )n)n}[m] + (—u((e) *
(€2)))) 3 Vonim: = (2(0 <= ()1 = = (7 (0= ()n)n)n = = (n <=m =
(Bx)[m] <= ((fy)[m] + (—u(e)1)))n)n = Yopjm: = (5 (0 <= (€2) = = (= (0 =
n= -(n<=m= {ph € {ph € P(P(Union({N,Q}))) |

) | = (Vobjm: = (epy =
{{m, m}, {m, ((x)[m] * (fz)[m])}})n)n}[m] <= ({ph € {ph €
P(P(Union({N, Q}))) | = (Vobj(0pl): = (- (Vobj(op2): = (= (— ((opl) € N =
= ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
= (Vobjm: = (epp =

{{m, m}, {m, ((fy)[m] * (fz)[m])} })n)n}[m] + (—u((e)1 * (¢2)))))n)n]; po, c)]

[LessMultiplication(F) (Helper) I SystemQ
Vm: Vn: V(e€)1: V(€2): V(ix): V(fy): V(fz): Vopim: = (5 (0 <= ()1 = 2 (- (0 =

(6)y)n)n)n = = (n <= m = (ix)[m] <= ((fy)[m] + (—u(€)1)))n)n =
= {ph € {ph €

Yobim: = (5(0 <= (e2) = - (5 (0 = (e2))n)n)n = = (n <=m
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pa
=

(Union({N, Q}))) | = (Vobj (0p1): = (= (Yobj(0p2): = (= (= ((op1) € N =
7 ((op2) € Q)n)n = = (apy = {{(op1), (op1)}, {(op1), (OPQ)}})H)H)H)H)H)H} |
Vobj(crsl): = (cpn = {{(crsl), (crsl)} {(crs1),0}}n)n}[m] <
+ (—u(e2)))n)n = = (= (0 <= ((e)1 * (¢ ))=>ﬁ(ﬁ(0—
(e2)))n)n)n = = (n <= m = {ph € {ph € P(P(Union({N,Q}))) |
= (Vobj(0p1): =1 (1 (Vobj(0p2): =2 (1 (= ((opl) € N = = ((0p2) € Q)n)n =
“ (apn = {{(op1), (o0 1)}, {{0DT), P2} mm)m)m)mn} | = (Vepm: * (epy, =
{{m, m}, {m, ((£x)[m] * (fz)[m])}})n)n}[m] <= ({ph € {ph €

P(P(Union({N, Q1)) |  (Foui 0D1): 5 ( (Fous (0p2): 5 ( (= ({op1) € N =

= ((op2) € (?)H)H = = (apn = {{(op1), (op1)}, {(op1), (o0p2)}})n)n)n)n)n)n} |
ome - (epn =

{{m m}, {m, ((fy)[m] * (fz)[m])} })n)n}[m] + (—u((e)1 * (€2)))))n)n]
[LessMultiplication(F) (Helper) tex “LessMultiplication(F)(Helper)”]

[LessMultiplication(F)(Helper) 2 “lemma lessMultiplication(F) helper”]
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=~~~
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LessMultiplication(F)

[LessMultiplication(F) "= % AcAx.

Vm: Vn: V(e€)q1: V(e2): V(fx): V(fy): V(fz

[SystemQ F
5 (Vo (€): 7 (5 (Vobjn: = (Vobym: = (5 (0 <:|

=
\-//p\

(€) = 2(=(0 = ())m)n)n = = (7 <= = {ph € {ph € P(P(Union({N,Q}))) |
= (Yonj(0p1): = (=1 (Yonj (0p2): = (4 (= ((op1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)n)m)njnjn} | = (Vopj(crsl): = (cpn =
{{(crs1), (exs1)}, {(crs1), 0} })n)n}[m] <= ((fz)[m] + (—u(e))))n)n)n)n)n)n -

= (Yo (€): = (5 (Yobhiz = (Yob;: = (41(0 <= (€) = = (2 (0 = (¢))m)n)n =

S <=m= (fx)[m LZ ((y)[m] + (=u(€))))n)n)njn)n)n -
Repetition &> = (Vobj(€): = (< (Vobjn: = (= (0

Re 5 (Vobjm: 1 (4 (0 <= (€) = = (H (0 =

(6))n)n)n = = (A <=m = (fx)[m] <= ( (—u(e))))n)n)n)n)n)n >
1 (Vobj(€): 5 (5 (Vobg: =1 (Vobjm: = (- :

= (A <=m = (fx)[m] <= ((fy)[m]

(@n)
AN
i
=
l +

S (5(0 = (e))n)n)n =
n)n)n)n)n)n; Ded >

/\T\A
ot
PN
(@)}
N
=
=
=

“ (Vog(€): = (5 (Vobiz = (Vobii: = (2 (0 <= (€) = = (51(0 = (¢))n)n)n =
(7 <= = (B)(m] <= ()] + (~u(0)w)n)n)n))n >

S (v ObJ( )1: 7 (5 (Vobin: = (Yopim: = (5 (0 <= (€)1 = = (= (0 = (¢)1)n)n)n =
( u(e)s) )n)n)n n)n)n Repetition >

~—
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(Vo 5 (Vobim: = (4 (0 <= (e) =
(Union({N, Q}))) |
op2) € Q)n)n =
| = (Vobj(crsl): = (cpn =
+ (—u(e))))n)n)n)n)n)n >

<=(e2) = (- (0= (e2))n)n)n =
n <=m = {ph € {ph € P(P(Union({N, Q})))

obj(0p1): = (1 (Vobj(0p2): = (5 (—

=)
ie)
=
m
Z
¢
]

op2) € Q)n)n =
| = (Vobj (CI’Sl)Z = (Cph =

[Y)
g

w | =
I
—
——
—
@]
ke}
i
—
]
e}
=
S~—
—~
—
—
@]
ke}
=
:—/
—
]
ke
[\)
S~—
—
—
N
]
S~—
B
S~—
]
Rao
=]
Rao
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]
—— =

Sk
~
E)
+

|
=
—

)

[\
E
~—

=
~—

=
~—
B
=

B

=

D

92}

=

o

.
=

5 T

2

=

o

=
—

2
N

s

o,
o]

@
=
%

VYobim: = (1(0 <= ()1 = 7 (- (0= (¢)1)n)n)n = = (n <=m = (fx)[m] <=

((fy)[m] + (—u(e)1)))n)n = Yopim: = (5 (0 <= (€2) = = (= (0 = (€2))n)n)n =

<=m = {ph € {ph € P(P(Union({N,Q}))) [
™ (5 (Yobj(0p2): = (5 (= ((op1) € N = = ((0p2)

—
—
—
]
i)
—
:—/
—
]
ko]
—
S—
-
—
—~
]
ko]
=
:—\
@]
ko)
>
—
—
N—
o]
S~—
1
B
]
N—
]
SN—

n} | 5 (Vopym: = (epn =
=({phe{phe

P(P(Union({N,Q}))) | = (Vobj(opl): = (= ( (

((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
(Wobj(crsl): = (cpn = {{(crsl), (crsl)}, {(crsl), 0} })n)n}m] <=

(fz)[m] + (—u(e2))))n)n = = (H (0 <= ((e)1 * (€2)) = ~ (= (0 =

(€)1 * (€2)))n)n)n = = (n <= m = {ph € {ph € P(P(Union({N,Q}))) |

= (Vobj(opl): = (< (Vobj(0p2): = (- (- ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopym: = (epn =
{{m, m}, {m, ((£x)[m] * (fz)[m])}})n)n}[m] <= ({ph € {ph €

—~ _|. _|.

P(P(Union({N, Q}))) | = (Yobj(op1): = (= (Vobj(0p2): = (= (+((0opl) € N =
S ((op2) € Qn)n = = (apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} |

—~
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ph = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
. - (crsl), (crsl) } {(crs1),0}})n)n}m] <=
((fz)[m] + (—u(€2))))n)n)n)n)n)n > = (5 (0 <= ((€)1 * (€2)) = = (~ (0=
((€)1 * (¢2)))n)n)n = - (n <= m = {ph € {ph € P(P(Union({N, Q}))) |
: o (Vob; ;5 (5 (5 ((op1) € N = = ((0p2) € Qu)n =
= (apn = {{(op1), (op1)},{(opl), (0p2) } })n)n)n)n)n)n} | = (Vopjm: = (epn =
fx)[m] * (fz)[m]) } })n)n}[m] <= ({ph € {ph €

P(P(Union({N, Q}))) |  (Vory (0pL): = (= (Vo; (0p2): (= (= ((opL) € N =
= ({op2) € Q) = = (apy = {{(op1), (op1)}, {(opL). (0p2)} Pn)n)m)m)u)n} |
= (Vopgm: = (epn = {{m, m}., {m, ((&y)[m] * (2)[m])} })n)u} m] -+ (—u((e); *
(e2)))))n)n; Gen & = (= (0 <= ()1 * (€2)) = = (*(0 = () * (€2)))m)m)n =
“(n<=m = {ph  {ph € P(P(Tnion([N,Q}))

* (Vons(0p1): (= (Vopy (0D2): = (= ( ((0p1) € N = = ({0p2) € Qun =

= (apn = {{(opL). (0p1)}, {(op]), (0p2)}})m)m)m)m)n)n} | = (Vopym: = (epn =
{{m, m}, {m, ((E)[m] * (2)[m])}})n)n}im] <= ({ph € {ph €

P(P(Union({N, Q}))) |  (Vory (0pL): = (= (Vo; (0p2): (= (= ((opL) € N =
= ({op2) € Qmn = = (apy, = {{(op1), (op1)}, {(op1). (0D2)} })n)n)m)m)u)n} |
“ (Yopm: = (epy, = {{m, m}, {m, ((fy){m] * (£2)[m])} })n)n}[m] + (—u((c)y *
€2)))))n)n > Vopym: = (- )1 * (€2)))m)m)n =

Jn}m
0 <= ()1 (€2)) = = (= (0= (()1 * (¢2)
n <= mé{phE{phEP(

“(n (

7 (Vobj(op1): = (= (Vobj(0p2): = (= (= ((op ~((op2) € Qu)n =

apn = {{(op1), (op1)}, {(op1), (0p2) } })m)n)n)n)n)n} | = (Vopjm: = (epn =
{m,m},{m () [m] * (f2)[m])} })n)n}[m] <= ({ph € {phc

P(P (UHIOD({N Q) [ = vaJ(Opl) - (5 - (*((Opl) eEN=
nju)nj |
)

_|_|’°‘J

—
—
\./J

IR
o<”5‘

2) €
o

;1 m: = (4 (0 <= %
(62))) )n)n = 5(n<=m= {ph € {ph € P(P
)

—~
\v)

~—

~—

€

((eh

5 (5 (((opl) eN =

), (0p2)} H)n)n)n)n)n)n} |
Jn)n}m] + (—u((e)1 *
(€2)) = - (= (0=

1€ P(P(Union({N,Q}))) |

P(P <Umon<{NE}>)> E <vobj<op1> <ﬂ<

= ((op2) € Q)u)n = = (apy, = {{(op1), (op

“ (Vob )m = (epn = {{m, m}, {m, ((y)[m]
(2)

)n > = ( objhn: _‘(vome _‘(_‘ (0 <=
2)))n)n)n = = (n <=m = {ph € {p

’:T‘
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* (Vobj (0p1): = (5 (Yobj(0p2): = (< (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)},{(opl), (0p2)} })n)n)n)n)n)n} | = (Vopym: = (epn =
{{m, m}, {m, ((x)[m] * (fz)[m])} })n)n}[m] <= ({ph € {ph €
P(P(Union({N’Q}))) | 1 (Yobj(opl): = (<1 (Vobj(0p2): = (1 (4 ((opl) € N =
S ((op2) € Q)nu)n = = (apy = {{(opl), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
5 (Yobjm: = (epn = {{m, m}, {m, ((fy)[m] * (fz)[m])} })n)n}[m] + (—u((e)1 *
(62))))) )n)n)n; IntroExist @((€)1 * (€2)) > = (Vopjn: = (Vopjm: = (5 (0 <=
* (€2)) = = (5 (0= (() +(€2)))n)n)n = = (n <=m = {ph € {ph €
( nion({N, Q}))) | = (Vobj(op1): = (51 (Vobj(0p2): = (5 (= ((opl) € N =
~((0p2) € Q)u)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)nj |
Vobim: = (epn, = {{m, m}, {m, ((fx)[m] * (fz)[m])}})n)n}[m] <= ({ph € {ph €
P(Union({N, Q1)) |  (Foug 0D1): = (5 (Fong 092): = (5 (= ({op1) € N =
)6 Q)n)n = = (aph = {{(op1), (op1)}, {(opl), (0p2)}})n)n)n)n)n)n} |
:= (epn = {{m, m}, {m, ((fy)[m]  (£z)[m]) }} )n)n}[m] + (—u((e): *
I > (Vo (€): (5 (Fopgts = oy (2 (0 <= (€) = = (= (0 =
n)n = - (n <=m = {ph € {ph € P(P(Union({N,Q}))) |
obJ(Opl) = (5 (Vobj(0p2): 5 (4 (7 ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2) }})n)n)n)n)n)n} | = (Vopjm: - (epn =
{{m, m}, {m, ((x)[m] * (fz)[m])}})n)n}[m] <= ({ph € {ph €
S (5
(

—~

—~
[0}

\_/

5

"U

P (

41

T
/\/—\/-\

—

Q
5'%
\_/3

J-J-

[\pf\f\

—
)
~—
N
~—

- =

‘m

—~ — I~

< =
\./\—/

P(P(Union({N, Q}))) | = (Yobj(0p1): = (= (Vopj(0p2): = (2 (=1 ((op1) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
= (Vobjm: = (epn = {{m, m}, {m, ((fy)[m] * (fz)[m]) } })n)n}[m] +
(—u(e))))n)n)n)n)n)n; Ded > = (Vobj(€): = (= (Yopjn: = (Yopjm: = (5 (0 <= (¢) =
(5 (O;@)n)n)n = - (n <=m = {ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(0p1): =1 (1 (Vobj(0p2): = (4 (7 ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(opl), (op2) }})n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((fx)[m] * (fz)[m]) } })n)n}[m] <= ({ph € {phc
P(P(Union({N, Q}))) | = (Vob;(0p1): = (2 (Vob;(0p2): = (= (++((opl) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(opl), (op2)} })n)n)n)n)n)n} |
= (Vobjm: = (epn = {{m, m}, {m, ((fy)[m] * (fz)[m]) } })n)n}[m] + -
(—u(e))))n)n)n)n)n)n > = (Vopj(€): = (5 (Vobjh: = (Vopjm: = (4 (0 <= (e)
S (= (0=(g))n)n)n = = (A <=m = {ph € {ph e P(P(Union({N, Q})))
5 (Vobj(0p1): =1 (1 (Vobj(0p2): = (4 (7 ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m. m}. {m. (B m] = (E)fm])}} )} ] <— ({ph € {phe
P(P(Union({N,Q}))) | = (Vobj(op1): = (-1 (Vobj(0p2): = (5 (4 ((opl) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(opl), (0p2)} })n)n)n)n)n)n} |
= (Vobjm: = (epn = {{m, m}, {m, ((fy)[m] * (f2)[m])} })n)n}[m] +
(—u(e))))n)n)n)n)n)n; Repetition > = (Vob;(€): =1 (51 (Vobin: =1 (Vopym: = (5 (0 <=
) = =(5(0 = (e))m)n)n = = (7 <=m = {ph € {ph € P(P (UnlOﬂ({N Q) |
5 (Vobj(op1): =1 (1 (Vobj(0p2): = (7 (< ((opl) € N = 1 ((0p2) € Q)n)n =

<

o

<

=
|
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= (apn = {{(op1), (op1)}, {(op1), (0p2)
{{m, m}, {m, ((fx)[m] * (fz)[m]) }})n)n}[m
P(P(Union({N, Q}))) | = (Vobj(opl): =
= ((op2) € Q)n)n = = (apn = {{(op1), (0
5 (Vobjm: = (epn = {{m, m}, {m, ((fy)[m] * (fz)[m])} })n)n}[m] +
(—u(e))))m)m)n)n)n)n 3> = (Vobj(€): = (1 (Yobi: = (Vobjm: 5 (4(0 <= () =
“(5(0=(g))n)n)n = = (0 <=m = {ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(0pl): = (5 (Vobj(0p2): = (4 (7 ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epy =
{{m, m}, {m, ((fx)[m] * (fz)[m])} })n)n}[m] <= ({ph € {ph €
S (A o
(

FHn)n)n)n)n)n} | = (Vopim: = (epn =
[m] <= ({ph € {ph €
(=
(

(Voi (092): * (= (= ({op1) € N =
P12} (TopD ona]} e |

= (
P(P(Union({N, Q}))) | = (Yobj(op1): =1 (= (Vobj(0p2): =1 (- (2 ((opl) € N =
< ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
A (Vobjm: = (epy, =

{{m, m}, {m, ((fy) )[m]*( z)[m])}})n)n}{[m] + (—u(€))))m)n)n)n)n)nl, po, c)]

[LessMultiplication(F) "' SystemQ o

Vm: ¥n: V(€)1 V(€2): va) Q V(f2): 5 (Yo (€): = (51 (VobiM: = (Yobim: = (4 (0 <=]

()=2((0=(¢) “(n<=m= {phe {pheP(P (Umon({N Q) |
5 (Yobj(opl): = (4 vobJ(op2) S (5 (2 ((opl) € N = 5 ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobj(crsl): = (cpn =

{{(crs1), (ers1)}, {(crs1), 0} H)n)n}m] <= ((fz)[mM] + (—u(e))))m)n)n)n)n)n -

: (vobj( ): 5 (5 (Vobin: 5 (Vopym: = (5(0
n<=m= (fx)[m] <= ((fy)[m] + (-

S (n
= (Vv ObJ( €): 71 (7 (Vobin: = (Vobjm: = ((0 <
E {N

—~

—~
Q
—

9= 5 (>(0=()nmn =
))mjmm)mn -

(0 = =(5(0={)mn)n =
.Q})

S

<=
u(

2 =

n<=m= {phe{phe P( (Union( |
Yobj(0p1): = (5 (Vobj(0p2): = (5 (=2 ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)m)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((fx)[m] * (fz)[m])} })n)n}[m] <= ({ph € {ph €
.
(

P(P(Union({N, Q}))) | = (Yobj(0p1): = (= (Yop(0p2): = (=1 (=1 ((op1) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |

= (Vobjm: = (epp, =

{{m, m}, {m, ((fy)[m]  (fz)[m])}})n)n}[m] + (~u(e))))n)n)n)n)n)n]

[LessMultiplication(F) Lcstultlphcatlon(F) ]

[LessMultiplication(F) 5 “lemma lessMultiplication(F)”]

LessMultiplication(R)

proof

[L beultlphcatlon( ) "= Ac.Ax.P([SystemQ + o
() V(Ey): ¥(T2): (Voo (0): = (5 (Vo = (Vo = (50 <= () = = (1(0 =

€))n)n)n = = (0 <=m = {ph € {ph € P(P(Union({N, Q}))) |
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i(e): =
(€))n)n )né—'(n< m:>{phe{ph

e P(P

)
= (Yonj(0p1): = (3 (Yonj (0p2): = (5 (= (
= (

apnh = {{(op1), (op1)}, {(op1), (0p2)}})

{{(crs1), (crs1)}, {(crs1), 0} })n)n}[m] <

(vobj( €): 71 (%1 (Vobih: =1 (Vopm: = (51 (
(n<= m:>{ph€{ph€P(

0<=(e) = (=(0=(¢))n)n)n =

Union({N, Q}))) |

- (
= (Yonj(op1): = (=1 (Yonj (0p2): = (4 (= (
= (apn = {{(Opl) (Opl)} {(Opl)

(opl) e N = 4 ((op2) € Q)n)n =
)}})n)n) Jn)n)n} | = (Vopj(crsl): = (cpn
= ((fz)[m] +

obj (€): 7 (7 (Vopjn: = (Vobym: = (- (0 <=

(5o 2 (0 Ty (1 < (60

() [m] + (—u(e))))m)n)n)njnn > = (Yobj (€): = (= (Vopim: = (Vopym: = (5 (0 <=
() = = (=(0 ie))n)n)n = (M <=m= (fx)[m] <=

((fy)[ﬁ];k —u(e))))n)n)n)n)n)n; LessMultip L ation(F) > -

51 (Vobj(€): = (51 (Vobjn: 5 (Vopjm: =1 (4 (0 <= (6) = 5 (5(0 = (¢))n)n)n =
“(n<=m= {ph e {phe P( (Union({N, Q}))) |

= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q) jn =

= (apn = {{(op1), (op1)}, {(op1), (OPQ)}})D) Jnjn)n)ng | = (Vobj(crsl): = (cpn =

n)n)n)n)n)n > (
Jn= (0 <=
Jmynyn)n)n)n > -
)= (= (0= (e))n)n)n = - (" <=

5 (Vobj(op1): = (5 (Vobj (0p2): = (41 ( (

obj(€): (= ( obi T 1 (Vopj: = (4 (0 <=
m = (fx)[m] <

( obJ(G) - ( - (Vobjn = (Vobjm: - (—'\ (O <=
m = {ph € {ph € P(P(Union({N,Q}))) |
(opl) e N = - ((op2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2
{{m, m}, {m, ((fx)[m] * (fz)
P(P(Union({N, Q}))) | = (Vob;(op1): =

)}Hmn)n)n)n)n} | = (Vopim: = (epn =

(fz)[m])} })n)n}[m] <= ({ph € {ph €

4 (Vobj(0p2): = (= (< ((opl) €N =

= ((op2) € Q)n = = (apn = {{(opl),

“ (Yobjm: = (epy = {{m, m}, {m, ((fy)[m
(;u(e))))n)n)n) ll)n Repetition > &

€)= 2(=0=()nnn = = (1 <=
= (Yonj(op1): = (= (Yonj (0p2): = (5 (= (

. /\

= (
(op1)}, {(op1), (op2)} })n)n)n)njn)n} |
| (f2)[m]) } })n)n}[m] +

7 (ob (€): 51 (5 (Yot =1 (Yobim: = (4 (0 <=
m = {ph € {ph € P(P(Union({N, Q}))) |
(opl) € = ((op2) € Qu)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2

)}})n)n )H) ) n)n} | = (Vobim: = (epn =

{{m, m}, {m, ((fx)[m] * (fz)[m])} })n)n}[m] <= ({ph € {ph €
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P(P(Union({N, Q}))) | = (Yobj(0p1): = (2 (Vopj(0p2): 1 (2 (=1 ((op1) € N =

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} |

5 (Vobjm: = (epn = {{m, m}, {m, ((fy)[m] « (fz)[m]) } })n)n}[m] +

(—u(e))))m)m)n)n)n)n 3> = (Vobj(€): = (1 (Yob: =1 (Vobjm: = (4(0 <= () =

(5 (0= (e))n)n)n = - (7 <=m = {ph € {ph € P(P(Union({N, Q}))) |

1 (Vobj(0p1): =1 (=1 (Vobj (0p2): 1 (7 (1 ((opl) € N = = ((op2) € Q)n)n =

= (apn = {{(op1), (op1)},{(opl), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =

{{m, m}, {m, ((x)[m] * (fz)[m])}})n)n}[m] <= ({ph € {ph €
S (5 0
(

—(
P(P(Union({N, Q}))) |  (Vob; (0pD): = (= (Vo; (0p2): (= (= ((opL) € N =
= ({op2) € Qu)n = = (apy = {{(0p1), (0p1)}, {(opD), (0p2)} H)n)u)u)n)n)n} |
 (Voym: = (epn = {{m, m}, {m, ((fy) m] * (fz) [m])}} )n)n} m] +
(—u(e))))m)m)n)n)n)n; eqReflexivity > {ph € P({ph € P({ph ¢
P(PUnion( (N, Q) | * (fopD): 2 (%(vom(opz) < C (D e =

= (Yobj(r1): (r ( 1) € fpn = = (Vopj(op1): = (
(op2) € Q) )n = = ((rl) = {{(Opl) (op1)}, {(Opl)
obj (1 f

f )}}Gfphé

( )}} S fph = (ﬂ) =

4 (Voj(s1): (s1) € N = 5 (Vopj(s2): - ({{(s1), (s1) }, {(s1), (s2)}} €

fPh)n)n)n)n} |Vobj(6)' 7 (Vobin: = (Vobm: = = (0 =
m {ph € {ph € P(P(Union({N,Q}))) |

- (Vobj(opl)- = (5 (Yopj(0p2): = (= (5 ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vop;m: = (epn =
{{m, m}, {m, ((£x)[m] * (£z)[m])} })n)n}[m] + (—udpn[m]))| <= (¢) =

= (4 (I({ph € {ph € P(P(Union({N,Q}))) |

= (Yonj(0p1): = (%1 (Yonj (0p2): = (4 (= ((op1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)}} )n)n)n)n)n)n} | = (Vobym: = (epn =
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