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[SystemQ lemma RemoveOr: I[1A: A V A+ A]
System(@ proof of RemoveOr:

L01:  Arbitrary > A ;
L02:  Premise > AV A ;
L03:  Repetition > L0O2 > S(An=A ;
L04:  Autolmply > A=A ;
L05:  FromNegations > L04>L03 > A g

[SystemQ lemma ToNegatedAnd: ITA, B: A = = (B)n = ((A A B))n]
System(Q proof of ToNegatedAnd:

LO1:  Arbitrary > A, B ;
L02:  Premise > A= = (B)n ;
L03:  AddDoubleNeg > L02 > (5 ((A= = (B)n))n)n ;
L04:  Repetition > L03 > - ((AA B))n O

[SystemQ lemma ToNegatedAnd(1): LA, B: = (A)n - = ((A A B))n]
System@Q proof of ToNegatedAnd(1):

LO1:  Block > Begin ;
L0O2:  Arbitrary > A, B ;
L03:  Premise > 4 (A)n ;
L04: Premise > A ;
L05:  FromContradiction > L04 >

L03 > = (B)n ;
L06:  Block > End ;
LO7:  Arbitrary > A, B ;
L08:  Ded > L06 > “(An=A= - (B)n ;
L03:  Premise > 4 (A)n ;
L04:  MP > L08 > L03 > A= = (B)n ;
L09: ToNegatedAnd > L04 > S ((AAB))n ]

[System@ lemma IntroExist(Helper): 11X, V1, A, B: (- (A)n== (B)n|Vy:==X)
YVi: 5 (B)n = - (A)n]
SystemQ proof of IntroExist(Helper):

LO01:  Block > Begin ;
L02:  Arbitrary > X, Vi, A, B ;
L03:  Side-condition > (- (A)n== (B)n|Vii==X)me ;
L04:  Premise > VVi: = (B)n ;
L05: Ad@X > L03>L04 > 4 (A)n ;
L06: Block > End ;
L07:  Arbitrary > X, Vi, A, B ;
L08: Ded > L06 > (= (A== (B)n| V==X )y I
YVi:5(B)n= = (A)n O

[System@ lemma IntroExist: IIX, V1, A, B: (- (A)n== (B)n|Vi:==X)me
.A = E|V11 B}

System(@Q proof of IntroExist:
LO1:  Arbitrary > X, Vi, A B ;
L02:  Side-condition > (- (A)n== (B)n|Vii==X)1e ;



L03: IntroExist(Helper) @ X 1>

L02 > YVi: 5 (B)n= - (A)n ;
L04: Premise > A ;
L05:  AddDoubleNeg > L04 > S (5 (A)n)n ;
L06: MT > L03 > L05 > 4 (VVi: 5 (B)n)n ;
L07:  Repetition > L06 > dVq:B O

[SystemQ lemma ExistMP:1IV;, A, B: A = B+ 3IV: AF B]
System(@Q proof of ExistMP:

LO1: Block > Begin ;
L02:  Arbitrary > Vi, A B ;
L03:  Premise > A= B :
L04:  Premise > Jv;: A ;
L05:  Premise > = (B)n ;
L06: MT > L03 > L05 > S (A)n ;
LO7:  Genr> LO06 > YVi:5(A)n ;
L08:  Repetition > L04 > S (VVi: =5 (A)n)n ;
L09:  FromContradiction > LO7 >

LO8 > S (5 (B)n)n ;
L10:  Block > End ;
L11:  Arbitrary > Vi, A B ;
L12: Dedr>L10 > A = B) = IViid =

= (B)n = = (5 (B)n)n ;

L04: Premise > A=B ;
L03: Premise > Ivi;: A ;
L05: MP2rL12>L04 > L03 > S (B)n = (- (B)n)n ;
L06:  prop lemma imply negation >

LO5 > S (5 (B)n)n ;
L13: RemoveDoubleNeg > L06 > B a

[SystemQ lemma ExistMP2:1IV;, V3, A, B,C:A = B = C F IVi: A +
IVy: BEC|
System(@Q proof of ExistMP2:

LO1:  Arbitrary > Vi,Va, A, B,C ;
L02: Premise > A=B=C :
L03:  Premise > v A ;
L04: Premise > IVy: B ;
LO5:  ExistMP > L02 > L03 > B=C ;
L06:  ExistMP > L05 > L04 > C a

[SystemQ lemma TwiceExistMP: IV, Vo, A, B: A = B F 3V;:3Va: A
B

System(@ proof of TwiceExistMP:
LO1:  Block > Begin ;
L02:  Arbitrary > Vo, A B ;
L03:  Premise > A= B ;
L04: Premise > IV, A ;
L05:  ExistMP > L03 > L04 > B ;
L06:  Block > End ;



LO7:  Arbitrary > Vi,Va, A B ;

L03: Ded > L06 > (A= B)=IVy: A= B :
L04: Premise > A=B ;
L08:  Premise > JV;:3IVy: A ;
L09: MP > L03 > L04 > IVa: A= B :
L10:  ExistMP > L09 > L08 > B O

[SystemQ lemma TwiceExistMP2: IV, Vy, V3, V4, A, B,C: A= B=CF
3\/1: HVQZ .A H 3V3Z 3V4Z B+ C]
System(@Q proof of TwiceExistMP2:

LO1:  Arbitrary > V1,Va, V3, Vy, A B,C ;
L02: Premise > A=B=C ;
L03:  Premise > dV1:3Va: A ;
L04:  Premise > dV3:3Vy: B ;

L05: TwiceExistMP > L02>103> B=C

L06:  TwiceExistMP > L05 > L04 > C
[SystemQ lemma AllNegated(Imply): IV, A: - (VV1: A)n = FVy: - (A)n]
SystemQ proof of AllNegated(Imply):

LO01: Block > Begin ;
L02:  Arbitrary > Vi, A ;
L03:  Premise > YVi: 5 (5 (A)n)n ;
L04: Ad@X > L03> S (5 (A)n)n ;
L05:  RemoveDoubleNeg > L04 > A ;
LO6:  Genr> LO05 > YVi: A ;
LO7:  Block > End ;
LO8:  Arbitrary > Vi, A ;
L09: Dedr LO7 > YVi:5 (5 (A)n)n = VVi: A ;
L10:  Contrapositive > L09 > S (YVi: A)n =

S (VVii 5 (5 (A)n)n)n ;
L11:  Repetition > L10 > (VWi An = IV - (A)n O

[System@ lemma ExistNegated(Imply): [TV, A: - (3V1: A)n = VVy: - (A)n]]
SystemQ proof of ExistNegated(Imply):

LO01: Block > Begin ;
L02:  Arbitrary > Vi, A ;
L03:  Premise > 4 (IFVi: A)n :
L04:  Repetition > L0O3 > S (5 (VVi: 5 (A)n)n)n ;
L05:  RemoveDoubleNeg > 1L.04 > YVi:5(A)n ;
L06:  Block > End ;
LO7:  Arbitrary > Vi, A ;
L08:  Ded > L06 > (Vi A)n = VYV 4 (A)n a

[SystemQ lemma AddAI:TIV;, A, B: A = BFVV: A= VV;: B
System( proof of AddAll:

LO1:  Block > Begin ;
L02:  Arbitrary > Vi, A B ;
L03: Premise > A= B ;
L04: Premise > VVi: A ;
L05: A4 L04 > A ;



L06: MP > L03 > L05 > B ;

LO7:  Genr> L0O6 > VVi:B ;
LO8:  Block > End ;
L0O9:  Arbitrary > Vi, A B ;
L03: Dedr> L0O8 > (A= B)=VVi:A=VV:B :
L04: Premise > A= B ;
L10: MP > L03 > L04 > VVi: A= VVi:B ]

[SystemQ lemma AddExist(Helperl): 1), V1, Vy, A, B,C, D: (- (B)n== (D)n|
(A=B)= (C=A) = 3IV:C=VVa: - (D)n = = (VVa: - (D)n)n]
SystemQ proof of AddExist(Helperl):

LO01: Block > Begin ;
L02:  Arbitrary > Y, V1,Va, A,B,C, D ;
L03:  Side-condition > (= (B)n==(D)n|Va:i==Y)Me ;
L04: Premise > A= B ;
L03: Premise > C=A ;
L05:  Premise > E\H ;
L06:  Premise > YVa: 4 (D)n ;
LO7:  Ad@Y > L06 > % (B)n ;
LO8: MT > L04 > LO7 > 4 (A)n ;
L09: MT > L03 > LO8 > = (C)n ;
L10:  Genp> L09 > YVi: - (C)n ;
L11:  Repetition > LO5 > 4 (VVi: 5 (C)n)n ;
L12:  FromContradiction > L10 >

L11 > 4 (VVa: - (D)n)n ;
L13:  Block > End ;
L14:  Arbitrary > Y,Vi,Vy, A B,C,D ;
L15: Ded>L13 > (5 (B)n==(D)n|Va:==))me

A= B) = (C = A =
IVyi:C = Vas(Dhn =
4 (VVa: = (D)n)n 0
[SystemQ lemma AddExist(Helper2): 1Y, V1, Vy, A, B, C, D: (- (B)n=- (D)n|
(A=B)=(C=A) = 3IV:C =3IV D]
SystemQ proof of AddExist(Helper2):

L0O1: Block > Begin ;
L02:  Arbitrary > Y,Vi,Vy, A B,C,D ;
L03:  Side-condition >> (= (B)n==(D)n|Va:i==Y)me ;
L04: Premise > A=B ;
L0O5:  Premise > C=A ;
L06:  Premise > Ivi:C ;

L07:  AddExist(Helperl) > L03 > A= B) = (C = A =
Vyi:C = Vs (Dhn =
4 (VVa: = (D)n)n ;
L08: MP3r>L07>L04>1L05>L06 >  VVa: = (D)n =
4 (VVa: = (D)n)n ;
L09:  prop lemma imply negation >
L08 > 4 (VVa: = (D)n)n :



L10:  Repetition > L09 > Vy: D ;

L11: Block > End ;

L12:  Arbitrary > Y, V1,Va, A, B,C,D ;

L13: Ded>L11 > (5 (B)n==(D)n|Va:==Y)me I+
A= B) = (C = A =
IV1:C = IVy: D |

[SystemQ lemma AddExist: IIY, V1, Va, A, B,C, D: (- (B)n== (D)n|Va:==));
A=BFC=AF3IVy:C= IVy:D]
System(@Q proof of AddExist:

LO01:  Arbitrary > Y, Vi,Vy, A, B,C,D ;
L02:  Side-condition > (= (B)n==(D)n|Va:i==Y)me ;
L03: Premise > A= B ;
L04: Premise > C=A ;

L05:  AddExist(Helper2) > L02 > A= B) = (C = A =
dVi:C = IVa: D ;
L06: MP2p> L0501 L03 > L04 > IVi:C = IVy: D |
[System@ lemma AddExist(SimpleAnt): IIY, V1, Va, A, B, D: (- (B)n== (D)n|
A= BF3IVi: A= IV, D)
SystemQ proof of AddExist(SimpleAnt): 1Y, Vy, Vs, A, B, D:

L01:  Side-condition > (- (B)n== (D)n|Va:==Y)me ;
L02:  Premise > A=B ;
L03:  Autolmply > A=A ;
L04: AddExist@Q) >

LO1 > L02 > L03 > dVi: A = IV D O

[SystemQ lemma AddExist(Simple): IV, Vo, A, B: 4 = B F IV A =
E|V25 B]
SystemQ proof of AddExist(Simple):

L01:  Arbitrary > Vi, Ve, A, B ;
L02: Premise > A= B ;
L03:  Autolmply > A=A ;
L04: AddExist@V,or>L02>L03 > dIVi: A= dVy:B O

[SystemQ lemma AEA — negated: [TV, Vo, V3, A: - (VV1: IVa: VV3: A)n
E'Vli VVQS E|V3I = (A)H]
System(@ proof of AEA — negated:

L01:  Arbitrary > Vi,Vo, V3, A ;
L02:  Premise > S (VV1:3Va: VV3: A)n :
L03:  AllNegated(Imply) > S (VVs: A)n = IVs: - (A)n ;
LO4:  AddAll > LO03 > YVa: = (VV3: A)n =
VYV3:3Vs: 5 (A)n ;
L05:  ExistNegated(Imply) > S (IVa:VVi3: A)n =
YVa: = (VV3: A)n ;
L06:  ImplyTransitivity>L05>1L04 >
S (IVa:VVi3: A)n =
VV3:IVs: - (A)n ;
L07:  AddExist(Simple) > L06 > IV 4 (IVa: ¥V A)n =

AV:VVa: IVs: - (A)n :



L08:  AllNegated(Imply) > S (VV1:3Va:VV3: A)n =
V5 (FVa: VV3: A)n :
L09:  ImplyTransitivity>L0O8>L07 >
= (WV1: 3Va: YVt A)n =
AV1:VVa: IV3: - (A)n :
L10: MP>L09>L02> IV1:¥Va: Iy = (A)n 0
[System@ lemma AddEAE: 11V, Vy, V3, A B: A= B+ 3V1:VV,: V3 A =
IV, VVo: 3V B]
System(@ proof of AddEAE:

LO1:  Arbitrary > Vi1,Vo, V3, A B ;
L02:  Premise > A=B ;
L03:  AddExist(Simple) > L02 > dV3: A = 3V3: B ;
L04: AddAll > L0O3 > VVq:3dV3: A = VVy:3Vs: B ;
L05:  AddExist(Simple) > L04 > IV1:VVa:dVst A =
3V1: VVQZ 3V3Z B O
[System@ lemma EAE—MP: 11V, Vy, Vs, A, B: A= B+ 3Vy:VVae: IV3: A H|
B
System(@Q proof of EAE — MP:
LO1:  Block > Begin ;
L0O2:  Arbitrary > Vs, V3, A, B ;
L03: Premise > A=B ;
L04: Premise > VVa:3Vs: A ;
L05: A4@Vap>L04 > Ivs: A ;
L06: ExistMP > L03 > L05 > B ;
LO07: Block > End ;
LO8:  Arbitrary > V1,Vo, V3, A B ;
L03: Dedr> LO7 > (A= B)=>VVy:3IVy: A= B :
L04: Premise > A= B ;
L05:  Premise > IV1:VVy:IVs: A ;
L09: MPr>L03>L04 > VVq:3dVs: A = B :
L10:  ExistMP > L09 > L05 > B |

[SystemQ lemma EEA — negated: IV, Vo, V3, A: 5 (3V1: IVa: VVs: A)n -
VVlz VVQI E'Vgi = (A)Il]
System(@Q proof of EEA — negated:

LO1:  Arbitrary > Vi,Vy, V3, A ;
L02:  Premise > S (3V1:3Va:VV3: A)n :
L03:  AllNegated(Imply) > S (VVsz: A)n = IVs: - (A)n ;
LO4:  AddAll > LO03 > YVa: = (VW31 A)n =
VV5:3Vs: = (A)n :
L05:  ExistNegated(Imply) > 4 (FVa:VV3: A)n =
YVa: = (VV3: A)n ;
L06:  ImplyTransitivity>L05>1L04 >
4 (IVa:VV3: A)n =
VVy:3Vs: 5 (A)n ;
L07:  AddAll>L06 > VVi: 5 (3Va:VVs: A)n =

YV1:¥Vy:3Vs: = (A)n :



L08:  ExistNegated(Imply) > S (3V1: IV ¥V A)n =
VV1: 5 (3Vae:VV;5: A)n :
L09:  ImplyTransitivity>L0O8>L07 >
S (3V1:3IVa:VVs: A)n =
VV1:¥Vy:3Vs: 5 (A)n
L10:  MP > L09 > L02 > VYV1:VVa:IVs: - (A)n o
[SystemQ lemma leqTransitivity: IIX, Y, Z2: X <= Y F Y <= ZF X <=

Z]
System(@Q proof of leqTransitivity:
LO1:  Arbitrary > X,V Z ;
L02:  Premise > X <=)Y ;
L03:  Premise > y<=2Z2 ;
L04: leqTransitivity Axiom > X<=Y=3V<=Z=> X <=
z ;
LO5: MP2p>L04 > L02 > L03 > X <=2 a
[SystemQ lemma leqAntisymmetry: TIX, Y: X <=Y+F Y <=XF X =]
System(@Q proof of leqAntisymmetry:
LO1:  Arbitrary > X,Y ;
L02:  Premise > X <=)Y ;
L03:  Premise > yV<=X ;
L0O4:  leqAntisymmetryAxiom >> X<=)YV=V<=X=X=)Y ;
LOo5:  MP2p L04 > L02 > L03 > xX=Yy a
[System@ lemma leqAddition: IIX, Y, Z: X <=Y F (X + Z) <= (¥ + 2Z)]
System(Q proof of leqAddition:
LO1:  Arbitrary > X,V Z ;
L02:  Premise > X <=)Y ;
L03:  leqAdditionAxiom >> X<=Y=(X+2) <= V+2) ;
Lo4: MPp>LO3>L02 > (X+2)<=(Y+2) O
[SystemQ lemma leqMultiplication: IIX, Y, Z2:0 <= Z F X <= Y F (X %
2) <= (V+2)]
System@Q proof of leqMultiplication:
LO1:  Arbitrary > X, V. Z ;
L02:  Premise > 0<=Z2 ;
L03:  Premise > xX<=)Y ;
L04:  legMultiplicationAxiom > 0<=Z=>X<=)Y= (Xx
Z)<=(V*Z) ;
Lo5:  MP2p> L04 > L02 > L03 > (X*2)<= (Y= 2) O
[SystemQ lemma Reciprocal: TIX: X # 0 F (X *recX) = 1]
System(@Q proof of Reciprocal:
LO1:  Arbitrary > X ;
L0O2:  Premise > X #0 ;
L03:  ReciprocalAxiom > X #£0= (X xreckX) =1 ;
L04: MP > L03>L02 > (X xrecX) =1 a
[SystemQ lemma eqLeq: IIX, V: X =Y F X <=
System@Q proof of eqleq:
LO1:  Arbitrary > X, Y ;



L02:  Premise > xX=Yy ;

L03:  EqLeqAxiom > X=Y=>X<=)Y ;

L04: MP > L03>L02 > X <=) O
[SystemQ lemma eqAddition: TIX, Y, Z: X =Y F (X + 2) = (Y + 2)]
System(Q proof of eqAddition:

L01:  Arbitrary > XV, Z ;
L02:  Premise > X=Yy ;
L03: EqgAdditionAxiom > X=YV=X+2)=0Y+2) ;
L04: MP > L03 > L02 > (X+2)=Y+2) O

[SystemQ lemma eqMultiplication: IIX, Y, Z: X = Y+ (X x Z) = (¥ * Z)]
System(@Q proof of eqMultiplication:

LO1:  Arbitrary > X,V Z ;
L02:  Premise > xX=Yy ;
L03:  EqgMultiplicationAxiom >> X=YV=(Xx2)=(Vx*Z2) ;
L04: MP>L03>L02 > (X% 2Z)=(Vx2) o

[SystemQ lemma Equality: IIX, )V, Z: X =YX =ZF ) = Z]
System(@Q proof of Equality:

LO1:  Arbitrary > X, V. Z ;
L02:  Premise > xX=Yy ;
L03:  Premise > X=2Zz2 ;
L04:  EqualityAxiom > X=)YV=2XX=Z=)Y=2Z2 ;
LO5:  MP2rL04 > L02 > L0O3 > y=2 a

[SystemQ lemma eqReflexivity: TIX: X = X]

System@Q proof of eqReflexivity:
LO1l:  Arbitrary > X ;
L02:  leqReflexivity > X<=X ;
L03: leqAntisymmetry>L02r>102 >

X=X O
[SystemQ lemma eqSymmetry: IIX, V: X =Y+ Y = X]
System(@ proof of eqSymmetry:

LO1:  Arbitrary > X, Y ;
L02:  Premise > xX=Y ;
L03:  eqReflexivity > X=X ;
L04:  Equality > L0O2 > L03 > y=x |
[SystemQ lemma eqTransitivity: [IX, ), Z: X =YY =ZF X = Z]
SystemQ proof of eqTransitivity:
LO1:  Arbitrary > XV, Z ;
L02:  Premise > xX=)y ;
L03:  Premise > y=2Zz2 ;
L04:  eqSymmetry > L02 > y=4x ;
L05:  Equality > L04 > L03 > X=2Zz O
[SystemQ lemma eqTransitivity4d: IX, Y, ZU: X =Y FY=ZFZ=UF
X =U]
System(Q proof of eqTransitivity4:
LO1:  Arbitrary > X, V,Z,U ;
L02: Premise > xX=Y) ;



L03: Premise > Yy
LO04: Premise > Z
X
X

)

?

L05:  eqTransitivity > L02 > L03 > ;
L06:  eqTransitivity > L0O5 > L04 > O
[SystemQ lemma eqTransitivity5: IIX, Y, Z U V: X =Y YV =2+ Z =
UFU=VEX =YV
System(@Q proof of eqTransitivity5:

|
TN

L01:  Arbitrary > XV, Z2,U,V ;
L02:  Premise > xX=Y ;
L03:  Premise > y =Z ;
L04:  Premise > =U ;
L05:  Premise > U =V ;
L06:  eqTransitivity4 > L02 > L03 >
LO4 > =U ;

LO7:  eqTransitivity > L06 > L05 > =V ]

[SystemQ lemma eqTransitivity6: 1’[267 VZUV VX =Y FEY = =
Z=UFU=VFV=WEX=W)]

System(@Q proof of eqTransitivity6:
LOl:  Arbitrary > X, Y, Z,U,v,w ;
L02:  Premise > xX=Y ;
L03:  Premise > Y=z ;
L04: Premise > Z=U ;
L05: Premise > u=y ;
LO6:  Premise > V=W ;
LO07:  eqTransitivityb > L0O2 > L03 >

L0O4 > L05 > X=V ;

LO8:  eqTransitivity > LO7>L06 > X =W o

[SystemQ lemma EqAdditionLeft: TIX, Y, Z: X =Y F (Z24+ X) = (Z 4+ Y)]

System(@Q proof of EqAdditionLeft:

LO1:  Arbitrary > X, V. Z ;
LO02: Premise > X=) ;
L03:  eqAddition > L02 >> (X+2)=Y+2) ;
L04:  plusCommutativity > Z+X)=(X+2) ;
L05:  plusCommutativity > V+2)=(2+)) ;
L06:  eqTransitivity4 o> L04 > LO3 >
L05 > (Z4+X)=(Z2+)) o
[SystemQ lemma EqMultiplicationLeft: TX, Y, Z: X = Y F (2% X) = (£ %
V)]
System(@ proof of EqMultiplicationLeft:
LO1:  Arbitrary > X,V Z ;
L02: Premise > X=) ;
L03:  egMultiplication > L02 > (X*x2)=(Y=*Z2) ;
L04:  timesCommutativity > (ZxX)=(XxZ2) ;
L05:  timesCommutativity > (YV*Z)=(Z2x)Y) :
L06:  eqTransitivity4 > L04 > LO3 >
L05 > (Z2+X)=(2+)) =



[System@ lemma PlusF(Sym): IIM, FX, FY: (FX[M] + FY[M]) = FX +¢
FY[M]]
SystemQ proof of PlusF(Sym):

LO1:  Arbitrary > M,FX FY ;

L02: PlusF > FX +; FY[M] = (FXM] +
FY[M]) ;

L03:  eqSymmetry > L02 > (FX[M] + FY[M]) = FX +¢
FY[M] O

[SystemQ lemma plusOLeft: IIX: (0 + X') = X
System(@Q proof of plusOLeft:

LO1:  Arbitrary > X ;
L02:  plusO > (X+0)=2x :
L03:  plusCommutativity > 0+ X)=(X+0) ;
L04:  eqTransitivity > LO3>L02> (0+X)=X O
[SystemQ lemma times1Left: ILX: (1 x X') = X
System(@Q proof of timeslLeft:
LO1:  Arbitrary > X ;
L02:  timesl > (Xx1) =X :
L03:  timesCommutativity > (1xX)=(X=x1) ;
L04:  eqTransitivity > LO3>L02>  (1+xX) =X O

[SystemQ lemma Induction: ITVy, A, B, C: (B=A|V1:==0)\0 t+ (C=A|V1:==(
Do FBF A= CF A
System(@ proof of Induction:

LO1:  Arbitrary > Vi, A B,C ;
L02:  Side-condition > (B=A|V1:==0)Me ;
L03:  Side-condition > (C=AIV1:==(V1 + 1))Me ;
L04:  Premise > B ;
L05:  Premise > A=C ;
L06:  Gen > L05 > YVi: (A= C) ;
L07: InductionAxiom 1> LO2 >

LO3 > B:>VV1(.A:>C):>VV1A ;
LO8: MP2r> LO7 > L04 > L06 > YVi: A ;
L09: AdQV;r>L08> A O

[System@ lemma ToSeries: ITFX, (SY): V(R1ob): ((Rlob) € FX = IsOrderedP:
V(Flob), (F20b), (F3ob), (F4ob): (OrderedPair((Flob), (F20b)) € FX = OrderedP:
FX = (Flob) = (F3ob) = (F2ob) = (F4ob)) + V(Slob):((Slob) € N =
3(S20b): OrderedPair((S1ob), (S20b)) € FX) I IsSeries(FX, (SY))]

System(@Q proof of ToSeries:

LO1:  Arbitrary > FX, (SY) ;
L02:  Premise > V(Rlob): (Rlob) € FX =
IsOrderedPair((R1ob), N, (SY)))]

)
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L03:  Premise > V(Flob), (F20b), (F3ob),
(F4ob): (OrderedPair((F1lob), (F20b)) €]
FX =
OrderedPair((F3ob), (F4ob)) €
FX = (Flob) = (F30b) =

(F20b) = (F4ob)) ;

L04:  Premise > V(Slob): ((Slob) € N =
3(S20b): OrderedPair((S1ob), (S20b)) €]
FX) ;

L05:  Repetition > L02 > IsRelation(FX, N, (SY)) ;

L06:  JoinConjuncts > L05 > L03 >  IsRelation(FX, N, (SY)) A
V(Flob), (F20b), (F30b)

(F4ob): (OrderedPair((Flob), (F20b)) €
FX =
OrderedPair((F3ob), (F4ob)) €

FX = (Flob) = (F30b) =
(F20b) = (F4ob)) ;

L07:  Repetition > L0O6 > isFunction(FX, N, (SY)) ;

L08:  JoinConjuncts > LO7 > L04 >  isFunction(FX, N, (SY)) A
V(Slob):((Slob) € N =
3(S20b): OrderedPair((S1ob), (S20b)) €]
FX

L09:  Repetition > LO8 > ISSE):I‘ieS(FX, (SY))

[System(Q lemma FromSeries: ITFX, (SY): IsSeries(FX, (SY)) - ( (Rlob) ((R1

FX = 3(OPlob): 3(OP20b): (OPlob) € N A (OP20b) € (SY) A (Rlob) =

OrderedPair((OP1ob), (OP20b)))) A (V(Flob), (F20b), (F3ob), (F4ob): (Ordered P

FX = OrderedPair((F3ob), (F4ob)) € FX = (Flob) = (F3ob) = (F20b) =

(F4ob))) A V(Slob): ((Slob) € N = 3(S20b): OrderedPair((Slob), (S20b)) €

’

FX)|
System(@Q proof of FromSeries:

LO1:  Arbitrary > FX, (SY) :

L02:  Premise > IsSeries(FX, (SY)) ;

L03:  Repetition > L0O2 > isFunction(FX, N, (SY)) A
V(Slob):((Slob) € N =
3(S20b): OrderedPair((S1ob), (S20b)) €]
FX ;

L04:  Repetition > LO3 > ISR)elation(FX, N, (SY)) A

(V(Flob), (F20b), (F30b),

(F4ob): (OrderedPair((Flob), (F20b)) €
FX =
OrderedPair((F3ob), (F4ob)) €

FX = (Flob) = (F30b) =

(F2ob) = (F4ob))) A
V(Slob):((Slob) € N =
3(S20b): OrderedPair((S1ob), (S20b)) €]
FX) ;
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L05:  Repetition > L04 > (V(Rlob): ((Rlob) € FX =
IsOrderedPair((R1ob), N, (SY)))) A}
(V(Flob), (F20b), (F30b),
(F4ob): (OrderedPair((Flob), (F20b)) €
FX =
OrderedPair((F3ob), (F4ob)) €
FX = (Flob) = (F3ob) =
(F20b) = (F4ob))) A
V(Slob): ((Slob) € N =
3(S20b): OrderedPair((S1ob), (S20b)) €]
FX ;

L06:  Repetition > LO5 > (V(l)%lob): ((Rlob) € FX =
3(OP1ob): 3(OP20b): (OP1ob) €}
N A (OP20b) e
(SY) A (Rlob) =
OrderedPair((OP1lob), (OP20b)))) Al
(V(F1lob), (F20b), (F3o0b),
(F4ob): (OrderedPair((Flob), (F20b)) €]
FX =
OrderedPair((F3ob), (F4ob)) €
FX = (Flob) = (F30b) =
(F20b) = (F4ob))) A
V(Slob):((Slob) € N =

3(S20b): OrderedPair((S1ob), (S20b)) €]
FX) ad
[SystemQ lemma NeqSymmetry: TIX, V: X £ Y F Y # X
System(@ proof of NeqSymmetry:

LO1:  Block > Begin ;
L0O2:  Arbitrary > X,y ;
L03:  Premise > y=x ;
L0O4:  eqSymmetry > LO3 > xX=) ;
L05:  Block > End ;
L06:  Arbitrary > X, Y ;
LO7:  Ded > L05 > y=XxX=x=) ;
L0O8:  Premise > X #£Y ;
L09: MT > L07 > L08 > Y#£X O

[SystemQ lemma PositiveNonzero: IIX: 0 < X' - X # 0]
System(@Q proof of PositiveNonzero:

LO1:  Arbitrary > X ;
L02:  Premise > 0< X ;
L03:  Repetition > L02 > 0<=XA0#£X ;
L04:  SecondConjunct > L03 > 0#£X ;
L05:  NeqSymmetry > L04 > X #0 m|

[SystemQ lemma SubNeqLeft: TIX, Y, Z: X =Y X #ZF Y # Z]
System(@ proof of SubNeqLeft:
LO1:  Arbitrary > XV, 2 ;
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L02: Premise > X=Y

L03:  Premise > X#£Z ;
L04:  EqualityAxiom > V=X=YV=Z=X=2Z ;
LO5:  eqSymmetry > L02 > y=x ;
LO6: MP > L04 > L05 > V=Z=X=2 ;
LO7:  Contrapositive > L06 > XA4£Z=YV+£Z2 ;
LO8:  MP > L0O7 > L03 > Y#Z a
[System@ lemma InPair(1): I1(SX), (SY): (SX) € (p(SX), (SY))]
SystemQ proof of InPair(1):
LO1l:  Arbitrary > (SX), (SY) ;
L02:  eqReflexivity > (SX) = (SX) ;
L03:  WeakenOr2 > L02 >> (SX) = (SX) V (SX) = (SY) ;
L04:  Formula2Pair o> L03 > (SX) € (p(SX), (SY)) O
[SystemQ lemma InPair(2): II(SX), (SY): (SY) € (p(SX), (SY))]
SystemQ proof of InPair(2):
LO1:  Arbitrary > (SX), (SY) ;
L02:  eqReflexivity > (SY) = (SY) ;
L03:  WeakenOrl > L02 > (SY) = (SX) v (SY) = (SY) ;
L04:  Formula2Pair > L03 > (SY) € (p(SX), (SY)) O
[SystemQ lemma FromSingleton: II(SX), (SY): (SX) € (s(SY)) F (SX) =

(SY)

System(@Q proof of FromSingleton:
LOl:  Arbitrary > (SX)
L02:  Premise > (SX) €
L03:  Repetition > L0O2 > (SX) € (p(SY), (SY))
L04:  Pair2Formula > L03 > (SX) = y
L05:  RemoveOr > L04 > (SX)

System(@Q proof of ToSingleton:
LO01:  Arbitrary > (SX
L02:  Premise > (SX
L03:  WeakenOrl > L02 > (SX
L04:  Formula2Pair > L03 > (SX
L05:  Repetition > L04 > (SX

[SystemQ lemma FromSameSingleton: IT(
(sY)]

System(@Q proof of FromSameSingleton:

L01l:  Arbitrary > (SX), (SY) ;

L02:  Premise > (s(SX)) = (s(SY)) ;

L03:  eqReflexivity > (SX) = (SX) ;

L04:  ToSingleton > L0O3 > (SX) € (s(SX)) ;

L05: SENC1®>L02>L04 > (SX) € (s(SY)) :

L06:  FromSingleton > L05 > (SX) = (SY) O
1

[System@ lemma SingletonmembersEqual: II(SX), (SY), (SZ): (p(SX), (SY)) =
(5(52)) F (SX) = (SY)]
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System(@ proof of SingletonmembersEqual:

L01:  Arbitrary > (SX), (SY), (SZ ;
L02: Premise > (p(SX), (SY)) = (s(S2)) ;
L03:  InPair(1) > (SX) € (p(SX), (SY)) ;
L04:  SENC1 5> L02 > L03 > (SX) € (s(SZ)) :
L05:  FromSingleton > L04 > (SX) = (S2) ;
L06:  InPair(2) > (SY) € (p(SX), (SY)) ;
L07:  SENCI1 > L02 > L06 > (SY) € (s(SZ)) :
L08:  FromSingleton > LO7 > (SY) = (S72) ;
L09:  eqSymmetry > LO8 > (SZ) = (SY) ;
L10:  eqTransitivity > LO5>L09 >  (SX) = (SY) O

[System@ lemma UnequalsNotInSingleton: II(SX), (SY), (SZ): (SX) # (SY) Hl

(p(8X), (SY)) # (5(SZ))]
System(@ proof of UnequalsNotInSingleton:

LO1:  Block > Begin ;
L02:  Arbitrary > (SX), (SY), (SZ) ;
L03:  Premise > (p(SX), (SY)) = (s(S2)) ;
L04:  SingletonmembersEqual >
L03 > (SX) = (SY) ;
L0O5:  Block > End ;
L06:  Arbitrary > (8X), (SY), (SZ) ;
L07:  Ded > L05 > (p(SX),(SY)) = (s(S7)) =
(SX) = (SY) ;
L03:  Premise > (SX) # (SY) ;
)

Log8: MT > L07 > L03 > (p(SX), (SY)) # (s(SZ)) a
[System@ lemma NonsingletonmembersUnequal: II(SX), (SY): (p(SX), (SY)) 3
(s(5X)) k= (SX) # (SY)]
System(@Q proof of NonsingletonmembersUnequal:
LO1:  Block > Begin
L02:  Arbitrary > (SX), (SY)

L03:  Premise > (SX) = (SY) ;
L04:  eqReflexivity > (SX) = (SX) ;
L05:  SamePair > L04 > L03 > (p(SX), (SX)) = (p(SX), (SY)) ;
L06:  Repetition > LO5 > (s(SX)) = (p(SX), (SY)) ;
L07:  eqSymmetry > L06 > (p(SX), (SY)) = (s(SX)) ;
L08:  Block > End ;
L09:  Arbitrary > (SX), (SY) ;
L10: Dedr L0O8 > (SX) = (SY) =
(p(SX),(5Y) = (s(5%)
L03:  Premise > (p(SX), (SY)) # (s(SX)) :
L1l: MT>L10>L03 > (SX) # (SY) O

[System@ lemma FromOrderedPair: II(SX), (
OrderedPair((SX1), (SY1)) F (SX) = (SX1) A (SY) = (SY1)]

System@Q proof of FromOrderedPair:
LO1:  Block > Begin ;
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LO02:
L03:
L04:

L05:

LO6:
LO7:

LO8:
L09:
L10:

L11:

L12:

L13:

L14:

L15:
L16:
Li7:
L18:
L19:
L20:

L21:

L22:

L23:
L24:

L25:
L26:

L27:
L28:
L29:
L30:
L03:
L04:

Arbitrary >
Premise >
Premise >

Repetition > L04 >

eqReflexivity >
SamePair > L06 > L0O3 >

Repetition > LO7 >
eqReflexivity >
SamePair > L09 > LO8 >

Repetition > L10 >
eqSymmetry > L11 >
eqTransitivity > L05 > L12 >

InPair(1) >

SENC1 > L13 > L14 >
FromSingleton > L15 >
FromSameSingleton > L16 >
eqSymmetry > L16 >
SameSingleton > L18 >
eqTransitivity > L13 > L19 >

InPair(2) >

SENC1 > L20 > L21 >
FromSingleton > 122 >
SingletonmembersEqual >
L23 >

eqSymmetry > L24 >
eqTransitivity4 > L25 > L17 >
LO3 >

JoinConjuncts > L17 > L26 >
Block >

Block >

Arbitrary >

Premise >

Premise >

15

(SX), (SX1), (SY), (SY1)
(SX1) = (SY1)
OrderedPair((SX), (SY))
OrderedPair((SX1), (SY1))
(p(s(5X)), (p(SX), (SY)))

(s(SX1)), (p(SX1), (SY1)))
((S(SXl)), (p(SX1), (SY1))) =

Tz
—
ko]
~—~
w2
>
RS
—~
@5
=<
D
=
N~—
I

p(s(5X)), (p(SX), (5Y)))

s(.SX)) € (s(s(SX1)))
— (s(SX1))

))) = (s(s(SX)))
) (

(SY) = (SY1)

(SX) = (SX1) A (SY) = (SY1)
End

Begin

(SX), (SX1), (SY), (SY1)

(SX1) # (SY1)
OrderedPair((SX), (SY)) =
OrderedPair((SX1), (SY1))



L05:

LO06:

LO7:

LO8:

L09:

L10:
L11:
L12:
L14:

L15:

L16:

L18:

L19:
L20:

L21:
L22:

L23:
L24:

L25:
L26:
L31:
L32:
L33:
L34:
L35:

L36:

Repetition > L04 >

InPair(1) >

SENC1 > L05 > L06 >

Pair2Formula > LO7 >

UnequalsNotInSingleton >

L03 >

NeqSymmetry > L0O9 >
NegateDisjunct2>L08>L10 >
FromSameSingleton > L11 >
InPair(2) >

SENC2 > L05 > L14 >

Pair2Formula > L15 >

NegateDisjunct1>L16>1L09 >

InPair(2) >
SENC2 > L18 > L19 >

Pair2Formula > L20 >
UnequalsNotInSingleton >

LO3 >

SubNeqLeft > L18 > L22 >
NonsingletonmembersUnequalrt>|

L23 >

SubNeqLeft > L12 > 124 >
NeqSymmetry > L25 >
NegateDisjunct1>L211>126 >
JoinConjuncts > L12 > L31 >
Block >

Arbitrary >

Ded > L28 >

Ded > L33 >
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L03:  Premise > OrderedPair((SX), (SY)) =
OrderedPair((SX1), (SY1)) ;
L04:  FromNegations > L35> L36 >  OrderedPair((SX), (SY)) =
OrderedPair((SXl) (SY1)) =
(SX) = (SX1) A (SY) = (Y1)
L37: MPr>L04>L03 > (SX) = (SX1) A (SY) = (SY1) O
[SystemQ lemma FromOrderedPair(1): II(SX), (SX1), (SY), (SY1): OrderedPa

OrderedPair((SX1), (SY1)) F (SX) = (SX1)]
SystemQ proof of FromOrderedPair(1):

L01:  Arbitrary > (SX), (SX1), (SY), (SY1) ;
L02:  Premise > OrderedPair((SX), (SY)) =
OrderedPair((SX1), (SY1)) ;
L03:  FromOrderedPair > L02 > (SX) = (SX1) A (SY) = (SY1)
L04:  FirstConjunct > L03 > (SX) = (SX1) O

[SystemQ lemma FromOrderedPair(2): II(SX), (SX1), (SY), (SY1): OrderedPa
OrderedPair((SX1), (SY1)) - (SY) = (SY1)]
SystemQ proof of FromOrderedPair(2):

LO01:  Arbitrary > (SX), (SX1), (SY), (SY1) ;
L02:  Premise > OrderedPair((SX), (SY)) =
OrderedPair((SX1), (SY1)) ;
L03:  FromOrderedPair > L02 > (SX) = (SX1) A (SY) = (SY1)
L04:  SecondConjunct > L03 > (SY) = (SY1) O

[SystemQ lemma SameMember(2): II(SX), (SY), (SZ): (SX) = (SY) F (SY) €]
(SZ) + (SX) € (SZ2)]
SystemQ proof of SameMember(2):

L01l:  Arbitrary > (SX), (SY), (SZ) ;

L02:  Premise > (SX) = (SY) ;

L03:  Premise > (SY) € (SZ2) ;

L04:  eqSymmetry > L02 > (SY) = (SX) ;

L05:  SameMember > L04 > L03 > (SX) € (SZ2) O
[System@ lemma ToBinaryUnion(1): II(SX), (SY), (SZ), (SU): (SX) € (SY) H]|

(SX) € binaryUnion((SY), (SZ))]
SystemQ proof of ToBinaryUnion(1):

LO1l:  Arbitrary > (SX), (SY), (SZ), (SU) ;
L02:  Premise > (SX) € (SY) ;
L03:  InPair(1) > (SY) € (p(SY), (S7Z)) ;
L04:  JoinConjuncts>L02>L03> (SX) € (SY) A (SY) €
bY).(52) ;
L05:  IntroExist @(SY) o> L04 > 3(SU): (SX) € (SU) A (SU) €
(b(SY), (52)) ;
L06:  Formula2Union > L05 > (SX) € Union((p(SY), (SZ))) ;
LO7:  Repetition > L06 > (SX) €
binaryUnion((SY), (SZ)) O

[System@ lemma ToBinaryUnion(2): I1(SX), (SY), (SZ), (SU): (SX) € (SZ) H
(SX) € binaryUnion((SY), (SZ))]
SystemQ proof of ToBinaryUnion(2):
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LO1l:  Arbitrary > (SX), (SY), (SZ), (SU) ;
L02: Premise > (SX) € (SZ) ;
L03: InPair(2) > (SZ) € (p(SY), (S7)) ;
L04:  JoinConjuncts >L02>L03 > (SX) € (SZ) A (SZ) €
(b(SY), (572)) | ;
L05:  IntroExist @(SZ) > L04 > 3(SU): (SX) € (SU) A (SU) €
(b(SY), (57)) ;
L06:  Formula2Union > L05 > (SX) € Union((p(SY), (SZ2))) ;
L07:  Repetition > L06 > (SX) €
binaryUnion((SY), (SZ)) ad

[SystemQ lemma FromOrderedPair(TwoLevels): II(SX), (SY), (SZ), (SU): (SX
(SY) F (SY) € OrderedPair((SZ), (SU))  (SX) = (SZ) V (SX) = (SU)]
SystemQ proof of FromOrderedPair(TwoLevels):

LO01:  Arbitrary > (8X), (SY), (SZ), (SU) ;
L02:  Premise > (SX) € (SY) ;
L03:  Premise > (SY) €
OrderedPair((SZ), (SU)) ;
L04:  Repetition > L0O3 > (SY) €
(b(s(52)). (b(52), (SU))) ,
L05:  Pair2Formula > L04 > (SY) = (s(SZ)) v (S8Y) =
(p(52), (SU)) ;
L06:  Block > Begin ;
LO7:  Arbitrary > (SX), (SY), (SZ), (SU) ;
L03:  Premise > (SY) = (s(82)) ;
L02:  Premise > (SX) € (SY) ;
L04: SENCI > L03>L02 > (SX) € (s(SZ)) :
L05:  FromSingleton > L04 >> (SX) = (SZ2) ;
L08:  WeakenOr2 > LO5 >> (SX) = (SZ) v (SX) = (SU) ;
L09:  Block > End ;
L10:  Block > Begin ;
L11:  Arbitrary > (8X), (SY), (SZ), (SU) ;
L03:  Premise > (SY) = (p(SZ), (SU)) ;
L02:  Premise > (SX) € (SY) ;
L04:  SENCI1 > L03 > L02 > (SX) € (p(SZ), (SU)) :
L12:  Pair2Formula > L04 > (SX) = (SZ) v (SX) = (SU) ;
L13:  Block > End ;
L14: Dedr>L09 > (SY) = (s(SZ)) = (SX) €
(SY) = (SX) = (SZ) Vv (SX) =
(SU) ;
L15: Ded>L13> SY) = (p(SZ),(SU)) =
(SX) € (SY) = (SX) = (SZ) v
(SX) = (SU) ;
L16:  FromDisjuncts > L05 > L14 >
L15 > (SX) € (SY) = (SX) = (SZ) v
(SX) = (SU) ;
L17: MP>L16> 102> (SX) = (SZ) v (SX) = (SU) O
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[System@ lemma CartProdIsRelation: II(SX), (SY): IsRelation(cartProd((SX)
System(@Q proof of CartProdIsRelation:

LO1:  Block > Begin ;
L02:  Arbitrary > (SX), (SY) ;
L03:  Premise > (Rlob) € cartProd((SX)) ;
L04:  Sep2Formula > L03 > (R1ob) €

Power (Power (binaryUnion((SX), (SY)))
IsOrderedPair((R1ob), (SX), (SY))I

L05:  SecondConjunct > L04 > Is(SrderedPair((Rlob)7 (SX), (SY))I
L06:  Block > End :
LO7:  Arbitrary > (SX), (SY) ;
L03:  Ded > L06 > (R1lob) € cartProd((SX)) =
IsOrderedPair((Rlob), (SX), (SY))I
LO4:  Gen>L03 > Y(R1ob): (R1lob) €
cartProd((SX)) =

IsOrderedPair((R1ob), (SX), (SY)))I

LO8:  Repetition > L0O4 > Isf{elation(cartProd((SX)), (SX), (SY)l

O
[SystemQ lemma FromSubset: II(SX), (SY), (SZ): IsSubset((SX), (SY)) - (SZ)
(SX) F (SZ) € (SY)]
System(@Q proof of FromSubset:

L01:  Arbitrary > (SX), (SY), (S7Z) ;
L02:  Premise > IsSubset((SX), (SY)) ;
L03:  Premise > (SZ) € (SX) ;
L04:  Repetition > L02 > V(Slob): ((Slob) € (SX) =

Slob) € (SY))
L05: A4@(SZ)>L04 > SZ) € (SX) = (SZ) € (SY)
S

( ;
( ;

L06: MP >L05> L03 > (SZ) € (SY) 0
(

[SystemQ lemma SubsetIsRelation: II(SX), (SY), (SZ), (SU): IsRelation((SX), |
IsSubset((SY), (SX)) F IsRelation((SY), (SZ), (SU))]
System(@Q proof of SubsetIsRelation:
LO1:  Block > Begin ;
L02:  Arbitrary > (SX), (SY), (SZ), (SU) ;
L03:  Premise > IsRelation((SX), (SZ), (SU)) ;
L04:  Premise > IsSubset((SY), (SX)) ;
L05:  Premise > (R1ob) € (SY) ;
L06:  Repetition > LO3 > V(Rlob): (Rlob) € (SX) =

IsOrderedPair((R1ob), (SZ), (SU)))|

LO7:  Ad4@(Rlob) > L06 > (Rlob) e  (SX) =
IsOrderedPair((R1ob), (SZ), (SU))J]

L08:  FromSubset > L04 > L05 > (R710b) € (SX) ;
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L09: MP > LO7 > L08 > IsOrderedPair((R1ob), (SZ), (SU))J

L10:  Block > End :

L11:  Arbitrary > (SX), (SY), (SZ), (SU) ;
L12:  Dedr L10 > IsRelation((SX), (SZ), (SU)) =
IsSubset((SY), (SX)) =
(R1ob) € (SY) =
IsOrderedPair((R1ob), (SZ), (SU))}
L03:  Premise > Isf{elation((SX), (SZ), (SU)) ;
L04:  Premise > IsSubset((SY), (SX)) ;
L05: MP2>L12 > L03 > L04 > (Rlob) €  (SY)

=
IsOrderedPair((R1ob), (SZ), (SU))J

L06:  Genr> L05 > V(i%lob): ((Rlob) € (SY) =
IsOrderedPair((R1ob), (SZ), (SU))|

L13:  Repetition > LO6 > Isﬁelation((SY), (SZ),(SU)) m
[System@ lemma CPseparationIsRelation: ILA, (SX), (SY): IsRelation({ph €]
cartProd((SX)) | A}, (SX), (SY))]
System(@Q proof of CPseparationlsRelation:

LO1:  Block > Begin ;
L02:  Arbitrary > A, (SX), (SY) ;
L03:  Premise > (Slob) € {ph €

cartProd((SX)) | A}
L04:  Separation2formula(1)t>L03 >  (Slob) € cartProd((SX))

L0O5:  Block > End

L06:  Arbitrary > A, (SX), (SY)

L07:  Dedr L05 > V(Slob): ((Slob) € {ph €
cartProd((SX)) | A} =
(S1lob) € cartProd((SX))) ;

L08:  Repetition > LO7 > IsSubset({ph €
cartProd((SX)) |
A}, cartProd((SX))) ;

L09:  CartProdIsRelation > IsRelation(cartProd((SX)), (SX), (SY))l

L10:  SubsetIsRelation>L09>L08 > Isﬁelation({ €
cartProd((SX)) |

X
A}, (5X), (S Y)) .
[SystemQ lemma ToCartProd(Helper): I1(SX), (SX1), (SY), (SY1), (SZ): (SX)
(SX1) F (SY) € (SY1) - (SZ) € OrderedPair((SX), (SY)) + IsSubset((SZ), binaryU
SystemQ proof of ToCartProd(Helper):

LO1:  Block > Begin ;
L02:  Arbitrary > (SX), (SX1),(SY), (SY1),(SZ)
L03: Premise > (SX) € (SX1) :
L04: Premise > (SY) € (SY1) ;
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L05:

LO6:
LO7:

LO8:
L09:
LO04:
LO03:
LO5:
L10:

L11:
L12:
L13:
L04:
L03:
L05:
L14:

L15:
L16:

L17:

L18:

L19:

L20:

L21:
L22:
L23:

Premise >

Premise >

FromOrderedPair(TwoLevels)r>

LO6 > L0O5 >

Block >

Arbitrary >

Premise >

Premise >
SameMember(2)>L03>104 >
ToBinaryUnion(1) > L05 >

Block >

Block >

Arbitrary >

Premise >

Premise >
SameMember(2)>L03>L04 >
ToBinaryUnion(2) t> L05 >

Block >
Ded > L11 >

MP > L16 > L03 >

Ded > L15 >

MP > L18 > L04 >

FromDisjuncts > LO7 > L17 >
L19 >

Block >
Arbitrary >
Ded > L21 >
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(S2)

OrderedPair((SX), (SY))
(Slob) € (SZ)

(Slob) =
(SY)
Begin

(SX) V (Slob)

X) (1), (5v1)

X) € (8X

1)
X)

S1ob) € (SX1)

(S
(S
(Slob) = (S
(
(

Slob)

binaryUnion((SX1), (SY1))

End
Begin

(SX1), (SY), (SY1)
(SY) € (SY1)
(Slob) = (SY)
(Slob) € (SY1)

(Slob)

binaryUnion((SX1), (SY1))

End

(SX) € (SX1) = (Slob)
SX) =
binaryUnion((SX1), (SY1))

(S;lob) =

(SX) = (Slob)

Slob)

binaryUnion((SX1), (SY1))
(SY) € (SY1) = (Slob)
(SY) =
binaryUnion((SX1), (SY1))

(Slob) = (SY) = (Slob)

(Slob)

binaryUnion((SX1), (SY1))

(Slob)

binaryUnion((SX1), (SY1))

End

(SX), (SX1), (SY

(SX) €
(SY) € (SY1) = (S7)
OrderedPair((SX), (SY))

(Slob) €
binaryUnio

(

(SX1)

SZ) = (Slob)
((SX1), (SY1))

), (SY1), (SZ)

=
S
=
S

3



L03:  Premise > (SX) € (SX1) ;
L04: Premise > (SY) € (SY1) ;
L05:  Premise > (SZ) €
OrderedPair((SX), (SY)) ;
L06: MP3>L23>-L03-L04-105>  (Slob) € (SZ) = (Slob) €
binaryUnion((SX1), (SY1)) ;

L07:  Genr> L06 > V(Slob): ((Slob) €
(SZ2) = (Slob) €
binaryUnion((SX1), (SY1)))

L24:  Repetition > LO7 > Iséubset((SZ), binaryUnion((SX1), (SY1

O
[SystemQ lemma ToCartProd: II(SX), (SX1), (SY), (SY1): (SX) € (SX1) +

(SY) € (SY1) F OrderedPair((SX), (SY)) € cartProd((SX1))]
System(@Q proof of ToCartProd:

LO01:  Block > Begin ;
L02:  Arbitrary > (SX), (SX1), (SY), (SY1) ;
L03: Premise > (SX) € (SX1) :
L04:  Premise > (SY) € (SY1) ;
L05:  Premise > (Slob) €

OrderedPair((SX), (SY)) ;
L06:  ToCartProd(Helper) > L03 >

L04 > L05 > IsSubset((S1ob), binaryUnion((SX1), (S
L07:  Formula2Power > L0O6 >> (Siob) €
Power(binaryUnion((SX1), (SY1)))]
L08: Block > End :
L09:  Arbitrary > (SX), (SX1), (SY), (SY1) ;
L10: Ded > L08 > (SX) € (SX1) = (SY)

S
(SY1) = (Slob) €
OrderedPair((SX), (SY)) =
(Slob) €
Power (binaryUnion((SX1), (SY1)))]

L03:  Premise > (SX) € (SX1) ;

L04:  Premise > (SY) € (SY1) ;

L06: MP2>L10 > L03 > L04 > (Slob) c
OrderedPair((SX), (SY)) =
(Slob) €
Power(binaryUnion((SX1), (SY1)))]

L11:  Genr L06 > V(élob)t ((Slob) €
OrderedPair((SX), (SY)) =
(Slob) €

Power(binaryUnion((SX1), (SY1))))}

b
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L12:  Repetition > L11 > IsSubset(OrderedPair((SX), (SY)), Powe

L13:  Formula2Power > L12 >> Or,deredPair((SX), (SY)) €
Power(Power(binaryUnion((SX1), (SY1)

L14:  eqReflexivity > Or,deredPair((SX), (SY)) =
OrderedPair((SX), (SY)) ;
L15:  JoinConjuncts > L03 > L04 >  (SX) € (SX1) A (SY) € (SY1)

L16:  JoinConjuncts > L15>L14 >  (SX) € (SX1) A
(SY) € (SY1) A
OrderedPair((SX), (SY)) =
OrderedPair((SX), (SY)) ;

L17: IntroExist @(SY) > L16 > J(OP20b): (SX) € (SX1) A
(OP20b) € (SY1) A
OrderedPair((SX), (SY)) =
OrderedPair((SX), (OP20b)) ;

L18:  IntroExist @(SX) > L17 > 3(OP1ob): 3(OP20b): (OP1ob) €]

(SX1) A (OP20b) € (SY1) A
OrderedPair((SX), (SY)) =
OrderedPair((OP1ob), (OP2ob))]

L19:  Repetition > L18 > IsérderedPair(OrderedPair((SX), (SY)).

L20:  Formula2Sep > L13 > L19 > Olr,deredPair((SX)7 (SY)) €
{ph €
Power(Power (binaryUnion((SX1), (SY1)
IsOrderedPair(phy, (SX1), (SY1)) }}

L21:  Repetition > 120 > OlgderedPair((SX), (SY)) €
cartProd((SX1)) o
[System@ lemma CrsIsRelation: ILY: IsRelation(constantRationalSeries(X'), N
System(@Q proof of CrsIsRelation:

LO1:  Block > Begin ;
L02:  Arbitrary > X ;
L03:  Premise > (Slob) €

constantRationalSeries(X)

L04:  Repetition > L03 > (Siob) € {ph € cartProd(N) |
3(CRS1ob): phs =
OrderedPair((CRS1ob), X)} ;

L05:  Sep2Formula > L04 > (Slob) € cartProd(N) A
J(CRS1ob): (Slob) =
OrderedPair((CRS1ob), X)

L06:  FirstConjunct > L05 > (S,lob) € cartProd(N) ;

LO7:  Block > End ;
L08:  Arbitrary > X ;
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L03:

L04:

LO5:

L09:
L10:

[SystemQ lemma CrsIsFunction: ITX:
System@Q proof of CrsIsFunction:
LO1:
L02:
L03:

L04:
LO5:

L06:
LO7:

LO8:
L09:
L10:
L11:
L12:
L13:
L14:

LO03:
L04:

LO5:
LO06:

LO7:

Ded > LO7 >

Gen > L03 >

Repetition > L04 >

CartProdIsRelation >

SubsetIsRelation>L09>L05 >

Block >
Arbitrary >
Premise >

Premise >
FromOrderedPair > L03 >

SecondConjunct > L05 >
FromOrderedPair > L04 >

SecondConjunct > LO7 >
eqSymmetry > LO8 >
eqTransitivity > L06 > L09 >
Block >

Block >

Arbitrary >

Ded > L11 >

Premise >
Premise >

Premise >
Sep2Formula > L03 >

SecondConjunct > L06 >
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(Slob) €
constantRationalSeries(X) =

(Slob) € cartProd(N) :
V(Slob): ((Slob) €
constantRationalSeries(X) =

(Slob) € cartProd(N)) ;
IsSubset(constantRationalSeries(X), car

Islsnelation(cartProd(N), N, Q) :
IsRelation(constantRationalSeries(X'), N

d
isFunction(constantRationalSeries(X), N

Begin ;
X ;
OrderedPair((Flob), (F2ob)) =
OrderedPair((CRS1ob), X) ;
OrderedPair((F3ob), (F4ob)) =
OrderedPair((CRS1ob), X) ;
(Flob) (CRSlob) A

OrderedPair((Flob), (F2ob)) =
OrderedPair((CRS1ob), X) =
OrderedPair((F3ob), (F4ob)) =
OrderedPair((CRS1ob), X) =
(F20b) = (F4ob)
OrderedPair((Flob), (F2ob)) €
constantRationalSeries(X) ;
OrderedPair((F3ob), (F4ob)) €
constantRationalSeries(X) ;
(Flob) = (F3ob)
OrderedPair((F1lob), (F2ob)) €
cartProd(N) A
3(CRS1ob): OrderedPair((Flob), (F20b)
OrderedPair((CRS1ob), X) ;
3(CRS1ob): OrderedPair((Flob), (F2ob)
OrderedPair((CRS1ob), X) ;



LO8:

L09:
L15:
L16:

L17:
LO03:

LO4:

L18:

Sep2Formula > L04 >

SecondConjunct > L08 >

ExistMP2>L141>L071> 109 >
Block >

Arbitrary >

Ded > L16 >

CrslIsRelation >

JoinConjuncts > L04 > L03 >

OrderedPair((F3ob), (F4ob)) €
cartProd(N) A
3(CRS1ob): OrderedPair((F3ob), (F4ob)
OrderedPair((CRS1ob), X) ;
3(CRS1ob): OrderedPair((F3ob), (F4ob)
OrderedPair((CRS1ob), X) ;
(F20b) = (Fdob)

End

X

V(Flob), (F20b), (F3ob),
(F4ob): (OrderedPair((F1lob), (F20b)) €]
constantRationalSeries(X) =
OrderedPair((F3ob), (F4ob)) €
constantRationalSeries(X) =

(Flob) = (F3ob) = (F2ob) =

(Fdob)) ;
IsRelation(constantRationalSeries(X'), N

3
3

)

)

isFunction(constantRationalSeries(X’), N

O
[SystemQ lemma CrsIsTotal: TIM, X: TypeRational(X) = M € N t OrderedF
constantRationalSeries(Y')]
System(@ proof of CrslsTotal:

LO1:
L02:
L03:
LO04:
L05:

L06:

LO7:

LO8:

Arbitrary >

Side-condition >

Premise >

RationalType > L02 >
ToCartProd > L03 > L04 >

eqReflexivity >
IntroExist @ M > L06 >>

Formula2Sep > L05 > LO7 >

M, X ;
TypeRational(X) ;
MeN ;
XeQ ;
OrderedPair(M, X) €
cartProd(N)

OrderedPair(M, X) =
OrderedPair(M, X) ;
3(CRS1ob): OrderedPair(M, X) =]
OrderedPair((CRS1ob), X) ;
OrderedPair(M, X) €
constantRationalSeries(X’)

a
[SystemQ lemma CrslsSeries: ILX: IsSeries(constantRationalSeries(X), Q)]
System@Q proof of CrslsSeries:

LO1:
L02:
L03:
L04:

LO5:

LO06:
LO7:

Block >

Arbitrary >
Premise >
CrslsTotal > L03 >

IntroExist @ X > L03 >
Block >

Arbitrary >
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Begin
X
(Slob) e N ;
OrderedPair((Slob), X) €
constantRationalSeries(X) ;
3(S20b): OrderedPair((S1ob), (S20b)) €]

constantRationalSeries(X) ;
End

X

3

3



L03: Ded > L06 > (S1ob) e N =
3(S20b): OrderedPair((S1ob), (S20b)) €]
constantRationalSeries(X) ;

LO8:  Gen>L03 > Y(Slob): ((Slob) € N =
3(S20b): OrderedPair((S1lob), (S20b)) €]
constantRationalSeries(X)) ;

L09:  CrsIsFunction > isFunction(constantRationalSeries(X’), N

L10:  JoinConjuncts t> L09 > L08 > ISS7eries(constantRautiomdSelries(/'\f)7 QI

O
[SystemQ lemma CrsLookup: IIM, X: M € N I constantRationalSeries(X')[M

X

System(@ proof of CrsLookup:
LO1:  Arbitrary > M, X ;
L02: Premise > MeN ;
L03:  CrslsSeries > IsSeries(constantRationalSeries(X), Q)|

L04:  MemberOfSeries>>L02r>L03 > Olf,deredPair(/\/(7 constantRationalSeries
constantRationalSeries(X) ;

L05:  CrslsTotal > L02 > OrderedPair(M, X) €
constantRationalSeries(X)

L06:  eqReflexivity > M=M ;

L07:  UniqueMember > L03 > L04 >
L05 > L06 > constantRationalSeries(X)[M] =}
O
[SystemQ lemma 0f: TIM: M € N+ Of)[(/\/l] = 0]
System(@Q proof of 0Of:
LO1:  Arbitrary > M ;
L02:  Premise > MeN ;
L03:  CrsLookup > L02 > constantRationalSeries(0)[M] =]
0 ;
L04:  Repetition > L0O3 > 0ffM] =0 a
[SystemQ lemma 1f: TIM: M € N + 1{[M] = 1]
System(@Q proof of 1f:
LO1:  Arbitrary > M ;
L02:  Premise > MeN ;
L03:  CrsLookup > L02 > constantRationalSeries(1)[M] =]
1 ;
L04:  Repetition > LO3 > HM] =1 O

(6.11.06, lemmaer fra kvanti, mod kronologien)
[SystemQ lemma DistributionOut: IIX, Y, Z: (X * V) + (X * Z)) = (X %

(Y +2)))

System(@Q proof of DistributionOut:
L01:  Arbitrary > XV, Z ;
L02:  Distribution > X+ (Y+2) =(X*xY)+

(X % )
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L03:  eqSymmetry > L02 > (X Y)+(X*2)) = (X (Y +

Z O

[SystemQ lemma Three2twoTerms: HX?)JZ, ZUY+2)=UF(X+DY)+
Z) = (X +U)

System(@Q proof of Three2twoTerms:
L01:  Arbitrary > XV, Z,U ;
L02: Premise > Y+2)=Uu ;
L03:  EqAdditionLeft > L02 > X+ ((V+2) = (X +U) :
L04:  plusAssociativity > (X+Y)+2) = (X+((V+2))) ;
L05:  eqTransitivity > L04>L03 > (X +Y)+ 2) = (X +U) O

[SystemQ lemma Three2threeTerms: IIX, Y, Z: (X +)Y)+2) = (X +2)+
V)l

System(@Q proof of Three2threeTerms:
LO1:  Arbitrary > XV, 2 ;
L02:  plusCommutativity > V+2)=(2+)) ;
L03:  Three2twoTerms > L02 > (X+Y)+2)=(X+((Z2+)) ;
L04:  plusAssociativity > (X+2)+Y) = (X+((24)))) ;
L05:  eqSymmetry > L04 > (X+((Z24+Y) = (X+2)+)Y) ;
L06:  eqTransitivity > L03 >L05>  (X+V)+2)=(X+2)+Y) O

[SystemQ lemma Three2twoFactors: IIX, YV, Z.U: (Y * Z) =UF (X * V) *
2) = (X +U)

System(@Q proof of Three2twoFactors:
L01:  Arbitrary > XY, Z,U ;
L02: Premise > YxZ)=U ;
L03: EgMultiplicationLeft > L02 > (X * ((V* 2))) = (X xU) ;
L04:  timesAssociativity > (X+Y)+x2Z2)=(X*((VY*2)) ;
L05:  eqTransitivity > L04>L03 > (X *)Y)*xZ) = (X xU) O

[SystemQ lemma x =x+ (y —y): DX, V: X = (X + (V= V)))]

SystemQ proof of x =x+ (y —y):
LO1:  Arbitrary > XY ;
L02:  plusO > (X+0)=x ;
L03: Negative > Y-y)=0 ;
L04:  eqSymmetry > L03 > 0=0-Y) ;
L05:  BEqAdditionLeft > L04 >> (X+0)=(X+((Y-Y) ;
L06:  Equality > L02 > L05 > X=X+((Y-I)) o

[SystemQ lemma x =x+y —y: [IX, V: X = (X + V) = V)]

System(@ proof of x=x+y —y:
L01:  Arbitrary > X,y ;
L02: x=x+(y—y)> X=X+((Y-Y) ;
L03:  plusAssociativity > (X+Y)-V)=(X+(Y-Y) ;
L04: eqSymmetry > L03 > (X+((Y=I)=((Xx+Y)=Y) ;
L05:  eqTransitivity > L02> 104> X =((X+Y) D) o

[SystemQ lemma x = xxy * (1/y): TIX, V: Y £ 0 X = ((X *)) * rec))]
SystemQ proof of x =xx*yx* (1/y):
LO1:  Arbitrary > X,y
L02:  Premise > Y#0

27



LO3:  timesl > (X*x1)=X ;
L04: Reciprocal > L02 > (YVxrecy) =1 :
L05:  Three2twoFactors > L04 > ((X %« Y) xrec)) = (X x 1) :
L06:  eqTransitivity > L05 >L03 >  ((X %)) *recy) =X ;
L07:  eqSymmetry > L06 > X = ((X %)) xrec)) 0
[System@ lemma x * 0 + x = x: IIX: (X % 0) + X) = X]
System(@ proof of x 0+ x = x:
LO1:  Arbitrary > X ;
L02:  timesl > (Xx1) =X :
L0O3:  eqSymmetry > L02 > X=(Xx1) :
L04: EqAdditionLeft > L03 > ((X%0)+X) = (X*x0)+(Xx1)) ;
L05:  Distribution > (X*x((04+1))) = ((X*%0)+(X*1)) ;
L06:  eqSymmetry > LO5 > ((X+0)+(X*1)) = (X*((0+1))) ;
L07:  plusOLeft > 0+1)=1 :
L08:  EqMultiplicationLeft > L07 > (X * ((0+1))) = (X % 1) ;
L09:  eqTransitivityb > L04 > L06 >
L08 > L02 > (X 0)+X)=X 0
[SystemQ lemma x *x 0 = 0: TIX: (X * 0) = 0]
System(@Q proof of x*x0 = 0:
LO1:  Arbitrary > X ;
L02: x=x+(y—y) > (X%0)=((X*x0)+ (X —-2X))) ;
L03:  plusAssociativity > (X%0)+X)—X) = ((X*0)+
(% — X)) ,
L04:  eqSymmetry > LO3 > (X *0)+ ((X = &))) = (X =
0)+&)—X) ;
L05: x*x04+x=x> (X*x0)+X)=X ;
L06:  eqAddition > L05 > (X*0)+X)—X)=(X-2X) ;
L07:  Negative > (X-Xx)=0 ;
LO8:  eqTransitivityb > L02 > L04 >
106 &> LO7 > (X%0)=0 O
[SystemQ lemma (—1)#(—1)+(—=1)x1 =0: (((—1)*(=1))+((—1)*1)) =
SystemQ proof of (—1)* (—1)+ (=1)*x1=0:
L01:  DistributionOut > (1) * (1)) + ((-1) * 1)) =
(—1) 5 (((-1) + 1)) ,
L02:  Negative > (1+(-1)=0 ;
L03:  plusCommutativity > (1) +1) =1+ (-1)) ;
L04:  eqTransitivity > LO3>L02>  ((-1)+1)=0 ;
L05:  EgqMultiplicationLeft > L04 > ((—1)*(((—1)+1))) = ((—-1)%0) ;
L06: x*x0=0> (-1)%x0)=0 ;
LO7:  eqTransitivity4 > LO1 > LO5 >
L06 >> (=) *(=1))+((-1)*1)) =0 O
[SystemQ lemma (—1) % (—=1) = 1: ((=1) = (—=1)) = 1]
SystemQ proof of (—1)x*(—1) =1:
L0l x=x+(y-y)> (=D (=1)) = (=) =(=1))+
((1=1))) ;
L02:  timesl > ((-1)x1)=(-1) ;



L03:

L04:

LO5:

L06:

LO7:

LO8:

L09:

L10:

L11:

L12:
L13:

L14:

eqSymmetry > L02 >
EqAdditionLeft > L03 >
EqgAdditionLeft > L04 >

plusCommutativity >
EqgAdditionLeft > L06 >
plusAssociativity >
eqSymmetry > LO8 >

(D*x (=) +(-1)*x1=0>
eqAddition > L10 >
plusOLeft >

eqTransitivityd > LO1 > L05 >
LO7 > L0O9 >

eqTransitivity4 > L13 > L11 >
L12 >

AN NN R N N e R o~

—~
—
I
—_
~—
*
—~
|
—_
~—
~—

(=D (=1) =1

3

O

[SystemQ lemma subLeqRight: IIX, YV, Z: X = Y F Z <=XF Z <=
System@Q proof of subLeqRight:

LO1:
LO02:
L03:
L04:
L05:

Arbitrary >
Premise >
Premise >
eqLeq > L02 >

leqTransitivity > L03 > L04 >
[SystemQ lemma subLeqLeft: TIX, Y, Z: X =Y+ X <= ZF Y <= Z]

System(@ proof of subLeqLeft:

LO1:
L02:
L03:
LO04:
LO5:
LO06:

LO1:
LO02:
LO03:
L04:
L05:
L06:

Arbitrary >

Premise >

Premise >
eqSymmetry > L02 >
eqleq > L04 >

XV, 2
X=Y
Z<=X
X <=Y
Z<=Y

leqTransitivity > L05 > L03 > Y <=
[SystemQ lemma 0 < 1Helper: 1 <=0= 0 <= 1]
System( proof of 0 < 1Helper:

Block >

Premise >

leqAddition > L02 >
Negative >

subLeqLeft > L04 > L0O3 >
plusOLeft >
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L07:  subLeqRight &> L06 >> L05 > 0<=(-1)
L0O8:  legMultiplication>L0O7>L07 >

(0% (=1)) <=

LO9: x%x0=0> ((-1)x0)=0
L10:  timesCommutativity > (0% (=1)) =((-1)%0)
L11:  eqTransitivity > L10>L09 > (0% (—1))=0
L12:  subLeqLeft > L11 > LO8 >> 0<=((-1)*(-1))
L13:  (—1)(-1)=1> (1) % (~1)) =1
L14: subLeqRight > L13 > L12 > 0 <=
L15:  Block > End
L16:  Dedr> L15 > 1<=0=0<=1

[System@ lemma 0 < 1: 0 < 1]

System(Q proof of 0 < 1:
LO1:  leqTotality > 0<=1V1<=0
L02:  Autolmply > 0<=1=0<=1
L03: 0 < 1Helper > 1<=0=0<=1
L04:  FromDisjuncts > LO1 > LO2 >

LO3 > 0<=1

L0O5:  Onotl > 0#1

L06:  JoinConjuncts > L04>L05> 0<1

[SystemQ lemma AddEquations: IIX, Y, ZU: X =Y FZ=UF (X+2)

Y +u)
System(@Q proof of AddEquations:

LO1:  Arbitrary > X, Y, Z U

L02: Premise > xX=Y)

L0O3:  Premise > Z=U

L04:  eqAddition > L02 > (X+2)=0+2)

L05:  EqAdditionLeft > L03 > Y+2)=Q+U)

L06:  eqTransitivity > L04 > L05> (X + 2) = (V+U)
[SystemQ lemma PositiveToRight(Eq): IX, Y, Z: (X+))=ZF X = (Z—

V)]
SystemQ proof of PositiveToRight(Eq):

LO1:  Arbitrary > X,V Z

L02:  Premise > (X+Y)=2

L03:  eqAddition > L02 > (X+Y)=Y)=(Z2-D)

LO4: x=x+y—-y> X=(X+Y)-DY)

L05:  eqTransitivity > L04 > 103> X =(Z-))

[SystemQ lemma PositiveToLeft(Eq)(1term): 11X, V: X =Y F (¥ -)) = 0]

SystemQ proof of PositiveToLeft(Eq)(1term):

L01:  Arbitrary > X,y

L02: Premise > X=Y

L03:  eqAddition > LO2 > X-=0-Y)
L04: Negative > Y-y =

L05:  eqTransitivity > LO3>L04> (X —=Y)=0

[SystemQ lemma PositiveToRight(Leq): IIX, Y, Z: (X + )) <= Z F X <=

(Z-Y)
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SystemQ proof of PositiveToRight(Leq):

LO1:  Arbitrary > X,V Z ;
L02:  Premise > (X+Y)<=2Z2 ;
L03:  leqAddition > L02 > (X4+Y)=Y)<=(2-)) ;
L04: x=x+y-—-y> X=((X+Y)-Y) ;
L05:  eqSymmetry > L04 > (X +Y)=)) = ;
L06:  subLeqLeft > LO5 > LO3 > X<=(2-)) O

[SystemQ lemma PositiveToRight(Leq)(1term): 1Y, 2: Y <= Z F 0 <=
(z- V)

SystemQ proof of PositiveToRight(Leq)(1term):
LO1:  Arbitrary > V. Z ;
L02:  Premise > V<=2 ;
L03:  plusOLeft > 0+ =Y ;
L04: eqSymmetry > L03 > y=(0+Y) ;
L05:  subLeqLeft > L04 > L02 > 0+Y) <=2 ;
L06:  PositiveToRight(Leq) >L05 > 0<=(Z-)) O

[System@ lemma NegativeToLeft(Eq): IIX, Y, Z: X = (V—-Z)F (X + Z)
Y]

SystemQ proof of NegativeToLeft(Eq):
LO1l:  Arbitrary > XV, 2 ;
L02: Premise > X=0-2) ;
L03:  eqAddition > L02 > (X+2)=((Y-2)+2) ;
L04:  Three2threeTerms >> (Y-2)+2)=((+2)-2) ;
L05: x=x+4+y—y> Y=((+2)-2) ;
L06:  eqSymmetry > L05 > (YV+2)-2)=)Y :
LO7:  eqTransitivity4 > LO3 > L04 >

L06 >> (X+2)=Y O

[SystemQ lemma SubtractEquations: IX, Y, Z,U: (X + Z) = (Y + U)
Z=UFX=)]
System(@Q proof of SubtractEquations:

LO1:  Arbitrary > X, Y, Z,U ;
L02:  Premise > X+2)=Q+U) ;
L03:  Premise > Z=U ;
L04:  eqAddition > L02 > (X+2)-2)=((+U)—2) ;
L05:  plusOLeft > 0+2)=2Z2 :
L06:  eqTransitivity > L0O5>1L03> (0+2)=U ;
L07:  PositiveToRight(Eq) >L06 > 0= (U — 2) ;
L08:  eqSymmetry > LO7 > U-2)=0 ;

L09: EqAdditionLeft > LO8 > YV+(U-2))=(Y+0) ;
+ .

—~—~ o~
—
<
<
=
|

L10:  plusAssociativity > 2)=Y+(U-2))) ;
L11:  plusO > Y+0)=Y ;
L12:  eqTransitivity4 > L10 > L09 >

L11 > (Y+U)-2Z)=Y ;
L13: x=x+y—-y> X=(X+2)-2) ;
L14:  eqTransitivity4 > L13 > L04 >

L12 > xX=Yy m|
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[SystemQ lemma SubtractEquationsLeft: IIX, ), Z,U: (X +2Z) = (Y+U) -
X=YFZ=U
System(@ proof of SubtractEquationsLeft:

LO1:  Arbitrary > X, Y, Z,U ;
L02:  Premise > X+2)=Q+U) ;
L03:  Premise > X =Y ;
L04:  plusCommutativity > (Z4+X)=(X+2) ;
L05:  plusCommutativity > Y+U)=U+Y) ;
L06:  eqTransitivity4 > L04 > L02 >

L05 > Z4+X)=WU+Y) ;
L07:  SubtractEquations > L06 >

LO3 > Z=U O

[SystemQ lemma EqNegated: IIX,Y: X = Y I (—uX) = (—u))]
System(@Q proof of EqNegated:

L01:  Arbitrary > X,y ;
L02:  Premise > X=Y ;
L03:  Negative > (X-Xx)=0 ;
L04:  Negative > Y-y)=0 ;
L05:  eqSymmetry > L04 > 0=(-2) ;

L06:  eqTransitivity > L03 > 105> (X -X)=(V-)) ;
L07:  SubtractEquationsLeft > LO6 >
L02 > (—uX) = (—u)) o
(*** NO EQUALITY **¥)
[SystemQ lemma LessNeq: [IX, V: X < Y+ X # V)
System(@Q proof of LessNeq:

LO1:  Arbitrary > XY ;
L02:  Premise > <)y ;
L03:  Repetition > L02 > X<=YAS(X=Y)n ;
L04:  SecondConjunct > L03 > X#Y m|
[SystemQ lemma x + y = zBackwards: IIX, ), Z: (X +)) = Z + Z =
(¥ + X))
System(@Q proof of x + y = zBackwards:
L01:  Arbitrary > XV, Z ;
L02:  Premise > X+)y)=2 ;
L03:  plusCommutativity > (X+Y)=0+4%) ;
L04: Equality > L02 > Z=Q+X) o

[SystemQ lemma xxy = zBackwards: IIX, Y, Z: (X*)) = Z+ Z = (Y*X)]
System(Q proof of x xy = zBackwards:

LO1:  Arbitrary > XV, Z ;
L02:  Premise > (X« =2 ;
L03:  timesCommutativity > (XxY)= (Y= X) :
L04:  Equality > L02 > Z=(YxX) O

[SystemQ lemma DoubleMinus: IIX: (—u(—uX)) = X]

System(Q proof of DoubleMinus:
LO1:  Arbitrary > X ;
L02:  Negative > ((—uX) — (—uX)) =0 ;
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L03: x+y = zBackwards > L02 > 0=((—u(—uX)) — X) ;

L04:  NegativeToLeft(Eq) > L03 > 0+ X) = (—u(—uX)) ;
L05:  plusOLeft > 0+X)=2X :
L06:  Equality > L04 > L05 > (—u(—uX)) =X 0
[SystemQ lemma NegNegated: IIX, Y: X # Y I (—uX) # (—u))]
System(@ proof of NeqNegated:

LO01:  Block > Begin ;
L02:  Arbitrary > X,y ;
L03:  Premise > X#Y ;
L04:  Premise > (—uX) = (—u)) ;
L05:  EqNegated > L04 > (—u(—ud)) = (—u(—ud)) ;
L06:  DoubleMinus > (—u(—uX)) =X ;
LO7:  eqSymmetry > LO6 > X = (—u(—uk)) ;
L08:  DoubleMinus > (—u(—u))) =Y ;
L09:  eqTransitivity4 > LO7 > L05 >

LO8 > xX=Y) ;
L10:  FromContradiction > L09 >

L03 > (—uX) # (—u)) ;
L11: Block > End ;
L12:  Arbitrary > X,y ;
L13:  Ded > L11> X #Y = (-uX) = (—u))

= ((—u) = (—ud)n ;

L14:  Premise > X#£Y ;
L15: MPr>L13>L14 > (—uX) = (—u)) =

S ((-ud) = (—uY))n ;
L16:  prop lemma imply negation >
L15 > S ((—uX) = (—u)))n m
[SystemQ lemma SubNeqRight: TIX, YV, Z: X =Y F Z £ X - Z £ )]
System(@ proof of SubNeqRight:

L01:  Arbitrary > XV, Z ;
L02: Premise > X =Y ;
L03: Premise > Z#+X ;
L0O4: NegSymmetry > L03 > X#£Z ;
L05:  SubNeqLeft > L02 > L04 > YV#£Z ;
L06: NegSymmetry > L05 > Z£Y U

[SystemQ lemma NeqAddition: TIX, Y, Z: X £ Y F (X 4+ Z) # (Y + 2)]
System(@Q proof of NeqAddition:

LO1:  Block > Begin ;
L0O2:  Arbitrary > X,V Z ;
L03:  Premise > X #£Y ;
L04:  Premise > (X+2)=Y+2) ;
L05:  eqReflexivity > Z=2Z2 ;
L06:  SubtractEquations > L04 >

L0O5 > xX=)y :
L07:  FromContradiction > L06 >

L03 > (X+2)# Y+ 2) :
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LO8:  Block > End ;
L09:  Arbitrary > XV, Z ;
L10: Ded > L08 > X£Y= (X+2)=(0+2)=

Wz £+ 2) ;
L11:  Premise > X#£Y

L12: MPrL10>L11> (X+2)=V+2)=> (X+2) #

Y+ 2) ;
L13:  prop lemma imply negation >
L12> (X+2)#V+2) O
[SystemQ lemma NegMultiplication: TIX, Y, Z: Z A0 F X £ YV (Xx2Z) #
(V= 2)]

System(@Q proof of NeqMultiplication:

L01: Block > Begin ;
L02:  Arbitrary > XV, Z ;
L03:  Premise > Z#0 ;
L04: Premise > X#Y ;

L0O5:  Premise >
L06: x=xx*yx*(1/y)>L03>
LO7:  egqMultiplication > L05 >

(X*x2)=(V=*Z2) ;
X =((X*Z)*recZ) ;
(X x Z)*xrecZ) = (VY * 2) %

recZ) ;
YV=(Y*Z)xrecZ) ;
(Y*Z)xrecZ) =Y ;

L08: x=xx*yx*(1/y)>L03>
L09:  eqSymmetry > LO8 >
L10:  eqTransitivity4 > L06 > LO7 >

L09 > xX=) :
L11:  FromContradiction > L10 >

L04 > (X x2)# (V*2) ;
L12: Block > End ;

L13:  Arbitrary >
L14: Ded> L12 >

XV, 2 ;
Z£0=>X#AY=> (Xx2) =

YV 2)= (X 2)#(V*Z)
L15:  Premise > Z#0 ;

L16:  Premise > X #£Y ;
L17: MP2p>L14>L15>L16 > (XxZ)=(Vx2)=> (X*xZ) £
(V*Z) ;
L18:  prop lemma imply negation >
L17 > (Xx2Z)#£ (YVx2) |

(*** NEGATIVE ***)

[SystemQ lemma UniqueNegative: TIX, Y, Z: (X + V) =0F (X + 2)=0F
V=2

System(@Q proof of UniqueNegative:

LO1:  Arbitrary > X,V Z ;
L02:  Premise > (X+Y)=0 ;
L03:  Premise > (X+2)=0 ;
L04:  plusCommutativity > YV+xX)=(X+Y) ;
L05:  eqTransitivity > L04>L02> (Y+X)=0 ;
L06:  PositiveToRight(Eq) > L05> Y= (0—X) ;
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LO7:  plusCommutativity > (
L08:  eqTransitivity > LO7 >L03 >  (
L09:  PositiveToRight(Eq) > L08 >  Z=(0
L10:  eqSymmetry > L09 > (
L11:  eqTransitivity > LO6>L10> Y =2 O
[System@ lemma toNotLess: IIX, V: X <=Y F - (Y < X)n]
System(@Q proof of toNotLess:

LO1:  Block > Begin ;
L02:  Arbitrary > X,y ;
L03:  Premise > X <=) ;
L04:  Premise > y<=x ;
LO5:  leqAntisymmetry>104r>103 >

y =X )
L06:  AddDoubleNeg > L05 > S (5 (Y =X)n)n ;
L07: Block > End ;
L08:  Arbitrary > X,y ;
L09: Dedr LO7 > X <=)Y =Y <= =

= (5 (Y = X)n)n ,
L10:  Premise > X <=Y ;
L1l: MP>L09>L10 > V<=X=5(5(QY=Xnn
L12:  AddDoubleNeg > L11 > SR <= X = AR =

X)n)n))n)n ;
L13:  Repetition > L12 > S(Y<=XAS(Y=X)n)n ;
L14:  Repetition > L13 > (Y < X)n O

[SystemQ lemma FromLess: IIX, V: X < Y+ = (Y <= X)n]
System(@Q proof of FromLess:

LO1: Block > Begin ;
L02:  Arbitrary > X,y ;
L03:  Premise > y<=X ;
L04:  toNotLess > L03 > S (X < Y)n ;
L05:  Block > End ;
L06:  Arbitrary > X,y ;
LO7:  Ded > L05 > Y<=X==(X<Yn :
L08:  Premise >> X<y ;
L09:  AddDoubleNeg > L08 > S (5 (X <Y)n)n ;
L10:  MT > LO7 > L09 > S (Y <=X)n o

[SystemQ lemma fromNotLess: IIX, V: = (X < V))nt Y <= X
System(@ proof of fromNotLess:

LO01:  Block > Begin ;
L02:  Arbitrary > XY ;
L03:  Premise > (X <Y)n ;
L04: Premise > X <=)Y ;
L05:  Repetition > L03 > A (X <= )Y = A(X #
Y)n))n)n ;
L06:  RemoveDoubleNeg > L05 >> X<=Y=-(X#Yn ;
LO7:  MP > 106> L04 > S (X £ V)n :
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L08:  RemoveDoubleNeg > LO7 > xX=Yy ;
L09:  eqSymmetry > LO8 > y=x ;
L10:  eqLeqr> L09 > y<=x ;
L11: Block > End ;
L12:  Arbitrary > X, Y ;
L13: Dedr L11 > (X < Yn = X <=)Y =
y<=X ;
L14: Premise > (X < Y)n ;
L15: MPrL13>L14 > X<=Y=YV<=X ;
L16:  Autolmply > Yy<=X=Y<=4 ;
L17:  leqTotality > X<=YVvVYy<=2X ;
L18:  FromDisjuncts > L17 > L15 >
L16 > y<=X O

[System@ lemma ToLess: IILX, V: - (X <=Y)nk Y < X]
System(@Q proof of TolLess:

L01:  Block > Begin ;
L02:  Arbitrary > XY ;
L03:  Premise > (Y < X)n ;
L04: fromNotLess > L03 > X <=Y ;
L05:  Block > End ;
L06:  Arbitrary > XY ;
LO7:  Ded > L05 > A< X n=X<=Y ;
L08: Premise > (X <=Y)n ;
L09: NegativeMT > LO7 > LO8 > y< X a

(% LEQ **¥)
[SystemQ lemma LeqLessEq: TIX, V: X <= Y F X <YV X =]
System(@Q proof of LeqlessEq:

LO1: Block > Begin ;
L02:  Arbitrary > X,y ;
L03:  Premise > X <=Y) ;
L04:  Premise > (X <Y)n ;
L05:  fromNotLess > L04 > y<=x ;
L06:  leqAntisymmetry>L03>1L05 >

xX=) ;
LO7:  Block > End ;
L08:  Arbitrary > X, ;
L09: Dedr LO7 > X <=)Y =X < Yn =

X=) ;
L10: Premise >> X <=Y ;
L11: MPrL09 > L10 > S(X<Yhn=X=Y ;
L12:  Repetition > L11 > X<yvix=Yy m]

[System@ lemma LessLeq: TIX, V: X < Y F X <=
System(@Q proof of LessLeq:

L01:  Arbitrary > XY ;
L02: Premise > X<y ;
L03:  Repetition > L02 > X<=YAS(X=Y)n ;
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L04:
[SystemQ lemma FromLeqGeq: TTA, X, V: X <=Y => ALY <=X = A+

Al

FirstConjunct > L0O3 >

System(@Q proof of FromLeqGeq:

LO1:
LO02:
LO03:

L04:
LO05:

Arbitrary >
Premise >
Premise >

leqTotality >
FromDisjuncts > L04 > L02 >

L03 >

X <=Y

A? X?:))
X<=Y=A
V<=X=A
X<=)YVvY<=X

A

[SystemQ lemma SubLessRight: TIX, Y, Z: X =Y F Z < X F Z < )]
System(@ proof of SubLessRight:

LO1:
L02:
L03:
L04:
LO5:
LO06:
LO7:
LO8:
L09:

Arbitrary >

Premise >

Premise >

Repetition > L0O3 >
FirstConjunct > L04 >
subLeqRight > L02 > L05 >
SecondConjunct > L04 >
SubNeqRight > L02 > LO7 >
JoinConjuncts > L06 > L08 >

X, V. Z
xX=Y
Z< X
Z<=XANZ#X
Z<=X
Z<=)Y
Z+X
Z#+Y
Z<)y

[SystemQ lemma SubLessLeft: [IX, YV, Z: X = Y F X < Z+ Y < Z]
System(@ proof of SubLessLeft:

LO1:
LO2:
LO03:
L04:
L05:
L06:
LO7:
LO8:
LO09:

[SystemQ lemma leqLessTransitivity: IX, Y, Z: X <= Y F YV < ZF X <

Z]

Arbitrary >

Premise >

Premise >

Repetition > L0O3 >
FirstConjunct > L04 >
subLeqLeft > L02 > L05 >
SecondConjunct > L04 >
SubNeqLeft > L02 > LO7 >
JoinConjuncts > L06 > L08 >

X, V. Z
xX=Y
X< Z
X<=ZAX#£Z
X <=2
y<=2
X #£Z
YV#Z
y< 2z

System(@Q proof of leqLessTransitivity:

LO1:
L02:
LO03:
LO04:
L05:
L06:
LO7:

LO8:
L09:

Block >

Arbitrary >

Premise >

Premise >

Premise >

FirstConjunct > L04 >
SecondConjunct > L04 >
subLeqLeft > L05 > L03 >

leqAntisymmetry>L06>108 >
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L10: FromContradiction > L09 >

LO7 > X#£Z ;
L11: Block > End ;
L12:  Arbitrary > X,V Z ;
L13:  Ded> L11 > X <=)Y=2>YV<<Z=>X=
Z=>X#£Z ;
L14: Premise > X <=Y ;
L15:  Premise > y<z ;
L16: MP2r>L13>L141> L15 > X=Z=X+£2Z :
L17:  prop lemma imply negation >
L16 > XAZ ;
L18:  FirstConjunct > L15 > y<=2 ;
L19:  leqTransitivity > L14>L18 > X <=2Z ;
L20:  JoinConjuncts>L19>L17> X <2Z O

[System@ lemma LessAddition: TIX, Y, Z: X < Y F (X + Z) < (Y + 2)]
System(@ proof of LessAddition:

L01:  Arbitrary > XV, Z ;
L02: Premise > x <)y ;
L03:  LessLeq > L02 > X <=)Y ;
L04: leqAddition > L0O3 > X+2)<=0+2) ;
L05:  LessNeq > L02 > X#£Y ;
L06:  NegAddition > L05 > (X+Z2)# 0V +2) ;
L07:  JoinConjuncts > L04 > L06 > (X + 2) < (VY + 2) g

[System@ lemma LessAdditionLeft: IIX, Y, Z: X < Y F (24 X) < (24))]
System(@Q proof of LessAdditionLeft:

LO1:  Arbitrary > X,V Z ;
L02:  Premise > xr<y ;
L03:  LessAddition > L02 > (X+2)<(Y+2) ;
L04:  plusCommutativity > X+2)=(24+4%) ;
L05:  SubLessLeft > L04 > L03 > (Z4+X)<(Y+2) ;
L06:  plusCommutativity > YV+2)=(24Y) :
LO7:  SubLessRight > L06>L05 > (2 4+ &) < (2 + ) 0

[SystemQ lemma Leq + 1: TIX, V: X <= Y F X < (Y + 1)]
System(@Q proof of Leq+ 1:

L01:  Arbitrary > X,y ;
L02: Premise > X <=Y ;
L03: 0<1> 0<1 ;
L04: LessAdditionLeft > L03 > (Y+0) < (¥Y+1) :
L05:  plusO > Y+0)=Yy ;

L06:  SubLessLeft > L05 > L04 > y<+1) :
LO7:  leqLessTransitivity > LO2 >

L06 > X< (+1) O
[SystemQ lemma LeqAdditionLeft: TIX, Y, Z: X <=V F (24 X) <= (£+
V)l
System@Q proof of LeqAdditionLeft:
LO1:  Arbitrary > XV, Z ;
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L02:  Premise > X <=Y ;
L03:  leqAddition > L02 >> (X +2)<=(V+2) ;
L04:  plusCommutativity > X+Z2)=(Z2+X) ;

(
L05:  plusCommutativity > YV+2)=(Z2+4+Y) ;
L06:  subLeqLeft > L04 > L03 > (Z+X)<=Q+2) ;
L07:  subLeqRight > L05 > L06 > (Z4+X)<=(2+4+Y) U
[System@ lemma leqSubtraction: IIX, Y, Z: (X + 2) <= (Y + 2) F X <=
Y]
System(@Q proof of leqSubtraction:

LO1:  Arbitrary > XV, Z ;
L02:  Premise > X+2)<=Y+2) ;
L03:  leqAddition > L0O2 > (X4+2)-2)<=((V+2)-2) ;
LO4: x=x4+y-—-y> X=(X+2)-2) ;
L05:  eqSymmetry > L04 > (X+2)-2)=x ;
LOG: x=x+y—y> Y=((Y+2)-2) ;
LO7:  eqSymmetry > L06 > (Y+2)-2)=Y ;
L08:  subLeqLeft > LO5 > L03 >> X<=((V+2)-2) ;
L09:  subLeqRight > LO7 > L08 > X <=)Y o
[SystemQ lemma leqSubtractionLeft: TIX, Y, Z: (Z + X) <= (Z 4+ )Y) F

X <=Y]
System(Q proof of leqSubtractionLeft:

LO1:  Arbitrary > X, V. Z ;
L02:  Premise > (Z+X)<=(2+4)) ;
L03:  plusCommutativity > Z+X)=(X+2) :
L04:  plusCommutativity > (Z4+Y)=Q+2) :
L05:  subLeqLeft > L03 > L02 > (X +2) <= (2+)) :
L06:  subLeqRight > L04 > L05 > X+2)<=Q+2)

LO7:  leqSubtraction > L0O6 >
[SystemQ lemma negativeToLeft(Leq): IIX, Y, Z: X <= (Y — Z) F (
Z)<=)]
SystemQ proof of negativeToLeft(Leq):

> O-..
_l’_

LO1:  Arbitrary > X, V. Z ;
L02:  Premise > X<=(Q—-2) ;
L03:  leqAddition > L02 > (X +2)<=(Y-2)+2) :
LO4: x=x4+y—-y> y=((¥+2)-2) ;
L05:  Three2threeTerms >> (Y+2)-2)=(Y-2)+2) ;
L06:  eqTransitivity > L04>L05> Y=((Y—-2)+ 2) ;
LO7:  eqSymmetry > L06 > (Y-2)+2)=Y ;
L08:  subLeqRight > LO7 > L03 > (X+2)<=Y d

[SystemQ lemma negativeToLeft(Leq)(1term): 1Y, Z:0 <= (Y-2) + Z <=}
Y]

SystemQ proof of negativeToLeft(Leq)(1term):
LO1:  Arbitrary > V. Z ;
L02:  Premise > 0<=Q-2) ;
L03:  negativeToLeft(Leq) > L02>  (0+ 2)<=)Y ;
L04:  plusOLeft > 0+2)=2Z2 :



LO5:  subLeqLeft > L04 > Z<=Y =]
[System@ lemma PositiveToLeft(Leq): IIX, Y, Z: X <= (¥ + 2Z) F (X —
Z)<=)]
SystemQ proof of PositiveToLeft(Leq):

LO1:  Arbitrary > XV, Z ;
L02:  Premise > X <=0+ 2) ;
L03:  leqAddition > L0O2 > X-2)<=((V+2)-2) ;
LO4: x=x+y—y> Y=((+2)-2) ;
L05:  eqSymmetry > L04 > (YV+2)—-2)=)Y :
L06:  subLeqRight > L05 > L03 > (X-2)<=Y O

[System@Q lemma thirdGeq: [IX, Y: X <= Ex3 A Y <= Ex3]
System(@ proof of thirdGeq:

L01:  Block > Begin ;
L02:  Arbitrary > XY ;
L03:  Premise > X <=)Y ;
L04:  leqReflexivity > y<=Y ;

L05:  JoinConjuncts > L0O3>L04> X <=)YAY<=)Y :
L06: ExistIntro@ Ex3 @)Y > L05 > X <=Ex3 AY <=Ex3 ;

L07:  Block > End ;
L08:  Block > Begin ;
L09:  Arbitrary > X,y ;
L10:  Premise > y<=X ;
L11:  leqReflexivity > X<=X ;

L12:  JoinConjuncts>L11>L10> X <=XAY<=X :
L13: Existlntro@Ex3@ X >L12> X <=Ex3 A Y <=Ex3 :

L14: Block > End ;
L15:  Arbitrary > X,y ;
L16: Dedr> LO7 > X<=Y=>X<=Ex3AY <=
Ex3 ;
L17:  Dedp> L14 > V<=X=>X<=Ex3AY <=
Ex3 ;
L18:  leqTotality > X<=)YVvVYy<=4X ;
L19:  FromDisjuncts > L18 > L16 >
L17 > X <=Ex3A)Y <=Ex3 O

[System@ lemma LegNegated: IIX, V: X <= Y F (—u)) <= (—ukX)]
System(@Q proof of LeqNegated:

L01:  Arbitrary > XY ;
L02: Premise > X <=)Y ;
L03:  leqAddition > L02 > X-X)<=(Q-2X) ;
L04: Negative > (X¥=x)=0 ;
L05:  subLeqLeft > L04 > LO3 > 0<=(Y—-2X) ;
L06:  plusCommutativity > Y-X)=((—uX)+Y) ;
LO7:  subLeqRight > L06 > LO5 > 0<=((-uX)+Y) ;
L08:  leqAddition > LO7 > 0-Y)<=(((—uX)+Y)-Y) ;
L09:  plusOLeft > 0-Y)=(—u)) ;
L10: x=x+y—-y> (—uX) = (((—uX)+Y) - )) ;
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