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{ph € P({ph € P({ph € P(P(Union({N, Q}))) | = (Vopj(0p1): = (= (Vop;(0p2):
N'= =((0p2) € Qn)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n})
5 (5 (Vobj(r1): (r1) € fpn = = (Vobj(0p1): = (= (Vobi (0p2): = (= (= ((opl) € N =
~((op2) € Qm)n = = ((11) = {{(opl), (Opl)} {(op1), (0p2)}})n)n)n)n)n)n =
1 (Yobj (F1): Von; (£2): Von; (£3): Vob; (f4): {{(f1), (F1)}, {(f1), (2)}} € fen = {{(13), (£3)
fen = (1) = (£3) = (£2) = (f4))n)n = = (Vob; (s1): (s1) EN= - (Vobi(SQ)'%({ (s1
fen)n)n)n)n}) | Vobj(€): 5 (Vobjh: = (Vobim: 7 (0 <= (¢) = = (= (0 = (¢))n)n)n =
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N = = ((op2) € Q)u)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Vobjm: = (dpy = {{m,m}, {m, (a[m] + bm])}})n)n}m] + (—udpx[M]))] <=
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5 (5 (Vopj(rl): (r1) € fPh = =1 (Vopj(0p1): = (5 (Vopj(0p2): =1 (< (= ((opl) € N
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n<=m = = (|({ph € {ph € P(P(Union({N,Q}))) | = (Vobj(op1): = (- (Vobj(0p2): -
N = =((op2) € Qu)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)} })m)n)n)n)n)n} |
= (Vobim: = (dpy = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) | = (Von;(op1):
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5 (Vobjm: = (dpy = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) | = (Von;(op1):
N = = ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
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fpn = (f1) = (£3) = (f2 ) (f4)) )n = = (Vobi )b (
n)n)n}) | Yobj(€): 1 (Vobin: 1 (Vobim: = (0 <= ( )= (- (0= (¢))n)n)n =

i <=m= - (|({ph € {ph € P(P(Union({N, Q}))) | = (Yon;j(op1): =1 (- (Yonj(0p2): -

N = = ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
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N = = ((0p2) € Q)m)n = * (ap, = {{(0p1), (op1)}, {{op1), (0p2)} ))m)n)m)n)m)n} |
= (Vobgm: = (fpy, = {{m, m}, {m, (~u{ph € {ph € P(P(Union({N,Q}))) | = (Vos(op
N = = ((0p2) € Q)u)n = = (apy = {{(opL). (op1)}, {(0pD), (0p2)} D)) m)m)n)n} |
 (Yapjm: * (fo, = {{m, m}, {m, (~ua[m])}})n)n}[m])}})n)n} [m]+(—udpy [m)))]| =]
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€ P({ph € P(P(UHIOH({N, Q}))) | - (vobj (Op].) (_‘ (vobj ;
€ Qu)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)} n)n)njn)njn}
1) € fpn = = (Vobj(opl): = (4 (Vobj(0p2): = (- (- ((opl
L=> 4 ((r1) = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)

:Vobj (£2): Yob; (£3): Vo (f4): {{(f1), (f1)}, {(f1), (f2)}} € frn = {{(
fpn = (f1) = (£3) = (f2) = (f4))n)n = = (Vob;
fpn)n)n)n)n}) |Vobj(€ g (vobjn (v objMm: =(0<
n<=m = - (|({ph € {ph € P(P(Union({N, Q})))
N = = ((op2) € Q)n)n = = (apn = {{(op1), (op1)},
= (Vobim: = (fpr = {{m, m}, {m, (—u{ph € {ph € P(
N = = ((op2) € Q)u)n = = (apn = {{(opl), (op1)},
5 (Vobjm: = (fpr = {{m, m}, {m, (—u{ph € {ph € P(
N = = ((op2) € Q)n)n = = (apn = {{(opl), (op1)},
= (Vobim: = (fpr, = {{m, m}, {m, (—u{ph € {ph € P(
N = = ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n
5 (Vobim: = (fpr, = {{m, m}, {m, (—u{ph € {ph € P(P(Union({N, Q}))
N = = ((op2) € Q)n)n = = (apn = {{(opl), (op1)},{(opl), (op2)}})n
5 (Vobjm: = (fpn = {{m, m}, {m, (—ua[m])}})n)n}[m])}})n)n}[m])}})n)n
(—udpn[m]))| <= (€) = - (= (|({ph € {ph € P(P(Union({N, Q}))) | = (Vobj(opl)' :
N = = ((op2) € Q)n)n = = (apn = {{(op1), (op1)},{(opl), (0p2)}})n)n)n)n
5 (Vobjm: = (fpr = {{m, m}, {m, (—u{ph € {ph € P(P(Union({N, Q}))) | = (Vob;j(0
N = = ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n}
= (Vobjm: = (fpr, = {{m, m}, {m, (—u{ph € {ph € P(P(Union({N,Q}))) | = (Vobj(0
N = = ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(opl), (0p2)}})n)n)n)n)n)n}
5 (Vobjm: = (fpy, = {{m, m}, {m, (—u{ph € {ph € P(P(Union({N,Q}))) | = (Vob;j(0
N = = ((op2) € Q)u)n = = (apn = {{(op1), (op1)}, égopl) (0p2)}}))n)n) n)n)n)n}
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N = = ({op2) € Q)u)n = * (apy, = {{{opL), (op1)}, {(opL). (02)}})m)n)n)mm)n} |
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P({ph € P(P(Union({N, Q}))) | = (Vobj(0p1): =1 (-1 (Vopj(0p2):
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€ Qn)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n}
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n)n)n}) | Yon;(€): = (Vobi: = (Vonim: = (0 <= (¢) = ( (0 = (6))n)n n =
i <=m= - (|({ph € {ph € P(P(Union({N,Q}))) | = (Y, , =
N = = ((op2) € Q)n)n = = (apn = {{(op1), (opl)}, {(opl) (op2)}})n)n)n n)n)n} |
%(Vobjm:%(eph:{{m7m}7{m,( a[m]+b[m])}})n)n} [m]+(—
= (= (|({ph € {ph € P(P(Union({N,Q}))) | = (Vob;j(opl): =
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{ph € P({ph € P({ph € P(P(Union({N, Q}))) | = (Vop;(0p1): = (= (Von;(0p2):
N'= = ((op2) € Qn)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)u)n)n)n}
(2 (ob(r1): (1) € fon = = (Vobj(0P1): = (5 (Vabj(0p2): = (2 (= ((opl) € N =
= ((op2) € Q)u)n = = ((x1) = {{(op1), (opD)}, {(op1), (0p2)}})n)n)n)n)n)n =
= (Vobj (F1): Von; (f2): Von; (£3): Vob; (f4): {{(f1), (1)} {(f1), (£2)}} € fpr = {{(£3), (3)
(s1): (s1) € N = = (Vop;(52): = ({{(s1
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i <= = = (|({ph € {ph € P(P(Union({N, Q}))) | = (Yob; (0PL): = (= (Vob; (0p2): -
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= (Vobym: = (epy = {{m, m}, {m, ((fx)[m] = {ph € {ph € P
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N = = ((0p2) € Q)u)n = = (ap, = {{(op1), (op1)}, {(op1), (0p2)}})m)m)m)m)n)n} |
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{{(op1), (op1)}, {(op1), (0p2)} })n)m)m)n)n)n} | = (Vobj(crsl): = (cpn = {{(crsl), (cr
(~udpn[m])| <= () = = (= (|({ph € {ph € P(P(Union({N,Q}))) | * (Von;(op1): *
N = = ((op2) € Qn)n = = (apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} |
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= (Yobjm: = (epn = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) | = (Von;(op1)
N = =((op2) € Qu)n = = (apn = {{(op1), (op1 ), (0p2)}})n)n)n)n)n)n} |

}: {(op1
m}+b[m]) } })n)n}[m]+c[m])}})n)n
Union({N; Q}))) | = (Vobj(op1): =

)
5 (Vopjm: = (fpn = {{m, m}, {m, (—ua[m])} })n)n}|
(—udpn[m]))| <= (e) = = (= (|({ph € {ph € P(P(



N'= = ((op2) € Qu)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)uju)n)n} |
= (Vobjm: = (dpn = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) | = (Yob;j(op1):
N'==((op2) € Qu)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
= (Vobim: = (epn = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) | = (Von;(op1)
N'= = ((op2) € Qu)n = = (apn = {{(op1), (0p1)}, {(0pl), (0p2)}})n)n)ujn)n)n} |
= (Yopim: = (fer, = {{m, m}, {m, (—ua[m])}})n)n}[m]+b[m])} })n)n}[m]|+c[m])} })n)n
(—udpw[M])| = (€))n)n)n)n)n} 9

1 (Vobj (€): 5 (5 (Vo =1 (Vopgm: = (5 (0 <= () = = (5(0 =
- (n <=m = {ph € {ph € P(P(Union({N, Q}))) | = (Vobj(opl): = (=

(5 (Vobj(0p2): =
N'= = ((op2) € Qun = = (apn = {{(op1), (op1)}, {(0pl), (0p2)}})n)n)njn)n)n} |
5 (Vobjm: = (epn = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) | = (Vob;(0p1):
N'= =((op2) € Qu)n = = (apn = {{(op1), (op1)},{(0p1), (0p2)}})n)n)n)nnjn} |
= (Vobjm: = (epn = {{m, m}, {m, (a[m] * b[m])} })n)n}[m] * c[m])} })n)n}[m] <=
({ph € {ph € P(P(Union({N, Q}))) | = (Vop;(0p1): = (= (Vopj(0p2): = (= (= ((opl) €
N'= = ((op2) € Qu)n = = (apn = {{(op1), (op1)}, {(0pl), (0p2)}})n)n)njn)n)n} |
5 (Vobjm: = (dpn = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) | = (Vob;(op1)
N = = ((op2) € Q)u)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Vobym: = (epn = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) | = (Vob;(0op1)
N = = ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(opl), (0p2)}})n)n)n)n)n)n} |
5 (Vobym: = (fpn = {{m, m}, {m, (—ua[m])}})n)n}[m]«b[m]) } })n)n}[m]+c[m])} })n)n

(—u(e))))n)n)n)n)n)n 10 .
51 (Vobj(€): =1 (51 (Vobin: 1 (Vopjm: = (2(0 <= (€) = = (7(0 = ()

- (M <=m = {ph € {ph € P(P(Union({N,Q}))) | = (Vobj(opl): = (- (Vonj(0p2): = |

N = = ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, { n

A (Vopjm: = (fpn = {{m, m}, {m, (—u{ph € {ph € P(P Unlon({N Q) o

N = = ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (OPQ)}}))H)H) )El)n n}

= (Vobim: = (fpn = {{m, m}, {m, (—u{ph € {ph € P(P(Union({N, Q}))) | = (Vob;(op
N = = ((op2) € Qu)n = = (apn = {{(op1), (op1)}, {(0op1), (0p2)}}) ))n|) )?V)D)M
obj

N = = ((op2) € Qn)n = = (apn = {{(op1), (op1)},
5 (Vobym: = (fpn, = {{m, m}, {m, (—u{ph € {ph € P(
N = = ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {
5 (Yobjm: = (fon = {{m, m}, {m, (—ua[m])}})n)n}[m])

(0]
opl), (0p2)} })n)njn)n)njn}
Union({N, Q}))) | = (Vop;(op
opl), (0p2)}})n)
Hu)n}m])}})n)

(
(
(
P(
{( n
= (Yobjm: = (fpn = {{m, m}, {m, (—u{ph € {ph € P(P(Union({N, Q}))
§
(
1

({ph € {ph € P(P(Union({N, Q}))) | = (Vob;j(0op1): = (- (Vobj(0p2): = (+ (+
N= = ((op2) € Q)n)n = = (apn = {{(opl), (op1)},{(op1), (0p2)}})n)n)n)n)

= (Vobjm: = (dpy = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) | = (Von;(op1):
N= = ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} |

= (Vobjm: = (dpn = {{m, m}, {m, (b[m] + b[m])}})n)n}[m] + c[m])}})n)n}[m] +
(—u(e))))n)n)n)n)n)n 11 o

{ph € P({ph € P({ph € P(P(Union({N, Q}))) | = (Vobj(0p1): = (- (Vobj(0p2):

N = = ((op2) € Qu)n = = (apn = {{(opl), (op1)},{(opl), (0p2)}})n)n)n)n)n)n})
5 (5 (Vopj(r1): (r1) € fPh = 5 (Vobj(opl): = (- (Vobj(0p2): = (- (= ((opl) € N =
= ((op ) €

Q)n = = ((r1) = {{(op1), (op1)}, {(op1), (0p2)}})m)n)n)n)n)n =




1 (Vog (F1): Vo (£2): Wob; (£3): You; (F4): {{(f1), (1)}, {(f1), (f2)}} € fon = {{(£3), (£3)

) 2) = (f4))n)n = = (Vobj (s1): (s1) € N = = (Vob;(s2): = ({{(s1
Vobj(€): 51 (Vobj: 71 (Vobjm: =1 (0 <= () = = (+ (0—())n nn =
(- =

udpn[M)))| <= (¢) = = (= (|(a[M] + (—udpy[m]))]

wn
—_
~

(5 (Vobj(r1): (r1) € fpn = _‘(VObJ(Opl) (ﬁ (Vobj(0p2): = (7 (- ((opl) € N =

= ((op2) € Q)n = = ((r1) = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n =
1 (Vo (f1): Von; (£2): Vob; (£3): Vob (f4): {{(f1), (f1)}, {(f1), (£2)}} € fpn = {{(£3), (£3)
fpn = (f1) = (£3) :>L ) = (f4))n)n = = (Vopi(sl): (si) eN= - (Vobij(s2) S ({{(s1
fen)n)n)n)n}) | Vop;(€): = (Vopjn: =1 (Vobim: = (0 <= (€) = = (= (0 = (¢))n)n)n =
n <=m = = (|(b[m] + (—udpn[m]))| <= (¢) = = (= (|(b[M] + (—udpn[m]))| =
€))n)n)n)n)n} 13 o o

_"(Vobj(6 _.‘(_" (vobjn _‘(vaJm:l(_‘ (0 <= (6 = _'(_‘ (0 = (6))n)n)n =
4 (A <=m = a[m] <= (b[M] + (—u(e))))n)n)n)n)n)n 14
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[@x], [Ax], [B], [Cx], [Ds], [Ex], [Fx], [Go], [Hx], [Le], [J#], [K], [Lx], [M], [Nox],
(O], [P«], [Qx], [Rx], [Sx], [T, [Ux], [V, W], X, [Y], [Z], [[], [\s], [}%], ["#],
[#], [*#], [ax], [b#], [ex], [dx], [ex], [fx], [gx], [hx], [ix], [j*], [kx], [L«], [mx], [nx], [ox],
{ ], ], o], [s#], [t], [ws], [v], [w], [sex], [y#], [2], [{], [[], [}#], [],

[
Preassociative x; x|, [Postassociative x; x|, [[*], #], [priority * end],
[newline x|, [macro newline %], [MacroIndent(x)];
Preassociative
[ 7 5], [ * s
Preassociative
[x(exp)+];

Preassociative
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[¢'], [R(+)], [= = R(x)], [recx];

Preassociative

[ /%], [ 0 ], T[]

Preassociative

[Us], [+ U «], [P(x)];

Preassociative

[{+}], [StateExpand(x, *, x)], [extractSeries(x)], [SetOfSeries(x)], [- — Macro(*)],

[ExpandList(x, %, x)], [* * Macro(*)], [+ + Macro(x)], [< < Macro(x)], [UB(x, *)],

[LUB(x, *)], [BS(x, *)], [UStelescope(, *)], [(*)], [|r * |], [Limit(*, *)], [Union(x)],

[IsOrderedPair(x, *, x)], [IsRelation(x, *, )], [isFunction(x, *, *)|, [[sSeries(, )],

[IsNatural(x, *)], [OrderedPair(*, x)], [TypeNat ()], [TypeNat0(x)],

[TypeRational(x)], [TypeRationalO(x)], [TypeSeries(x, *)], [Typeseries0(*, *)];

Preassociative

E& 3], (6, 0)]s ()], [=ex], [(= = %)), [1£/+], [Lfny /+], [01//tempx];
reassociative

[ € #];

Preassociative

[ - ], [ -0 *], [( % %)], [% % ], [% % xx];

Preassociative

[ 4 ], [x o ], [x 41 %], [+ — =, [ —o #], [+ —1 ], [(+ + %)), [(x — #)], [x +¢ %],

[ —¢ ], [« + +4], [R(x) — =R(x)];

Preassociative

[l * |]7 [if<*7 *, *)], [Max(*, *)]7 [Max(*a *)]7

Preassociative

[« = ], [* # %], [x <= %], [* < *], [* <¢ *], [x <g %], [SF(x, *)], [* == #],

[#!l == «], [*x << #], [ <<== %], [* << testx];

Preassociative

[« U {x}], [« U #], [$\{}];

Postassociative

[ o], [ o], [okoe ], [ 25 ], [ 00 %], [ 425 %];

Postassociative

[, *];

Prgassoci}gitive . b . -

[*%*},[*%*],[*%*],[*z*] [ & *], [* = #], [*i*],[*:*],[*:*],[*é*],

[« € #], [« Cr #, [* z ], [+ = * ] [* free in x], [* free in® |, [x free for * in %],

[* free for* « in *], | <, [x < x|, [x <], [x = ], [x #£ K], %V,

[+t 0%], [t ], [ " [* C «;

Preassociative

[=#], [5 ()], [ & =], [+ # #];

Preassociative

[« A ], [x A ], % A ], [ Ac %], [x A *];

Preassociative

v ], i I 4 e Vo)

Postassociative

[* V «];

*
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Preassociative

[T ], [V ], [Vopjx: ], [Tk k]
Postassociative

[ = x|, [x = #|, [x & «], [x & «;
Preassociative

[{ph € « | «};

Postassociative

[* : ], [* spy =], [*!x];

Preassociative

* .

* )

Preassociative

[Ax ], [A % ], [A%],[if * then x else x|, [let x = in %], [let * = % in *];
Preassociative

[x#5];

Preassociative

(], B V] ] [ [+
Preassociative

[ @], [ D ¢l [x 1 5], [ > #], [+ 4
Postassociative

[ b ], [* B %], [* Le. «];
Preassociative

[V ], [TTk: %]

Postassociative

[* & «];

Postassociative

[%; +];

Preassociative

[* proves x|;

Preassociative

[* proof of x: x|, [Linex* : x > «; %], [Last line x > O],
[Line * : Premise > #; %], [Line * : Side-condition > #; %], [Arbitrary > =; %],
[Local > x = *; %], [Begin *; x : End; ], [Last block line* > x;],
[Arbitrary > *; «|;

Postassociative

e | +);

Postassociative

e, 1], [ %

Preassociative

[x&e];

Preassociative

[¥\\*], [* linebreak[4] ], [\ \*]; ]

[*
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A Pyk definitioner

<< testMacro(x) By “< <testMacro( " )]

[

[Testerl —& “testerl”]
[Tester2 vk “tester2”]
[Tester3 Py; “tester3”]
[Testerd pllf “testerd”]
[Tester5 —k “testerh”|
[Tester6 pyk “tester6”]

[* << testx PY - tost "]
[

pyk 9
prove = “prove”]
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[prove = “prove”]

[Testerl “ “Tester1”]
[Tester2 ey “Tester2”]
[Tester3 “ “Tester3”]
[Testerd “= “Testerd”]
[Tester5 “ “Tester5”]

[Tester6 “= “Tester6”]
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