(*** MAKROER BEGYNDER ***)

ph; = apy]
pho = bpy]
phs = cpy)
phy = dpy]
phs = epy)
phe = fph}

[
[
[
[
|
xAy==((x=*(y)n))n]
[xVy==(x)n=y]
&y =(x=y) Ay =)
[x #y =" (x==y)n]
[X%y—ﬂ(xey)n]
[x Cy =V(Slob): ((Slob) € x = (Slob) € y)]
[{x} = {X x}]
xUuU
[Xﬂy—{phenylphs € x A phg € y}]
[ y) = {{x}, {x,y}}]
[r(x,y) = (xy) € 1]
[ReﬂRel(r X) = Vs: (s € x=r(s,9))]
[SymRel(r,x) = Vs, t: (s ex=t €x=r(s,t) = r(t,s))]
[TransRel(r, x) =
Vs, t,ur(sex=tex=uecx=r(st)=r(tu) =r(s,u))

[EqRel(r,x) = ReflRel(r,x) A SymRel(r,x) A TransRel(r, x)]
IBS = bs)
[OBS = bs]

[[x € bs], = {ph € bs | r(phy,x)}]

[bS/I’ {ph S P(bs) | Exoo € bs A [EXQQ € bS]r——phg}]

[Partition(p, bs) = (Vs: (s € p= s # 0)) A

(Vs,t:(sep=tep=s#t=snNt==0)) A
U p==bs]
(*** EKSISTENS-VARIABLE ***)
[XEX = x= [XEx ]
[EXl = aEx]
[EX2 = bEx]
[Ex10 = jEx]
[Ex20 = tix]

[(a=blx:==t)gx = ([a]="[b]|[x]:==[t])Ex]

[(a=b|x:==t)px = Ac.x™* A (a=!b|x:==t)px]



[(a=tb|x:==t)px = alx!t!

if b = [Vu:v] then F else

if bEX A b = x then a = t else

a=bA (a'=*b|x:==t) ]

[(a="b|x:==t)gx = bIX!t!If(a, T, (aP='b"|x:==t)px A (a'=*bt|x:==t)y)]
(*** AKSIOMATISK SYSTEM **%*)
[Theory SystemQ)]

[SystemQ rule MP:11A, B: A = B+ AF B

[SystemQ rule Gen: 1Y, A: A - VX: A]

[SystemQ rule Repetition: I1A: A - A]

[SystemQ rule Neg:IIA, B: - (B)n = Ak = (B)n = - (A)n - B
[SystemQ rule Ded: 1A, B: A - B]

[SystemQ rule ExistIntro: IIX, 7, A, B: (A=B|X:==T )gx = A F B
[System@ rule Extensionality: TIX,YV: X==) & Vs: (s € X & s € ))]
[SystemQ rule @def: 1IS: - (S € O)n]

[SystemQ rule PairDef: IIS, X, V: S € {X,V} & S==X V S==)/]
[SystemQ rule UnionDef: IIS, X: § € UX < (S € Exjo A Exjg € X)]
[System@Q rule PowerDef: IIS, X: S € P(X) & Vs: (s € S = s € X)]

[SystemQ rule SeparationDef: 1A, B, P, X, Z: PPP A (B=A|P:==Z)py, I+
Ze{pheX | A} & Ze X AB]

—— RRRRRRRRRRRRRRR ——

(*** import fra A.M. ***)

[System@ rule TimesCommutativity(R): IIFX, FY: R(FX)*+R(FY) == R(FY
*R(FX)]

(*** aksiomer

[SystemQ rule leqReflexivity: IIX: X <= X

[SystemQ rule leqAntisymmetryAxiom: [IX, Y: X <=)Y = Y <= X =
X =)

[SystemQ rule leqTransitivityAxiom: IIX, YV, Z: X <= )Y = YV <= Z =
X <= Z]

[SystemQ rule leqTotality: [TX, V: X <= YV Y <= X]

[SystemQ rule leqAdditionAxiom: TIX, Y, Z: X <=Y = (X + Z) <= (VY +
Z)]

[SystemQ rule leqMultiplicationAxiom: TIX, Y, Z2:0 <= Z = X <= ) =
(X Z2)<=(Yx2)]

***)



[System@ rule plusAssociativity: ILX, Y, Z: (X + V) + Z) = (X + (¥ +
2))

[SystemQ rule plusCommutativity: IIX, V: (X + ) = (Y + &)]

[SystemQ rule Negative: IIX: (X + ((—uX))) = 0]

[System(Q rule plus0: IIX: (X +0) = X

[SystemQ rule timesAssociativity: IIX, YV, Z: ((X*)))*Z) = (X*((V*2)))]

[System@Q rule timesCommutativity: ILX, Y: (X * V) = (Y * X))

[SystemQ rule ReciprocalAxiom: ITX: X # 0 = (X xrecX) = 1]

[SystemQ rule times1: TIX: (X % 1) = X]

[SystemQ rule Distribution: IIX, Y, Z: (X« (Y + 2))) = (X« Y)) + (X =
2))

[SystemQ rule Onot1: 0 # 1]

[SystemQ rule EqualityAxiom: ITX, Y, Z: X =Y => X =Z = ) = Z|

[SystemQ rule EqLeqAxiom: IIX, Y: X =Y = X <=)]

[SystemQ rule EqAdditionAxiom: TIX, Y, Z: X =Y = (X + Z) = (Y + 2)]

[SystemQ rule EqMultiplicationAxiom: IIX, Y, Z: X =Y = (X x Z) = (Y *
Z)]

[SystemQ rule A4(Axiom):TIX, V1, A, B: (A=B|V:==X)yme + VV1:B =
Al

(*** XX snydeaksiomer ***)

[SystemQ rule ==Reflexivity: IRX: RX == RX]

[SystemQ rule ==Symmetry: IIRX, RY:RX == RY + RY == RX]

[SystemQ rule == Transitivity: IRX,RY,RZ:RX == RY - RY == RZ F
RX == RZ]

XX ikke 100procent identisk med originalen fra equivalence-relations [SystemQ :
RX,RY:RX ==RY  FX € RX I FX € RY]

XX boer bevises ud fra nummer 1 [SystemQ rule SENC2: IITFX, RX, RY: RX ==
RY F FX € RY F FX € RX]

[SystemQ rule PlusF: TIM,FX, FY: FX +¢ FY[M] = (FX[M] + FY[M])]

[SystemQ rule From ==:TIFX,FY: R(FX) == R(FY) - SF(FX, FY)]

[SystemQ rule To ==: IIFX, FY: SF(FX, FY) F R(FX) == R(FY))

[SystemQ rule FromInR: ITFX,FY: FX € R(FY) - SF(FX, FY)]

(*** makroer ***)

1 1

[el = ()] [2 = (2)] [Xq = (x1)] [Xy = GO [Y2 = (y2)] [Vi =
D] [Vo = (v2)] [V = (v3)] [V = (v4)] [Van = (v20)] [FX = ()] [FY = (fy)]
[FZ = (f2)] [FU = (fu)] [FV = (fv)] [FW = (fw)] [FEP = (fep)] [RX = (rx)]
[RY = (ry)] [RZ = (rz)] [RU = (ru)] [(SX) = (sx)] [(SX1) = (sx1)] [(SY) = (sy)]
[(SY1) = (syl)] [(5Z) = (sz)] [(SZ1) = (sz1)] [(SU) = (su)] [(SU1) = (sul)]
[FXS = (fxs)] [FYS = (fys)] [(F1) = (f1)] [(F2) = (£2)] [(F3) = (3)] [(F4) = (f4)]
[(OP1) = (op1)] [(OP2) = (op2)] [(R1) = (r1)] [(S1) = (sD)] [(52) = (s2)]
__[(EPob) = (¢)] [(CRS1ob) = (crs1)] [(Flob) = (f1)] [(F20b) = (f2)] [(F30b) =
(B)] [(Fdob) = (#)] [(N1ob) = (nD)] [(N20b) = (n2)] [(OPlob) = (opD)]
[ [(S1ob) = (s1)] [(S20b) =



(fx) <¢ (fy) = (fx) < (fy) Vv SF((fx), (fy))]
Ex3 = CEx]

A(vl)ra = A (V(vl): %Ka)n)n]
<<==y=x<<yVx==y]|

2/3 = (2+1/3)]
x<y=x<=yAx#Yy]

x#y ===yl
[(x—y) = (x+ (—uy))]
(00 = R(0f)]

(01 = R(1f)]

! ==y == (x==y)n]

(*** REGELLEMMAER *¥¥)
(*** UDSAGNSLOGIK ***)

[SystemQ lemma ToNegatedImply: ITA, B: A+ = (B)n F

System( proof of ToNegatedImply:

LO1:
L02:
L03:
LO04:
L05:
L06:

LO7:
LO8:

L09:
L10:
L11:

L12:
L13:
L14:
L15:

L16:
[SystemQ lemma TND:ILA: A V -

Block >

Arbitrary >

Premise >

Premise >

Premise >
RemoveDoubleNeg > L05 >

MP > L06 > L03 >
FromContradiction > LO7 >

LO4 >

Block >
Arbitrary >
Ded > L09 >

Premise >

Premise >
MP2p>L11>L12>L13 >
Autolmply >

Neg > L14 > L15 >

System(@Q proof of TND:

LO1:
LO2:
L03:

[SystemQ lemma FromNegations: ITA4,

Arbitrary >
Autolmply >
Repetition > L02 >

Begin

A, B

A

= (B)n

(5 ((A= B))n)n

AV = (An

(A= B))n]

B:A=BF - (An= Bt B



System(@Q proof of FromNegations:

LO1:  Arbitrary > A, B ;
L02: Premise > A= B :
L03:  Premise > “(A)n =B ;
L04: TND > AV = (An ;
L05:  FromDisjuncts > L04 > L02 >

LO3 > B O

[SystemQ lemma prop lemma imply negation: I1A: A = - (A)n - - (A)n]
System(@Q proof of prop lemma imply negation:

L01:  Arbitrary > A ;
L02: Premise > A= (An ;
L03:  Autolmply >> S (A)n= - (A)n ;
L04: TND > AV = (A)n ;
L05:  FromDisjuncts > L04 > L02 >

L03 > - (A)n ad

[SystemQ lemma From3Disjuncts: 1A, B,C,D: AVBVC+FA=DF B =
DFC=DFD]
System(@Q proof of From3Disjuncts:

LO1:  Block > Begin ;
L02:  Arbitrary > A,B,C,D ;
L03:  Premise > AV BvVC :
L04:  Premise > B="D ;
LO5:  Premise > C=7D ;
L06: Premise > = (A)n ;
LO7:  Repetition > L03 > S (A= (BVC) ;
LO8: MP > L0O7 > L06 > BvC ;
L09:  FromDisjuncts > LO8 > L04 >
L05 > D :
L10:  Block > End ;
L11:  Arbitrary > A,B,C,D ;
L12: Dedr>L10 > AVBVC= (B=D)= (C=
D)= = (An= D ;
L13:  Autolmply > (A=D)=A=D :
L14:  Premise > AV BVC :
L15:  Premise > A=1D ;
L16:  Premise > B=1DD :
L17:  Premise > C=1D ;
L18: MP3>L12>L14>L16>L17 > S (An=D ;
L19: MPr>L13>L15> A=1D :
L20: FromNegations>L19>L18 > D O

[SystemQ lemma NegateDisjunct1: TIA, B: AV B+ = (A)n + B]
System(@ proof of NegateDisjunctl:

LO1:  Arbitrary > A, B ;
L02:  Premise > AV B :
L03:  Premise > 4 (A)n ;
L04:  Repetition > L02 > “(An=B ;



L05:

MP > L04 > L03 >

B

[SystemQ lemma NegateDisjunct2: ILA, B: AV B+ = (B)n F A]

System(@ proof of NegateDisjunct2:

[SystemQ lemma ExpandDisjuncts: 1A, B,C,D: AV BFCVDFBV DYV

LO1:  Arbitrary >
L02: Premise >
L03:  Premise >
L04:  Repetition > L0O2 >
L05:  NegativeMT > L04 > L0O3 >
)
(AAC)
System(@ proof of ExpandDisjuncts:
LO01: Block >
L02:  Arbitrary >
L03:  Premise >
L04:  Premise >
L0O5:  Premise >
L06:  Premise >
LO7:  NegateDisjunct2>L03>L05 >
L08:  NegateDisjunct2>L04>L06 >
L09:  JoinConjuncts > LO7 > LO8 >
L10:  Block >
L11:  Arbitrary >
L12:  Ded > L10 >
L13: Premise >
L14:  Premise >
L15: MP2p>L12>L131>L14 >
L16:  Repetition > L15 >

[SystemQ lemma From?2 x 2Disjuncts: 1A, B,C,D,E: AV BFCVDF A=

A,B
AV B

= (B)n

S (A)n=B
A

Begin

A,B,C.,D

AV B

CVvD

= (B)n

- (D)n

A

C

AAC

End

A,B,C,D

AV B=CVD= -(B)n=
“(Dn=AAC

AV B

CVvD
“(Bn=-(Dn=AAC
BYDYV(AAC)

C=EFA=>D=EFB=C=ERB=D=EFE]
System@Q proof of From2 x 2Disjuncts:

LO1:
L02:
L03:
L04:
L05:
LO06:
LO7:

LO8:
L09:

L10:
L11:
L12:
L13:

Block >

Arbitrary >
Premise >

Premise >

Premise >

Premise >

MP > L04 > L06 >

MP > L05 > L06 >
FromDisjuncts > L03 > LO7 >

L0O8 >
Block >
Block >
Arbitrary >
Premise >

Begin
A,B,C,D,E
CVvD
A=C= €&
A=>D=¢&
A

C=¢&
D=E&

&

End

Begin
A,B,C,D,E
AV B

)
?
?

O



L14: Premise > CVvD :
L15:  Premise > B=C=¢& ;
L16:  Premise > B=D=¢ ;
L17:  Premise > S (A)n ;
L18:  NegateDisjunct1>L13>L17> B ;
L19: MPr>L15>L18 > C=¢ ;
L20: MPr>L16>L18 > D=¢& ;
L21:  FromDisjuncts > L14 > L19 >
L20 > & ;
L22: Block > End ;
L23:  Arbitrary > A, B,C,D, & :
L24: Ded>L10 > CVD= U=C=E =
A=>D=E)=>A=E ;
L25: Ded>L22 > AV B=CVD= (B=
C=&8=B=D=¢) =
“(An = & ;
L26:  Premise > AV B ;
L27:  Premise > cCvD :
L28: Premise > A=C=¢& :
L29: Premise > A=D=¢& ;
L30:  Premise > B=C=¢& ;
L31:  Premise > B=D=¢ ;
L32: MP3pL24>L27>L28>129 > A=¢& ;
L33: MP4p> L25> L26 > L27 >
L30 > L31 > S (An =& ;
L34: FromNegations > 132> 133> & o

(*** SAME-F ***) XX-am

(*** R-AFDELINGEN ***) XX-am

)

[SystemQ lemma FromNegatedImply: ITA, B: = ((A = B))n + A A = (B)n]
System(@Q proof of FromNegatedImply:

LO1:  Block > Begin

L02:  Arbitrary > A, B

L03:  Premise > A= = (- (B)n)n

L04: Premise > A

L05:  MP>L03>L04 > S (- (B)n)n

L06: RemoveDoubleNeg > L05 > B

LO7:  Block > End

LO8:  Arbitrary > A, B

L03:  Ded > L07 > (A= (-(B)n)n) = (A= B)
L04:  Premise > (A= B))n ;
L05:  MTr>L03 > L04 > (A= - (= (B)n)n))n ;
L09:  Repetition > L05 > AA = (B)n ]

(**%)
[SystemQ lemma FromNegated(2 * Imply): TILA, B,C: -~ ((A = B = C))n
AABAS(C)n]



SystemQ proof of FromNegated(2 * Imply):

LO1:  Arbitrary > A B.C ;
L02: Premise > “((A=B=C))n ;
L03:  FromNegatedImply > L02 > AA=((B=2C))n ;
L04:  FirstConjunct > L03 > A ;
L05:  SecondConjunct > L03 > S ((B=2C))n ;
L06:  FromNegatedIlmply > L05 >> B A= (C)n ;
LO7:  FirstConjunct > L06 > B ;
L08:  SecondConjunct > L06 > = (C)n ;
L09:  JoinConjuncts > L04 > L07 > AAB ;
L10:  JoinConjuncts > L0O9>T108 > AABA - (C)n 0

[SystemQ lemma FromNegatedOr: ITA, B: - ((A V B))n F = (A)n A = (B)n]

System(@Q proof of FromNegatedOr:
LO1:  Arbitrary > A, B ;
L02:  Premise > - ((AV B))n ;
L03:  Repetition > L02 > (- (An= B))n ;
L04:  FromNegatedImply > L03 >> A)n A = (B)n ]

[System@Q rule InductionAxiom: ITVy, A, B,C: (B=A|V1:==0)pe I+ (C=A|V;:=
Dime =B =VVi:(A=C) = VV;: A

[SystemQ rule LessMinus1(N): IIM, N: Nat(M) t Nat(N) = M < (N +
1)F M <=N]

[System@Q rule Nonnegative(N): ILM: Nat(M) - 0 <= M]|

=(
= (

[SystemQ rule Cauchy: 11Vy, Vo, N, e, FX:Ve: IN:VV1, Va: (0 < € = N <=
Vi =N <=V, = |(FX[Vy] — FX[V3])| < €)]

[SystemQ lemma JoinConjuncts(2conditions): 1A, B,C,D: A = B = C +
A=B=DF A= B=CAD]
SystemQ proof of JoinConjuncts(2conditions):

LO1:  Block > Begin ;
L02:  Arbitrary > A,B,C,D :
L03:  Premise > A=B=C ;
L04: Premise > A= B=1D ;
L0O5:  Premise > A ;
L06:  Premise > B ;
LO7:  MP2 > L03 > LO05 > L06 > C ;
L08: MP2r L04 > L05 > L0O6 > D :
L09:  JoinConjuncts > LO7 > L08 > C A D :
L10:  Block > End ;
L11:  Arbitrary > A,B,C,D ;
L03: Dedr>L10 > A=B=C=AU=DB=
D)= A=B=CAD :
L04: Premise > A=B=C ;
L05:  Premise > A= B=1D ;
L12:  MP2r> L03 > L04 > L05 > A=B=CAD O



[SystemQ lemma FromNegatedAnd: IT1A, B: - ((A A B))n + A+ = (B)n]
System@Q proof of FromNegatedAnd:

LO1:  Arbitrary >

L02: Premise >

L03:  Premise >

L04:  Repetition > L0O2 >

L05:  RemoveDoubleNeg > L04 >
Lo6: MP > L05 > L03 >

[SystemQ lemma ToNegatedOr: ITA,
System(@Q proof of ToNegatedOr:

LO01:  Block >

L02:  Arbitrary >

L03:  Premise >

L04:  Premise >

L05:  FirstConjunct > L0O3 >

L06:  SecondConjunct > L03 >

LO07:  NegateDisjunct1>L04>L05 >
L08:  FromContradiction > LO7 >

L0O6 >
L09:  Block >
L10:  Arbitrary >
L03:  Ded > L09 >

L04:  Premise >

LO5:  MP > L03 > L04 >

L11:  prop lemma imply negation >
LO5 >

[System@ rule NextXS(UpperBound): ITM: UB(01/ /02 (xs[M]+-+us[M]), S

xs[(M +1)] == xs[M]]

[SystemQ rule NextXS(NoUpperBound): IIM: =
s[M] + fus[M])]

xs[(M +1)] == 01//02 * *

us[(M +1)] == 01//02 %

A, B

= ((AA B))n

A

(5 (A= = (B)n))n)n
A= = (B)n

= (B)n a

B: - (An A (B)nk = ((AV B))n]

Begin

A, B

S (A)n A - (B)n
AV B

- (A)n

= (B)n

B

“((AV B)n ;
End
A B :
%( mASBn= AV B =

((AVB)) ;

= (A)n A5 (B)n ;
AV B= -((AV B))n ;

S ((AV B))n 0

sIM] + us[M])]

(
(x
[SystemQ rule NextUS(UpperBound): ITLM: UB(01//02x(xs[M]++us[M]), S¢
(x
(

[SystemQ rule NextUS(NoUpperBound): IIM: =

us[(M + 1)] == us[M]]

[System(Q rule US0: us[0] == xs[0] + +01]
[SystemQ rule ExpZero: IIM, X: M = 0 F X (exp)M = 1]

[SystemQ rule ExpPositive: IM, X:0 < M X(exp)M =

1))]

[System@ rule BSzero: IM, N: N =

0 F BS(M, N) = 1/2(exp) M]

S (UB(01/ /02 (xs[ M]++us[A

5 (UB(01/ /025 (xs[M]++us| A

(XX (exp) (M-



[System@ rule BSpositive: TIM, N:0 < '+ BS(M,N) = (1/2(exp)((M +
N)) +BS(M, (N —1)))]

[System@ rule UStelescope(Zero): IM, N: N = 0 - UStelescope(M,N) =
|(us[M] = us[(M + 1)])]]

[SystemQ rule UStelescope(Positive): ILM, N:0 < A = UStelescope(M,N) =
(|(us[(M + N)] — us[(M + (M + 1)))])| + UStelescope(M, (N — 1)))]
[(X) = (X)]
[SystemQ rule EqAddition(R): ITFX, FY,FZ: R(FX) = R(FY) F R(FX) +
(FZ) = R(FY) + +R(FZ)]
[System@Q rule PlusCommutativity (R): IIFX, FY: R(FX)++R(FY) == R(FY)
(F

X))

[SystemQ rule PlusAssociativity (R): IIFX, FY,FZ: R(FX)++R(FY)++R(FZ)
R(FX) + +(R(FY) + +R(FZ))]

[System@Q rule PlusAssociativity(R)XX: IIFX, FY,FZ: R(FX+¢FY+(FZ) ==
R(FX +¢ (FY +¢ FZ))]

[SystemQ rule PlusO(R): TFX: R(FX) + +00 == R(FX)]

[System@ rule Negative(R): IIM, FX: R(FX) + +(— — R(FX)) == 00]

[System(Q rule TimesAssociativity(R): IIFX, FY, FZ: R(FX)*+R(FY)**+R(FZ)
R(FX) * *(R(FY) * *xR(FZ))]

[SystemQ rule Times1(R): IIFX: R(FX) * x01 == R(FX)]
(21.10.06)

[SystemQ rule lessAddition(R): TIM, e, FX, FY,FZ: R(FX) << R(FY) + R(FX
+R(FZ) << R(FY) + +R(FZ)]

(23.10.06)

[System@Q rule LeqAntisymmetry(R): IIFX, FY: R(FX) <<== R(FY) F R(FY

R(FX) F R(FX) = R(FY)]

+R

+R

[SystemQ rule LeqTransitivity(R): IFX,FY,FZ: R(FX) <<== R(FY) F
R(FY) <<== R(FZ) F R(FX) <<== R(FZ)]
(24.10.06)

[System@Q rule leqAddition(R): ITIFX, FY,FZ: R(FX) <<== R(FY) F R(FX)+
+R(FZ) <<==R(FY) + +R(FZ)]

[System(Q rule Distribution(R): ITFX, FY, FZ: R(FX)*x(R(FY)++R(FZ)) =]
R(FX) # +R(FY) 4+ +R(FX)  «R(FZ)]

(£ = 01) = (— — o1)]

T (24.10.06)

[System@ rule FromLimit: TIM, N, FEP, FX, FYS: Limit(FX, FYS) + YFEP: 3
FEP = M <= N = [rFFX + +(— — FYS[\])| << FEP)]

[SystemQ rule ToUpperBound: ITFX,FY,FXS: FX € FXS = FX <<==
FY F UB(FY, FXS)]

[SystemQ rule FromUpperBound: HFX, FY,FXS: UB(FY,FXS) F FX € FXS |
FX <<==FY]

[System@Q rule USisUpperBound: IIM: UB(usFoelge[M], SetOfFxs)]
(25.10.06)

10



[SystemQ rule Onot1(R): 00 # 01]
(25.10.06)

[System@Q rule ExpZero(R): IIM,FX: M = 0 - FX(exp)M = 01]

[SystemQ rule ExpPositive(R): TIM,FX:0 < M F FX(exp)M == FX %
X (exp)(M — 1)]

—(26.10.06)

(02 = 01 4+ +01] [01//02 = 01/ /temp02]

—(28.10.06)

[System@ rule ExpUnbounded(R): ITIM, FX: IM: FX << 02(exp) M]
—(30.10.06)

[System@ rule FromLeq(Advanced)(N): IIM, M, N: M <= N F IM;: (M+]
M,;) = N]
(3.11.06)

[usFoelge = us]

[SystemQ rule FromLeastUpperBound: LUB(FX,FYS) + UB(FX,FYS) A
(UB(FZ,FYS) = FX <<== FZ)|

[SystemQ rule ToLeastUpperBound: ITFX, FZ, FYS: UB(FX,FYS) - UB(FZ,
FX <<== FZ I LUB(FX,FYS)]

[SystemQ rule XSisNotUpperBound: IIM: - (UB(xs[M], SetOfFxs))n]
~(4.11.06)
[xaF = xs|
[System@Q rule ysFGreater: [IM: xaF[M] < ysF[M]]
[System@Q rule ysFLess: IIM: ysF[M] < (xaF[M] + recM))]
[SystemQ rule Smalllnverse: TIM, X:0 < X - IM:recM < X]

~(6.11.06)

x==y=x=y]

[OrderedPair(x,y) = (x,y)]

[System@ rule MemberOfSeries(Imply): IIM, FX, (SY): M € N = IsSeries(FX
OrderedPair(M, FX[M)]) € FX]

[System@ lemma MemberOfSeries: IIM, FX, (SY): M € N I~ IsSeries(FX, (SY
OrderedPair(M, FX[M)]) € FX]

System(Q proof of MemberOfSeries:

LO1:  Arbitrary > M, FX, (SY) ;
L02: Premise > MeN :
L03:  Premise > IsSeries(FX, (SY)) ;
L04:  MemberOfSeries(Imply) > M € N =
IsSeries(FX, (SY)) =
OrderedPair(M,FX[M]) € FX ;
L05:  MP2 > L04 > L02 > L03 > OrderedPair(M, FX[M]) € FX O

[SystemQ lemma memberOfSeries(Type): IIM, FX, (SY): TypeNat(M) i Ty;
OrderedPair(M, FX[M)]) € FX]
System@Q proof of memberOfSeries(Type):

LO1:  Arbitrary > M, FX, (SY) ;
L02:  Side-condition > TypeNat(M) ;
L03:  Side-condition > TypeSeries(FX, (SY)) ;
L04: NatType > L02 > MeN ;
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L05:  SeriesType > L03 > IsSeries(FX, (SY)) ;
L06:  MemberOfSeriest>>L04>L05 >  OrderedPair(M,FX[M]) € FX O
[SystemQ rule NatType: IIM: TypeNat(M) k- M € N]
[SystemQ rule RationalType: IIX: TypeRational(X) = X € Q]
[SystemQ rule SeriesType: ITFX, (SY): TypeSeries(FX, (SY)) # IsSeries(FX, (S
[IsOrderedPalr(( %), (sy), (sz)) = 3(OP1lob): 3(OP20b): (OPlob) € (sy) A
(OP20b) € (sz) A (sx) = OrderedPalr((OPlob)7 (OP20b))]

[IsRelation((sx), (sy), (sz)) = V(Rlob): ((R1lob) € (sx) = IsOrderedPair((R1lob)
[isFunction((sx), (sy), (sz)) = IsRelation((sx), (sy), (sz)) A V(Flob), (F2ob),
(F3ob), (F4ob): (OrderedPair((Flob), (F20b)) € (sx) = OrderedPair((F3ob), (F4ol

(sx) = (Flob) = (F3ob) = (F2o0b) = (F4ob))]
[IsSeries((fx), (fy)) = isFunction((fx), N, (fy)) A V(Slob):((Slob) € N =
3(S20b): OrderedPair((S1ob), (S20b)) € (fx))]
XXhertype [TypeNat(x) = Ac.TypeNatO([x])]
[TypeNatO(x) = x € ([0] :: [Van]| :: [M] :: |—./\ﬂ [(W+1)] :: [(M+0)] ::
[(M4+N)]:: [O] :: [P] = [((M +N) + 1] [ M+M)] o [(M A+ (N +
D))] = [Ma] s [Mo] =2 [Na] i [Nof = m] <2 [n] :: T))
[TypeSerles(x y) = Ac. TypeserlesO( fxl [y])]
[TypeseriesO(x,y) = y!x € ([FX] :: [FY] :: [FZ] :: [us] :: [FX +¢ FY] ::
[Of] :: [1f] :: [FX %¢ Of] :: [1f/FX] :: T)]
[TypeRational(x) = /\c.TypeRationalO([ 1]
[TypeRationalO(x) = x €¢ ([X] :: [V]:: [Z] ::[0] :: [1]:: T))
[Max(x,y) = if(y <=x,x,y)]
——(7.11.06)
[SystemQ rule ReciprocalF: IIM, FX: 1f /FX[M] = if(FX[M] = 0,0, recFX[M
(11.11.06)
[0f = constantRationalSeries(0)] [1f = constantRationalSeries(1)] [cartProd((sx
{ph € Power(Power(binaryUnion((sx), (sy)))) | IsOrderedPair(phi, (sx), (sy))}]
[constantRationalSeries(x) = {ph € cartProd(N) | 3(CRS1ob): phy = OrderedP
[SystemQ rule Sep2Formula: 1A, B, X, V:Y € {ph e X | A} Y € X A B]
[Power(x) = P(x)]
~(12.11.06)
[IsSubset(x,y) = x C ]
(12.11.06)
[System@ rule Formula2Sep: TIA, B, X,):Y € XY - BF Y € {ph € X | A}]
(13.11.06)
[System@ lemma SameSeries: [IM, N, FX, (SY): TypeNat(M) I TypeNat(N
TypeSeries(FX, (SY)) = M = N F FX[M] = FX[N]]
System(@Q proof of SameSeries:

L01:  Arbitrary > M, N FX, (SY) :
L02:  Side-condition > TypeNat(M) ;
L03:  Side-condition > TypeNat(N) :
L04:  Side-condition > TypeSeries(FX, (SY)) ;
L05:  Premise > M=N :
L06:  memberOfSeries(Type) >

L02 > L04 > OrderedPair(M,FX[M]) € FX ;
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L07:  memberOfSeries(Type) >
LO3 > LO4 >
L08:  UniqueMember(Type)

L04 > L06 > LO7 > L0O5 >

OrderedPair(N,FX[N]) € FX

FX[M] = FX[V] o

[System@ lemma UniqueMember(Type): IIFX, (SX), (SX1), (SY), (SY1), (SZ):
OrderedPair((SX), (SX1)) € FX F OrderedPair((SY), (SY1)) € FX I (SX) =

(SY) I (SX1) = (SY1)]

SystemQ proof of UniqueMember(Type):

LO1:  Arbitrary >

L02:  Side-condition >

L03: Premise >

L04: Premise >

LO05:  Premise >

L06:  SeriesType > L02 >

LO7:  UniqueMember > L06 > 103 >

L0O4 > L0O5 >

FX, (SX), (SX1), (SY), (SY1),
SZ

r(l“yp)eSeries(FX, (S7)) ;

OrderedPair((SX), (SX1)) €

FX

OrderedPair((SY), (SY1)) €

FX

(SX) = (SY)

IsSeries(FX, (SZ))

3

(SX1) = (SY1) 0

[SystemQ lemma UniqueMember: ITFX, (SX), (SX1), (SY), (SY1), (SZ): IsSerie
OrderedPair((SX), (SX1)) € FX F OrderedPair((SY), (SY1)) € FX - (SX) =

(SY) F (SX1) = (SY1)]
System(@Q proof of UniqueMember:

LO1:  Arbitrary >

L02: Premise >

L03:  Premise >

L04:  Premise >

L0O5:  Premise >

L06:  Repetition > L02 >
LO7:  FirstConjunct > L06 >
LO8:  Repetition > LO7 >

13

FX, (SX), (SX1),(SY), (SY1),
(SZ)

IsSeries(FX, (SZ)) ;
OrderedPair((SX), (SX1)) €
FX

OrderedPair((SY), (SY1)) €
FX

(SX) = (SY)

isFunction(FX, N, (SZ)) A
V(Slob): ((Slob) € N =
3(S20b): OrderedPair((S1ob), (S20b)) €]
FX) ;
isFunction(FX, N, (SZ)) ;
IsRelation(FX, N, (SZ)) A
V(Flob), (F20b), (F3o0b),

(F4ob): (OrderedPair((Flob), (F20b)) €]
FX =
OrderedPair((F3ob), (F4ob)) €

FX = (Flob) = (F30b) =

(F20b) = (F4ob)) ;



L09:  SecondConjunct >> LO8 > V(Flob), (F20b), (F3ob),
(F4ob): (OrderedPair((F1lob), (F20b)) €]
FX =
OrderedPair((F3ob), (F4ob)) €
FX = (Flob) = (F30b) =

(F20b) = (F4ob)) ;

L10:  A4@(SX) > L09 > ¥(F20b), (F3ob),
(F4ob): (OrderedPair((SX), (F20b)) €}
FX =

OrderedPair((F3ob), (F4ob)) €
FX = (SX) = (F30b) =
(F20b) = (F4ob)) ;

L11:  A4@(SX1) > L10 > V(F3ob),
(F4ob): (OrderedPair((SX), (SX1)) €]
FX N

OrderedPair((F3ob), (F4ob)) €
FX = (SX) = (F3o0b) =
(SX1) = (F4ob)) ;

L12:  A4@(SY)>L1l> V(F4ob): (OrderedPair((SX), (SX1)) €]
FX N
OrderedPair((SY), (F4ob)) €

FX = (SX) = (SY) = (SX1)

(F4ob)) ;
L13: Ad@(SYl)>L12> OrderedPair((SX), (SX1))

FX

OrderedPair((SY), (SY1))

FX = (SX) = (SY) = (SX1)

mrmdm

SY1 ;

L14: MP3>L13>L03>L04>105 > ESXI% = (SY1) O

[SystemQ lemma A4: 11X, V1, A, B: (A=B|V1:==X)\e + YV1: B - A]

KVANTTI SystemQ proof of A4:
LO1:  Arbitrary > X, Vi, A B ;
L02:  Side-condition > (A=B|Vi:==X)Me ;
L03:  Premise > VVi: B ;
L04:  A4(Axiom) > L02 > YWi:B= A ;
L05:  MP > L04 > L03 > A o

—(16.11.06)

[System@ rule SameMember: I1(SX), (SY), (SZ): (SX) = (SY) I (SX) € (SZ) H
(SY) € (S2)]

[System@Q rule ToSetEquality: II(SX), FY: IsSubset(FX, FY) F IsSubset(FY, F:
FX = FY]

[(px,y) = {x,}]

[System@ rule SamePair: I1(SX), (SX1), (SY), (SY1): (SX) = (SX1) - (SY) =]
(¥ - (B0, (5Y)) = (X, (Y1)

[System@ rule SameSingleton: II(SX), (SY): (SX) = (SY) F (s(SX)) = (s(SY))]
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(17.11.06)

[(fx) +¢ (fy) = {ph € cartProd(N) | 3M: phy = OrderedPair(M, ((fx)[M] +
()M}

[SystemQ rule Qclosed(Addition): IIX, V: X €e Q- Y € QF (X + ) € Q]

[System(Q rule FromCartProd(1): II(SX), (SX1), (SY), (SY1): OrderedPair((SX
cartProd((SX1))  (SX) € (SX1)]

[SystemQ rule Irule fromCartProd(2): II(SX), (SX1), (SY), (SY1): OrderedPai
cartProd((SX1)) - (SY) € (SY1)]
~(18.11.06)

[(fx) *¢ (fy) = {ph € cartProd(N) | IM:phs = OrderedPair(M, ((fx)[M]
() M)}

[SystemQ rule Qclosed(Multiplication): IIX, Y: X € QY € QF (X xY) €
Q]

—(19.11.06)

[System@ rule Pair2Formula: II(SX), (SY), (SZ): (SX) € (p(SY), (SZ)) F (SX) -
(SY) V (SX) = (SZ)]

[SystemQ rule Formula2Pair: II(SX), (SY), (SZ): (SX) = (SY) VvV (SX) =
(S2) F (5X) € (p(SY), (S2))]

~(23.11.06)

[binaryUnion(x,y) = Union((px,y))]

[System@ rule Formula2Union: I1(SX), (SY), (SZ): 3(SY): (SX) € (SY) A (SY)
(SZ) - (SX) € Union((SZ2))]

[SystemQ rule Formula2Power: II(SX), (SY): IsSubset((SX), (SY)) I (SX) €}
Power((SY))]
-(28.11.06)

[SetOfRationalSeries = {ph € Power(cartProd(N)) | IsSeries(phs, Q)}]

[1f/(fx) = {ph € cartProd(N) | IM: ((fx)[M] # 0 A phg = OrderedPair(M, rec
((fx)[M] = 0 A phg = OrderedPair(M, 0))}]

[SystemQ rule Max: IIX, Y: (Y <= X A Max(X,)) = X) V (=(Y <=
X)n A Max(X, ) = )]

[SystemQ rule Numerical: TIX: (0 <= X A |X| = X) V (=(0 <= X)n A
] = (—u))]

[System@ rule Separation2formula(1):ILA, B, X,:Y € {ph € X | A} +
YeXx

[System@ rule Separation2formula(2): 1A, B, X,Y:Y € {ph € X | A} I B]

[SystemQ rule QisClosed(Reciprocal)(Imply): IIX: X # 0 = X € Q =
recX € Q]

[SystemQ lemma QisClosed(Reciprocal): IIX: X #0F X € Q F recX € Q]

SystemQ proof of QisClosed(Reciprocal):

LO1:  Arbitrary > X ;
L02: Premise > X #0 ;
L03: Premise > X eq ;

L04:  QisClosed(Reciprocal)(Imply) |
X#0=XcQ=recX €Q ;
LO5:  MP2pL04 > LO2 > LO3 > recX € Q O
—(1.12.06)
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[System@Q rule QisClosed(Negative)(Imply): IIX: X € Q = (—uX) € Q]
[SystemQ lemma QisClosed(Negative): TIX: X € Q F (—uX) € Q]
SystemQ proof of QisClosed(Negative):

LO1:  Arbitrary > X

L02: Premise > X eq

L03:  QisClosed(Negative)(Imply) >

XeQ=(—uX)eQ ;
LO4:  MP > L03>L02 > (—uX) € Q O
[—¢(fx) = {ph € cartProd(N) | 3IM: phg = OrderedPair(M, (—u(fx)[M]))}]
[SF((fx), (fy)) = V(EPob): In:Vm: (0 < (EPob) = n <= m = |((fx)[m] —
(fy)[m])| < (EPob))]
— T (2.12.06)

[(fx) <¢ (fy) = 3(EPob): 3n:Vm:0 < (EPob) A (n <= m = (fx)[m] <
((ty)[m] — (EPob)))]
—(2.12.06)

[extractSeries(t)
[SetOfSerleb(( x)) = {ph € Power(cartProd(N)) | IsSeries(phg, (sx))}]
((fx)) = {ph € Power(SetOfSerles( )) | SF((£x), pha)}]

- t22121222111111}

ExpandList(t, s, c) = tls!clif t* then T else StateExpand(t?, s, c) : : ExpandList
[x* xy 250 At As. Ac. * *Macro(t" :: ExpandList(t', s, c))])P

R
[
(***)
(
[

- sxxMacro(t) — ) = Q(t, [R(x#sy)], ([x] :: extractSeries(t!)) :: ([y] :: extractSeries(
()

macro

([x + +y "5 At.As. Ac. + +Macro(t? : : ExpandList(t', s, c))])P

; [++Macro(t) ) Q(t, [R(x+¢y)], ([x] : : extractSeries(t')) :: ([y] :: extractSerie
T

[(— — %) "29° At.As.Ac. — —Macro(t" : : ExpandList(tt, s, c))])P
— — Macro(t) = ) O(t, [R(—¢x)], ([x] : : extractSeries(t')) :: T)]

macro

[x <<y "5 AtAs.de. << Macro(t" : : ExpandList(t', s, c))])P

<< Macro(t) ) O(t, [x <g y], ([x] :: extractSeries(t!)) :: ([y] :: extractSeries|
Tl

—(3.12.06)

[StateExpand(t,s, c) = t!slcl/M (s “t s )]

—(5.12.06)

[SystemQ lemma lemma eqLeq(R): ITIFX, FY: R(FX) = R(FY) I R(FX) <<=
R(FY)]

SystemQ proof of lemma eqLeq(R):

LO1:  Arbitrary > FX,FY ;

L02:  Premise > R(FX) = R(FY) ;

L03:  WeakenOrl > L02 > R(FX) << R(FY) V R(FX) =
R(FY) ;
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L04:  Repetition > LO3 > R(FX) <<==R(FY) O
—(5.12.06)
[SystemQ lemma LessLeq(R): IIFX, FY: R(FX) << R(FY) F R(FX) <<==}
R(FY)
System@Q proof of LessLeq(R):
LO1:  Arbitrary > FX,FY ;

L02: Premise > R(FX) << R(FY) ;

L03:  WeakenOr2 > L02 > R(FX) << R(FY) V R(FX) =
R(FY) ;

L04:  Repetition > LO3 > R(FX) <<==R(FY) O

—(7.12.06)
[SystemQ lemma MP2:TIA, B,C: A= B=CFAF BF(]
System(@ proof of MP2:

LO1:  Arbitrary > A, B,C :
L02: Premise > A= B=C ;
L03:  Premise > A ;
L04:  Premise > B ;
105 MP>1L02 > L03 > B=¢ :
LO6: MP > L05 > L04 > C m]

[SystemQ lemma MP3:1IA,B,C,D: A= B=C=DFAFBFCF D]
System(@Q proof of MP3:

LO1:  Arbitrary > A,B,C,D ;
L02: Premise > A=B=C=D :
L03:  Premise > A ;
L04:  Premise > B ;
LO5:  Premise > C ;
L06: MP2r> L02 > L0O3 > L04 > C=7D ;
LO7:  MP > L06 > L05 > D O

[SystemQ lemma MP4:11A, B,C, D, &:
A=B=C=D=EFAFBFCFDFEE]
System(@Q proof of MP4:

LO1:  Arbitrary > A,B,C,D,E ;
L02: Premise > A=B=C=D=¢ ;
L03:  Premise > A ;
L04:  Premise > B ;
L0O5:  Premise > C ;
L06:  Premise > D ;
LO7:  MP2r>L020> LO3 > L04 > C=D=¢ ;
LO08:  MP2p LO7 > L05 > L06 > £ O

[SystemQ lemma MP5:11A, B,C, D, €, F:
A=>B=C=>D=>E=>FFAFBFCFDFERF]
System(@Q proof of MP5:

LO1:  Arbitrary > A, B,C,D,&E, F :
L02: Premise > A=B=C=D=E=F ;
L03:  Premise > A :
L04: Premise > B :
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L05:
LO06:
LO7:
LO8:
L09:

Premise > C

Premise > D
Premise > &
MP3>L02>-L03>L04>1.05> D=E&=F
MP2 > L0O8 > L06 > LO7 > F

[SystemQ lemma Autolmply: ILA: A = A
System(@Q proof of Autolmply:

LO1:
L02:
LO03:
L04:
L05:
LO06:
LO7:

[SystemQ lemma ImplyTransitivity: ILA, B,C: A = B+ B=CF A= (]

Block > Begin
Arbitrary > A
Premise > A
Repetition > L03 > A
Block > End
Arbitrary > A

Ded > LO5 > A=A

System(@Q proof of ImplyTransitivity:

LO1:
LO02:
L03:
L04:
L05:
L06:
LO7:
LO8:
L.09:
L10:
Li1:
L12:
L13:

Block > Begin
Arbitrary > A, B,C
Premise > A=B
Premise > B=C
Premise > A

MP > L03 > L05 > B

MP > L04 > L06 > C
Block > End
Arbitrary > A, B,C
Premise > A= B
Premise > B=C
Ded > L0O8 > A=B)=B=C=A=C
MP2rL12>L10 > L11 > A=2C

[System@ lemma Weakening: ITA, B: B+ A = B]
System(@ proof of Weakening:

LO1:
L02:
LO03:
LO04:
L05:
L06:
LO7:
LO8:
L09:
L10:

[SystemQ lemma FromContradiction: ILA, B: A - = (A)n - B]

Block > Begin
Arbitrary > A, B
Premise > B
Premise > A
Repetition > L0O3 > B

Block > End
Arbitrary > A, B

Ded > L06 > B=A=215
Premise > B

MP > LO8 > L09 > A=B

System(@Q proof of FromContradiction:

LO1:
L02:
LO03:

Arbitrary > A, B
Premise > A
Premise > < (An
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L04:  Weakening > L02 > S(Bn=A
L05:  Weakening > L03 >> - (B)n= - (A)n
L06: Negr L04 > L05 > B
[SystemQ lemma RemoveDoubleNeg: ITA: = (< (A)n)n - A]
System(@Q proof of RemoveDoubleNeg:

LO1:  Arbitrary > A

L02: Premise > S (5 (A)n)n

L03:  Weakening > L02 > “(An = - (- (A)n)n
L04:  Autolmply > “(An = - (A)n
L05:  Neg > L04 > L03 > A

[SystemQ lemma AddDoubleNeg: T1A: A - = (= (A)n)n]
System(@ proof of AddDoubleNeg:

LO1:  Block > Begin

L02:  Arbitrary > A

L03:  Premise > (5 (- (A)n)n)n

L04: RemoveDoubleNeg > L03 >> S (A)n

L0O5:  Block > End

L06:  Arbitrary > A

L07:  Ded > L05 > (5 (=(A)n)n)n = - (A)n
L08:  Premise > A

L09:  Weakening > L08 >> S (An)n)n = A

L10:  Neg > L09 > LOT > = (= (A)n)n

—(10.12.06)
[System@ lemma Technicality: ILA, B: A = B+ - (- (A)n)n = B]
System(@ proof of Technicality:

LO1:  Block > Begin

L02:  Arbitrary > A, B

L03:  Premise > A=B

L04: Premise > S (5 (An)n
L05:  RemoveDoubleNeg > L04 > A

L06:  MP > L03 > L05 > B

LO7:  Block > End

L08:  Arbitrary > A, B

L09: Dedr> LO7 > (A= B)= (- (A)n)n=B
L10:  Premise > A= B

L11: MPr>L09>L10 > (5 (An)n = B

[SystemQ lemma NegativeMT: IIA, B: - (A)n = B+ = (B)n - A|
System( proof of NegativeMT:

LO1:  Arbitrary > A, B

L02:  Premise > “(An =B
L03:  Premise > = (B)n

L04:  Weakening > L03 > S (A)n = - (B)n
L05: Negr> L0201 L04 > A

[SystemQ lemma MT:TIA, B: A= BEF - (B)n F - (A)n]
System(@ proof of MT:
LO1:  Arbitrary > A, B
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L02: Premise >

L03:  Premise >

L04:  Technicality >

L05:  NegativeMT > L04 > L03 >

A=DB
“(B)n
(- (An)n = B
4 (A)n

[SystemQ lemma Contrapositive: ILA, B: A = B+ = (B)n = - (A)n]

System( proof of Contrapositive:

LO01:  Block >

L02:  Arbitrary >

L03:  Premise >

L04: Premise >

L05:  MT > L03 > L04 >
L06: Block >

LO7:  Arbitrary >

L08:  Premise >

L09:  Dedr> L06 >

L10: MP > L09 > L0O8 >

Begin
A, B
A= B
- (B)n
- (A)n
End
A, B
A= B
(A= B)=-(Bn=~(An
S (B)n= - (A)n

[System@ lemma JoinConjuncts: ITA, B: A+ B+ A A B

System(@Q proof of JoinConjuncts:

L01: Block >

L0O2:  Arbitrary >

L03:  Premise >

L04: Premise >

L05: MP > L04 > L03 >
L06: Block >

LO7:  Arbitrary >

L08:  Ded > L06 >

L09: Premise >

L10:  Premise >

L11:  MPr>LO8S > L09 >
L12:  AddDoubleNeg > L10 >
L13: MTp LIl L12 >
L14: Repetition > L13 >

Begin
A, B
A
A= 5(B)n
- (B)n
End
A, B
A= (A= -(B)n) = -(B)n
A
B
(A= = (B)n) = - (B)n
= (5 (B)n)n
(A= (B
AANB

[System@ lemma SecondConjunct: I1A, B: A A B - B]

System(@ proof of SecondConjunct:

LO01:  Block >

L0O2:  Arbitrary >

L03:  Premise >

L04:  Weakening > L03 >

L05:  Block >

L06:  Arbitrary >

LO7:  Ded > L05 >

L08:  Premise >

L09:  Repetition > L08 >

L10:  NegativeMT > LO7 > L09 >

—(10.12.06)

Begin
A, B
- (B)n
A= -(B)n
End
A, B
“(Bn= A= -(B)n
AAB
= (A= (B))n
B

[SystemQ lemma AndCommutativity: IIA, B: A A B+ B A A]
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System(@Q proof of AndCommutativity:

LO1:  Block > Begin

L02:  Arbitrary > A, B

L03:  Premise > B =+ (An
L04:  Premise > A

L05:  AddDoubleNeg > L04 > S (2 (A)n)n
L06: MT > L03> L05 > - (B)n

LO7:  Block > End

L08:  Arbitrary > A, B

L09: Ded > LO7 > (B=-(An)= A= -(B)n
L10:  Premise > AAB

L11:  Repetition > (A= - (B)n))n
L12: MTr>L09r>L11 > S ((B= - (A)mn))n
L13: Repetition > L12 > BAA

[SystemQ lemma FirstConjunct: ITLA, B: A A B+ A]
System(@Q proof of FirstConjunct:

LO1:  Arbitrary > A, B
L02:  Premise > AAB
L03:  AndCommutativity > L02 > BAA
L04:  SecondConjunct > L0O3 > A

[SystemQ lemma IffFirst: 1A, B: A < B B A]
System(@ proof of IffFirst:

LO1:  Arbitrary > A, B
L02:  Premise > A& B
L03:  Premise > B

L04:  SecondConjunct > L02 > B=A
LO5:  MP > L04 > L03 > A

[System@ lemma IffSecond:IIA, B: A < B+ AF B
System(Q proof of IffSecond:

LO1:  Arbitrary > A, B
L02: Premise > A& B
L03: Premise > A

L04:  FirstConjunct > L0O2 > A=DB
L05:  MP > L04 > L03 > B

[SystemQ lemma IffCommutativity: ITLA, B: A < B+ B < A]
System(@ proof of IffCommutativity:

LO1:  Arbitrary > A, B

L02:  Premise > A& B

L03:  Repetition > L02 > (A= B)A (B= A)

L04:  AndCommutativity > L03 > (B=A)A (A= B)

L05:  Repetition > L04 > B&s A
—(10.12.06)

[SystemQ lemma WeakenOr1: LA, B: B+ AV B|
System(@ proof of WeakenOrl1:

LO1:  Arbitrary > A, B

L0O2:  Premise > B
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L03:  Weakening > L02 > “(An=B
L04: Repetition > LO3 > AV B 0
[SystemQ lemma WeakenOr2: T1A, B: A= A V B]
System(@ proof of WeakenOr2:

LO1:  Block > Begin ;
L02:  Arbitrary > A, B ;
L03:  Premise > A ;
L04: Premise > - (A)n ;
L0O5:  FromContradiction > L03 >

L04 > B ;
L06:  Block > End ;
LO7:  Arbitrary > A, B ;
L08:  Ded > L06 > A=-(A)n=B ;
L09:  Premise > A ;
L10: MPr>L08>L09 > “(An= B8 ;
L11: Repetition > L10 > AV B m

[SystemQ lemma FromDisjuncts: I[TA, B,C: AV B A= CF B=CF+ (]
System(@ proof of FromDisjuncts:

LO1:  Arbitrary > A, B,C ;
L02: Premise > AV B :
L03: Premise > A=C :
L04:  Premise > B=2~CC ;
L05:  Repetition > L0O2 > “(An =B ;
L06:  Contrapositive > L05 > “(B)n= (- (A)n)n ;
L07:  Technicality > L03 > (= (Ann=~C ;
LO8:  ImplyTransitivityt>L06>L07 >

“(Bn=~C ;
L09:  Contrapositive > L08 > S (C)n = - (- (B)n)n ;
L10:  Contrapositive > L04 > 4 (C)n= - (B)n ;
L11: Negr L1001 L09 > C |

[SystemQ rule NumericalF: I[IFX: (0f <; FX = [fFX| = FX) A (- (0f <
FX)n = [fFX| = —FX)]

([lrx|] ™25 At.As.Ac.||Macro(t" : : ExpandList(tt, s, c))])P

[[|IMacro(t) ) Q(t, [R(|fx|)], ([] : : extractSeries(t')) :: T)]

—(11.12.06)

[System@Q rule (Adgic)SameR:IIFX, FY:FX = FY  R(FX) = R(FY)]
(11.12.06)

macro

([01//tempx ™25 At.As.Ac.01//Macro(t" : : ExpandList(t', s, c))])P
[01//Macro(t) it O(t, [R(1f/x)], ([x] : : extractSeries(t!)) :: T)]

venter

Priority table

Preassociative

[kvanti], [base], [bracket * end bracket], [big bracket * end bracket],[ $x $ ],
[flush left [+]], [x], [y], [2], [+ > ]], [+ = +]], [pyk], [tex], [name], [prio], [+], [T],
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[if (%, %, )], [+ = #]], [vall, [claim], [1], [f(+)], [(+)"], [F], [0], [1], [2], (3], [4], [5], [6],
(7], [8], 9], [0], [1], (2], [3], [4], [5], [6], [7], [8], [9], [a, [b], [c], [d], [e], [f], [¢], [h], [i], [il,
[k], 1], [m], [n], o], [p], [al, [r], [s], [t]; [u], [V], [w], [(+)™], [TE(x, %, %)],

[array{*} x end array], [1], [c], [r], [empty], [(x | * := *)%

LM ()], [apply (+, %)], [apply, (+, )], [identifier ()], [identifier; (+, )], [array-

plus(x, )], [array-remove(x, , x)], [array-put (x, , %, *)], [array-add(x, *, *, , *)],
[bit(x, *)], [bitq (*, *)], [rack], ["vector"], ["bibliography '], ["dictionary’ ]
"body"], ["codex"], ["expansion"], ["code"], ["cache"], ["diagnose"], ["pyk"],
"tex"], ["texname"], ["value"], ["message"], ["macro"], ["definition"],
"unpack"], ["claim"], ["priority"], ["lambda"], ["apply"], ["true"], ["if"],
"quote"], ["proclaim"], ["define"], ["introduce"], ["hide"], ["pre"], ["post"],
E(x, %, %)), [E2(, *, %, %, %)], [E3(*, *, %, )], [E4(x, *, %, x)], [lookup (*, *, *)],

B (k, %, %)], [[*]], [M(x, %, %)], [Ma(x, %, *, *)], [M (%, * *)] [macro],
2, #)], fassoea (e, #)], [(+)2], self], [+ = ]}, [ = #]} [+ = ]},

i
M) UL, U],
id
I,

é  [[* tex «]], [ nagme x]], [Priority table[+]], [M I, IMa(*)], |
M, 5,5, %), IM (5,5, )], [Q(x, %, %)), [Qa(, %, %)), [Qs (, %, %, %)), [
()] [+ )] [dlbpla}’( )], [statement ()], [[+]], [[] ], [aspect (x, *)]
aspect(x, x, )], [(x)], [tuple, (x)], [tupley ()], [leta (x, x)], [letq (x, *)],
x 2 «]], [checker], [check(x, )], [checka (%, %, *)], [checks (*, *, *)],

[
check” (x, *)], [checks (x, %, )], [[«] ], [[¥] 7], [[+]°], [msg], [+ "=* #]], [<stmt>],

M (+)],
Q* (*,

(o),

O

st mt

[

[

[

[

[

[

[s

[

[

[

[as

[

[

[stmt], [* =" ]|, [HeadNil’], [HeadPair'], [Transitivity’], [ L], [Contra’], [Tg],
[La], [x], [A], [B], [C], [D], [€], [7], [G), [H], [Z], (7], [K], [£], IM], [N, [O), [P, [Q],
[R], [S) [T, U], V], VL X, ) [Z], (G = )] [ ] o= )], [0], [Remainder],
[(%)Y], [intro(x, *, , *)], [intro(*, *, *)], [error(x *) [errory (, x)], [proof(x, *, *)],
[proofs (x, )], [S(x, %)], [S' (%, %)], [S™ (, )], [ST (%, %, %)], [S (, #)] [SF (. , )],
[S* G, )], 81 (x, 5, )], [S™ (e, %)), Sy (, *)] 8 (. 9)], [51‘(*,*,*)]7

[S5 (5, %, %, %)), [S@ (%, %)), [SY (+, * *)] S+, %)), (ST (, %, %, )], [S™ (%, %)),

(SF (x5, %, %), [S (s, %)), [Sr (e 2, )], S5 (o, 5, %, 5,

(87 (e, 2,0, #)], [S5Ce,#)], 18 (5, 2)) S5 (5, e, #)], [ ()], claims (o, , #),
[claimsg (%, *, *)], [<proof>], [proof] [[Lemma x: ]|, [[Proof of *: %],

[* lemma x*: ]|, [* antilemma x: ]|, [[* rule *: ]|, [* antirule x: ]],
[verifier], [V1 (x)], [Va(x, %)], [V3(x, %, %, %)], [Va(x, *)], [V (*, *, *, *)], [V (*, *, *, *)],
[Vr(t, 5 %, )], [Cut (5, )], [Head (+)], [Taile ()], [ruley (x, )], frule(x, )],

[Rule tactic]7 [Plus(x, x)], [[Theory x|], [theorys (x, *)], [theorys (, )],
[theory4(x, , *)], [HeadNil”], [HeadPair”], [Transitivity”], [Contra”], [HeadNil],
[HeadPair], [Transitivity], [Contral, [Tg], [ragged right],
[ragged right expansion |, [parm(, *, )], [parm* (x, x, *)], [i
[inst*(x, %)], [occur(x, *, *)], [occur™ (x, *, *)], [unify (x = *, x)],
[unifYQ(*:*v*)]v[La]a[Lb]v[Lc]a[Ld]a[L] [Li} [ ] [ 7[ 1]7[ } [ } [ } [L ]
(L], (Lo, [Lpl, L], (Ll (L], [Lut) [Loul, [Ty ], [Low], [T, [ v, [Lal, [Lal. Lo [Lc]
[Lo], [Le], [Le], [Le], [Lul, [La, (L], [Lk], [Lo], L], (L], [Lo], [Le], [Lq], [Lr],
[Ls], [Lr], [Lu], [Lv], [Lw], [Lx], [Ly], [Lz], [Le], [Reflexivity], [Reflexivity, ],

[
[

Commutativity], [Commutativity; ], [<tactic>], [tactic], [[* tagtic ], [P (, %, *)],
P*(*, *, %)], [Po], [concludey (*, x)], [concludes (x, *, *)], [concludes (x, *, *, *)],

st (x, %))
[u

nify* (% = *, x)],

23



concludeq (, )], [check], [+ = ]|, [Root Visible(«)], [A], [R], [C], [T], [L, [{x}], [¥],

al, [0, [c], [d], [e], [f], [g], (A1, [2], [5]; [K], (1) [m], [n], [o], [p). [q]; [], [s], [¢], [w], [v],
wl, (2], [y], [2], [(6= x| =], [(6=0 % [ =], [(=] o | =), [ 1=,
Ded(*, x)], [Dedg (*, *)], [Ded (*, *, *)], [Deda (x, *, *)], [Deds (*, *, *, x)],
Dedy (*, *, *, *)], [Ded} (x, *, *, x)], [Deds (x, *, *)], [Dedg (*, , *, *)],
Dedg (x, *, , *)], [Ded7 ()], [Deds (+, ¥)], [Dedg (+, )], [S], [Neg], [MP], [Gen],
Ded] [S1], [S2], [S3], [S4], [S5], [S6], [ST], [S8], [S9], [Repetition], [A1'], [A2'], [A4'],
5'], [Prop 3.2a], [Prop 3.2b], [Prop 3.2¢], [Prop 3.2d], [Prop 3.2e1], [Prop 3.2e5],
Prop 3.2¢], [Prop 3.2f1], [Prop 3.2f5], [Prop 3.2f], [Prop 3.2g1], [Prop 3.2g3],
Prop 3.2g], [Prop 3.2h4], [Prop 3.2hs], [Prop 3.2h], [Blocky (*, *, %)], [Blocka (%)],
UniqueMember], [UniqueMember(Type)], [SameSeries|, [A4], [SameMember],
Qclosed (Addition)], [Qclosed(Multiplication)], [FromCartProd(1)],
Irule fromCartProd(2)], [constantRationalSeries(x)], [cartProd (x)
]

? )

], [Power(x)],
binaryUnion(x, )], [SetOfRationalSeries], [IsSubset (x, %)], [(p*, *)], [(s¥)],
(- )] [Objekt-var], [Ex-var], [Ph-var], [Verdi], [Variabel], [Op(x)], [Op(x, *)],
* == x|, [ContainsEmpty ()], [Nat(x)], [Dedu(x, *)], [Dedug (*, *)],
Dedug(*, *, )], [Deduy (x, *, *)], [Dedua (x, *, x)], [Dedug (x, *, *, *)],

Dedu4(*,>k,>k,*)] [Dedu4(*,*,*,*)] [Dedu5(>k x, %)], [Dedug (*, *, *, )],
Deduj (x, , *, *)], [Deduz(x)], [Dedug (x, *)], [Dedug (x, *)], [Ex1], [Exa], [Ex3],
Exi], [Exoo], [*gx], (7], [(+= * | :==) ], [(#=0 | 5 :==4) ],

<*71 * | * ***>EX] [<*E* * | * :::*>EX]7 [phl]v [th], [phiﬂa [*Ph}a [*PhL
(k= | % i==x)p], [(+= * | % :==)pn], [(+=" * | + :==4)pn],

b Ak o P

Neg], [Ded], [ExistIntro], [Extensionality], [@def], [PairDef], [UnionDef],
PowerDef], [SeparationDef], [AddDoubleNeg], [RemoveDoubleNeg],
AndCommutativity], [AutoImply], [Contrapositive], [FirstConjunct],
SecondConjunct], [FromContradiction], [FromDisjuncts], [[ffCommutativity],
IffFirst], [IffSecond], [ImplyTransitivity], [JoinConjuncts|, [MP2], [MP3], [MP4],
MP5], [MT], [NegativeMT], [Technicality], [Weakening], [WeakenOr1],
WeakenOr2], [Formula2Pair], [Pair2Formula], [Formula2Union],
Union2Formula], [Formula2Sep], [Sep2Formula], [Formula2Power],
SubsetInPower]|, [HelperPowerIsSub], [PowerIsSub],
Switch)HelperPowerIsSub], [(Switch)PowerIsSub], [ToSetEquality],
HelperToSetEquality(t)], [ToSetEquality(t)], [HelperFromSetEquality],
FromSetEquality], [HelperReflexivity], [Reflexivity], [HelperSymmetry],
Symmetry], [HelperTransitivity], [Transitivity], [ERisReflexive],
ERisSymmetric], [ERisTransitive|, [@isSubset], [HelperMemberNotQ)],
MemberNot@], [HelperUnique@], [Unique®], [==Reflexivity], (== Symmetry],
Helper == Transitivity], [ == Transitivity], [Helper TransferNotEq],
TransferNotEq], [HelperPairSubset], [Helper(2)PairSubset], [PairSubset],
SamePair|, [SameSingleton], [UnionSubset], [SameUnion], [SeparationSubset],
SameSeparation], [SameBinaryUnion], [IntersectionSubset], [Samelntersection],
AutoMember], [HelperEqSysNot@], [EqSysNotQ], [HelperEqSubset],
EqSubset], [HelperEqNecessary], [EqNecessary], [HelperNoneEqNecessary],
Helper(2)NoneEqgNecessary], [NoneEqNecessary], [EqClassIsSubset],

[
[
[
[
[
[
[
(A
[
[
[
[
[
[
[
[
[
[
[
[
[
|
{( * x| % :==#)M0], [bs], [OBS], [BS], [D], [SystemQ)], [MP], [Gen], [Repetition],
[
[
[
[
[
[
[
[
[(
[
[
[
[
[
[
[
[
[
[
[
[
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qClassesAreDisjoint], [AllDisjoint], [AllDisjointImply], [BSsubset],

Union(BS/R)subset], [UnionIdentity], [EqSysIsPartition], [(x1)], [(x2)], [(¥1)],
2), (VD] [((v2)], [(v3)], [(v4)], [(v2n)], [(m1)], [(m2)], [(n1)], [(n2)], [(n3)], [(e)],
(e)1], [(€2)], [(fep)], [(E)], [(£y)], [(f2)], [(fw)], [(Ev)], [(Ew)], [(xx)], [(xy)], [(x2)],

(rw)], [(sx)], [(sx1)], [(sy)], [(sy1)], [(s2)], [(sz1)], [(sw)], [(sul)], [(£xs)], [(fys)],
(crsD)], [(E1)], [(£2)], [(£3)], [(£4)], [(op1)], [(0p2)], [(x1)], [(s1)], [(s2)], [X1], [X2],
Y1, [Yal, [Vil, [Val, [Va], [Val, [Vau], [Mi], [Ma], [N1], [N2], [N3], [¢], [e1], [€2],
FX], [FY], [ Z], [FU], [FV], [FW], [FEP], [RX], [RY], [RZ], [RU], [(SX)], [(SX1)]
(SY)], [(SYD)], [(SZ)], [(SZ1)], [(SU)], [(SUL)], [FXS], [FYS], [(F1)], [(F2)], [(F3)]
(F4)], [((OP1)], [(OP2)], [(R1)], [(S1)], [(S2)], [(EPob)], [(CRS1ob)], [(Flob)],
(F20b)], [(F30b)], [(F4ob)], [(N1ob)], [(N20b)], [(OP1ob)], [(OP20b)], [(R1ob)],

(S10b)], [(S20b)], [phal, [phs], [phe], [NAT], [RATIONALsERIES], [SERIES],
SetOfReals], [SetOfFxs], [N], [Q], [X], [xs], [xaF], [ysF], [us], [usFoelge], [0], [1],
(1)) (21,131, [1/2], [1/3], /3], 0f], (14, [00], [01], [(— — O1)] [02], 01/ /02],
PlusAssociativity(R)], [PlusAssociativity ((R)XX], [PlusO(R)], [Negative(R)],
Times1(R)], [lessAddition(R)], [PlusCommutativity (R)],
LeqAntisymmetry(R)], [LeqTransitivity(R)], [leqAddition(R)],
Distribution(R)], [A4(Axiom)], [InductionAxiom], [Equality Axiom],
EqLegAxiom], [EqAdditionAxiom], [EqMultiplicationAxiom],
QisClosed(Reciprocal) (Imply)], [QisClosed (Reciprocal)],
QisClosed(Negative)(Imply)], [QisClosed (Negative)], [leqReflexivity],
leqAntisymmetry Axiom], [leqTransitivity Axiom]|, [leqTotality],

leqAddition Axiom)], [leqMultiplication Axiom], [plusAssociativity],
plusCommutativity], [Negative], [plus0], [timesAssociativity],
timesCommutativity], [Reciprocal Axiom)], [times1], [Distribution], [Onot1],
lemma eqLeq(R)], [TimesAssociativity (R)], [TimesCommutativity (R)],
(Adgic)SameR], [Separation2formula(1)], [Separation2formula(2)], [Cauchy],
PlusF], [ReciprocalF], [From ==]|, [To ==|, [FromInR], [PlusR(Sym)],
ReciprocalR(Axiom)], [LessMinus1(N)], [Nonnegative(N)], [US0],
NextXS(UpperBound)], [NextXS(NoUpperBound)], [NextUS(UpperBound)],
NextUS(NoUpperBound)], [ExpZero], [ExpPositive], [ExpZero(R)],
ExpPositive(R)], [BSzero], [BSpositive], [UStelescope(Zero)],
UStelescope(Positive)], [EqAddition(R)], [FromLimit], [ToUpperBound],
FromUpperBound], [USisUpperBound], [0not1(R)], [ExpUnbounded(R)],
FromLeq(Advanced)(N)], [FromLeastUpperBound], [ToLeastUpperBound],
XSisNotUpperBound], [ysFGreater], [ysFLess], [Smalllnverse], [Nat Type],
RationalType], [SeriesType|, [Max], [Numerical], [NumericalF],
MemberOfSeries(Imply)], [JoinConjuncts(2conditions)],

prop lemma imply negation], [TND], [FromNegatedImply], [ToNegatedImply],
FromNegated (2 * Imply)], [FromNegated And], [FromNegatedOr],
ToNegatedOr], [FromNegations], [From3Disjuncts], [From2 % 2Disjuncts],
NegateDisjunct1], [NegateDisjunct2], [ExpandDisjuncts|, [SENC1], [SENC2],
[LessLeq(R)], [MemberOfSeries], [memberOfSeries(Type)];

Preassociative

[x_{*}], [*/indexintro(x, *, *, x)], [*/intro(, , *)], [*/bothintro(x, %, *, *, *)],
[*/nameintro(, *, *, )], [*'], [*[ * ]], [x[*—x*]], [«[x=*]], [*0], [«1], [Ob], [*-color(*)],

E
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
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[+ 60101" (O, B, D] [0, [P, B0, ], [0, (], [, [0, DM, [P, 1), [,
{ lde] 0, [0, e, 2, (20, [, (90, D00, (7], (8], [0, [+, [+V], %€, [+
Preassociative

[ 7], [, ()], [string(x) + #], [string(+) ++ ], [

*], [ ], (1], [], [#], (8], o], [&], [#], [(+], D], Deox], [4#], [ o], ], [#], [/],
(0], [1], [2+], [3+], [4x], [5%], [6%], [7+], [8], [9], [#], [; ], [<], [=+], [>+], 7],
[@x], [Ax], [Bx], [Cx], [D=], [Ex], [Fx], [Gx], [Hx], [I«], [J=], K], [Lax], [Mx], [N«],
[Ox], [Px], [Qx], [Rx], [S«], [T], [Ux], [V], [Wx], [Xa], [Y], [Z], [[], [\x], []], ["#],
[#], [*#], [ax], [b], [cx], [dx], [ex], [£x], [gx], [hx], [ix], [j*], [kx], [L«], [mx], [nx], [0x],
[p], [a*], [rx], [s«], [t«], [ux], [v], [w], [, [y#], 2], [{#], [[], [}], "],
[Preassociative x; x|, [Postassociative x; %], [[*], #], [priority * end],

[newline x|, [macro newline %], [MacroIndent(x)];
Preassociative
[ 7 ], [+ #];
Preassociative
[+ exp) <)
Preassociative
('], [R(#)], [= = R(x)], [recx];
Preassociative
[/ ], [ 0], [ []];
Preassociative
(U], [+ U ], [P(x)];
Preassociative
[{*}], [StateExpand(x, *, x)], [extractSeries(x)], [SetOfSeries(*)], [- — Macro(*)],
[ExpandList(x, *, %)], [+ * Macro(x)], [+ + Macro(x)], [<< Macro(x)],
[IMacro(+)], [01//Macro(s)], [UB(s, )], [LUB(x, )], [BS(x, %))
[UStelescope(, )], [(+)], [[f * [], [[r * [}, [Limit (+, )], [Union(«)],
[IsOrderedPair(x, *, x)], [IsRelation(x, %, )], [isFunction(x, *, %)], [[sSeries(x, )],
[IsNatural(x, x)], [OrderedPair(x, *)], [TypeNat(*)], [TypeNat0(*)],
[P’;preRational(*)], [TypeRational0(x)], [TypeSeries(x, *)], [Typeseries0(x, *)];
reassociative
E& 3], [(x, 9], [((—ux)], [—ex], [(= = #)], [1f/+], [01/ /tempx];
reassociative
[*(x, *)], [ReflRel(x, %)], [SymRel(x, x)], [TransRel(x, *)], [EqRel(x, %)], [[* € *].],
[Partition(x, *)];
Preassociative
[* : *]a [* 0 *]7 [(* * *)]7 [* *f *]a [* * **];
Preassociative
[* + *]’ [* +o *]7 [* +1 *]7 [* - *]a [* 0 *]’ [* 1 *]7 [(* + *)]’ [(* - *)]’ [* +t *]7
[+ =g #], [« + 4], [R(x) = —R(x)];
Preassociative
[ € ;
Preassociative
[ 1) i€, %, )], M, )], [Max(r, #)]
Preassoc1at1ve

26



[* = *}7 [* 7é *]7 [* <= *}7 [* < *]7 [* <t *]7 [* <t *]7 [SF(*7 *)]7 [* == %,
[l == %], [* << #], [x <<== %];

Preassociative

[+ U L}, [+ U], [$\ %35

Postassociative

[ 0] [ o], [ o], [ 20 ], [ ], [ 42 5
Postassociative
[, *[;
Preassociative
[* g *], [* g *], [* ,g *], [* g ], [* & ], [« = #], [* A *], [* L ], [* & *], [* = *],
[x € *], [* Cr %], [* = &, [* free in #], [* free in® ], [ free for * in *],
[* free for™ x in x|, [x €¢ |, [x < ], [* < ], [* < «], [x = ], [* £ *], [x*],
(0], [ ], ], [k == ], [ C «];

Preassociative

[, [5 ()n], [+ ¢ =], [ # =];

Preassociative

[ A ], [% A ], [% A ], [ Ac *], [x A *];

Preassociative

v o], [ [ ], [+ o]

Postassociative

[+ V «;

Preassociative

[T ], [V ], [Vopjx: ], [Tk #];

Postassociative

[¥ = %], [x = *], [« < *, [* & %;

Preassociative

[{ph € = | *}];

Postassociative

[* : ], [* spy =], [*!x];

Preassociative

*

o

Preassociative

[A* .x], [A* %], [Ax], [if * then * else x|, [let * = x in %], [let * =% in x|;
Preassociative

[#f];

Preassociative

(], B2, V] et [, )

Preassociative

[ @], [+ D> #], [+ > #], [« > «], [ B #];

Postassociative

[ b %], [* B %], [* Le. «];

Preassociative

[V ], [TDk: *];

Postassociative

)

[*
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[* & «[;

Postassociative

L3 45

Preassociative

[* proves x|;

Preassociative

[« proof of *: x|, [Linex* : * > *; %, [Last linex >> x0O],

[Line * : Premise >> x; %], [Line  : Side-condition >> *; x|, [Arbitrary > x; %],
[Local > % = x*; %], [Begin #; * : End; %], [Last block line * > *;],
[Arbitrary > *; «|;

Postassociative

[+ | #];

Postassociative

[, ], [ [+ ]

Preassociative

[x&];

Preassociative

[+\\*], [* linebreak[4] *], [¥\\+]; End table

A Pyk definitioner

([UniqueMember X “lemma uniqueMember”]
UnlqueMember(Type) P “emma uniqueMember(Type)”|
SameSeries 2 “lemma sameSeries” ]

A4 “lemma ad”|

SameMember 23 “lemma sameMember” ]
Qclosed(Addition) By “1rule Qclosed(Addition)”]

Qclosed (Multiplication) > Y “rule Qclosed (Multiplication)”]
FromCartProd(1) PV rule fromCartProd(1)”]

Irule fromCartProd(2) PV < rule fromCartProd(2)”]

[
[
(A4
[
[
[
[
[
[constantRationalSeries(x )% “constantRationalSeries( " )”]
[
[
[
[
[
[
[
[

cartProd(x )Iik “cartProd( ", " )”]

Power (x )py “P(" )]

binaryUnion(x, x) = iy “binaryUnion( ", " )”]
SetOfRationalSeries ™3 “setOfRationalSeries” ]
IsSubset (x, ) iy “isSubset( ", " )”]

(%) 5 )]

(%) 2 “(s " )]

(-+4) PV “edots 7]
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ko .
Objekt-var "5 “object-var”]

Ex-var "5 “ex-var’ ’]

Ph-var pl> “ph-var”]

Vardi 2 Vaerdl ]

Variabel 2 “variabel”|

O()pL “op " end op”]

Op(*, ) % “op2 " comma " end op2”]

« == + 2 “define- equal " comma " end equal”]
ContamsEmpty( ) P Scontains- -empty " end empty”]
Nat(e) 2 Nat( + )

Dedu(x, ) 2 ¥ “ldeduction " conclude " end 1deduction”]

Dedug (, *) 25 VY «1deduction zero " conclude " end 1deduction”]

)

(,
k A o .
Dedug (%, %, ¥) 2 “ldeduction side " conclude " condition " end 1deduction”]
eduy (*, *, *) VX 1 deduction one " conclude " condition " end 1deduction”]
(

k . . .
Dedug (, *, *) 2 “1deduction two " conclude " condition " end 1deduction”]

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

Dedug (, *, *, *) PV «1deduction three " conclude " condition " bound " end
ldeductlon” ]

[Dedug (, *, *, *) Y «“1deduction four " conclude " condition " bound " end
1deduction”]

[Deduj (x, *, * *) ¥ “]deduction four star " conclude " condition " bound "
end 1deduct10n ]

[Dedus (*, * *) “1deduct10n five " condition " bound " end 1deduction”]

[Dedug (%, %, *, *) > PYE «1deduction six " conclude " exception " bound " end
1deduction”]

k L .
[Dedu(, *, , ) 25 “ldeduction six star " conclude " exception " bound "
end ldeduction”]

Deduz(x) V¥ “]deduction seven " end 1deduction”]
s (%, %) PV <1 deduction eight " bound " end 1deduction”]
Deduj (*, %) P «1deduction eight star " bound " end ldeduction”]
vk

P
Exo = “ex2”]
pyk

py

*px — ‘“existential var " end var”]
pyk . . .
#Ex 20 @ g existential var”]

29



(¥=# | % :==x)px — “exist-sub " is " where " is " end sub”]
(=9 | % :==+) gy P “exist-sub0 " is " where " is " end sub”]
(=1 % | 5 i==4) gy P “exist-subl " is " where " is " end sub”]
(%=" % | % :==w)px PYX “oxist-subk " is " where " is " end sub”]
phy 2 “ph17]

phy 25 “ph2”]

phs 25 “ph3”]

*Ph YK « “placeholder-var " end var”|

Ph pyk “n

is placeholder -var” |
*= % | % :==+)py, - 2ie “ph sub " is " where " is " end sub”]
0% | * :==x)pp, py) “ph—subO " ig " where " is " end sub”]

*=1 x| % :==x)py, p—> “ph-subl " is " where " is " end sub”]

[

[

[

[

[

[

[

[

[

[(

[(x=

€

[(k=* * | % :==%)pp, 2 “ph-subx* " is " where " is " end sub”]
[(+= x| % :==%)1e PYE “meta-sub " is " where " is " end sub”]
[(x=1 % | % :===+) Mo P “retasubl " is " where " is " end sub”]
[(x=" | x :===+) M0 VX “meta-subk " is " where " is " end sub”]
[bs > 2 Var big set”]

[OBS 2is “object big set”]

[BS P “meta big set”]

@ " Ris zermelo empty set”]

[SystemQ > iy “system Q7]

[MP fds “1rule mp”]

[Gen “1rule gen”]

[Repetltlon Y pule repetition”]

[Neg VX “Irule ad absurdum” ]

[Ded = Ry “lrule deduction”]

[ExistIntro > X “rule exist intro’ ’]

[Extenswnahty VX “axiom extensionality” ]

[@def ® 2Ae ax10m empty set”]

[PairDef ° Y “axiom pair definition”]

[UnionDef —1( ‘axiom union definition”]

[PowerDef > DY ax1orn power definition”]

[SeparationDef ® Y “axiom separation definition”]
[AddDoubleNeg > iy prop lemma add double neg”]

[

RemoveDoubleNeg 2y “prop lemma remove double neg”]
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AndCommutat1v1ty Py “prop lemma and commutativity”]
AutoImply 2y “prop lemma auto imply”]

Contrapositive pl> ‘prop lemma contrapositive”]
FirstConjunct > i prop lemma first conjunct”]
SecondConJunct 2dy “prop lemma second conjunct”]
FromContradiction Py« ‘prop lemma from contradiction”]
FromDisjuncts iy prop lemma from disjuncts”]
IffCommutatlwty 2y “prop lemma iff commutativity”]
IffFirst 25 “prop lemma iff first”]

[ffSecond *F “prop lemma iff second”]
ImplyTran81t1v1ty Vs “prop lemma imply transitivity”]
JoinConjuncts Y ‘prop lemma join conjuncts”]

MPp2 2 ¢ “prop lemma mp2”]

pyk « 9
prop lemma mp3

MP ]
MP pyk = “prop lemma mp4”|
pvk ]

Z

= “prop lemma mp5”

“prop lemma mt”]

Technicality iy “prop lemma technicality”]
Weakemng iy “prop lemma weakening”]
WeakenOr1 25 “prop lemma weaken or first”]
WeakenOr2 ¥ “prop lemma weaken or second”]
Formula2Pair pl> “lemma formula2pair”]
Pair2Formula 25 “lemma pair2formula”]
Formula2Union % “lemma formula2union”]
Umon2F0rmu1a Y% “emma union2formula”]
Formula2Sep > VY “lemma formula2separation”]
Sep2Formula ¥ “emma separation2formula’]
Formula2Power 2% “lemma formula2power” |
SubsetInPower “lemma subset in power set”]
HelperPowerIsSub > VX “Jemma power set is subset0”]
PowerIsSub 2% “lemma power set is subset”|
(Switch)HelperPowerIsSub 2 VY “emma power set is subsetO-switch”]
(

ToSetEquahty ¥ “lemma set equality suff condition”]

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[MP
[MT
[NegatweMT 243 “prop lemma negative mt”]
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[ SW1tch)P0werIsSub P emma power set is subset-switch”]
[
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HelperToSetEquahty( ) 2 ¥ “lemma set equality suff condition(t)0”]
ToSetEquality (t) 2 “lemma set equality suff condition(t)”]
HelperFromSetEquahty ¥ “lemma set equality skip quantifier”]
FromSetEquality > i “lemma set equality nec condition”]
HelperReﬁex1v1ty ¥ “lemma reflexivity(”]

Reflexivity > 2y “lemma reflexivity”]

HelperSymmetry VY “Jemma symmetry(”]

Symmetry “lemma symmetry”]

HelperTran81t1V1ty VY “lemma transitivity0”]

Transitivity *5 “lemma transitivity”]

ERisReflexive > “lemma er is reflexive” ]

ERlsSymmetrlc % “lemma er is symmetric”]

ERisTransitive 23 “lemma er is transitive’ ']

DisSubset = P “emma empty set is subset”]
HelperMemberNot@ ¥ “lemma member not empty0”]
MemberNot@ 2 “lemma member not empty”]

HelperUnlque@ PV “lemma unique empty set0”]

= Reflexivity ® VY “lemma ==Reflexivity”]

Kk
= Symmetry "5 “lemma =Symmetry”]
Helper== Trans1t1v1ty ¥ “lemma ==Transitivity0”]

="Transitivity Ry “lemma ==Transitivity”]

HelperTransferNotEq ¥ “lemma transfer ~is0”]
TransferNotEq "5 “lemma transfer ~is”]
HelperPairSubset % “lemma pair subset0”]

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[Unique® > DY “lemma unique empty set”]

=

=

[

[=

[

[

[

[Helper(2 )PalrSubset ¥ “lemma pair subset1”]
[PairSubset “ VX “emma pair subset”]
[SamePair 2% ¥ “lemma same pair”|
[SameSmgleton X “lemma same singleton”]
[UnionSubset ™ ¥ “lemma. union subset” ]
[SameUnion ® Vs “lemma same union”]
[SeparatlonSubset ¥ “lemma separation subset”|
[SameSeparation s “lemma same separation”]
[SameBlnaryUnlon oY s “lemma same binary union”]
[

IntersectionSubset 23 “lemma intersection subset”]
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Samelntersection 2> “lemma same intersection” ]

AutoMember 25 “lemma auto member”]

HelperEqSysNot® P “emma eq-system not empty0”]

EqSysNot® Ry “lemma eq-system not empty”]

HelperEqSubset 2% ¥ “lemma eq subset0”]

EqSubset P Yemma eq subset”|

HelperEqgNecessary P emma equivalence nec condition(”]
EqNecessary Leds “lemma equivalence nec condition”]
HelperNoneEqNecessary ady “lemma none-equivalence nec condition0”]
Helper(2 )NoneEqucebsary ¥ “lemma none- equivalence nec conditionl”]
NoneEqNecessary VX “lemma none-equivalence nec condition”]
EqClassIsSubset P “emma equivalence class is subset”]
EqClassesAreDisjoint By “lemma equivalence classes are disjoint”]
AllDisjoint = ady “lemma all disjoint”)

AllDlSJomtImply ¥ “lemma all disjoint-imply”]

BSsubset 2 “lemma bs subset union(bs/r)”]

. . k . .
Unionldentity 2> “lemma union(bs/r) is bs”]
o k . .
EqSysIsPartition 25 “theorem eq-system is partition”]

x1) = VX syar x17]

< << WM
N =N

=
—

=
W

(
(
(
(
(
(
(
(v4
(
(
(
(
(
(
(
(

6)—>
)

<
[\
o}
Nasd
l

“var x27]
“var y17]
“var y27]
“var v17]
“var v27]
“var v3”]

]

“var v4”

“var m1”]
“var m2”]
“var nl”|

“var n2”]

‘var ep”]

“var epl”]

“var v2n”]

var n3”]

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[Union(BS/R)subset P emma union(bs/r) subset bs”]
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
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fz) PV wyar f2”]
fu) PV syar fu”]
fv) RA fv7]
fw) PV yar fw”]
rX) P wyar rx”]
ry) P dyar ry”]
17) PV yar r7” ]
ru) P vy ru”]
SX) VX wyar sx”]
sx1) PV sy sx17]

k “ 9
sy) = “var sy”]

su) VX “yar su”]

sul) Py sul”]

fxs) P ar fxs”]

VX “var crsl”)
) P Cyar f17]
£2) 25 “var 27]
) Y ar £37]
)

= “var 147]

g

1
2

g
=
]

o]
=

:'c S~— ~—
g
1
<
g
o
=
o
i)
N

lz
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Yy 2 “meta y27)
V2 “meta v17]
Vo 2 “meta v27]

3 — “meta v3”]
= “meta v4”]
Vou P meta v2n”]
M; 2 “meta m1”]
M,y 2 “meta m2”]
N; 2 “meta n1”]

9 — “meta n2”]
N3 2 “meta n3”]
e ¥ “meta ep”]

k
el 2 “meta epl”]

FX 2 “meta x”]

FY 25 “meta fy”]

FZ = “meta f2”)
FV = “meta fv”]

FW 2 “meta fw”]

FEP ¥ “meta fep”]

RX ™ “meta rx”]

RY 2 “meta ry”]

RZ ® “meta rz”]

RU 2 « meta ru”]
SX) 2 Y “meta sx’ ’]
SX1) 2 X “meta sx17]

wn

(

(

(SY) 2 VX “meta sy”]
(SY1) L ‘meta syl”]
(Sz) " Y “meta sz ']
(S71) ® Y “meta sz1”]
(SU) 2 Y “meta sw ’]
(SU1) > X “meta sul”]

p

vk
“meta fxs”|

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[FZ 2
[FU P “meta fu”]
[FV 2
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

S
FYS 2 “meta fys”]



ie]
<
=

“meta 17

]
“meta £27]
']

|

T
l‘;

“meta {3’

kel
%

23|

155
g

l<<
<

“meta 4”]
k

g
<

“

!

meta opl”]

“

meta op2”]

o

"U

[\
g\/\/
~ 1T

1%

[13

&
l

meta r1”]

~

“meta s1”]

kel
<
=

“meta s2”]

b) 2 “obJect ep”]

%)
&z
13

vl

) RE “object 27]
F3ob) 25 “object £3”]

) = “object f4”]

) = “object nl1”]
N2ob) Y « “object n2”]
OP1ob) 2 “object opl”]
OP20b) ¥ “object op2”]
Ris = “object r17]

Slob) A “object s17]
S20b) Riy “object $27]
phy 5 “phd”]

phs 25 “ph5]

ph 2 b

NAT 2 “NAT”]
RATIONALSERIES P “RATIONAL_SERIES”]
SERIES 2 “SERIES”]
SetOfReals 2 “setOfReals” |
SetOfFxs 2 “setOfFxs”]
pyk NG

)
Q™ Q]
XX

(
(
(
(
(
(
(
(
(
(
(
(Flob) = pyk “object f17]
(
(
(
(
(
(
(
(
(
(

Z

pyk “y”

xs 2 ‘xs”|

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

pyk
Xa “ F”]
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ysF = by “ysE”]
pyk “
us = “us”]

usFoelge pl%( “usF”]

025 pyk «077]
1 pyk 44177]

[

[us

[

0=

1=

(=) ™ (1))
[2 P won]

37 3]
[1/2 2 «1/97]
[1/3 25 «1/37]
[2/3 2% «2/37]
[of 22 «of7]

[1f 25 «17]
00 22 «007]
(01 2 «017]

[(— = 01) ™ #(-01)"]

02 22 «027]

01//02 %2 «01//027]

[PlusAssociativity(R) X “emma plusAssociativity(R)”]
[PlusAssoc1at1v1ty(R)XX X “lemma plusAssociativity (R)XX"]
[PlusO(R )py “lemma plusO(R)”]

[Negative(R) 2 ¥ “emma negative(R)”]

[Times1(R) = X “emma times1(R)”]

[lessAddition(R) ¥ “lemma lessAddition(R)”]
[PlusCommutativity (R) X “lemma plusCommutativity(R)”]
[LeqAntisymmetry(R) P emma leqAntisymmetry(R)”]
[LeqTransitivity (R) P “lemma leqTransitivity (R)”]
[leqAddition(R) X “Yemma leqAddition(R)”]
[Distribution(R) X “lemma distribution(R)”]
[A4(Axiom) VY “axiom ad”]

[InductionAxiom VX “axiom induction” ]

[Equality Axiom PYE “axiom equality”]

[EqLeqAxiom PYE Caxiom eqleq”]

[EqAdditionAxiom P “axiom eqAddition”)

[

EgMultiplicationAxiom P “axiom eqMultiplication”|
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QisClosed(Reciprocal) (Imply) VX “axiom QisClosed (reciprocal)”|
QisClosed(Reciprocal) P “emma QisClosed (reciprocal)”]
QisClosed(Negative)(Imply) VX “axiom QisClosed (negative)”]
QisClosed(Negative) 2 “emma QisClosed (negative)”]
leqReflexivity YK “axiom leqReflexivity”]
leqAntisymmetryAxiom PYE “axiom leqAntisymmetry” |
leqTransitivity Axiom P “axiom leqTransitivity”]

leqTotality PYE “axiom leqTotality”]

leqAdditionAxiom PYE “axiom leqAddition”|

leqMultiplication Axiom P “axiom leqMultiplication” ]
plusAssociativity P “axiom plusAssociativity”]
plusCommutativity P Caxiom plusCommutativity” ]
Negative Y “axiom negative”]

plus0 PYE “axiom plus0”]

timesAssociativity P “axiom timesAssociativity”]
timesCommutativity P “axiom timesCommutativity”]

. . pyk . .
Reciprocal Axiom = “axiom reciprocal”]

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[times] PV “axiom times1”]

[Distribution P “axiom distribution”|
[Onotl P “axiom Onot1”]
[lemma eqLeq(R) X “lemma eqLeq(R)”]
[TimesAssociativity(R) P “emma timesAssociativity(R)”]
[TimesCommutativity(R) 2 “emma timesCommutativity (R)”]
[(Adgic)SameR 2 «1rule adhoc sameR”|
[Separation2formula(1) X “lemma separation2formula(1)”]
[Separation2formula(2) X “lemma separation2formula(2)”]
[Cauchy P “axiom cauchy”]
[PlusF P “axiom plusF”]
[ReciprocalF VX “axiom reciprocalF”|

[From == “Irule from=="]

[To == “pyle to=="]

[FromInR PV rule fromInR”]

[PlusR(Sym) X “lemma plusR(Sym)”]
[ReciprocalR(Axiom) VX “axiom reciprocalR”]
[LessMinus1(N) P e lessMinus1(N)”]
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Nonnegatwe(N) P “axiom nonnegative(N)”]
US0 2 “axiom US07]

NextXS(UpperBound) “1rule nextXS(upperBound)”]
NextXS(NoUpperBound) Y “rule nextXS(noUpperBound)”]
NextUS(UpperBound) % ¥ “Irule nextUS(upperBound)”]

NextUS(NoUpperBound) P < rule nextUS(noUpperBound)”]
ExpZero Byk “lrule expZero”]

ExpPositive > VX “Irule expPositive”]

ExpZero(R )p “Irule expZero(R)”]
ExpPomtwe(R) 2 < rule expPositive(R)”]

BSzero 2 “lrule base(1/2)Sum zero”]

BSpositive % ¥ “Irule base(1/2)Sum positive”]
UStelescope(Zero) 2 “rule UStelescope zero” |
UStelescope(Posrcwe) P “Irule UStelescope positive”|
Equdltlon(R) ¥ “Irule adhoc eqAddition(R)”]
FromLimit 2> “1rule fromLimit”]

ToUpperBound “1rule toUpperBound”]

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[FromUpperBound * Y« rule fromUpperBound”]
[USlSUpperBound VI “axiom USisUpperBound”]
[Onot1(R) P “axiom Onotl(R) ]
[ExpUnbounded(R) ® Y rule expUnbounded”|
[FromLeq(Advanced)(N) 2 PV “Irule fromLeq(Advanced)(N)”]
[FromLeastUpperBound ¥ “Irule fromLeastUpperBound”]
[ToLeastUpperBound > PYE “lrule toLeastUpperBound”|
[XSisNotUpperBound ® VI Caxiom XSisNotUpperBound”]
[ysFGreater VX “axiom ysFGreater”]

[ysFLess P« ax1om ysFLess”|

[Smalllnverse Y “pyle smalllnverse” |

[NatType P “axiom natType”]

[RationalType VX “axiom rational Type”]
[SerlesType PYE “axiom seriesType”]

[Max > VY “axiom max’ ’]

[Numerical Y« ax10m numerical”]

[NumericalF > VX “axiom numericalF”]

[

MemberOfSeries(Imply) VX “axiom memberOfSeries” ]
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[JoinConjuncts(2conditions) 25 “prop lemma doubly conditioned join
conjuncts”|

[prop lemma imply negation ByK “prop lemma imply negation”]

[TND 2 2y “prop lemma tertium non datur”]

[FromNegatedImply “prop lemma from negated imply”]
[ToNegatedImply > 2y prop lemma to negated imply”]

[FromNegated (2 Imply) 2iy “prop lemma from negated double imply”]
[FromNegatedAnd “prop lemma from negated and”]
[FromNegatedOr 2y “prop lemma from negated or”]

[ToNegatedOr R ‘prop lemma to negated or”]

[FromNegations L ‘prop lemma from negations”|

[FromSDlsJuncts 2y “prop lemma from three disjuncts”]

[From?2 x 2Dlsjuncts Pyl ‘prop lemma from two times two disjuncts”]
[NegateDisjunct1 2 24y “prop lemma negate first disjunct”]
[NegateDlsJunth 2y “prop lemma negate second disjunct”]
[ExpanlesJuncts Pyl ‘prop lemma expand disjuncts”]

[SENC1 = VX “lemma set equality nec condition(1)”]

[SENC2 = Ri “lemma set equality nec condition(2)”]

[LessLeq(R) 2 ¥ “lemma lessLeq(R)”]

[MemberOfSeries A “1emma memberOfSeries”]

[
[
[
[—
[
[
[
[
[Ux
[
[
[
[
[
[

memberOfSerles(Type) VY “lemma memberOfSeries(Type)”]

w(exp)x B e - ]
R(x )py R
R(x) ™5 R( " )]

recx 2 = “1/ "]

s /% 2 Py eq system of " modulo "”]

* () * iy “intersection " comma " end intersection”]
1 2 R D

U 2 unlon " end union”]

* U 2 “blnary union " comma " end union”|

P(x) 2 DY “power " end power”]

{x} 2 Y “yermelo singleton " end singleton”|
StateExpand(x, x, *) — Ay “stateExpand( ", ", " )7]
extractSeries(x) Lk “extractSeries( " )”]

SetOfSeries(*) iy “setOfSeries( " )”]
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— — Macro(x )py “-Macro( " )”]
ExpandList (x, *, *) By “expandList( ", ", " )”]
 + Macro(x )% “«xMacro( " )”]

+ + Macro(x) = Ri “+4+Macro( " )”]

<< Macro(x) 25 “<<Macro( " )]
|[Macro(x )pL “|[Macro( " )”]

01//Macro(x) 25 “01//Macro( " )]

UB(x,%) = KA “upperBound( "))
LUB(x, %) % “leastUpperBound( noon?)
BS(x, *) DS “base(1/2)Sum( nony]
UStelescope(x, %) 2 “UStelescope( ")
() B ()

e ] P gp ]

*

[

[

[

[

[

[

[

[

[

[

[

[

[If
[l | 25 e v 7]

[Limit (%, %) RE “Umit( ", " )”]

[Union(x) 25 “U( " )7]

[IsOrderedPair (s, *, %) 2 “1sOrderedPalr( L))
[IsRelation(x, *, ) By “isRelation( ", ", " )”]
[isFunction (x, *, ) YK « “isFunction( ", ", " )”]
[IsSeries(*, x) = iy “isSeries( ", " )”]

[IsNatural(x, *) By “isNatural( " )”]

[OrderedPair (, *) Riy “lo™, ")”]

[TypeNat(x) ™ “typeNat( " )”]

[TypeNat0(x) 2 “typeNat0( " )’

[TypeRational(x) Ri “typeRational( " )”]
[TypeRationalO(x )pll; “typeRational0( " )”]
[TypeSeries(x, *) > Py “typeSeries( ", " )]
[TypeserlesO(* *) Ry “typeSeriesO( ", " )”]

[{*, * } “zermelo pair " comma " end pair”]

[(x, %) VX zermelo ordered pair " comma " end pair”]
[(—

(-
[
[
[

ll>(<) pyk “_ n?’}

£ % “f |.77]

( ) pyk « ,m]
1f / Pyk LLlf/ .,77]
01/ /temps 25 «01// 7]
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s (%, %) 255 “n is related to " under "7

ReflRel(, ) PV wn s reflexive relation in ")
SymRel(x, *) RIS symmetric relation in "”]
TransRel(x, *) PYX wn js transitive relation in "]
EqRel(x, %) RIS equivalence relation in "]

[ € ] Y « “equivalence class of " in " modulo "”]
Partltlon(* *) PYE i
( * >)<) “noge n7]

*

*p ¥ “n *f ||77]

is partition of "”]

_) “ngy n”]

k

k%
+*> FZ “n |m]
*

*
*
) p vk “n o _ ||’7]

~

% “n _|_f lm]

~

[
[

[

[

[

[

[

[

[

[

[

[

[

[ —p 5 255 wn _f 7]

[* + +x P gy "]

[R(+) - ~R(x #) PSR( ) - R( "))
[* € Y in0 "]
BEREE iy
[
[
[
[ =
[ #
[
[
[
[
[
[ =
[+l
[
[ <
[
[«
&

if(x

pyk “n |_ ||”]

!

¥x < _i( “n <= ||7’]

% < % “n nm]

* <g *1)17 “n <f m’}
s <p w0 @ cof W)

SF ( ) YK “n gameF ")
pyk

“n J— ||”}

PVk “n == |m]

* << pi ]
<77 * pl) “wn <<:: ||77]

“n

pyk .
x=—x zermelo is "]

“n

pyk
% C % 255 «n ig subset of "]

S (%)n P “not0 "]
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“n

* zermelo “in "7

“n

pyk
x
pyk .
x zermelo “is "7]
pyk

*
> L ™

[

[

[ A * L “nand0 "]

[ v Y o) "]

[3* ¥« 2 ex1st0 " indeed "”]
[ & x 25 wn 1ff ")

[{ph € = \ *} ¥ “the set of ph in " such that " end set”]
[
)

kvanti 25 “kvanti” ]

]
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B TEX definitioner
[kvanti "= “kvanti”]

[(--+) = “(\edots{})"]

Objekt-var = “\texttt{Objekt-var}”
j

tex

[Ex-var = “\texttt{Ex-var}”]
[Ph-var fex “\texttt{Ph-var}”]
[Vardi < “\texttt{V\ae{}rdi}”]
[Variabel "= “\texttt{Variabel}”]

[Op(x) fex “Op(#1.

)]

[Op(x,y) "= “Op(#1.
)

)]

x==y fex “H1.

\mathrel {\ddot {==}} #2.]

tex

[ContainsEmpty(x) = “ContainsEmpty(#1.
)]

[Dedu(x,y) =

Dedu(#1.

s F2.

)]

[Dedug(x,y) = «

Dedu_0(#1.

s F2.

)]

[Dedus(x,y,z) = “Dedu_{s}(#1.
, #2.

, #3.

)’]
tex

[Deduy (x,y,2) =
Dedu_1(#1.
s 2.
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#3.

)
)’]
tex

[Dedu

Dedu 2(X7 Ys Z) =
Ded 2(#1.

s F3.

)]

[Dedu

Dedu 3(x,y,z, u Bl
oy 3(#1. : |
, #3.

, #4.

)]

[Dedu
D=
D (#1. ) |
L #3.

L #4.

)]

D *

][:)e‘zdu4(xvy z
u,4A>|<(’ N

P

, F3.

, F#4.

)]

[Dedu

Dedu 5(X,y7 Z) e
5 -

e

, #£3.

)]

[Dedu
Deduﬁ(lc>7C A
6 e
D (#1.
s 73
74
)]
[Dedug
D 6(pac
edu,GA*(a;éef g o

s 72
,#3.

)tgc «
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,#4.
)]
[Dedur (p) =
Dedu_7(#1.

)]

[Dedug(p, b) teX «
Dedu_8(#1.

L #2.

)]

[Dedug(p, b) < «
Dedu_8"x(#1.

L #2.

)]

[Ex; € “Ex_{1}"]
[Exo < “Ex_{2}"]
[Exio = “Ex{10}"]
[Exzo £ “Ex_{20}7]

b 1.
~{Ex}7]

B 1 g
H{Ex}]

[(x=y|zi==u)gx = “\langle #1.
{\equiv} #2.

| 43

{==} #4.

\rangle_{Ex} ”]

[(x="y|z:==u)Ex tex “\langle #1.

{\equiv} 0 #2.
| 43

[==} #1.
\rangle_{Ex} ”]

[(x=ly|z==u)px = “\langle #1.

{\equiv} 1 #2.
|43

[i==} #4.
\rangle_{Ex} ”]
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tex

[(x=*y|zz==u)px = “\langle #1.

{\equiv} x #2.
|43,

[==} #1.
\rangle {Ex} 7]

[phy "= “ph_{1}"]
[phy "= “ph_{2}”]
[phs "= “ph_{3}"]
[phy "= “ph_{4}"]

[phs = “ph_{5}"]
[phe = “ph_{6}”]

[*Ph tg( “#1.
{Ph} 7]

[xFh tex .

“(Phy]

[(x=y|z:==u)pn = “\langle #1.
{\equiv} #2.

| #3.

fm=} #4.

\rangle_{Ph} 7]

[(x="y|z:==u)py tex “\langle #1.

{\equiv} 0 #2.
| 43

[==} #1.
\rangle_{Ph} 7]

[(x=ly|z:==u)pp = “\langle #1.

{\equiv} 1 #2.
|43

{i==} #4.
\rangle_{Ph} 7]

[(x=*y|z:==u)pn tex “\langle #1.

{\equiv} x #2.
|43

[i==} #4.
\rangle_{Ph} 7]
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[bs "= “\mathsf {bs}”]

[OBS & “ \mathsf {OBS}”]

[BS = “{\cal BS}”]

01 “\mathrm{\0}"

[SystemQ fex “SystemQ”]

[MP £ “MP”]

[Gen = “Gen”]

[Repetition "= “Repetition”]

[Neg & “Neg”]

[Ded & “Ded”]

[ExistIntro "= “ExistIntro”]
[Extensionality tex “Extensionality”]
[@def = “\O{}def”]

[PairDef "< “PairDef”]

[UnionDef tex “UnionDef”]
[PowerDef 2 “PowerDef”]
[SeparationDef e “SeparationDef”|
[AddDoubleNeg "= “AddDoubleNeg”]
[RemoveDoubleNeg e “RemoveDoubleNeg”]
[AndCommutativity "= “AndCommutativity”]
[AutoImply = “AutoImply”]
[Contrapositive "= “Contrapositive”]
[First Conjunct tex “FirstConjunct”|

[SecondConjunct = “SecondConjunct”]

[FromContradiction e “FromContradiction”]
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[FromDisjuncts < “FromDisjuncts”]
[IffCommutativity = “IffCommutativity”]
[IffFirst = “IffFirst”]

[IffSecond = “IffSecond”]
[ImplyTransitivity tex “ImplyTransitivity”]
[JoinConjuncts = “JoinConjuncts”]

[MP2 & “MP2”]

tex

[MP3 ' “MP37]

[MP4 < “MP4”]

[MP5 & “MP5”]

[MT < “MT”]

[NegativeMT = “NegativeMT”]
[Technicality tex “Technicality”]
[Weakening = “Weakening”
[WeakenOrl = “WeakenOr1”]
[WeakenOr2 = “WeakenOr2”]
[Pair2Formula fex “Pair2Formula”]
[Formula2Pair = “Formula2Pair”]
[Union2Formula tex “Union2Formula”]
[Formula2Union = “Formula2Union”

[Formula2Power fex “Formula2Power”

tex

[Sep2Formula = “Sep2Formula”|

tex

[Formula2Sep = “Formula2Sep”|
tex

[SubsetInPower = “SubsetInPower” |

[HelperPowerIsSub e “HelperPowerIsSub”|
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[PowerIsSub = “PowerlsSub”]
[(Switch)HelperPowerIsSub = “(Switch)HelperPowerlsSub”]
[(Switch)PowerIsSub = “(Switch)PowerlsSub”]
[ToSetEquality = “ToSetEquality”]
[HelperToSetEquality (t) = “HelperToSetEquality (t)”]
[ToSetEquality(t) = “ToSetEquality (t)”]
[HelperFromSetEquality = tex “HelperFromSetEquality”]
[FromSetEquality < “FromSetEquality”]
[HelperReflexivity fex “HelperReflexivity”]

[Reflexivity ' “Reflexivity” ]

[HelperSymmetry fex “HelperSymmetry”|

[Symmetry fex “Symmetry”]

[HelperTransitivity e “HelperTransitivity”]
[Transitivity < “Transitivity”],

[ERisReflexive tex “ERisReflexive”]

[ERisSymmetric = “ERisSymmetric”]

[ERisTransitive = “ERisTransitive”]

[@GisSubset = “\O{}isSubset”]
[HelperMemberNot® = “HelperMemberNot\O{}”]
[MemberNot@ = “MemberNot\O{}”]
[HelperUnique® = “HelperUnique\O{}”]
[Unique® = “Unique\O{}”]

[==Reflexivity = s =\!/{}Reflexivity”]

eX “_

[==Symmetry = “==\!{}Symmetry”]

[Helper == Transitivity fox “Helper\!{ }==\!{ } Transitivity”]
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tex

[==Transitivity = “\!{}==\!{}Transitivity”]
[HelperTransferNotEq fex “HelperTransferNotEq”]
[TransferNotEq fex “TransferNotEq” |
[HelperPairSubset e “HelperPairSubset”]
[Helper(2)PairSubset "= “Helper(2)PairSubset”]
[PairSubset tex “PairSubset”]

[SamePair = “SamePair”]

[SameSingleton = “SameSingleton”]
[UnionSubset = “UnionSubset”]

[SameUnion tex “SameUnion” |
[SeparationSubset = “SeparationSubset”]
[SameSeparation = “SameSeparation”]
SameBinaryUnion "< “SameBinaryUnion”

y y
[IntersectionSubset "= “IntersectionSubset”]
[Samelntersection = “Samelntersection”]
[AutoMember = “AutoMember”]
[HelperEqSysNot@ = “HelperEqSysNot\O{}”]
[BEqSysNot® = “EqSysNot\O{}”]
[HelperEqSubset e “HelperEqSubset”|
[EqSubset = “EqSubset”]

tex
[EqNecessary = “EqNecessary”]
[HelperEqNecessary fex “HelperEqNecessary” ]
[HelperNoneEqNecessary tex “HelperNoneEqNecessary”|

[Helper(2)NoneEqNecessary = “Helper(2)NoneEqNecessary”]

[NoneEqNecessary = “NoneEqNecessary”]
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[BqClassIsSubset = “EqClassIsSubset”]
[EqClassesAreDisjoint = “EqClassesAreDisjoint”]
[AllDisjoint tex “AllDisjoint”|

[AllDisjointImply e “AllDisjointImply”]
[BSsubset e “BSsubset”]

[Union(BS/R)subset = “Union(BS/R)subset”]
[UnionIdentity = “Unionldentity”]

[EqSysIsPartition tex “EqSysIsPartition”)

iy .
J #27)

[xNy X
\cap #2.”]

[Ux " “\cup #1.”]

[xUy Sy
\mathrel{\cup} #2.”]

[P(x) ' “P(#1.
)]

[{x} " \{#1.
\}]

[{x v} & A\ {#1,
) #2
\}]
[(x,y) £\ langle #1.

L H2.
\rangle”],

[x €y = w1
\mathrel{\in} #2.”]

[2(x,y) "= “#3.
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[ReflRel(r, x) "= “ReflRel(#1.
72

)]

[SymRel(r,x) "= “SymRel(#1.
72

)]

[TransRel(r, x) ' “TransRel(#1.
, F#2.

)]

[EqRel(r,x) = “EqRel(#1.

, F#2.

)]

[[x € bs], = “[#1.
\mathrel{\in} #2.

J-{#3.

1

[Partition(x, y) fex “Partition(#1.
, F#2.

)]

[x==y = “H1.
\N\mathrel{==}\! #2.”]

[ Cy = “Hl
\mathrel{\subseteq} #2.”]

[ ()n = “\dot{\neg}\, (#1.

)n”]

bty 2 <1
\mathrel{\notin} #2.”]

Ay g
\mathrel{\neq} #2.”]

[x Ay = epl,
\mathrel{\dot{\wedge}} #2.”]

[xVy X wpy,
\mathrel{\dot{\vee}} #2.”]

x <&y S ap]
\mathrel{\dot{\Leftrightarrow}} #2.”]
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[{ph € x | a} e« \{ ph \mathrel{\in} #1.
\mid #2.

\}

x=y tex “(i#£1.
\Rightarrow #2.

)i7]

[Nat(x) = “Nat(#1.
)]

[(x=y|zz==u)pme = “\langle #1.
{\equiv} #2.

| #3.

[==} #1.

\rangle_{Me}”]

[(x=lylzi==u)ye = “\langle #1.
{\equiv} 1 #2.

| #3.

() 44

\rangle_{Me} 7]

[(x="y|z==u)pe = “\langle #1.
{\equiv} x #2.

| #3.

[i==} #1.

\rangle_{Me} 7]

EAE
\exists #1.
\colon #2.”]

= “(x2)”

“(
(
“(
“(

<<:
~

S 4(v3)

“(
“(
(
“(

o4



[(v2n) & “(van)”]
[(n1) & “(n1)"]

[(n2) " “(n2)"]

[(n3) = “(n3)"]

[(m1) & “(m1)”]
[(m2) & “(m2)”]

[(€) = “(\epsilon)”]
[(€)1 = “(\epsilon)_{1}"]
[(€2) "= “(\epsilon 2)”]
[(8x) = (%))

[(Fy) = “(8y)")

[(f2) & “(f2)"]

[(fu) & “(fu)”]

[(£v) & ()]

[(fw) = “(tw)"]

[(sx1) = “(sx1)"]
[(sy) = “(sy)"]
[(sy1) & “(sy1)”]

[(52) & “(s2)"]
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[(0p2) = “(0p2)”]
[(r1) & “(r1)7]
[(s1) & “(s1)7]
[(s2) & “(s2)7]
X1 X {1}7]
X, & X {2}"]
[Y1 <y {1}7]
[V, < v {2}7]
[Vy & v {1}7]
[Vs & “V_{2}7]
[Vs & “V_{3}"]
[Vy & “v_{4}7]
[Von € “V_{2n}"]

e = “\epsilon”]
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My = M {1}7]
M, & M _{2}7]
[Ny & “N_{1} 7]
[Ny "= “N_{2} 7]
N3 & “N {3} 7]
[el fex “\epsilon 1”]
[e2 tex “\epsilon 2”]
[FX & «FX7]

[FY < “FY”]

[FZ ‘< “F77]

[FU & “FU”]

[FV & “FV7]

[FW 2 «FW7]
[FEP ‘< “FEP”]
[RX " “RX”]

[RY & “RY”]

[RZ & “RZ"]

[RU < “RU”]
[(SX) = «(8X)7]
[(SX1) = «(SX1)”]
[(SY) = “(5Y)"]
[(SY1) £ ¢(SY1)”]
[(S2) = “(S2)"]
[(SZ1) & “(SZ1)"]

[(SU) = «(SU)”]

o7



[(SUT) = «(sU1)”]
[FXS & “FXS”]
[FYS = “FYS”]
[(F1) & “(F1)"]
[(F2) & “(F2)"]
[(F3) & “(F3)"]
[(F4) & “(F4)"]
[(OP1) £ “(OP1)”]
[(OP2) = “(OP2)”]
[(R1) & “(R1)"]
[(S1) = “(S1)"]
[(S2) "= “(S2)"]
[(EPob) £ “(EPob)”]

[(CRSlob) & ¢(CRS1ob)]

X

[(Flob) & “(F1ob)”]
[(F20b) & “(F20b)”]
[(F30b) & “(F30b)”]
[(F4ob) & “(F4ob)”]
[(N1ob) £ “(N1ob)]
[(N20b) = ¢(N20b)”]
[(OP1ob) = “(OP1ob)”]
[(OP20b) = “(OP20b)”]
[(R1ob) = “(Rlob)”]
[(S1ob) = “(S1ob)”]

[(S20b) " “(S20b)"]
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[Ex3 < “Ex3”]

[NAT & “NAT”]

[RATTONALSERIES ‘2 “RATIONAL_SERIES”]
[SERIES = “SERIES”|

[SetOfReals = “SetOfReals”]

[SetOfFxs 1 “SetOfF xs” ]

N 1)

Q= Q]

X2 ]

[xs = “xs7]

[xaF fex “xaF”]
[ysF = “ysF”]

[us e «

us”]
[usFoelge < “usFoelge”]
[0 <07]

1 1]
[(=1) & 4(-1)"]
2 <27]

3= 3]

[1/2 = “1/27]
[1/3 ' «1/37]
[2/3 € «2/37]
[0f "= <0f”]

(00 = “00”]

[(— = 01) = “(-01)"]
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(02 £ «027]
[01//02 = «01//027]

[x =y = .
— #2.7]

bty
\neq #2.”]

x<y X g
< #2.7]

[x <=y "= “41,
<= #2]

tex

x <y =],
<{£}#27]

x <oy ' g,
\lea{1}#2.°

[SF(x,y) & “SF(#1.
)

)]

[x==y tex “H1.
— #2'77]
x!!'==y X apy,
== #2.7]

[x <<y S 1.
<< #2.7]

[x <<==y "= g1,
<<== #2.7]
[xly] = 1.
[#2.

I”]

[(—ux) " “(-u#l.
)]

o 2 ()AL
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[1f /x " “1f /#1.7]

tex

[01//tempx = “01//temp#1.”]

[ +y) = “(#1.
)

)]

[(x —y) = (1.
2.

)]

[(£x) +¢ (fy) = “41.
+{f}#2.7]

[(fx) —r (fy) & 1.
-{f}#2.7]

(B % (fy) ‘= 1.
«{f}#2.7]

[x + +y =g
2.7

[R((x)) — —R((fy)) = “R(#1.

[(xxy) & “(#1
*H2.

)]

[x % xy = “H1.
*k#2.7]

[x(exp)y = ¢ #1.
(exp) #2.”]

leqReflexivit e “leqReflexivity”
Yy
[recx = “rec#1.7]

|[|><| Bt
)

i



t

[StateExpand(t,s,c) = “StateExpand(#1.

72
L #3.

)’]
tex

[extractSeries(t) = “extractSeries(#1.
)]

[1£x] S “|f1.

"]

[|rx] tex “Ir#£1.

"]

[SetOfSeries(x) = “SetOfSeries(#1.

)]

[ExpandList(x, y, z) tex “ExpandList(#1.
L H2.

L #3.

)]

[* * Macro(x) 1 “ysMacro(#1.

)]

£+] + Macro(x) "2 “4+Macro(#1.
gf] — Macro(x) "€ “-Macro(#1.
gf]< Macro(x) = “<<Macro(#1.
£| ﬁwacro(x) 'S 4| Macro(#1.

£9]1 / /Macro(x) "= “01//Macro(#1.

[Max(x,y) tex “Max (#1.
, H2.

)]

[Max(x, y) = “Max(#1.
, H2.

)]
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[Limit(x, y) = “Limit(#1.
s F2.
)]

[Union(x) tex “Union(#1.

[IsOrderedPair(x, y,z) = “IsOrderedPair(#1.
s H#2.
,#3.

)’]
tex

[IsRelation(x,y,z) = “IsRelation(#1.
, H2.

L #3.

)]

[isFunction(x, y, z) e “isFunction(#1.

, F#2.

,#3.

)]

[TypeNat(x) = “TypeNat(#1.

)]

[TypeNat0(x) = “TypeNatO(#1.

)]

TypeRational(x e peRational (#1.
y

)]

[TypeRationalO(x) = “TypeRational0(#1.

)]
tex

[TypeSeries(x,y) = “TypeSeries(#1.
, #2.

)]
[Typeseries0O(x,y) tex “TypeseriesO(#1.

7#2
)’]
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[UB(x,y) = “UB(#1.
, #2.

)]

[LUB(x,y) = “LUB(#1.
)]

[BS(x,y) = “BS(#1.

2.
)]
[UStelescope(x, y) tex “UStelescope(#1.

72,
)]

[R(x) = “R(#1.

)]

[~ —R(x) = “R(#1.

)]

[IsSeries(x,y) "= “IsSeries(#1.
, H2.

)’]
tex

[IsNatural(xy, x) = “IsNatural(#1.

, F#2.

)]

[OrderedPair(x, y) 2 “OrderedPair(#1.

, H2.

)]

[leqAntisymmetry Axiom fex “leqAntisymmetryAxiom”]
[leqTransitivity Axiom e “leqTransitivity Axiom”]
[leqTotality "= “leqTotality”]

[leqAdditionAxiom tex “leqAdditionAxiom”]
[leqMultiplication Axiom fex “leqMultiplication Axiom”]

o g s tex o e s
[plusAssociativity = “plusAssociativity”]
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[plusCommutativity tex “plusCommutativity”]
[Negative = “Negative”]

[plus0 = “plus0”]

[timesAssociativity = “timesAssociativity”]
[timesCommutativity "= “timesCommutativity”]
[Reciprocal Axiom tex “Reciprocal Axiom” ]
[times] = “times1”]

[plusAssociativity = “plusAssociativity”]
[plusCommutativity tex “plusCommutativity”]
[Negative tex “Negative”]

[Distribution = “Distribution”]

[Onot1 = “Onot1”]

[A4(Axiom) e “A4(Axiom)”]
[InductionAxiom = “InductionAxiom”]
[Equality Axiom fex “Equality Axiom”|
[EqLeqAxiom tex “EqLeqAxiom”]
[EqAdditionAxiom tex “EqAdditionAxiom”)
[EqMultiplication Axiom tex “EqMultiplication Axiom” |
[SENC1 £ “SENC17]

[SENC2 = “SENC2”]

[Cauchy = “Cauchy”]

[PlusF < “PlusF”]

tex

[ReciprocalF = “ReciprocalF”]
[From == “From=="]
[TO ::tg( “TO::”]
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[FromInR < “FromInR”]

[ReciprocalR(Axiom) tex “ReciprocalR(Axiom)”]
[USO = “US0”]

[NextXS(UpperBound) = “NextXS(UpperBound)”]
[NextXS(NoUpperBound) = “NextXS(NoUpperBound)”]
[NextUS(UpperBound) tex “NextUS(UpperBound)”]
[NextUS(NoUpperBound) = “NextUS(NoUpperBound)”]
[ExpZero = “ExpZero”]

[ExpPositive = “ExpPositive”]

[ExpZero(R) e “ExpZero(R)”]

[ExpPositive(R) = “ExpPositive(R)”]
[LessMinus1(N) e “LessMinus1(N)”]
[Nonnegative(N) = “Nonnegative(N)”]

[BSzero = “BSzero”]

[BSpositive = “BSpositive”]

[UStelescope(Zero) tex “UStelescope(Zero)”]
[UStelescope(Positive) "= “UStelescope(Positive)”]
[EqAddition(R) £ “EqAddition(R)”]

[FromLimit tex “FromLimit”]

[ToUpperBound e “ToUpperBound”]
[FromUpperBound tex “FromUpperBound”]
[USisUpperBound fex “USisUpperBound”|

[Onot1(R) = “Onot1(R)”]

[ExpUnbounded(R) € “ExpUnbounded(R)”]

[FromLeq(Advanced)(N) 2 “FromLeq(Advanced)(N)”]
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[FromLeastUpperBound tex “FromLeastUpperBound”]
[ToLeastUpperBound tex “ToLeastUpperBound”]
[XSisNotUpperBound fex “XSisNotUpperBound”]
[ysFGreater = “ysFGreater”]

[ysFLess "< “ysFLess”]

[SmallInverse tex “SmallInverse”]
[MemberOfSeries(Imply) = “MemberOfSeries(Imply)”]
[NatType = “NatType”]

[RationalType tex “Rational Type”]

[SeriesType S “SeriesType”|
[JoinConjuncts(2conditions) = “JoinConjuncts(2conditions)”]
[TND £ “TND”]

[FromNegatedImply tex “FromNegatedImply”]
[ToNegatedImply fex “ToNegatedImply”]
[FromNegated(2 * Imply) = “FromNegated(2+Imply)”]
[FromNegatedAnd = “FromNegated And”]
[FromNegatedOr 2 “FromNegatedOr”

[ToNegatedOr = “ToNegatedOr” |

[FromNegations = “FromNegations”]

[From3Disjuncts = “From3Disjuncts”]
[NegateDisjunctl e “NegateDisjunct1”]
[NegateDisjunct2 tex “NegateDisjunct2”]

tex

[ExpandDisjuncts = “ExpandDisjuncts”]
tex

[From2 * 2Disjuncts = “From2x2Disjuncts”]

[PlusR(Sym) tex “PlusR(Sym)”]
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t

[LessLeq(R) = “LessLeq(R)”]

[LegAntisymmetry(R) = “LeqAntisymmetry(R)”]

tex

[LeqTransitivity(R) = “LeqTransitivity(R)”]

[PlusO(R) £ “PlusO(R)”]

[lessAddition(R) tex “lessAddition(R)”]

[leqAddition(R) = “leqAddition(R)"]
[PlusAssociativity (R)XX "2 “PlusAssociativity (R)XX"]

tex

[PlusAssociativity(R) = “PlusAssociativity(R)”]

[Negative(R) tex “Negative(R)”]

tex

[PlusCommutativity(R) = “PlusCommutativity(R)”]
[Times1(R) = “Times1(R)”]
[TimesAssociativity(R) = “TimesAssociativity(R)”]

tex

[TimesCommutativity(R) = “TimesCommutativity(R)”]

tex

[Distribution(R) = “Distribution(R)”]
[Fx:y < “(AARRGGHH!-exist-bug!)”]

[constantRationalSeries(x) "< “constantRationalSeries(#1.

)]

[Power(x) ‘= “Power(#1.

)]

[cartProd(x) fex “cartProd(#1.

)’]
tex

[binaryUnion(x,y) = “binaryUnion(#1.
, #2.
)]

[SetOfRationalSeries "= “SetOfRationalSeries”]

[MemberOfSeries 2 “MemberOfSeries”]
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[IsSubset(x,y) "= “IsSubset(#1.
, F#2.

)]
tex

[memberOfSeries(Type) = “memberOfSeries(Type)”]
[UniqueMember < “UniqueMember”]
[UniqueMember(Type) fex “UniqueMember(Type)”]
[SameSeries "= “SameSeries”]

[A4 tex “A4"]

[(sx) ' “(s#1.
)]

[(px,y) = “(p#1.
, F#2.

)]
[SameMember = “SameMember”]

[Qclosed (Addition) tex “Qclosed(Addition)”]

[Qclosed (Multiplication) = “Qclosed (Multiplication)”]
[FromCartProd(1) = “FromCartProd(1)”]
[FromCartProd(1) = “FromCartProd(1)”]

[Max = “Max”]

[Numerical < “Numerical”]

[NumericalF = “NumericalF”]

[Separation2formula(1) = “Separation2formula(1)”]

[Separation2formula(2) = “Separation2formula(2)”]
[QisClosed(Reciprocal)(Imply) e “QisClosed(Reciprocal) (Imply)”]
[QisClosed (Reciprocal) = “QisClosed(Reciprocal)”]

[QisClosed (Negative) (Imply) = “QisClosed(Negative) (Imply)”]

[QisClosed (Negative) = “QisClosed (Negative)”]
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[(Adgic)SameR = “(Adgic)SameR”]
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