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9:1:>>k] , [%0], [*1], b] [*-color(x)],

*
*
*

9%

[
[z
[

I



[{+}], [StateExpand(x, *, x)], [extractSeries(x)], [Set OfSeries(x)], [- — Macro(*)],
[ExpandList(x, , *)], [* * Macro(x)], [+ + Macro(*)], [<< Macro(x)],
[[[Macro(x)], [01//Macro(x)], [UB(x, *)], [LUB(x, *)], [BS(*, *)],
[UStelescope(x, %)], [(*)], [If * [], [|r * |], [Limit(x, x)], [Union(x)],
[[sOrderedPair(*, , *)], [IsRelation(x, x, *)], [isFunction(x, x, x)], [IsSeries(x, *)],
[[sNatural(x, *)], [OrderedPair(x, x)], [TypeNat(*)], [TypeNat0(*)],
[TypeRational(x)], [TypeRational0(x)], [TypeSeries(x, *)], [Typeseries0(*, *)];
Preassociative
E*7 3], [(6,0)]s ()], [=ex], [(= = %)), [1£/+], [01/ /temps];
reassociative
[¥(x, %)], [ReflRel(x*, x)], [SymRel(x, *)], [TransRel(x, x)], [EqRel(x, %)], [[* € *].],
[Partition(x, *)];
Preassociative
[ - %], [% -0 *], [( % )], [% % %], [% % %x];
Preassociative
[* + *]7 [* +o *]7 [* +1 *L [* - *]a [* -0 *]a [* -1 *]7 [(* + *)]7 [(* - *)]7 [* +t *]a
[« —¢ #], [* + +=], [R(x) — —R(*)];
Preassociative
[ € %|;
Preassociative
[ (], [iCx, %, %)), [Max(x, x)], [Max(x, *)];
Preassociative
[x = ], [x £ %], [x <= %], [* < *], [* <¢ *], [x <g¢ ], [SF(x,*)], [* == %],
[«!l == %], [* << %], [x <<== %];
Preassociative
[ U 3], [ U], B\ Ll
Postassociative
[ ] [ ], [xone ], [ 2% %], [ 000 %], [ +25% %5
Postassociative
[+, %];
Preassociative o b . -
[ ~ ], [ == *], [* z;], [ m2 ], [ = %], [x = %], [* =+ ], [x = x|, [* = #], [* = *],
[* € *], [* Cr ], [x = *], [* = #], [* free in *], [* free in* ], [* free for * in ],
[+ free for* = in *], [* €. *], [* < *],
[#£0%], [xE1 %], [x#7 %], [x == %], [* C #];
Preassociative
[, [5 (6)n], [+ ¢ =], [ # =];
Preassociative
[ A ], % A ], % A %], [ Ac %], [x A *];
Preassociative
v o], [ I ], [ )
Postassociative
[ V #];
Preassociative
[T ], [V ], [Vopjx: %], [k #];



Postassociative
[¥ = %], [x = *], [« © *], [* & *;
Preassociative
[{ph € + | +});
Postassociative
[« #], [+ spy =], [«l«];
Preassociative
it
Preassociative
[A ], [A * %], [A%], [if * then * else %], [let * = x in *], [let * = x in x];
Preassociative
[
Preassociative
[, 60, V], (4], . )
Preassociative
[¥ @], [* D> ], [* > ], [* > «|, [* > %];
Postassociative
[ b ], [* B %], [* Le. «];
Preassociative
[V ], [TDk: %];
Postassociative
[* @ *;
Postassociative
[ #];
Preassociative
[* proves x|;
Preassociative
[* proof of x: x|, [Linex* : % > «; %], [Last linex > % O],
[Line * : Premise > x; %], [Line x : Side-condition >> *; x|, [Arbitrary > x; %],
[Local > % = x*; %], [Begin #; * : End; |, [Last block line x > x;],
[Arbitrary > x; *];
Postassociative
[ | #];
Postassociative
[, ], [ [+ J#]5
Preassociative
[+&ex];
Preassociative
[+\\*], [* linebreak[4] *], [*\\*];]

[kvanti “% “kvanti”]

[*

[kvanti iy “kvanti”]



UniqueMember

[UniqueMember % “UniqueMember”]

. k .
[UniqueMember 25 “lemma uniqueMember”]

UniqueMember(Type)

[UniqueMember(Type) fex “UniqueMember(Type)”]

[UniqueMember(Type) V¥ “emma uniqueMember(Type)”]

SameSeries

. tex .
[SameSeries — “SameSeries”]

. pyk .
[SameSeries = “lemma sameSeries”]

A4

[A4 ‘CE)( “A4”]

[A4 PYY “lemma ad”|

SameMember

[SameMember = “SameMember”]

pyk
[SameMember = “lemma sameMember”]

Qclosed(Addition)

[Qclosed(Addition) ¥ “Qclosed(Addition)”]
[Qclosed (Addition) PV “lrule Qclosed(Addition)”]

Qclosed (Multiplication)

[Qclosed (Multiplication) jacs “Qclosed(Multiplication)”]



[Qclosed (Multiplication) P e Qclosed (Multiplication)”]

FromCartProd(1)

tex

[FromCartProd(1) = “FromCartProd(1)”]
[FromCartProd(1) PV rule fromCartProd(1)”]

1rule fromCartProd(2)

[1rule fromCartProd(2) 2V rule fromCartProd(2)”]

constantRationalSeries(x)

[constantRationalSeries(x) “= “constantRationalSeries(#1.
)]

[constantRationalSeries(x) pyk “constantRationalSeries( " )”]
cartProd(x)

[cartProd(x) ¥ “cartProd(#1.

)]

[cartProd(x) By “cartProd( ", " )”]

Power ()

[Power(x) e “Power (#1.

)]

[Power(x) By “P(" )]

binaryUnion(x, *)

tex

[binaryUnion(x,y) = “binaryUnion(#1.
H2.

10



)]

[binaryUnion(x, ) by “binaryUnion( ", " )”]

SetOfRationalSeries

[SetOfRationalSeries by “SetOfRationalSeries”]

[SetOfRationalSeries PYY et OfRationalSeries” ]

IsSubset (x, *)

[IsSubset(x, y) “= “IsSubset(#1.

72

)]

[IsSubset(x, *) = Py “isSubset( ", " )”]

(p*, *)

[(px,y) “5 “(p#1.
7#2
)]

[(p% ) = o, )]

[(-+) ™ “(\edots{})"]
(- )% “cdots”]

11



Objekt-var

[Objekt-var ¥ “\texttt{Objekt-var}”]

Ko .
[0bjekt-var 5 “object-var”]

Ex-var

[ tex

Ex-var — “\texttt{Ex-var}”]
[Ex-var i “ex-var”|
Ph-var

[Ph-var tex “\texttt{Ph-var}”]

[Ph-var ° 2y “ph-var”]

Vaerdi

tex

[Verdi — “\texttt{V\ae{}rdi}”]

[Verdi iy “vaerdi”]

Variabel

[Variabel % “\texttt{Variabel}”]

k .
[Variabel 5 “variabel”]

Op(x)
[Op(x) == “Op(#1.

[Op(%) By “op " end op”]

12



Op(, *)

[Op(x,y) "% “Op(#1.
, H2.
)’]

[Op(x, %) ds “op2 " comma " end op2”]

* ==
[x ==y 5 wp,
\mathrel {\ddot {==}} #2.”]
[« == % iy “define-equal " comma " end equal”]
ContainsEmpty (*
Y
[ContainsEmpty(x) *= “ContainsEmpty (#1.
)]
pyk

[ContainsEmpty (%) = “contains-empty " end empty”]

Nat(x)

[Nat(x) "% “Nat(#1.
)]

[Nat(x) 25 “Nat( " )7]

Dedu(*, )

[Dedu(x,y) e «
Dedu(#1.

s 72

)]

[Dedu(x, *) PYX «]deduction " conclude " end 1deduction”]

13



Dedug(*, *)

[Deduo (X7 y) tﬁ; “
Dedu_0(#1.

, F#2.

)"]

[Dedug (*, ) V¥ «1deduction zero " conclude " end 1deduction”]

Dedug(, *, *)

[Dedug(x,y,z) = “Dedu_{s}(#1.
L #2.
,#3.
)]

[Dedug (*, *, *) PYX «1deduction side " conclude " condition " end 1deduction”]

Deduy (, *, *)

[Deduy (x,y,z) == «
Dedu_1(#1.

, F#2.

F#3.

)]
vk

[Deduy (%, %, %) 25 “ldeduction one " conclude " condition " end 1deduction”]

Dedus (, *, *)

[Dedus(x,y,z) = ¢
Dedu_2(#1.

, H2.

,#3.

)]

[Dedug (*, *, *) PV «1deduction two " conclude " condition " end 1deduction”]

14



Dedug (x, *, *, *)

[Dedus(x,y, z,u) = ¢
Dedu_3(#1.

, F#2.

,#3.

 #4.
)]

[Dedug (x, *, *, ) Y «1deduction three " conclude " condition " bound " end
1deduction”]

Deduy (x, *, *, *)

[Deduy(x,y,z,u) oY «
Dedu_4(#1.

, H2.

, #£3.

, #4.
)]
[Deduy (x, *, *, ) P 1 deduction four " conclude " condition " bound " end
1deduction”]

Deduj (x, *, *, *)

[Deduj(x, y,z, u) =
Dedu_4"x(#1.

, H2.

L FE3.

; 4.

)]
[Dedu (x, *, *, x) VX «1deduction four star " conclude " condition " bound "
end ldeduction”]

Dedus (, *, *)

[Dedus(x,y,z) =
Dedu_5(#1.
s F2.

15



 #3.
)]

[Dedus (*, *, *) PV «1deduction five " condition " bound " end 1deduction”]

Dedug (, *, *, *)

[Dedug(p, c, e, b) % «

Dedu_6(#1.

, H2.

L FE3.

, #4.

)]

[Dedug (*, *, *, ) PV 1 deduction six " conclude " exception " bound " end
1deduction”]

Dedug(, *, *, *)

[Deduf(p, c, e, b) beX «
Dedu_6"x(#1.

2.
3.
4.
)]

k L .
[Dedug (x, *, *, *) 2L “1deduction six star " conclude " exception " bound "
end ldeduction”]

Deduz(x)

[Dedur(p) beX «
Dedu_7(#1.

)]
[Dedur (*) PYE 1 deduction seven " end 1deduction”]

Dedug(, *)

[Dedus (p, b) =
Dedu_8(#1.

16



, F#2.
)77

[Dedusg (*, *) PV 1 deduction eight " bound " end 1deduction”]

Deduj(*, )

[Dedu; (p, b) ==
Dedu_8"x(#1.

2.

)]

[Deduj (*, *) 2«1 deduction eight star " bound " end ldeduction”]

EX1

[Ex; "2 At.ds. c. My(t, s, ¢, [[Ex; = apy]])]
[Ex; =5 “Bx_{1}"]

[Exy Py “ex1”]

EX2

[Exy ™25 At.As. A My (t, s, ¢, [[Exy = bgy]])]
[Exy =¥ “Ex_{2}7]

[Exsy By “ex2”]

Ex3

[Ex3 ™25 Mt As. dc. My(t, s, ¢, [[Ex3 = cpy]])]
[EX3 tE)( (CEX377]

[Ex3 By “ex3”]

EXlO

macro

[Exio "5 AtAs. Ac. My(t, s, ¢, [[Exio = jux]])]

17



tex

[Ex19 = “Ex_{10}”]

[Exio 2 “ex107]

Exy

[Exzp "85 At As. Ae. Ma(t,s, ¢, [Exao = tiny]])]
[Ex20 = “Ex{20}”]

[EXQO Iz];( “ex20” ]

*Ex
[k 3“1
{Ex}"]

pyk . .
[*px — “existential var " end var”]

>I<Ex

ERARER T P

o 5 .
(7]

[¥Ex PV wn i existential var” |
(%= x | % :==+)px

[(a=b|x:==t)my, "5 At.As. Ac.My(t, s, ¢, [[(a=blx:==t)g, =
([a1="b][x]:==T[t])ex]])]

[(x=y|zi==u)gx = “\langle #1.
{\equiv} #2.

| #3.

{i==} #4.

\rangle_{Ex} ”]

[(x= x| % :==x%)px PYK “exist-sub " is " where " is " end sub”|

18



(x=0 % | % :==x%)py

[(a="b|x:==t)myx 2 AcxE* A (a=!b|x:==t) ]

[(x="y|z:==u)gx tex “\langle #1.
{\equiv} 0 #2.

| #3.

[0y 44

\rangle_{Ex} ”]

[(+=0 % | % :==#)px P “oxist-sub0 " is " where " is " end sub”]
(*51 |k i==x%)py

[(a=lb|x:==t)p, 2 alxlt!

If(b = [Vopju: v], F,

If(b™ A b = x,a = t, If(

a = b, (a'=*b'|x:==t)py, F)))]

[(x=ly|zz==u)px = “\langle #1.
{\equiv} 1 #2.

| #3.
{i==} #4.

\rangle_{Ex} ”]

[(+=1 % | % :==x)py PY “exist-subl " is " where " is " end sub”]
(x=" % | % :==%)px

[(a=*b|x:==t)Ex v bIx!t!If (a, T, If ((aP=1b" [x:==t) gy, (a’=*bt|x:==t) gy, F))]

tex

[(x="y|z:==u)px — “\langle #1.
{\equiv} x #2.

| #3.

fm=} #4.

\rangle_{Ex} 7]

pyk . . ]

[(#=" * | % :==4)px — “exist-subk " is " where " is " end sub”

phy

[ph; 25 At As. A My(t, s, ¢, [[phy = apn]])]

19



[phy % “ph_{1}"]
[phy 2% “ph1”]

pho

[phy ™25 At.As. Ac. My(t, s, ¢, [[phs = bpy]])]
[phy = “ph_{2}"]

[ph2 % (4ph277]

phs

[phs 25 At.As. Ac.My(t, s, ¢, [[phs = cpp]])]
[phs = “ph_{3}"]
[phs ™ “ph3”]

*Ph

[*Ph tg}( “# 1.
-{Ph} 7]

pyk
[*pn — “placeholder-var " end var”]

>|<Ph

[xPD 1 ey

A{Ph}w}

[*Ph Ig( “n ig placeholder-varv,]
(%= * | * :==x%)py

[(x=y|z:==u)pn by “\langle #1.
{\equiv} #2.

|43

[i==} #4.

\rangle_{Ph} 7]

20



[(x= * | x :==x)pp Ry “ph-sub " is " where " is " end sub”]

(x=0 % | % :==x)py,

[(x=y|z:==u)pp, "= “\langle #1.

{\equiv} 0 #2.

| #3.

{i==} #4.

\rangle_{Ph} 7]

[(x=0 % | % :==x)py, pyk “ph-sub0 " is
—1 —

(x=" % | % :==x)py

[(x=ly|z:z==u)py tex “\langle #1.
{\equiv} 1 #2.

43,
{i==} #4.

\rangle_{Ph} 7]

[(+=1 % | % :===%)pp, pyX “ph-subl " is
(=" % | % :==%)py,

[(x=*y|z:==u)pn tex “\langle #1.
{\equiv} x #2.

| 43
[==} #1.

\rangle_{Ph} 7]

[(x=" x | % :==+)py, Iﬁk “ph-subx " is
(%= % | % :==%) [0

[(x=y|z:==u)Me tex “\langle #1.
{\equiv} #2.

|43

[==} #4.

\rangle_{Me}”]

[(x= x| % :==x%) M1 PV “meta-sub " i

" where " is " end sub”]

" where " is " end sub”]

" where " is " end sub”]

s " where " is " end sub”]

21



(:=1 % | % i ==% )0

[(x=ty|z==u)pe = “\langle #1.
{\equiv} 1 #2.

| #3.

{i==} #4.

\rangle_{Me} 7]

(= * | * :===#) 110 YK “meta-subl " is " where " is " end sub”|
(%=" % | % :==%) 10

[(x="y|zz==U)Me tex “\langle #1.
{\equiv} x #2.

|43

[==} #4.

\rangle_{Me} 7]

pyk . .
]

[(x=" % | * :==x)p1e — “meta-subx " is " where " is " end sub”

bs

[bs ©¥ “\mathsf {bs}”]

[bs VS yar big set”]

OBS

[OBS ™25 At.As.Ac.My(t,s, c, [[OBS = bs]])]
[0BS % “ \mathsf {OBS}”]
[OBS By “object big set”]

BS

[BS ™25 At As. Ac.My(t,s, ¢, [[BS = bs]])]
[BS % “{\cal BS}”]

[BS P “meta big set”]

22
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@ Ay “\mathrm{\0}”]

I
[0 25 “zermelo empty set”]

System(Q)

stmt

lE

<

[SystemQ
V(fx): V(fy

@: V(rx)

*xs[m]

f gfx):V(f ):R((fx)) + +R((fy)) =
1y): (1) == (1)

R((fy)) + +R((fx)) ®
R((fx)) **R((fy)) **R((fz)) @
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R((fy)) F SF((fx), (fy)
Vm: UB(01//02 x xxs[m]
01//02 * *xs[m] + +us[m]
P(x) = Vopjs:5€s=5¢
us[0] == xs[0] + +R(1f)
Vx:Vy:Vzix =y = x =
UStelescope(m, n) = (|

(—ul)))) @ V(fx): V(fy): V(fz): R((fx) ++ (fy) = R((fx) + (fy) ++ (fz)
Vx: 5 (x =0)n = (x*recx) =1 @ Va:Vb: = (b)n = 4 (b)n = = (a)n
V(rx): (rx) == (rx) @ Vm: = (UB(01//02 x *xs[m] + +us[m], SetOfReals
us[(m + 1)] == us[m] ® Vx:Vy:Vzix <=y = (x+2) <= (y +2) ®
z:p™" A (b=a|p:==z)py - " (z€ {ph€x|a} = " (zEx =

o m
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@+\§

IX
I
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|
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<
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<
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+
-
—~
5
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=T
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T @

%Yb)n)n7:>; (v(zex=-(b)n)n=z€c {phex|a})n)na

Vm: V(fx): R((fx)) + +(= — R((fx))) == R(0f) & Vx: Vy:Vz: (x * (y + 2)
+ (x*2)) ®Vm: Vn: Nat(m) = Nat(n) + - (m <= (n+1) = = (-
)n)n)n F m <= n @ Vx: Vt: Va: Vb: ([a]=[b]|[x]:==[t])Ex I+ 2

T ~
\O',:l\
@ I3
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Vm:Vx: = (0 <=m = - (- (0 =m)n)n)n k- x(exp)m =
(x* x(exp)(m + (—ul))) ® Vx: Vy:Vz: (x +y) +2) = (x+ (y +2) @
V(v1):¥(v2):Vn: V(e): V(£x): Yobj(€): T (Yobjn: = (Vobj(v1): Yobj(v2): - (0 <=

—~
< .

—
2
=1
B
1
=
(en)

~— —
=}
~—|
=}
~—
Z
=S

J

~—

—~
™

<C
E]
<C
|
i
A/—O\

y=(x+2z)=(y+z) dVx:VaraF Vopix:a &

¥m: - (UB(01//02 * *xs[m] + +us[m], SetOfReals))n - xs[(m + 1)] ==
01//02 % sxs[m] + +us[m] ® Vx:Vy:Vzix <=y =y <=z=>x<=2®
V§ZV§I%(§€ UZ: %(§€jEx = %<.jEx EZ)D)H:> %(%(§€jEx = ;'(jEx S

x)n)n = s € Ux)n)n & V(fx): V(fy): Rg(fX)) *xR((fy)) == R((fy)) * *R((fx)) &

—~

V(fx): V(rx): V(ry): (1x) == (ry) F (fx

[SystemQ % “SystemQ”]

[SystemQ ady “system Q7]

MP

[MP Proof Rule tactic]

[MP *3* SystemQ F Va: Vb:a = b+ a - b]
[MP "% «“MP”]
[

MP 2 “Irule mp” ]

Gen

£ :
Gen "% Rule tactic]

stmt

[
[Gen =" SystemQ - Vx:Va:a F Vopix: aj
[
[Gen P “qpyle gen”|

Repetition

s f .
[Repetition "= Rule tactic]

[Repetition 5" SystemQ + Va:a - a

24



[Repetition “ “Repetition”]

o k s
[Repetition = “lrule repetition”]

Neg

pro

[Neg 0" Rule tactic]
[Neg *8" System(Q F Va: Vb: -1 (b)n = a F = (b)n = = (a)n F b
[Neg tg)( “Neg”]

[Neg YK 1 rule ad absurdum”|

Ded

[Ded P Rule tactic]
[Ded *5" SystemQ - Va: Vb: a - b]
[Ded “= “Ded”]

[Ded P e deduction”]

ExistIntro

[ExistIntro P’ Rule tactic]
[ExistIntro "2 System(Q b Vx: Vt: Va: Vb: ([a]=0[b]|[x]:==[t])&x # a I b]
[ExistIntro *¥ “ExistIntro”]

[ExistIntro P “Irule exist intro”]

Extensionality

. . roof .
[Extensionality "= Rule tactic]

stmt

[Extensionality — SystemQ - ¥x: Vy: 7 (x==y = Vo5 " (S€Ex=>5€y =
A(fey=sex)nn= (VS (S€EX=5€y=(S€y=s5€x)n)n =
x==y)n)n]

[Extensionality *< “Extensionality”]

L Ko . S
[Extensionality "5 “axiom extensionality”]
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Odef

[@def "2 Rule tactic]
[@def *3" SystemQ F Vs: = (s € @)n]
[@def 5 “\O{}def”]

Ko .
[@def 2 “axiom empty set”]

PairDef

[PairDef P Rule tactic]

[PairDef *™3" SystemQ F Vs: Vx: Vy: =1 (s € {x,y} = = (s==x)n = s==y =
S (f(s==x)n=s==y =s€ {x,y})n)n]

[PairDef % “PairDef”]

. k . . s
[PairDef 2 “axiom pair definition”]

UnionDef

[UnionDef P Rule tactic]

[UnionDef st SystemQ F Vs: Vx: (s € Ux = = (s € jrx = T (Jex € x)n)n =
(5 (s €jpx = 7 (jEx € Xx)n)n = s € Ux)n)n]

[UnionDef s “UnionDef”|

. pyk . . s
[UnionDef = “axiom union definition”]

PowerDef

[PowerDef P’ Rule tactic]

7]
m
IX
I

[PowerDef *2" SystemQ F Vs: Vx: = (s € P(x) = VobjS:S €5 =
4 (Vobj5:5 € s =5 €x =5 € P(x))n)n]

[PowerDef % “PowerDef”]

pyk : -
[PowerDef = “axiom power definition”]
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SeparationDef

. f .
[SeparationDef "% Rule tactic]

[SeparationDef “ SystemQ F Va: Vb: Vp: Vx: Vz: pP2 A (b=alp:==z)pn I+~ (z €
{phex|a}=(zex=(bnn=-(-(z€x= - (bjn)n =2z € {ph € x|

aj)n)n]
[SeparationDef by “SeparationDef”|

. k . . o
[SeparationDef 25 “axiom separation definition”]

AddDoubleNeg

tex

[AddDoubleNeg — “AddDoubleNeg”]
[AddDoubleNeg edy “prop lemma add double neg”]

RemoveDoubleNeg

[RemoveDoubleNeg tex “RemoveDoubleNeg”]

[RemoveDoubleNeg Ay “prop lemma remove double neg”]

AndCommutativity

[AndCommutativity “% “AndCommutativity”]

.. k .
[AndCommutativity 2l “prop lemma and commutativity”]

Autolmply

[AutoImply by “AutoImply”]

[AutoImply By “prop lemma auto imply”]

Contrapositive

[Contrapositive *= “Contrapositive”]

» k -
[Contrapositive XS “prop lemma contrapositive”]
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FirstConjunct

[FirstConjunct *% “FirstConjunct”]

. . k .
[First Conjunct P “prop lemma first conjunct”]

SecondConjunct

[SecondConjunct ¥ “SecondConjunct”]

. k .
[SecondConjunct 2 “prop lemma second conjunct”]

FromContradiction

[FromContradiction s “FromContradiction”]

c - k . .
[FromContradiction 2> “prop lemma from contradiction”]

FromDisjuncts

[FromDisjuncts % “FromDisjuncts”]

[FromDisjuncts iy “prop lemma from disjuncts”]

[ffCommutativity

[IffCommutativity - “IffCommutativity”]

. k . .
[IffCommutativity 2 “prop lemma iff commutativity”]

[ffFirst

[IffFirst “< “IffFirst”]

[IffFirst Riy “prop lemma iff first”]

I[ffSecond

tex

[IffSecond = “IffSecond”]
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[IffSecond pyk “prop lemma iff second”]

ImplyTransitivity

[ImplyTransitivity tex “ImplyTransitivity”]
[ImplyTransitivity Ldy “prop lemma imply transitivity”]
JoinConjuncts

[JoinConjuncts “= “JoinConjuncts”]

. . k .. .
[JoinConjuncts P “prop lemma join conjuncts”|

MP2

[MP2 % “MP2”]

[MP2 dy “prop lemma mp2”]

MP3

[MP3 % “MP3”]

[MP3 Ay “prop lemma mp3”]

MP4

[MP4 % “MP4”]

[MP4 Ledy “prop lemma mp4”]

MP5

[MP5 3 “MP5”]

[MP5 iy “prop lemma mp5”]
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MT

[MT tg( “MT”}

[MT edy “prop lemma mt”]
NegativeMT

[NegativeMT = “NegativeMT"]
[NegativeMT iy “prop lemma negative mt”]
Technicality

[Technicality ey “Technicality”]

URT k .1
[Technicality 2 “prop lemma technicality”]

Weakening

[Weakening < “Weakening”]

[Weakening Py “prop lemma weakening”]

WeakenOrl

tex

[WeakenOrl — “WeakenOr1”]

[WeakenOrl A “prop lemma weaken or first”|

WeakenOr2

[WeakenOr2 ¥ “WeakenOr2”|

k
[WeakenOr2 2 “prop lemma weaken or second”]

Formula2Pair

[Formula2Pair tex “Formula2Pair” |
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[Formula2Pair VY “lemma formula2pair”]

Pair2Formula

[Pair2Formula tex “Pair2Formula”|

[Pair2Formula ¥ “lemma pair2formula”]

Formula2Union

[Formula2Union % “Formula2Union”

. pyk .
[Formula2Union = “lemma formula2union”]

Union2Formula

[Union2Formula tex “Union2Formula”]

. Kk .
[Union2Formula P “lemma union2formula”]

Formula2Sep

[Formula2Sep tex “Formula2Sep”|

[Formula2Sep Y “Jemma formula2separation”]

Sep2Formula
[Sep2Formula % “Sep2Formula’]

[Sep2Formula Y% “emma separation2formula”]

Formula2Power

[Formula2Power tex “Formula2Power” ]

Ik
[Formula2Power % “lemma formula2power”]
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SubsetInPower

[SubsetInPower ¥ “SubsetInPower”]

k :
[SubsetInPower 2 “lemma subset, in power set”]

HelperPowerIsSub

[HelperPowerlsSub = “HelperPowerIsSub”

k .
[HelperPowerIsSub ™ “lemma power set is subset0”]

PowerlsSub

[PowerlsSub = “PowerlsSub”]

K :
[PowerTsSub 25 “lemma power set is subset”]

(Switch)HelperPowerIsSub

[(Switch)HelperPowerIsSub ¥ “(Switch)HelperPowerlIsSub”]

[(Switch)HelperPowerIsSub X “Yemma power set is subset0-switch”]

(Switch)PowerIsSub

[(Switch)PowerIsSub ¥ “(Switch)PowerlIsSub”]

[(Switch)PowerIsSub X “Yemma power set is subset-switch”]

ToSetEquality

[ToSetEquality % “ToSetEquality”]

[ToSetEquality P “lemma set equality suff condition”]

HelperToSetEquality(t)
[HelperToSetEquality(t) jass “HelperToSetEquality(t)”]
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[HelperToSetEquality(t) P Yemma set equality suff condition(t)0”]

ToSetEquality(t)

[ToSetEquality(t) *< “ToSetEquality(t)”]

[ToSetEquality(t) X “lemma set equality suff condition(t)”]
HelperFromSet Equality

[HelperFromSetEquality tex “HelperFromSetEquality” ]

[HelperFromSetEquality P “emma set equality skip quantifier”]

FromSetEquality

[FromSetEquality “ “FromSetEquality”]

. k . L
[FromSetEquality 2> “lemma set equality nec condition”]

HelperReflexivity

[HelperReflexivity tex “HelperReflexivity”|

[HelperReflexivity P “emma reflexivity(0”]

Reflexivity

[Reflexivity “= “Reflexivity”]

. k i
[Reflexivity 5 “lemma reflexivity”]

HelperSymmetry

[HelperSymmetry Jass “HelperSymmetry”]

[HelperSymmetry P Yemma symmetry0”]
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Symmetry

[Symmetry tex “Symmetry”]

[Symmetry ¥ “lemma symmetry” ]
HelperTransitivity

[HelperTransitivity tex “HelperTransitivity”]
[HelperTransitivity P emma transitivity0”]
Transitivity

[Transitivity ¥ “Transitivity”]

e k e
[Transitivity 5 “lemma transitivity”]

ERisReflexive

[ERisReflexive “% “ERisReflexive”]
[ERisReflexive X “emma er is reflexive”]
ERisSymmetric

[ERisSymmetric *= “ERisSymmetric”]

. . k . .
[ERisSymmetric 2 “lemma er is symmetric” |

ERisTransitive

[ERisTransitive =5 “ERisTransitive”]

[ERisTransitive 2 “lemma er is transitive”|
DisSubset
[@isSubset “Z “\O{}isSubset”]
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. k .
[@isSubset 5 “lemma empty set is subset”]

HelperMemberNot®)

[HelperMemberNot® ¥ “HelperMemberNot\O{}”]

[HelperMemberNot® P “Jemma member not empty0”]

MemberNot®)

tex

[MemberNot® = “MemberNot\O{}”]
[MemberNot(® X “lemma member not empty”]
HelperUnique®

[HelperUnique® = “HelperUnique\O{}”]
[HelperUnique® PYY “lemma unique empty set0”]
Unique®

[Unique® = “Unique\O{}"]

[Unique® ¥ Yemma unique empty set”]

== Reflexivity

. £ :
[==Reflexivity "= Rule tactic]

[==Reflexivity U System( V(rx): (rx) == (rx)]

tex

[==Reflexivity = “==\!{}Reflexivity”]

[==Reflexivity X “emma ==Reflexivity”]

==Symmetry
[==Symmetry POl R e tactic]
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[==Symmetry "' SystemQ + V(rx):¥(ry): (rx) == (ry) I (ry) == (1x)]

tex

[==Symmetry = “==\!{}Symmetry”]

[==Symmetry X “lernma ==Symmetry”]

Helper =="TTransitivity

tex

[Helper == Transitivity — “Helper\!{ }==\!{ } Transitivity”]

e k e
[Helper == Transitivity 2> “lemma ==Transitivity0”]

=="Transitivity

e £ :
[==Transitivity = Rule tactic]|

[==Transitivity “ SystemQ V(rx): V(ry): ¥(rz): (rx) == (ry) F (ry) ==
(rz) F (rx) == (r2)]

tex

[==Transitivity = “\!{}==\!{}Transitivity”]
[==Transitivity X “lemma ==Transitivity”]
HelperTransferNotEq

[HelperTransferNotEq by “HelperTransferNotEq”]

[HelperTransferNotEq VX “lemma transfer "is0”]

TransferNotEq

[TransferNotEq % “TransferNotEq”]

[TransferNotEq P “emma transfer "is”]

HelperPairSubset

tex

[HelperPairSubset — “HelperPairSubset”]

[HelperPairSubset P “emma pair subset0”]
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Helper(2)PairSubset

[Helper(2)PairSubset “ “Helper(2)PairSubset”]

[Helper(2)PairSubset X “lemma pair subset1”]

PairSubset

[PairSubset ey “PairSubset”]

. k .
[PairSubset % “lemma pair subset”]

SamePair

. tex .
[SamePair = “SamePair” |

. pyk .
[SamePair 25 “lemma same pair”]

SameSingleton

[SameSingleton = “SameSingleton”]

. k .
[SameSingleton 2> “lemma same singleton”]

UnionSubset

[UnionSubset ey “UnionSubset”]

. k .
[UnionSubset 2 “lemma union subset”]

SameUnion

. tex .
[SameUnion — “SameUnion”]

. pyk .
[SameUnion 2 “lemma same union”]

SeparationSubset

[SeparationSubset > “SeparationSubset”]
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. k .
[SeparationSubset " “lemma separation subset”]

SameSeparation

[SameSeparation *= “SameSeparation”]
[SameSeparation ¥ “emma same separation”]
SameBinaryUnion

. Lt . .
[SameBinaryUnion -3 “SameBinaryUnion”]

. . pyk . .
[SameBinaryUnion = “lemma same binary union”]

IntersectionSubset

[IntersectionSubset *= “IntersectionSubset”]

. k . .
[IntersectionSubset > “lemma intersection subset”]

Samelntersection

. tex .
[Samelntersection — “Samelntersection”]

. pyk . .
[Samelntersection = “lemma same intersection”]

AutoMember

[AutoMember “Z “AutoMember”]

pyk
[AutoMember = “lemma auto member”]

HelperEqSysNot®)

tex

[HelperEqSysNot® = “HelperEqSysNot\O{}”]

[HelperEqSysNot® P “emma eq-system not empty0”]
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EqSysNot®
[EqSysNot® "% “EqSysNot\O{}”]

[EqSysNot® P “lemma eq-system not empty”]

HelperEqSubset

tex

[HelperEqSubset — “HelperEqSubset”|

[HelperEqSubset P Yemma eq subset0”]

EqSubset

[EqSubset “= “EqSubset”]

[EqSubset 2 Yemma eq subset”]

HelperEqgNecessary

[HelperEqNecessary tex “HelperEqNecessary”]

k . -
[HelperEqNecessary 2 “lemma equivalence nec condition0”]

EqNecessary

[EqNecessary tex “EqNecessary”|

pyk . o
[EqNecessary = “lemma equivalence nec condition”]

HelperNoneEqNecessary

[HelperNoneEqNecessary tex “HelperNoneEqNecessary”]

pyk . -
[HelperNoneEgNecessary = “lemma none-equivalence nec condition0”|
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Helper(2)NoneEqNecessary

[Helper(2)NoneEqNecessary ¥ “Helper(2)NoneEqNecessary”]

[Helper(2)NoneEgNecessary P “lemma none-equivalence nec conditionl”]

NoneEqgNecessary

[NoneEqNecessary by “NoneEqgNecessary”]

pyk . .
[NoneEgNecessary — “lemma none-equivalence nec condition”]

EqClassIsSubset

[EqClassIsSubset * “EqClassIsSubset”]
[EqClassIsSubset X “lemma equivalence class is subset”]
EqClassesAreDisjoint

[EqClassesAreDisjoint tex “EqClassesAreDisjoint”]

[EqClassesAreDisjoint PXF “lemma equivalence classes are disjoint”]

AllDisjoint

[AllDisjoint — “AllDisjoint”]

[AllDisjoint P “lemma all disjoint”]

AllDisjointImply

tex

[AllDisjointImply = “AllDisjointImply”]

[AllDisjointImply P “emma all disjoint-imply” |
BSsubset
[BSsubset *= “BSsubset”]
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[BSsubset V¥ “emma bs subset union(bs/r)”]

Union(BS/R)subset

[Union(BS/R)subset “¥ “Union(BS/R)subset”]
[Union(BS/R)subset X “lemma union(bs/r) subset bs”]
Unionldentity

[UnionIdentity ¥ “Unionldentity”]

[Unionldentity ¥ “lemma union(bs/r) is bs”]

EqSyslsPartition

X

[EqSyslsPartition 3 “EqSysIsPartition” ]

. k . .
[EqSysIsPartition P “theorem eq-system is partition”]

(x1)

[(x1) =5 #(x1)"]

[(x1) PV syar x17]

(x2)

[(x2) =5 “(x2)"]

[(x2) PV yar x27]

(y1)

[(y1) = “(y1)”]

[(y1) 2 “var y17)
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(v2n)

[(v2n) & ¢(van)”]

[(v2n) Y syar v2n” |
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(m1)

[(m1) =% “(m1)”]

[(m1) P vy ml”]

[(€) *% “(\epsilon)”]

[(€) 2 “var ep”]

43



[(€)1 “5 “(\epsilon)_{1}"]

[(€)1 2 “var ep1”]

[(2) = “(\epsilon 2)”]

[(€2) PV syar ep2”]

(fep)

[(fep) *= “(fep)”]

[(fep) P war fep”]
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(sx1)

[(sx1) % “(sx1)”]

[(sx1) P wyar sx17]

(sy)

[(sy) = “(sy)”]

[(sy) By “var sy”]
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(szl)

[(s21) % “(s21)”]

[(sz1) PV syar sz1”]

(fxs)

[(fxs) & “(fxs)”]

[(fxs) P ar fxs”]

(fys)

[(fys) = “(fys)”]

[(fys) P yar fys”]

(crsl)

[(crsl) tex “(ersl)”]

[(crsl) P yar crsl”]
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[(f1) 5 <(£1)”]
[(£1) 2 “var £17]

[(£2) = «(£2)")
[(£2) 2 “var £27]

[(£3) = «(13)"]
[(£3) 2 “var £37]

[(f4) 5 <(£4)”]
[(£4) 2 “var £47]
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(X1 "2 At As A My(t,s, ¢, [[Xy = (x1)]])]

[Xl tE; “X,{l}”}

Xy PYE “mneta x17]

X

Xy "5 M As A My(t,s ¢, [[Xo = (x2)]])]

[X2 tﬁ; 44X7{2}w]

[Xo PV “rpeta x27]

Y,

[Y1 "5 A As A My(t,s, ¢, [[Y1 = (yD)]])]

[Yl 'g( LéYi{l}”}

[Yy VY “meta y17]
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Yo

[Y2 "5 A As de. My(t,s, ¢, [[Ya = (y2)]])]

s 5 (2]

[Yy PYE “hneta v27]

A\

[Vi ™5 At ds de Mu(t,s ¢, [V = (v1)]])]

Vi S V(1))

V1 YK “neta v17]

Vo

[V "5 M As de. My(t,s, ¢, [[Va = (v2)]])]

[V2 5 <V {2p]

\& P “meta v27]

Vs

macro

[V "2 AAs. Ae.Ma(t,s, ¢, [[Vs = (v3)]])]

Vs 5 V(3]

[V P “mneta v3’]

Vy

[Vy "5 A As de Ma(t,s, ¢, [[Va = (v4)]])]

[Va 5V {ap]

V4 P “meta v4”]



V2n

[Van ™55 At As.de. Mu(t,s, ¢, [[Van = (v20)]])]

[Van =5 “V_{2n}"]

pyk
[Von = “meta v2n”|

M,

[M; "5 At ds de. My(t, s, ¢, [[My = (m1)]])]

My 5 (1Y)

[M; PYE “ineta ml”]

M,

[My 25 At As. de. My(t, s, ¢, [[My = (m2)]])]

(Mo 15 “M_{2)]

[M, PYE weta m2”]

Ny

N7 ™25 At.As. Ac. My (t, s, ¢, [[N1 = (n1)]])]
Ny 1 N (17

[Ny P “meta nl”]

Ny

[Ny ™55 At As. dc. Ma(t s, ¢, [N = (n2)]])]

[N, 155 N {2} 7

[Ny 2 “meta n2”]

o1



N3

macro

[N3 252 At.ds. Ac.My(t, s, ¢, [[N3 = (n3

~—
p—)
~—

[N3 t_e))( “N,{?)} w]

[N3 VY “meta n3”]

€

[e "5 At As A Mal(t, s, [l = (e)]1)]

e * “\epsilon”]

[e YK “neta ep”]

€l

[el ™25 Mt As. dc. My(t,s, ¢, [[el = (€)1]])]
[e1 “F “\epsilon 17]

[el P “mneta epl”]

€2

macro

[€2 250 At As. de. My(t, s, ¢, [[€2 = (2)]1)]

[e2 tex “\epsilon 2”]

[€2 X “meta ep2”]

FX

[FX ™25 Xt.As. A\e. My (t, s, ¢, [[FX = (fx)]])]

[FX t_E))( (LFX??]

[FX P “rpeta x7]



FY

[F macro \+ 3 \c. M4(t s, C, HFY fY)H)]
[FY 5 “FY”]

[FY 25 YK «neta fy”]

FZ

[FZ ™2 A AsAc.Malt,s, c, [[FZ = (2)]])]

[FZ tg}( “FZ?J]

[FZ PYE weta fz7]

FU
[FU ™25 Xt.As.A\e. My (t, s, c, [[FU = (F)]1)]
[FU = “FU”|

[FU = YK “ineta fu”]

FV

[FV ™25° At As Ae. Mu(t, s, ¢, [[FV = (f)]])]
[FV 5 <pv7)

[FV PY¥ “rneta fv7]

FW

[FW 259 M. As. dc. My(t,s, ¢, [[FW = (tw)]1)]
[FW 2 “FW”]

[FW P “meta fw”]



FEP

[FEP ™% At.As.A\c. M4 (t, s, c, [[FEP = (fep)]])]

[FEP % “FEP”]
[FEP P “mneta fep”]

RX

[RX magro At.As.Ac.M4(t, s,¢, [[RX = (rx

N>
—
~—

[RX 1 “RX]

[RX PYX «meta 1%’ ’]

RY

[RY "25° At As. de.My(t,s, ¢, [[RY = (ry)]])]
[RY tﬁ))( LLRY??]

[RY 2 “meta ry”]

RZ

[RZ macro \+ 3o \c. M4(t s, C, HRZ - @H)]

RZ ' “RZ)

[RZ 2 “meta 17’ ]

RU

[RU ™25 At.As. Ac. My(t, s, ¢, [[RU = (ru)]])]

[RU = “RU” }

[RU P “meta ru’ ’]



(5X)

[(SX) ™25 At As. Ae.Ma(t, s, ¢, [[(SX) = (sx)]])]

[(SX) ¥ “(SX)"]

[(SX) 2 “meta sx”]

(SX1)

[(SX1) ™25 At As. Ae. My(t,s, ¢, [[(SX1) = (sx1)]])]
[(SX1) % «(SX1)”]

[(SX1) 2 “meta sx17]

(SY)

[(SY) ™25 At.As. de. My(t, s, c, [[(SY) = (sy)ID]

[(SY) = “(SY)"]

[(SY) P “meta sy”]

(SY1)

[(SY1) ™55 At As. Ae. My(t,s, ¢, [[(SY1) = (sy1)]])]

[(SY1) *% «(SY1)”]

[(SY1) P “rpeta syl”]

(52)

[(SZ) "™29° At As. de. My (t,s, ¢, [[(SZ) = (s2)]])]

[(S2) == “(52)"]

[(SZ) PV “meta sz”]



(SZ1)

[(SZ1) ™25 At.As.Ac. My (t, s, ¢, [[(SZ1) = (sz1)]])]

[(SZ1) = %(SZ1)"]

[(SZ1) 2 “meta sz1”]

(SU)

[(SU) ™2%° At As.Ac. M (t,s, ¢, [[(SU) = (su)]])]

[(SU) = “(SU)"]

[(SU) P “rneta su”|

(SU1)

[(SUL) ™25 At As. Ae. My(t,s,c, [[(SUL) = (sul)]])]

[(SUL) % «(SU1)”

[(SU1) 2 “rpeta sul”]

FXS

[FXS "2 At As. Ac.Ma(t, s, ¢, [FXS = (fxs)]])]

[FXS & “FXS7]

[FXS P “meta fxs”]

FYS

[FYS ™25 At.As. de. My(t, s, c, [[FYS = (fys)]])]

[FYS ¥ “FYS”]

[FYS P “rpeta fys”]



(F1)

[(F1) ™55° At As. de. My(t,s, ¢, [[(F1) = (f1)]])]

[(F1) ™ “(F1)”]
[(F1) P “rpeta £17]

(F2)

[(F2) ™5° At As. de. My(t,s, ¢, [[(F2) = (£2)]])]

(F2) 5 «(F2)"]
[(F2) P “meta 27]

(F3)

[(F3) ™° At AsAe. My (s, ¢, [[(F3) = (3)]])]

[(F3) 5 «(F3)"]
[(F3) YK “hneta £3”]

(F4)

[(F4) ™25° M. As. dc. My(t,s, ¢, [[(F4) = (f4)]])]

[(F4) = “(F4)"]
[(F4) P “meta 47)

(OP1)

[((OP1) ™25 At As. Ac.My(t,s, ¢, [[(OP1) = (op1)]])]

[((OP1) %= “(OP1)”]

[(OP1) VX “meta opl”]



(OP2)

[((OP2) ™25 At.As. Ac.My(t,s, ¢, [[(OP2) = (0p2)]])]

[(OP2) % “(OP2)"]
[(OP2) 2 “meta op2”]

(R1)

[(R1) ™29 At.As.de. My(t,s, ¢, [[(R1) = (r1)]])]

[(R1) = “(R1)"]

[(R1) 2 “meta rl”]

(S1)

[(S1) ™25 At As. Ae. My(t, s, ¢, [[(S1) = (s1)]])]
[(S1) = «(S1)"]

[(S1) P “rpeta s17]

(52)

[(S2) "5 A.As. Ae. Myt s, ¢, [[(S2) = (s2)]1)]
[(S2) =5 «(S2)"]

[(S2) X “meta s2”]

(EPob)

[(EPob) ™% At.As.A\c.M4(t, s, ¢, [[(EPob) = (€)]])]
[(EPob) = “(EPob)”]

[(EPob) ely “object ep”]



(CRS1ob)

[(CRS1ob) ™25 At.As.Ac.My(t,s, ¢, [[(CRS1ob) =

[(CRS1ob) “= “(CRS1ob)”]
[(CRS1ob) By} “object crsl”]

(Flob)

[(Flob) ™25 At.As.A\c. My (t, s, c, [[(Flob) =
[(Flob) & “(Flob)”]
[(Flob) Ry “object f17]

(F20b)

[(F20b) ™25 At As.Ac. My (t, s, c, [[(F20b) =
[(F20b) % “(F20b)”]

[(F20b) 2% obJect 27]

(F3o0b)

[(F30b) ™25 At.As.A\c. My (t, s, ¢, [[(F30b) =
[(F30b) © “(F30b)”]
[(F30b) A “object £37]

(F4ob)

[(F4ob) ™25 Xt.As.Ac. My (t, s, c, [[(F4ob) =
[(F4ob) X “(F40b)”]
[(F40b) 2% obJect f4”]

(F1)]1)]

®2)1))

)]

(F4)]1)]

(crsD)]1)]



(Nlob)

[(N1ob) ™25 At.As.Ac.My(t,s, ¢, [[(N1ob) = (n1)]])]
[(N1ob) = ¢(Nlob)”]

tex .
[(N1ob) iy “object n1”]

(N20b)

[(N20b) ™25 At As. Ac.My(t,s, ¢, [[(N20b) = (n2)]])]
[(N20b) % “(N20b)”]
[(N20b) 2 2 “object n2”]

(OP1ob)

[(OP1ob) ™25 At.As.Ac.My(t, s, c, [[(OP1lob) = (opl)]])]
[(OP1ob) % “(OP1ob)”]
[(OP1ob) Ri “object op1”]

(OP20b)

[(OP20b) ™25 At.As. A\c. My (t, s, c, [[(OP20b) = (0p2)]]1)]
[(OP20b) % “(OP20b)”]
[(OP20b) By “object op2”]

(R1ob)

[(R1ob) ™25 At.As.Ac. M4 (t, s, ¢, [[(R1ob) = (r1)]])]
[(R1lob) % “(R1ob)”]
[(R1ob) 2 obJect rl”]
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(Slob)

[(S1ob) ™25 At.As.Ac. My (t, s, c, [[(S1ob) = (s1)]])]
[(S1ob) *= “(S1ob)”]

[(S1ob) iy “object s17]

(S20b)

[(S20b) ™25 At.As. Ac. My (t, s, c, [[(S20b) = (s2)]])]
[(S20b) *= (S20b)”]
[(S20b) A “object s27]

phy

[phy "5 At As. de. My(t, s, ¢, [[phy = dpu]])]
[phy = “ph_{4}"]

[ph4 %{ Céph477]

phs

[phs 25 At.As. Ac.My(t, s, ¢, [[phs = epn]])]
[phs = “ph_{5}"]
[phs 2 “ph5”]

phg

[phe 25 At.ds. A My(t, s, ¢, [[phg = fpy]])]
[phe “= “ph_{6}"]
[phs 2 “ph6”]
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NAT

[NAT ¥ “NAT”]
[NAT 25 “NAT”]

RATIONALSERIES

[RATIONALSERIES ey “RATIONAL_SERIES”]
[RATIONALSERIES Ry “RATIONAL_SERIES”]

SERIES

[SERIES % “SERIES”]
[SERIES * “SERIES”]

SetOfReals

[SetOfReals “= “SetOfReals”]
[SetOfReals i “setOfReals” |

SetOfFxs

[SetOfFxs = “SetOfFxs”]
[SetOfFxs 2 “setOfFxs”]

N

[N ti)f “N??]
[N 111){ LLN”]

Q

Q' Q]
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[Q IKI; “Q??]

X

[X ti))( “X))]
[X Iﬁk “X”]

XS
[XS tex “XS"]

[xs Py “x8”]

xaF

[xaF fex “xaF”]

[xaF Py “xsF”]

ysF

[ySF E( “ySF”]

[ysF By “ysF”]

us

[us tex “us”]

[us By “us”|

usFoelge

[usFoelge fex “usFoelge”]

[usFoelge Ay “usF”|
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[(—1) ™25 At As. Ae. My(t,s, ¢, [[(—1) = (—ul)]])]
(1) 1 #(-1)7)
[(—1) 22 “(-1)7]

2

macro

[2 ™25 Ms A My (t, s, ¢, [[2 = (1 4+ 1)]])]

[2 = 44277]

[2 IE%( “277]

3

[3 25 At As. A My (t, s, ¢, [[3 = (2 + 1)]])]

[3 = 44377]

[3 pl&( “373]

1/2

[1/2 ™25 Mt As. Ae. My(t,s, ¢, [[1/2 = rec2]])]
[1/2 %% «1/27]
[1/2 25 “1/27]
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1/3

[1/3 ™25 At As. Ac. My (t, s, ¢, [[1/3 = rec3]]))]
[1/3 %% “1/37]

[1/3 25 «1/37]

2/3

[2/3 "2 Mt As. Ae. My(t,s, ¢, [[2/3 = (2% 1/3)]])]
2/3 75 «2/37]
[2/3 25 /37

0f

[Of tE)( ((Of??]
[0f 2 <0f”]

1f

[1f 2 1)

00

[00 ™25 At.As. Ac. My(t, s, ¢, [[00 = R(0f)]])]
[00 % «00”]

00 22 «007]

01

[01 ™25 At.As. A Myl(t, s, ¢, [[01 = R(1f)]])]
01 25 «017]
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(=—=01)

[(— = 01) *5 “(~01)"]
[(— — 01) 2 “(-01)"]

02

[02 'E)‘ 4402”}
[02 2 “027]

01//02

[01//02 X «01//027]
(01//02 25 «01//027]

PlusAssociativity(R)

[PlusAssociativity (R *" Rule tactic]

[PlusAssociativity(R) — SystemQ

V(fx): V(fy): V(f2): R((fx)) ++R((fy)) ++R((fz)) = R((fx)) ++R((fy)) ++R((fz))]

[PlusAssociativity(R) Jacs “PlusAssociativity(R)”]
)P

2 “lemma plusAssociativity(R)”]

) "=
) stmt
(

—

[PlusAssociativity (R

PlusAssociativity (R)XX

proo

[PlusAssociativity (R)XX Rule tactic]

[PlusAssociativity (R)XX X "' SystemQ

)
)
V(B): V(fy): V(f2): R((Ex) ++ (y) +1 (f2)) == R((Ex) +¢ (fy) +¢ (f2))]
)X
)

tex

[PlusAssociativity(R)XX = “PlusAssociativity (R)XX”]

[PlusAssociativity (R)XX X “lemma plusAssociativity(R)XX”]
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PlusO(R)

£ :
P2 Rule tactic]

"' SystemQ - V(£x): R((£x)) + +R(0f) == R((x))]

ex

X «PlusO(R)"]

X “lemma plusO(R)”]

~— ~ ~— —
o+

=+

ex

= “Negative(R)”]

2 “lemma negative(R)”]

~

[ )
[Negative(R) *5" SystemQ - Vm: V(£x): R((fx)) + +(— — R((£x))) == R(0f)]
[ )
[ )

o+

ex

= “Times1(R)”]

2 “emma times1(R)”]

)
) () R{{x)
)
)

lessAddition(R)

[lessAddition(R) °= “lessAddition(R)”]
[lessAddition(R) P “lemma lessAddition(R)”]

PlusCommutativity(R)

[PlusCommutativity (R) P Rule tactic]

[PlusCommutativity(R) U System@Q V(fx):V(fy): R((fx)) + +R((fy)) ==
R((fy)) + +R((fx))]
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[PlusCommutativity(R) *< “PlusCommutativity(R)”]

[PlusCommutativity (R) 2 “emma plusCommutativity(R)”]

LeqAntisymmetry(R)

[LeqAntisymmetry(R) tex “LeqAntisymmetry(R)”]

[LeqAntisymmetry(R) P emma leqAntisymmetry(R)”]

LeqTransitivity(R)

[LeqTransitivity(R) *= “LeqTransitivity(R)”]

[LeqTransitivity(R) P Yemma leqTransitivity (R)”]

leqAddition(R)

[leqAddition(R) % “leqAddition(R)”]
[leqAddition(R) X “lemma leqAddition(R)”]

Distribution(R)

[Distribution(R) ¥ “Distribution(R)”]

[Distribution(R) ¥ “lemma distribution(R)”]

A4(Axiom)

[A4(Axiom) P Rule tactic]

[A4(Axiom) "' SystemQ I Vx: V(v1): Va: Vb: (a=b|(v1):==x)ne I~
Vobj(v1):b = a]

[A4(Axiom) ¥ “A4(Axiom)”]

[A4(Axiom) P “axiom ad”]
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InductionAxiom

: . £ :
[InductionAxiom "% Rule tactic]

[InductionAxiom *2* SystemQ b V(v1): Va: Vb: Vc: (b=a|(v1):

==0)peo -
(c=a|(v1):==((v1) + 1))me - b = Vop;(v1):a = ¢ = Vopj (v1):

a

ex

[InductionAxiom =¥ “InductionAxiom”]

. . pyk . . .
[InductionAxiom = “axiom induction”]

Equality Axiom

[Equality Axiom Pt Rule tactic]
[Equality Axiom S SystemQ F Vx: Vy:Vz:x =

y=x=z=y=12
[Equality Axiom tex “Equality Axiom”]

) . K, . .
[Equality Axiom 25 “axiom equality”]

EqLeqAxiom

[EqLeqAxiom P2l Rule tactic]
[EqLeqAxiom sty SystemQ - Vx:Vy:x =y = x <=

y y]
[EqLegAxiom by “EqLeqAxiom”]
[EqLeqAxiom P “axiom eqleq”]
EqAdditionAxiom
[EqAdditionAxiom P Rule tactic]
[EqAdditionAxiom *5" SystemQ F Vx: Vy: Vz: = (x+2)=(y+2)]

tex

[EqAdditionAxiom — “EqAdditionAxiom”]

[EqAdditionAxiom P “axiom eqAddition”)
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EqMultiplicationAxiom

[EqMultiplicationAxiom Proof Rule tactic]
[EqMultiplicationAxiom stogt SystemQ I Vx: Vy: Vz:x = y = (x * z2) = (y * z)]
[EqMultiplicationAxiom tex “EqMultiplication Axiom” |

[EqMultiplicationAxiom P “axiom eqMultiplication”]

QisClosed(Reciprocal) (Imply)

[QisClosed(Reciprocal)(Imply) b “QisClosed(Reciprocal) (Imply)”]

[QisClosed(Reciprocal)(Imply) VY “axiom QisClosed (reciprocal)”|

QisClosed (Reciprocal)

[QisClosed (Reciprocal) X “QisClosed(Reciprocal)”]

[QisClosed (Reciprocal) P “emma QisClosed (reciprocal)”|

QisClosed(Negative)(Imply)

[QisClosed (Negative) (Imply) = “QisClosed (Negative)(Imply)”]
[QisClosed(Negative)(Imply) P “axiom QisClosed (negative)”]
QisClosed(Negative)

[QisClosed (Negative) > “QisClosed(Negative)”]

[QisClosed (Negative) 2 “demma QisClosed (negative)”]

leqReflexivity

[leqReflexivity Proof Rule tactic]
[leqReflexivity stoge SystemQ F ¥x: x <= X]

[leqReflexivity “ “leqReflexivity”]
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.. k . ..
[leqReflexivity 5 “axiom leqReflexivity”]

leqAntisymmetryAxiom

[leqAntisymmetry Axiom Proof Rule tactic]
[leqAntisymmetry Axiom stogt SystemQ - Vx:Vy:x <=y =y <=
[leqAntisymmetry Axiom tex “leqAntisymmetryAxiom”]

. . ko . .
[leqAntisymmetry Axiom 2V “axiom leqAntisymmetry”]

leqTransitivity Axiom

e : £ .
[leqTransitivity Axiom "= Rule tactic]

X

[leqTransitivity Axiom stogt SystemQ F Vx:Vy:Vzix <=y =y <=1z

[leqTransitivity Axiom ¥ “leqTransitivity Axiom”]

[leqTransitivity Axiom "5 “axiom leqTransitivity”]

leqTotality

[leqTotality Proof Rule tactic]
[leqTotality I SystemQ F Vx: Vy:a(x <=yn=y<=x
[leqTotality by “leqTotality”]

[leqTotality PYE “axiom leqTotality”]

leqAdditionAxiom

[leqAdditionAxiom P Rule tactic]

[leqAdditionAxiom strgt SystemQ I Vx: Vy: Vz:x <=y = (x+2z) <= (y + 2)]

tex

[leqAdditionAxiom = “leqAdditionAxiom”]

[leqAdditionAxiom P “axiom leqAddition”]
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leqMultiplicationAxiom

C . . . f .
[leqMultiplicationAxiom "= Rule tactic]

[leqMultiplication Axiom stogt SystemQ F Vx:Vy:Vz: 0 <=z = x <=y =
(x*z) <= (y=2z)]

[leqMultiplication Axiom tex “leqMultiplication Axiom”

[leqMultiplication Axiom P “axiom leqMultiplication” ]

plusAssociativity

[plusAssociativity P Rule tactic]
[plusAssociativity =" SystemQ F Vx: Vy:Vz: (x+y) +2) = (x+ (y +2))]
[plusAssociativity ex “plusAssociativity”]

[plusAssociativity 5 “axiom plusAssociativity”]

plusCommutativity

[plusCommutativity P Rule tactic]
[plusCommutativity 3" SystemQ + Vx: Vy: (x+y) = (y +x)]
[plusCommutativity ey “plusCommutativity”]

.. ko, . .
[plusCommutativity 2> “axiom plusCommutativity”]

Negative

[Negative P2 Rule tactic]
[Negative 2" SystemQ F Vx: (x + (—ux)) = 0]
[Negative 5 “Negative”]

. pyk . .
[Negative = “axiom negative” ]
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plus0

[plusO P Rule tactic]
[plus0 2" SystemQ - ¥x: (x + 0) = x|
[plus0 = “plus0”]

[plusO VX “axiom plus0”]

timesAssociativity

[timesAssociativity POl R ule tactic]
[timesAssociativity *5° SystemQ F Vx: Vy:Vz: ((x*y) x2) = (x* (y * 2))]
[timesAssociativity = “timesAssociativity”]

. e . pyk . . e .
[timesAssociativity — “axiom timesAssociativity”]

timesCommutativity

timesCommutativity %" Rule tactic

y

[timesCommutativity *3' SystemQ b Vx: Vy: (xxy) = (y * x)]
[timesCommutativity “ “timesCommutativity”]

[timesCommutativity 2> “axiom timesCommutativity”]

Reciprocal Axiom

[Reciprocal Axiom P Rule tactic]
[Reciprocal Axiom *3" SystemQ b Vx: 1 (x = 0)n = (x * recx) = 1]
[Reciprocal Axiom “ “Reciprocal Axiom”]

. . pyk . .
[ReciprocalAxiom = “axiom reciprocal”]

times1

. f .
[times1 " Rule tactic]
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[times1 stmt SystemQ F Vx: (x * 1) = x]
[times1 tex “times1”]

py «

[times] = “axiom timesl”]

Distribution

[Distribution P Rule tactic]
[Distribution *5" SystemQ + Vx: Vy:Vz: (x* (y +2)) = ((x*y) + (x x2))]

[Distribution “= “Distribution”]

[Distribution 25 “axiom distribution”]

Onot1

[Onot1 P Rule tactic]
[Onot1 **5" SystemQ + - (0 = 1)n]
tex

[Onotl = “Onotl”]

[Onot1 PV “axiom Onot1”]

lemma eqLeq(R)

Py

[lemma eqLeq(R) = “lemma eqLeq(R)”]

TimesAssociativity(R)

[TimesAssociativity(R) "~ P Rule tactic]

gt System@

[TimesAssociativity(R) °
R((fx)) * *R((fy)) * *R((f2)) == R((£x)) * *R((fy)) * *R((fz))]

V(B): V(fy): V(fz):
[TimesAssociativity(R) 5 “TimesAssociativity(R)”]
(

[TimesAssociativity(R) 2> ¥ “lemma timesAssociativity(R)”]
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TimesCommutativity(R)

[TimesCommutativity(R) P Rule tactic]

[TimesCommutativity(R) "' SystemQ + V(fx): V(fy): R((fx)) * *R((fy)) ==
R((fy)) = *R((fx))]

[TimesCommutativity(R) *= “TimesCommutativity(R)”]

[TimesCommutativity(R) 2 “demma timesCommutativity (R)”]

(Adgic)SameR

[(Adgic)SameR s “(Adgic)SameR”]
[(Adgic)SameR 2 «1rule adhoc sameR”]
Separation2formula(1)

[Separation2formula(1) *= “Separation2formula(1)”]

[Separation2formula(1) ¥ “emma separation2formula(1)”]

Separation2formula(2)

[Separation2formula(2) *= “Separation2formula(2)”]

[Separation2formula(2) 2 “lemma separation2formula(2)”]

Cauchy
[Cauchy P Rule tactic]

V(v1):V(v2): Vn: V(e): V(fx): Vonj(€): = ( b
(€)= (=(0=(eg)n)n)n = n <= (vl) = n <= (v2) = = (
(—u®)[(v2))] <= (¢) = = (=(

[Cauchy sty System(@ +
(v
€

[Cauchy = “Cauchy”]

ko .
[Cauchy "5 “axiom cauchy”]



PlusF

[PlusF P Rule tactic]
[PlusF " System@Q k- Vm: V/(£x): V(fy): (fx) ++ (fy)[m] = ((£x)[m] + (fy)[m])]
[PlusF % “PlusF”]

[PlusF = VX “axiom plusF”]

ReciprocalF

[ReciprocalF ¥ “ReciprocalF”]

. pyk . .
[ReciprocalF = “axiom reciprocalF”]

From ==

[From == =" Rule tactic]

[From ==""" SystemQ I ¥(£x): ¥(fy): R((£x)) == R((fy)) - SF((£x), (£y))]

[FI‘OIH ::tgf “From::”]
[From —=" Qryle from=="]
T —_——

[T ——PT%0" Rule tactic]

[To ==""" SystemQ - V(£x): V(fy): SF((£x), (fy)) F R((fx)) == R((fy))]

tex

[To === “To=="]

[To == “pyle to=="]

FromInR

[FromInR "% ?' Rule tactic]
[FromInR stmt SystemQFV@ Y(ty): (fx) € (( y)) F SF((fx), (fy))]

[FromInR % “FromInR”]
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[FromInR PV rule fromInR”]

PlusR(Sym)

[PlusR(Sym) “% “PlusR(Sym)”]

[PlusR(Sym) 2 “emma plusR(Sym)”]

ReciprocalR(Axiom)

[ReciprocalR(Axiom) ey “ReciprocalR(Axiom)”]

. . k . .
[ReciprocalR(Axiom) 25 “axiom reciprocalR”]

LessMinus1(N)

[LessMinus1(N) P Rule tactic]

[LessMinus1(N) *5° SystemQ - Vm: Vn: Nat(m) # Nat(n) - = (m <=
(n+1)==((m=(n+1)njnntm <= n

[LessMinus1(N) “ “LessMinus1(N)”]
[LessMinusL(N) 2 “Irule lessMinus1(N)”]

Nonnegative(N)

[Nonnegative(N
N

*' Rule tactic]

[Nonnegative(N) *3° SystemQ + Vm: Nat(m) i 0 <= m]

rr

¥ “Nonnegative(N)”]
p k

[Nonnegative(N

[43

(N) "=
(N) =
(N) =
[Nonnegative(N) ¥ “axiom nonnegative(N)”]

USO

proo

[USO "—
[USO *5* SystemQ F us[0] == xs[0] + +R(1£)]
[USO % “US0”]

Rule tactic]

T



[US0 2 “axiom USO”]

NextXS(UpperBound)

poo

[NextXS(UpperBound) “— Rule tactic]

[NextXS(UpperBound) sty System(@ +
Vm: UB(01//02 % xxs[m] + +us[m], SetOfReals) F xs[(m + 1)] == xs[m]]

[NextXS(UpperBound) ¥ “NextXS(UpperBound)”]

[NextXS(UpperBound) P rule nextXS(upperBound)”]

NextXS(NoUpperBound)

[NextXS(NoUpperBound) "% % Rule tactic]

stmt

[NextXS(NoUpperBound) "= SystemQ F Vm: - (UB(01//02  *xs[m] +
+us[m], SetOfReals))n F xs[(m + 1)] == 01//02 * xxs[m] + +us[m]]

[NextXS(NoUpperBound) % “NextXS(NoUpperBound)”]

[NextXS(NoUpperBound) 2 < rule nextXS(noUpperBound)”]

NextUS(UpperBound)

[NextUS(UpperBound) P Rule tactic]

[NextUS(UpperBound) ° U0 SystemQ F Vm: UB(01//02 * xxs[m] +
+us[m], SetOfReals) I us[(m + 1)] == 01//02 * *xs[m] 4+ 4us[m]]

[NextUS(UpperBound) s “NextUS(UpperBound)”]

[NextUS(UpperBound) 2 rule nextUS(upperBound)”]

NextUS(NoUpperBound)

[NextUS(NoUpperBound) P Rule tactic]

[NextUS(NoUpperBound) sty System(@ +
Vm: = (UB(01//02  sxs[m] + +us[m], SetOfReals))n - us[(m + 1)] == us[m]]

[NextUS(NoUpperBound) % “NextUS(NoUpperBound)”]

8



[NextUS(NoUpperBound) P I rule nextUS(noUpperBound)”]

ExpZero

[ExpZero P Rule tactic]

[ExpZero stogt SystemQ F Vm:Vx: m = 0 F x(exp)m = 1]
xpZero — “ExpZero

ExpZ tex “R 7 )

[ExpZero 2 rule expZero”]

ExpPositive

[ExpPositive Pl Rule tactic]

[ExpPositive *5" SystemQ - Vm: Vx: 1 (0 <=m = = (= (0 = m)n)n)n
x(exp)m = (x# x(exp)(m + (—ul)))]

[ExpPositive *= “ExpPositive”]

[ExpPositive P < rule expPositive”|

ExpZero(R)

tex

[ExpZero(R) = “ExpZero(R)”]

~

[ExpZero(R) 25 “Irule expZero(R)”]

ExpPositive(R)

[ExpPositive(R) = “ExpPositive(R)”]

[ExpPositive(R) 2 “rule expPositive(R)”]

BSzero

[BSzero P Rule tactic]
[BSzero 5" SystemQ + Vm: Vn:n = 0 - BS(m, n) = rec(1 + 1)(exp)m|

[BSzero *= “BSzero”]
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[BSzero P “rule base(1/2)Sum zero”

BSpositive

[BSpositive P Rule tactic]

[BSpositive =" SystemQ F Vm: Vn: (0 <=n = = (= (0 = n)n)n)n -
BS(m, n) = (rec(1 +1)(exp)(m + n) + BS(m, (n + (~ul)
[BSpositive " “BSpositive”]

pyk

[BSpositive = “lrule base(1/2)Sum positive”]

UStelescope(Zero)

UStelescope(Zero) Proof Rule tactic]

s[m] + (—uus{(m + 1)]))]]

tex

UStelescope(Zero) — “UStelescope(Zero)”]

[UStelescope(Zero) P < rule UStelescope zero”]

[
[UStelescope(Zero) Y SystemQ F Vm: Vn:in = 0 UStelescope(m, n) =
[(w
[

UStelescope(Positive)

[UStelescope(Positive) POl Rule tactic]

[UStelescope(Positive) 3 SystemQ - ¥m: Vn: (0 <=n = = (- (0 =
n)n)n)n - UStelescope(m, n) =
(ICus[(m + n)] + (—uus[(m + (n + 1))]))[ + UStelescope(m, (n + (—ul))))]

[UStelescope(Positive) — “UStelescope(Positive)”]

[UStelescope(Positive) PV “Irule UStelescope positive”|

EqAddition(R)

[EqAddition(R *" Rule tactic]

) "=
[EqAddition(R) ® M SystemQ V(fx): V(fy): V(f2): R((fx)) = R((fy)) -
R((fx)) + +R((fz)) = R((fy)) + +R(({2))]
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q ition — “Eq ition
EqAddition(R) “% “EqAddition(R)”
[EqAddition(R) PV «1rule adhoc eqAddition(R)”]

FromLimit

[FromLimit ey “FromLimit”]

[FromLimit 2 rule fromLimit”]

ToUpperBound

[ToUpperBound tex “ToUpperBound”|

[ToUpperBound P “qpyle toUpperBound”|

FromUpperBound

[FromUpperBound by “FromUpperBound”]

[FromUpperBound P “rule fromUpperBound”|

USisUpperBound

[USisUpperBound tex “USisUpperBound”]

[USisUpperBound P Caxiom USisUpperBound”]

Onot1(R)

[0not1(R) ¥ “Onot1(R)”]
(Onot1(R) 2 “axiom Onot1(R)”]

ExpUnbounded(R)

[ExpUnbounded(R) ey “ExpUnbounded(R)”]
[ExpUnbounded(R) RASEP expUnbounded”]
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FromLeq(Advanced)(N)

[FromLeq(Advanced)(N) 2 “FromLeq(Advanced)(N)”]
[FromLeq(Advanced)(N) PV rule fromLeq(Advanced)(N)”]

FromLeast UpperBound

[FromLeastUpperBound tex “FromLeastUpperBound”|

[FromLeastUpperBound By “Irule fromLeastUpperBound”]

ToLeastUpperBound

[ToLeastUpperBound by “ToLeastUpperBound”|

[ToLeastUpperBound P rule toLeastUpperBound”|

XSisNotUpperBound

[XSisNotUpperBound tex “XSisNotUpperBound”]
[XSisNotUpperBound P Caxiom XSisNotUpperBound”]

ysFGreater

[ysFGreater " “ysFGreater”]

ko .
[ysFGreater % “axiom ysFGreater”]

ysFLess

[ysFLess "% “ysFLess”]

ko .
[ysFLess "5 “axiom ysFLess”]

Smalllnverse

[Smalllnverse tex “SmallInverse”]
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[Smalllnverse 2 < rule smalllnverse” ]

NatType

[NatType “= “NatType”]

[NatType P “axiom natType”]
Rational Type

[Rational Type X “RationalType”]
[RationalType PV “axiom rational Type”|
SeriesType

[SeriesType tex “SeriesType”|

. k . .
[SeriesType 25 “axiom seriesType”]

Max

[Max tex “Max”]

pyk .
[Max = “axiom max”]

Numerical

. tex .
[Numerical = “Numerical”]

. pyk . .
[Numerical = “axiom numerical”]

NumericalF

[NumericalF fex “NumericalF”]

. pyk . .
[NumericalF = “axiom numericalF”]
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MemberOfSeries(Imply)

[MemberOfSeries(Imply) = “MemberOfSeries(Imply)”]

[MemberOfSeries(Imply) VX “axiom memberOfSeries”]

JoinConjuncts(2conditions)

proof

[JoinConjuncts(2conditions) “— Ac.Ax.P([SystemQ - Va: Vb:Vc:Vd:a = b =
cFa=b=dFatFbFMP2ra=b=crarb>cMP2>ra=hb=
d>ar>b > d;JoinConjuncts > ct>d > - (c =

4 (d)n)n; Va: Vb: Ve: Vd: Ded 1> Va: Vb: Ve:Vd:a=b=ckFa=b=dFak bt
A= dnn>»>a=b=>c=a=b=d=a=b=>(c=-(dn)n;a=
b=cta=b=dFMP2ra=b=>c=a=>b=>d=>a=b="(c=>
S(dnn>ra=b=cra=b=d>»a=b= -(c= - (d)n)n|,po,c)]

[JoinConjuncts(2conditions) stogt SystemQ - Va:Vb:Ve:Vd:a=b=cta=

b=dkFa=b=-(c= ~(dn)n
[JoinConjuncts(2conditions) = “JoinConjuncts(2conditions)”]
[JoinConjuncts(2conditions) = Ry “prop lemma doubly conditioned join

conjuncts”|

prop lemma imply negation

[prop lemma imply negation progf AcAx. P([SystemQ F Va:a = - (a)n
Autolmply > = (a)n = = (a)n; TND > = (a)n = - (a)n; FromDisjuncts >
S(@an=-(an>a= -(ane - (a)n= -(a)n> - (a)nl,po, )]

[prop lemma imply negation sty SystemQ F Va:a = = (a)n k- = (a)n]

. . k . .
[prop lemma imply negation 2 “prop lemma imply negation”]

TND

[TND progf AcAx. P([SystemQ  Va: Autolmply > = (a)n =

- (a)n; Repetition > = (a)n = = (a)n > =~ (a)n = —(a)n], po, ¢)]
[TND *2° SystemQ - Va: - (a)n = = (a)n]
[TND % “TND”]

k .
[TND * “prop lemma tertium non datur”]
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FromNegatedImply

[FromNegatedImply proof yc. /\x P([SystemQ F Va:¥b:a = = (= (b)n)nFak
MP>a= (- (bn)n>a> (= (b)n)n; RemoveDoubleNeg > = (< (b)n)n >
b;Va:Vb:Ded > Va:Vb:a = = (- (b)n)nkakb>»a= (- (bn)n=a=
b;s(@a=bnFMTra=-(-(bnjn=a=b>-(a=bn>-(a=

- (- (b)n)n)n; Repetition > - (a = = (- (b)n)n)n > - (a =

- (_" (b)n)n)n] » Po, C)]

[FromNegatedImply *3" System(Q F Va: Vb: 1 (a = b)n F = (a = = (= (b)n)n)n]

[FromNegatedImply by “FromNegatedImply”]

py «

[FromNegatedImply = “prop lemma from negated imply”]

ToNegatedImply

[ToNegatedImply "% Ac.x. P([SystemQ - ¥a: vb:a b= = (b)n - = (+ (a =

b)n)n F RemoveDoubleNeg > - (- (a=bn)n>>a=b;MPr>a=bra>

b; FromContradiction t> b &> = (b)n > = (a = b)n; Va: Vb: Ded > Va: Vb:a -

A(bnF-A(-(@a=bnnkF-(a=bn>»>a=-(bn=-(-(a=bn)n=
(2= b)nja k- (b)n - MP2ea = = (b)n = = (~(a = bjnjn = = (a =
bn>ar> S (b)n>> - (- (a= b)n)n = - (a = b)n; Autolmply > = (- (a =
b)n)n = = (- (a=b)n)n;Neg> = (-(a=bjn)jn=~(a=bn> - (~(a=
BIn)n =+ 2(3(2 = bl > (2 = ol po.c)

[ToNegatedImply " System(Q + Va: Vb:a F = (b)n F = (a = b)n]

ex

[ToNegatedImply by “ToNegatedImply”|

py «

[ToNegatedImply = “prop lemma to negated imply”]

FromNegated(2 * Imply)

proo

[FromNegated(2 * Imply) "— Ac. Ax.P( [SystemQ FVa:Vb:Ve:-(a=b=
c)n - FromNegatedImply > v (a=b=cn> -(a= (- (b=

c)n)n)n; FirstConjunct > - (a = = (- (b = ¢)n)n)n > a; SecondConjunct >
S(a= (- (b= ¢)n)n)n > = (b = ¢)n; FromNegatedImply > - (b = ¢)n >
= (b= = (- (¢)n)n)n; FirstConjunct > - (b = = (= (¢)n)n)n >

b; SecondConjunct > = (b = = (- (¢)n)n)n > - (c)n; JoinConjuncts > a > b >
- (a = - (b)n)n; JoinConjuncts > - (a = = (b)n)n >~ (¢c)n > = (- (a =

S (R)n)n = = (= (c)n)n)n], po, ¢)]

[FromNegated( * Imply) stk SystemQ - Va:Vb:Ve: -~ (a=b=c)ntF
S(m(@= " (0)n)n = (- (c)n)n)n]
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[FromNegated(2 * Imply) % “FromNegated (2+Imply)”]

)py «

[FromNegated (2 * Imply prop lemma from negated double imply”]

FromNegated And

proof

[FromNegatedAnd "— Ac.Ax.P([SystemQ + Va: Vb: - (- (a = = (b)n)n)n k- a b
Repetition > - (- (a = = (b)n)n)n > = (- (a =

4 (b)n)n)n; RemoveDoubleNeg > - (- (a = = (b)n)n)n > a =

= (b)n; MP > a = = (b)n>a > = (b)n], po, ¢)]

[FromNegatedAnd *5" System(Q + Va: Vb: 2 (< (a = = (b)n)n)n - a b = (b)n]
[FromNegatedAnd “< “FromNegatedAnd”]

[FromNegated And By “prop lemma from negated and”]

FromNegatedOr

proof

[FromNegatedOr — A AP [SystemQ F Va:Vb: = (- (a)n = b)nF
Repetition > - (- (a)n = b)n > - (- (a)n =
b)n; FromNegatedImply > = (< (a)n = b)n > = (- (a)n = = (- (b)n)n)n], po, c)]

[FromNegatedOr "' SystemQ F Va: Vb: (= (a)n = b)n F = (= (a)n =
S (5 (B)n)n)n]
[FromNegatedOr = “FromNegatedOr”]

[FromNegatedOr By “prop lemma from negated or”]

ToNegatedOr

[ToNegatedOr Proof N e Ax. P( fSystemQ F Va:Vb: = (- (a)n = = (- (b)n)n)n F
S(an=>bk FlrstConJunct > (5 (a)n= (- (b)n)n)n >
- (a)n; SecondConjunct > = (— (a)n = —|(4|( )n)n)n >
= (b)n; NegateDlsJunctl > - (a)n = b - (a)n > b; FromContradiction > b >
S (b)n > - (- (a)n = b)n;Va: Vb: Ded > Va: Vb: - (- (a)n = = (- (b)n)n)n F
S (@) > b (5 (@)n = b)n > 5 (5 (@)n = = (5 ())n)n)n = = (a)n = b =
S (2(@)n = B (5 (@)n = = (5 (B - MP B> (2 (a)n =
5 (5 (b)m)mn = = (a)n = b = 5 (5 (@)n = b > = (= (2)n = = (= (B)m)n)n >
4 (a)n = b= = (- (a)n = b)n; prop lemma imply negation > - (a)n = b =
% (% (@) = bjn > = (= (a)n = bn], po, )
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[ToNegatedOr **3" System(Q + Va: Vb: = (< (a)n = = (= (b)n)n)n F = (= (a)n =
b)n]

[ToNegatedOr % “ToNegatedOr”]

[ToNegatedOr el “prop lemma to negated or”]

FromNegations

[FromNegations proof Ac M. P([SystemQ F Va:Vb:a=bF - (a)n=>bt+
TND > = (a)n = - (a)n; FromDisjuncts > - (a)n = - (a)n>a=b> - (a)n =
b > b-| » PO, C)]

[FromNegations stogt SystemQ - Va:Vb:a=bF - (a)n = b b]
FromNegations % “FromNegations”
g g

. k .
[FromNegations 2> “prop lemma from negations”]

From3Disjuncts

[From3Disjuncts progf AcAX.P([SystemQ F Va: Vb: Ve: Vd: - (a)n = - (b)n =
ckFb=dFc=dF = (a)nF Repetition> - (a)n = - (b)n = c> - (a)n =
S(b)n=cMPr>-(a)n= - (b)n=cr>-(a)n> - (b)n = ¢; FromDisjuncts >
S(b)n=c>b=d>c=d> d;Va:Vb: Vc: Vd: Ded 1> Va: Vb: Vc: Vd: = (a)n =
“(bn=ckb=dFc=dF-(@nkd>»-(an=-"(bn=c=b=d=
c=d= ~(a)n=d;Autolmply >a=d=a=d;~(an=-(bn=cka=
dkb=dFc=dFMP3>-(an=~(bn=>c=>b=>d=c=d=
S(@an=d>-(an=(bn=c>b=drc=d>» - (a)n=d,MP>a=
d=a=dra=d> a= d;FromNegations>a = d> - (a)n = d > d], po, ¢)]

[From3Disjuncts stopt SystemQ F Va:Vb:Ve:Vd: - (a)n = -~ (b)jn=cka=dH+
b=dFc=dFd]

[From3Disjuncts *= “From3Disjuncts”]

. k .
[From3Disjuncts PE¥ “prop lemma from three disjuncts”]

From2 *x 2Disjuncts

[From2 * 2Disjuncts propf AcAx.P([SystemQ F Va: Vb: Vc: Vd: Ve: = (c)n = d -
a=>c=>elFa=d=etaFMPra=c=era>c=¢MP>ra=d=
e>a>d = e FromDisjuncts> - (c)n =>d>c=e>d=e>
e;Va:Vb:Ve:Vd:Ve: m(a)n = bk - (chn=dFb=c=etb=d=et
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+ (a)n F NegateDisjunctl > - (a)n = b> - (a)n > b;MP>b=c=e>b>
c=>¢egMPr>b=d=er>b>d= e FromDisjuncts> - (c)n=d>c =
e>d = e> e;Va:Vb:Vc: Vd: Ve: Ded 1> Va: Vb: Ve: Vd: Ve: - (chn = d - a = c =
eFa=d=etate>(ch=d=>a=>c=>e=a=>d=e=a=>

e;Ded > Va:Vb:Ve:Vd:Ve: 5 (a)n = bk S (c)n=dF-b=c=ekFb=d=¢etF
S(anke>»“(@n=b=+(cn=>d=>b=>c=>e=b=>d=e=-(a)n=>
g (@n=bF-(ch=>drFra=c=eta=>d=etb=>c=etb=>d=
eFMP3p>-(cn=>d=>a=>c=>e=>a=>d=>e=a=e>(cn=>d>a=
ceba=>d=e>a=eMPi>-(alu=>b=>(cn=d=b=c=e=>
b=d=e="(@n=e>-(aun=b>-(chn=d>b=c=e>b=d=
e > - (a)n = e; FromNegations > a = e > - (a)n = e > e], po, ¢)]

[From2 x 2Disjuncts stogt SystemQ  Va: Vb: Vc:Vd: Ve: - (a)n = b+ - (c)n =
dFa=c=eFa=d=eFb=c=eFb=d=cel¢

[From2 * 2Disjuncts = “From2+2Disjuncts”]

. k . ..
[From2 x 2Disjuncts =l “prop lemma from two times two disjuncts”]

NegateDisjunct1

[NegateDisjunctl propf AcAX.P([SystemQ F Va:Vb: - (a)n = b+ = (a)nk
Repetition > = (a)n = b > = (a)n = b; MP > = (a)n = b > = (a)n > b], po, ¢)]
[NegateDisjunctl stopt SystemQ F Va:Vb: - (a)n = b+ = (a)n - b]
[NegateDisjunctl by “NegateDisjunct1”]

[NegateDisjunctl By “prop lemma negate first disjunct”]

NegateDisjunct?2

[NegateDisjunct2 ™% M. x.P([SystemQ F Va: Vb: = (a)n = b F = (b)n
Repetition > - (a)n = b > = (a)n = b; NegativeMT > = (a)n = b > = (b)n >
é—l » PO C)]

[NegateDisjunct2 *12 System(Q + Va: Vb: = (@n=>bF - (bnt g
[NegateDisjunct2 tex “NegateDisjunct2”]

[NegateDisjunct2 By “prop lemma negate second disjunct”]
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ExpandDisjuncts

[ExpandDisjuncts "2 A\e.\x.P([SystemQ - Va: Vb: Ve: Vd: = (a)n = b -
S(cn=dF 5 (b)nk = (d)n F NegateDisjunct2 > - (a)n = b > = (b)n >

a; NegateDisjunct2 > = (¢)n = d > - (d)n > ¢; JoinConjuncts > a>c > - (a =
< (c)n)n; Va: Vb: Ve: Vd: Ded > Va: Vb: Ve: Vd: w (a)n = b+ - (c)n =dF = (b)n -
dnkF-(a=-(nn>-(an=b=-(cn=d=-(bn= - (dn=
a=-(n)n;-(a)n=bkFa(chn=dFMP2>-(an=b= - (c)n=d=
S (b)n = ﬂ(d)n:> S(a==(cn)n>-(an=b>-(chn=d> - (b)n=
g)n =5 (a =5 (7) )u; Repetition > = (b)n = - (d)n = - (a = ~(c)n)n >
b

[ExpandDisjuncts *I2 SystemQ + Va: Vb: Ve:Vd: - (a)n = b F 5 (c)n = d F
“(bn= = (dn==(a= (c)n)n]
[ExpandDisjuncts tex “ExpandDisjuncts”]

[ExpandDisjuncts By “prop lemma expand disjuncts”]

SENC1

proo

[SENC1 P

ESE)l]\IC1 " SystemQ F V(£x): V(rx): V(ry): (1x) == (ry) F (fx) € (1x) F (fx) €

[SENC1 = “SENC17]

Rule tactic]

[SENC1 Y “emma set equality nec condition(1)”]

SENC2

[SENC2 "2
[SENC2 "5 SystemQ I V(fx): V(rx): V(ry): (1x) == (ry) F (£x) € (ry) F (fx) €

rx)] I

[SENC2 ¥ “SENC2”]

Rule tactic]

[SENC2 P “lemma set equality nec condition(2)”]

LessLeq(R)

[LessLeq(R) jacs “LessLeq(R)”]
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[LessLeq(R) X “demma lessLeq(R)”]

MemberOfSeries

[MemberOfSeries ¥ “MemberOfSeries”]

[MemberOfSeries 2 emma memberOfSeries”]

memberOfSeries(Type)
[memberOfSeries(Type) = “memberOfSeries(Type)”]

[memberOfSeries(Type) X “emma memberOfSeries(Type)”]

*(exp)*

[x(exp)y 5 “ #1.
(exp) #2.”]

[*(exp)* IZI; “n ~ ||77]

-~ R()

[— — R(x) 2 “-R(#1.
)”]

[~ —R(x) 2 R( " )]
recx

[recx " “rec#1.”]
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[recx By “1/ "]

* [
[bs/r 25 At.As.Ac. M4 (t, s, c, [[bs/r = {ph € P(bs) | Exao € bs A [Exyg €
bs], ==ph2}]1)]

ey 5 L
/ #27]

k
[/% 25 “eq-system of " modulo "]

* () %

XNy "2 M As. dc. My(t,s, ¢, [[xNy = {ph € x Uy | phs € x A phs € y}]])]

tex

[xNy = “#1.
\cap #2.”]

pyk . "

[* N % = “intersection " comma " end intersection” |

+[4]

[X[y] “% “#1.

U

[Ux tex “\cup #1.”]

[Ux by “union " end union”|
* U ok

[x Uy "5 )\t./\s.)\c./\;u(t, s,¢, [[x Uy = U{{x},{y}} )]

xUy tex “H1.
\mathrel{\cup} #2.”]
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pyk "

[* U = “binary-union "

comma " end union”]

[P(%) Ay “power " end power”]

{*}
[{x} ™25 MAs e My(t, s, ¢, [[{x} = {x,x}]])]

[{x} 5\ {#1.
\}]

K ) )
[{¥} 25 “zermelo singleton " end singleton”]

StateExpand (x, *, )

[StateExpand(t, s, c) tex “StateExpand(#1.

s H2.
s 73
)]

pyk

[StateExpand(x, *, ) = “stateExpand( ", ", " )”]

extractSeries(x)

[extractSeries(t) *3 “extractSeries(#1.

)]

[extractSeries(x) 2iy “extractSeries( " )”]

SetOfSeries(x)

[SetOfSeries(x) “= “SetOfSeries(#1.
)]

[SetOfSeries () Py “setOfSeries( " )”]
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— — Macro(x)
g:] — Macro(x) tex “-Macro(#1.

[— — Macro(x) pyk “_Macro( " )”]

ExpandList(*, *, %)

[ExpandList(x, y, z) tex “ExpandList(#1.
, #2.
, #3.
)]

[ExpandList(x, *, ) el “expandList( ", ", " )’]
* x Macro(x)

[ * Macro(x) bex “xxMacro(#1.

)]

[ * Macro(x) Py “sxMacro( " )”]

+ + Macro(x)

[+ + Macro(x) “= “+-+Macro(#1.

)]
[+ + Macro(x)

k
pl)u

++Macro( " )”]

<< Macro(x)
[<< Macro(x) “= “<<Macro(#1.

)"]
[<< Macro(x) pyk “<<Macro( " )”]
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[|Macro(x)

[[[Macro(x) tex “||Macro(#1.
)]

[[[Macro(x) ey “|[Macro( " )”]

01//Macro(x)

g(:]l//Macro(x) X 401/ /Macro(#1.
[01//Macro(x) By} “01//Macro( " )”]

UB(x, *)

[UB(x,y) “% “UB(#1.

, H#2.

)]

[UB(x, *) i “upperBound( ", " )”]
LUB(x, %)

[LUB(x,y) “= “LUB(#1.

) #2

)]

[LUB(x, %) RA “leastUpperBound( ", " )”]
BS(x, %)

[BS(x,y) = “BS(#1.

7#2'

)]

[BS(x, *) Riy “base(1/2)Sum( ", " )7]
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UStelescope(, *)

[UStelescope(x, y) ¥ “UStelescope(#1.
s F2.

)]
[

UStelescope(, *) By “UStelescope( " , " )]

(%)

[(x) ™2 AAs. A Ma(t, s, ¢, [[(x) = (0]])]
() = (31
)77

[(x) 25 (v y7)
| x|

45 gL
[JF 5 | 25 g v 7]
T |

[rx| 5 “|r1.
")
[

N

Limit(x, *)
[Limit(x,y) “ “Limit(#1.
» F2.
)]
[

Limit(+, ) 25 “limit( ", " )]
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Union(x)

[Union(x) % “Union(#1.
)]

[Union(x) 22 «U( " )]

[sOrderedPair (s, *, *)

[IsOrderedPair(x, y, z) == “IsOrderedPair(#1.
, 2.

s 73
)]
[IsOrderedPair (x, *, *) pyX “isOrderedPair( " , ", " )”]

IsRelation(x, *, %)

[IsRelation(x, y,z) *= “IsRelation(#1.

, F#2.

73

)]

[IsRelation(, *, *) By “isRelation( ", ", " )”]

isFunction (x, *, )

[isFunction(x,y, z) by “isFunction(#1.

, F#2.

L FE3.

)]

[isFunction(x, *, ) edy “isFunction( ", ", " )”]

IsSeries(*, *)

[IsSeries(x, y) “= “IsSeries(#1.

2.
)]
[IsSeries(*, *) By “isSeries( ", " )”]
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IsNatural(x, *)

[IsNatural(xy, ) *< “IsNatural(#1.
, H2.
)]

[IsNatural(x, ) by “isNatural( " )”]

OrderedPair (x, )

[OrderedPair(x, y) =5 “OrderedPair(#1.
, F#2.
)]

vk

[OrderedPair(x, ) 25 “(o ", " )]
TypeNat(x)

[TypeNat(x) tex “TypeNat(#1.

)]

[TypeNat(x) By “typeNat( " )”]
TypeNatO(x)

[TypeNat0(x) tex “TypeNatO(#1.
)]

[TypeNat0(*) iy “typeNat0( " )”]
TypeRational (x)
[TypeRational(x) “= “TypeRational (#1.

)]

[TypeRational(x) Byy “typeRational( " )”]
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TypeRationalO(x)

tex

[TypeRational0(x) = “TypeRationalO(#1.
)]

[TypeRational0(x) 22 “typeRational0( " )”]

TypeSeries(x, )

tex

[TypeSeries(x,y) — “TypeSeries(#1.
, F#2.

)]
[TypeSeries(x, *) Riy “typeSeries( ", " )”]

Typeseries0(, *)
[TypeseriesO(x, y) "= “Typeseries0(#1.
, 2.
)]

pyk

[TypeseriesO(x, ) == “typeSeriesO( " , " )”]

{%, %}

[fx, v} =¥ “\{#1.
2.
\}

pyk . .
[{*,*} = “zermelo pair " comma " end pair”]

(%)

[{x,y) ™52 At Asde Ma(t,s, ¢, [[(x,y) = {{x}, {x,y}}]1)]

[(x,y) % “\langle #1.
72
\rangle”|

pyk . .
[(x,*) = “zermelo ordered pair " comma " end pair”]
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[_fx tj’f “—,{f}#l.”]

[_f* Iﬁ( “f mv]

1f /x
[1f/x S5 “1f /417

[1£/% 25 1/ v)

01//tempsx

tex

[01//tempx — “01//temp#1.”]
[01//temp= Ay “01// 7]

(%, %)

[r(x,y) "5 AAsde My(t,s, ¢, [[r(x,y) = (x,y) € 1]])]
[2(x,y) = “#3.
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[%(*, %) Y ig related to " under "]

ReflRel(*, )

ReflRel(r, x) ™25 M. As. Ac. My (t, s, ¢, [[ReflRel(r, x) = Vs: (s € x = (s, 5))]])]

[
[ReflRel(r,x) "% “ReflRel(#1.
L #2.
)

”

[ReflRel(, %) PYS «n s reflexive relation in "]

SymRel(x, )
[SymRel(r, x) "5 At.As.Ac.Mu(t, s, ¢, [[SymRel(r, x) = Vs,
t(sex=tex=r(s,t)=r(ts))])]

tex

[SymRel(r,x) = “SymRel(#1.
, F#2.
)]

[SymRel(x, ) PYE i symmetric relation in "”]

TransRel(x, %)

macro

[TransRel(r, x) ™25 A\t.As.Ac. M, (t, s, ¢, [[TransRel(r, x) =
Vs, t,ui (s Ex=teEx=u€x=r(s,t)=r(t,u) =r(s,u))]])]

[TransRel(r, x) tex “TransRel(#1.
, H2.
)]

pyk . i Lo
[TransRel(x, x) = “" is transitive relation in "”]

EqRel(x, *)

macro

[EqRel(r,x) ™25 Mt.As.Ac. M4 (t, s, ¢, [[EqRel(r, x) = ReflRel(r, x) A
SymRel(r,x) A TransRel(r, x)]])]

[BqRel(r, x) *= “BqRel(#1.
s 2.
)]
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n»

ko, . Lo
[EqRel(x, *) P «n is equivalence relation in

[« € 4],

[[x € bs], ™25 At.As.A\c. M4 (t, s, c, [[[x € bs], = {ph € bs | r(phy,x)}]])]

[[x € bs], °= “[#1.
\mathrel{\in} #2.
P

Ik . :
[[* € %], 25 “equivalence class of " in " modulo "”]

Partition (x, *)

[Partition(p, bs) "5 )\t.)\s.)\c./\;u(t,s,q [[Partition(p,bs) = (Vs: (s € p = s #
0)) A

(Vs,t:(sep=>tep=>s#£t=snt==0)) A

Up==bs]])]

[Partition(x, y) ey “Partition(#1.
s 2.

)]

[Partition(x, *) Y wn g partition of "”]

(5 * )

[+ y) = “(#1.
*H2.
)]

[( % %) YK ")

X kg ok

[(6) #¢ (fy) " “#1.
« {F}#2.7]

k
[ ¢ * DY wn yf "]
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X ok ok

tex

[x % ky — “H1.
*k#2.7]

Kk
[ st PYE wn gy ")

(x + %)

[(x+y) 5 “(#1.
2.

)]

(5 ) P25 o 4 ]

(x = %)

[(x —y) "5 AtAsde. Ma(t,s, ¢, [[(x = y) = (x+ (—uy))]])]

[(x —y) = “(31.
49
)]

(3 =) 5 ]
* 45 %

[(fx) +¢ (fy) tex =
+{f}#2.7]

[* +f * %{ “n _|_f lm]
* —f %k

[(F) —r () "5 “#1.
{fy#2.7]

[* —f % pzl}{ “n _f mﬂ}
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* 4+ %

tex

[+ -y < p
A #2.7]

k
[ 4 255 o 0]

R(x) — —R(*)

ER(( x()) — —R((fy)) “ “R(#1.

)]

[R(x) — —R(x) X “R( " ) - R( " )"]

* € %

[x ey tex “H1.
\mathrel{\in} #2.”]

K .
[* € % PYE w“n ino ")

| * |

[Ix] 15 |

"]

[ 25 0 7]

if (%, *, %)

[if(x, y, 2) 5 “if(#1

L 2.

L FE3.

)]

[, %, %) 2500, 07
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Max (s, *)

[Max(x,y) X “Max(#1.

s H#2.

)]

[Max(x, *) Ry “maxR( ", " )"]

X = %k

tex

[x =y = “#1.
— #2.]

[* — % }1];( “n ||77]

k 7 %

[x £y "5 MAs A My(t,s, ¢, [[x #y = = (x = y)n]])]

[x # y <5 4L
\neq #2.”]

[* 75 * I‘ﬁ( “n [: n”]

* <= %
[x <=y =¥ «pq.
<= #2.]

[* <= % Iﬂ{ “n <= ||”]
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* < %k

macro

x<y = )\t)\s)\cM4(tsc [x<y=x<=yAx#y]])]
[x <y S “h.
<#2.77]

[* < % % “wn < ||77]

* <g k
[x <¢y tex “H1.
< Af}#2]

e <p % 250w <f )

* <p %

[(fx) < (fy) "5 AtAs Ae. My(t, s, ¢, [[(fx) < (fy) =
SF((tx), (ty))]1)]

[x <ey " 4.

\leq {f}#2.7]

[* <; * % “n o f .m]

* == %
[x==y ¥ wpy,
= #2.7]
[* —_—— % pli( “n —— "”]
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*!l == x

X!l ==y "5 At As. dc. My(t, s, ¢, [[X!! ==y = = (x == y)n]])]
x!l==y e wpy,

N== #2"]

[l == & P 1= 7]

<< %

tex

[x <<y = “#l1.
<< #2.7]

[* << *Iil){ “n << ma]

* < <== %

[x <<==y "5 At A e My(t,s, ¢, [[x <<==y = x <<y Vx==1y]])]

[x <<==y = “g1.
<<== #27]

[+ <<==x AT — ")

k== %

[ tex

X::y — “#1.

\\mathrel{==}\! #2.”]

pyk .,

[k==x = zermelo is "]

x C %

[x Cy "5 MAs. de. My(t,s, ¢, [[x C y = V(Slob): ((Slob) € x = (Slob) €
vl

xCy g
\mathrel{\subseteq} #2.”]

[

k .
x C 255« is subset of "7

106



S (%)n

[= ()0 = “\dot{\neg}\, (#1.

)n”]

[- (*)n s “not0 "”]

* & %
[x ¢y "5 M As e My (t, s, ¢, [[x ¢ y = = (x € y)n]])]

[x ¢ y <X«
\mathrel{\notin} #2.”]

[* & x P« zermelo “in ")

k 7 %

[x #y "5 M As e My (t, s, ¢, [[x £y = = (x==y)n]])]

£y <5 e,
\mathrel{\neq} #2.”]

k -
[ # % 255 “n zermelo "is "7]

x A %

[x Ay ™25 M As e My (t,s,c, [[x Ay = = ((x = = (y)n))n]])]
[x Ay X«
\mathrel{\dot{\wedge}} #2.”]

[ A * YK n and0 ")

* V ok
macro
—

[xVy At s Ae. My(t,s, ¢, [[x Vy = = (x)n = y]])]

[xVy X
\mathrel{\dot{\vee}} #2.”]

. K
[ V PYE w610 ")

107



dk: %

[B(v1):a ™9 MAs Ae. My(t,s, ¢, [[F(v1):a = = (V(v1): = (a)n)n]])]
[Bx:y X«
\exists #1.
\colon #2.”]

[F: x VX “exist0 " indeed "]

* & %
[x &y "0 MAsACMy(ts,¢ [[x Sy = (x=y) A (y = x)]])]

tex

[x &y = “H1.
\mathrel{\dot{\Leftrightarrow}} #2.”]

[k & 5 2O an iff 0]

{ph € * | x}

[{ph € x | a} ¥ “\{ ph \mathrel{\in} #1.
\mid #2.

\}]

[{ph € * | %} PV “the set of ph in " such that " end set”]
The pyk compiler, version 0.grue.20060417+ by Klaus Grue

GRD-2006-12-15.UTC:00:19:10.164930 = MJD-54084.TAI:00:19:43.164930 =
LGT-46728587831649530e-6
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