(*** MAKROER BEGYNDER ***)

[ph; 25 At As. A My(t, s, ¢, [[phy = apu]])]
[phy 25 At.As.Ac.My(t, s, ¢, [[pha = bpy]])]
[phs 25 At.As.Ac. M4(t s, ¢, [[phs = cpn]])]
[phy 25 At.As.Ac. /\/l4(t s, ¢, [[phs = dpp]])]
[phs 25 At.As. Ac.My(t, s, ¢, [[phs = epn]])]
[lp

[p macro At.)s.)\c. M4(t, s,C, he = fPhH)]

Ay " A As Ae Ma(ts,¢, [[x Ay = = ((x = = (y)n))n]])]

[x Vy "5 At s . M4(t 56 [xVy == 0)n =yl

[ &y "5 MAS A Ma(tys, ¢ [[x €y = (x = y) Ay = x)]])

x#y macro At.As. Ac. M4(t 5,6 [[x#y = = (x==y)nl])]

ey "0 A AsACMu (b5, ¢ [  y = (x € y)n]])

[x Cy ™ At As Ac.Mu(t,s, ¢, [[x C y = V(Slob): ((Slob) € x = (Slob)
y)ﬂ)]

{ } macro y 4 ¢ \c. M4(t s, C, H{X} = {va}H)]

x Uy "5 A de Ma(ts, ¢, [[x Uy = U{{x}, {y}}]])]

<Ny macro)\t/\s/\cM4(t s,C, [[meﬁ {thXUy | phs 6xAph3 EY}H)]
(x,

y) " AAsACMa(ts, ¢, [[(x,y) = {{x}, .y} 1)
rxy) "5 AASACMalt s, ¢, T[r(xy) = (x,y) € 1))

ReflRel(r, x) ™25 At.As.\c. /\/l4(t s, ¢, [[ReflRel(r,x) = Vs: (s € x = r(s, 9))]])]
SymRel(r,x) ™25 At.As.A\c. My (t, s, ¢, [[SymRel(r, x) = Vs,
t:(sex=tex=r(st)=r(t, s))ﬂ ]

[TransRel(r, x) ™25 M\t.As.Ac. M4 (t, s, ¢, [[TransRel(r, x) =

Vs, tu:(sEx=tex=uex=r(s, t) =r(t,u) = r(s,u))]])]

[
[
[
[
[
[
[

[EqRel(r,x) ™25 At.As. Ac. My (t, s, ¢, [[EqRel(r, x) = ReflRel(r, x) A
SymRel(r,x) A TransRel(r,x)]])]

[BS ™25° At As. Ae. Ma(t,s, ¢, [[BS = bs]])]
[OBS ™25 At.As. Ac.My(t, s, c, [[OBS = bs]])]
[[x € bs], ™ At.As.Ae.Mu(t, s, c, [[[x € bs], = {ph € bs | r(phy,x)}]])]

[bs/r "25° At.As. Ac. My(t, s, c, [[bs/r = {ph € P(bs) | Exgo € bs A [Exag €

bs]r ==pha }]])]

[Partition(p, bs) ™25 At.As.\c. My (t, s, ¢, [[Partition(p, bs) = (Vs: (s €
p=s#0))A

(Vs,t:(s€p=>tep=s#t=sNt==0)) A

Up==bs]])]

(¥** EKSISTENS-VARIABLE *#*)

T x L [

[Ex; "5 At.As. de. My(t, s, ¢, [[Ex; = agy]])]



[EX macro At. s )\c. M4(t s, C, HEXQ = bExH)]

[EXlo macro \+ \o \c. M4(t s, C, HEXIO —JEXH)]

[Exgo 25 At As. Ac. My(t,s, ¢, [[Exz0 = tix]])]

[<a;b‘x ::t>EX macro At s )\c. M4(t s, C, H<a b|X:::t>Ex =

([a1=Tb][[x]:==[t])ex]])]

[(a=0b|x:==t) gy 2 AcxBX A (a=lb|x:==t)g,]
[(a=!b|x:==t)px vl alt!

If (b = [Vobju:v], F,

If(bB Ab £ x,a = t, If(

a = b, (a'="b'|x:==t)gy, F)))]

[(a=*b|x:==t)px ) bIx!t!If(a, T, If ((ab=1b" [x:==t) gy, (a’=*b'|x:==t)g,, F))]
(¥ AKSIOMATISK SYSTEM ***)

[System@Q *=* Vm: UB(us[m], SetOfFxs

( (Union({N,Q}))) | = (Vop;j(opl): = :
~((0p2) € Qu)u = = (apn = {{(op1), (0p1)}, {(opl), (0p2)}}
= (Vo (1)(1)€fph:>_'(v0bj( opl): = (= o (5
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4 (Yobj(s2): = ({{(S ), (s1)},{(s1),(s2)}} €
obj (€) ) 5 (Vo =1 (Vopim: = (0 <= 2 (5 (0=
({ h € {ph € P(P(Union({N, Q})))
a (5 (VobJ(0p2) = (5 (= ((opl) € N= = ((0p2) €

opl), (op2)}}H)n)n)n)n)n)n} | = (Vopjm: =

| 5
p)n)n}[m] + (—udpy [M]))] <= (€) =

1 (Vobj(0p1): =1 (1 (Vobj (0p2): =1 (= (1 ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (op2
fon = = (Vobj (0p1): =1 (-1 (Vobj (0p2):
*((rl)i{{(opl) (Opl)} {(Opl) (0 %)2

—

= );
{{m m}a{@((fX)L] fy)[m])}
= (= (I({ph € {ph € P(P (Umon({N Q}))) |
= (Yobj (0p1): 1 (1 (Vobj (0p2): = (<1 (= ((0p1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)njn)n} | = (Vonim: = (dpn =
{{m, m}, {m, ((x)[m] + (fy)[m])} })n)n}[m] + (—udpx[m]))| = (€))n)n)n)n)n} =
{ph € P({ph € P({ph € P(P (UI(HOH({N Q}))) |

);

{{ 3), (f3)}7( ); (f4)}} € fPh = (f1)=13) = (12) = (f4))n)n =

= (Yobj(s1): (s1) € N = = (Vopy (s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fen)n)n ) ) 1) | Vabi(€): = (Yobj1: = (Vobi: = (0 <= (€) = = (= (0 = (¢))n)n)n =
n<= = (I({ph € {ph € P(P(Union({N, Q}))) |

;‘(vobj( pl):ﬂ( (Vopj(0p2): = (5 (= ((op1) € N = = ((0p2) € Q)n)n =
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= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)njn)n} | = (Vopim: = (dpn =
{{m, m}, {m, ((fy)[m] + (x)[m])} })n)n}[m] + (—udpn[m]))| <= (¢) =
= (= (I({ph € {ph € P(P(Union({N, Q}))) |
= (Yonj(0p1): = (=1 (Yonj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobim: = (dpn =
{{m, m}, {m, ((fy)[m] + (fx)[m])}})n)n}[m] + (~udpw[m)))| = (€))n)n)n)n)n} &

V(fx): V(fy): V(fz): {ph € P({ph € P({ph € P(P(Union({N, Q}))) |

1 (Vobj(0p1): =1 (1 (Vobj (0p2): = (1 (7 ((opl) € N = = ((0p2) € Q)n)n
= (apn = {{(op1), (op1)}, {(op1), (op2

fon = = (Vobj (0p1): =1 (51 (Vobj (0p2):

= ((r1) = {{(op1), (op1)}, {(op1), (0p2

1 (Vobj (£1): Von; (£2): Vob; (£3): Vou (f4): {{(f1), (f1)}, {(f1), (f2)}} € fpn =

{{(s/3 F)},{l(f) ()1} € fen = (1) = (B) = (12) = (f4))n)n =

—

obj(s1): (s1) € N = 5 (Vopj(s2): = ({{(s1), (s1)}, {(s1), (s2
fph)l’l) )H n} |vobj(€)' (Voan ﬁ(VOme = = :
n <=m = = (|({ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(op1): =1 (2 (Vobj (0p2): = (+ ((
= (apn = {{(op1), (op1)}, {(Oplza (0p2)}})n)n)n))n)ﬂ)n} | = (Vobjm: = (epn =
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5 (Vobj (0p1): 1 (5 (Vob; ( =
= (apn = {{(op1), (op1)}, {(opl), (0p2)}})n)n)n)n)n)n} | - (Vobjm - (ePh =
{{m, m}, {m, ((£x) [m]«(fy)[m]) } })n)n}[m]*(fz)[m]) } })n)n} [M]+(—udpn[m]))| <=
(€) = 2 (= (I({ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(op1): =1 (1 (Vobj(0p2): = (1 (= ((op =
= (apn = {{(op1), (op1)}, {(0op1), (0p2)} })n)n)

),
m (
= (Vob; (Opl) (- (Vobj(op2): = (< (= ((
= (apn = {{(op1), (op1)}, {(op1), (0p2) )n)n} | - (Vobjm - (ePh =
{{m, m}, {m, ((fx)[m]* (fy)[m]) } } )n)n}[m] x (fz) [m]) } } )n)n}[M] + (—udpn[m]))| =
(6))H)H)L)IUD} = {ph € P({ph € P({p
5 (Vobj(0p1): 51 (51 (Vobj(0p2): 5 (5 (4 (
- (aph = {{(Opl), (Opl) 7{
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= (Vo (0p1): = (= (Vopj (0p2): = ( (
= (apn = {{(op1), (op1)}, {(op1), (OPZ)}}) Jn)n)njn)ng | = (Vopjm: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P




5 (Vobj(op1): =1 (1 (Vobj(0p2): =2 (1 (=2 ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | = (Vopym: = (epn =
{{m, m}, {m, ((fy)[m] * (fz)[m])} })n)n}[m]) } })n)n}[m] + (—udpn[m]))| <= () =
= (= (I({ph € {ph € P(P(Union({N, Q}))) |

4 (Yobj(0p1): = (5 (Yob(0p2): = (5 (= ((op1) € N = = ((0p2) € Q)n)n =
5 (apn = {{(op1), (op1)}, {(op1), (0p2)} Hn)n)n)n)n)n} | = (Vopym: = (epyn =
{{m, m&, ((fx)[m] + {ph € {ph € P(P(Union({N, QM
= (Vobj(opl): = (< (Vobj(0p2): = (- (- ((opl) € N = = ((0p2) € Q)n)n =
“ (apn = {{(op1), (0p1)}, {(0p1), (0p2) }}))m)m)m)m)n} | = (Vopym: - (epy =
{m, m}, {m, ((fy)[m] * (fz)[m])}})n)n}[m])}})n)n}[m] + (—udpn[m]))| =

(€))m)n)n)n)n} & V(fx): V(rx): ¥(ry): (rx) = (ry) - (fx) € (=x) b (fx) € (ry) @
vm: UB({ph € P({ph € P(ph |
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= (Vobj(0p1): = (= (Vopj (0p2): = (5 (= ((op1) € N = = ((0p2) € Qun =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)m)m)n)njn}) | = (= (Yobj(rl): (r1) €
fen = = (Vobj(0p1): = (5 (Vobj(0p2): = (= (+ ) € N= = ((op2) € Qu)n =

= ((r1) = {{(op1). (op1)}, {(op1), (0p2)} })n

51 (Vobj (£1): Vob; (£2): Vo (£3): Vob; (£4): {{(f1), (f1)},
{{(13), (£3)}, {(13), (f4)}} € fon_ = ( 1) = (8) = (2) = (f4))n)n =
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fon)n)n)n)n}) | Vob;(€): = (Vobfi: = (Youii: = (0 <= (€) = = (= (0 = (¢))m)n)n =
n<=m = = (|({ph € {ph € P(P(Union({N, Q}))) |

5 (Vobj(op1): = (5 (Vobj(op2): = (= (= ((opl) € N = =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n
{{m, m}, {m, ({ph € {ph € P(PEUmon({N ,Q})) |

)
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~—

4 (Vobj(opl): =1 (< (Vobj(0p2)

= (apn = {{(op1), (op1)}, {(opl

5 (Vopjm: = (5 (= (- ({ph € {ph € P(P(UHIOH({N» D) |

5 (Vobj(op1): 1 (1 (Vobj(0p2): = (1 (< ((opl) € N = 1 ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (dpn =

{{m,m}, {m, ({ph € {ph € P(PEUIHOH({N QD)) |
)

~—

%(vobj(opl): ( ( obJ(Op2)
= (apn = {{(op1), (op1)}, {(op1), (
{{(crsl), (crs1)}, {(crsl), 1} })n)n}[m
1 (Vobj(0p1): 71 (=1 (Vobj (0p2): = (1 (1 (
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (v ObJ(Cr51) = (cpn =
{{(crs1), (crs)}, {(crs1), 1} })n)n}[m])} })n)n}[m] = O)n = = (fpn =
{{m m}, {m, rec{ph € {ph e P(P(Umon({N,Q}))) |

= (Yobj(0p1): = (%1 (Yonj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobim: = (dpn =
{{m,m}, {m, ({ph € {ph € P(P(Union({N, Q})))
= (Yonj(0p1): = (%1 (Yonj (0p2): = (4 (= ((op1) € N = = ((0p2) € Q)u)n =
“ (apn = {{(op1), (op 1)}, {(op1), (0p2) FH)m)m)m)m)m)n} | = (Vo (ersD): = (cpn =
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0.1
({(ersT). (ersD)} {(exsD), 11}
(P(Union({N, Q}))) | = (Yobj(0pL): = (= (Von; (0p2): = (= (= ({opl) € N =
“ ((0p2) € Q) = = (apy, = {{(opL). (0p1)}, {(op1), (0p2)} })m)m)n)m)u)n} |
Uy Gy = {{m,m}. (m ({ph € {ph € P(P(Union({N, 0})
(v
= (

v DT ( (a3 (0P2): - (= (*

aem = {1{081), (oD} {{oD). o2) |} mma)n} |  (Volrsi:  (crn =

(e Lers1)} {(rs1). 1}yl + {oh € (ph € PCP(Union({N, Q})

% (Vobg (0P1): = (1 (Voy (002): = (= (* ((op1) € N = = ({0p2) € Q)u)u =

= (apw = {{(oD1). (op1)}, {(0p1). (0D2)} D)) m)m)n)n} | = (Y (ersL): = (cpn =

{{(ersD), {ersD)}, {(ersL), L}})m)n} m])} m)u}[m] = 0 = = (Fer, =

{{m, m}. {m. 0}})n)n)n)n}[m]  {ph € {ph € P(P(Union({N, Q}))) |

= (Vog (0P1): = (1 (Voy (002): = (= (* ((op1) € N = = ({0p2) € Qu)n =

= (apn = {{(opL), (op1)}, {(0p1). (0p2)} m)m)mm)m)n} | = (Vopym: = (dpy =

{{m, m}, {m. (xIm] + y[m])}})n)n} [m])} D)o} ] + (—udp )] <= (0) =

% (% (|({ph € {ph € P(P(Union({N, Q}) |

= (Vobg (0P1): = (1 (Vony (002): = (= (* ((op1) € N = = ({0p2) € Qu)n =

= (apn = {{(op1), (op1)}, {(0p1), (0D2)} ) )m)m)m)n)m)n} | = (Vapsm: - (epy, =

{{m, m) L ((oh € (51 € PP(Union((N, 0))|
)

\./
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= (Vobj(op1): = (= (Vobj (0p2): (< ((opl) € N= =
},{(op1 (0p2)}}) )n)n)n)n)

- (Fons ODT):  ( (Vong(0D2):

“(apn = {{(op1), (0p1)}, {(0p1), (0p2)}})n)n)m)m)n)n} | = (Fopgm: = (dpy =

{{m, m}, {m, ({ph € {ph € P(PEUmonuN Q1)) |
)

~—

f(aph = {.{((')pl) (Opl

(o (a0 & N oo () € Qe

= (Vobj(0p1): = (= (Vopj (0p2) (= ((op1) € N = =((op2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobj(crsl): = (cpn =

{{(crsl), (crs1)}, {((CYSU ,1}})n)n}[m] + {ph € {ph € P(P (Umong N, Q) |
(

2 (g (OPT): = (= (Ve (0D2): = (4 (= ({op1) € N =  ({op2) € Q

= (apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =

{{(crs1), (crs1)}, {(crs1), 1} })n)n}[m])}})n)n}[m] = 0)n = = (fpn =

{{m, m}, {m, rec{ph € {ph € P(P(Union({N,Q}))) |

5 (Vobj(0p1): =1 (1 (Vobj(0p2): = (4 (7 ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2) }})n)n)n)n)n)n} | - (Vopjm: - (dpn =

{{m, m}, {m, ({ph € {ph € P(P(Union({N, Q})))

5 (Vobj(op1): 1 (1 (Vobj(0p2): = (1 (= ((opl) € N = 1 ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =

{{(Cl‘bl) (CI‘bl)} {(ers1),1}})n)n}[m] + {ph € {ph € P(P(Union({N, Q}))) |

Vobj(0p2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =

S (apn = {{(op1), (op1)}, {(op1), (0p2) }})n)n)n)n)n)n} | = (Vop;(crsl): = (cpn =

{{ers1), (ersD)}, {(ers1), 1}})mm} m])})myn}{ml} Dnjn)n = = ({ph € {ph €

P(P(Union({N, Q}))) | = (Vobj(opl): = (1 (Vobj(0p2): -1 (= (= ((opl) € N =
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5 (Vobj(opl): = (—
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(0p2) € Qu)n = = (apy = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n
objm: = (dpy = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q})))
obj (OP1): = (5 (Vo (0p2): = (% (5 ((op1) € N = = ((op2) € Q)n )

apn = {{(op1), (op1)}, {(0op1), (0p2) }})n)n)n)n)n)n} | = (Vonj(crs

{{(crs), (crs)}, {(crs1), 1} Pujn}[m] + {ph € {ph € P(P(Union({N Q

= (Yonj(0p1): = (%1 (Yonj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =

“ (ap = {1(op1), (0p1)}, {{0PT), (0p2)}}Jm)m)m)mpm)n} |  (Foug @rs1): = (cpp, =

{{(crs1), (crs)}, {(crs1), 1} })n)n}{m])} Pn)n}m] = 0 = = (fen =

{{m, m}, {m, 0}})n)n)n)n}[m] * {ph € {ph € P(P(Union({N, Q}))) |

= (Yobj(0p1): = (%1 (Vobj (0p2): = (1 (= ((0p1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Vobim: = (dpn =

{m, m}, {m, (x[m] + y[m})} Hn)n}[m])} Hhn)n}[m] + (—udps[m]))[ =

(¢))n)n)n)n)n}, SetOfReals) - xs[(m + 1)] = xs[m] @ Va: Vb: Vx:Vy:y € x - b+

ye{phex|al®dVxVyix<=y=y<=x=>x=y®Vs:Vx:Vy: (s €

Xy} = A (s==x)n = s==y = 7 ((s==x)n =>s==y = sc {x,y})n)n &
Vm: V(fx): V(sy):m € N = = (= (Vobj(r1): (r1) € (fx) =

= (
= (v
= (v
= (

——
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= (apn = {{(opL), (op1)}, {(opD), (0p2)}})m)m)m))u)n} | = (Vupym: = (dpy, =
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(6))n) Jn)n)n} = {ph € P({ph P(({ph € P(P(Union({N, Q}))) |

(fy)[m])}})m)n}{m] + (£2)[m])} })n)n}[m] +
|

“ (Yobj(op1): = (% (Vobj (op )

(
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n)n}) | = (= (Vob;(rl): (r1) €
fen = = (Vobj(0p1): = (= (Vabj(0p2): = (= (= ((0p1) € N'= = ((0p2) € Q)n)n =
= ((r1) = {{(opL), (op1)}, {(0p1), (0p2)} Hm)m)m)m)m)n =
;‘(vaJ(fl) ObJ( ) obl( ) obj (f ) {

(£3), (f4)}} € fen = (f1)

(f =
N = = (Vo (s2): = ({{(s1), (s1)}, {(s1),

{(®), (),
b

ﬁ(vo J(S].) S )E 71) S2) }6 _
fon)n)n)n)n}) | Vou; (€): = (VoM = (Voum: = (0 <= (€) = = (= (0 = ())n)n)n =
n <=m = = (|({ph € {ph € P(P(Union({N,Q}))) |

= (Vobj(0p1): 5 (1 (Vobj(0p2): = (1 (7 ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobim: = (dpn =
{{m, m}, {m, ((tx)[m] + {ph € {ph € P(P(Union({N, Q}
“ (Vobj(0P1): = (= (Yobi (0p2): = (= (= ((op1) € N = =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopim: = (dpn =
{{m, m}, {m, ((fy)[m] + (£2)[m])} })n)n}[m])} })n)n}[m] + (—udpn[m]))| <=
D)) |
=
n

~—

() = = (= (/({ph € {ph € P(P(Union({N, Q})))
= (Vons 0P1): = (= (Voy (0D2): (= (= ((0p1) € N
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n
{{m, m}, {m, ((fx)[m] + {ph € {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): 1 (1 (Vobj (0p2): = (=1 (= ((0p1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(0op1), (0p2)} })n)n)n)n)u)n} | = (Vopim: = (dpn =
{{m, m}, {m, ((fy)[m] + (2)[m])}})n)n}[m])}})n)n}t[m] + (—udpn[m]))| =
(e))n)n)n)n)n} G Vx: = (x =0)n = (x*recx) =1 P Vx: 7 (x=0n=x€ Q=
recx € Q@ Va:Vh: v (b)n=ak - (b)n=~(ajnt-b®
Vx: Ac. TypeRational0([x]) - x € Q ® V(rx): (rx) = (rx) ® Vm: - (UB({ph €
P({ph € P({ph € P(P(Union({N,Q}))) [ _
= (Yonj(op1): = (= (Vopj (0p2): = (= (= ((op -
= (apn = {{(op1), (op1)}, {(op1), (0p2)} H)n)m)n)n)n)n}) | = (= (v ObJ(rl) (r1) e
fen = = (Vobj (0P1): = (= (Vobj(0P2): = € N= = ((op2) € Q)n)n =
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(Vobjn = (Vobjﬁ: = (0 <= (6) = = (;' (0 = (6))n)n)n =
n<=m= (\({ph € {Ph € P(P(Union({N, Q}))) |
5 (Vobj(0p1): =1 (51 (Vob (0p2): = (7 (1 ((opl) € N = = ((op2) € Q)n)n =
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S (- 2) € Q)n)n =
)

J- G‘
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{ph € P({ph € P({ph € P(P(Union({N, Q}))
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=
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fen)n)n)n)n}) | Vobj(€): = (Fobjfi: = (Youji: = (0 <= (€) = = (= (0 = (¢))m)n)n =
n <=m = = (|({ph € {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): = (%1 (Yobj (0p2): = (1 (= ((0p1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopim: = (dpn =
{{m, m}, {m, ((fx)[m] + {ph € {ph € P(P(Union({N,Q}))) |
= (Yonj(0p1): = (%1 (Yonj (0p2): = (4 (= ((op1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Vobim: = (fpn =
{{m, m}, {m, (—u(fx)[m])} Huu}[m})} H)n)n}[m] + (—uden[m]))| <= () =
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= (Yonj(0p1): = (%1 (Yonj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} Hn)n)n)n)njn} | = (Vobim: = (fpn =
{{m, m}, {m, (—u(fx)[m])} })n)n}[m])} })n)n}[m] + (—udpn[m]))| =
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% (Vobg (0D1): = (%1 (Vo (002): = (4 (1 ((op1) € N = = ({0p2) € Q)u)n =
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“ (apn = {1(0p1), (op1)}, {(op1), (0P2)}mm)m)m)m)n} |  (Vops(ersD): “ (cpn =
{{(crs1), (crs1)}, {(crs1), 0} })n)n}[m] + (—udpn[m]))| <= o (
{ph € P(P(Union({N, Q}))) | = (Vobj(0p1): = (=2 (Vob;(0p2): 1 (= (< ((opl) €
N = = ((op2) € Q)n)n = = (apy, =
{{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n
{{(crs1), (crs1)}, {(crsl),0}})n)n}[m] +
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= (Yobj (0p1): 1 (1 (Vobj(0p2): = (=1 (= ((0p1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)},{(0p1), (0p2)}})n ) Jnjnjn)nj | = (Vobj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1), 1} })n)n}{m] den[m]))[ <= (e) = = (2(|({ph €

{ph € P(P(Union({N,Q}))) | = (Vob; Pl)ﬁ (= (Vobj(0p2): = (= (-
N = = ((op2) € Q)n)n = = (apy, =
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[MP *2% " SystemQ F Va:Vb:a = bFat b][MP “"—" Rule tactic]

[Gen stogt SystemQ F Vx: Va: a - Vpx: a][Gen propf Rule tactic]

[Repetition stmpt SystemQ I Va: a b a][Repetition propt Rule tactic]
[Neg "2 SystemQ F Va: Vb: = (b)n = a - = (b)n = = (a)n F b][Neg "%”
Rule tactic]

proo

[Ded *2" SystemQ - Va: ¥b: a - b][Ded ™% Rule tactic]

[ExistIntro "= SystemQ - Vx: Vt: Va: Vb: ([a]=°[b] |[x]:==[t])ux - a -

proof

b][ExistIntro "— Rule tactic]

[Extenswnahty I SystemQ - Vx: Vy: 5 (x==y => Vs (5EX=>5€y =
S(ey=5€x)n )né—'(vobjsﬂ(sex:ssey¢ﬂ(s€yés€x) nn =

x==y)n)n] [Extensionality " " Rule tactic]

[Odef *" SystemQ I Vs: = (s € @)n][Odef ™" Rule tactic]

[PairDef I SystemQ F Vs: Vx: Vy:a(s € {x,y} = ~(s==x)n = s==y =
A (A (s==x)n = s==y = s € {x,y})n)n|[PairDef "— Proof Rule tactic]

[UnionDef U System@Q F Vs: Wx: - (seUx= (s €jrx = " (jex €x)n)n =
S (5 (s € jex = 7 (jEx € x)n)n = s € Ux)n)n][UnionDef "— Proof pule tactic]
[PowerDef stogt SystemQ F Vs: ¥x: = (s € P(x) = VopjS:5 €s =5 €x =

4 (Vobis:5 € s =5 € x = s € P(x))n)n|[PowerDef P Rule tactic]

[SeparationDef * M SystemQ F Va: Vb: Vp: Vx: Vz: pPE A (b=a|p:==z)pn - - (z €
{phex|a}=(zex=-(b)nn= ~(~(z€x= S (b)n)n =z € {phex|

a})n)n][SeparationDef P Rule tactic]

————— RRRRRRRRRRRRRRR ————
(*** import fra A.M. *¥*¥)
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{ph € P({ph € P({ph € P( (Umon({N Q1)) -

{
= (Vobj(opl): = (5 (Vobj (0
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( 4)}} € fon = = (f1) = (1)
€ N = = (Vobj(s2): = ({{(s1),
n Il} |vobj(€)' (VOan ﬁ(vobjﬁ-
= =5 (\({ph € {ph e P( (Union({
(Vo (0p1): = (=1 (Vonj (0p2): = (= (= ((op
= (apn = {{(op1), (Opl)}n{(opl) (0p2)}})n
m, m * () [m]) } })n)n}[m
% (= (|({ph € ph € P( P(Union({N, Q}))
1 (Vobj(0p1): -1 (1 (Vob (0p2): = (-1 (4 ((
= (apn = {{(op1), (op1)}, {(op1), (0p2)
{{m, m}, {m, ((y)[m]  (x)[m])} } )n)n}[m
(¢))n)n)n)n)n}][TimesCommutativity(R) "—
(*** aksiomer ***)

[leqReflexivity U SvstemQ b Vx:x <= x][leqReflexivity Proof Rule tactic]
[

y][leqAntisymmetry Axiom P2 Rule tactic]
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)Y€ N= =((op2) € Qn)n =

) Jn)n)n)n} | = (Vopjm: = (epn =
+ (—udpp[m]))| =

f
P2 Rule tactic]

ﬁw—lo
3 T
._.v,_.

leqAntisymmetry Axiom stot SystemQ F Vx:Vy:x <=y =y <=x=x=

[leqTransitivity Axiom stogt SystemQ F Vx:Vy:Vzix <=y =y <=z = x <=

z][leqTransitivity Axiom P Rule tactic]
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[leqTotality M SystemQ F Vx: Vy: 5 (x <=y)n =y <= x|[leqTotality proof
Rule tactic]

[leqAdditionAxiom stogt SystemQ - Vx: Vy:Vz:x <=y = (x +z) <=
(y+2)] [lqudditionAxiom P Rule tactic]

[leqMultiplication Axiom * gt SystemQ - Vx: Vy Vz0<=z=>x<=y=
(x*z) <= (y* z)][leqMultiplication Axiom "’ " Rule tactic]
[plusAssociativity *5" SystemQ F Vx Vy:Vz:i ((x+y) +2) =

(x4 (y +2))] [plusAssoc1at1v1ty 0 Rule tactic]

[plusCommutativity *=5° SybtemQ Fvx:Vy: (x+y) =

(y + x)][plusCommutativity "= " Rule tactic]

[Negatlve B SystemQ F Vx: (x + (—ux)) = 0] [Negative P Rule tactic]

proof
]

[plus0 "3 SystemQ l— ‘v’x (x 4+ 0) = x][plus0 "—" Rule tactic
[tlmesAssomatlwty i SystemQ I Vx: Vy: Vz: ((x * y) *z) =

(x* (y * z))][timesAssociativity P2 Rule tactic]
[timesCommutativity 2 System(Q b Vx: Vy: (xxy) =

(y * x)][timesCommutativity P Rule tactic]
[ReciprocalAxiom *5" System(Q b Vx: = (x = 0)n = (x * recx) =
1][Reciprocal Axiom P Rule tactic]

[times] U System(@ b Vx: (x* 1) = x|[timesl P Rule tactic]
[Distribution **5" SystemQ + Vx: Vy:Vz: (x * (y +2)) =
((x*y)+ (x * z))][Distribution P Rule tactic]

[Onot1 *2* SystemQ - = (0 = 1)n][0not1 "= P2 Rule tactic]
[Equality Axiom stoyt SystemQ F Vx:Vy:Vzix =y = x=z=y =
z|][Equality Axiom P Rule tactic]

[EqLeqAxiom stopt SystemQ F Vx:Vy:x =y = x <= X] [EqLeqAxiom proof

Rule tactic] B

[EqAdditionAxiom stoget SystemQ - Vx:Vy:Vz:x =y = (x +2) =

(y + z)][EqAdditionAxiom P2 Rule tactic]

[EqMultiplication Axiom - st SystemQ FVx:Vy:Vzix =y = (x*2z) =
(y*2z)] [EqMultiplication Axiom "=’ " Rule tactic]

[A4(Axiom) stmpt SystemQ F Vx: V@: Va: Vb: <§Eb|@:==§>Me i
Vobj(v1):b = a][A4(Axiom) P Rule tactic]

**E XX snydeaksiomer **%*)

[==Reflexivity "3 SystemQ F V(rx): (rx) = (rx)][== Reflexivity "= !
Rule tactic] -

—~
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[==Symmetry "2 SystemQ I ¥(rx): ¥(xy): (rx) = (ry) - (1y) = (rx)][==

Symmetry Proof Rule tactic]
[==Transitivity *5" SystemQ - V(rx): V(ry):V(rz): (1x) = (ry) F (ry) = (r2) =

(rx) = (rz)][==Transitivity P Rule tactic]
XX ikke 100procent identisk med originalen fra equivalence-relations
[SENCI * SystemQ F V(£x): ¥(xx): ¥(ry): (1x) = (ry) F (£) € (1x)  (£x) €

proof

(ry)][SENC1 "—=" Rule tactic]

XX boer bevises ud fra nummer 1

[SENC2 "' SystemQ F V(£x): V(rx): V(1y): (1x) = (ry) F (fx) € (ry) F (fx) €
(rx) )][SENC2

[PlusF *2" SystemQ + Vm: V(fx): V(fy): {ph € {ph € P(P(Union({N, Q}))) |
= (Vabi(0p1): 2 (5 (Yobi (0p2): = (1 (2 ((0p1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopim: = (dpn =
{{m, m}, {m, ((fx)[m] + (fy)[m])}})n)n}[m] = ((Ex)[m] + (fy)[m])][PlusF ™"

Rule tactic]
stmt

[From =="—" SystemQ I V(fx): V(fy): {ph € P({ph € P({ph €

P(P(Union({N, Q}))) |  (Yonj(0p1): = (= (Yobj(0p2): = (= (=1 ((opl) € N =

(op2) 6&) nn = = (apn = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n}) |

' +(r1) € fpn = = (Vobj(0p1): = (2 (Vobj(0p2): = (2 (* ((op1) € N =
)( = (1) = {{(op1), (op1)}. {(0p1). (0p2)}})n)n)n)n)n)n =

proof

Rule tactic]

»—n

2) vaJ (£3): Vo (f4): {{(f1), (f1)}, {(f1), (£2)}} € fpn =
f4)}} € fpn = (fl) =(3) = (f2) = (f4))n)n =
ﬁ(VObJ(S2) S ({{(s1), s} {

= (Vobjn: = (Vopjm: = (0 <= (¢) = = (= (0 = (¢))n)n)n =

+ (—udpn[m]))|
a[M]))| = (€))n)n)n)n)n} =
))) 51 (Vobj(0p1): =1 (1 (Vobi(0p2): = (- (5 ((Opl) EN=
= (apn = {{(opl
fpn = = (Vopj(op1): = (5 (Vobj(op?)i = (= ( ((Opl) EN =>
4 ((r1) = {{(op1), (op1)},

(opl
ObJ(fg) ObJ(f4) {{( 1)7(f1)}7{
F)}} € fen = (1) = (8) = (2) = (F))n)n =
(Vobj(s2) = ( {(S ), s1)},{(s1),(s2)}} €
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[To ==""" SystemQ - V(£x): V(£y): Yob;(€): = (Vobji: = (Vong: = (0 <= (€) =
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= (5 (|((fY)[ ] (—udpn[M)))] = (€))n)n)n)n)n}][To ==""%" Rule tactic]
[FromInR ° tme SystemQ F V(fx): ( y): (fX) € {ph € P({ph € P({ph €
P(P(Union({N, Q}))) | = (Yobj(0p1): = (5 (Vonj(0p2): = (2 (=1 ((op1) € N =
op2) € Qu)u = = (apy = {{(opl), (op1)}, {(opl), (0p2)} })n)n)njn)n)n}) |
5 (Vob;(r1): (r1) € fPh = =1 (Vobj(0p1): 1 (1 (Vobj(0p2): =2 (4 (= ((opl) € N =
(op2) 6 Qn)n = = ((r1) = {{(op1), (op1)}, {(op1), (0p2) } })n)n)n)n)n)n =
+Vob (f1)}, {(f1), (f2)}} € fpn =

(opl
(f2) Von; (£3): Vob; (f4): {{(f1), (£
(83), (4)}} € fpn = (f1) = (3) = (£2) = (f4))n)n =
1) € N = = (Vob;(s2): = ({{(s1), (s1)}, {(s1), (s2) }}
Vobj(€): 5 (Vobjﬁ: - (Vobjm (0 <= (=

fw + i)

(-
1
)

= (5 (B ] +
(* makroer **
KVANTI )
My 252 At As. Ae. My (t, s, ¢, [[M; = (m1)]]
My ™25 Mt As. Ac. My(t,s, ¢, [[My = (m2)]])]

[N] 252 At.As. Ae. My (t, s, ¢, [Ny = (n1)]])]




Ny ™25 At ds. e Myt s, ,

N macro At. s \C. M4(t S, C, [N3 = (1’13)”)]

m—\—\

FXS ™29 M. As. Ae. My (t, s, ¢, [[FXS = (fxs)]]
t,s,¢, [[FYS = (fys)ﬂ
t,s,¢, [[(F1) = )

FYS ™25 At.As. Ac. My
(F1) ™25 At As.Ac. My

[

[

[e "2 At As. de. My (t, s, ¢, [ = (9]

[e1 250 At As. dc. My(t, s, c, [[el = (e)1]1)]

[€2 250 At As. Ae. My(t, s, ¢, [[€2 = (e2)]1)]

(X1 "2 At As A My(t,s, ¢, [[Xy = (x1)]])]

[Xo "5 At As. Ae. Myl(t,s, ¢, [[Xe = (x2)]1)]

[Y1 "5 At As. de. Myl(t,s, ¢, [[Y1 = (yD)]1)]

[Y2 "5 At As. Ae. Mul(t,s, ¢, [[Y2 = (y2)]1)]

[V ™25 At As. de. My (t,s, ¢, [[V] = [S25100)

[V 25 At As. A My (t, s, ¢, [V = 2)]1)]

[V ™25 At As. de. My (t,s, ¢, [[V3 = 3)ID]

[V ™25 At As. de. My (t,s, ¢, [V = @ﬂ)}

[Van "5 At As. Ae. My (t, s, ¢, [[Van = (v20)]])]
[FX ™25 Xt.As.A\c. My (t, s, € [[FX (£)]7)]

[FY "™55° At As. de. My(t,s, ¢, [[FY = (fy)]])]

[FZ ™2° Xt As.de. My(t, s, ¢, [[FZ = (fz2)]])]

[FU ™ At As.de. My(t, s, ¢, [[FU = (fu)]])]

[FV "5 At As. de My (t,s, ¢, [[FV = (f)]])]

[FW ™25 At s Adc. My (t, s, ¢, [[FW = (Ew)]1)]
[FEP ™25 At.As.Ac.My(t, s, ¢, [[FEP = (fep)]])]
[RX "5 At Xs. de. My(t,s, ¢, [RX = (rx)]])]

[RY "5° At As. Ae.My(t,s,c, [[RY = (ry)]])]

[RZ "5 At.Xs. Ae.My(t,s, ¢, [[RZ = (r2)]])]

[RU ™25 At.As.Ac. My(t, s, ¢, [[RU = (w)]])]
[(SX) ™25 At As. Ac.My(t, s, ¢, [[(SX) = (sx)]])]
[(SX1) ™25 At As.Ac. My (L, s, ¢, [[(SX1) = (sx1)]])]
[(SY) ™25 At.As. Ac. My(t, s, c, [[(SY) = (sy)ID]
[(SY1) "5 At As. e Ma(t,s, ¢, [[(SY1) = (syD)]])]
[(SZ) ™25 At.As. Ac.My(t, s, c, [[(SZ) = (s2)]1)]
[(SZ1) ™25 At.As. Ac.My(t, s, c, [[(SZ1) = (sz1)]])]
[(SU) ™25 At As. Ae.My(t,s, ¢, [[(SU) = (su)]])]
[(SU1) ™25 At.ds. Ae. My(t, s, ¢, [[(SUT) = ( ul)]])]
[

[

[

(t,
(
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[(
[(
[(
[(
[(
[(
[(
[(
[(
[(
[(Flob) ™25 At.As.\c. M4(t s, C,
[(
[(
[(
[(
[(
[(
[(
[(
[(
[(
[(

F2) "5 At As. Ae. My(t, s, ¢, [[(F2) = (£2)]
F3) "2 M. ds. de. My(t,s, ¢, [[(F3) = (£3
) =

F4) ™25 At )s.)\c. M4(t s, ¢, [[(F4) = fi)]
OP1) ™5 At As Ac. Mu(t,s,c, [[(OP1) = (op1)]])]
OP2) ™5 At As Ac.Mu(t,s,c, [[(OP2) = (op2)]])]

R1) ™25 At.As. Ae. My(t, s, ¢, [[(R1) = (r1)]])]

\_/
=3
o
[e]
=
o
>
—+
>
w
>~
o
<
N
—~
~+
(V2]
(@]
-
P
w2
=
=
w
2
S~—

S1 )

S2) M2 At As. A My(t,s, ¢, [[(S2) = (s2)
EPob) ™25 At.As.\c. ./\/14(t s, ¢, [[(EPo
CRS1ob) ™5 At.Xs.A\c. M4 (1, s, ¢, [[(CRS1ob) = (crs1)]])]
Flob

[[(Flob) =
F20b) ™29 At.As. \c. ./\/l4(t s, ¢, [[(F20b) = (f2)
F3ob) ™29 At.As. \c. M4(t s, ¢, [[(F3ob) =
F4ob) "2 At.Xs. \c. M4(t s, ¢, [[(F4ob) = (f4)
[l
[l

Nlob) ™25 M. As.Ac. My(t,s, ¢, [[(N1ob) = (nl)]
N2ob) "5 At.As.Ac. Mu(t, s, ¢, [[(N20b) = (n2)]
OP1ob) ™25 At.As. \c. /\/l4(t s, ¢, [[(OP1ob) = opl)ﬂ )]
OP20b) ™% At.\s. Ac. M4(t s, ¢, [[(OP20ob) = 1
Rlob) ™25 M. As.Ac. My(t,s, ¢, [[(R1ob) = rl)

Slob) ™25 At.As.Ac. M4(t s, ¢, [[(Slob) = (s1)]

S20b) M5 At.As. Ac. Myt s, ¢, [[(S20b) = (s
fx) <¢ (fy) ™29 MAs Ae. Myt s, ¢, [[(fx) <

SF((fx), (£y))]1)]
[Ex3 ™5 At As A Mu(t, s, ¢, [[Ex3 = cgy]])]

E
[
[
2
3
[
[
[
[x <
[

[
[00
[
[

(v1):a ™25° At.As.Ac. J\/l4(t s,¢, [[B(vl):a=
x <<==y " At As. A My(t,s, ¢, [[x <<=
(—1) "2 2 AtAsACMy(t,s, ¢, [[(—1) = (—ul)]])]
" N As Ae Mu(ts ¢, [[2 = (1+ 1)]])]
At ds e My(t,s, ¢, [[3= (24 1)]])]
1/2 ™25 At As.Ae.My(t, s, c, H1/2 = rec2]])]
1/3 ™29° Xt.As. Ac. M4(t s,¢, [[1/3 = rec3]])]
2/3 ™2 A As. Ae. My(t, s, ¢, [[2/3 = (2% 1/3)]])]
y At s A My(t,s ¢ [[x <y =x <=y Ax#VY]])]
X;Aymgo)\t)\s)\c./\/l;;(t s,¢, [[x#y =~ (x=y)n]])]
(x —y) "2 At.As. Ac. M4(t s,¢, [[(x—y) = (x+ (—uy))]])]
T A As A Myt s, ¢, [[00 = R(OF)]T)]
01 ™25 A As Ae. My(t, s, ¢, [[01 = R(1£)]])]
X!l ==y "5 At As. e My(t, s ¢, [[xI! ==y = 5 (x == y)n]])]
ok REGELLEMMAER )

-
<

<
=
byl
_‘.
—~

5]
S~—
"B
=2
J—)

macro

(
(*** UDSAGNSLOGIK ***)
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[ToNegatedImply 5" SystemQ - Va: Vb:a F = (b)n F = (a = b)n]

proo

[ToNegatedImply "% Ac.Ax.P([SystemQ I Va: Vb:a - = (b)n - = (= (2 =
b)n)n F RemoveDoubleNeg > - (- (a=b)n)n>>a=b;MP>a=bra>
b; FromContradiction t> b > = (b)n > - (a = b)n; Va: Vb: Ded > Va: Vb: a
A(bnk-((@a=bnnk-(a=bn>»a=(bn=-(-(a=bnn=
S(@a=bmat - (bnFMP2>ra=(bjn="("(a=bnhn="(a=
bjnrear = (b)n> = (- (a= bn)n= =(a = b)n; Autolmply > = (- (a =
b)n)n = = (- (a= b)n)n;Neg> - (- (a=bn)n==(a=bne> - (~(a=
bjn)n = = (= (a = bjn)n > = (a = b)n], po, ¢)]

[TND I System(Q F Va: (a)n = = (a)n]

[TND progf AcAx. P([SystemQ  Va: AutoImply > = (a)n =

= (a)n; Repetition > = (a)n = = (a)n > =~ (a)n = =~ (a)n], po, ¢)]
[FromNegations stogt SystemQ - Va:Vb:a=bF - (a)n = b b]

[FromNegations proof Ac M. P([SystemQ F Va:Vb:a=bF - (a)n=>btF

TND > - (a)n = = (a)n; FromDisjuncts > < (a)n = - (a)n>a=b> - (a)n =
b > b—| » PO C)]

[prop lemma imply negation st SystemQ F Va:a = = (a)n + = (a)n]

[prop lemma imply negation propf ACAX.P([SystemQ F Va:a = - (a)n
AutoImply > = (a)n = = (a)n; TND > - (a)n = = (a)n; FromDisjuncts >
S(@n=“(an>a= “(an>(a)n = = (a)n >~ (a)n], po, c)]
[From3Disjuncts st SystemQ - Va: Vb:Ve:Vd: - (a)n = ~(bjn =>cha=dF
b=dFc=dFd]

[From3Disjuncts propf AcAx.P([SystemQ F Va: Vb: Vc: Vd: = (a)n = = (b)n =
ckFb=dFc=dF - (a)nt Repetition > - (a)n = = (b)n = ¢ > - (a)n =

S (b)n=¢MPr-(a)n= = (b)n = c>-(a)n>> - (b)n = ¢; FromDisjuncts >
S(b)n=c>b=d>c=d> d;Va:Vb:Vc: Vd: Ded 1> Va: ¥b: Vc: Vd: = (a)n =
“(bn=cktb=drFc=dF-(@ntd>-(an=-(bn=>c=>b=d=
c=>d= -(a)n=d;Autolmply >a=d=a=d;"(an="(bpn=cka=
dFkb=dFc=dFMP3>-(an=(bn=>c=b=>d=c=>d=
“(@an=d>-(an=-(bn=>c>b=>d>pc=>d>»"(a)n=d,MPr>a=
d=a=dra=d> a= d;FromNegationst>a = d> = (a)n = d > d], po, ¢)]
[NegateDisjunct1 *3" SystemQ b Va: Vb: = (a)n = b+ = (a)n F b]

[NegateDisjunctl propf ACAX.P([SystemQ F Va:Vb: - (a)n=bF - (a)n k-
Repetition > = (a)n = b > = (a)n = b; MP > = (a)n = b > = (a)n > b], po, ¢)]
[NegateDisjunct2 *3" SystemQ b Va: Vb: - (a)n = b - = (b)n - a
[NegateDisjunct2 propf Ac.AX.P([SystemQ F Va:Vb: -~ (a)n = b+ = (b)n+
Repetition > - (a)n = b > - (a)n = b; NegativeMT > - (a)n = b > = (b)n >
§1 » Po, C)]

(%)

[ExpandDisjuncts *2=" SystemQ F Va: Vb: Ve: Vd: = (a)n = b -~ (c)n = d

S (b)n= = (d)n = = (a= = (c)n)n]

[ExpandDisjuncts "% A\e.\x.P([SystemQ - Va: Vb: Ve: Vd: = (a)n = b -
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S(en=dF = (b)nk = (d)n F NegateDisjunct2 > = (a)n = b > = (b)n >

a; NegateDisjunct2 > - (¢)n = d > = (d)n > ¢; JoinConjuncts >a>c > - (a =

4 (c)n)n; Va: Vb: Ve: Vd: Ded > Va: Vb: Ve: Vd: = (a)n = bF - (c)n=d+ = (b)n+

(dnkF=(@==(nn>-(an=b=-(cn=d=-(bn==(dn=
(@a=-=-(n)n;m(an=bF-(cn=dFMP2>-(a)n=b=-(chn=d=

(b)n = —|(d)n:> Sa=S(gnn>-(an=b>-(cn=d> - (b)n=

(d)n = = (a = - (¢)n)n; Repetition > = (b)n = - (d)n = - (a = - (c)n)n >

(b)n = = (d)n = = (a = = (c)n)n], po, )]

[From2  2Disjuncts stogt SystemQ + Va: Vb: Vc:Vd:Ve: 5 (a)n = b F - (c)n =

dFa=c=erFa=d=ceFb=c=eFb=d=cel¢

[From2 « 2Disjuncts "% Ac.Ax.P([SystemQ - Va: ¥b: Ve: Vd: Ve: = (c)n = d -
a=>c>elta=>d=etaFMPra=c=era>c=>eMP>ra=d=>
er>a>d = e FromDisjuncts > - (c)n =>d>c=e>d=e>
e;Va:vb:Ve:Vd:Ve: “(a)n=btk - (chn=dFb=c=ebtb=>d=el

“(a)n F NegateDisjunctl > - (a)n = b> - (a)n > b;MP>b=c=e>b>
c=eMP>b=d=e>b>d= e FromDisjuncts > - (c)n = d>c=
er>d = e>e;Va:Vb:Vc: Vd: Ve: Ded > Va: Vb: Ve: Vd: Ve: ~ (c)n = dFa = c =
eFa=d=etate>(cn=d=a=>c=2ea=d=2e=a=

e;Ded > Va:Vb:Ve:Vd:Ve: m(a)n = bk~ (c)n=dF-b=c=eFb=d=c¢etF
S(@ankFe>»-(@an=b="(cn=d=b=c=e=b=>d=e= ~(a)n=
eggn(@an=bkFa(chh=dFa=c=elFa=d=etb=>c=eFb=d=
eFMP3>-(cn=>d=>a=>c=>e=>a=>d=>e=>a=e>(cn=>d>a=
c>eba=>d=e>a=seMPAr(an=>b= S (gn=>d=>b=c=2e=
b=d=e="(@n=e>-(an=b>-(chn=d>b=>c=erb=d=
e> - (a)n = g; FromNegations > a = e > - (a)n = e > €], po, ¢)]

(*** SAME-F ***) XX-am

(*** R-AFDELINGEN ***) XX-am

(*******************)

[FromNegatedImply *3" SystemQ F Va: Vb: 1 (a = b)n F = (a = = (= (b)n)n)n]
roof
[ proo

FromNegatedImply " — Ac.Ax.P([SystemQ - Va:Vb:a = = (= (b)n)n - a k-
MP > a = = (= (b)n)n>a > - (- (b)n)n; RemoveDoubleNeg t> - (- (b)n)n >
b;Va:Vb:Ded > Va:Vb:a = - (- (b)n)nFakb>a= (- (bn)n=a=
b;-(a=bnkFMT>a= (- (bn)n=a=b>-(a=bn>-(a=

4 (4 (b)n)n)n; Repetition > - (a = = (< (b)n)n)n > - (a =

- (_‘ (D)H)H)H—I » PO, C)]

(***)

[FromNegated (2 * Imply) stogt SystemQ - Va:Vb:Ve: - (a=b=c)nhF

(5 (@= = (b)n)n = = (5 (c)n)n)n]

[FromNegated (2 * Imply) " — PO N Ax. P([SystemQ F Va:Vb:Vc: - (a = b =
c)n F FromNegatedlmply >~ (a=b=cn>-(a= (- (b=

c)n)n)n; FirstConjunct > - (a = = (= (b = ¢)n)n)n > a; SecondConjunct >

S (a= (- (b= ¢)n)n)n > - (b = ¢)n; FromNegatedImply > = (b = ¢)n >
< (b= = (- (¢)n)n)n; FirstConjunct > - (b = = (- (¢)n)n)n >

b; SecondConjunct &> = (b = = (- (c)n)n)n > = (c)n; JoinConjuncts > a > b >

-
-
-
=
-
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4 (a= 5 (b)n)n; JoinConjuncts > = (a = - (b)n)n> S (c)n > - (- (a =

S (b)n)n = = (= (c)n)n)n], po, )]

[FromNegatedOr *2" SystemQ - Va: Vb: =+ (<1 (a)n = b)n - = (= (a)n =

= (5 (R)n)n)n]

[FromNegatedOr PO A Ax. P( fSystemQ F Va:Vb: = (- (a)n=b)nF
Repetition > = (< (a)n = b)n > (- (a)n =

b)n; FromNegatedImply > - (= (a)n = b)n > = (- (a)u = = (- (b)n)n)n], po, ¢)]
[InductionAxiom strgt SystemQ F V(v1): Va: Vb: Vc: (b=a|(v1):==0)nme t+
(c=a|(vl):==((v1) + 1))me F b = Vopj(vl):a = c =

Vobj@i a][InductionAxiom Proof pule tactic]

[LessMinus1(N) “I' SystemQ F Vm: Vn: Nat(m) # Nat(n) F = (m <=
(n+1)=-(=-(m=(n+1))n)n)n - m <= n][LessMinusl(N) "— Pt Rule tactic]
[Nonnegative(N) S SystemQ F Vm: Nat(m) F 0 <= m][Nonnegative(N) proot
Rule tactic]

[Cauchy U SystemQ
V(v1):¥(v2):Vn: V(e): V(£x): Yobj(€): T (Yobjn: = (Vobj(v1): Yobj(v2): - (0 <=

@z>ﬂﬂ0z@)n)n)nz>g<: (vl) = n <= (v2) =
([((E)[(vD] + (—u(x)[(v2)])] <= (¢) =
S ([(E[VD] + (—u(fx)[(v2)]))] = (€))n)n)n)n)n][Cauchy "= Rule tactic]

[JoinConjuncts(2conditions) stgt SystemQ - Va:Vb:Ve:Vd:a=b=cta=
b=dFa=b=~(c= +(d)n)n]

proof

[JoinConjuncts(2conditions) ~— Ac.Ax.P([SystemQ F Va: Vb:Vc:Vd:a = b =
ckFa=b=dFatFbFMP2>ra=b=crarb>cMP2ra=b=
d>arb> d;JoinConjuncts >ci>d >~ (c =

< (d)n)n; Va: Vb: Ve: Vd: Ded > Va: Vb: Ve:Vd:a=b=cFa=b=dFak bt
Sc="dnn>»a=b=>c=a=b=d=a=b=-(c=-(dn)n;a=
b:>c}—a:>b:>dl—MP2>a:>b:>c:>a:>b:>d:>a:>b:>ﬂ(c:>
(dnn>ra=b=cra=b=d>a=b= -(c= - (d)n)n],po,c)]

4

stmt

[FromNegatedAnd SystemQ F Va:Vb: = (- (a = = (b)n)n)nFatk
[FromNegated And POt N Ax. P([SystemQ F Va:Vb: -~ (- (a= = (b)n)n)ntkak
Repetition > - (5 (a = = (b)n)n)n > = (- (a =

4 (b)n)n)n; RemoveDoubleNeg > - (- (a = = (b)n)n)n > a =

4 (b)n; MP > a = = (b)n>a > - (b)n], po, c)]

[ToNegatedOr *I System(Q + Va: Vb: - (v(@n==(=(b)n)n)nk = (~(a)n =
b)n]
[ToNegatedOr propf Ac.AX.P([SystemQ F Va: Vb: = (< (a)n = = (= (b)n)n)n F
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|

Jn=bkF FlrstConJunct > ((a )n = (= (b)n)n)n >

n; SecondConjunct > = (< (a)n = = (% (b)n)n)n >

n; NegateDlsJunctl > - (a)n = b> - (a)n > b; FromContradiction t> b >
n > 5 (5 (a)n = b)n;Va: Vb: Ded > Va: Vb: = (= (a)n = = (- (b)n)n)n -
n=bF-(-(@n=Dbn>»--(-(@n=-(=(b)n)n)n=-(a)n=>b =
()0 = bju; 5 (5 ()1 = = (= (bm)m)n - MP & (= (a)n =

(b)n)njn = = (a)n = b= =(=(a)n = bju>=(=(a)n = = (= (b)n)njn >
n=b= (= (a)n = b)n; prop lemma imply negation > - (a)n = b =

= (a)n = b)n > = (= (a)n = b)n], po, )]

B o e O s E

4 \\N/ 1 1w oo e

NextXS(UpperBound) I SystemQ F Vm: UB({ph € P({ph € P({ph €
P(Union({N, Q1)) | = (Yob; (0p1): 5 (= (Von; (062): (5 (= ((op1) € N =
op2) € Qu)u = = (apn = {{(op1), (op1)}, {(opl), (0p2)} })n)n)njn)n)n}) |
(Vobj r1):(r1) € fpn = = (Yobj (0P1): 7 (% (Yobj (0p2): = (= (= ((op1) € N =
op2) € (3) n)n = = ((11) = {{(op1), (op1)},{(op1), (0p2§]}1 Jn)n)njn)njn =

rl) }
5 (£2): Von; (£3): Vobj(fél) {{(1), (f1) }, {(f1), (f2)}} € fpn =

J./-\

/_\A,_\,_\/-\

R e E

3)

(f4)}} € fpu = (f1) = (83) = 7(f2) (f4))n)n =
= (Yobj(s1): (s1) € N = = (Vopj (s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fen)n)n)n)ng) | Yob;(€): = (Vopin: = (Vopm: = (0 <= (€) = = (= (0 = (€))n)n)n =
n - (\({ph € {ph < P(P(Umon({N Q1)) |

(= ((op1l) e N = =
*(aPh:{{(opl) (op1)}, {(Opl (0p2)}})n)n)n)n)n

= (5 op2) € Q)n)n =
),

{{m, m}, {m, ({ph € {ph € P(PEUmon({N ,Q}
)

(
Pl (W objm: - (epn =

~—
~—
~—

= (Vobj(0p1): = (= (Vopj (0p2)
= (apn = {{(op1), (op1)}, {(op1),
= (Vobjm: = (5 (= (= ({ph € {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): = (%1 (Yobj (0p2): = (+
= (apn = {{(op1), (op1)}, {(op1)
{{m, m}, {m, ({ph & {ph € P(PEUH{OH({NQ}))) |
)

—_

(VObJ (opl): = (5 obj (op2):

(W
= (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{ crsl), (crs (Crsl)} {((crsl) ,1}})n)n}[m] + {ph € {ph € P(P (Unlong N, QD)) |
(

= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (v ObJ(Cr81) = (cpn =
{{(crs1), (crs1)}, {(crs1), 1}})n)n}[m])} })n)n}[m] = O)n = = (fer =
{{m, m}, {m, rec{ph & {ph € P(P(Union({N, Q}))) |
= (Vobj (0p1): = (=1 (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopim: = (dpn =
{{m, m}, {m, ({ph € {ph € P(PEUIHOH({N ,Q})) |

);

~—

~

~

= (Vobj(op1): =1 (1 (Vob;(0p2) (< ((op1) € N = = ((op2) € Q)n)n =

S (apn = {{(op1), (op1)}, {(op1), (op2) }})n)n)n)n)n)n} | = (Vop;(crsl): = (cpn =

{{(crsl), (crsl)} {(( i
(

(
ObJ(Op2) (2 (= ((op1) € N'= = ((0p2) € Qn)n =

5 (Vobj(opl): = (4
opl)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobi(crsl): = (cpn =

= (apn = {{(op1),
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{{(crs1), (ers1)}, {(crs1), 1}})n)n}[m])} Hujn}[m]} Hojnjn = = ({ph € {ph €
(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((opl) € N =
((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
(Vobjm: = (dpn = {{m, m}, {m, ({ph € {ph € P(P(Union({N,Q}))) |

(Vo
= (

P
-
-
-

bi(0P1): = (= (Yobi (0p2): = (= (5 ((0p1)€N=>ﬂ((0p2)EQ)n)

apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n} | = (Vob;(er
{{(crs1), (crs1)}, {(crs1),1}})n)n}[m] + {ph € {ph € P(P (Umon({
5 (Vobj(0p1): =1 (1 (Vobj(0p2): = (4 (7 ((opl) € N = = ((0p2) € Q)n)n
= (apn = {{(op1), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | - (Vop;(cr 1) (cpn =
{{(crsl), (ers1)}, {(crsl), 1} }H)n)n}t[m])} Hn)n}t[m] = 0 = = (fpn =
{{m, m}, {m, 0} })n)n)n)un}[m] « {ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(op1): = (5 (Vobj(0p2): = (7 (= ((opl) € N = = ((0op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | = (Vopym: = (dpp =
{{m, m}, {m, (x[m] + y[m])}})n)n}[m])} }n)n}[m] + (—uden[m]))| <= (€) =
= (= (|({ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(op1): =1 (1 (Vobj(0p2): = (1 (= ((opl op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n | 5 (Vobjm: = (epn =
{{m,m}, {m, ({ph & {ph € P(P(Union({N, Q}))) |
= ( 2) € Qn)n =
),

Z

—~
~—

S

=
)n

—

= (
n

~—
~—
\_/
—~

~—

5 (Vobj(opl): = (5 (Vobj(0p2): = (= (= ((opl) € N = = ((op

= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n)n

= (Vobjm: = (= (= (= ({ph € {ph € P(P(Union({N, Q}
5 (Vobj(0p1): = (5 (Vobj(0p2): = (4
= (apn = {{(op1), (op1)}, {(op1),

{{m, m}, {m, ({ph € {ph € P(PEUmon({N Q1)) |
)s

—~
~—

~—
~—

|
) |
(= ((opl) € N= - ((op2) € Q)n)n =

~—

= (Yobj(op1): = (5 (Vonj(0p2):

= (apn = {{(op1), (op1)}, {(op1), ( (crsl):

{{(crs1), (crs1)}, {(crs1), 1} }n)n}[m] + {ph € {ph € P(P(Union({N, Q}))) |

= (Yobj(0p1): = (= (Vopbj(0p2): = (- )

= (apn = {{(op1), (op1)}, {(op1), (

{{(crs1), (crs1)}, {(crs1), 1} })n)n}[m])} })n)n}[m] = O)n = *(fPh =

{{m, m}, {m,rec{ph € {ph € P(P(Union({N, Q}))) |

= (Vobj(op1): = (5 (Vobj(0p2): = (= (< ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopym: = (dpn =

{{m,m}, {m, ({ph € {ph € P(PEUIHOH({N Q) |
)

~—

~

A\./

—_

;‘(vobj(ol)l): = (5 (Yobj(0p2):
= (apn = {{(op1),
{{(crsl) (crsl)} {
5 (Vobj(opl): = (5 S (R (5 (
S (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{(crs1), (crsl)}, {(crsl), 1} H)n)n}[m])}})n)nj[m]}})njnjn = = ({ph € {ph €
P(P(Union({N,Q}))) | = (Vobj(opl): = (1 (Vobj(0op2): =1 (= (= ((opl) € N =
(
(

—~

(
crsl), 1}} 1}}) Jn}[m
VObJ(OpQ)

o~

—

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
= (Vobjm: = (dpn = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) |
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7 (Vobj (0p1): = (=1 (Vs (0p2): = (=

[}
)
=
Il
—
——
—
o
kel
[y
—
o
e}
=
S~—
—
.
—
o
ke}
—_
S~—
—
O/\
LB E
N | —~
—— O
— T

_|_\.//=\

—
—~
—
)
=
w
—
\-/
—~
o
-
w0
—
Ny
-
/—*—\“
/\,_\/—\
o
-
wn
—
—
—
——
—
-
=}
=
=}
Nt

<C
[}
<
—

Q "
i)

[\
~
—

J-

—

J-
N~
=
- O

|
]
ko]
—
S~—
-
—
—
@]
ko]
—
\_/
—
]
ko)

{{(crs1), (ers1)}, {
{{m, m}, {m, 0}})n)n)n)n}[m] + {ph
5 (Vobj(0p1): = (5 (Vobj(0p2): = (4
= (apn = {{(op1), (op1)}, {(op1), (
{{m, m}, {m, (x[m] + y[m])}})n)n}

crsl), 1}})n)n}[

m =
—— =

—~

\?% T
==z

—
S—

£

]

—

kel

T

=]

W—/\_,

)

T

=

\_/

—_

~—

—1

) € N'= = ((0p2) € Qu)n =

n)n)n)n)n)n} | = (Vob;(crsl): = (cpn =

2

=

=
m

zE

[y
~—

(€))n)n)n)n)n}, SetOfReals) - xs[(m + 1)]

Rule tactic]

)n

n

><

W—’\_/

(c
h € {ph € P(P(Union({N Q}))) |
) € N= = ((op2) € Q)n

jn =
n)njn)n} | = (Vobj(crsl): = (cpn =

[m] =0= = (fpn =

P(Uﬂion({NvQ}))) |

= = ((op2) € Q)n)n =
Jn)n)n} | = (Vobim: = (dpp =

W + (—udpn[m]))] =
s[m]][NextXS(UpperBound) "=

proof

[NextXS(NoUpperBound) *3* SystemQ F Vm: - (UB({ph € P({ph € P({ph €
P(P(Union({N, Q}))) | * (Fon (op1): = (5 (Yaby (0D2): (= (= ((op1) € N =

= ((op2) € Qu)n = = (apy = {{(op1), (op1)}, {(opl), (0p2)} })n)n)n)n)n)n}) |
(2 Yoy (r1): (1) € fon = = (Vopi(0p1): = (= (Vonj(0p2): = (2 (= ((opl) € N'-=
= ((0p2) € Qm)n = = ((x1) = {{(op1), (op1)}, {(op1), (0p2)} })m)n)n)n)n)n =
= (Yon; (F1): Vob; (f2): Vo (£3): Vo (£4): {{(f1), (f1)}, {(f1), (£2)}} € fpn =
{{(83), (83)}, {(£3), (F4)}} € fpn = (f1) = (3) = (2) = (f4))n)n =
5 (Yonj(s1): (s1) € N = = (Vopj(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fen)n)nju)n}) | Von;(€): = (Yobim: = (Vopm: = (0 <= () = = (% (0 = (¢))n)n)n =
n <=m = = (|({ph € {ph € P(P(Union({N, Q}))) |
= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q) )

- (5
= (apn = {{(op1), (op1)}, {(0p1), (0p2)}
{{m, m}, {m, ({ph € {ph € P(PE
)s

5 (Vobj(opl): = (5 (Vob;(0p2):
= (apn = {{(op1), (op1)}, {(op1

<
(¢]

&

3
J

]

T
T
=
S
;T'
m
—
e
=
m >
/"E
=
c
.5
3
X
-~
2
O
=

* (s (0PL): (= (Vopy (0p2):
“ (apn = {{(op1), (op1)}, {(op

—_

= (Vobj(opl): = (5 (Vob;(0p2):

(v

= (apn = {{(op1), (op1)}, {(op1),

{{(crs1), (crs1)}, {((CFSU 1} })n )H}L]+
(

= (Yonj(0p1): = (=1 (Yonj (0p2): = (= (= ((0

= (apn = {{(op1), (op1)}, {(op1), (0p2
{{(crs1), (crs1)}, {(crs1), 1}})n)n}[m])}
{{m, m}, {m, rec{ph € {ph € P(P(Unlo
= (Yobj(0p1): = (=1 (Yobj (0p2): = (1 (= ((0
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n
{{m,m}, {m, ({ph € {ph € P(P(Uni
1 (Vobj(0p1): =1 (=1 (Vobj (0p2): = (1 (1 ((0
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n

~—

= (5
)

{{m m}, {m, ({ph € {ph € P(PEUmon({N,Q} )
)

(5 ((opD) € N = ~ ((0p2) € Qn)n =

( rsl) = (Cph =
{pheP(P (UHIOH({ Q1)) |
N = = ((op2) € Q)n)n =
n)n)n)n} | = (Vepj(crsl): = (cpp =
m :O)n:> %(fph =

((op2) € Q)u)n =

]
n)n} | = (Vopjm: = (dpy, =




{{(crs1), (ers1)}, {(
= (Yobj(op1): = (5 (V. ((op
= (apn = {{(op1), (Opl)}v {(Opl) (0p2)} })n)n)n)n)njn} | = (Vobj(crsl): = (cpn =
{{(crs1), (crs1)}, {(ersl), 1}})n)n}[m])} Hn)n}[m]} Hnjnjn = = ({ph € {ph €

crsl) 1
bj

(P(Union({N, Q}))) | = (Yobj(op1): = (= (Yobj(0p2): = (= (= ((0opl) € N =
E p2) €Q)n )H = = (apn = {{(op1), (op1)}, {(Opl)» (0p2)} Hu)n)n)n)n)nj |
(

(apn = {101, (op1)}, {(op1), (oD2)Hmm)m)m)m)n} | = (Yous(ex
{{ crsl), (crsl)} {(crs1),1}})n)n}[m] + {ph € {ph € P(P(Union(
= (Yobj(0p1): = (%1 (Yonj (0p2): = (4 (= ((op1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Vobj(crsl): = (cpn =
{{(crs1), (crs)}, {(crs1), 1} })n)n}{m])} Pn)n}m] = 0 = = (fen, =
{{m,m}, {m, 0}})n)n)n)n}[mj « {ph € {ph € P(P(Union({N, Q}))) |

(o
Yob
Vobj(opl) alG (VobJ(0p2) ( (= ((op1) € N = = ((op2) € Qu)n =

P
=
-
=
-

~—
~—

™ (Yobj(0p1): = (% (Yobj (0p2): = (= (= ((0p1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobim: = (dpn =
{{m, m}, {m, (x[m] + y[m])}})n)n}[m])} Hn)n}[m] + (—udps [M)))| <= (€) =
= (= (I({ph € {ph € P(P(Union({N, Q}))) |

'(Vobj(opl) = (5 (Vobj(0p2): = (= (=

—~

op2) € Q)n)n =

((op2)
Jn} [ 5 (Vopjm: = (epn =

(opl) e N =
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7 ((0p2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n
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{{(crs1), (ers1)}, {(crs1), 1}})n)n}[m])} Hujn}[m]} Hojnjn = = ({ph € {ph €
(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((opl) € N =
((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
(Vobjm: = (dpn = {{m, m}, {m, ({ph € {ph € P(P(Union({N,Q}))) |
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P
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-
-

bi(0P1): = (52 (Yo (0p2): = (1 (= ((op1) € N = = ((0p2) € Q)u)n =

apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1), 1} })n)n}[m] + {ph € {ph € P(P(Union({N,Q}))) |
5 (Vobj(op1): = (5 (Vobj(0p2): = (7 (= ((op1) € N = = ((0op2) € Q)n)n =
5 (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vob;(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1), 1} })n)n}[m])} })n)n}t[m] = 0 = = (fpp, =
{{m, m}, {m, 0} })n)n)n)un}[m] « {ph € {ph € P(P(Union({N, Q}))) |

5 (Vobj(op1): = (1 (Vobj(0p2): 1 (1 (7 ((opl) € N = = ((op2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (dpn =
{{m, m}, {m, (x[m] + y[m])}})n)n}[m])}})n )H}WH(—udPhW))l:
(e))n)n)n)n )n}][NextXS(NoUpperBound) 0 Rule tactic]
[NextUS(UpperBound) * Lt SysternQ F ¥m: UB({ph € P({ph € P({ph €

P(P(Union({N, Q}))) |  (Yaps(0p1): = (= (Vos(0p2): = (= (= ({opL) € N =

= ((op2) € Qu)n = = (apn = {{(opl), (op1)}, {(0pl), (0p2) }})n)u)n)n)n)n}) |
(2 (Vob(r1): (1) € fon = = (obj (0p1): 2 (5 (Vobj(0p2): = (= ( ((op1) € N =
= ((op2) € Q)n)n = = ((x1) = {{(op), (op1)}. {(0p1), (0p2)}})n)n)n)n)n)n =
1 (Vob; (F1): Vob; (£2): Von; (f3): Von; (f4): {{(1), ( )ﬁ(f) (2)}} € fpn =
{{(83), (83)}. {(83). (H4)}} € fon = (1) = (13) = (f2) = (4))n)n =
5 (Yonj(s1): (s1) € N = = (Vopj(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fon)n)n)n)n}) | obj(€): = (Fobfi: = (Yobji: 2 (0 <= (€) = = (= (0 = (¢))m)n)n =
n<=m= - (\({ph € {ph € P(P(Union({N, Q}))) |
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= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)
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= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)njn)n)n} | ™ (Yobi(c rSl) (cpn =
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% ((0p2) € Q)n)n = = (apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} |

= (Vobjm: = (dpy = {{m, m}, {m, ({ph € {ph € P(P(Union({N,Q}))) |

5 (Vobj(0pl): = (5 (Vobj(0p2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)},{(op1), (op2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =

{{(crs1), (crs)}, {(crs1), 1} n)n}[m] + {ph € {ph € P(P(Union({N, Q}))) |
obj(0p2): = (4 (= ((opl) € N = - ((0p2) € Q)n)n =
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= (Yonj(0p1): = (%1 (Yonj (0p2): = (4 (= ((0p1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)n)n)njnjn} | = (Vopjm: = (dpn =
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= (apn = {{(op1), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} | = (Vopym: = (dpn =
{{m,m}, {m, ({ph & {ph € P(P(Union({N, Q}))) |

5 (Vobj(0p1): =1 (1 (Vobj(0p2): =2 (1 (= ((opl) € N = = ((op2) € Q)n)n =

S (apn = {{(op1), (op1)}, {(op1), (0p2) }})n)n)n)n)n)n} | = (Vop;(crsl): = (cpn =
{{(crs1), (ers1)}, {(crs1), 1} H)n)n}[m] + {ph € {ph € P(P(Union({N,Q}))) |

~

o4



™ (Vo (Opl) = (Vobj(0p2)

s A — (e} (. (o & (o & P(P(Urnion( (N, Q1) |

03 (OP1): (= (Yans(0p2): = (2 (= ({op1) € N = = ((op2) € Qn)n =

apn = {{(op]). (o)}, {(0p1). (0p2)}})m)m)m)m)n)n} | = (Vo (cxsD): = (cpp, =
(e Lers1)} {(rs1). 1}yl + {oh € (ph € PCP(Union({N, Q})
% (Vog (0D1): = (= (Vony(0p2): = (= (* ((op1) € N = = ((0p2) € Q) =

 (apn = {{(op]). (o)}, {{0p1). (0p2)}})m)m)m)m)n)n} | * (Vo (cxsD): * (cpp, =
{{(ers1), (ers)}, {(crs), 1} })m)n} m])} Pnjndm] = 0 = = (foy, =

{{m,m}. {m, 0}})n)n)n)u}{m] + {ph € {ph € P(P(Union({N,Q}))

% (Yobg (0D1): = (= (Vorg(0p2): = (= (= ((op]) € N = = ((0p2) € Qm)n =

= (apw = {{(0p1), (0p1)}, {(op). (0D2)}})m)m)m)n)n)n} |  (Vepym: = (dpi, =
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{{m, m}, {m, (x[m] + y[m])} })n)n}[m])}})n)n}[m] + (—udpn[m]))| =
(¢))n)n)n)n)n}, SetOfReals) - us[(m + 1)] = {ph € P({ph e P({ph e

P(P (UHIOD({N Q1)) | = (Vobj(opl): = (< (Vobj(0p2): = (= (= ((opl) € N =
ﬁ(( - Qn)n = = (apn = {{(opl), (op1)}, {(opl), (0p2)}})n)n)n)n)njn}) |
= (5 (1) (r )EfPh=>ﬁ( obj(0p1): =1 (1 (Vobj(0p2): = (=1 (- ((opl) € N =
= ((o LQ) n)n = = ((r1) = {{(op1), (op1)}, {(op1), (0p2)}})m)n)n)n)n)n =
5 (Vobj (£1): Vob; (£2): Von (£3): Vob; (£4): {{(f1), (f1)}, {(f1), (2)}} € fpn =

{(13), (183)}, {(£3), (f4)}} € fpr = (fl) = (£3) = (2) = (f4))n)n =

5 (Vobj(s1): (s1) € N = = (Vopj(s2): - ({{(s1), (s1)}, {(s1), (s2)}} €
fen)n)njujn}) | Vo, §(6): 5 (Vobi: 5 (Vobim: = (0 <= (€) = = (5 (0 = (&))m)n)n =
A<=m= = (\({ph € {ph € P (P(Union({N,Q}))) |

Q}
S (5 (= ((op1) € N = = ((0p2) € Qn)n =
*(aph = {{(Opl) (op1)}, {(0p1)7(0p2)}}) Jn)n)njn)n} | =
{{m,m}, {m, ({ph & {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): = (=5 (Vobj (0p2): = (5 (= ((op1) € N = =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n
= (Yobjm: = (= (= (= ({ph € {ph € P(P(Union({N, Q}))
= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n
{{m, m}, {m, ({ph € {ph € P(PEUmOH({N Q} )
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5 (Vobj(op1): =1 (1 (Vobj(0p2):

= (apn = {{(op1), (op1)}, {(op1

{{(crsl), (CI‘bl)} {((crsl) ,1}P)n)n
(

P

m] + {ph € {ph € P(P(Union({N, Q}))) |
4 ((opl) € N= - ((op2) € Q)n)n =

}

Hun)njn ) ) )t | = (Vony Crsl) (cpn =
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(VobJ (Opl) (5 (Vobj(0p2): = (= (= ((Opl) € N = =((op2) € Qu)n =



; (0p2) }H)n)n)n)n)n)n} | = (Vopim: = (dpn =

= (apn = {{(op1), (op1)}, {(op1
(P(Union({N, Q}))) |

{{m,m}, {m, ({ph € {ph € P
5 (Vobj(opl): = (5
= (apn = {{(opl),
{{(crs1), (ers1)}, {
5 (Vobj(opl): = (=
= (apn = {{(op1),
{{(ers1), (ers1)}, {
(P(Union({N, Q}))) | = (Vobj(op1): = (- (Vonj(0p2): = (= (= ((opl) € N =
((op2) € Q)n)n = = (apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} |
(Vobim: = (dpn = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q})))
(v
o (

—~

(= ((opl) € N = =((op2) € Qu)n =

1), (op2)} })n)n)n)n)n)n} | = (Yopj(crsl): = (cpn =
crsl), 1}})n)n}[m] + {ph € {ph € P(P(Union({N Q}))) |
Yobj(0p2): = (< (= ((opl) € N = = ((0op2) € Qn)n =

opD)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobj(crsl): = (cpn =
crsl), 1}})n)ut[m])} Hnjn}[m]}}n)n)n = = ({ph € {ph €

)
(
Yobj(0p2): = (-
op)},{(op1)

]

—~

]

obj(0p1): = (5 (Vobji(0p2): = (= (< ((opl) € N = = ((op2) € Q)n)n =
apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Vep;(crsl
{{(crs1), (crs1)}, {(crs1), 1} })n)n}[m] + {ph € {ph € P(P(Union({N,Q )))I
= (Vobj(op1): = (5 (Vobj(0p2): = (= (< ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vop;j(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1), 1}})n)n}[m])} })n)n}[m] = 0 = = (fen, =
{{m, m}, {m, 0}})n)n)n)n}[m]  {ph € {ph € P(P(Union({N, Q}))) |
= (Vobj(op1): = (5 (Vobj(0p2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} [ = (Vobim: = (dpn =
{{m,m},{m, (x[m] + y[m])}})n)n}[m])} })n)n}[m] + (—udpn[m]))| <= () =
= (= (I({ph € {ph € P(P(Union({N, Q})
= (Vobj(op1): = (5 (Vobj(0p2): = (= (< ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(oplz (0p2)}}) Jn)n)n)n)n} | = (Yopim: = (epn =
(=
)

—~

—
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{{m,m}, {m, ({ph € {ph € P(P
(VObJ (Opl) ( (vaJ (Op2) ((
(aph - {{(9p1)7(0p1)} {(opl1 ,(0p2)}}) )n)n)n)n)n} |
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(VobJ (Opl) (= (Yobj(0p2): = (4

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)n)n)n)n)n} | = (Vobim: = (dpn =

{{m, m},{m, ({ph € {ph € P(PEUH%OH({N Q) |
)

= (Vobj(op1): = (= (Vop; (0p2):
- om0, o). (D) T | o) e =
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{{(crs1), (crs1)}, {(crs1), 1} })n)nj} m]
{{m m}, {m, rec{ph € {ph e P(P(Umon(
= (Yob(0p1): = (5 (Vobj (0p2): = (5 (4 (
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Vobim: = (dpn =
{{m,m}, {m, ({ph € {ph € P(P(Union({N, Q})))
= (Yobj(0p1): = (%1 (Yobj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} Hn)n)n)n)n)n} | = (Vobj(crsl): = (cpn =
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{{(crs1), (ers1)}, {(
= (Yobj(op1): = (5 (V. ((op
= (apn = {{(op1), (Opl)}v {(Opl) (0p2)} })n)n)n)n)njn} | = (Vobj(crsl): = (cpn =
{{(crs1), (crs1)}, {(ersl), 1}})n)n}[m])} Hn)n}[m]} Hnjnjn = = ({ph € {ph €

crsl) 1
bj

(P(Union({N, Q1)) | * (Fobg (0 1): = ( (Yapj(0p2): = (= (= ((op1) € N =
0b2) € Qu)n =  (apy, = {{(op1), (op1)}. {{0p1). (0p2)}} )

bim: = (dpy = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))
Yoy ODD): (= (Yong(@p2): 5 (= (= (@p1) € N = = ((op2) € Qujn =
(apn = {{(o01), (op1)}, {{0P1), (0p2)} Himmm)mjm)n} | = (Yopg (crsi): -
{(crsl), (crsl)} {(crs1),1}})n)n}[m] + {ph € {ph € P(P(Union(
(Vopj(op1): = (5 (Vopj (0p2): = (% (= ((op1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Vobj(crsl): = (cpn =
{{(crs1), (crs)}, {(crs1), 1} })n)n}{m])} Pn)n}m] = 0 = = (fen, =
{{m, m}, {m, 0}})n)n)n)n}[m] * {ph € {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): = (%1 (Vobj(0p2): = (1 (= ((0p1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobim: = (dpn =
{{m, m}, {m, (x[m] + y[m])} })n)n}[m])} })n)n}[m] + (—udps[m]))[ =
(€))n)n)n)n )n}][NextUS(UpperBound) P Rule tactic]
[NextUS(NoUpperBound) *3* SystemQ F ¥Vm: = (UB({ph € P({ph € P({ph €
P(P(Union({N, Q1)) | = (Vops(op1): = (= (Vans(0p2): - (5 (5 ({opI) € N =

P
{

-

~((0p2) € Qu)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n}) |
(2 (Vo (r1): (1) € fon = = (obj (0p1): 2 (5 (Vobj(0p2): = (= ( ((op1) € N =
= ((0p2) € Qn)n = = ((x1) = {{(op), (op1)}. {(0p1). (0p2)}})n)n)n)n)n)n =
5 (Yobj (1) Vob; (f2): Vo (3): Von; (£4): {{(f1), (f1)}, {(f1), (2)}} € fpn =

{(13), (£3)}, {(£3), (f4)}} € fen = (1) = (3) = (f2) = (f4))n)n =

7 (Yonj(1): (1) € N= = (Youj (s2): = ({(s1), (s1)}, {(s1), (s2)}} €

fon)n)n)n)n}) | Vobj(€): = (Yobi: = (Vobiii: = (0 <= () = = (= (0 = (¢))n)n)n =

n<=m= 5 (|({ph € {ph € P(P(Unlon({N QM) |
= (Yonj(0p1): = (%1 (Yonj (0p2): = (= (= ((op1) € N'= = ((0p2) € Q)u)n =

- (apn, = {{(op1), (0p1)}, {{0D1), (0p2) F}Jm)m)mmpm)n} |  (Fopgm: - (epy, =
{{m,m}, {m, ({ph € {ph € P(PEUHIOH({N Q) |
);

= (Yobj(op1): = (= (Vonj(0p2) (= ((op1) € N = = ((
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Vobim: = (= (= (= ({ph € {ph € P( (Union({N,Q}))) |
5 (Vobj(0p1): 51 (5 (Vobj (0p2): = (4
= (apn = {{(op1), (op1)}, {(op1),
{{m, m}, {m, ({ph € {ph € P(PEUmOH({N Q1)) |
)

%(Vobj(opl)i (2 (Vobj(0p2)
= (apn = {{(op1), (op1)}, {(opl
{{(crsl) (crsl)} {((
(
(

crsl), 1} })n)n}{m] + {ph € {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): = (%1 (Yobj(0p2): = (4 (= ((0p1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Yopj(crsl): = (cpn =
{{(crs1), (crs)}, {(crs1), 1} })n)n}[m])} })n)n}[m] = O)n = = (fpn =

o7



{{m m}, {m, rec{ph € {ph e P( (Union({N, Q})))
5 (Vobj(0p1): =1 (=1 (Vobj (0p2): = (7 (1 ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)},{(opl), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (dpn =
{{m,m}, {m, ({ph € {ph € P(PEUHIOH({N QD)) |
)s

~—
~—

1 (Vobj(op1): 1 (5 (Vobj (0p2) (5 ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{(crsl1), (Crsl)} {((crsl) ,1}})n)n}[m] + {ph € {ph € P(P (Unlong N, QD)) |
(
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5 (Vobj(opl): = (5 (Vo (0p2): = (7
= (apn = {{(op1), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crsl), 1}})n)n}[m])} Hn)n}[m]} Hnjnjn = = ({ph € {ph €
P( (Union({N, Q}))) | = (Vobj(0p1): = (-1 (Vobj(0p2): -1 (= (41 ((opl) € N =

~—
\_/

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Vobjm: = (dpn = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) |
= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Yopj(crsl): = (cpn =
{{(crs1), (01351)} »{(crs1), 1} })n)n}[m] + {ph € {ph € P(P (Umong{l)\I )|
p nn

ﬁ(o
(

~—

(
(
i(o (= (Vopj(0p2): = (1 (= ((op1) € N = = ((0p2) € Q
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Yopj(crsl): = (cpn =
{{( Cfsl) (crs1)}, {(crs1), 1} })n)n}m]) } n)n}[m] = 0 = = (fer, =
{{m,m}, {m, 0}})n)n)n)n}[m] « {ph € {ph € P(P(Union({N, Q}))) |
= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopim: = (dpn =
{{m, m}, {m, (x[m] + [ [)33m)ng[m])}p)njn}[m] + (—uden[m]))| <= (€) =

~—
~—

—

5 (Vobj(0p1): =1 (5 (Vob; (0p2): - (4 (ﬁ ((opl) € N= = ((op2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =

{{m, m}, {m, ({ph € {ph € P(PEUni_On({N, Q}))
)

= (Vobj(opl): = (5 (Vo (0p2)

5 (Vobim: = (4 (= (% ({ph € {ph € P(P(Union({N, Q}))) |
= (Yobj(op1): = (5 (Yobj(0p2): = (4 (= ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopim: = (dpy =
{{m,m},{m, ({ph € {ph € P(P mon({NyQ}))) |
= (Vobj(opl): = (= (Yobj(0p2): = opl) € N:ﬁ((orﬂ) € Qn)n =
= (apn = {{(op1), (op1)}, {(op1), }hn (c
{{(crs1), (crs1)}, {(crs1), 1} })n) {ph € {ph € P(P(Umon( N,Q})) |
(vobJ(OPD ( ( Ob_](opz) (ﬂ ; )
= (apn = {{(op1), (op1)}, {(op1), ( })
{{(crs1), (crs1)}, {(crs1), 1} })n)n}[m
{{m, m}, {m, rec{ph € {ph € P(P(Union({N,Q}))) |
= (Vobj(op1): = (5 (Vobj(0p2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(opl), (0p2)} })n)n)n)n)n)n} | = (Vopjm: - (dpn =
{{m,m}, {m, ({ph € {ph € P(P(Union({N, Q}))) |
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= (Yobj (0p1): 1 (1 (Vobj(0p2): = (=1 (= ((0p1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)m)n)n)n} | = (Yopj(crsl): = (cpn =

(¥
( (c
{{(crs1), (crs1)}, {(( rsl), 1} })n)n}[m] + {ph € {ph € P(P (Unlong{ QD)) |
(
(

\3

= (Yobj(0p1): = (= (Yobj (0p2): = (= (= ((0p1) € N = = ((0p2) € Q)n)n =
(apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Yopj(crsl): = (cpn =
{(crs1), (crsD)}, {(ersl), 1} )n)nj[m])}})n)nj(m]} })n)n)n = = ({ph € {ph &
bj
}

~—

(Union({N, Q}))) | = (Vobj(0p1): = (= (Vo
(0p2) € Q)n)n = = (apn = {{(op1), (op1) {(Opl) (0p2)}})n)n)n)n)n)n} |
VYopim: = (dpn = {{m,m}, {m, ({ph € {ph € P(P(Union({N, Q}))) |
Yobj(0p1): = (= (Yobj(0p2): = (= (= ((opl) € N = = ((op2) € Qn)n =

apn = {{(op1), (opD)}, {(op1), (0p2) }})n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crsl), 1} })n)n}[m] + {ph € {ph € P(P(Union({N, Q}))) |

= (Yobj(0p1): = (%1 (Vobj(0p2): = (5 (= ((0p1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Yopj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1), 1} })n)n}{m])} })n)n}[m] = 0 = = (fpn =
{{m, m}, {m, 0} })n)n)n)n}[m] * {ph € {ph € P(P(Union({N, Q}))) |

= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobim: = (dpn =
{m, m}, {m, (x[m] + y[m])}})n)n}[m]) } })n)n}[m] + (—udps[m]))| =
(e))n)n)n)n)n}, SetOfReals))n F us[(m + 1)] =
us[m]][NextUS(NoUpperBound) PPl R ule tactic]
[USO *2* SystemQ F us[0] = {ph € P({ph € P({ph € P(P(Union({N,Q}))) |
5 (Yobj(opl): = (5 (Vobj(0p2): = (7 (4 ((opl) € N = = ((0p2) € Qu)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn}) [ = (= (Vop;(rl): (r1) €
fon = = (Vobj (0P1): = (5 (Yobj (0p2): = (2 (= ((0p1) € N = = ((0p2) € Q)n)n =
= ((r1) = {{(opl), (op1)}, {(0p1), (0p2)}})n)n)n

= (Yobj (f1): Vob; (f2): Vob; (3): Vo (f4): {{(f1), (f1)}, {(f1), (f2)}} € fen =

(0p2): = (= (= ((opl) € N =

J"U"“"_I

(P
™ (
= (
= (
= (

{{(83), (83)}, {(£3), (4)}} € fpn = (1) = (13) = (f2) = (f4))n)n =
= (Yobj(s1): (s1) € N = = (Vopy (s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fon)n)n)n)n}) | Vobj(€): = (Fobfi: = (Yobjm: = (0 2(5(0 = (&))m)n)n =

<=

n<=m = = ([({ph € {ph € P(P(Union({N, Q})))
= (Vobj(0p1): = (% (Vobj (0p2): = (5 (= ((op1) € N = = (
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n
{{m, m}, {m, (x[m] + {ph € {ph € P(P(Union({N, Q})
5 (Vobj(op1): = (=1 (Vobj(0p2): = (= (= ((opl) € N = =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n
{{(crs1), (ers1)}, {(crs1), 1}})n)n}[m])}})n)n}

= (= (I({ph € {ph € P(P(Union({N, Q}))) |

= (Vobj (0p1): = (=1 (Vopj (0p2): = (2 (= ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobim: = (dpn =
{{m, m}, {m, (x[m] + {ph € {ph € P(P(Union({N,Q}))) |

= (Vobj(0p1): = (=1 (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q))n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} Hn)m)n)n)n)n} | = (Vobj(crsl): = (cpn =

3\

~—

(
n} | 5 (Vopj(crsl): = (cpn =
—udpy[M]))] <= (€) =

~—
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{{(crs1), (ers1)}, {(crs1), 1} })n)n}[m])} })n)n}[m] + (—udpn[m]))
(6))n)n)n)n)n}][US0 *%" Rule tactic]

[ExpZero stogt SystemQ F Vm: Vx: m = 0 F x(exp)m = 1][ExpZero propf
Rule tactic]

[ExpPositive *5" SystemQ - Vm: ¥x: 1 (0 <=m = = (= (0 = m)n)n)n
x(exp)m = (x x x(exp)(m + (—ul)))][ExpPositive P Rule tactic]

[BSzero Y SystemQ F Vm: Vn:n = 0 + BS(m, n) =
rec(1 + 1)(exp)m][BSzero PPl R ule tactic]
[BSpositive "2 SystemQ - Vm: Vn: - (0 <= n = = (- (0 = n)n)n)n -
BS(m,n) = (rec(1 + 1)(exp)(m + n) + BS(m, (n + (—ul)

Rule tactic]

)))][BSpositive "%

[UStelescope(Zero) stogt SystemQ F Vm: Vn: n = 0 + UStelescope(m, n) =
|(us[m] + (—uus[(m + 1)]))|][UStelescope(Zero) P Rule tactic]
[UStelescope(Positive) *5° System@Q F Vm: Vn: = (0 <=n = = (4 (0 =
n)n)n)n b UStelescope(m, n) = (|(us[(m + n)] + (—uus[(m + (n + 1))]))| +
UStelescope(m, (n + (—ul))))][UStelescope(Positive) POl R ule tactic]
[(x) 257 Xt As. de. My (t, s, ¢, [[(x) = ()]])]

[Equéition( R) "' SystemQ - V(fx): V(fy): V(f2): {ph € P({ph € P({ph €
P(P(Union({N, Q}))) | = (Yobj(op1): (= ( o (-
7> n)n = = (apy = {{(opl), (op

:(r1) € fpn = = (Vopj(opl

): = ( : (
) =>ﬁ((r1) = {{ Opl) (op1)}, {(opl), (0p2)} })n)n)n)n)n)n =
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))) | ﬂ(Vobj(Opl)i*(* (Vobj(0p2): = (4 (= ((opl) € N =

= (apn = {{(opl), (op1)}, {(0p1), (0p2)}})m)m)n)n)n)n}) |

fph = 5 (Vopj(opl): = (5 (Vobj (0p2): = (5 (+ ((opl) eN=
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= (Vobi(s2): = ({{(s1), (s1)}, {(s1)

4 (Vobjh: = (Vobim: = (0 <= (¢) = = (= (0 = (¢))n)n)n =
n<=m= %(\((fiy[ﬁ} +( udph@]))
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" (apn = {{(Op'l) (Opl)} {(OPI) (OPQ)}})H) 1)n)n)n)n}) |
: : ((opl) eN=

= (Vobj(opl): = (7
1

= (apn = {{(op1), (= (Vobj(rl): (r1) €
fen = = (Yobj(0p1): = (= (Vobj(0p2): = (= (= ((0p1) € N = = ((0p2) € Q)n)n =
= ((r1) = {{(opl), ( (Opl)} {(Opl) . (op p2)}})n)n n)n)n)n =

{{(13), (3)}, {(3), (f4)}} € fPhi(ﬂ) = (3) = (f2) = (f4))n)n =

(Vg (S1) (51) € N = = (Vopy (52): = ({{S1), GD L GD), (D)} €
fen)n)njnjn}) | Yobj (€): 5 (Yobifi: 5 (Vobim: = (0 <= (€) = = (= (0 = (¢))m)n)n =
n<=m= - (|({ph € {ph € P(P(Union({N,Q}))) |

5 (Vobj(op1): 1 (1 (Vobj(0p2): = (1 (= ((opl) € N = = ((0p2) € Q)n)n =

= (ap {(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobjm: = (dpn =

| .
m, ((fy)[m] + (fz)[m])}})n)n}[m] + (—udpn[m]))| <= (¢) =
= (= (|({ph € {ph € P(P(Union({N, Q}))) |
(Vobj(opl): = (5 (Vopj(0p2): = (4 (- ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(opl), (op2)}})n)n)n)n)n)n} | = (Vopym: = (dpn =
{m, m}, {m, ((fy)[m] + (fz)[m])}})n)n}[m] 4 (—udpn[m]))| =

(¢))n)n)n)n)n}][EqAddition(R) P2 Rule tactic]
[PlusCommutativity(R) I System(Q V(fx): V(fy): {ph € P({ph € P({ph €

P(Union({N, Q}))) | +(Vob;(0p1): *1 (* (Vob;(0p2): =1 (=1 (1 ((opl) € N =
2 ((op2) € Q)n)n = = (apn = {{(opl), (op1)}, {(opl), (op2)}})n)n)n)n)n)n}) |
ﬂ( obj(11): (1) € fpr = 1 (Vobi(opl): = (1 (Vobi(0p2): = (7 (+ ((opl) € N =
) Q)n)n = = ((r1) = {{(op1), (op1)}, {
: Vo (2): Vo (£3): Von; (f4): {{(f1),
) (f3)} (£3), (f4)}} € fpn = (f1) = (£3) = (2) = (f4))n)n =
Vobj(s1): (s1) € N = = (Vobj(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
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(
: 5 (5 (Vobj(0p2): = (5 (5 ((op1) € N = = ((op2)
opl

)s (Opl

)

€
1 {(op1), (0p2) } })n)n)n)njn)n} | = (Yopim: = (dpn =
( (fy)[m])}})n )n}[ | + (—udpn[m]))| <= (¢) =

fpp = - (Vob

](Opl) - (¢

=
=]
=
]
J.
<
[e]
z
-
=

m
Z
¢
J
)
ke
.
m
Q\./
2
=
I

= ((r1) = {{(op1), (0p1)}. {(op1), (0 . 2)} )n)n

- (VobJ (ﬂ)

(). @), 1
- b

: (VObJ (Opl

~—

ObJ(fQ) ObJ(f) ObJ(

~—

2
=]
4

L=~
m
—
el
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S~—
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—
—
E‘SC
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I =
==
m/—*—\
S~—
—
I =
—~
=
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Nt
—
=
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um
—
e
=

= (apn = {{(0p1) (Opl

{{m, m}, {m,

((ty) [m]

}7{((;1)1) (0p2)}}) Jn)n)n)n)n} | = (Yopim: = (dpn =
+ (B)[m])} })n)n}[m] + (—udpn[m]))| =

@)n)n)n )n}] [PlusCommutativity(R) P Rule tactic]

[PlusAssociativity(R) "3 SystemQ - V(fx)

=
<
S~—
<C
—
S
—
ko)
=
Mm
~
—_~
ko)
=
Mm

P({ph € P(P(Union({N, Q}))) | = (Yobj(0p1): (= (Van;(0p2): = (= ( ((op1) €

N = 4 ((op2) € Q)n)n = = (apy =

{{(op1), (op1)}, {(0p1), (0p2)} })n)m)n)njn)n}) [ = (% (Yon; (11):

o

ObJ( 1%

1): =
{{(op

= (v

5 ((rl
(Y
(e

=

—~

(= (v, ObJ(Opz) - (= (= ((opl
)

1), (op1)},{(op1), (op2)}}
i (F1): Vo (£2): Vob; (£3): V.

= (I

Yobj(0p1): = (=1 (Yobj(0p2):

obj(f4): {{(f1), (f1)}, {(f1), (2)}} € fpn =

) £3)}, ( £3), (f: )}} € fpn = (fl) 3) = (f2) = (f4))n)n =
Vobj(s1): (s1) e N =
)n)n)

) | Vonj(€): =
{ph € {ph € P(P(Umon({N

5 (Vobj(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
(= (0=

(
(Vobjn: = (Vobjm: = (0 <= () = =

Q}
(= ((op1) € N'= = ((0p2) € Q)u)n =

{{m,m}, {m, ({ph € {ph € P(P(Union({N, Q}))) |

= (Yonj(opl): =

(= (Yobj(op

(=
= (apn = {{(op1), (op1)}, {(Oplz ; (0p2)} })n)n)n)n)n)n} | = (Vopim: = (dpn =
(=

2): 5 (5 (5 ((op1) € N = = ((0op2) € Qn)n =

62



= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)njn)n} | = (Vopim: = (dpn =
{{m, m}, {m, ((fx)[m] + Q[m])}} nju}t[m] + (f2)[m])} })n)n}[m] +
(—udpp[m]))| <= (€) = = (= (|({ph € {ph € P(P(Union({N,Q}))) |
= (Yobj(0p1): = (5 (Vobj(0p2): = (% (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(o ?132 ; (0p2) ) n)n)n)njn)n} | = (Vopim: = (dpn =
(=

)n)n

{{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) |

5 (Vobj(0pl): = (5 (Vobj(0p2): = (= (= ((opl) € N = = ((op

= (apn = {{(op1), (op1)},{(op1), (0 )n)n)n)n)n)n} | - V
{m, m}, {m, ((fx)[m]+ (fy)[m])} })n +(fz) )[ D}}) Jn}[m
(6))11) Jn)n)n} = {ph € P({ph € P

5 (Vobj(0p1): =1 (1 (Vobj(0p2): = ( (< ((op o

= (apn = {{(op1), (op1)},{(opl), (0p2)}})n)n)n)n)n)n})
fPh = 5 (Vobj(opl): 7 (5 (Vobj(0p2): = (=

= ((r1) = {{(op1), (Opl)} {(Opl) , (op2

(vobj(ﬂ) Vobj (f4):
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[
4 (Yobj(0p1): = (5 (Yobj(0p2): = (5 (= ((op
= (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n Vobjm: ﬁ(dPh =
{{m, m}, {m, ((fy)[m] + (fz)[m])} })n)n}[m])} )n)n}[ﬁH(—UdPh[ﬁ])N <=
(6) = (= (J({ph € {ph € P(P(Union({N, Q
= (Yobj(0p1): = (5 (Vopj (0p2): = (4 (= ((op
“ (apn = {{(op1), (op1)}, {(op1), (0p2)}})
{{m, m}, {m, (()[m] + {ph € {ph € P(P(Un IOH( N,
= (Vo (0p1): = (5 (Yobj (0p2): = (= (= ((op “((op2) € Q)n)n =
“ (apn = {{(op1), (o1}, {{0DT), (0p2) P mmym)m)mnt} | = (Vopsm:  (dpy, =
{{m, m}, {m, ((fy)[m] + (fz)[m])} })n)n}[m])} })n)n}[m] + (—udpn[m]))| =
(¢))n)n)n)n)n}|[PlusAssociativity (R) P Rule tactic]
[PlusAssociativity(R)XX *3 SystemQ F V(fx): V(fy): V(fz): {ph € P({ph €
P({ph € P(P(Union({N,Q}))) | = (Yobj(0p1): = (= (Vobj(0p2): = (=1 (=1 ((op1) €
N = = ((op2) € Qn)n = = (apy = L
{{(op1), (op1)}, {(0p1), (0p2)} })n)mjn)njn)ng) [ = (% (Yon; (11): (1) € fpn =
= (Vobj (0p1): = (= (Vopj(0p2): = (2 (= ((op1) € N = = ((0p2) € Q)n)n =
= ((r1) = {{(op1), (op1)},{(op1), (op2)}}
(vobj f1):Vop, (fQ) Vob; (£3): vaJ(fﬂ{{(i
{{(83), (3)},{(83), (f4)}} € fpr = (£1) = (£3)
7 (Vobj(s1): (s1) € N = = (Vobi(s2): = ({{(s1), (s1)}, {(s1)
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4 (Vb 1 (Vopim: 51 (0 <= (€) = = (4 (0 = (€))n)n)n =
<=m= (\({ph € {ph € P (P(Union({N, Q}))) |
: - - (5 (= ((opl) € N = = ((op2) € Q)n)n =
= (apn ={{(0p1)7(0p1)}7{(0p1)7(0p2)}})n) jn)n)n)n} | 5 (Vopjm: = (dpn =
{{m, m}, {m, ({ph € {ph € P(P(Umon({N Q1)) |
5 (Vobj(0p1): =1 (1 (Vobj(0p2): = (4 (7 ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(opl), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | = (Vobjm: = (dpn =
{{m, m}, {m, (@@ + (fy)[m])} )n)n}[m] + (fz)[m]) } })n)n}[m] +
(—udpn[m]))| <= (€) = = (= (\({ph € {ph e P(P (Umon({N Q1)) |
5 (Vobj(opl): = (51 (Vobj(0p2): = (4 (— ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopim: = (dpn =
{{m, m}, {m, ({ph € {ph € P(P(Umon({N7 Qb)) |
= (Vobj(opl): = (5 (Vobj(0p2): = (4 (— ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (opl)}, (opl), (0p2)}})n)n)n)n)n)n} | = (Vopjm: = (dpn =
(m])} n)n}[m]+ (fz)[m]) } })n)n}[m]+(—udpn[m]))| =
P({ph € P(P(Union({N, Q}))) |
(< ((op1) € N = = ((op2) € Q)n)n =
b

{{m, m}, {m, ((fx)[m]+
(6))11) Jn)n)n} = {ph
= (Vobj(opl): = (5 (Vonj (0

= (apn = {{(op1), (opl {(
fPh = 71 (Vobj(op1): = (-1 (Vobj(0p2): - (
5 ((r1) = {{(op1), (Opl)}i{( pl), (op2)
Vobj(f4): {{(f1), (f1)}, {(f1), (2)} } € fpn =

{
(fy)
P(

m/\

phE
p2): = (+
1),

(ob](ﬂ) ob]( ob]( )

H(#3), (13)}, {(£3), ( 41} € fen = (f1) = (3) = (12) = (f4))n)n =

5 (Vobj(s1): (s1) € N = = (Vobj(s2): = ({{(s1), (s}, {(s1), (s2)} } €
fen)n)n)n ) ) | Yob;(€): = (Voby: = (Vobi: =1 (0 <= (€) = = (= (0 = (¢))n)n)n =
n<=m = = (|({ph € {ph € P(P(Union({N, Q}))) |

;‘(Vobj(opl):_‘( (Vobj(0p2) ( (= ((op1) € N = =
)

= (Yobj(0p1): = (%1 (Yobj(0p2): = (1 (= ((0p1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(0op1), (0p2)} })n)n)n)n)n)n} [ = (Vopim: = (dpn =
{{m, m}, {m, ((fy)[m] + (fz)[m])}})n)n}[m])} })n)n}[m] + (—udpn[m]))| <=
() = = (= (/({ph € {ph € P(P(Union({N, Q}))) |
= (Vo 0p1): = (= (Voy (002): = (= (= ((op1) € N =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n
{{m, m}, {m, ((£x)[m] + {ph € {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): 1 (1 (Vobj (0p2): = (=1 (= ((0p1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(0op1), (0p2)} })n)n)n)n)n)n} | = (Vopim: = (dpn =
{{m, m}, {m, ((fy)[m] + (f2)[m]) } })n)n}[m])} })o)n}[m] + (—udes[m]))| =
(¢))n)n)n)n)n}][PlusAssociativity(R)XX "= P’ Rule tactic]
[PlusO(R) *2" SystemQ - V(fx): {ph € P({ph € P({ph €

P(P(Union({N, Q}))) | * (Yans(0p1): = ( (Vo (0p2): “ (= (= ({op1) € N =

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)njn}) |

7 ((0p2) € Q)u)n =

Jn} | = (Vobjm: = (dpp =
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rl fPhiﬁ( obj(0p1): 1 (=
n)n = = ((r1) = {{(op1), (op1)}, { {(Opi ﬁ n
b (£2): Vob; (£3): Vob; (f4): {{(f1), (f1) }, {(f1), (£2)}} € fpn =
3), (f )}} € fpn = (fl) = (f3) = (f2) = (f4))n)n =
:(s1) € N = = (Vobj(s2): = ({{(s1), (s1)}, {(s1), (s
1y |Vobj(6)' 7 (Vobj: 1 (Vobym: 51 (0 <=
- (I({ph € {ph € P(P(Union({N,Q}))) |
5 (Vobj(0p1): =1 (1 (Vobj(0p2): = (1 (+ ((op
= (apn = {{(opl), (op1)}, {(op1), (op2)}}) }
{{m, m}, {m, ((x)[m] + {ph € {ph € (P(Union( N,Q})) |
= (Vobj(0p1): =1 (1 (Vobj (0p2): = ( (= ((opl ))n)n -
- (oo (@], w1 (10 1), o2 D | » (o ens T (e —
{{(Cfﬂ)a (crs1)}, {(crsl), 0} })n)n}[m])}}H)n)n}[m] + (—udpn[m]))| <= (¢) =
= (= (I({ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(op1): =1 (= (Vobj (0p2): = (-1 ( ((opl
= (apn = {{(op1), (op1)}, {(op1), (op2)} H)n)n)n)n)n)n} | = (Vopim: = (dpn =
{{m, m}, {m, ((fx)[m] + {ph € {ph € P(P(Union({N, Q}))) |
s (Vb (0D1): = (= (Yon; (002): = (= (= ((op1) € N = = ((0p2) € Q
= (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n

411
)
o]
S
m
<O
0 ~—

. . . .
~

J

<C
o
=

—_
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A
I
3|
i3
i

)n =

)n

)n)n)n)n} | = (Yopj(ersl): = (cpn =
{{(ers1), (crs1)}, {(crs1), 0} })n)n}[m])} })n)n}[m] + (—udpn[m]))|
(€)n)n)n)n)n} = {ph € P({ph € P({ph € P(P(Union({N, Q}))) |
5 (Yobj(opl): = (5 (Vobj(0p2): = (7 (4 ((opl) € N= = ((0p2) € Qu)n =
S (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n}) | = (- (Vob;(rl): (r1) €
fen = 1 (Vobj(op1): = (5 (Vobj(0p2): = (41 (= ((opl) € N = = ((op2) € Q)n)n =
4 ((r1) = {{(op1), (op1)}, {(op1), (0p2)} Hn)m)n)n)n)n =
1 (Vob; (f1): VobJ(f ): Vob; (f3): Vobj(f‘i (), (f1)}, {(f1), (2)}} € fpn =
{{(£3), (£3)}, {(£3), (f4)}} € fpn = (f1) = (£3) = (£2) = (f4))n)n =
4 (Yo sl)e N=+

: (vaJSSQ.) { (S.)7 Sl) a{(81)7(.82)' }6

[Negative(R) Hlt SystemQ F Vm: V(fx):
> QN)) | = (Yobj(0p1): = (% (Yobj (0p2): = (= (= ((Opl) eN=
€ Q)n)n = = (apn = {{(op1), (op1)},
rl

—
o

ke
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~

(r )efph:\»ﬁ(vobj(opl) (= (Vobj(0p2) (= (= ((Opl)EN:'
n)n = = ((r1) = {{(op1), (op1)}, { )
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0 (F2): Von; (£3): Vou (F4): {{(F1), (1)}, {(f1), (F2
( , (£ )}}Efph=>( 1) = (f3) = (f2) = (f4))n)n =
N = = (Vob;(s2): = ({{(s1), (s1)}, {(s1),

| bJ(e) (Vobin: 1 (Vopjm: =
n <=m = = (|({ph € {ph € P(P(Union({N.Q})))

i(op1): = (= (Vobj(0p2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =
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= (apn = {{(op1), (op1)}, {(opl), (op2)} })n)n)n)n)n)n} | = (Vopjm: - (dpn =
{{m,m}, {m, ((fx)[m] + {ph € {ph € P(P(Union({N,Q}))) |
= (Vobj(0p1): =1 (1 (Vobj(0p2): = (1 (= ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Vopjm: = (fpn =
{{m, m}, {m, (—u(fx)[m])}})n)n}[m])} })n)n}[m] + (—udpn[m]))| <= () =
= (= (I({ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(0p1): =1 (1 (Vobj(0p2): = (+ (% ((op1) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)},{(opl), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (dpn =
{{m,m}, {m, ((£x)[m] + {ph € {ph € P(P(Union({N, Q}))) |

* (Vobj (0p1): = (5 (Yobj(0p2): = (< (= ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2) }})n)n)n)n)n)n} | = (Vopjm: = (fpn =
{{m,m}, {m, (—u(fx)[m]) }})n)n}[m]) }})n)n}[m] + (—udpn[m]))| =
(@ mn)un)n} = {ph € P({ph € P({ph € P(P(Union({N.Q})) |

5 (Vobj(op1): =1 (1 (Vobj(0p2): = (7 (< ((opl) € N = = ((0p2) € Q)n )j
= (apn = {{(op1), (op1)}, {(opl), (op }})n) jn)n)n)n}) | ﬂ( (V bj
fpn = =1 (Vobj (0p1): =1 (5 (Vobj (0p2): -
= ((r1) = {{(op1), (op1)}, {(op1), (op
5 (Vobj(£1): Vob; (f2): Von; (£3): vob](f4

3), (f4)}} € fen = (f1) =
1 (Vobj(s1): (s1) e N = = (VobJ (52) ({{ sl), (s}, {(s
v,

g
=
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N= - ((0p2) € Q)n )H = S (apn =
{{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (¥,
{{(crs1), (crs)}, {(crs1), 0} })n)n}{[m] + (—udpn[m ]))|
(¢))n)n)n)n)n}|[Negative(R) "— P2l R ule tactic]
[TimesAssociativity(R) *5" SystemQ - V(£x): V(fy): ¥(fz): {ph € P({ph €
P({ph € P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((opl) €
N = - ((op2) € Q)n)n = - (apy = -
{{(op1), (op1)}, {(op1), (0p2)} })m)n)m)n)n)n}) | = (= (Yon;(rl):
= (Yobj (0p1): = (= (Yopj (0p2): = (4 (= '
= ((r1) = {{(op1), ( (Opl)} {(Opl) . (op
( v ( ):

}
(6) ; (Voan _‘(Vome = =
€ {ph € P(P(Union({N,Q}))) |
obj(0p2): 1 (= (= ((opl) € N = = ((op2) € Q)n)n =

(
N = = (Yobj (2): = ({{(s1), (s1)},
bj
h

J
<
o
g
)
S
=
J
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= (apn = {{(op1), (op1)},{(op1)
{{m,m}, {m, ({ph & {ph € P(P( )

5 (Vobj(0p1): = (51 (Vobj(0p2): = (= (= ((0p1) e N= = ((op2) € Qn)n =
= (apn = {{(op1), (op1)},{(op1), (op2)} })n)n)n)n)n)n} | = (Vop;m: = (epn =
{{m, m}, {m, ((x)[m]«(fy)[m]) } })n)n}[m]*(fz)[m])} })n)n} [M]+(—udpn [M]))| <=
() = (= (|({ph € {ph € P(P(Union(

= (Vobj (0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (OPQ)}})H)H)H)H)H)H} | = (Yobjm: = (epn =
{{m, m}, {m, ({ph € {ph € P(P(

iz

"E

]

5
—
r—"ﬂ
<O
&
N

5 (Vobj(op1): =1 (1 (Vobj (0p2): = (+ )6

= (apn = {{(op1), (op1)}, {(op1), (0P2)}})n)ﬂ)ﬂ)n)n)n} | = (Vobjm: ﬂ(ePh =
{{m, m}, {m, ((x)[m]  (fy)[m])} })n )H}[m] fz)[m])} })n)n}[m] + (—udps[m]))[ =
(6))11) Jn)n)n} = {ph € P({ph &

(VObJ(Opl) - (5 (vaJ(Op2) - (5

= (apn = {{(op1), (op1)}, {(op1), (0

~—

fpn = =1 (Vobj(opl): = (5 (Vobj (0p2): = (= (= ((opl n)n =
= ((r1) = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n =
= (Vobj (£1): Vo (f2): Vob; (f3): Von; (f4): {{(f1), (f1)}, {(f1), (2)}} € fpn =
{{(£3), (£3)}, {(3), (f4) }} € fpn = (f1) = (£3) = (f2) = (f4))n)n =
51 (Vobj(s1): (s1) € N = = (Vobj(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fen)n)n)n)ng) | Yob;(€): = (Vopin: = (Vopm: = (0 <= (€) = = (= (0 = (€))n)n)n =
n<=m = = (|({ph € {ph € P(P(Union({N,Q}))) |
= (Vobj (0p1): = (=1 (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vop;m: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N,Q}))) |
= (Yobj(0p1): = (= (Yobj(0p2): = (= (= ((0p1) € N = = ((0p2) € Q)u)n =

(o

S (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} [ = (Vopjm: = (epn =
{{m, m}, {m, ((fy)[m] * (fz)[m])} })n)n}[m])} })n)n}[m] + (—udpn[m]))| <= (¢) =
= (= (|({ph € {ph € P(P(Union({N, Q}))) | _
= (Vobj(opl): = (< (Vobj(0p2): = (- (- ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopym: = (epn =

(£x)[m] « {ph € {ph € P(P(Union({N,Q}))) |
5 (Vobj(op1): 1 (1 (Vobj(0p2): = (1 (< ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((fy)[m] * (fz)[m])}})n)n}[m])}})n)n}[m] + (—udpn[m]))| =

poo

(¢))n)n)n)n)n}|[TimesAssociativity(R) "— Rule tactic]

[Times1(R) *%3" SystemQ + V(fx): {ph € P({ph € P({ph €

P(P(Union({N;, Q}))) | = (Yobj(0p1): = (= (Vopj(0p2): = (= (= ((opl) € N =
~((0p2) € Q)u)n = = (apn = {{(opl), (0p1)}, {(opl), (0p2)}})n)n)u)n)n)n}) |
7 (2 (Vobj (r1): (r1) € fpn = = (Yob(0p1): 7 (=2 (Vobj (0p2): = (2 (= ((opl) € N'=
7 ((0p2) € Q)n)n = = ((11) = {{(op1), (op1)}, {(op1), (OPQ)){ Jn)n)njn)n)n =

) € Q)u)n = = ((rl) o }
- vobj fl):vob (f2) va] (f3) Vo’b](f4) {{(fl) (fl)} {(fl) (f2 }E fpn =

—~
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{{(£3), (£3)},{(3), (f4)}} € fpr = (fl) 13) =0 (f2) = (f4))n)n =
5 (Vob; 5 (Vobj(s2): - ({{(s1), (s
fen)n)n)n)n}) | Von;(€): = (Yobim: = (Vonym: =
n<=m = = (/({ph € {ph € P(P (Umon({N Q) |
5 (Vobj(0p1): = (5 (Vobj(0p2): = (4 (7 ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epy =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(op1): = (5 (Vobj(0p2): = (4 (*((01)1) €N= = ((op2) € Qu)n =
= (apn = {{(op1), (op1)}, {(op1), (op2 n)
{{(crs1), (crs1)}, {(crs1), 1}})n)n}[m])} })n )n}[m]+( udpp[M]))| <= (¢) =
= (= (I({ph € {ph € P(P(Union({N, Q}))) | o
5 (Vobj(0pl): = (5 (Vobj(0p2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(op1): = (5 (Vobj(0p2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1), 1} })n)n}[m]) } })n)n}[m] + (—udpn[m]))| =
))m)n)n)n)n} = {ph € P({ph € P({ph € P(P(Union({N,Q}))) |
(V bj(op1): = (1 (Vobj(0p2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =
—{{(0p1) (0p1)} {(0p1) (0p2 }}) Jn)n)n)n)n}) | - (-
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(21.10. 06)

[lessAddition(R) **3" System(Q + o
Vm: V( ) V(f ) V(Ly) V@ = (vobj (6)2 = (% (vobjﬁ: = (Vobjﬁ: = (% (O <= (6) =

S (= (0= (e))n)ﬁn)n = S (h<=m = (fx) [@<:
@[ﬁ] + (fu(ej)n)n)n)n)n)n F = (Vobi(€): = (5 (Vopjn: = (Vobim: = (- (0 <=
€) = (- (0= (e))n)n)n = - (A <=m = {ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(op1): =1 (1 (Vobj(0p2): = (1 (<2 ((opl) € N = = ((op2) € Q)n)n =

5 (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopym: = (dpn =
{{m, m}, {m, ((x)[m] + (fz)[m])}})n)n}[m] <= ({ph € {ph €
P(P(UHiOH({N Q1)) | = (Vobj(opl): = (51 (Vob;
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(opl), (op2)}})n)n)n)n)n)n} |
5 (Vobjm: =1 (dpn = {{m, m}, {m, ((fy)[m }+ fz)[m])} })n)n}m] +

(—u(e))))n)n)n)n)n)n] [lessAddition(R) "= *' Rule tactic]
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(0p2): = (=1 (< ((opl) € N =




(23.10.06)
[Lquntisymmetry(R)itglt SystemQ
@: V(fy): = (5 (Vobj(€): 7 (5 (Vobj: =1 (Vobim:
(> (8 <=1 = (il < () ] + (—u(@))))))m)m)n =
{ph e P({ph € P({ph e P(P
 (Vobj(op1): =1 (=1 (Vobj (0
= (apn = {{(op1), (opl }7{
fon = = (Vobj (0p1): = (= (Vob;
= ((r1) = {{(op1), (op1)}, {(0p1), ( ?

p2): 5 (4 (5 ((Opl) € N= = ((op2) € Q)n)n
(op )( p2 ~

5 (Vobj (£1): Von; (£2): Vob; (£3): Vobj(f4
{{(83), (83)}. {(£3). (t4)
5 (Vobj(s1): (s1) € N = =
fen)n)n)n)n}) | Von;(e): =
n<=m= - (|((x)[m] +

D} € for = (1) = () = (2) = (F)u)n =
= (Vo (s2): = ({{(s )7
€): 1 (Vopjn: = (Vob;m:
(*udPh[ 1) €
) = {ph € Pl{ph € P &
i (0D2): 5 (5 (= ({op1) € N =
D} {(opL). (0p2)}}n)m)m)n)n)n}) |
15 (5 (Vobj(0p2): = (5 (7 ((opl) € N =
:{(op1), (op2)}})n)n)n)n)n)n =

A1), (2)}} € fpn =
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bj (€): 71 (Yo;M: = (Vopym:
(fy)[m] + (—udpn[m]))]

udPh[*]) | = (¢))n)n)n)n)n} = -

Vobin: 1 (Vobjm: = (4 (0 <= (€) = - (- (0 = (¢))n)n)n =
m] <= ((fx)[m] + (—u(e))))n)n)n)n)n)n)n = {ph € P({ph €
n({N,Q}))) | = (Vobj(op1): =1 (2 (Voj(0p2): = (= (<1 ((0pl) €
n)n = - (ap -

pl), (op2)}})n ) Jm)n)n)n}) | = (= (Vobs(r1):
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}, {m (fy)[m])}})n)n}[m] + {ph € {ph € P(P(Union({N, Q}))) |
5 (Voj(opl): = ( (Vobj(op2) S (5 (5 ((opl) € N= = ((0p2) € Qu)n =
= (apn = {{(op1), (op1)}, ) (0p2)} ) n)n)n)n)n)n} | = (Vopim: = (epn =
{{m, m}, {m, ((fx)[m] * (fz)[m])} })n)n}[m])} })n)n}[m] + (—udpn[m]))| <= (e) =

74



= (= (|({ph € {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): = (%1 (Yobj (0p2): = (5 1) € N= = ((op2) € Qn)n =

= (apn = {{(op1), (op1)}, {(op1) Jn)u)njn)n} | = (Yopim: = (dpn =
{{m, m}, {m, ({ph € {ph € P(PEUH%OH({Ny Q1))
p

%(Vobj(opl)i (1 (Vobj(0p2)
= (apn = {{(opl), (Opl) ,
{{m,m}, {m, ((fx)

); (0p2)} })njn)njn)njn} | = (Vop,;m: _‘(ePh—
Hn)n}{m]+{ph € {ph € P(P(Union({N, Q}))) |
(=

);

[m

= (Vobj(op1): = (= (Vobj(0p2)i S (5 (= ((op1) € N = = ((0p2) € Qn)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}} )n)n)n)n)n)n} | = (Vobym: = (epn =
{{m, m}, {m, ((£)[m] * (fz)[m]) } })n)n}[m])}})n)n}m] + (—udpn[m]))| =
(e))n)n)n)n)n}] [Distribution(R) "= P Rule tactic]
[(— —01) ™5 M.As. A My (t, s, ¢, [[(— — 01) = (— — 01)]])
-(24.10.06)
[FromLimit *3" SystemQ F Vm: Vn: V(fep): V(fx): V(fys : Limit((fx), (fys)) -
Vobj(fep): :(vobjm:A(vobjg:%(vobj@ﬂa (Vo = (Vobim: = (4 (0 <= (e) =
(0= [ = (8 <= (ph & (oh < P(P(Union((N. Q)|
= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | -
{{{ersD). ersD)}. {(ers1), 0} Pju ] <= (y[m] + @ o
m <=n = =1 (Vopj(€): 7 (1 (Vojn: 5 (Vobim: =1 (7 (0 <= (6) = = (7 (0 =
(6))n)n)n = = (7 <=m = |f{ph € {ph € P(P(Union({N, Q})))
= (Vobj(opl): = (= (Vobj(0p2): = (= (= ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Vobym: = (dpn =
{{m, m}, {m, (x[m] + {ph € {ph € P(P(Union({N, Q}))) |

= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n ) Jn} | = (Vopim: = (fen =
{{m, m}, {m, (—ux[m])}})n)n}[m])}})n)n}|[m] <
(y[m] 4+ (—u(e))))n)n)n)n)n)n)n)n][FromLimit “— Rule tactic]
[ToUpper&und * SystemQ V(fx): V(fy): V(fxs): (fx) € (fxs) =
(5 (Yobj(€): 5 (51 (Vo = (Vobjm: = (5 (0 <= () = - (%(
S (1 <=m = x[m] <= (y[M] + (-u(e))))n)n)n)n)n)n
UB((fy), (fxs))][ToUpperBound POt Rule tactic]
[FromUpperBourﬂSglt SystemQ = V(fx): V(fy): V@:EB((fy) xs)) F (fx) €
(fx8) F = (5 (Yobj(€): = (= (Vo = (Vopjm: = (5 (0 <= (€) = = (= (
(e)m)n)n = = (7 <=m = X[ | <= (y[m] + (—u(e))))n)n)n)n)n)n
(fy) )][FromUpperBound 0 Rule tactic]
[USisUpperBound ° i SystemQ

Vm: UB(us[m], SetOfFxs)][USisUpperBound P Rule tactic]
(25.10.06)

stmt

[Onot1(R) "= SystemQ F - ({ph € P({ph € P({ph € P(P(Union({N,Q}))) |

proof

@) =
= (i)

/—\o
Il

5

)= (&)

7:> (fx) =

(6]



{{(crs1), (ers1)}, {(crs1), 0} H)n )H}[ [+
{ph € P(P(Union({N, Q}))) | = (Vob; (Opl)i 5 (5 (Vobj(0p2): - (4 (< ((opl) €
N = - ((op2) € Q)n)n = - (apy =

{{(op1), (op1)},{(op1), (0p2) }})n)n)n)n)n)n} | = (Vop;(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1), 0} })n)n}[m] + (—udpn[M]))| = (€))n)n)n)n)n} =
{ph € P({ph € P({ph € P(P(Union({N,Q}))) |

5 (Vobj(op1): 1 (1 (Vobj(0p2): 5 (7 (= ((opl) € N = = ((0p2) € Q)n)n
= (apn = {{(op1), (op1 }7{( op ),( p2 n
fPhi;‘ (Vobj (0p1): = (51 (Vo ( -
= ((r1) = {{(op1), (op1)}, {(0 51 :

~—

(ObJ(fl): ObJ(f2) ObJ(f3>

{{(£3), (83)}. {(83). (£4)}} € fon = 1) 13) = (f2) = (f4))n)n =
~ (Yobj(s1): (s1) € N = = (Vopy (s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fon)n)n)n)n}) | Vobj(€): 7 (Fobfi: = (Yobjii: 2 (0 <= (€) = = (= (0 = (¢))m)n)n =
n<=m= = (|({ph € {ph € P(P(Union({N, Q}))) |

= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) €

(aph = {{(op1), (op1)}, {(0p1), (0p2)} })n)m)n)m)n)n} | = (Vobj(crsl): = (cpn =
{{(crs), (crs1)}, {(crs1), 1} Pn)n}[m] + (—udpn[m]))| <= (e) = = (= ([({ph €
{ph € P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((op1) €
N = = ((op2) € Qu)n = = (apy =
{{(op1), (op1)},{(0p1), (0p2)}})n)n)n)n)n)n} | = (¥,
{{(Crsl) (crs1)}, {(crs1), 1}})n)n}[m] + (—udpn[m ]))

n)n

proof

Jn)n})n|[0notl(R) "— Rule tactic]
(25.10.06)

[ExpZero(R) "' SystemQ F Vm: V(fx):m = 0 - (fx)(exp)m = {ph € P({ph €
P({ph € P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((opl) €
N = 4 ((op2) € Q)n)n = = (apy =

{{(op1), (op1)} {(0p1), (0p2)} Hn)n)n)n)n)n}) [ = (= (Voby(rl): (rl) € fpy =

—~

= (Yobj (0p1): = (= (Yobj (0p2): = (= (= ((op1)
= ((r1) = {{(op1), (op1)},{(op1), (0p2)} Pn)n)n)n)n)n =
= (Yon; (F1): Vob; (£2): Vo (£3): Vo (£4): {{(f1), (f1)}, {(f1), (£2)}} € fen =



{{(83), (83)}, {(£3), (E4)}} € fpu = (f1) = (3) = (£2) = (f4))n)n =
5 (Yob(s1): (s1) € N = = (Vobj(s2): = ({{(s1), (s}, {(s1), (s2)} } €
f h)n)n)n)n} | Vobj (€): = (Vobjh: = (Vob;m: ﬁ(O <= 2 (50 = (¢))n)n)n =

N = = ((op2) € Q)n)n = S (apn =

{{(op1), (op1)},{(0op1), (0p2) }})n)n)n)n)n)n} | = (Vo
{{(crs1), (ers1)}, {(ers1), 1} })n )H}[ ] + (—udpn[m ]))|
(¢))n)n)n)n)n}] [Epoero(R) P Rule tactic]
[ExpPositive(R) *3" SystemQ F Vm: V(fx): = (0 <= m = = (- (0 = m)n)n)n
(fx) (exp)m = {ph € P({ph € P({ph € P(P(Union({N, Q}))) |

“ (Vobj(0p1): = (=1 (Vobj (0p2): = (=2 (= ((0p1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2
fen = = (Vobj(0p1): =1 (=1 (Vobj (0p2): =
= ((r1) = {{(op1), (op1)},{(op1), (op
;‘(vobj(ﬂ) obj (f2) obj (f3) vObJ(f4

{{(f3), £3)}, {(f3), (f4)}} € fpp, = fl) =(3) = (f2) = ’f4))n)n:>
bi

= (Yonj(s1): (s1) € N:>_‘(v0bJ(S2) S({{(s1), D} {(s1), (s2)} e
fon)n)n)n)n}) | Vob;(€): = (Yobi: = (Vobjiii: = (0 <= () = = (= (0 = (€))n)n)n =
n <=m = =(|({ph € {ph € P(P(Union({N,Q}))) |

= (Vobj(0p1): = (= (Vopj(0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Vobym: = (epn =
{{m, m}, {m, (x[m] * y[m])} })n)n}[m] + (—udpn[m}))| <= (e) = = (= ([({ph €

{ph € P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (= (= ((op1) €

N = 4 ((op2) € Q)n)n = = (apy =

{{(op1), (op1)}, {(op1), (op2)} })m)n)n)n)n)n} | = (Vopjm: = (epn =

{{m, m}, {m, (x[m] * y[m])} })n)n}[m ] (—udpn[m]))[ =

(¢))n)n)n)n)n}|[ExpPositive(R) "— P Rule tactic]

—(26.10.06)

[02 ™25 At As. A My(t, s, ¢, [[02 = 01 + +01]])]

[01//02 ™25 At.As.Ac. My (t, s, ¢, [[01//02 = 01/ /temp02]])]
—(28.10.06)

[ExpUnbounded(R) *3" SystemQ o

Vm: V@I - (vobjm: (= (vobj( )i ( : (vobjﬁ' - (vobjmt S(+(0<= (6) =

(0= (e)n)n)n= (A <=m = x[m] <=

(y[m] + (—u(e))))n)n)n)n)n)n)n)n|[ExpUnbounded(R) P Rule tactic]

——(30.10.06)

[FromLeq(Advanced)(N) * System@ F Vm: V(ml):Vn:m <=nkt

i



= (Vobj(ml): = ((m + (m1)) = n)n)n][FromLeq(Advanced)(N) P Rule tactic]
~(3.11.06)

macro

[usFoelge "=~ At.As.Ac. /\/l4(t s, ¢, [[usFoelge = us]])]

[FromLeast UpperBound 2 SystemQ - LUB((fx), (fys)) -

- (UB((fx)ﬁ,(fys)) = - (UB((fz), (fys)) = -

(5 (Yobj (€): 1 (51 (Vongfi: = (Vopgmi: = (5 (0 <= () = = (= (0 = (e))m)n)n =

S (0 <=m = x[m] <= (y[m] + (—u(e))))n)n)n)n)n)n)n = (fx)
(fz))n)n][FromLeastUpperBound P2 Rule tactic]

[ToLeastUpperBound “" SystemQ - V(£x): V(f2): V(fys): UB((£x), (fys)) -
UB(@, (fys)) = = (= (VObJU = (5 (va]ﬁ - (Vobjm: (-
(5 (0 = (e))n)n)n = - (1 <=M = x[M] <=

(y[m] + (—u(€)))m)n)n)n)n)n)n = (fx) = (fz) -

LUB((fx), (fys))][ToLeastUpperBound POl R ule tactic]
[XSisNotUpperBound U SystemQ

Vm: = (UB(xs[m], SetOfFxs))n][XSisNotUpperBound P Rule tactic]
~(4.11.06) ~
[xaF "2 At.As.Ac. My (t, s, ¢, [[xaF = xs|])]

[ysFGreater 2" SystemQ + Vm: = (xs[m] <= ysF[m] = = (= (xs[m] =

proof

ysF[m])n)n)n][ysFGreater "— Rule tactic]
[ysFLess *I System(@ F Vm: - (ysF[m] <= (xs[m] 4+ recm) = = (- (ysF[m] =
proof

(xs[m] 4+ recm))n)n)n][ysFLess — Rule tactic]

[Smalllnverse stogt SystemQ F Vm: ¥x: = (0 <=x= (- (0 =x)n)n)n +

= (Vobjm: = (< (recm <= x = = (- (recm = x)n)n)n)n)n][Smalllnverse propf
Rule tactic]

-(6.11.06)

[x ==y " At As e My(t,s, ¢, [[x ==y = x =y]])]

[OrderedPair(x, y) "25° At.)\s.Ac.M4(t,s,c [[OrderedPair(x,y) = (x,y)]1])]
[MemberOfSeries(Imply) "' SystemQ F Vm: V(fx): V(sy):m € N =

-

(= (Yobg (11): (r1) € (fx) ) = (Vobj(0p1): = (= (Yobj (0p2): = (= (= ((opl) € N =
= ((0p2) € (sy))n)n = = ((x1) =

{{(op1), (op1)}, {(op1), (0p2)} Hw)m)n)yn)njn =

1 (Vob; (1): Vop; (f2): Vobj(ffi) Von; (F4): {(FL), (f)}, {(f1), (12)}} € (fx) =
{{(83), (83)}, {(3), (f4)}} 6@761) (i)i(ﬂ)i(ﬁl)in)n:\
5 (Vobj(s1): (s1) € N = = (Vop; (s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
(fx))n)n)n)n = {{m, m}, {m, (fx)[m]}} € (fx)][MemberOfSeries(Imply) propf

Rule tactic]
[MemberOfSeries * System(Q - Vm: V(fx): V(s y)' me Nk

= (= (vob_](rl)( 1) e @ 5 (Vobj(opl): = (+




n == ((rl) =

= ((op2) € (sy)
D}, (opl) (0p2)}})n)n)njn)n)n

{{(op1), (op nnnjn)n)n =
1 (Yob; (F1): Yon; (£2): on; (£3): Vob;(f4): {{(f1), (F1)}, {(f1), (i2)}} € (x) =
{{(13), (83)},{(83), ()} € (x) = (f1) = () = (F n

- (vaJ@ (s1) eN == (VobJ@' = (

(£x))n)n)n )HF{{m m} {m, (fx)[m

:
—
m
=
e
=

B (;‘ (VObj@:m < @ i_‘ vobj (Opl): - (;‘ (Vobj (Op?): = ( S (=
)

= ((0p2) € (sy))n)n = = ((r]) =
{{(op1), (op1)}, {(op1), (op2)} Hwm)n)ynnn =

(va](fl) vobl(fQ) Vob](f3) V. b.](f);{ (i,(fl)},{( )Q)}} € @ =
({83, (1), ({0, [0} € () = ) = () = (@) = [)ujn

5 (Yonj(s1): (s1) € N= 5 (Vo (s2): = ({{(s1), (s}, {(s1), (s2)}} €
(fx))n)n)n)n = MemberOfSeries(Imply) > m € N = = (= (Vop; (r1): (11) €
(fx) = = (Vobj(0p1): = (= (Vobj(0p2): = ( N= = ((op2) €

= op2): = (= (
@) jn == 4 ((r1) = {{(op1), (op1)}, {(op
1 (Vob; (f1): obj (£2): Yon; (F3): Vob; (f4):
)}} € fx) (f1)

HB($}K
= (Vong (51 (3
(E))n)n)n)n =
= (5 (Vos (1): (1) € (£x) = =
= ((0p2) € (sy)))n = = ((1T) =

{{(op1), (op
= (Vob; (f1):

H( (83), (£3)

\_/\-/o
<C
]
o
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o
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=
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(x) (&) ]
[memberOfSeries(Type) St—n>1t SystemQ F Vm: V(fx): V(sy):
Ac.TypeseriesO([(fx)], [(sy)]) # {{m, m}, {m, (fx)[m]}} €

proof

[memberOfSeries(Type) "— Ac.Ax.P([SystemQ
Vm: V(fx): V(sy): Ac. TypeNatO([m]) = Ac. TypeseriesO([(fx)], [(sy)])
NatType > Ac.TypeNatO([m]) > m € N; SeriesType >

Ay
el
—
<
i)
@D
Z
&
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s
—~
ﬁ
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(VobJ(OPI) = (5 (Vobj(0p2) = (5 (5 ((opl
= ((r1) = {{(op1). (op1)}. {(op1), (0p2)}})
—\(Vobj(ﬂ)tvobj (f2) vobj (f3) VObJ(f

{(0®), )}, (1), @)} € (&) = (1)

= (vob' Sl) ( ) eEN= = (vobj (82)
n; MemberOfSeries >

=)
o}
=13
|
|
<
o
S
=)
o)
)
|
dpd

3}, {(8), T} € (i) = (1) = (B) = (2

(). @) ) > @ = @)=
(Yo 512 (1) € N = = (Vs (2): = ({5, 5113, (D), (52))} €
(£x))n)n)n)n > {{m, m}, {m, (fx)[m]}} € (£x), po,c)]

proof

[NatType U System@Q F Vm: Ac. TypeNat ([m]) # m € N][NatType "=

Rule tactic]
[RationalType *3* SystemQ F ¥x: Ac.TypeRationalO([x]) - x €
Q][Rational Type "% " Rule tactic]
[SeriesType *3" SystemQ }—V(fx) V(sy): Ac. TypeseriesO([ (fx)],
= (5 (Yobj (r1): (r1) € (£x) = = (Yopj(0p1): = (= (Vobj (0p2): = (= (= ((op1) € N =
= ((0p2) € (sy))n)n = = ((r1) )
{{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n =
= (Yobj (1): Vob; (f2): Vo (£3): Vo (f4): {{(f1), (f1)}, {(f1), (2)}} € (fx) =
{{(£3), Q}i( ), (f4)}} € (fx) = (f1) = f3)i(f2) n
= (Vo (51): (51) € N = = (Yo (52): = ({{(s1), (51)}, {(s1), (52)}}
(fx))n)n)n)n][SeriesType P2 Rule tactic]

[IsOrderedPair((sx), (sy), (sz)) "5
At As. Ac. Myl(t, s, c, HIsOrderedPalr((sx) (sy), (sz)) =

3(OP1ob): (OP20b) (OP1ob) € (sy) A (OP20b) € (sz) A (sx) =
OrderedPair((OP1ob), (OP20b))]])]
[IsRelation((sx), (sy), (sz)) magro
At.As. Ac.My(t, s, ¢, [[IsRelation((sx), (sy), (sz)) = ¥(R1ob): ((Rlob) € (sx) =
IsOrderedPalr((Rlob) (sy), (s2))]1)]
[isFunction((sx), (sy), (sz)) magre .
At As. e My(t, s, ¢, [[isFunction((sx), (sy), (sz)) = IsRelation((sx), (sy), (sz)) A
V(Flob), (F20b), (F3o0b),
(F4ob): (OrderedPair((F1lob), (F20b)) € (sx) = OrderedPair((F3ob), (F4ob)) €
(sx) = (Flob) = (F30b) = (F20b) = (F4o0b))]])]
[IsSeries((fx), (fy)) ™25 At.As.A\c. M4 (t, s, c, [[IsSeries((fx), (fy)) =
isFunction((fx), N, (fy)) A V(Slob): ((Slob) € N =
3(S20b): OrderedPadr((Slob)7 (S20b)) € (fx))]1)]

_:
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—
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~
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XXhertype

[TypeNat(x) "5 At.As.Ac. My(t, s, ¢, [[TypeNat(x) = Ac. TypeNat0([x])]])]
[TypeNatO(x) * x &, [0] :: [(van)] :: [m] :: [n] =2 [(n +1)] : [(m +0)]
[(m + )] 22 [o] :: [p] <2 [((m+ )+ 1)] =2 [(m+ ()] = [(m+ (n+ 1)
[(mD)]:: [(m2)] :: [()] :: [(m2)] =z [m] 2 [A] 22 T

[TypeSeries(x,y) ™25 At.As.Ac. My (t,s, ¢, [[TypeSeries(x, y) =

Ac. TypeseriesO([x], [y])]1)]

[TypeseriesO(x, y) 2 yix €y [(E)] =2 [(fy)]:: [(f2)] :: [us] :: [{ph € {ph €

P(P(Union({N, Q}))) | = (Yobj(0p1): = (= (Vobj(0p2): = (2 (= ((opl) € N'=
(0P2) € Qn)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
Yopjm: = (dpn = {{m, m}, {m, ((£x)[m] + (fy)[m])}})n)n}] :: [{ph € {ph €

P(Union({N, Q1)) | * (Yobs(0p1): = ( (Yans(0p2): = (= (= ((op1) € N =
7 ((0p2) € Q)u)n = = (apy = {{(opl), (op1)}. {(op1), (0p2)}})n)n)n)n)n)n} |
Vobj(ersl): = (cpn = {{(crsl), (ersl)}, {(crsl),0}})n)n}] :: [{ph € {ph €

P (Union({N, Q1)) | * (%abj(0p1): = (= (Veps(0p2): = (= (= ({opT) € N =
~((0p2) € Q)u)n = = (apn = {{(opl), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |
Vobj(crsl): = (cpn = {{(crsl), (crsl)}, {(crsl), 1}})n)n}] :: [{ph € {ph €
(UHIOH({N QD)) | = (Fobj(op1): = (= (Vobj(0p2): = (= (= ((opl) € N =
0P2) Jn)n = = (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |
bim: ﬂ(eph = {{m, m}, {m, ((fx)[m] « {ph € {ph € P(P(Union({N, Q}))) |
( 1): = (1 (Vobj(0p2): = (=1 (=1 ((0p1) € N = = ((0p2) € Q)u)n =

= {{(op1), (op1)}, {(0p1), (0p2) } ) )m)m)n)n)n)n} | = (Yon;(crsl): = (cpn =

8 ) (crs1)}, {(ers1), 03 })n)nj[m])} Hujn}] :: [{ph € {ph €
(Union({N, Q1)) | * (Fobj (0 1): = (* (Faby(02): - (= (= ((op1) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |

5 (Vobjm: = (5 (5 (5 ((fx)[m] = 0)n = = (fpn, =

{{m, m}, {m, rec(fx)[m]} })n)n)n = = ((fx)[m] = 0 = = (fpn =

{{m,m}, {m, 0} })n)n)nn}] :: T}

[TypeRational(x) ™25 A\t.As.A\c.My(t, s, ¢, [[TypeRational(x) =
Ac.TypeRationalO([x])]])]

[TypeRational0(x) e [x]::yl::fz] co [O] o2 [1] 22 T]

[Max(x,y) ™25 At.As.Ac.My(t,s, ¢, [[Max(x,y) = if(y <= x,x,y)]])]
—(7.11.06)

[ReciprocalF *3' SystemQ F Vm: V(fx): {ph € {ph € P(P(Union({N, Q}))) |
= (Yonj(0p1): = (=1 (Yobj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)njn} |

= (Yobim: = (= (= (5 () [m] = 0)n = = (fpy =

{{m. m}, {m, rec(fx)[m[} })n)n)n = = ((fx)[m] = 0 = = (fpn =

{{m, m}, {m, 0} m)n)n)n}m] = if((E){m] = 0,0, rec(tx)[m])][ReciprocalF *"
Rule tactic]

(11.11.06)
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[0f ™25 Xt As.Ac. My (t, s, ¢, [[0f = constantRationalSeries(0)]])]

[1f ™25 At.As. Ac.My(t, s, c, [[1f = constantRationalSeries(1)]])]
[cartProd((sx)) ™25 At.As.Ac.My(t, s, ¢, [[cartProd((sx)) = {ph €
Power(Power (binaryUnion((sx), (sy)))) | IsOrderedPair(phy, (sx), (sy))}]1)]

[constantRationalSeries(x) ™25

At.As.Ac.My(t, s, ¢, [[constantRationalSeries(x) = {ph € cartProd(N) |
3(CRS1ob): phy = OrderedPair((CRS1ob),x)}]])]
[Sep2Formula I SystemQ F Va: Vb: Vx: Vy:ye{phex|ajFo(yex=

proof

= (b)n)n][Sep2Formula "=~ Rule tactic]
[Power(x) ™25 At.As.Ac. M4 (t, s, ¢, [[Power(x) = P(x)]])]

~(12.11.06)
[IsSubset(x,y) ™25 At.As.Ac.My(t, s, ¢, [[IsSubset(x, y) = x C y]])]

(12.11.06)
[Formula2Sep stgt SystemQ - Va: Vb:Vx:Vy:y e x - by € {ph € x|
a}|[Formula2Sep P Rule tactic]
—(13.11.06)
[SameSeries 2" SystemQ F Vm: Vn: V(fx): ¥(sy): Ac. TypeNat0([m]) #
Ac.TypeNatO([n]) i+ Ac. TypeseriesO(| (fx)], [ (sy)]) = m = n I (fx)[m] = (fx)[n]]

[SameSeries progt Ac. Ax.P([SystemQ

Vm: Vn: V(fx): V(sy): Ac. TypeNatO([m]) # Ac. TypeNatO([n])
Ac.TypeseriesO(| (fx)], [(sy)]) = m = n - memberOfSeries(Type) >
Ac.TypeNatO([m]) ©> Ac.TypeseriesO([ (fx)], [(sy)]) >

{{m, m}, {m, (fx)[m]}} € (fx); memberOfSeries(Type) > Ac.TypeNat0O([n]) >
Ac. TypeseriesO([(£)], [(sy)]) > {{n,n}, {n, (&x)[n]} } €

(fx); UniqueMember (Type) 1>
Ac. TypesemesO(f(f 1, )
(£ {{n.0). 0.1 )

{{(sx) (sx)} {(
(sy) F (sx1) = (syl)]

proof

[UniqueMember(Type) "— Ac.Ax.P([SystemQ F
V(fx): V(sx): V(sx1): V(sy): V(syl): V(sz): Ac. TypeseriesO([ (fx)],
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Vobj(op1): = (5 (Vobj(0p2): = (4 (

J
-

o~~~

gl)i{{(opﬂopl)},j{(opl), (o

R

.~

{(£3), (83)}, {(3), (f4)}} € (fx) = (f1

(sy), (sy) e
[UniqueMember progt AcAx.P([SystemQ F
v .

i)
o —

= (Yobj(0p1): = (5 (Vopj (0p2): = (5 (= (

obj (11): Von; (£2): Von; (£3): Vou; (f4): {{(f1), (1)}, {

™ (

{{(13), (183)}, {(£3), (f4)}} € (fx) = (f1

4 (Vobj(s1): (s1) € N = = (Vopj(s2): =

(B))n)n)n)n F {{(sx), (sx)}, {(sx), (sx1)

{{(SY)7 (Sy)}> {(SY)v (Sy

5 ((r1) = {{(op1), (op1)}, {(op1), (op2 >
5 (Vobj (f1): Vobj (£2): Yo (£3): Yobi (f4): {{(f1), (f1)}, {(f1), (2)}} € (fx) =
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{(sy), (sy) 1 {(sy), (syD}} € (%) B (sx) = (sy) > (sx1) = (syD)], po, )]




{(), 1)}, {(B), ()} € (&) = () = () = (@) = D))~
5 (Vobj(s1): (s1) € N = = (Vop; (s2): = ({{(s1), (s1)}, {(s1), (s2) }} €
(B))n)n)n)n > = (Vobj(rl): (rl) € (fx) =
= (Fobg OD1): = (5 (Fobg (0D2): 5 (5 (= ((oP1) € N =  ((0p2) € (s2))mn =
- (1) = {{{op1). {opD) . {{op1), (0p2)} Dn)mjm)m)m =
(Vo (1) Yo (2): oy (3): s (E0: {411, (F1)}, { (A1), (E2)}} € (Bx) =
({03), ), (), (@)} € (&) = (1) = (1) = () =
(f4))n)n; Repetition > =1 (Yop; (r1): (r1) € (fx) =
= (Fong D1): = (5 (Fobi (0D2): = (5 (= ({op1) € N =  ((0p2) € (s2))mn =
= ((r1) = {{(opl1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n =
(Vo (D)= o (I2): oy (3): Yoy (ED: {{ (11, (11}, {(11), (E2)}} € (Ex) =
({{3), @)}, (), ()} € (i) = (1) = [B) = () = ([D)n)n >
= (Vobj (r1): (11) € (fx) = = (Yobj(op1): 5 (<1 (Vopj (0p2): = (4 (< ((opl) € N =
- ([op?) € (s2))n)n = (G =
{{{op1). op1)}, {(opD), P mmmmn =
1 (Vob; (f1): Vob; (£2): Von; (£3): Vou; (f4): {{ (1), (f1)}, {(f1), (£2)}} € (fx) =
H#3), (1)}, {(13), (f4)}} € () = (fl) = (83) = (f2) =
(f4))n)n; SecondConjunct > = (Vb (r1): (11) € (fx) =
“ (Vo (0p1): = (5 (Yobj(0p2): = (1 (= ((0p1) € N = = ((0p2) € (s2))m)n =
5 ((r1) = {{(op1), (op1)}, {(op1), (op2)}})n)n)n)n)n)n =
“ (Vo (TD): ot (2): o (I3): Vo (D) {4 (1), (ED)}, { (D), (R)}} e () =
{(), B}, {(B), ()} € (&x) = (1) = ) = @) = D) >
Vob; (FL): Vob; (£2): Von; (£3): Vo (F4): {{(f1), (1)}, {(f1), (2)}} € () =
(). B, @) e (=M =-®->®@=-
(f4); A4 @ (5%) D> Yob; (f1): Vo f2):VObj(f3).V0bj(f4£{{( 1), ( )}jﬂ),(f )} €
( x) = {{(f3), (83)}, {(13), (¢ ) pe () = (f1) = (1) = (12) = () >
obj(f2): obJ(f ): Yob; ((4): {{(x), (%)}, {(s), (12)}} € () =
{03, 03,001 < (o 0o 0= ®=
(f4); Ad@ (sxl)ivobj (f2):Vobj(fB):VobJ(M!{six)i(six)}’{(six) (f2)}} € (&) =
{(3) £3), (13)}, {(83), (f4)}} € (fx) = (sx) = (83) = (£2) = (f4) >
Vobj (£ ):Vobj(fl {iﬁ,@},{@ sxX )ﬁefix)é
{{(£3), (£3)}, {(£3) (fﬁe (fx):>six): f3) = (sx1) =
(F0): A4 @ (59) £ Vo (B3): oy 0): {{(55), (50} {(50). (sx)}} € (B6) =
{{(13) L( 3)},{(£3), (f4)}} € (fx) = (sx) = (£3) = (sx1) = (f4) > o
obj (f4): {{(sx), (sx)}, {(s%), (sxD) }} € () = {{(s9), (sy)}, {(sy), () }} €
(fx) = (sx) = (sy) = (sx1) = (f4); Ad@ (syl) >




[A4 20 SystemQ - Vx: V(V1) Va: Vb:

proof

KVANTI [A4 "= Ac.Ax. P((Sybtem
Vobj(v1):b F Ad(Axiom) > (a=b|(vl >Me > VObJ (Vl) b

a; MP > Vopj(v1):b = a > Yo (vI):b a} Po, €]

(16.11.06)

[SameMember * SystemQ V(sx):V(sy): V(sz): (sx) = (sy) F (sx) € (sz) -

v@ =
j( |||
1%
,<£
<(

m
<E
O‘
il
o
=
=
I
I
\\></
z
o
-

(sy) € (sz)][SameMember P Rule tactic]
[ToSetEquality *3" SystemQ F V(sx): V(£y): Vob;(s1): (s1) € (fx) = (s1) € (fy) +
Vobj@ ﬁ (fy) (s ) (fx) ( y)][ToSetEquality Proof pule tactic]

() F (fx) =
[(px,y) ™29 At As. de. My (t,s, ¢, [[(px, y) ={ yHD
1): V(syl): (sx) = (sx1) F (sy) =

[SamePair "' SystemQ - V(sx): V(sx

(syl) = {(sx), (sy)} = {(sx1), (sy1) }] [SamePa Proof Rule tactic]

[(sx) ™25 At.Xs. )\c ./\/14(t s, G, [[(sx) = {x}]])]

[SameSingleton *5" System(Q - V(SX) V(sy): (sx) = (sy) F {(sx), (sx)} =
{(sy), (sy)}] [SameSingleton "= " Rule tactic]

_(17.11.06)

[(£x) 4+ (fy) "5 Mtds. de. My(t,s, ¢, [[(fx) +¢ (fy) = {ph € cartProd(N) |
IM:phy = OrderedPalr(M ((fx) [./\/l] (E) M) )]
[Qclosed(Addition) ° bt SystemQ FVxVy:xeQRFyeQlF (x+y) e
Q][Qclosed(Addition) ™= " Rule tactic]

[FromCartProd(1) U System(Q

V(sx): V(sx1): V(sy): V(syl): {{(sx), (sx)}, {(sx), (sy) }} € {ph €
P(P(Union({(sx1), (sy1)}))) [ = (Von;j(0p1): = (= (Yonj(0p2): = (= (= ((op1) €
(sx1) = = ((op2) € (syl))n)n = = (apy =

{{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} k- (sx) €
(sx1)][FromCartProd (1 )p““’ Rule tactic]

[1rule fromCartProd(2) 2" SystemQ +

V(sx): V(sx1): V(sy): V(syD): {{(sx), (sx)}, {(sx), (sy) }} € {ph €
P(P(Union({(sx1), (sy1)}))) | = (Vobj(op1): = (= (Vopj(0p2): = (= (= ((op1) €
(sx1) = = ((op2) € (syl))n)n = = (apn =

{{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} + (sy) €

A
\./><
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(sy1)][1rule fromCartProd(2) "= *' Rule tactic]
—(18.11.06)
[(£x) *¢ (fy) 25 At ds. A My(t, s, ¢, [[(£x) *¢ (fy) = {ph € cartProd(N) |
IM: phs = OrderedPair(M, ((fx) [./\/l] * (fy)[M]))}H1)]
[Qclosed (Multiplication) stogt SystemQ - Vx:Vy:x € QFy e QF (xxy) €
Q][Qclosed (Multiplication) P Rule tactic]
~(19.11.06)
[Pair2Formula " SystemQ F V(sx): ¥(sy): V(s2): (sx) € {(sy), (s2)} F = ((sx) =
(sy))n = (sx) = (sz)][Pair2Formula P Rule tactic]
[Formula2Pair * System(Q V(sx): V(sy): V(s2): = ((sx) = (sy))n = (sx) =
(s2) = (sx) € {(sy), (s2) }][Formula2Pair P Rule tactic]

T (23.11.06)
[binaryUnion(x,y) ™25 At.Xs.Ac. M4(t, s, ¢, [[binaryUnion(x, y) =
Union((px,y))]1)]
[Formula2Union * SystemQ V(sx): V(sy): V(82): 7 (Vobj(sy): = (4 ((sx) €

roof

(sy) = = ((sy) € (sz2))n)n)n)n I (sx) € Union j][FormulaQUmon P
Rule tactic] -

[Formula2Power *“5" System(Q + V(sx): V(sy): Vobj(sl): (s1) € (sx) = (s1) €

(sy) F (sx) € P((sy))][Formula2Power P Rule tactic]

_(28.11.06)

[SetOfRationalSeries ™25 At.As.A\c.My(t, s, c, [[SetOfRationalSeries = {ph €
Power(cartProd(N)) | IsSeries(phza, Q)}])]

[1f/(fx) ™25 At As. Ac. My (t, s, ¢, [[1f/(fx) = {ph € cartProd(N) |

IM: ((fx)[M] # 0 A phg = OrderedPair(M, rec(fx)[M])) V ((fx)[M] =0 A
phg = OrderedPair(M, 0))}1)]

[Max *I System(@ F Vx: Vy: 5 (A (y <= x= 2 (if(y <= x,x,y) = x)n)n)n =

A (A (y <=x)n =~ (if(y <= x,x,y) = y)n)n|[Max P Rule tactic]
[Numerical *5" SystemQ F Vx: 1 (<1 (0 <= x = = (x| = x)n)n)n = = (- (0 <=
x)n = = (x| = (—ux))n)n][Numerical “— P2t Rule tactic]

[Separation2formula(1 S—n;t SystemQ FVa:vb:Vx:Vy:y € {phex|a}Fye

)

][Separatlon2formula(1) ?' Rule tactic]

[Separation2formula(2) *3" SystemQ I Va: Vb: ¥x: Vy:y e {phex|a}
(2

b][Separation2formula(2) "— P Rule tactic]

[QisClosed (Reciprocal) (Imply) 25" SystemQ + Vx: = (x = 0)n = x € Q =

recx € Q] [QisClosed(Reciprocal)(Imply) P Rule tactic]

[QisClosed (Reciprocal) * U SystemQ b Vx: (x=0nkFkxeQk recx € Q]
[QisClosed(Reciprocal) Procl e x. 77( [SystemQF Vx: 2 (x=0nkFxe QF
QisClosed (Reciprocal) (Imply) > = (x = 0)n = x € Q = recx € Q; MP2p>+ (x =
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On=xeQ=recx€ Q> (x=0n>x€ Q> rex € Q,po, )]
—(1.12.06)
[QisClosed (Negative) (Imply) "2 SystemQ F Vx:x € Q = (—ux) €

proof

Q][QisClosed(Negative)(Imply) “— Rule tactic]

[QisClosed (Negative) 2" SystemQ F Vx:x € Q F (—ux) € Q]

[QisClosed (Negative) propf Ac AP ([SystemQ F Vx:x € Q
QisClosed(Negative)(Imply) > x € Q = (—ux) € Q;MP>x € Q = (—ux) €
Qrx€ Q> (—ux) € Ql,po, )]
[—¢(fx) ™25 At As. Ac. My (t, s, ¢, [[—¢(fx) = {ph € cartProd(N) | IM:phg =
OrderedPair(M, (—u(fx)[M ]))}ﬂ)}
t,s

[SF((fx), (fy)) ™25 At.As.Ac. My (t, s, ¢, [[SF((fx), (fy)) = V(EPob): 3n: Vm: (0 <

(EPob) = n <=m = [((fx)[m] — ( Y)[ 1) < (EPob))}1)]
(2.12.06)
[(fx) <p (fy) ™25 At ds. de. My(t, s, ¢, [[(fx) <g (fy) = F(EPob): 3n:¥Ym: 0 <
(EPob) A (n <=m = (E){m] <= ((fy)[m] — (EPob)))]])]
(2.12.06)
[extractSeries(t) it 2212122211111

[SetOfSeries((sx)) ™25 At.As.A\c. M4 (t, s, c, [[SetOfSeries((sx)) = {ph €

Power(cartProd(N)) | IsSeries(phg, (sx) }ﬂ)]

[R((fx)) ™5 At.As.Ac. My (t, s, ¢, [[R((fx)) = {ph € Power(SetOfSeries(Q)) |

SF((fx), pha)}]1)]

[ExpandList(t, s, c) ) tlslelIf (22, T,

StateExpand(t?, s, c) : ExpandLlst(t ,s,))]

(***)

[k sy oS At )\s Ac. * *Macro(t? : : ExpandList(t', s, c))]

[+ * Macro(t) ** Q(t, [{ph € P({ph € P({ph € P(P(Union({N, Q}))) |

= (Yonj(0p1): = (= (Yopj (0p2): = (= (= ((Opl) eN== ((0P2) € Q)u)n
= (apn = {{(op1), (op1)}, {(op1), (0p2

fPh = = (VObJ (opl): = (- (vobj (op2):

¥ty D) Vg (2): oty (3): Yoy (10): {{(11)

{{m,m}, {m, (x[m] * y[m])} })n)n}[m] + (—udpn[m])
{ph € P(P(Union({N, Q}))) | = (Vobj(0op1): = (=1 (Vobj(0p2): = (=
N = 4 ((op2) € Q)n)n = - (apy =

{{(op1), (op1)},{(op1), (0p2) }})n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, (x[m] « y[m])} })n)n}[m] + (—udpn[m]))| =

87



extractSeries(t!) :: [y] :: extractSeries(t?) :: T)]
(*%)

macro

[x + +y "5 )t /\s Ac. + +Macro(t® : : ExpandList(t!, s, ¢))]

[-i— + Macro(t ) Q(t, [{ph € P({ph € P({ph e P(P(Unlon({ ,QH))
 (Vos(0p1): = (= (Voy (002): (= (= ({op1) € N = * ({0p2) € Qmn =
~ (apn = {{(op1), (op1)}, {(0p1), (0p2)} H)m)n)n)m)n)n}) | = (= (%o bj(r1): (11) €
fPhi;‘ (Vobj(op1): = (= (v0b1(0p2) S (0
= ((r1) = {{(opl), (op1)}, {(op1), (0p2)
5 (Yobj (F1): Vob; (f2): Vo (3): Von; (£4): {{(f1), (1)}, {(f1), (2)}} € fpn =
{{(f3)7(f3)} {( £3), (E4)}} € fon = (1) = (3) = (2) = (M))n)n =
7 (Vob N = = (Yonj(s2): = ({{(s1), (s1) }, {(s1), (s2)
o (€): 1 (Yobi: =1 (Vopym: =1 (0 <= (&) = = (= (0
= (|({ph € {ph € P(P(Union({N,Q}))) |
= (Vobj (Opl) (= (Vobj(0op2): = (= (= ((opl) € N
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Vobym: = (dpn =
{{m, m}, {m, (x[m] + y[m])} })n)n}[m] + (—udpn[m]))| <= (e) = = (= ([({ph €
{ph € P(P(Union({N, Q}))) | (Vobj (0p1): = (% (Vonj(0p2): = (4 (< ((opl) €
N = = ((op2) € Q)n)
{{(op1), (op1)},{(0p1), (0p2)}})n)n)n)n)n)n} | = (Vobim: = (dpn =
{{m, m}, {m, (x[m] + y[m])} })n)n}[m] + (—udpn[m]))| = (€))n)n)n)n)n}], [x] ::
?ﬁiz;ctSeries(tl) 2 [y] i@ extractSeries(t?) :: T)]
[(— —x) ™25° At.As. Ac. — —Macro(t" : : ExpandList(t®, s, c))]
[~ — Macro(t) @ O(t, [{ph € P({ph € P({ph € P(P(Union({N,
= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n
~(apn = {{(op1), (op1)}, {(0p1), (0p2)} })njm)n)n)nn}) | = (= (Vo '(rl)i(ﬂ) S
fen = = (Vobj(0P1): 7 (5 (Vobi(0p2): = (= (% (( )
op
4):

V<O
&
=
=
=

= ((r1) = {{(op1), (op1)}, {(op1), (0P

)
(
2)}})n
(vaJ(fl) vobJ (f ) vobj (f3) ObJ( {

r—"—n—,—/

3),(f4)}} € fpp, = (fl) = f3) = f2) = (f4))n)n =
:(s1) € N = = (Vobi(s2): = ({{(s1), (s1)},{(s1), (s2)}} €
Yobj(€): =1 (Vo = (Vopm: = (5 (0=
(1; {ph € P(P(Union({N, Q})

macro
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= (7 <= m = (B[] <= ((fy)[M] + (—u(e))))n)n)n)n)u)n)n = {ph € P({ph €

Vobj(0p2): =1 (< (< ((opl) €

_|.

<= [m
P({ph € P(P(Union({N,Q}))) | = (Vobj(op1): = (
N = - ((op2) }e Q)n)n = = (app =

{(op1), (0p2)}})n)m)n)m)n)n}) | = (= (Yobs(rl): (1)
' (Vobj(opl) = (5 (Yopj(0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= ((r1) = {{(op1), (op1)}, {(0p1), (0p2)} })m)n)n)n)n)n =
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= (Vo (F1): Vo, (12): Von; (£3): obj(ﬂ{{(f ), (1)}, {(f1), (£2)}} € fpp, =
3), (f4)}} € fpn = (f1) = (£3) ):> f2) = (f4))n)n =
5 (Vobj(s1): (s1) € N = = (Vop;(s2): ({{(
fen)n)n)n)n}) | Vopi(€): = (Vopin: = (Vob;m:
n<=m = = (|((&)[m] + (—udpn[m]))]
((B)[m] + (—udpn[M]))] = (¢))n)n)n)n

P(P(Union({N, Q}))) | = (Vobj(opl): = (= (Vo j -

op2) € Q)n)n = = (apn = {{(opl), (op1)},{(opl), (OPQ)}})H)H)H)H)H)H}) |
i(r1): (r1) € fpn = = (Vobj(opl): = (5 (Vobj(0p2): = (- (< ((opl) € N =

(3)10)11 = =((r]) = {{(op1), (0p2)}})n)n)njn)n)n =

—~
e}
ko]
=
S~
—_—
=G
—~
e}
ko]
hl
T

| €
S (5 (I((Ey) [m] 4 (—udpn[m]))[ = (¢))n)n)n)n)n}], po,c)]
—(7.12.06)

stmt

[MP2 "=" SystemQ - Va:Vb:Vc:a=b =ckak bt ¢

[MP2 "2 X Ax.P([SystemQ - Va:Vb: Veia = b= chakFbFMP>a=b =
cra>»b=c¢MP>b=cr>b>c],po,c)]

stmt

[MP3 "5" SystemQ - Va: Vb:Ve:Vd:a = b= c=dFakF bk chd]

[MP3 *22 \e.\x.P([SystemQ - Va: Vb: Ve: Vd:a = b=>c=dFak bl ch
MP2ra=b=c=drarb>c=dMPp>c=d>c>d], po,c)]
[MP4Sti>ntSystemQl—VQ:VQ:VQ:VQ:VQ:Qébégédégl—gl—bl—gl—dl—g]
[MP4 *22" \e.\x.P([SystemQ |- Va: Vb: Ve: Vd: Ve:a = b= c=d = el aF bF
cFdFMP2ra=b=c=>d=erarb>c=d=gMP2bc=d=
§>Q>d>>§W7p03C)}
[MP5St3tSystemQFVg:Vb:Vg:VQ:Vg:Vf:gébégéﬁégéfkg%bF
ckdkFelkf]

[MP5 "2 Xe.\x. P([SystemQ - Va: b: Ve: Vd: Ve: Viia = b = c => d = e = f I-
akbkFckdFeFMP3rpa=b=c=>d=e=frabb>rc>d=e=
fMP2>d:>e:>f>d>e>>ﬂ Po, c)]

[Autolmply SystemQ F Va:a = a

[AutoImply PrOot N Ax. P([SystemQ F Va: a F Repetition > a >

a;Va:Ded 1> Va:a b a > a = al, po, ¢)]

[ImplyTransitivity 3" SystemQ F Va: Vb:Ve:a => bk b= cFa =
[ImplyTransitivity PO ACAX. P([SystemQ F Va:Vb:Vc:a=bkFb=c
MPra=bra>bMP>b=c>b>cVa:Vb:Vcca=bkFb=ck
Ded>Va:Vb:Vcca=btb=cFatc>a=b=b=>c=a=
cMP2ra=b=b=>c=a=cra=b>b=c>a=c|,po,0)]
[Weakening sty SystemQ + Va: Vb:b - a = b]

Fak
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[Weakening progf AcAx.P([SystemQ | Va: Vb: b - a F Repetition > b >
b;Va:Vb:Ded>Va:Vb:bFakFb>b=a=bbFMP>b=a=b>b>»a=
b—| » PO, C)]

[FromContradiction stugt SystemQ b Va:Vb:aF = (a)n F bj
[FromContradiction "% Ac.\x.P([SystemQ I- Va: Vb: a - = (a)n
Weakening > a > = (b)n = a; Weakening > = (a)n > = (b)n =

 (a)n; Neg &  (b)n = a & = (b)n = ()1 > b, po, c)
[RemoveDoubleNeg *“3" SystemQ + Va: = (- (a)n)n - a
[RemoveDoubleNeg Proot \c. )\x P([SystemQ F Va: = (- (a)n)n -
Weakening > = (- (a)n)n > = (a)n = - (5 (a)n)n; Autolmply > = (a)n =
= (a)u;Neg > = (a)n = = (a)n > = (a)n = = (= (a)n)n > al, po, ¢)]
[AddDoubleNeg "— * SystemQ + Va:a b - (< (a)n)n]

proof

[AddDoubleNeg "= Ac.Ax.P([SystemQ l— Va: - (- (- (a)n)n )n H
RemoveDoubleNeg > - (< (5 (a)n)n)n > - (a)n; Va: Ded|>Va S (5 (- (a)n)n )n F
S(a)n > - (- (- (a)n)n)n = -~ (a)n; a - Weakening > a > = ( (= (a)n)n)n =
a;Neg>= (5 (5 (a)n)n)n = a>= (5 (= (@)n)n)n = = (a)n > = (= (a)n)n], po, ¢
(10.12.06)

[Technicality stgt SystemQ F Va:Vb:a = b+ = (- (a)n)n = b)

[Technicality progf AcAX.P([SystemQ F Va:Vb:a = b+ = (- (a)n)n -
RemoveDoubleNeg > = (- (a)n)n > a;MP>a=br>a>

b;Va:Vb:Ded > Va:Vb:a=bF - (- (a)n)nk-b>a=b=~(-(a)n)n =
bja=bFMPra=b=-(-(a)n)n=br>a=b> - (-(a)n)n = b],po,c)]
[NegativeMT stogt SystemQ F Va:Vb: 5 (a)n = b F - (b)n + aj

proof

[NegativeMT "—" Ac.Ax.P([SystemQ - Va:Vb: = (a)n =bF - (b)n+
Weakening > - (b)n > - (a)n = - (b)n;Neg > - (a)n = b> - (a)n = = (b)n >
al, po; ©)]

[MT *2° SystemQ - Va: Vb:a = b - = (b)n - = (a)n]

[MT P2 AcAx.P([SystemQ - Va: Vb:a = b - = (b)n - Technicality >

4 (< (a)n)n = b; NegativeMT > = (< (a)n)n = b > = (b)n > ~ (a)n], po, )]
[Contrapositive 3" SystemQ F Va: Vb:a = b - = (b)n = = (a)n)]
[Contrapositive progf A Ax.P([SystemQ - Va:Vb:a=bF - (b)nF MT > a =
b - (b)n>> ~(a)n;Va:Vb:a=bF Ded>Va:Vb:a=bkF - (b)nt = (a)n>
a=b=-(bn=-(a)n;MPra=b=-(bjn=-(a)n>a=b>-(bn=
- (Q)I{I » Po, C)]

[JoinConjuncts *3" SystemQ F Va:Vb:a - b - = (a = = (b)n)n]

[JoinConjuncts propf AcAx.P([SystemQ F Va:Vb:aka= - (b)nF MP>a =
S(b)n>a> - (b)n;Va:Vb:Ded > Va:Vb:akFa= - (bjnF -~ (bn>a=a=
Jn = = (b)n; al—bI—MPDa:>a:>ﬁ(b)né%(p)n>g>>g:>%(b)n:>
)n; AddDoubleNeg > b> = (- (b)n)n;MT >a = - (b)n =

Jn > = (< (b)n)n > = (a = = (b)n)n; Repetition > = (a = = (b)n)n >

= (b)n)nf, po, c)]

= (b
“(b
~(b
—\(g
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[SecondConjunct "3 SystemQ F Va: Vb: - (a = = (b)n)n F b]

pro

[SecondConjunct ™" Ae.Ax.P([SystemQ F Va: Vb:  (b)n -

Weakening > = (b)n > a = - (b)n; Va: Vb: Ded > Va: Vb: - (b)n F a = = (b)n >
S (b)n=a= = (b)n;(a = =~ (b)n)n F Repetition>=(a = = (b)n)n > - (a =
4 (b)n)n; NegativeMT > = (b)n = a = = (b)n > = (a = = (b)n)n > b], po, ¢)]
—(10.12.06)

[AndCommutativity *5° SystemQ F Va: Vb: -+ (a = = (b)n)n F = (b = = (a)n)n)
[AndCommutativity progf Ac.Ax.P([SystemQ F Va:Vb:b = = (a)nFak
AddDoubleNeg > a > - (- (a)n)n; MT > b = - (a)u > = (4 (a)n)n >

- (b)n;Va: vb:Ded > Va:Vb:b = < (a)nFakF = (bjn>b=-(a)n=a=

= (b)n; = (a = = (b)n)n - Repetition > - (a = - (b)n)n; MT > b = - (a)n =
a= =(b)n>-=(a= = (b)n)n>> (b= - (a)n)n; Repetition > = (b =

= (@)n)n> = (b = = (a)n)n], po, ¢)]

[First Conjunct * System(Q F Va: Vb: = (a= = (bn)nt 3

proo

[First Conjunct ropf Ac.AX.P([SystemQ F Va: Vb: - (a = = (b)n)n F
AndCommutativity > = (a = = (b)n)n > - (b=

4 (a)n)n; SecondConjunct > - (b = = (a)n)n > al, po, )]

[IffFirst 2 SystemQ F Va: Vb: = (a = b= = (b= a)n)nF b+ a

[IffFirst proof AcAx.P([SystemQ - Va:Vb: 5 (a=b= (b= an)nkbHF
SecondConjunct > - (a=b=-(b=ann>b=a;MP>b=ar>b>
QLPO, C)]

[IffSecond *5" SystemQ + Va: Vb: ~(a = b= = (b= a)n)nF a b b]

[IffSecond proof AcAX.P([SystemQ F Va:Vb: -~ (a=b=-(b=a)n)nkak
FirstConjunct>>=(a = b = - (b= a)n)n > a = b; MPr>a = br>a > b], po, ¢)]
[IffCommutativity U SystemQ F Va: Vb: = (@=b=-=(b=annk~(b=
a= “(a=bn)n]

[IffCommutativity progf A AX.P([SystemQ F Va:Vb: -~ (a= b=~ (b=

a)n)n F Repetition>-(a=b=-(b=ann>-(a=b= (b=

a)n)n; AndCommutativity > v (a=b=-(b=ajnn> - (b=a= ~(a=>

b)n)n; Repetition> - (b=a=-(a=bnn>-~(b=a=~(a=
b)n)n], po, c)]
—(10.12.06)
[WeakenOr1 strgt SystemQ F Va:Vb:b - = (a)n = b]
proof

[WeakenOrl "= Ac.Ax.P([SystemQ F Va: Vb: b - Weakening > b > = (a)n =
b; Repetition > - (a)n = b > =~ (a)n = b], po, ¢)]

[WeakenOr2 stogt SystemQ - Va: Vb:a F = (a)n = b]

[WeakenOr2 propf AcAx.P([SystemQ + Va: Vb:a F - (a)n -

FromContradiction > a > - (a)n > b;Va: Vb: Ded > Va:Vb:aF - (a)nkF b > a =
S(an=bjaF MPr>a= -(a)n=br>a> - (a)n = b;Repetition > - (a)n =
b > 5 (a)n = D},po, C)]

[FromDisjuncts stgt SystemQ b Va:Vb:Ve: -~ (a)n = bta=ckb=ct (]
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[FromDisjuncts "% Ac.\x.P([SystemQ - Va: ¥b:Ve: “ (a)n = bl a=ck b =
c F Repetition > = (a)n = b > - (a)n = b; Contrapositive >-4(an=b>

4 (b)n = = (- (a)n)n; Technicality >a = ¢ > - (- (a ) n =

¢; ImplyTransitivity > = (b)n = = (% (@n)nt (- (ann=c> - (bn=

¢; Contrapositive > = (b)n = ¢ > = (c)n = —\( (b)n)n; Contrapositive > b =
¢ > = (¢g)n = = (b)n; Negt> = (c)n = = (b)n> = (¢)n = = (= (b)n)n > c], po, ¢)]
[NumericalF st SystemQ + o

V()= (5 (5 (Vobj(€): = (5 (Vo = (Vopim: 5 (5 (0 <= (€) = = (= (0 =
(6))n)n)n = - (7 <=m = {ph € {ph € P(P (Unlon({N Q1))
5 (Vobj(op1): = (= (Vobj(0p2): = (= (= ((opl) € N = = ((op2) €

= (apn = {{(op1), (op1)}, {(op1), (OPQ)}})D) Jn)n)n)n} | = (Vobj(crsl): = (cpn
{{(crs1), (ers1)}, {(crs1), 0} })n)n}{[m] <= ((fx)[m] + (—u(e)))

Vobj(€): 1 (Vobjn: 1 (Vobjm: =1 (0 <= (¢)
= (|({ph_€ {ph € P(P(Union({N, Q}))) |
= (Vobj(op1): = (= (Vobj(0p2): = (= (= ((o
= (apn = {{(op1), (op1)}, {(op1), (0p2)}
{{(crs1), (crs1)}, {(crs1), 0} })n)n}m] + (-
{ph € P(P(Union({N, Q}))) [ = (Vob;(0 Pl)i 5 (5 (Vobj(0p2): = (= (= ((opl) €
N = - ((op2) € Q)n)n = - (apy =
{{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Vop;(crsl): = (cpn =
{{(crsl), (crs1)}, {(crsl),0} })n)n}[m] + (—u

E(E9)] = () = = (5 (5 (5 (Yo (0): -

= (
< (= (0 =(¢))n)n)n = - (A <=m = {ph € {ph € P(P(Union({N, Q}))
5 (Vobj(op1): 1 (1 (Vobj(0p2): = (1 (= ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n '
{{(crs1), (crs1)}, {(crsl), 0} })n)n}[m] <= (
Vobj (6)2—'\ (VOan = (Vobjm - (0 <= ( )
= (|({ph € {ph € P(P(Union({N, Q}))) |

(
= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} Pn)n)n)n)n)n} | = (Vobj(crsl): = (cpn =
{{(crst), (ers1)}, {(crs1), 0} n)n}[m] + (—u(fx)[m]))| <= () = = (= (|({ph €

{ph € P(P(Union({N, Q}))) | = (Vob;(0p1): = (= (Von; (0p2): = (= (= ((opl) €
N = = ((op2) € Q)n)n = ~ (apy =

{{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n
{{(crs1), (ers1)}, {(crsl), 0} })n)n}{m] + (—u(
|f(fx)| = {ph € {ph € P(P(Union({N, Q}))) |

5 (Vobj(0p1): =1 (= (Vobj(0p2): = (= (= ((opl) € N = = ((op2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n)n} | = (Vobim: = (fpn =
{{m,m}, {m, (—u(fx)[m])}})n)n})n)n|[Numerical F P Rule tactic]

[[rx] "5 At. )\s Ac.|[Macro(t! : : ExpandList(t, s, c))]

[[[Macro(t) * O(t, [{ph € P({ph € P({ph € P(P(Union({N,Q}))) |
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5 (Vobj(s1): (s1) € N = = (Vobj(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fen)n)n)n)n}) [ Vob;(€): = (Vobi: = (Vopim: = (0 <= (€) = = (= (0 = (¢))n)n)n =
n <=m = = ([(|tx|[m] + (—udps[M]))| <= (¢) =

= (5 (J(Jfx|[m] + (—udpw[M]))] = (¢))n)n)n)n)n}], [x] :: extractSeries(t!) :: T)]

P({ph € P(P(Union({N, Q}))) | = (Vop;(0
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(—udpn[m]))| <= () = = (= (|((fy)[m] +
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4
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_|_

proof

n)n)n}][(Adgic)SameR "= Rule tactic]

—
~—

€))n)n

[01//tempx "25° At.As.Ac.01//Macro(t" : : ExpandList(t', s, c))]
[01//Macro(t) = = Q(t, [{ph € P({ph € P({ph € P(P(Union({N, Q}))) |
= (Vobj(0p1): = (= (Vobj (0p2): = (5 (= ((op1) € N = = ((0p2) € Qun =
= (arn = {{(opD), (opD)}, {(op1), (op2)} H)mm)n)m)m)n}) | = (= (Vop; (11): (r1) €
fen = = (Vo (0p1): = (5 (Vo (0p2): = (< (=
)
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.

{(£3), (83)},{(£3), (f4)}} € fpn = (f1) = (£3) = (12) = (#4))n)n =
bj -

5 (Vobj(s1): (s1) € N = = (Vopj(s2): - ({{(s1), (s1)}, {(s1), (s2)}} €
fen)n)n)n)ng) | Yob;(€): = (Vonin: = (Vopm: = (0 <= (¢) = = (= (0 = (€))n)n)n =
n <=m = = (|({ph € {ph € P(P(Union({N, Q}))) |

5 (Vobj(0p1): = (5 (Vobj(0p2): = (4 (7 ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |

5 (Vobjm: = (5 (5 (5 (x[m] = 0)n = = (fen, = {{m, m}, {m, recx[m]} })n)n)n =
S (x[m] = 0= = (fpn = {{m, m}, {m, 0} })n)n)n)n}[m] + (—udpn[m]))| <=
(€) = = (= (|({ph € {ph € P(P(Union({N, Q}))) |

4 (Vobj (0p1): 1 (1 (Vo (0p2): = (1 (= ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |

5 (Vobjm: = (4 (5 (5 (x[m] = 0)n = = (fen = {{m, m}, {m, recx[m]} })n)n)n =
= (x[m] = 0= = (fen = {{m, m}, {m, 0} })n)n)n)n}[m] + (—udpn[M]))| =

(e))n)n)n)n)n}], [x] : : extractSeries(t!) :: T)]

venter

[kvanti prip
Preassociative
[kvanti], [base], [bracket * end bracket], [big bracket * end bracket], [ § x $

[ J;

[flush left []], [x], ly], {z], [[x > ], [[x = |1, [pyk], [tex], [name], [prio], [+], [T],
[if (+, *, )], [+ = «]], [vall, [claim], [L], [f(x)], [(+)"], [F], [0], [1], [2], [3], [4], [3], [6],
(71, 18], [9], [0 [1]. 2], [3], [4], [5], [6], [7], 8}, [9], [a], [b]. [c], [d]. [e], [f] [g] . [, ]
(], [1], [m], [n], o] [p], [a], [r], [s], [t], [u], [V], [W], [(=)™], [T£ (%, *, )],
[array {*} + end array], [}, ], [t], [empty], [(+| * := )], [M(+)], U(+)], U (+)],
UM (%)], [apply (x, *)], [apply (*, *)], [identifier (+)], [identifier; (*, *)], [array-
plus(x, *)], [array-remove(, *, x)], [array-put (x, , x, *)], [array-add («, , *, *, *)],
[bit(*, %)], [bitq (*, *)], [rack], ["vector"], ["bibliography"], ["dictionary"],
"], ["codex"], ["expansion"], ["code"], ["cache"], ["diagnose"], ["pyk"],
, ["texname"], ["value"], ["message"], ["macro"], ["definition"],
n], ["Claim"] ["priority"], [nlambdan]’ [uapplyn]’ ["true"], [uifn]7

"], ["proclaim"], ["define"], ["introduce"], [*hide"], ["pre"], ["post"],
E(x, %, %)], [Ea(x, *, %, %, %)], [E3(*, %, %, *)], [Ea(*, *, %, x)], [lookup(x, *, *)],
abstract(x, x, %, *)], [[*]], [M (%, x, *)], [Ma(*, *, x, %)], [M*(*, *)] [macro],
sol, [2ip(+, *)} [355001(* #,%)], [()P], [self], [[x = *]H[* =]} [[* ]]7

]

*,*7*)] [( >] [buple, (+)]. [tupley («)] leta . #)] [lts (+, )]
x = %], [checker],[check(*,*)],[checkg(*,*,*)],[checklg;](‘f,*,*)],
check” (x, *)], [checks (x, %, )], [[+] ], [[x] 7], [[+]°], [msg], [[x "=* #]], [<stmt>],

stmt

stmt], [ "= *]], [HeadNil'], [HeadPair’], [Transitivity'], [ L], [Contra’], [T%],

Li], [+, [A], [B], [C], [D], [€], (7], [G], [H], [Z], (7], [K], [£], [M], [N], [O], [P], [€],

R] [S], (71, [], V], V), [0, [0 (2], (G | sei= )], [ | := )], 0], [Remainder],
(%)V], [mtro](* *, %, )], [intro(x, *, )], [error (x, x)], [errora (x, )], [proof(x, *, x)],

proofa(, #)], [ (x, 0], [S1(x, 2)]. [S” (. #)]. [T (v, #, )], [SE (. #)], [SE (. %, )],

2]
s?
E
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St (#, )], [81 (%, %, %)), [S~
S5 (x, %, %, %)], [8@(* ®)],[S
Sy (o, %, 5, %)], [8 (%, %)), |
Sy

(* *)} [81 (* *, *)]7 [S*<*7 *)]7 [Sik(*a *, *)]7
(o, )], [ST (6, )], [ST (%, 5, %)), [T (+, %)),
Si (* #, %, %)), (S5O (k, %, %, %, )], [S7 (, %),
(%, %, %, %)], [S* (*, *)] (S35, )], [S5.(%, %, %, %)), [T (%)], [claims(x, *, )],
ClalmSQ(*, *, %], [<proof>], [proof] [[Lemma : %], [[Proof of x:x]],
[« lemma *: x]], [* antilemma x: «]], [* rule *: «]], [+ antirule *: ]|,
Verlﬁer] [ ( )] [V2(*7 *)]v [V3(*7 *, %k, *)], [V4<*7 *)] [V (*v *, %k, *)], [Vﬁ(*ﬂ *, %, *)]7
7 (%, %, %, %)], [Cut(x, *)], [Headg (*)], [Tailg (*)], [rule (*, x)], [rule(*, )],

Rule tactlc] [Plus(x, %)], [Theory x|], [theorys(x, %)], [theorys (x, *)],
theory, (x, , *)], [HeadNil”], [HeadPair”], [Transitivity”], [Contra”], [HeadNil],
HeadPair], [Tran51t1V1ty] [Contral, [Tg], [ragged right],
ragged right expansion |, [parm(x, *, x)], [parm* (x, *, )], [inst(x, *)],
inst*(x, )], [occur(x, , *)], [occur* (x, *, *)], [unify (* = *, )], [unify* (* = *, x)],

nlfy?(* = * *)] [L ]’ [Lb]’ [LC]v [Ld]’ [Le]a [Lf]v [Lg]’ [Lh]v [Li]v [Lj]v [Lk]v [Ll]v [Lm]a
Ln] [ ] [ p]’ [Lq]’ [LrL [Ls]v [Lt]7 [Lu}v [Lv]a [LW]7 [LXL [Ly]’ [Lz]a [LA]7 [LB]’ [LC]a
L ] [ } [ } [LG] [LH]v [Ll]a [L-J]v [LK]a [LL]v [LM]a [LN]a [LO], [Lp], [LQ]a [LR]v
Ls], [Lr], [Lu], [Lv], [Lw], [Lx], [Ly], [Lz], [Le], [Reflexivity], [Reflexivity1],

ommutativity], [Commutativity; |, [<tactic>], [tactic], [[* tagtic ], [P(x, %, )],
*(%, %, %)], [po], [concludey (x, *)], [concludeq (x, *, )], [concludes (x, *, *, )],
concludeq (x, *)], [check], [[+ = #]], [Root Visible(x)], [A], [R], [C], [T], [L], [{*}], [¥],

[

[

[

[

[

[

[

%

R

[

[

[

[

[w

[

[

[

€

[P

[

[al, [0); [c], [d], [e], [f] [g], [A], [4], 31, [k, 2], [m], [n], [o], [p], [al, [], [s], [¢], [u], [v],
[w], [z], [y], [2], [(#= 5 | 5 :=)], [(6=0 5 | s =], [(6= 5 | o], [(5=7 o | 2=
[Ded(x, x)], [Dedg(*, *)], [Dedy (*, *, *)], [Deda (*, , *)], [Deds (x, *, *, x)],

[Dedy (x, *, *, %)], [Ded} (x, *, %, *)], [Deds (x, *, *)], [Dedg (*, *, *, )],

[Dedg§ (x, *, x, *)], [Ded7(x)], [Deds (*, *)], [Ded§ (x, *)], [S], [Neg], [MP], [Gen],
Ded 51, (S2],[53], 84], 35), 36], [37], 58], [S9], [Repetition], [A1'], [A2'], [A4),
[A5'], [Prop 3.2a], [Prop 3.2b], [Prop 3.2¢], [Prop 3.2d], [Prop 3.2e;], [Prop 3.2es],
[Prop 3.2¢], [Prop 3.2f1], [Prop 3.2f5], [Prop 3.2f], [Prop 3.2g1], [Prop 3.2g2],
[Prop 3.2g], [Prop 3.2h4], [Prop 3.2hs], [Prop 3.2h], [Blocky (*, *, %)], [Blocka (%)],
[UniqueMember], [UniqueMember(Type)], [SameSeries], [A4], [SameMember],
[Qclosed(Addition)], [Qclosed (Multiplication)], [FromCartProd(1)],

[1rule fromCartProd(2)], [constantRationalSeries(x)], [cartProd(x)], [Power(x)],
[binaryUnion(x, *)], [SetOfRationalSeries], [IsSubset(x, *)], [(p*, *)], [(s%)],

(- )] [Objekt-var], [Ex-var], [Ph-var]|, [Verdi], [Variabel], [Op(x)], [Op(x, *)],
[* == x|, [ContainsEmpty ()], [Nat(x)], [Dedu(x, *)], [Dedug(*, *)],

[Dedug (*, , )], [Deduy (x, *, *)], [Dedug (*, *, *)], [Dedug (x, *, *, *)],
[Dedu4(>k,>x<,>|< )], [Dedui(*,*,*,*)] [Dedu5(* x, %) ], [Dedug (*, *, *, *)],
[Deduf (x, *, *, *)], [Deduz (*)], [Dedug (x, x)], [Dedu (*, )], [Ex1], [Exa], [Ex3],
[Exctols ol el X, (42 [ -], (=0 5 | ==
(=" =), (=" 5| = 5==r) . [pI] ), [l spa], 7

[(#= x| % :==x)pu], [(+=" * | :==s)pp], [(x=" | * :==%)pn],

(=" # |« s==rpa], (= * | ¥ s==re], ({41 # | ¢ == =r)age],

[(x=* | x :==x)1¢], [bS], [OBS], [BS], [D], [SystemQ], [MP], [Gen], [Repetition],
[Neg], [Ded], [ExistIntro], [Extensionality], [Odef], [PairDef], [UnionDef],
[PowerDef], [SeparationDef], [AddDoubleNeg], [RemoveDoubleNeg],
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AndCommutativity], [AutoImply], [Contrapositive], [FirstConjunct],
SecondConjunct], [FromContradiction], [FromDisjuncts], [[ffCommutativity],
IffFirst], [IffSecond], [ImplyTransitivity], [JoinConjuncts|, [MP2], [MP3], [MP4],
MP5], [MT], [NegativeMT], [Technicality], [Weakening], [WeakenOr1],
WeakenOr2], [Formula2Pair], [Pair2Formulal, [Formula2Union],
Union2Formula), [Formula2Sep], [Sep2Formula], [Formula2Power],
SubsetInPower|, [HelperPowerlIsSub], [PowerIsSub],
(Switch)HelperPowerIsSubl], [(Switch)PowerIsSub], [ToSetEquality],
HelperToSetEquality(t)], [ToSetEquality(t)], [HelperFromSetEquality],
FromSetEquality], [HelperReflexivity], [Reflexivity], [HelperSymmetry],
Symmetry|, [HelperTransitivity], [Transitivity], [ERisReflexive],
ERisSymmetric], [ERisTransitive], [@isSubset], [HelperMemberNot{)],
MemberNot@], [HelperUnique@], [Unique®], [==Reflexivity], [==Symmetry],
Helper == Transitivity|, [ == Transitivity], [HelperTransferNotEq],
TransferNotEq], [HelperPairSubset], [Helper(2)PairSubset], [PairSubset],
SamePair|, [SameSingleton], [UnionSubset], [SameUnion], [SeparationSubset],
SameSeparation], [SameBinaryUnion], [IntersectionSubset], [SameIntersection],
AutoMember], [HelperEqSysNot @], [EqSysNot@], [HelperEqSubset],
EqSubset], [HelperEqNecessary], [EqNecessary], [HelperNoneEqNecessary],
Helper(2)NoneEgNecessary], [NoneEqNecessary], [EqClassIsSubset],
EqClassesAreDisjoint], [AllDisjoint], [AllDisjointImply], [BSsubset],

nion(BS/R)subset], [Unionldentity], [EqSysIsPartition], [(x1)], [(x2)], [(y1)],
(v2)], [(v1)], [(v2)], [(v3)], [(v4)], [(v2n)], [(m1)], [(m2)], [(n1)], [(n2)], [(n3)], [(¢)],
(e)1], [(e2)], [(fep)], [(Ex)], [(Ey)], [(£2)], [(F)], [(£v)], [(Ew)], [(xx)], [(ry)], [(x2)],
(rw)], [(sx)], [(sx1)], [(sy)], [(syD)], [(s2)], [(s21)], [(sw)], [(sul)], [(£xs)], [(£ys)],
(crs1)], [(f1)], [(£2)], [(£3)], [(£4)], [(op1)], [(0p2)], [(x1)], [(s1)], [(s2)], [X1], [X2],
Y1, [Yol, [Va], [Val, [Vs], [Va], [Vau], [Ma], [Ma], [N1], [No], [N3], €], [e1], [€2],
FX], [FY], [ Z], [FU], [FV], [FW], [FEP], [RX], [RY], [RZ], [RU], [(SX)], [(SX1)],
(SY)], [(SY1)], [(SZ)], [(SZ1)], [(SU)], [(SUL)], [FXS], [FYS], [(F1)], [(F2)], [(F3)],
(F4)], [((OP1)], [(OP2)], [(R1)], [(S1)], [(S2)], [(EPob)], [(CRS1ob)], [(Flob)],
(F20b)], [(F30b)], [(F4ob)], [(N1ob)], [(N20ob)], [(OP1ob)], [(OP20b)], [(R1ob)],

(S1ob)], [(S20b)], [pha], [phs], [phe], [NAT], [RATIONALsERIES], [SERIES],
SetOfReals], [SetOfFxs], [N], [Q], [X], [xs], [xaF], [ysF], [us], [usFoelge], [0], [1
(=11, 2], 3}, [1/2], [1/3], [2/3], [0f], [14], [00], [01], [(— — 01)], [02], [01//02],
PlusAssociativity(R)], [PlusAssociativity (R)XX], [PlusO(R)], [Negative(R)],
Times1(R)], [lessAddition(R)], [PlusCommutativity (R)],
LegAntisymmetry(R)], [LeqTransitivity (R)], [leqAddition(R)],
Distribution(R)], [A4(Axiom)], [InductionAxiom], [Equality Axiom],
EqLeqAxiom], [EqAdditionAxiom], [EqMultiplicationAxiom],
QisClosed(Reciprocal) (Imply)], [QisClosed (Reciprocal)],
QisClosed(Negative)(Imply)], [QisClosed (Negative)], [leqReflexivity],
leqAntisymmetry Axiom], [leqTransitivity Axiom], [leqTotality],
leqAdditionAxiom], [leqMultiplicationAxiom], [plusAssociativity],
plusCommutativity], [Negative], [plus0], [timesAssociativity],
timesCommutativity], [Reciprocal Axiom)], [times1], [Distribution], [Onot1],
lemma eqLeq(R)], [TimesAssociativity(R)], [TimesCommutativity (R)],

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
v
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
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[(Adgic)SameR], [Separation2formula(1)], [Separation2formula(2)], [Cauchy],
[PlusF], [ReciprocalF], [From ==], [To ==], [FromInR], [PlusR(Sym)],
[ReciprocalR(Axiom)], [LessMinus1(N)], [Nonnegative(N)], [USO0],
[NextXS(UpperBound)], [NextXS(NoUpperBound)], [NextUS(UpperBound)],
[NextUS(NoUpperBound)], [ExpZero|, [ExpPositive], [ExpZero(R)],
[ExpPositive(R)], [BSzero], [BSpositive], [UStelescope(Zero)],
[UStelescope(Positive)], [EqAddition(R)], [FromLimit], [ToUpperBound],
[FromUpperBound], [USisUpperBound], [0Onot1(R)], [ExpUnbounded(R)],
[FromLeq(Advanced)(N)], [FromLeastUpperBound], [ToLeastUpperBound],
[XSisNotUpperBound], [ysFGreater], [ysFLess]|, [Smalllnverse], [Nat Type],
[RationalType], [SeriesType|, [Max], [Numerical], [NumericalF],
[MemberOfSeries(Imply)], [JoinConjuncts(2conditions)],

[prop lemma imply negation], [TND], [FromNegatedImply], [ToNegatedImply],
[FromNegated(2 % Imply)], [FromNegated And], [FromNegatedOr],
[ToNegatedOr], [FromNegations], [From3Disjuncts], [From2 * 2Disjuncts],
[NegateDisjunct1], [NegateDisjunct2], [ExpandDisjuncts], [SENC1], [SENC2],
[LessLeq(R)], [MemberOfSeries], [memberOfSeries(Type)];

Preassociative

[x_{*}], [*/indexintro(k, %, *, x)], [*/intro(*, , *)], [*/bothintro(x, %, *, *, *)],
[*/namemtro(* *, * *)] [*’] [*[ %], [x[x—=]], [*[*=*]], 0], [*1], [Ob], [* color ()],
[+-color™ (+)], ¥, [+, [+ U], B, [+, [+], [T, [+], [#2], [+€], M, [P0, [#], [#1],
44 LB BB LB LI DL L LB B
Preassociative

[ 7], 0, [(+)*], [string(x) + *], [string(*) ++ =], [

*], [ ], (], ["], [#], (8], [Yox], [&], ['], [(«], D], [ex], [, [, ], %], ], [/ 4]
(0], [1x], [2+], [3x], [4], [5], [6%], [7x], [8x], [9%], [:4], [; #], [<x], [=+], [>#], [?#],
[@x], [Ax], [Bx], [Cx], [D=], [Ex], [Fx], [G], [Hx], [L«], [J=], K], [Lax], [Mx], [N«],
[Ox], [P=], [Qx], [Rx], [S«], [T], [Ux], [V], [Wx], [X], [Y], [Z], [[+], [\«], []], ["#],
[#], [*], [ax], o], [cx], [dx], [ex], [£x], [gx], [hx], [ix], [j*], [kx], [L«], [mx], [nx], [ox],
{ D], [qx], ], [s#], [6x], [us], [ve], [w], [x+], [y ]%*] L (1], D), 7]

Preassociative x; x|, [Postassociative x; |, [[x], %], [priority
[newline x|, [macro newline ], [MacroIndent( );
Preassociative

[ 7], [* ¢ *];

Preassociative

[x(exp)+];

Preassociative

(] [R(4)], [= = R(#)], [recs];

Preassociative

/], [ 0 o], e o)

Preassociative

[Us], [+ U o], [P(s);

Preassociative

[{*}], [StateExpand(x, *, x)], [extractSeries(x)], [SetOfSeries(x)], [- — Macro(*)],
[ExpandList(x, , *)], [* * Macro(x)], [+ + Macro(*)], [<< Macro(x)],

end],
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[IMacro(x)],[01//Macro(x)], [UB(x, )], [LUB(x, )], [BS(x, )]
[UStelescope(x, *)], [(*)], [|f * |], [|r * |], [Limit(x, *)], [Union(x)],
[IsOrderedPair(x, *, x)], [IsRelation(x, %, )], [isFunction(x, *, x)], [[sSeries(, )],
[IsNatural(x, *)], [OrderedPair(*, *)], [TypeNat ()], [TypeNatO(*)],
[TypeRational(x)], [TypeRationalO(x)], [TypeSeries(x, *)], [TypeseriesO(x, )];
Preassociative

[{, %3], [, )], [((—ux)], [—ex], [(= = #)], [1f/+], [01/ /tempx;

Preassociative

[*(*, %)], [ReflRel(x, *)], [SymRel(*, x)], [TransRel(x, *)], [EqRel(x, *)], [* € *].],
[Partition(x, *)];

Preassociative

[ - ], [% -0 %], [( % %)], [x x¢ *], [% % #x];

Preassociative

[+ ], [+ o ], [* 15, [+ — =], [ —o #], [« —1 %], [(x + )], [(x = #)], [+ 4+ ],

[+ —¢ #], [« + +], [R(x) — =R (x)];

Preassociative

[« € #];

Preassociative

[ {1, [(fCx, *, #)], [Max(x, *)], [Max(x, *)];

Preassociative

[ =], [x 7 #], [x <=, [« <], [* <g ], [x <S¢ #, [SF(x, %)), [« == «],

[¥l] == #], [* << %], [x <<== *];

Preassociative

[+ U {x}], [+ U], [\ {}];

Postassociative

[ ], [k, [eose ] [x 2% %] [x000 ], [k 425 ]

Postassociative

[, *[;

Preassociative . b )

[ e ], [ = o], [ = o], [ ], oo o], [ = ], [ 5 ), [ ] [ 5 ] [ 5,
= 4], [ free in #], [* free in* *|, [* free for * in *],
[« < ], [% <" #], [x < #], [x = ], [* £ %], [x¥],
[*#0*}7 [*#1*]7 [*#**]v *::*]v [* - *];

Preassociative

[=], [5 ()], [ & =], [+ # 5

Preassociative

[ A K], [ A ] [ A ], [ Ac ], [ A #;

Preassociative

[ Vo], [ ] ], [ V5

Postassociative

[ V «];

Preassociative

[Fs: ], [Vokeo ], [Vonye k], [Tk ]

Postassociative

[¥ = %], [x = *], [« © ], [x & *;
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Preassociative

[{ph € * | +});

Postassociative

[+ #], [+ spy ], [x!4];

Preassociative

*

. b

Preassociative

[As ], [A % ], [A%],[if * then x else |, [let * = in %, [let * = % in *];
Preassociative

[<#£];

Preassociative

(] B0 V] Bt [, )

Preassociative

[ @ 4], [ D #], [ 1 5], [ > #], [+ 22 4
Postassociative

[¥ b x|, [x  «], [* L.e. x];

Preassociative

[V ], [TDk: *];

Postassociative

[* @ *];

Postassociative

[ *];

Preassociative

[ proves x;

Preassociative

[* proof of x :x], [Line* : * > x; x|, [Last line « > x O],
[Line * : Premise > ; x|, [Line * : Side-condition >> x; x|, [Arbitrary > x; ],
[Local > % = %; x|, [Begin *; x : End; %], [Last block line  >> x;],
[Arbitrary >> *; %|;

Postassociative

[ | #];

Postassociative

[, ], [x[ * ]«];

Preassociative

[x&];

Preassociative

[¥\\#], [* linebreak[4] *], [«\\*]; ]

[*

A Pyk definitioner

[UniqueMember 2 “lemma uniqueMember” |
[UniqueMember (Type) X “lemma uniqueMember(Type)”]

. pyk .
[SameSeries = “lemma sameSeries” |
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VY “Jemma a4”]
SameMember 2 “lemma sameMember” ]
Qclosed(Addition) Ry “1rule Qclosed(Addition)”]
chosed(Multlphcatlon) Y rule Qclosed (Multiplication)”]
FromCartProd(1) 2 “1rule fromCartProd(1)”]
1rule fromCartProd(2) "% Y rule fromCartProd(2)”]

k
constantRationalSeries(x) 25 “constantRationalSeries( " )”]

cartProd(x ) Y « “cartProd( ", " )”]

Power(x) % “P( "7

binaryUnion(x, ) By “binaryUnion( nony]
SetOfRationalSeries 2 “setOfRationalSeries” ]
IsSubset(*, *) Byk “isSubset( ", " )"]

[A4

[

[

[

[

[

[

[

[

[

[

[

[(p,0) 2o, )]
[(s) 25 s )]

[(-++) 2 “edots”]
[Objekt-var 24y “object-var”]
[Ex-var —1; ‘ex-var” |
[Ph-var Byk “ph-var”]

[Verdi > 2y vaerdl ]
[Varlabel 2A “variabel”|
[Op(+) ™ “op " end op”]
[Op( ) —5 “op2 " comma " end op2”]
[
[
[
[
[
[
[
[

*
Il
I’
*

Y “define- equal " comma " end equal”]

ContamsEmpty( ) PYE “contains- empty " end empty”]

Nat(+) 2 “Nat( " )]

Dedu(x, ) 2% P «1deduction " conclude " end 1deduction”)

%, %) 25 P «1deduction zero " conclude " end 1deduction”]

(

Dedus (*, *, *) VX 1 deduction side " conclude " condition " end 1deduction”]
(
(

Deduy (x, *, *) P «1deduction one " conclude " condition " end 1deduction”|
k . . .

Dedus (, , *) = 2 “ldeductlon two " conclude " condition " end ldeduction”]

[Dedus (, *, *,*) ¥ “Ideduction three " conclude " condition " bound " end

1deduction”]

[Deduy (*, *, *,*) VX «1deduction four " conclude " condition " bound " end

1deduction”]

[Deduj (*, , *, x) — V¥ «1deduction four star " conclude " condition " bound "
end 1deduction”]
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[Dedus (x, *, *) P «1deduction five " condition " bound " end 1deduction”]

[Dedug (, *, *, *) Y 1 deduction six " conclude " exception " bound " end
1deduction”]

[Dedug(x, *, *, %) °5 ¥ “Ideduction six star " conclude " exception " bound "
end ldeduction”]

Deduz(*) PV 1 deduction seven " end 1deduction”]
s (, %) PV 1 deduction eight " bound " end 1deduction”]
Deduj (*, *) PYX ] deduction eight star " bound " end 1deduction”]
vk

*Ex PYE “existential var " end var”]

«Bx PV ig existential var” ]

(%= * | % :==x)px PYS “oxist-sub " is " where " is " end sub”]
(=0 x | * :==x) gy PYE “exist-sub0 " is " where " is " end sub”]
(x=1 x| % :==+)px By “exist-subl " is " where " is " end sub”]
(%= * | * :==x)px PYS “oxist-subx " is " where " is " end sub”]
phy 2 “ph1”]

phs 25 “ph3”]

*ph Byl “placeholder-var " end var”|

P Y g placeholder-var”]

(*— * | % :==x)pp iy “ph-sub " is " where " is " end sub”]

(=% % | % :==+)py, iy “ph-sub0 " is " where " is " end sub”]
(x=1 % | % :==+)pyp By “ph-subl " is " where " is " end sub”]
(x=" x| x :==#)py Ledy “ph-subx " is " where " is " end sub”]
(*= % | % :==%)Me By “meta-sub " is " where " is " end sub”]
(=1 % | % :==%) Mo ¥ “meta-subl " is " where " is " end sub”]
(x=" x | * _:*)Me PYK “meta-subs " is " where " is " end sub”]

OBS % “object big set”]
BS ™ “meta big set”]

K
O 2 “zermelo empty set”]

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[phy 25 “ph2”]
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

k
SystemQ 2 “system Q7]
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MP ¥ “Irule mp” ]

Gen ™2 “Irule gen”]

Repetltlon P “pyle repetition”]

Neg PYE «1rule ad absurdum” ]
Ded 2 “lrule deduction”]
ExistIntro 2 “Irule exist intro”]

Extensmnahty PV “axiom extensionality”]

Odef ax1om empty set”]

PairDef 2 “axiom pair definition”|

UnionDef —lf “axiom union definition”]

PowerDef 2 ax1om power definition”]

SeparatlonDef VY Saxiom separation definition”|
AddDoubleNeg > 24y prop lemma add double neg”]
RemoveDoubleNeg iy “prop lemma remove double neg”]
AndCommutat1v1ty Py “prop lemma and commutativity”]
AutoImply 2y prop lemma auto imply”]

Contrap051t1ve iy “prop lemma contrapositive”|

SecondConJunct 243 “prop lemma second conjunct”]
FromContradiction DY« ‘prop lemma from contradiction”]
FromDisjuncts Pyl prop lemma from disjuncts”]
IffCommutatlwty 2y “prop lemma iff commutativity”]
IffFirst 25 prop lemma iff first”]

IffSecond 2 “prop 1emma iff second”]
ImplyTran81t1v1ty iy “prop lemma imply transitivity”]
JoinConjuncts Ry ‘prop lemma join conjuncts”]

MPp2 2 ¢ “prop lemma mp2”]

k|
MP3 2 “prop lemma mp3”

Z
’O
<<:
~

]
“prop lemma mp4”]
MP pyk “prop lemma mp5”]

NegatlveMT 248 “prop lemma negative mt”]

Technicality 2y “prop lemma technicality”]

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[FirstConjunct > iy prop lemma first conjunct”]
[
[
[
[
[
[
[
[
[
[
[MP
[
[
[
[
[Weakening ® iy “prop lemma weakening”]
[

WeakenOr1 ® 2y “prop lemma weaken or first”]
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WeakenOr2 > 2iy prop lemma weaken or second”]
Formula2Pair 2% “lemma formula2pair”]
Pair2Formula *% “lemma pair2formula”]
Formula2Union 2 “lemma formula2union” ]
Umon2F0rmula X “lemma union2formula”]
Formula2Sep 2% ¥ “lemma formula2separation”]
Sep2Formula 2 “lemma separation2formula’ |
Formula2Power 2 “lemma formula2power”]
SubsetInPower “lemma subset in power set”]
HelperPowerIsSub ¥ “lemma power set is subset0”]
PowerlsSub 5 “lemma power set is subset”]
(SWltch)HelperPowerISSub ¥ “lemma power set is subsetO-switch”]
(Sw1tch)PowerIbSub ¥ “lemma power set is subset-switch”]
ToSetEquahty “lemma set equality suff condition”]
HelperToSetEquahty( ) 2 X “emma set equality suff condition(t)0”]
ToSetEquality (t) = “lemma set equality suff condition(t)”]
HelperFromSetEquahty ¥ “lemma set equality skip quantifier”]

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[FromSetEquality > i “lemma set equality nec condition”]
[HelperReﬂeXlVlty ¥ “lemma reflexivity0”]
[Reflexivity ® 2i “lemma reflexivity”]
[HelperSymmetry ¥ “Yemma symmetry(”]
[Symmetry DY s “lemma symmetry” ]
[HelperTran81t1V1ty ¥ “Yemma transitivity0”]
[Transitivity > i “lemma transitivity”]
[ERisReflexive " VX “Jemma er is reflexive”]
[ERisSymmetric L “lemma er is symmetric”]
[ERisTransitive VX “emma er is transitive’ ']
[@isSubset = 2 “lemma empty set is subset”]
[HelperMemberNot@ P “lemma member not empty0”]
[MemberNot® = A “lemma member not empty”]
[HelperUnique® > VY “omma unique empty set0”]
[Unique® = By “lemma unique empty set”]
[==Reflexivity " VY “lemma ==Reflexivity”]
[==Symmetry % “lemma ==Symmetry”|

[

Helper == Transitivity X “lemma ==Transitivity0”]
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= Transitivity *% “lemma ==Transitivity”]
HelperTransferNotEq Y “emma transfer "is0”]
TransferNotEq 2% “lemma transfer ~is”]
HelperPairSubset * 2y “lemma pair subset()”]
Helper(2 )PalrSubset ¥ “lernma pair subset1”]
PairSubset 2 “lemma pair subset”]
SamePair “lemma same pair”]
SameSmgleton VX “lemma same singleton”]
UnionSubset 2 “lemma union subset” |
SameUnion 2% “lemma same union” |
SeparatlonSubset Y emma separation subset”]
SameSeparation iy “lemma same separation” ]
SameBmaryUmon Py “lemma same binary union”]
IntersectionSubset *° “lemma intersection subset” |
SameIntersectlon ¥ “lemma same intersection’ ']
AutoMember ¥ “lemma auto member” ]

HelperEqSysNot@ P “emma eq-system not empty0”]

[=

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[EqSysNot® ® 2 “lemma eq-system not empty”]

[HelperEqSubset ¥ “emma eq subset0”]
[EqSubset > Y “lemma eq subset” |
[HelperEqucessary VY “lemma equivalence nec condition0”]
[EqNecessary ” X “emma equlvalence nec condition”]
[HelperNoneEqucessary “lemma none-equivalence nec condition0”]
[Helper(2 )NoneEqucessary VY “lemma none- equivalence nec conditionl”]
[NoneEqNecessary 2 ¥ “lemma none- -equivalence nec condition”]
[EqClassIsSubset = A “lemma equivalence class is subset”]
[EqClassesAreDisjoint VY “emma equivalence classes are disjoint”]
[AllDisjoint = Riy “lemma all disjoint”]
[AllDlSJOlntImply Y “lemma all disjoint-imply”]
[BSsubset = ¥ “lemma bs subset union(bs/r)”]
[Union(BS/ R)subset X “Yemma union(bs/r) subset bs”]
[UnionIdentity " ¥ “lemma union(bs/r) is bs”|
[EqSysIbPartltlon X “theorem eq-system is partition”]
[(x1) 2 VX “var x17]

[(

x2) ® VY var x27]
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x pvk
= “meta rx”|

RY 25 “meta ry”]
RZ ™ “meta 12/ ']
RU 2% “meta ru ’]
SX) P “meta sx’ ’]
SX1) P “rpeta sx1”]

SY) Ii “meta sy”]

S7Z1) P “meta sz1”]
SU) P “rneta su”]

SU1) 2 “meta sul”]

(
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(
(SZ) pl> “meta sz”|
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pyk

FXS = “meta fxs”]
FYS 22 “meta fys”]
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b) 2 “object ep”]

Flob ) Ry “object f17]
“object £27]
“object £37]
“object f4”]
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(CRS1ob) = By “object crsl”]
(
(
(
(
(
(
(
(
(
(

Slob) Ry “object s17]
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(S20b) = A “object s27]

phy pvk “ph 4,,]

phs 22 “ph5”]

phg ™ “ph6”]

NAT 2 “NAT”]

RATIONALSERIES ™¥ “RATIONAL_SERIES”]

SERIES 2 “SERIES”]

SetOfReals 22 “setOfReals” |

SetOfFxs 22 “setOfFxs” |

N PN

Q07
“X”]

xs 2 “x8”]

xaF 2 s

ysF = By} “ysE”]

us Py s”]

usFoelge —lf “usF”]

1 pyk 44177]

—1) 2 (1]

pyk
N “277]

[\')/\

3 2 w37

1/2 %5 #1/27]
1/3 % “1/37)

2/3 % “2/37]
Of ® <of”]

1 2 1)

00 ™2 %007

01 2 «017]

(= = 01) 25 <(-01)"]
02 % “027)]
01//02 ™ “01//02"]

PlusAssociativity(R) = P “lemma plusAssociativity(R)”]

PlusAssociativity (R)XX P “lemma plusAssociativity(R)XX”]

[
[ph
[
[
[
[
[
[
[
[
[
X
[
[
[
[us
[
[0 2 “07]
1
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

PlusO(R )py “lemma plusO(R)”]
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Negative(R) ¥ “emma negative(R)”]

Times1(R) 2 2 “lemma times1(R)”]

lessAddition(R) X “lemma lessAddition(R)”]
PlusCommutativity (R) Y “lemma plusCommutativity(R)”]
LegAntisymmetry(R) P “emnma leqAntisymmetry(R)”]
LeqTransitivity (R) P “emma leqTransitivity(R)”]
leqAddition(R) P “lemma leqAddition(R)”]

Distribution(R) X “lemma distribution(R)”]

A4(Axiom) PV “axiom ad”|

InductionAxiom 22 “axiom induction”]

Equality Axiom PV “axiom equality”]

EqLeqAxiom P “axiom eqLeq”]

EqAdditionAxiom Y “axiom eqAddition”]
EgMultiplicationAxiom P “axiom eqMultiplication”]
leClosed(Remprocal)(Imply) VX “axiom QisClosed(reciprocal)”|
QisClosed(Reciprocal) 2% ¥ “lemma QisClosed (reciprocal)”]
QlSClosed(Negatlve)(Imply) PV “axiom QisClosed (negative)”]

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[QisClosed(Negative) > Y “lemnma QisClosed (negative)”]
[leqReflexivity YK “axiom leqReflexivity”]
[leqAntisymmetry Axiom PYE “axiom leqAntisymmetry” |
[leqTrans1t1v1tyAx1orn P “axiom leqTransitivity”|
[leqTotality VI Caxiom leqTotality”]
[leqAdditionAxiom P “axiom leqAddition”]
[leqMultiplication Axiom PYE “axiom leqMultiplication”]
[plusAssociativity Yk« ‘axiom plusAssociativity”]
[plusCommutativity P Caxiom plusCommutativity”]
[Negatlve PV “axiom negative”]

[plus0 > VX “axiom pluSO”]

[tlmesAssomathlty 2i “axiom timesAssociativity”]
[timesCommutativity PV “axiom timesCommutativity”]
[RemprocalA)ﬂom VX “axiom reciprocal”]

[times1 > VX “axiom times1”|

[Dlstnbutlon VX “axiom distribution” ]

[Onot1 2 “axiom Onotl ]

[

lemma eqLeq(R) 2 VY “lemma eqLeq(R)”]
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TimesAssociativity(R) 2 “Yemma timesAssociativity(R)”]
TimesCommutativity(R) = 2 “lemma timesCommutativity (R)”]
(Adgic)SameR = 2V rule adhoc sameR”|

Separation2formula(1) 2 ¥ “lemma separation2formula(1)”]
Separation2formula(2) % ¥ “lemma separation2formula(2)”]
Cauchy —1( ‘axiom cauchy”|

PlusF 2 “axiom plusF”]

RemprocalF P “axiom reciprocalF”]

From == “Irule from==" ]

=

0 == “lrule to=="]

FromInR 2 “Irule fromInR”]

PlusR(Sym) 2% “emma plusR(Sym)”]
ReaprocalR(Axwm) PYE “axiom reciprocalR”]
LessMinus1(N) 2 Y “rule lessMinus1(N)”]

Nonnegatlve(N) P “axiom nonnegative(N)”]

US0 2 “axiom US07]
NextXS(UpperBound) % “1rule nextXS(upperBound)”]
NoUpperBound) Y “rule nextXS(noUpperBound)”]

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[ (U
[NextXS(
[ (UpperBound) 2 ¥ “Irule nextUS(upperBound)”]
[NextUS(NoUpperBound) P Cpyle nextUS(noUpperBound)”|
[ExpZero 2 “lrule expZero”]

[ExpPositive " PV “rule expPositive”]

[ExpZero(R) 2% Y “rule expZero(R)”]

[ExpP031t1ve(R) 2 < rule expPositive(R)”]

[BSzero 2 “lrule base(1/2)Sum zero”|

[BSpositive 2 ¥ “Irule base(1/2)Sum positive”]
[UStelescope(Zero) P e UStelescope zero”]
[UStelescope(Poswlve) P “Irule UStelescope positive”|
[Equdltlon(R) ¥ “Irule adhoc eqAddition(R)”]
[FromLimit "% “lrule fromLimit”]

[ToUpperBound > iy “1rule toUpperBound”]
[FromUpperBound ¥ “Irule fromUpperBound”]
[USlbUpperBound VY “axiom USisUpperBound”]
[Onot1(R) P “axiom Onot1(R)”]

[ExpUnbounded(R) 2 rule expUnbounded”]

116



FromLeq(Advanced)(N) = PV rule fromLeq(Advanced)(N)”]
FromLeastUpperBound Y “Irule fromLeastUpperBound”]
ToLeastUpperBound ¥ “Qrule toLeastUpperBound”|
XSisNotUpperBound > VY “axiom XSisNotUpperBound”]
ysFGreater P “axiom ysFGreater”]

ysFLess P “axiom ysFLess”|

Smalllnverse P “1rule smalllnverse” ]

[

[

[

[

[

[

[

[NatType VY Caxiom natType”]
[RationalType P Caxiom rational Type”]

[SerlesType X “axiom seriesType”]

[Max > VX “axiom max’ ’]

[Numerical PYX “axiom numerical”]

[NumericalF PV “axiom numericalF”]
[MemberOfSeries(Imply) X “axiom memberOfSeries” ]
[

JoinConjuncts(2conditions) Rl ‘prop lemma doubly conditioned join
conjuncts”|

prop lemma imply negation Pyl ‘prop lemma imply negation”]
TND 2 “prop lemma tertium non datur”]

FromNegatedImply iy “prop lemma from negated imply”]
ToNegatedImply * Py prop lemma to negated imply”]

FromNegated (2 * Imply) DY s “prop lemma from negated double imply”]
FromNegatedAnd 245 “prop lemma from negated and”]
FromNegatedOr Py “prop lemma from negated or”]

ToNegatedOr iy “prop lemma to negated or”]

FromNegations Pyl ‘prop lemma from negations” |

From2 % 2DlsJuncts 2iy “prop lemma from two times two disjuncts”]
NegateDlsJunctl 2hy “prop lemma negate first disjunct”|
NegateDisjunct2 fds “prop lemma negate second disjunct”]
ExpanlesJuncts 2y “prop lemma expand disjuncts”]

SENC1 * “lemma set equality nec condition(1)”]

SENC2 2 “lemma set equality nec condition(2)”]

LessLeq(R) 2% ¥ “lemma lessLeq(R)”]

pyk ]

[

[

[

[

[

[

[

[

[

[From3Disjuncts P« prop lemma from three disjuncts”]
[

[

[

[

[

[

[

[MemberOfSeries = “1emma memberOfSeries”
[

memberOfSeries(Type) > V¥ “lemma memberOfSeries(Type)”]
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(exp)s P )

R) ™ R )]
R(») ™ R(" )7
recx % “1/ "]

5 /% 2 2 “eq-system of " modulo "”]

pyk
* N+ — “Intersection " comma " end intersection”]

w2 )]

pyk
Uk = “unlon " end union”]
U x 2 “binary-union " comma " end union”]

P(x) = iy “power " end power”]

—_

s} 2 Y “sermelo singleton " end singleton”]

StateExpand(x, x, %) — edy “stateExpand( ", ", " )”]

[

[

[-

[

[

[

[

[

[

[

[

[

[extractSeries(*) l%( “extractSeries( " )”]
[SetOfSeries(* )pl “setOfSeries( " )”]
[— — Macro(x )ka “-Macro( " )”]
[ExpandList (x, *, *) Py “expandList( ", ", " )”]
[%  Macro(x) By “xxMacro( " )”]
[+ + Macro(x) i “++Macro( " )”]
[<< Macro(* )% “<<Macro( " )”]
IMacro(s) ¥ “|Macro( * )']

01/ /Macro(x) 2 “01//Macro( " )”]

[UB(, %) edy “upperBound( ", " )”]
[LUB(x, %) = edy “leastUpperBound( "]
[BS(x, %) 2 “base(1/2)Sum( n,o )”]
[UStelescope(, ) 2 Py “UStelescope( ", " )”]
[(0) B ()]

[
[
[
[
[
[
[
[
[

fx Pyk “|f " |n]

*

£
IR

Limit (x, ) 2 “hmlt( "7
Union (* )py “u" )”]

IsOrderedPair (x, %, ) % “1sOrderedPalr( now )

IsRelation(x, x, *) By “isRelation( ", ", " )”]

isFunction(x, *, *) Y« “isFunction( ", ", " )”]

)py “isSeries( ", " )7]

IsNatural(x, *) aly “isNatural( " )”]

IsSeries(x, *
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OrderedPalr(* *) pyk “lom, "))

TypeNat(x) > “typeNat( "]

TypeNat0(x) = “typeNatO( "y
TypeRational(x) ™ “typeRatlonal( "]
TypeRational0(x ) ¥ “typeRational0( " )’
TypeSeries(x, x) 2 “typeSerles( "]
TypeserlesO(* %) 2 “typeSeriesO( ", " )]
{, *} “zermelo pair " comma " end pair”|

*, *) VY “yermelo ordered pair " comma " end pair”]

A/\

u*) pyk “ ma}

I Iﬁ( “_f mv]

(= =) B ]

1/ 25 “1g/ ]

01/ /temps 25 «01// 7]

w(x, %) 5 PV wn g related to " under "]
ReflRel(x, ) PYE s s reflexive relation in "]

K .y - . S
SymRel(x, ¥) 5“1 is symmetric relation in "”]

k
EqRel(x*, %) P «n ig equivalence relation in ")

[ € ] edy “equivalence class of " in " modulo "”]

pyk .,

Partltlon(* x) = “" is partition of "”]

(* ) H wn * ||”]
woxp DU g f ")

“n

* % wox 17]

—

>k
*+*> % “wn + ||77]

) pyk “no_ ||”]

* — —

+f * Iﬁ{ “n _|_f ||77]

*_f*% “wn fn”}

(
(

~

*++* _i( “wn ++ ||77]
R(*) - —R( ) ESR(M )~ R( ")
* € “wn 1 0 n”]
L
H(x, %, %) 200 )]
Max (*, ) R ‘max( w7
(

Max(x, %) 25 “maxR( ", " )”]

~

~

[
[
[
[
[
[
[
[
[
[
[~
[
[
[
[
[
[
[TransRel(x, *) PYX wn js transitive relation in "]
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
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’/T'

* — % PYE wn ..77]
* * p k “n | — n”}
* <= % _%( “n ma]
* < ‘%( “n < ||77]

ﬂ<<f*]%3‘m <f "]
s g PO e cof )

S ( ) k “n SameF ||77]
k

* — “wn —— ||’7}

) | Qe— k “nl—— |.n]

* << % % “n << ||”]

[
[+ #
[
[
[
[
[
[
[
[
[ Py
[
[
-
[
[
[
[
[
[
[
[

<<==% 5 4N <<== ")

s ==+ 2 “n zermelo is "]
« C o+ 59 i subset of "]
S (%)n PV “pot() ")

s« ¢« 2 Y “n zermelo “in ")
s« 2w 2 £ «n germelo “is "]
* A % pl}{ “nand0 "]

5/ PE @ or) "]

Fr e 2 “exist0 " indeed "]
* @ * _) “wn lﬂ' ||77]
{ph € \ *} P Sthe set of ph in " such that " end set”]

kvanti 2 Py “kvanti”]
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B TEX definitioner
[kvanti “% “kvanti”]

() = “(\edots{})"]
[Objekt-var ¥ “\texttt{Objekt-var}”]

[Ex-var “= “\texttt{Ex-var}”]

ex

[Ph-var s “\texttt{Ph-var}”]

[Vaerdi ¥ “\texttt{V\ae{}rdi}”]

tex

[Variabel = “\texttt{Variabel}”]

gg}mx) O “Op(#1.

[Op(x,y) “% “Op(#1.
)"]

[x ==y ©F «p1
\mathrel {\ddot {==}} #2.”]

[ContainsEmpty(x) tex “ContainsEmpty (#1.
)]

[Dedu(x,y) ¥

Dedu(#1.

, #2.

)]
[Deduo (X7 y) tE; ¢

Dedu_0(#1.

, #2.

)]

[Dedus(x,y,z) " “Dedu_{s}(#1.
, #2.

, #3.

)]

[Deduy (x,y, z) o«

Dedu_1(#1.

, #2.
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L F3.
)77

[Dedu

Dedu 2(X7y Z) s
72 , = [44

e

,#3.

)]

[Dedu

Dedu 3(X7 y,Z,u ti)
o 3(#1. :

, #3.

, 4.

)]

[Dedu

Dedu4(xjy =) *
4 7 ’U) -

D (#1.

, #3.

, F4.

)]
tex

D

][Defiidﬁ(}, y,Z,u) —
D A%k (#1.

s #E3.

L

)”]

[Dedu

Dedu ooy -
5 o

e

s #3.

)]

[Dedu

e 6(#1. ) |
s 73

, 4.

)]

[Dedug

D 6(pa c
eduﬁk(%&e’ g o
D 1.

3.
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s #4.
)"
[Deduz(p) <=
Dedu_7(#1.

)]

[Dedug(p, b) X «
Dedu_8(#1.

, H2.

)]

[Dedu(p, b) & «
Dedu_8"x(#1.

s H#2.

)]

[Ex; =¥ “Ex_{1}7]
[Exo ¥ “Ex_{2}"]
[Ex1o =¥ “Ex_{10}”]
[Exzo = “BEx_{20}7]

[XEx o “H1.

{Ex}]

B 15 .

H{Ex}]

[(x=y|zi==u)gx = “\langle #1.
{\equiv} #2.

| 43

{==} #4.

\rangle_{Ex} ”]

[(x="y|z:==u)Ex tex “\langle #1.

{\equiv} 0 #2.
| 43

[i==} #4.
\rangle_{Ex} ”]

[(x=ly|zi==u)gx = “\langle #1.

{\equiv} 1 #2.
|43

[i==} #4.
\rangle_{Ex} ”]

123



[(x="y|z==u)gx "= “\langle #1.

{\equiv} x #2.
| #3.

[==} #4.
\rangle {Ex} 7]

[phy = “ph_{1}"]
[phy = “ph_{2}”]
[phs = “ph_{3}"]
[phy “ “ph_{4}"]
[phs “= “ph_{5}"]

[phe % “ph-{6}"]
[*Ph ti))( “#1.
-{Ph} 7]

[XPh tE)( “#1.

“(Phy)

[(x=y|z:==u)pn == “\langle #1.
{\equiv} #2.

| #3.

fm=} #4.

\rangle_{Ph} 7]

[(x="y|z:==u)py tex “\langle #1.

{\equiv} 0 #2.
| 43

[==} #1.
\rangle_{Ph} 7]

[(x=ly|z:z==u)py tex “\langle #1.

{\equiv} 1 #2.
|43

{i==} #4.
\rangle_{Ph} 7]

tex

[(x=*y|z:==u)py, — “\langle #1.

{\equiv} x #2.
|43

[i==} #4.
\rangle_{Ph} 7]
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[bs “F “\mathsf {bs}”]

[OBS =¥ « \mathsf {OBS}”]

[BS % “{\cal BS}”]

01 “\mathrm{\O}"]

[SystemQ tex “SystemQ”]

[MP ¥ “MP”]

[Gen ™ “Gen”]

[Repetition *< “Repetition”]

[Neg = “Neg”]

[Ded = “Ded”]

[ExistIntro ¥ “ExistIntro”]
[Extensionality ¥ “Extensionality”]
[@def = “\O{}def”]

[PairDef % “PairDef”]

[UnionDef s “UnionDef”|

[PowerDef = “PowerDef”]
[SeparationDef jass “SeparationDef” |
[AddDoubleNeg “% “AddDoubleNeg”]
[RemoveDoubleNeg by “RemoveDoubleNeg”]
[AndCommutativity by “AndCommutativity”]
[AutoImply “% “Autolmply”]
[Contrapositive “= “Contrapositive”]
[First Conjunct s “FirstConjunct”|

[SecondConjunct ¥ “SecondConjunct”]

[FromContradiction s “FromContradiction”]
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[FromDisjuncts 2 “FromDisjuncts”]
[IffCommutativity = “IffCommutativity”]
[[ffFirst = “IffFirst”]

[IffSecond = “IffSecond”]
[ImplyTransitivity tex “ImplyTransitivity”]
[JoinConjuncts “= “JoinConjuncts”]
[MP2 X “MP2”]

[MP3 ¥ “MP3”]

[MP4 % “MP4”]

[MP5 % “MP57]

[MT 2 “MT”]

[NegativeMT = “NegativeMT”]
[Technicality tex “Technicality”]
[Weakening “ “Weakening”
[WeakenOrl “% “WeakenOr1”]
[WeakenOr2 % “WeakenOr2”]
[Pair2Formula tex “Pair2Formula”]
[Formula2Pair *= “Formula2Pair”]
[Union2Formula s “Union2Formula”]
[Formula2Union % “Formula2Union”
[Formula2Power s “Formula2Power”
[Sep2Formula = “Sep2Formula’”]

ex

[Formula2Sep s “Formula2Sep”|
tex

[SubsetInPower — “SubsetInPower” |

[HelperPowerIsSub s “HelperPowerIsSub”|
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tex

[PowerIsSub — “PowerIsSub”]
[(Switch)HelperPowerIsSub ¥ “(Switch)HelperPowerIsSub”]
[(Switch)PowerIsSub % “(Switch)PowerlsSub”]
[ToSetEquality % “ToSetEquality”]
[HelperToSetEquality(t) * “HelperToSetEquality (t)”]
[ToSetEquality(t) = “ToSetEquality(t)”]
[HelperFromSetEquality tex “HelperFromSetEquality”]
[FromSetEquality s “FromSetEquality”]
[HelperReflexivity tex “HelperReflexivity”]
[Reflexivity by “Reflexivity”]
[HelperSymmetry tex “HelperSymmetry”|
[Symmetry by “Symmetry”]
[HelperTransitivity ey “HelperTransitivity”]
[Transitivity =5 “Transitivity”],
[ERisReflexive by “ERisReflexive”]
[ERisSymmetric *= “ERisSymmetric”]
[ERisTransitive =5 “ERisTransitive”]
[@GisSubset “= “\O{}isSubset”]
[HelperMemberNot® ¥ “HelperMemberNot\O{}”]
[MemberNot@ ¥ “MemberNot\O{}”]
[HelperUnique® = “HelperUnique\O{}”]
[Unique® = “Unique\O{}”]
[==Reflexivity b “==\{}Reflexivity”]

tex

[==Symmetry = “==\!{}Symmetry”]

[Helper == Transitivity by “Helper\!{ }==\!{ } Transitivity”]
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tex

[==Transitivity = “\!{}==\!{}Transitivity”]
[HelperTransferNotEq tex “HelperTransferNotEq”]
[TransferNotEq by “TransferNotEq” |
[HelperPairSubset jass “HelperPairSubset”]
[Helper(2)PairSubset “ “Helper(2)PairSubset”]
[PairSubset by “PairSubset”]

[SamePair = “SamePair”]

[SameSingleton = “SameSingleton”]
[UnionSubset “= “UnionSubset”]

[SameUnion ¥ “SameUnion” |
[SeparationSubset > “SeparationSubset”]
[SameSeparation *= “SameSeparation”]
SameBinaryUnion “< “SameBinaryUnion”

y y
[IntersectionSubset *< “IntersectionSubset”]
[Samelntersection “ “Samelntersection”]
[AutoMember = “AutoMember”]
[HelperEqSysNot@ = “HelperEqSysNot\O{}”]
[BEqSysNot® % “EqSysNot\O{}”]
[HelperEqSubset tex “HelperEqSubset”|
[EqSubset = “EqSubset”]

tex
[EqNecessary — “EqNecessary”|
[HelperEqNecessary tex “HelperEqNecessary” ]
[HelperNoneEqNecessary tex “HelperNoneEqNecessary”|

[Helper(2)NoneEqNecessary = “Helper(2)NoneEqNecessary”]

[NoneEqNecessary “5 “NoneEqNecessary”]
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tex

[EqClassIsSubset — “EqClassIsSubset”]

[EqClassesAreDisjoint > “EqClassesAreDisjoint”]

[AllDisjoint ey “AllDisjoint”|

tex

[AllDisjointImply = “AllDisjointImply”]

[BSsubset b “BSsubset”]

[Union(BS/R)subset =¥ “Union(BS/R)subset”]

[UnionIdentity ¥ “Unionldentity”]

[EqSyslsPartition tex “EqSysIsPartition”)

befy =5 “#1.
/ #27]

tex

[xNy = “#1.

\cap #2.”]

[Ux tex “\cup #1.”]
[xUy Xy
\mathrel{\cup} #2.”]

[P(x) 3 “P(#1.

)]

[{x} 5 “\{#1.
\}")

[y} S5\ {#1.
s #2.

\}")

[(x,y) 5 “\langle #1.
s H#2.
\rangle”],

[x €y S«
\mathrel{\in} #2.”]

[2(x,y) "% “#3.
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[ReflRel(r, x) " “ReflRel(#1.

s F2.

)]

[SymRel(r, x) ©2 “SymRel(#1.
s F2.

)]

tex

[TransRel(r,x) = “TransRel(#1.
s H#2.

)]

[EqRel(r, x) “= “EqRel(#1.

s H#2.

)]

[[x € bs], = “[#1.

\mathrel{\in} #2.

|43

1

[Partition(x, y) tex “Partition(#1.
72

)]

==y =5 “#1.
\\mathrel{==}\! #2.”]

tex

[xCy = “#1.
\mathrel{\subseteq} #2.”]

[ ()n =5 “\dot{\neg}\, (#1.

)n”]

[x ¢y X«
\mathrel{\notin} #2.”]

£y g
\mathrel{\neq} #2.”]

[x Ay S«
\mathrel{\dot{\wedge}} #2.”]

tex

[x Vy = “#1.
\mathrel{\dot{\vee}} #2.”]

x <y X
\mathrel{\dot{\Leftrightarrow}} #2.”]
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[{ph € x | a} ¥« \{ ph \mathrel{\in} #1.
\mid #2.

\}

[x =y S (i1
\Rightarrow #2.
)i7]

gln\f]at( x) " “Nat(#1.

[(x=y|z==u)rte "= “\langle #1.
{\equiv} #2.

| #3.

[==} #4.

\rangle_{Me}”]

X

[=lylzimmu)age 5 “\langle 1.
{\equiv} 1 #2.

| #3.

() 44

\rangle_{Me} 7]

[(x="y|z==u)pe = “\langle #1.
{\equiv} x #2.

| #3.

[i==} #1.

\rangle_{Me} 7]

[HX y = “
\exists #1.
\colon #2.”]

[(x1

tex

« X2

“(
=
“(
“(

<<:
~

tex
= “ V3

“(
> 4
(
“(
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[(v2n) & “(van)”]
[(n1) = (n1)”]
[(n2) ¥ “(n2)"]
[(n3) * “(n3)”]
[(m1) = “(m1)”]
[(m2) < “(m2)”]
[(€) ™ “(\epsilon)”]
[(€)1 == “(\epsilon) {1}"]
[(€2) ¥ “(\epsilon 2)”]
[(8x) = (x)"]

[(y) = “(8y)")

[(f2) = “(f2)"]

[(fu) =5 “(fu)”]

[(£v) =5 ()]
[(Fw) " <(fw)"]
[(fep) “= “(fep)”]
[(rx) % ()]
[(y) = “(xy)7]
[(r2) = “(r2)")
[(ru) ¥ (ru)”)
[(53) % (sx0)"]
[(sx1) =5 “(sx1)"]
[(sy) = “(sy)7]
[(sy1) ™ “(sy1)"]

[(52) = “(s2)"]
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[(s21) < “(s21)"]
[(s) == “(su)”]
[(su1) = “(sul)”]
[(fxs) = “(fxs)"]
[(fys) <= “(fys)"]
[(ers1) =5 “(crs1)”]
[(]1) = “(f1)"]
[(£2) = «(£2)"]
[(£3) = “(£3)"]
[(#4) = “(f4)"]
[(op1) = “(op1)"]
[(0p2) == “(0p2)”]
[(r1) = “(r1)7]
[(s1) < “(s1)7]
[(s2) % “(s2)7)]
X1 = X {1}7]
X5 = X {2}"]
[Y1 =5 <Y {1}7]
[V, =5 Y {2}]
[V1 ¥ “v_{1}7]
[Vs =5 “V_{2}"]
[Vs =5 “V_{3}"]
[Va =5 “V_{4}"]
[Von 2 “V_{2n}7]

e * “\epsilon”]
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M, 5 “M{1}7]
M, 5 “M_{2}"]
Ny < “N {1} 7]
[Np % “N_{2} 7]
N3 = “N_{3} 7]
[l Y “\epsilon 17]
2 *F “\epsilon 27]
[FX & “FX7]

[FY ¥ “FY”]

[FZ % “F77]

[FU %% “FU”|

[FV & «pV7]

[FW 3 “FW”]
[FEP ¥ “FEP”]
[RX & “RX"]

[RY %% “RY”]

[RZ % “RZ"]

[RU & “RU”|
[(SX) % (SX)"]
[(SX1) %2 (SX1)7]
[(SY) % (SY)"]
[(SY1) % «(SY1)”]
[(52) % (s2)"]
[(SZ1) & «(SZ1)7]

[(SU) = «(SU)”]
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[(SUT) ™ «(sU1)”]
[FXS ¥ “FXS”]
[FYS % “FYS”]
[(F1) = “(F1)"]
[(F2) 5 “(F2)"]
[(F3) % “(F3)"]
[(F4) % <(F4)"]
[(OP1) %= «(OP1)”]
[(OP2) = “(OP2)”]
[(R1) ™ “(R1)"]
[(S1) = “(s1)"]
[(S2) == “(s2)"]

[(EPob) = “(EPob)”]

[(CRS1ob) *= “(CRS1ob)”]

X

[(Flob) = “(Flob)”]
[(F20b) ¥ “(F20b)”]
[(F30b) = “(F30b)”]
[(Fdob) = “(F4ob)”]
[(N1ob) ¥ “(N1ob)”]
[(N20b) = “(N20b)”]
[(OP1ob) %= “(OP1ob)”]
[(OP20b) % “(OP20b)”]
[(R1ob) = “(Rlob)”]
[(S1ob) % “(S1ob)”]

[(SQob) ¥ 4(S20b)”]
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[Ex3 s “Ex37]

[NAT & “NAT”]
[RATIONALSERIES tex “RATIONAL_SERIES”]
[SERIES ¥ “SERIES”]
[SetOfReals *< “SetOfReals”]
[SetOfFxs b “SetOfFxs”|
[N 5 «N7]

Q™ “Q7]

X 5 x7]

[xs % “xs”]

[xaF bex “xaF”]

[ysF % “ysF”]

[us 3 “us”]

[usFoelge ey “usFoelge”]
0 <07

1% 417

[(=1) = (1))

21 «o7)

31 g

[1/2 %% «1/27]

[1/3 % «1/37]

[2/3 X «2/37]

[0f * “0f”]

(00 = 007

(= = 01) = #(-01)"]
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[02 'E)‘ 4402”}

[01//02 X «01//027]

tex

k= y .
— 427

[x £y X g
\neq #2.”]
x<y X
< #2.7]

[x <=y =¥y,
<= #27]

<o y U5 S,
<{f}#27]

[ <py

\leq {f}#2.7]

[SF(x,y) X “SF(#1.
)

)"

[x==y tex “H1.
== #2.7]
x!!'==y ¥ wpy,
== #2.7]

[x <<y =X “g1,
<< #2.7]

[x <<==y = “p1.
<<== #2.7]

[Xy] = “41.
1]

[(—ux) < “(-u#l.
)]

[—ex = {1} #1.7]
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[(— =%

)"]
[1f /x &5 “1f /#1.7]

LL(__#]-.

tex

[01//tempx — “01//temp+#1.”]

[(x+y) = “(#1.

ey
)]

[(x —y) = “(#1.
42,

)]

[(£x) ++ (fy) =5 “#1.
+_{f}#2.7]

[(£x) —¢ (fy) =5 “441.
-{f}#2.7]

[(fx) ¢ (Fy) = 1.
o {EH#2.]

[x + +y S g

o #2.7]

[R((£x)) — —R((fy)) = “R(#1.
) - R(#2

)]

[(xy) S “(#1
*H2.

)]

[x * *y ¥y
*kA2.7]

[x(exp)y = ¢ #1.
(exp) #2.”]

[leqReflexivity “% “leqReflexivity”]
[recx 5 “rec#1.7]

[ 15 <1,
"]
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[StateExpand(t, s, c) == “StateExpand (#1.

42,

L #3.

)]

[extractSeries(t) s “extractSeries(#1.
)]

[1£x] S “|f1.

"]

[|rx] tex “Ir#£1.

"]

[SetOfSeries(x) == “SetOfSeries(#1.

)]

[ExpandList(x, y, z) tex “ExpandList(#1.
s 2.

73

)]

[+ % Macro(x) °= “sxMacro(#1.
)]

[+ 4+ Macro(x) ¥ “+-+Macro(#1.
)]
[— — Macro(x) tex “-Macro(#1.

)]
tex

[<< Macro(x) = “<<Macro(#1.
)]

[[[Macro(x) = || Macro(#1.

)]

[01//Macro(x) = “01//Macro(#1.
)]

[Max(x,y) tex “Max (#1.

, F#2.

)]

[Max(x, y) “3 “Max(#1.
, H2.

)]
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[Limit(x, y) © “Limit(#1.

L H2.

)]

[Union(x) tex “Union(#1.
)]

[if(x,y,2) “= “if(#1.

H2.

73

)]

[IsOrderedPair(x, y,z) *= “IsOrderedPair(#1.
, F#2.

,#3.

)]
[IsRelation(x,y, z) by “IsRelation(#1.
, F#2.

, #3.
)]

[isFunction(x, y, z) s “isFunction(#1.

, F#2.

, #3.

)]

[TypeNat(x) =¥ “TypeNat(#1.
)]

[TypeNat0(x) tex “TypeNatO(#1.
)]

TypeRational(x o wp peRational (#1.
y

)]

[TypeRationalO(x) *< “TypeRational0(#1.

)]

[TypeSeries(x,y) — “TypeSeries(#1.
, #2.

)]
[Typeseries0(x,y) ey “TypeseriesO(#1.

7#2
)’]
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[UB(x,y) 3 “UB(#1.
. #2.

)]

[LUB(x,y) = “LUB(#1.
)]

[BS(x,y) =¥ “BS(#1.

,H2.
)]
[UStelescope(x, y) s “UStelescope(#1.

72,
)]

[R(x) 5 “R(#1.

)]

[~ = R(x) =5 “R(#1.

)]

[IsSeries(x,y) “= “IsSeries(#1.

, F2.
)]
[IsNatural(xy, ) "= “IsNatural(#1.

72
)]
[OrderedPair(x, y) =5 “OrderedPair(#1.

7#2'
)]

[leqAntisymmetry Axiom tex “leqAntisymmetryAxiom”]
[leqTransitivity Axiom ¥ “leqTransitivity Axiom”]
[leqTotality “= “leqTotality”]

[leqAdditionAxiom tex “leqAdditionAxiom” ]
[leqMultiplication Axiom tex “leqMultiplication Axiom”]

[plusAssociativity 3 “plusAssociativity”]
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[plusCommutativity tex “plusCommutativity”]
[Negative - “Negative”]

[plus0 = “plus0”]

[timesAssociativity " “timesAssociativity”]
[timesCommutativity “ “timesCommutativity”]
[Reciprocal Axiom by “Reciprocal Axiom” ]
[times1 “Z “times1”]

[plusAssociativity ¥ “plusAssociativity”]
[plusCommutativity tex “plusCommutativity”]
[Negative ey “Negative”]

[Distribution “= “Distribution”]

[Onot1 % “Onot1”]

[A4(Axiom) s “A4(Axiom)”]
[InductionAxiom =¥ “InductionAxiom”]
[Equality Axiom tex “Equality Axiom”|
[EqLegAxiom tex “EqLeqAxiom”]
[EqAdditionAxiom tex “EqAdditionAxiom”]
[EqMultiplication Axiom tex “EqMultiplication Axiom” |
[SENC1 = “SENC17]

[SENC2 = “SENC27]

[Cauchy = “Cauchy”]

[PlusF = “PlusF”]

[ReciprocalF b “ReciprocalF”|

[From =="% “From=="]

[To == “To—="]
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[FromInR % “FromInR”]

[ReciprocalR(Axiom) s “ReciprocalR(Axiom)”]
[USO % “US0”]

[NextXS(UpperBound) = “NextXS(UpperBound)”]

X

[NextXS(NoUpperBound) % “NextXS(NoUpperBound)”]
[NextUS(UpperBound) s “NextUS(UpperBound)”]
[NextUS(NoUpperBound) “= “NextUS(NoUpperBound)”]
[ExpZero = “ExpZero”]

[ExpPositive *< “ExpPositive”]

[ExpZero(R) ey “ExpZero(R)”]

[ExpPositive(R) & “ExpPositive(R)”]

[LessMinus1(N) jacs “LessMinus1(N)”]

[Nonnegative(N) ¥ “Nonnegative(N)”]

[BSzero ¥ “BSzero”]

[BSpositive ¥ “BSpositive”]

[UStelescope(Zero) ey “UStelescope(Zero)”]
[UStelescope(Positive) "< “UStelescope(Positive)”]
[EqAddition(R) ¥ “EqAddition(R)”]

[FromLimit tex “FromLimit”]

[ToUpperBound tex “ToUpperBound”]

[FromUpperBound tex “FromUpperBound”]
[USisUpperBound tex “USisUpperBound”|

[Onot1(R) ¥ “Onot1(R)”]

[ExpUnbounded(R) *= “ExpUnbounded(R)”]

[FromLeq(Advanced)(N) *% “FromLeq(Advanced)(N)”]
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[FromLeastUpperBound tex “FromLeastUpperBound”]
[ToLeastUpperBound tex “ToLeastUpperBound”]
[XSisNotUpperBound tex “XSisNotUpperBound”]
[ysFGreater =5 “ysFGreater”]

[ysFLess "% “ysFLess”]

[Smalllnverse s “SmallInverse”]
[MemberOfSeries(Imply) *= “MemberOfSeries(Imply)”]
[NatType = “NatType”]

[RationalType tex “Rational Type”]

[SeriesType tex “SeriesType”|
[JoinConjuncts(2conditions) = “JoinConjuncts(2conditions)”]
[TND % “TND”|

[FromNegatedImply tex “FromNegatedImply”]
[ToNegatedImply tex “ToNegatedImply”]
[FromNegated(2 * Imply) “= “FromNegated (2+Imply)”]
[FromNegatedAnd *% “FromNegated And”]
[FromNegatedOr “= “FromNegatedOr” ]

[ToNegatedOr % “ToNegatedOr” |

[FromNegations “= “FromNegations”]

[From3Disjuncts “= “From3Disjuncts”]
[NegateDisjunctl Jass “NegateDisjunct1”]
[NegateDisjunct2 tex “NegateDisjunct2”]
[ExpandDisjuncts tex “ExpandDisjuncts”]

[From2 # 2Disjuncts "< “From2+2Disjuncts”]

tex

[PlusR(Sym) = “PlusR(Sym)”]
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[LessLeq(R) = “LessLeq(R)”]

[LegAntisymmetry(R) % “LeqAntisymmetry(R)”]
[LeqTransitivity (R) s “LeqTransitivity (R)”]

[PlusO(R) % “PlusO(R)”]

[lessAddition(R) x “lessAddition(R)”]

[leqAddition(R) = “leqAddition(R)”]
[PlusAssociativity (R)XX = “PlusAssociativity (R)XX"]
[PlusAssociativity(R) ¥ “PlusAssociativity(R)”]
[Negative(R) Jass “Negative(R)”]
[PlusCommutativity(R) *< “PlusCommutativity(R)”]
[Times1(R) % “Times1(R)”]

[TimesAssociativity(R) * “TimesAssociativity(R)”]
[TimesCommutativity(R) “= “TimesCommutativity(R)"]
[Distribution(R) “= “Distribution(R)”]

[Fx:y =X “(AARRGGHH!-exist-bug!)”]

[constantRationalSeries(x) = “constantRationalSeries(#1.

)]

[Power(x) = “Power(#1.

)]

[cartProd(x) tex “cartProd(#1.

)]

[binaryUnion(x, y) Jass “binaryUnion(#1.

7#2'
)]

[SetOfRationalSeries * “SetOfRationalSeries”]

[MemberOfSeries = “MemberOfSeries”]
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[IsSubset(x, y) *= “IsSubset(#1.
42,
)]

[memberOfSeries(Type) =¥ “memberOfSeries(Type)”]
[UniqueMember “= “UniqueMember”]
[UmqueMember(Type) ¥ “UniqueMember(Type)”]
[SameSeries *< “SameSeries”]

[A4 5 “A47)

[(sx) tex “(s#1.
)]

[(px,y) = “(p#1.

72

)]

[SameMember = “SameMember”]

[Qclosed (Addition) tex “Qclosed(Addition)”]

[Qclosed (Multiplication) % “Qclosed (Multiplication)”]
[FromCartProd(1) *= “FromCartProd(1)”]

[FromCartProd(1) ‘< “FromCartProd(1)”]

[Max % “Max”]

[Numerical *= “Numerical”]

[NumericalF “ “NumericalF”]

[Separation2formula(1) *= “Separation2formula(1)”]
[Separation2formula(2) *< “Separation2formula(2)”]
[leClosed(Remprocal)(Imply) ¥ “QisClosed(Reciprocal) (Imply)”]
[QisClosed (Reciprocal) X “QisClosed(Reciprocal)”]

[QisClosed (Negative) (Imply) = “QisClosed(Negative) (Imply)”]

[QisClosed (Negative) “= “QisClosed (Negative)”]
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[(Adgic)SameR “% “(Adgic)SameR”]
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