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9:1:>>k] , [%0], [*1], b] [*-color(x)],

*
*
*

9%

[
[z
[
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[{+}], [StateExpand(x, *, x)], [extractSeries(x)], [Set OfSeries(x)], [- — Macro(*)],
[ExpandList(x, , *)], [* * Macro(x)], [+ + Macro(*)], [<< Macro(x)],
[[[Macro(x)], [01//Macro(x)], [UB(x, *)], [LUB(x, *)], [BS(*, *)],
[UStelescope(x, %)], [(*)], [If * [], [|r * |], [Limit(x, x)], [Union(x)],
[[sOrderedPair(*, , *)], [IsRelation(x, x, *)], [isFunction(x, x, x)], [IsSeries(x, *)],
[[sNatural(x, *)], [OrderedPair(x, x)], [TypeNat(*)], [TypeNat0(*)],
[TypeRational(x)], [TypeRational0(x)], [TypeSeries(x, *)], [Typeseries0(*, *)];
Preassociative
E*7 3], [(6,0)]s ()], [=ex], [(= = %)), [1£/+], [01/ /temps];
reassociative
[¥(x, %)], [ReflRel(x*, x)], [SymRel(x, *)], [TransRel(x, x)], [EqRel(x, %)], [[* € *].],
[Partition(x, *)];
Preassociative
[ - %], [% -0 *], [( % )], [% % %], [% % %x];
Preassociative
[* + *]7 [* +o *]7 [* +1 *L [* - *]a [* -0 *]a [* -1 *]7 [(* + *)]7 [(* - *)]7 [* +t *]a
[« —¢ #], [* + +=], [R(x) — —R(*)];
Preassociative
[ € %|;
Preassociative
[ (], [iCx, %, %)), [Max(x, x)], [Max(x, *)];
Preassociative
[x = ], [x £ %], [x <= %], [* < *], [* <¢ *], [x <g¢ ], [SF(x,*)], [* == %],
[«!l == %], [* << %], [x <<== %];
Preassociative
[ U 3], [ U], B\ Ll
Postassociative
[ ] [ ], [xone ], [ 2% %], [ 000 %], [ +25% %5
Postassociative
[+, %];
Preassociative o b . -
[ ~ ], [ == *], [* z;], [ m2 ], [ = %], [x = %], [* =+ ], [x = x|, [* = #], [* = *],
[* € *], [* Cr ], [x = *], [* = #], [* free in *], [* free in* ], [* free for * in ],
[+ free for* = in *], [* €. *], [* < *],
[#£0%], [xE1 %], [x#7 %], [x == %], [* C #];
Preassociative
[, [5 (6)n], [+ ¢ =], [ # =];
Preassociative
[ A ], % A ], % A %], [ Ac %], [x A *];
Preassociative
v o], [ I ], [ )
Postassociative
[ V #];
Preassociative
[T ], [V ], [Vopjx: %], [k #];



Postassociative
[¥ = %], [x = *], [« © *], [* & *;
Preassociative
[{ph € + | +});
Postassociative
[« #], [+ spy =], [«l«];
Preassociative
it
Preassociative
[A ], [A * %], [A%], [if * then * else %], [let * = x in *], [let * = x in x];
Preassociative
[
Preassociative
[, 60, V], (4], . )
Preassociative
[¥ @], [* D> ], [* > ], [* > «|, [* > %];
Postassociative
[ b ], [* B %], [* Le. «];
Preassociative
[V ], [TDk: %];
Postassociative
[* @ *;
Postassociative
[ #];
Preassociative
[* proves x|;
Preassociative
[* proof of x: x|, [Linex* : % > «; %], [Last linex > % O],
[Line * : Premise > x; %], [Line x : Side-condition >> *; x|, [Arbitrary > x; %],
[Local > % = x*; %], [Begin #; * : End; |, [Last block line x > x;],
[Arbitrary > x; *];
Postassociative
[ | #];
Postassociative
[, ], [ [+ J#]5
Preassociative
[+&ex];
Preassociative
[+\\*], [* linebreak[4] *], [*\\*];]

[kvanti “% “kvanti”]

[*

[kvanti iy “kvanti”]



UniqueMember

[UniqueMember propf AcAx.P([SystemQ F

51 (Vobj(0p1): =1 (1 (Vobj(0p2): =

r1) = {{(op1), (op1)},{(op1), (0p2)}}
(ﬂ) VobJ (f2) vobl(f3> vobj(f4) { )

{{(£ ) (£3)}, {(83), (f4)}} € (fx) = (f1) = (3) = (£2) = (f4))n)

- (Vob 1) N = = (Vob; (s2) (

\_/
—~

]

]
ol
S

— =

j(s (s1) €

(fx))n)n)n)n = {{(sx), (sx)}, {(sx), (sx1)

{{(sy), (sy)}: {(sy), (syD) }} € (£x) F (sx)
(

s
Repetition > = (= (Vobi(rl): (rl) €
= (Vo (OD1): 5 (= (Vo (0p2): = (=

(tx) > 4 (5 (Vopj (r1): (r1) € (fx) =
5 (Vobj(op1): = (1 (Vobj(0p2): = (= (= ((opl) € N = = ((0p2) € (s2))n)n =
)( 1), (032)}})H)H nn)nn =

= ((r1) = {{(op1), (op1)}, {(op
( ObJ(ﬂ) ObJ(f2) volDJ(f3

{{(13), @} {(f3) (f4)}} € (fX)j(fl

@)n)n)n)n FlrstConJunct > 5 (5
“ (Vo (0p1): = (5 (Vob(0p2): = (1 (*
- ({7T) = { {(op 0. op D)} ({00 1), (0B
1 (Vobj (1): Von; (£2): Vob; (£3): vobJ(f4)
{{(13), (£3)}, {(£3), (f4)}} € (fx)
S (v b]@ ﬁ eN= - (vobj@: }
(B))n)n)n)n > = (Vop; (r1): (r1) € (fx) =
ob 4

ll
] >—h

= (Yobj (0p1): = (1 (Vobj (0p2): = (= (=1 ((0p1) € N = = ((0p2) € (s2))n)n =
= ((r1) = {{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n =

= (ot L) Yot 2): Yoy (B oy (1): (D), (LY, (1), () € (6) =
{{(83), (83)}, {(£3). ()} € () = (1) = (£3) = (f2) =

(f4))n)n; Repetition t> = (Vop; (rl): (11) € (fx) =

= (Yobj(0p1): = (= (Yonj (0p2): = (= (= ((0p1) € N = = ((0p2) € (sz))n)n =
= ((r1) = {{(op1). (op1)}, {(op1), (0p2)} n)n)n)n)n)n =

(ot (T1): Yoty (22): Vo (53): oy (E0): {4 (A1), (FD)}. {(FD). (P} € () =
{{(13), (£3)}, {(13), (f4)}} € (£x) = (f1) = (£3) = (£2) = (f4))n)n >
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{{(sy), (s9)} {(s9), (syD)}} € () F () = (sy) F (sx1) = (syD)]

[UniqueMember = “UniqueMember”]

. k .
[UniqueMember 25 “lemma uniqueMember”]

UniqueMember(Type)

proof

[UniqueMember(Type) "— Ac.Ax. ’P([SystemQ l—

[(s2)])
{0, (59). (9, (510} € () F [1(av) (40 (). D} € 7&) - (sx) =
(sy) F SeriesType 1> Ac.TypeseriesO([ (fx)], [(sz)]) > = (=
(£x) = = (Vobj (0p1): = (5 (Von; (0p2): = (= (= (( 1) eN= ﬁ((OPQ) €
(s2))n)n = = ((r1) = {{(op1), ( )
(vaJ (ﬂ) vobJ (f2) v0bJ (f3)

{(®) fi)} L ) ) ¢ fx)j (i) = () = (@) = (H)npn =

= (Yot (): 1) € N = = (Vo (62): = ({651, 1), {G1), 521}
(B & {{(sx), (530}, {(sx): (sx1)}} €

() > {{(sy), ()}, {(sy), (syD)}} € () &> (5%) = (sy) > (sx1) = (sy1) ], po, ¢)]
[UniqueMember(Type )Sgnt SystemQ +

V(fx): V(sx): V(sx1): V(siy. V(syl): V(sz): Ac. TypeseriesO([ (fx)], [ (sz)]) i

{{(sx), (50}, {(sx), (sxD}} € (&) F {(sy), ()} {(sy), (syD}} € () - (s) =

[UnlqueMember(Type) tex “UniqueMember(Type)”]
[

UniqueMember(Type) > Y “emma uniqueMember(Type)”]

SameSeries

[SameSeries propf Ac.Ax.P([SystemQ +
Vm: Vn: V(fx): V(sy): Ac. TypeNatO([m]) F Ac. TypeNatO([n])

Ac. TypeseriesO([(fx)], ]'( v)]) = m = n - memberOfSeries(Type) >

Ac.TypeNatO([m]) > Ac. TypeseriesO([ (fx)1, [ (sy)]) >

11



{{m, m}, {m, (fx)[m]}} € (fx); memberOfSeries(Type) > Ac.TypeNatO([n]) >
Ac.TypeseriesO([(fx)], [(sy)T) > {{n,n}, {n, (&x)[n]}} €

(fx); UniqueMember(Type) >

Ac. Typeserles()([(fx 1 (@D > {{m,m}, {m, (fx)[m]}} €
() &> {{n, n}, {n, (x) (f

[SameSeries *™5" System(Q - Vm: Vn: V(£x): V(sy): A
Ac.TypeNatO([n]) = Ac.TypeseriesO([ (fx)], [(sy)]

x)[n]], po, ¢)]

c.TypeNatO([m])
)t m =nk (x)[m] = () [n]]

. tex .
[SameSeries — “SameSeries” |

. pyk .
[SameSeries = “lemma sameSeries”]

A4

[A4 P20 A Ax.P([SystemQ - Wx: V(v1): Va: Vb: (a=b|(v1):==x)ne I
Vobj(v1): b - A4(Axiom) > (a= b|(v1):==x)me > Yob i(vl):b=
a; MP > Vop;(v1):b = a > Vobi(v1):b > a], po, )]

[A4 stogt SystemQ F Vx: V(v1): Va: Vb: (a=b|(v1):==x)me I Vobj(v1):b I a]
[A4 tﬁ; “A477]

[A4 X “lemma ad”]

SameMember

[SameMember P Rule tactic]

[SameMember * 2 SystemQ = V(sx): V(sy): V(s2):
(sy) € (s2)] -

[SameMember “= “SameMember”]

~
wn
"
~—
I
—
92}
<
~
T
—
o2}
"
~—
m
—
w0
&
T

pyk
[SameMember = “lemma sameMember”]

Qclosed(Addition)

[Qclosed (Addition) "= * Rule tactic]

( ) =
[Qclosed (Addition) stogt SystemQ - Vx:Vy:x € QFy e QF (x+y) € Q]
[chosed(Addition)t “Qclosed(Addition)”]

( ) =

pk

[Qclosed(Addition “Irule Qclosed(Addition)”]

12



Qclosed (Multiplication)

P Rule tactic]

"' SystemQ F Vx: Vy:x € QFy € QF (x*y) € Q]

¥ “Qclosed (Multiplication)”]

PV “1rule Qelosed (Multiplication)”]

Qclosed (Multiplication
Qclosed (Multiplication

(
(
Qclosed(Multiplication

(

[
[
[
[

N~ ~—

Qclosed (Multiplication

FromCartProd(1)

ro

[FromCartProd(1 ?' Rule tactic]

(1) "=
[FromCartProd(1) *™5" SystemQ +
V(5x): W(sx1): V(sy): V(sy1l): {{(s%), ()}, {(sx), (sy)}} € {ph €
P(P(Union({(sx1), (sy1)}))) | = (Vobj(op1): = (= (Vopj(0p2): = (= (= ((opl) €
(sx1) = = ((op2) € (syl))n)n = = (apn =

{{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} F (sx) € (sx1)]
[FromCartProd(1 )tex “FromCartProd(1)”]
)=

[FromCartProd(1 RSP fromCartProd(1)”]

1rule fromCartProd(2)

[Lrule fromCartProd(2) ™% Rule tactic]

[Trule fromCartProd(2) *2" SystemQ +

Y(s): s ): visy): W(syl): {{(sx), ()} {(s), ()} € {phe
P(P(Union({(sx1), (sy1)}))) | = (Vobj(0p1): = (2 (Vopj(0p2): = (= (= ((opl) €
(sx1) = = ((op2) € (syl))n)n = = (apy =

{{(op1), (op1)}, {(op1), (0p2)}})n)u)n)n)n)n} F (sy) € (syl)]
[1rule fromCartProd(2) PV <l rule fromCartProd(2)”]

constantRationalSeries(x)

[constantRationalSeries(x) "5

At.ds.Ac.My(t, s, ¢, [[constantRationalSeries(x) = {ph € cartProd(N) |
3(CRS1ob): phy = OrderedPair((CRS1ob),x)}]])]

13



[constantRationalSeries(x) “= “constantRationalSeries(#1.
)]

[constantRationalSeries(x) Ry “constantRationalSeries( " )”]

cartProd(x)
[cartProd((sx)) 25 At.As.Ac.My(t, s, ¢, [[cartProd((sx)) = {ph €

Power(Power (binaryUnion((sx), (sy)))) | IsOrderedPair(phy, (sx), (sy))}]1)]

[cartProd(x) “= “cartProd(#1.
)]

[cartProd(x) IKI; “cartProd( ", " )”]

Power(x)

[Power(x) ™25 At.As.A\c. My (t, s, ¢, [[Power(x) = P(x)]])]
gPower(x) X “Power(#1.

"]

[Power(x) 25 “P( " )”]

binaryUnion(*, )

[binaryUnion(x,y) "% At.As.Ac. M4 (t, s, ¢, [[binaryUnion(x, y) =
Union((px, y))]1)]

[binaryUnion(x, y) *= “binaryUnion(#1.
, H2.

)]
[binaryUnion(x, *) By “binaryUnion( " , " )”]

SetOfRationalSeries

[SetOfRationalSeries ™5 At As Ae.My(t, s, c, [[SetOfRationalSeries = {ph €
Power(cartProd(N)) | IsSeries(phza, Q) }])]

[SetOfRationalSeries *% “SetOfRationalSeries”]

[SetOfRationalSeries Riy “setOfRationalSeries” |

14



I[sSubset (x, *)

IsSubset(x,y) "5 At.As. A\c. My (t, s, ¢, [[IsSubset(x, y) = x C y]])]
IsSubset(x,y) == “IsSubset(#1.

[
[
7]
[

#2.
IsSubset (x, *) i “isSubset( ", " )]
(P, %)

(px,y) 5 “(p#1.

[(--+) =¥ “(\edots{})"]

[pu)%eﬁmm]

Objekt-var

[Objekt-var ¥ “\texttt{Objekt-var}”]

[Objekt-var Ry “object-var”]

15



Ex-var

[Ex-var “= “\texttt{Ex-var}”]

pyk
[Ex-var = “ex-var”|

Ph-var

[Ph-var = “\texttt{Ph-var}”]

[Ph-var iy “ph-var”]

Verdi

[Verdi “5 “\texttt{V\ae{}rdi}”]

. pyk .
[Verdi = “vaerdi”]

Variabel

ex

[Variabel % “\texttt{Variabel}”]

pyk «

[Variabel = “variabel”]
Op(*)
[Op(x) ¥ “Op(#1.

)]

[Op(x) by “op " end op”]

Op(, *)

[Op(x,y) "% “Op(#1.

)]

[Op(x,*) = Riy “op2 " comma " end op2”]

16



* == %

[x ==y ¥ “p1

\mathrel {\ddot {==}} #2.”]

[ == iy “define-equal " comma " end equal”]
ContainsEmpty ()

[ContainsEmpty(x) == “ContainsEmpty (#1.

)]
[ContainsEmpty (x) fds “contains-empty " end empty”]

Nat(x)

[Nat(x) °= “Nat(#1.
)]
[Nat(x) 25 “Nat( " )7]

Dedu(x, *)

[Dedu(x,y) e «
Dedu(#1.

s 2.

)]

[Dedu(x, *) PYX «]deduction " conclude " end 1deduction”]

Dedug(*, *)

[Dedug (x, y) “
Dedu_0(#1.

s 2.

)]

[Dedug (x, ) PV «1deduction zero " conclude " end 1deduction”]
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Dedug(*, *, )

[Dedus(x,y, 2) bex “Dedu_{s}(#1.
, H2.
, #3.
)]

[Dedus (*, *, *) VX «1deduction side " conclude " condition " end 1deduction”]

Deduy (, *, *)

[Deduy (x,y,z) = «
Dedu-1(#1.

L H2.

L #3.

)]

[Deduy (*, *, *) X <1 deduction one " conclude " condition " end 1deduction”]

Dedus(x, *, *)

[Dedus(x,y, z) X «
Dedu_2(#1.

, H2.

, #£3.

)]

[Dedug (, *, *) P «1deduction two " conclude " condition " end 1deduction”]

Dedug (x, *, *, *)

[Dedus(x,y, z,u) = ¢
Dedu_3(#1.

7#2'

7#3'

7#4

)]
[Dedug (x, *, *, ) Y 1 deduction three " conclude " condition " bound " end
1deduction”]
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Deduy (x, *, *, *)

[Deduy(x,y, z,u) == ¢
Dedu_4(#1.

, F#2.

,#3.

, #4.

)]

[Deduy (x, *, *, x) Y 1 deduction four " conclude " condition " bound " end
1deduction”]

Deduj (x, *, *, *)

[Deduj(x,y,z.u) = *
Dedu_4"x(#1.

, H2.

L FE3.

, #4.

)]
[Deduj (*, *, *, %) VY «1deduction four star " conclude " condition " bound "
end 1deduction”]

Dedug (, *, *)

[Dedus(x,y,z) teX «
Dedu_5(#1.

, H2.

, #£3.

)]

[Dedus (, *, *) PV «1deduction five " condition " bound " end 1deduction”]

Dedug (, *, *, *)

[Dedug (p, c, e, b) feX «
Dedu_6(#1.

, H2.

, #£3.

, #4.

19



)]
[Dedug (*, *, *, ) P« deduction six " conclude " exception " bound " end
1deduction”]

Deduj(x, *, *, *)

[Dedug(p, c, e, b) <«

Dedu_6"x (#1

, 2.

, #3.

, #4.

)]

[Deduf (x, *, *, *) “1deduct10n six star " conclude " exception " bound "

end 1deduction”]

Deduz(x)

tex «

[Dedur(p) =
Dedu_7(#1.

)]

[Dedur (x) PV «1deduction seven " end 1deduction”]

Dedug *, %)

[Dedus (p, b) “
Dedu_8(#1.

s H#2.

)]

[Dedug (x, *) =% ¥ “]deduction eight " bound " end 1deduction”]

Dedug(, *)

[Dedu(p, b) 3 «
Dedu 8" (#1.

s #2.

)”]

20



[Deduj (x, %) P «1deduction eight star " bound " end ldeduction”

EX1

[Ex; M5 )\t.)\s.)\c./\;l4(t, s, ¢, [[Ex1 = apx]])]
[Ex; & “Ex_{1}"]

[Exq By “ex1”]

EX2

[Ex, M5 )\t.)\s.)\c./\;l4(t, s, ¢, [[Exa = bry]])]
[Exo & “Ex_{2}"]

[Exs Py “ex2”]

Ex3

[Ex3 "5 At As. Ac.Mu(t, s, ¢, [[Ex3 = cpyl])]
tex

[Ex3 % “Ex3”]

[Ex3 By “ex3”]

Exqg

[EXlO mage /\’E.)\S./\C../\;lzl(t, s, C, HEXIO = JEX]‘I)]
tex

[Ex19 = “Ex_{10}”]

[Ex10 By “ex107]

EX20

[EX20 mage )\’E.)\S.)\C../\;lzl(t, S, C, HEXQO = tExH)]
[Exzo = “Ex_{20}7]

[EXQO ]ﬁ( “ex20”]

21
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*Ex
[XEX tE)( “#1 .
{Ex}

pyk . .
[*px — “existential var " end var”]

>I<EX

Y x L ]

[XEX tﬁ)‘ 44#1.
{Ex}7]

[xEx YK wn ig existential var”|
(%= * | % :==%)py

macro

[(a=b|x:==t)my 25" At.As. Ac.My(t, s, ¢, [[(a=blx:==t)g, =
([a]="b]I[x]:==Tt])ex]])]

tex

[(x=y|zi==u)gpx — “\langle #1.

{\equiv} #2.

| 43

[==} 41

\rangle_{Ex} ”]

[(x= * | % :==x)px PYK “exist-sub " is " where " is " end sub”]
<>I<EO |k i==x%)py

[(a=0b|x:==t) gy 2 AcxEX A (a=Lb|xi==t) gy

[(x=Cy|zi==u)yx = “\langle #1.
{\equiv} 0 #2.

| #3.

[i==} #1.

\rangle_{Ex} ”]

ko, . . .
[(+=0 % | % :==x)py PV “exist-sub0 " is " where " is " end sub”]
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(x=1 % | % :==%)py

[(a=lb|x:==t)g, 2 alxlt!

If (b = [Vobju: v], F,

If(bB% A b = x,a = t, If(
a=b, (a'="b'[x:==t)py, F)))]

[(x="y|zz==u)px "= “\langle #1.
{\equiv}"1 #2.

| #3.

[==} #1.

\rangle_{Ex} ”]

[(x=1 * | % :==x)py YK woxist-subl " is " where " is " end sub”]
(=" % | % :==%)py

[(a=*b|x:==t)px 2 bIxt!If(a, T, If((aP=1bP [x:==t) x, (2 =*bt|x:==t)px, F))]

[(x="y|z==u)px = “\langle #1.
{\equiv} x #2.

| #3.
{i==} #4.

\rangle_{Ex} ”]

[(x="* % | % :==x)px PYK “exist-subk " is " where " is " end sub”|

phy

macro

[ph; 25 At As. e My(t, s, ¢, [[phy = apu]])]
[phy “% “ph_{1}"]
[phy 2 “ph1”]

pho

[pha magro )\t.)\s.)\c./\;u(t, s, ¢, [[pha = bpy]])]
[phy “ “ph_{2}"]
[phy 2 “ph2”]
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phs

[phg magre )\t.)\S.)\C.M4(t, S, C, thg = Cphﬂ)]
[phs ¥ “ph_{3}"]
[phs 2 “ph3”]

*Ph

tex

[kpn — “H#1.
{Ph}”]

pyk
[*pn — “placeholder-var " end var”]

*Ph

[XPh tg)( 44#1'

A{Ph}”}
[+Ph PYk w4 placeholder-var”|
(%= % | % :==x)py,

[(x=y|zz==u)pn = “\langle #1.
{\equiv} #2.

| #3.

{:==} #4.

\rangle_{Ph} 7]

[(x= * | * :==x)pp BYk “ph-sub " is " where " is " end sub”]
<>I<EO % | % :==x)py,
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\rangle_{Me}”]
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{\equiv} 1 #2.
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(=" % | % :==%) 0
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[(x=*y|zz==u)pme — “\langle #1.
{\equiv} x #2.

| #3.

{:==} #4.

\rangle_{Me} "]

[(x=* x| x :==%) 010 PV “meta-subsk " is " where " is " end sub”]
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[bs ©X “\mathsf {bs}”]

[bs DY wiar big set”]
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[OBS ™25 At.As.A\c. My (t, s, c, [[OBS = bs]])]
[0BS % “ \mathsf {OBS}”]
[OBS By “object big set”]

BS

[BS ™25 At As. Ac. My(t,s, ¢, [[BS = bs]])]
[BS % “{\cal BS}”]

[BS P “rpeta big set”]
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(@ “\mathrm{\0}"]

K
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[SystemQ tex “SystemQ”]

—~

[SystemQ Ry “system Q7]
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MP

[MP Proof Rule tactic]

[MP "' SystemQ - Va:Vb:a = b+ a - b]
[MP "% “MP”]

[MP P Cpyle mp”]

Gen

[Gen P Rule tactic]
[Gen stogt SystemQ F Vx: Va:a - Vopix: a]
[Gen ¥ “Gen”]

[Gen P “pyle gen”|

Repetition

. £ .
[Repetition "= Rule tactic]
[Repetition *5" SystemQ + Va:a - a
[Repetition “= “Repetition”]

L k .
[Repetition 2 “Irule repetition”]

Neg

[Neg Proof Rule tactic]
[Neg "2 System(Q I Va: Vb: - (b)n = a - = (b)n = = (a)n I b
[Neg tE)( “Neg77]

[Neg 2K 1 rule ad absurdum” |

Ded

[Ded P Rule tactic]

[Ded stogt SystemQ + Va:Vb:a F b]
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[Ded “= “Ded”]

[Ded P e deduction”]

ExistIntro

[ExistIntro P Rule tactic]

[ExistIntro *IB System(Q F Vx: Vt: Va: Vb: ([a]="[b]|[x]:==[t])Ex = a F b

[ExistIntro =¥ “ExistIntro”]

[ExistIntro 2 rule exist intro”]

Extensionality

. . roof .
[Extensionality "= Rule tactic]

[Extensionality st SystemQ = Vx:Vy: - (x==y = Vo, " (5E€EX=>5€y =
FAS o

Ssey=sex)nn= " (Vops " (SEX=>SEY = (SEy =5€x)n)n =

x==y)n)n]

[Extensionality tex “Extensionality”]

L ko, . L
[Extensionality "5 “axiom extensionality”]

O def

[Odef P2 Rule tactic]
[@def *5* SystemQ F Vs: = (s € @)n)
[@def 5 “\O{}def”]

[Ddef PYX “axiom empty set”]

PairDef

proo

[PairDef “— Rule tactic]

[PairDef sty SystemQ I Vs: ¥x: Vy: 5 (s € {x,y} = - (s==x)n = s==y =
(5 (s==x)n = s==y = s € {xy})n)n]

[PairDef “% “PairDef”]
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. k . . o
[PairDef 25 “axiom pair definition”]

UnionDef

[UnionDef P Rule tactic]

[UnionDef stugt SystemQ F Vs: Vx: (s € Ux = = (s € jrx = T (Jex € X)n)n =
S (5 (s € jgx = T (jEx € X)n)n = s € Ux)n)n]

[UnionDef *= “UnionDef”]

: pyk o . . .
[UnionDef = “axiom union definition”]

PowerDef

[PowerDef P Rule tactic]

[PowerDef stogt SystemQ F Vs:Vx: = (s € P(x) = VobjS:5€s =5 €x =
A (VopjS:S€s=5€x =5 € P(x))n)n]

[PowerDef % “PowerDef”

ko . s
[PowerDef "5 “axiom power definition”]

SeparationDef

[SeparationDef "% ° Rule tactic]

[SeparationDef * bt SystemQ I Va: Vb: Vp: Vx: Vz: EPh A (b=alp:==z)pn - - (z €
{phex|a}l=-(zex=-(bn)n= - (-(ze€x= ~(b)n)n =z € {ph e x|
a})n)n

[SeparationDef % “SeparationDef”]

[SeparationDef ® VX “axiom separation definition”]

AddDoubleNeg

proof

[AddDoubleNeg "= Ac.Ax.P ([SystemQFVa S (= (5 (@n)n)n -
RemoveDoubleNeg> = (= (< (a)n)n)n > = (a)n; Va: Dedl>Va S (5 (= (@)n)n )nl—
S (a)n > (5 (5 (a)n)n)n = < (a)n;a - Weakening > a > = ( (< (a)n)n)n =
a;Neg>= (5 (= (@)n)n)n = a>= (5 (= (@)n)n)n = = (a)n > = (= (a)n)n], po, ¢

[AddDoubleNeg *™3" SystemQ + Va:a - = (< (a)n)n)]
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tex

[AddDoubleNeg — “AddDoubleNeg”|

[AddDoubleNeg 24y “prop lemma add double neg”]

RemoveDoubleNeg

f
[ proo

RemoveDoubleNeg "— Ac.Ax.P([SystemQ F Va: - (- (a)n)n +
Weakening > = (< (a)n)n > = (a)n = = (- (a)n)n; Autolmply > - (a)n =
= (@)n;Neg > = (a)n = = (a)n > = (a)n = = (= (a)n)n > a, po, ¢)]

[RemoveDoubleNeg Y SystemQ F Va: (= (a)n)n t a
]

9

[RemoveDoubleNeg by “RemoveDoubleNeg

[ pyk

RemoveDoubleNeg = “prop lemma remove double neg”]

AndCommutativity

[AndCommutativity ™" Ac Ax.P([SystemQ F Va: Vb:b = = (a)n F a -
AddDoubleNeg >a > - (- (a)n)n; MT>b = = (a)n >~ (- (a)n)n >

+(b)n; Va: Vb: Ded > Va:Vb:b = - (a)nkak - (b)n>b= ~(a)n=a=

< (b)n; = (a = = (b)n)n F Repetition > —(a = - (b)n)n; MT >b = - (a)n =
a=(b)n>-(a= - (b)n)n > (b= - (a)n)n; Repetition > - (b =

= (a)n)n> = (b = = (a)n)n], po, c)]

[AndCommutativity **3" SystemQ F Va: Vb: -1 (a = = (b)n)n F = (b = = (a)n)n]
[AndCommutativity - “AndCommutativity”]

. k .
[AndCommutativity 2> “prop lemma and commutativity”]

Autolmply

[AutoImply proof AcAx. P([SystemQ I Va: a - Repetition > a >
a;Va:Ded > Va:a - a > a = a, po, ¢)]
[AutoImply sty SystemQ F Va:a = a]

ex

[AutoImply by “Autolmply”]

[AutoImply 24y “prop lemma auto imply”|
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Contrapositive

[Contrapositive propf A Ax.P([SystemQ - Va:Vb:a=bF - (b)n MT > a =
b - (b)n>> ~(a)n;Va:Vb:a= bt Ded>Va:Vb:a=bkF - (b)nt - (a)n>
a=b=-(bn=-(a)nMPra=b=-(bjn=-(a)n>a=b>-(bn=
= (a)n], po, )]

[Contrapositive 3" SystemQ + Va: Vb:a = b - = (b)n = = (a)n)]
[Contrapositive “= “Contrapositive”]

”» k .
[Contrapositive 2 “prop lemma contrapositive”]

FirstConjunct

[First Conjunct propf AcAx.P([SystemQ - Va: Vb: = (a = = (b)n)n +
AndCommutativity > = (a = = (b)n)n > - (b =
4 (a)n)n; SecondConjunct > = (b = = (a)n)n > al, po, )]

[First Conjunct *I2 System(Q F Va: Vb: - (a= - (bn)nt 3

tex

[FirstConjunct — “FirstConjunct”]

. . k .
[FirstConjunct 2 “prop lemma first conjunct”]

SecondConjunct

[SecondConjunct progt Ac.Ax.P([SystemQ F Va: Vb: = (b)n F

Weakening > = (b)n > a = - (b)n; Va: Vb: Ded > Va: Vb: - (b)n F a = - (b)n >
S (b)n = a= = (b)n; - (a = - (b)n)n - Repetitionr> - (a = =~ (b)n)n > - (a =
4 (b)n)n; NegativeMT > - (b)n = a = = (b)n > - (a = = (b)n)n > b}, po, ¢)]

[SecondConjunct I System(Q + Va: Vb: - (a= = (b)n)n - b
[SecondConjunct ¥ “SecondConjunct”]

k
%u

[SecondConjunct prop lemma second conjunct”]

FromContradiction

[FromContradiction progf Ac AP ([SystemQ F Va:Vb:a - = (a)n
Weakening > a > - (b)n = a; Weakening > - (a)n > = (b)n =
= (2)n;Neg > = (b)n = at> = (b)n = = (a)n > bJ, po, )]

[FromContradiction stot SystemQ b Va:Vb:aF = (a)n F bj
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[FromContradiction 3 “FromContradiction”]

[FromContradiction R ‘prop lemma from contradiction”]

FromDisjuncts

proo

[FromDisjuncts ropt AcAX.P([SystemQ F Va:Vb:Ve: -~ (a)n == bta=ckb=
c b Repetition > - (a)n = b > - (a)n = b; Contrapositive > - (a)n = b >

4 (b)n = = (- (a)n)n; Technicality > a = ¢ > = (- (a)n)n =

¢; ImplyTransitivity > = (b)n = = (—|( Jn)n > = (= (a)n)n = c¢> = (b)n =

¢; Contrapositive > = (b)n = ¢ > = (¢ )n =5 ( (b)n)n; Contrapositive > b =
C> (O)n =  (b)n; Neg > = (On = = (b)n> = (0n = (= (B)n)n > €], po, )

[FromDisjuncts stgt SystemQ b Va:Vb:Ve: -~ (a)n == bta=ckb=ct (]
[FromDisjuncts “2 “FromDisjuncts”]

[FromDisjuncts By “prop lemma from disjuncts”|

[ffCommutativity

[[ffCommutativity "% Ac.\x.P([SystemQ b Va:Vb: = (a = b = = (b =
a)n)n F Repetition>-(a=b=*-(b=ann>-(a=b=(b=

a)n)n; AndCommutativity > v (a=b=-(b=ann>-(b=a= ~(a=
b)n)n; Repetition> ~(b=a= ~(a=bnn>-(b=a=-(a=

b)n)n}, po, c)]

[IffCommutativity syt SystemQ + Va:Vb: 5 (a=b= - (b=an)nt - (b=
a= “(a= bn)n]

[IffCommutativity -= “IffCommutativity”]

. k . .
[IffCommutativity 2 “prop lemma iff commutativity”]

[ffFirst

proof

[IffFirst " — Ac.Ax. P([SystemQ FVa:vb:-~(a=b==(b=annkbk
SecondConjunct > - (a=b=-(b=ann>b=a,MP>b=ar>b>
al, po, )]

[IffFirst stmt SystemQ F Va:Vb: 7 (a=b= (b= a)n)nk bl 3
[[ffFirst *< “IffFirst”]

[[ffFirst Riy “prop lemma iff first”]
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[ffSecond

[IfiSecond "% Ac.Ax.P([SystemQ F Va: Vb: (2 = b = = (b = a)n)n - a -
FirstConjunct>>=(a = b = - (b = a)n)n > a = b; MPra = br>a > b], po, ¢)]

[IffSecond strgt SystemQ F Va:Vb: v (a=b= (b= an)nkat b]
[IffSecond = “IffSecond”]

[IffSecond Ay “prop lemma iff second”]

ImplyTransitivity

[Imply Transitivity " " x. P([SystemQ F Va:Vb:Vc:a=bkFb=ckak
MPra=bra>»bMP>b=c>b>cVa:Vb:Vcca=bFkb=chk
Ded>Va:Vb:Vcca=btb=ctatc>a=b=b=>c=a=
GMP2ra=b=b=c=a=c>ra=>b>b=c>a=c|,pc)

[ImplyTransitivity 3" SystemQ b Va: Vb:Ve:a=> bk b = cFa =
[ImplyTransitivity tex “ImplyTransitivity”]

[ImplyTransitivity Rk “prop lemma imply transitivity”]

JoinConjuncts

[JoinConjuncts propf Ac M. P([SystemQ F Va:Vb:ata= - (b)n+F MP >a =
S(b)nt>a>> - (b)n;Va:Vb:Ded > Va:Vb:aka= - (b)nF - (b)n>a=a=
= (b)n = - (b)n; al—bl—MPDa:>a:>—\(b)n:>—'\(b)n>§>>g:>—'\(b)n:>
- (b)n; AddDoubleNeg > b> (- (b)n)n;MT>a= - (b)n =

S (b)n> = (- (b)n)n > - (a = = (b)n)n; Repetition > - (a = = (b)n)n >
“(a = * (bmn], po, )]

[JoinConjuncts *3" SystemQ F Va:Vb:a - b+ = (a = = (b)n)n]
[JoinConjuncts “Z “JoinConjuncts”]

. . k .. .
[JoinConjuncts 2h “prop lemma join conjuncts”]

MP2

proof

[MP2 "=~ Ac.A\x.P([SystemQ F Va:Vb:Vcca=b=cFatbFMPra=b=
cra>b=c¢MP>b=cr>b>c],po,c)]

[MP2 *22° SystemQ I Va: Vb:Vc:a = b= chak bt (|
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[MP2 tg)( “MP27’ }

[MP2 pyk “prop lemma mp2”]

MP3

[MP3 "— progt AcAX.P([SystemQ - Va:Vb:Ve:Vd:a=b=c=dFakbFck
MP2ra=b=c=d>ra>b>c=dMP>c=d>c>d]pyc)]
[MP3 "' SystemQ |- Va: b: Ve:Vd:a = b= c = d+ak bt chd
[MP3 % “MP3”]

[MP3 By “prop lemma mp3”]

MP4

proof

[MP4 "=" Ac.Ax.P([SystemQ - Va: Vb: Ve: Vd: Ve:ta = b= c=d =etak bk
ckdFMP2ra=b=c=d=erarb>c=>d=eMP2rc=d=
er>c>d> el, po, )]

[MP4 "™ SystemQ F Va:Vb:Ve: Ve:Vera > b= c>d = eFaFbrchdr¢
[MP4 tg)c “MP4”]

stmt

[MP4 = Py “prop lemma mp4”]

MP5

proof

[MP5 "= Ac.Ax.P([SystemQ - Va:Vb:Ve:Vd:Ve:Vf:a=b=>c=>d = e=fF
akblcrdrerMP3ra=b=c=d=se=fracboc>d=e=
f;MP2>d=e=f>d>e> f],po,c)]

stmt

[MP5 "=~ SystemQ | Va: Vb:Vc:Vd: Ve:Vf:a=b=c=d=e=fFak bt
chdFekf]

[MP5 % “MP5”]

[MP5 pyk “prop lemma mp5”]

MT

T P proof \ P([SystemQ - Va:Vb:a = b - = (b)n I Technicality >
= (5 (@)n)n = b; NegativeMT t> = (= (a)u)n = b > = (bJn > = (a)n], po, ¢)]
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[MT *5" SystemQ I Va: Vb:a = b+ - (b)n F = (a)n]
[MT tg)( “MT”}

[MT iy “prop lemma mt”]

NegativeMT

f
[ proo:

NegativeMT "— Ac.Ax.P([SystemQ - Va:Vb: = (a)n =bF - (b)nt+
Weakening > - (b)n > = (a)n = = (b)n;Neg > - (a)n = b > = (a)n = =~ (b)n >
§1 ,» Po, C)]
[NegativeMT *5" System(Q + Va: Vb: -1 (a)n = b - = (b)n - a

tex

[NegativeMT — “NegativeMT”]

. k .
[NegativeMT 25 “prop lemma negative mt”|

Technicality

proo

[Technicality "% Ac.\x.P([SystemQ I Va: Vb:a = b F = (= (a)n)n -
RemoveDoubleNeg > - (- (a)n)n > a;MP>a=br>a>

b; Va: ¥b: Ded > Va: ¥b:a = b F = (= (a)n)n - b>>a = b = = (= (a)n)n =
bja=bFMPra=b=-(-(an)n=br>a=b> (- (a)n)n = b],po,c)]

[Technicality stogt SystemQ F Va:Vb:a = b+ = (- (a)n)n = b)
[Technicality tex “Technicality”]

[Technicality iy “prop lemma technicality”]

Weakening

[Weakening proof Ac.Ax.P([SystemQ F Va: Vb: b - a F Repetition > b >
b;Va:Vb:Ded >Va:Vb:bFakb>b=a=b;bFMP>b=a=b>b>a=
b]7p07c)]

[Weakening *° SystemQ b Va: Vb: b - a = b]
[Weakening s “Weakening”|

. k .
[Weakening 2 “prop lemma weakening”|
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WeakenOrl

[WeakenOrl POt N Ax. P([SystemQ F Va: Vb: b - Weakening > b > = (a)n =
b; Repetition > = (a)n = b > - (a)n = b], po, ¢)]

[WeakenOr1 *3" SystemQ I Va: Vb: b F - (a)n = b]

[WeakenOrl “% “WeakenOr1”]

[WeakenOr1 iy “prop lemma weaken or first”|

WeakenOr2

proof

[WeakenOr2 "— Ac.Ax. P( [SystemQ F Va:Vb:a k- - (a)nk

FromContradiction > a > = (a)n > b;Va: Vb: Ded > Va:Vb:at - (a)nk b > a =
S(an=bjakF MP>a= -(a)n=b>a> - (a)n = b;Repetition > - (a)n =
b>=(a )ﬂ=>b1 Po, ¢)]

[WeakenOr2 *3" SystemQ + Va: Vb:a - = (a)n = b]

tex

[WeakenOr2 = “WeakenOr2”|

[WeakenOr2 Ay “prop lemma weaken or second”]

Formula2Pair

[Formula2Pair P Rule tactic]

[Formula2Pair *5" SystemQ - V(sx): V(sy): V(s2): - ((sx) = (sy))n = (sx) =
(s2) F (sx) € {(sy); (s2)}]

[Formula2Pair tex “Formula2Pair”]

[Formula2Pair P “lemma formula2pair”]

Pair2Formula

[Pair2Formula P2 Rule tactic]

[Pair2Formula *5" SystemQ V(sx): V(sy): V(s2): (sx) € {(sy), (52)} = = ((5%) =
(sy))n = (sx) = (s2)]

tex

[Pair2Formula — “Pair2Formula”]

[Pair2Formula X “lemma pair2formula”]
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Formula2Union

[Formula2Union P2 Rule tactic]

[Formula2Un10n stmt Systele—V( X): ( y): V(s52): 5 (Vobj(sy): = (5 ((sx)

(sy) = = ((sy) € (sz))n)n)n)n = (sx) € Union((sz))]

tex

[Formula2Union — “Formula2Union”]

. pyk .
[Formula2Union = “lemma formula2union”]

Union2Formula

[Union2Formula % “Union2Formula”]

[Union2Formula PYX “lemma union2formula” ]

Formula2Sep

proof

[Formula2Sep *—  Rule tactic]
[Formula2Sep sty SystemQ - Va: Vb: Vx:Vy:y € x by € {ph € x | a}]
tex

[Formula2Sep — “Formula2Sep”|

[Formula2Sep * Y “lemma formula2separation”]

Sep2Formula

[Sep2Formula P2 Rule tactic]

[Sep2Formula Y SystemQ F Va: Vb: Vx: Vy:ye{phex|ajF-(yex=
= (b)n)n]

[Sep2Formula % “Sep2Formula’”]

[Sep2Formula Y% “emma separation2formula’ |

Formula2Power

[Formula2Power P Rule tactic]

[Formula2Power *3" System(Q F V(sx): V(sy): Vobj(s1): (s1) € (sx) = (s1)
(sy) = (sx) € P((sy))]



[Formula2Power “% “Formula2Power”]

I
[Formula2Power % “lemma formula2power”]

SubsetInPower

[SubsetInPower s “SubsetInPower” |

Ik :
[SubsetInPower 2 “lemma subset in power set”]

HelperPowerlsSub

tex

[HelperPowerIsSub — “HelperPowerIsSub”|

[HelperPowerIsSub P “emma power set is subset0”]

PowerlsSub

tex

[PowerIsSub — “PowerlsSub”]

k .
[PowerIsSub 2 “lemma power set is subset”]

(Switch)HelperPowerIsSub

[(Switch)HelperPowerIsSub ¥ “(Switch)HelperPowerlsSub”]

[(Switch)HelperPowerIsSub 2 “demma power set is subsetO-switch”]

(Switch)PowerIsSub

[(Switch)PowerIsSub % “(Switch)PowerlsSub”]

[(Switch)PowerIsSub ¥ “lemma power set is subset-switch”|

ToSetEquality

[ToSetEquality P Rule tactic]
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[ToSetEquality - *2 System(Q + V(sx): V(fy): Vopj(sl): (s1) € (fx) = (s1) € (fy) F

Vobj(s1): (1) € (fy) = (51) € (fx) - (£x) = (fy)]

[ToSetEquality ¥ “ToSetEquality”]

[ToSetEquality P “lemma set equality suff condition”]

HelperToSetEquality(t)

[HelperToSetEquality(t) jacs “HelperToSetEquality(t)”]

[HelperToSetEquality(t) P “lemma set equality suff condition(t)0”]

ToSetEquality(t)

[ToSetEquality(t) jacs “ToSetEquality(t)”]

[ToSetEquality(t) 2 “lemma set equality suff condition(t)”]

HelperFromSetEquality

[HelperFromSetEquality tex “HelperFromSetEquality”]

[HelperFromSetEquality P “emma set equality skip quantifier”]

FromSetEquality

[FromSetEquality tex “FromSetEquality”]

[FromSetEquahty VY “lemma set equality nec condition”]

HelperReflexivity

[HelperReflexivity tex “HelperReflexivity”]

[HelperReflexivity P “emma reflexivity(”]
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Reflexivity

[Reflexivity by “Reflexivity”]
[Reflexivity 2 “lemma reflexivity”]
HelperSymmetry

[HelperSymmetry tex “HelperSymmetry”]

K
[HelperSymmetry 5 “lemma symmetry0”]

Symmetry

[Symmetry fex “Symmetry”]

K
[Symmetry 25 “lemma symmetry”]

HelperTransitivity

[HelperTransitivity tex “HelperTransitivity”]

o K o
[Helper Transitivity " “lemma transitivity0”]

Transitivity

[Transitivity "< “Transitivity”]

i s k e
[Transitivity 2> “lemma transitivity”]

ERisReflexive

[ERisReflexive by “ERisReflexive”]

. . pyk . .
[ERisReflexive = “lemma er is reflexive”]

ERisSymmetric
[ERisSymmetric *< “ERisSymmetric”]

(6]



. . pyk . .
[ERisSymmetric = “lemma er is symmetric”]

ERisTransitive

[ERisTransitive =5 “ERisTransitive”]

. ... Pyk . s
[ERisTransitive 2> “lemma er is transitive”]

DisSubset
[@isSubset X “\O{}isSubset”]
[DisSubset P “lemma empty set is subset”]

HelperMemberNot®)

[HelperMemberNot® ¥ “HelperMemberN ot\O{}”]

[HelperMemberNot® ¥ “emma member not empty0”]

MemberNot®)

[MemberNot@ ¥ “MemberNot\O{}”]

[MemberNot® P “lemma member not empty”]

HelperUnique®

tex

[HelperUnique@ — “HelperUnique\O{}”]

[HelperUnique® P Yemma unique empty set0”]

Unique®

[Unique® =¥ “Unique\O{}"]

[Unique® VY “lemma unique empty set”]
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== Reflexivity

[==Reflexivity P Rule tactic]
[==Reflexivity ™" SystemQ I- V(rx): (rx) = (1x)]

[==Reflexivity “ “==\!{}Reflexivity”]

[==Reflexivity " VY “lemma ==Reflexivity”]

== Symmetry

[==Symmetry Proof Rule tactic]
[==Symmetry U SystemQ V(rx):V(ry): (r

\./

[==Symmetry ‘< “==\!{}Symmetry”]

K
[==Symmetry 2 “lemma ==Symmetry” ]

Helper == Transitivity

[Helper == Transitivity by “Helper\!{ }==\!{ } Transitivity”]

o k e
[Helper == Transitivity 2> “lemma ==Transitivity0”]

==Transitivity

e f .
—=Transitivity " Rule tactic]

[
[==Transitivity ° o Sybtele—V(rX) V(ry):V(rz): (rx) =

-

(rx) = (r2)]

[==Transitivity " “\!{}==\!{} Transitivity”]

[==Transitivity Y emma ==Transitivity”]

HelperTransferNotEq

ex

[HelperTransferNotEq = “HelperTransferNotEq”]

[HelperTransferNotEq ” Y “Jemma transfer "is0”]

T



TransferNotEq

ex

[TransferNotEq % “TransferNotEq”]

[TransferNotEq 2 Y “lemma transfer Tis”]

HelperPairSubset

tex

[HelperPairSubset — “HelperPairSubset”]

[HelperPairSubset P “emma pair subset(”]

Helper(2)PairSubset

[Helper(2)PairSubset “ “Helper(2)PairSubset”]

[Helper(2)PairSubset X “lemma pair subset1”]

PairSubset

ex

[PairSubset 3 “PairSubset”]

[PairSubset ¥ “lemma pair subset”]

SamePair

[SamePair P Rule tactic]

[SamePair *22" SystemQ F V(s
(syl) F{(sx), (sy)} = {(sx1), (s

. tex .
[SamePair — “SamePair”]

X): ?(] 1):V(sy): V(syl): (sx) = (sx1) F (sy) =

. pyk .
[SamePair = “lemma same pair”]

SameSingleton

[SameSingleton P Rule tactic]

[SameSingleton " SystemQ - V(sx): V(sy): (sx) = (sy) F {(sx), (5x)} =
{(sy), (5v)}]

8



[SameSingleton “= “SameSingleton”]

. k .
[SameSingleton 2 “lemma same singleton”]

UnionSubset

[UnionSubset s “UnionSubset”]

. pyk .
[UnionSubset 2 “lemma union subset”]

SameUnion

. tex .
[SameUnion — “SameUnion”]

. pyk .
[SameUnion = “lemma same union”]

SeparationSubset

[SeparationSubset 3 “SeparationSubset”]

. k .
[SeparationSubset " “lemma separation subset”]

SameSeparation
[SameSeparation *= “SameSeparation”]
[SameSeparation PY¥ “emma same separation”]

SameBinaryUnion

. . te . .
[SameBinaryUnion -3 “SameBinaryUnion”]

. . pyk . .
[SameBinaryUnion = “lemma same binary union”]

IntersectionSubset

[IntersectionSubset *= “IntersectionSubset”]

. k . .
[IntersectionSubset > “lemma intersection subset”]
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Samelntersection

. tex .
[Samelntersection — “Samelntersection”]

. pyk . .
[Samelntersection = “lemma same intersection”]

AutoMember

[AutoMember % “AutoMember”]

k
[AutoMember 25 “lemma auto member”|

HelperEqSysNot®)

[HelperEqSysNot® tex “HelperEqSysNot\O{}”]
[HelperEqSysNot® P “emma eq-system not empty0”|
EqSysNot®)

[EqSysNot® “= “EqSysNot\O{}”]

[EqSysNot® Y “lemma eq-system not empty”]

HelperEqSubset

tex

[HelperEqSubset — “HelperEqSubset”]

[HelperEqSubset P “emma eq subset0”]

EqSubset

tex

[EqSubset — “EqSubset”]

I
[EqSubset 25 “lemma eq subset”]

HelperEqNecessary
[HelperEqNecessary tex “HelperEqNecessary”]
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K . o
[HelperEqNecessary 5 “lemma equivalence nec condition0”]

EqNecessary

[EqNecessary = “EqNecessary”]

pyk . .
[EqNecessary = “lemma equivalence nec condition”]

HelperNoneEqNecessary

[HelperNoneEqNecessary by “HelperNoneEqNecessary”|

pyk . o,
[HelperNoneEqNecessary = “lemma none-equivalence nec condition0”]

Helper(2)NoneEqNecessary

[Helper(2)NoneEqNecessary Jacs “Helper(2)NoneEqNecessary” ]
[Helper(2)NoneEqNecessary P “lemma none-equivalence nec conditionl”]
NoneEqgNecessary

[NoneEqNecessary Ay “NoneEgNecessary”]

pyk . "
[NoneEqNecessary = “lemma none-equivalence nec condition”]

EqClassIsSubset

[EqClassIsSubset *< “EqClassIsSubset”]

[EqClassIsSubset X “emma equivalence class is subset”]

EqClassesAreDisjoint

tex

[EqClassesAreDisjoint — “EqClassesAreDisjoint”]

[EqClassesAreDisjoint 2% “lemma equivalence classes are disjoint”]
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AllDisjoint

[AllDisjoint “ “AllDisjoint”]

[AlDisjoint 24 “lemma all disjoint”]
isjointIm

AllDisjointImply

[AllDisjointImply s “AllDisjointImply”]

[AllDisjointImply P Yemma all disjoint-imply” |

BSsubset

[BSsubset *= “BSsubset”]

[BSsubset ¥ “emma bs subset union(bs/r)”]

Union(BS/R)subset

[Union(BS/R)subset > “Union(BS/R)subset”]

[Union(BS/R)subset 2 “lemma union(bs/r) subset bs”]

UnionIdentity

[UnionIdentity > “Unionldentity”]

[UnionIdentity X “lemma union(bs/r) is bs”]

EqSyslsPartition

[EqSysIsPartition tex “EqSysIsPartition”]

[EqSysIsPartition PV “theorem eq-system is partition”]
(x1)
[(x1) ¥ “(x1)"]
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[(y1) = “(y1)"]
[(y1) 2 “var y17]
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(v4)

[(v4) ™ “(v4)]

[(v4) 2 “var v47]

(v2n)

[(v2n) < “(van)”]

[(v2n) PV syar v2n” |

[(m2) =% “(m2)”]

[(m2) Py m2”]

84



(n3)

[(n3) = “(n3)”]

[(n3) VX wvar n3”]

(€)

[(€) “% “(\epsilon)”]

[(€) 2 “var ep”]

[(€)1 == “(\epsilon) {1}"]

[(€)1 2 “var ep1”]

[(2) == “(\epsilon 2)”]

[(€2) Y syar ep2”]
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(sy1)

[(sy1) = “(sy1)”]

[(syl) P wyar syl”]

(szl)

[(s21) % “(s21)”]

[(sz1) PV syar sz1”]

(fxs)

[(fxs) & “(fxs)”]

[(fxs) P wyar fxs”]
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(fys)

[(fys) = “(fys)”]

[(fys) P ar fys”]

(crsl)

[(crsl) tex “(ersl)”]

[(crsl) P yar crsl”]

(f1)

[(f1) 5 <(£1)”]
[(£1) 2 “var £17]

(f2)

[(f2) = «(£2)”]
[(£2) 2 “var £27]

(f3)

[(£3) = «(13)"]
[(£3) 2 “var £37]

(f4)

[(f4) = <(£4)”]
[(£4) 2 “var £47]

89



[(0p2) * “(0p2)”]

[(op2) PV syar op2”]

(r1)

[(r1) = “(r1)”]

[(r1) P war rl”]

(s1)

[(s1) = “(s1)"]

[(s1) P wyar s1”]

(s2)

[(s2) = “(s2)"]

[(s2) P wyar s2”]

X1

(X1 "2 At As A Ma(t,s, ¢, [[Xy = (x1)]])]

[Xl tE)‘ “X,{l}”}

X1 PYE “mneta x17]
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X

Xy "5 A As Ae. My(t,s, ¢, [[Xo = (x2)]])]

Xa 5 X (2"

(X, P “meta x27]

Y,

[Y1 ™5 Atds de Mu(t,s ¢, [[Y1 = (y1)]])]

[ =5 Y _{1}7]

[Y1 pyk “meta y1”]

Yo

[Y2 "5 M As A My(t,s, ¢, [[Ya = (y2)]])]

[¥2 5 Y {2p]

[Ys PYE “hneta y27]

A\

macro

[V ™25 At As. A My (t, s, ¢, [V = [S25100)

Erany

[V, P “mneta v17]

Vs

[Va "S5 At As de. Ma(t,s, ¢, [[Va = (v2)]])]

[V2 5 V(2]

\& P “meta v27]
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V3

[Vs "2 MAs Ae. My(t,s,c, [[Vs = (v3)]])]

(Vs 5 V(3]

[V3 YK “hneta v3”]

Vi

[V T2 Mds A My(t,s, ¢, [[Va = (v4)]])]

[V =5 V_{4}"]

[V 2 “meta v4”]

V?n

[Von "2577 At.As. A My (t, s, ¢, [[Van = (v20)]])]

[Von & “V_{2n}7]

K
[Von 2 “meta v2n”]

M,

macro

M, = )\t.)\s.)\c./\;u(t,s,c, [[M; = (m1)]])]
My = M{1}7]

[M; DY “eta ml”]

M,

[My ™5 At As.Ae. Ma(t, s, ¢, [[Ma = (m2)]])]

(Mo 5 “M_{2)]

[M, PYE weta m2”|
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Ny

macro

[N] ™25 At.As. A My (t, s, ¢, [[N7 = (n1)]])]
Ny 2 “N_{1} 7]
[Ny P “meta nl”]
No

[Ny ™29 At As. Ae.My(t, s, ¢, [[N2 = (n2

~—
—
~—

N (2}

[Ny YK “neta n2”]

N3

[NS mﬂro )\t.AS.)\C.M4(t7s7C7 HN?’ = (1’13

N
)
~—

Ny 5 “N_{3) 7]

[N3 YK “neta n3”]

€

[e "2 At As. e My(t, s, ¢, [[e = (€)]])]

[e tex “\epsilon”]

e YK «heta ep”]

€l

[61 macro /\t,/\s.)\C.M4(ta S, C, |—[61 = @H)]

[el tex “\epsilon 1”]

[el PYE “ineta epl”]
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€2

[€2 "2 Mt As. dc. My(t, s, ¢, [[€2 = (€2)]])]

€2 1 “\epsilon 27]

€2 22 “meta ep2”]

FX
[FX ™2 At As. Ade. My(t, s, ¢, [[FX = (£x)]7)]
[FX ™% “FX”]

[FX P “meta fx”]

FY
[FY "5 At As. de. My(t,s, ¢, [[FY = (fy)]])]
[FY " “FY”]

[FY Py “meta fy”]

FZ

[F7, ™2 MAcro \4 \o \c. M4(t s,c, [[FZ = @ﬂ)}

[FZ tex “FZ7]

[FZ P “meta fz”]

FU

[FU 25 AtAs. Ae.My(t,s, c, [[FU = (fu)]])]
[FU & “FU”]

[FU 2 “meta fu’]
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'V

[FV ™25 At.As. Ae. My (t, s, ¢, [[FV = (fv)]])]

[FV ti))( “FV”]
[FV = P “meta fv”]

FW

[FW ™25° AtAs. de. My(t, s, ¢, [[FW = (fw)]])]
[FW % “FW”)

[FwW 2% PV “meta fw”]

FEP

[FEP "2 At.Xs.Ac. Mu(t,s, c, [[FEP = (fep)]])]

[FEP tﬁf “FEP”]
[FEP P “meta fep”]

RX

[RX macro \+ \g \c. M4(t s, C, HRX = (I‘X)H)]
[RX ¥ “RX”)

[RX PYX “meta 1%’ ’]

RY

[RY "5° AtAs. de.My(t,s,c, [[RY = (ry)]])]
[R t_'a))( LLRY??]

[RY 2 “meta ry”]
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RZ

[RZ ™25 Xt As. dc. My (t, s, ¢, [[RZ = (r2)]])]

[RZ = “RZ"]

[RZ X “meta 17 ’]

RU

[RU "5 M. As. Ac.My(t,s, ¢, [[RU = (ru)]])]

[RU tg( “RU”}

[RU X “meta ru”]

(SX)

[(SX) ™25 At.As. Ac.Mu(t, s, ¢, [[(SX) = (sx)]])]
[(SX) = “(8X)"]

[(SX) 2 “meta sx”]

(SX1)

[(SX1) ™25 At As. Ae. Ma(t,s, ¢, [[(SX1) = (sx1)]])]
[(SX1) = “(SX1)"]

[(SX1) = P “meta sx1”]

(SY)

[(SY) ™25 At.As. Ae. My (t, s, c, [[(SY) = (sy)]])]
[(SY) “ «(SY)"]
[(SY) By “meta sy”|
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(SY1)

[(SY1) ™25 At As. Ae. My(t,s, ¢, [[(SY1) = (sy1)]])]

[(SY1) % %(SY1)”]

[(SY1) P “meta syl”]

(52)

[(SZ) ™25 At As. Ac.My(t,s, ¢, [[(SZ) = (s2)]])]

[(S2) ™ “(S2)"]

[(SZ) 2 “meta sz

(SZ1)

[(SZ1) ™25 At.As.Ac. My (t, s, ¢, [[(SZ1) = (sz1)]])]

[(SZ1) % “(SZ1)”]

[(SZ1) VX “meta sz17]

(SU)

[(SU) ™25 A.As. Ae.My(t,s, ¢, [[(SU) = (su)]])]

[(SU) = “(sU)"]

[(SU) P “meta su”]

(SU1)

[(SUT) ™25 At.As.Ae.Mu(t,s, ¢, [[(SUL) = (sul)]])]

[(SUT) %2 «(SU1)”

[(SU1) PV “meta sul”]
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FXS

[FXS "2 At As. Ac.Ma(t, s, ¢, [FXS = (fxs)]])]

[FXS & “FXS7]

[FXS 2 “meta fxs”]

FYS

[FYS ™25 At.As. de. My(t, s, c, [[FYS = (fys)]])]

[FYS “¥ “FYS”]

[FYS P “peta fys”]

(F1)

[(F1) ™25 At.As.Ade. Ma(t,s, ¢, [[(F1) = (f1)]])]

[(F1) = “(F1)7]

[(F1) P “meta f17]

(F2)

[(F2) ™25° At As. de. My(t,s, ¢, [[(F2) = (£2)]])]

[(F2) == «(F2)”]
[(F2) 2 “meta £27]

(F3)

[(F3) ™25° At As. Ae. My(t,s, ¢, [[(F3) = (£3)]])]

[(F3) "% “(F3)”]
[(F3) 2 “meta £37]

98



(F4)

[(F4) ™25° M. As. dc. My(t,s, ¢, [[(F4) = (f4)]])]

[(F4) ™ “(F4)”]
[(F4) P “rpeta 47]

(OP1)

[(OP1) ™25 At.As. Ac.My(t,s, ¢, [[(OP1) = (op1)]])]

[(OP1) ¥ ¢(OP1)”]

[(OP1) 2 “meta opl”]

(OP2)

[((OP2) ™25 At As.Ac. My(t,s, ¢, [[(OP2) = (0p2)]])]

[(OP2) ¥ “(0P2)”]
[(OP2) VX “peta op2”]

(R1)

[(R1) ™29 At.As. de. My(t,s, ¢, [[(R1) = (r1)]])]

[(R1) = “(R1)"]

[(R1) VX “meta rl”]

(S1)

[(S1) ™25 At As. Ac.Mu(t,s, ¢, [[(S1) = (s1)]])]
[(S1) =5 «(S1)"]

[(S1) X “meta s17]
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(52)

[(S2) ™25 At As. Ae. Myt s, ¢, [[(S2) = (s2)]1)]

[(S2) = «(S2)"]

[(S2) 2 “meta s27]

(EPob)

[(EPob) ™25 At.As.Ac.My(t, s, ¢, [[(EPob) = (€)]])]
[(EPob) = “(EPob)”]

[(EPob) iy “object ep”]

(CRS1ob)

[(CRS1ob) ™25 At.As.Ac. M4 (1, s, ¢, [[(CRS1ob) = (crs1)]])]
[(CRS1ob) *= “(CRS1ob)”]
[(CRS1ob) i “object crsl”|

(Flob)

[(Flob) ™25 At.As.A\c. My (t, s, c, [[(Flob) = (f1)]])]
[(Flob) % “(Flob)”]
[(Flob) iy “object f17]

(F20b)

[(F20b) ™25 At.As.A\c. My (t, s, c, [[(F20b) = (£2)]])]
[(F20Db) = “(F20b)”]
[(F20b) Py “object £27]
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(F3ob)

[(F30b) ™25 At.As.A\c. M4 (t, s, c, [[(F30b) =

[(F30b) = “(F30b)”]

tex .
[(F30b) iy “object £37]

(F4ob)

[(F4ob) ™25 At.As.A\c. My (t, s, c, [[(F4ob) =
[(F4ob) & “(F4ob)”]
[(F4ob) Ry “object f4”]

(N1lob)

[(N1ob) ™25 At.As.Ac. My (t, s, ¢, [[(N1ob) =

[(N1ob) % ¢(N1ob)”]
[(N1ob) 2% obJect nl”]

(N2ob)

(83)]1)]

(E4)]1)]

)]

[(N20b) ™25 At.As.Ac.My(t,s, ¢, [[(N20b) = (n2

[(N20b) = “(N20b)”]
[(N20b) A “object n2”]

(OP1ob)

[(OP1ob) ™25 At.As.Ac. My (t, s, ¢, [[(OP1ob) = (op1)]])]

[(OP1ob) % “(OP1ob)”]
[(OP1lob) Ri “object opl”]
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(OP20b)

[(OP20b) ™25 At.As. A\c. M4 (t, s, c, [[(OP20b) = (0p2)]1)]
[(OP20b) % “(OP20b)”]

[(OP20b) By} “object op2”]

(R1ob)

[(R1ob) ™25 M. As.Ac.My(t,s, ¢, [[(R1ob) = (r1)]])]
[(R1ob) ¥ “(R1ob)”]
[(R1lob) i “object r1”]

(Slob)

[(S1ob) ™25 At.As.Ac.M4(t, s, c, [[(S1ob) = (s1)]])]
[(S1ob) = “(S1ob)”]
[(Slob) RE “object s17]

(S20b)

[(S20b) ™25 At.As. Ac. My (t, s, c, [[(S20b) = (s2)]])]
[(S20b) % “(S20b)”]

[(S20b) A “object $27]

phy

[phy 25 At As. A My(t, s, ¢, [[phy = dpy]])]
[ph4 tﬁf “ph,{4}”]
[phy ™ “phd”]
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phs

macro

[phs "5 At.As.Ac.Mu(t,s, ¢, [[phs = epp]])]
[phs = “ph_{5}"]
[phs 2 “ph5”]

phe

[phe 25 At.As. . My(t, s, ¢, [[phe = fpu]])]
[phg “ “ph_{6}"]

[phﬁ 11];( “ph677]

NAT

[NAT & “NAT”]

[NAT 22 “NAT”]
RATIONALSERIES

[RATIONALSERIES ¥ “RATIONAL_SERIES”]
[RATIONALSERIES By “RATIONAL_SERIES”]

SERIES

[SERIES % “SERIES”]
[SERIES * “SERIES”]

SetOfReals

[SetOfReals “% “SetOfReals”]
[SetOfReals iy “setOfReals” |
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SetOfF'xs

[SetOfFxs = “SetOfFxs”]
[SetOfFxs RE “setOfFxs” ]

N

[N E( (LN”]
[N pl%( LLN77]

Q

[Q tex qu]
Q™ Q7]

X
[X tE)( ((X??]
[X pl%( LLX??]
XS

[XS tg; “XS”]

[xs By “xs”]

xaF

[xaF ™25 At As. Ac. My (t,s, ¢, [[xaF = xs]])]
[xaF % “xaF”]

[xaF iy “xsF”|
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ysF

[ysF t‘e)}( “ySF”]

[ysF By “ysF7]

us

[us tex “us”|

[us By “us”|

usFoelge

macro

[usFoelge ™25 At.Xs.Ac. M4(t, s, ¢, [[usFoelge = us]])]
[usFoelge ¥ “usFoelge”]

[usFoelge Ry “uskF”]

0
[0 g( 44077]
[0 pl%( 44077]
1

[1 t_e’)( 44177]

[1 IEI)( “177]

(=1

[(—1) ™25 Xt As de. My(t, s, ¢, [[(—1) = (—ul)]])]
[(=1) = “(-1)7]
[(—1) = “(-1)7]

~
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2

2 729 At s de. Mu(t,s, ¢, [[2 = (1 + 1)]])]

[2 = 44277]

[2 pll; 44277]

3

[3 ™29 MAs. A My(t, s, ¢, [[3 = (2 + 1)]])]
tex 44377]

3=

[3 Iﬁ{ 44377]

1/2

macro

[1/2 ™25 At.As. dc. My(t, s, c, [[1/2 = rec2]])]

tex

[1/2 55 “1/27]

[1/2 2 41 /27]

1/3

[1/3 ™25 Mt As. Ae.My(t,s, ¢, [[1/3 = rec3]])]
[1/3 %% “1/37]

[1/3 25 41/37]

2/3

[2/3 ™25 At As. Ae. Ma(t, s, ¢, [[2/3 = (2% 1/3)]])]

tex

[2/3 5 “2/37]
[2/3 2 «2/37]

0f

[0f ™25 At As. Ac. My(t, s, ¢, [[0f = constantRationalSeries(0)]])]
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[Of t_Q))( uofn ]
j0f 2% <op
1f

[]_f mgro )\t./\S.>\C.M4(t7 s, C, Hlf = constantRationalSerieS(1)ﬂ )]

[1f pyk “1£7]

00

[00 ™25 At As. A Ma(t, s, ¢, [[00 = R(0F)]])]
[00 5 “007]
[00 25 <007]

01

[01 ™25 At As. A My(t, s, ¢, [[01 = R(1f)]])]
(01 22 «017]

(o)

[(— —01) ™5 M. As. A My (t,s, ¢, [[(— — 01) = (— — 01)]])]
[(= = 01) = “(~01)"]
[(— = 01) = “(-01)"]

~

02

[02 ™25 Mt As Ae. M (t, 5, ¢, [[02 = 01 + +01]])]
[02 E‘ 44027)}
[02 plE( “02”]
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01//02

[01//02 ™25 At.As.Ac. My (t, s, c, [[01//02 = 01/ /temp02]])]
[01//02 X «01//027]
(01//02 22X «01//027]

PlusAssociativity(R)

proo

[PlusAssociativity(R) " —
[PlusAssociativity(R) *25" System(Q - V(fx): V(fy): V(fz): {ph € P({ph €
P({ph € P(P(Union({N,Q}))) | = (Vop;j(0p1): = (= (Vobj (0p2): = (= (= ((op1) €
N = = ((op2) € Qn)n = = (apn =
{{(op1), (op1)}, {(Opl) (0p2)} Hn)n)n)n)njn}) [ = (= (Yob;(rl):
5 (Yobj(0p1): = (5 (Vonj(0p2): = (5 (4 ( '
((r1) = {{(op1), (op1)}, {(op1), (op2)}}
(Vob; (f1): ¥ bJ( ): Yob;(f3): Vob; (f4): {{ (1), (f1)}, {(f1), (£2)}} € fon =
3), (4)}} € fon = (1) =
( N = = (Vo (s2): = ({{(s1),
}) | obj (€): =1 (Vangl: = (Vobjm: =
{ph € {ph € P(P(Unlon({N Q}
' (vobJ(Opl):_'( (Vobj(0p2): = (= (= ((opl) € N
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n
{{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))

Rule tactic]

= ((op2) € Qn)n =
)n} | ﬁ( objm: ﬁ(dPh =

= (Yobj(0p1): = (%1 (Yobj (0p2): = (1 (= ((0p1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobim: = (dpn =
{{m, m}, {m, ((x)[m] + (fy)[m])}})n)n}[m] + (fz)[m])} })n)n}[m] +
(—udpp[m]))| <= EE) = 2 (= (I({ph € {ph € P(P(Union({N, Q}))) |

5 (Vobj(op1): = (1 (Vobj(0p2): 1 (1 (7 ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Yobjm: = (dpn =
{{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) |
1 (Vobj(0p1): =1 (1 (Vobj (0p2): = (= (1 ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}} )n)n)n)n)n)n
{{m, m}, {m, ((fx)[m]+ (fy)[m])}})n)n}[m]+ (fz) }
(€))n)n)n)n)n} = {ph € P({ph € P({ph € P(P
1 (Vobj(0p1): =1 (1 (Vobj(0p2): =1 (1 (-1 ((op1) EN:‘*
S (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n
fon = = (Vonj (op1): = (-1 (Vobj (0p2): = (= (= ((op
= ((r1) = {{(op1), (op1)}, {(op1), (0p2)} P)n)n)n)n)n)n =
1 (Vobj (£1): Von; (£2): Vob; (£3): Vobs (£4): {{(f1), (f1)}, {(f1), (£2)}} € fpn =
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{{(83), (83)}, {(£3), (t4) }}.efPh = (f1) = (3) = (£2) = (f4))n)n =
bj -

5 (g (51): (51) € N = (7o 52): = (({(51), D} AGD), (2 e
fon )0 )} | Yous(€): (Vo (Yopg: (0 <= {e) = (0 = () mjnn =
m <= = = (|({ph  {ph € P(P(Union({N,Q}))) |

J
—~
<
o
S
—~
@]
ie)
—_
~
;g
—~
<
o
S
—
@]
ie)
DO
~

({op2) € Qujn =

:%(% (< ((opl) eN = -
)

“ (Wobs (0p1): = (5 (Vobj(0p2) - (4 (‘"((OP
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n
{{m, m}, {m, ((fy)[m] + (fz)[m])}})n)n}[m
(€) = = (= (|({ph € {ph € P(P(Union({N, Q
5 (Vobj(op1): 1 (1 (Vobj(0p2): = (1 (+ ((op
= (apn = {{(op1), (op1)},{(op1), (0p2)}}) }
{{m, m}, {m, ((x)[m] + {ph € {ph € P(P(Union({N,Q}))) |
* (Yobj (0p1): 1 (1 (Vo (0p2): =1 (41 (1 ((op
= (apn = {{(op1), (op1)},{(op1), (0p2)}})n) m

{{m, m}, {m, ((fy)[m] + (2)[m]) }})n)n}[m])}})n)n}[m] + (—uden[m]))| =
(€))n)n)n)n)n}]

[PlusAssociativity(R) *< “PlusAssociativity(R)”]

[PlusAssociativity(R) P “emma plusAssociativity (R)”]

PlusAssociativity (R)XX

[PlusAssociativity(R)XX "— P Rule tactic]
[PlusAssociativity(R)XX *25" SystemQ - V(fx): V(fy): V(fz): {ph € P({ph €
P({ph € P(P(Union({N, Q}))) [ = (Vo;(op1): = (5
N = 4 ((op2) € Q)n)n = - (apy =
{{(op1), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n}) | = (=
= (Yonj (0p1): = (= (Yonj (0p2): = (5 (= (( '
((r1) = {{(op1), (op1)}, {(op1), (op2)}}
(Von; (F1): Yob; (£2): Vob; (£3): Vo, (£4): {{(f1), (f1)}, {(f1), (£2)}} € fen =
(B3)}, {(B3), (E4)}} € fpu = (f1) = (83) = (f2) = (f4))n)n =
j(s1): (s1) € N = 5 (Vob;(s2): = ({{(s1), (s1)}, {(s1), (s2)} } €
fen) )H)H) €): 7 (Vobjii: = (Vop m: A(5(0=

J
—
<C
o
X
&
—
=
—
N2

=
pl
i

:(sl) €
n}) | Von;(€) = (0 <=
“(|({ph € {ph € P(P(Unlon({N D
- (va_] (Opl)' B (_‘ (vobJ (0p2) =
= (apn = {{(op1), (op1)}, {(op1
{{m,m}, {m, ({ph € {ph € P(P _
1 (Vobj(0p1): =1 (1 (Vobj(0p2): = (= (% ((op1) € N= = ((op2) € Q)n)n =

op2) € Q)n)n =

| = (Vobjm: = (dpn =

AA:_/A
—
]
k)
I\DA
S~—
—
—
N
]
S~—
B
S~—
]
=
=]
=]
BA
—-— =
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= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)njn)n} | = (Vopim: = (dpn =
{{m, m}, {m, ((fx)[m] + Q[m])}} nju}t[m] + (f2)[m])} })n)n}[m] +
(—udpp[m]))| <= (€) = = (= (|({ph € {ph € P(P(Union({N,Q}))) |
= (Yobj(0p1): = (5 (Vobj(0p2): = (% (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(o ?132 ; (0p2) ) n)n)n)njn)n} | = (Vopim: = (dpn =
- (5

Jnjn
{{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) |
= (Yonj(0p1): = (= (Yopj (0p2): = (= (= ((op1) € N'= = ((op
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = V
{{m, m}, {m, ((£x)[m]+(fy)[m])} })n +(fz) )[ D}}) Jnj[m
(€))n)n)n)n)n} = {ph € P({ph € P

N2
m
)
~
~—

p
}

AVPU
~— B o
T Q
b*ﬁo
m_

"U

/—\

Ci

E

o

B3

-

“

O

C

= (Vobj(0p1): = (= (Vopj(0p2): = (= (= ((op1) € N == ((OPQ) €Qnn=
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)m)m)n)njn}) | = (= (Yobj(rl): (r1) €
fen = = (Vobj(0p1): = (= (Vobi(0p2): = (7 (+ = ((op2) € Q)n)n =

= ((r1) = {{(opD), (Opl)} {(Opl) , (op2
(vobj(ﬂ) Vob; (f4):

—
RIS
—
<C
o
o
S
H-:
OJ
=
<
o
o
&
'—h
,J;

[
“ (Vo (0p1): = (5 (Yobi (0p2): = (= (= ((op = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobim: = (dpn =
{m, m}, {m, ((fy)[m] + (fz)[m])}})n)n}[m])} })n)n}[m] + (—udpn[m]))| <=
(6) = (= (J({ph € {ph € P(P(Union({N, Q
5 (Yobj(op1): = (5 (Yobj(0p2): = (5 (= ((op
= (apn = {{(op1), (op1)}, {(op1), (0p2)}}) }
{{m, m}, {m, ((x)[m] + {ph &€ {ph € P(P(Un 10n({N» D)) |
= (Yobj(0p1): = (1 (Vobi (0p2): = (= (4 ((op
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n) m
{{m, m}, {m, ((fy)[m] + (fz)[m])}})n)n}[m])}})n)n}[m] + (—uden[m]))| =
(€))n)n)n)n)n}]

[PlusAssociativity (R)XX = “PlusAssociativity (R)XX”]

[PlusAssociativity(R)XX ® X “emma plusAssociativity (R)XX”]

PlusO(R)

[PlusO(R) P Rule tactic]
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[PlusO( ) 28 System(Q + V(fx): {ph € P({ph € P({ph €
P(Union({N, Q}))) | = (Vobj(opl): = (= (Vobj(0p2): = (= (= ((opl) € N =
op2) € Qu)n = = (apn = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)njn}) |
(Vo j(r1): (r1) € fen = 5 (Vobj(op1): = (5 (Vobj(0p2): = (= (=
(op2) 6 Q) ) = = ((r1) = {{(op1), (op1)},{(op1), (0p2)}
b obj (£2): Vob; (£3): Vo (f4): {{(f1), (f1)}, {(f1), (f2)}
{(£3), f3)},{(3) (f4)}} € fon = (1) = (3) = (f2) = (f4))n)n =
b (s1) € N = = (Vopj(s2): = ({{(s1), (s
}) |vobj(5)' (vobjﬁ:_‘(vobjm _‘(O <=
: { € {ph € P(P(Union({N, Q}))) |

{{m, m}, {m, ((£ )[ |+ {ph € {ph € P(P (UDIOH( N,
= (Yobj(0p1): 1 (1 (Vobj (0p2): = (=1 (= ((0p1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Yopj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crsl), 0} })n)n}[m))} Hujn}[m] + (—udes [M)))] <= (€) =
= (= (|({ph € {ph € P(P(Union({N, Q}))) |
= (Vobj(0p1): = (= (Vopj(0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)njn} | = (Vopym: = (dpn =
{{m, m}, {m, ((£)[m] + {ph € {ph € P(P(Union({N,Q}))) |
= (Yobj(0p1): = (% (Vobj(0p2): = (5 (= ((0p1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Yopj(crsl): = (cpn =
{{(c fsl) (crs1)}, {(crs1), 0} })n)n}[m]) }})n)n}[m] + (—udpn[m]))| =
))n)n)n)n)n} = {ph € P({ph € P({ph € P(P(Union({N, Q}))) |
(Vobj(opl): = (5 (Vopj(0p2): = (=1 (= ((op1) € N = = ((0p2) € Q)n)n =
(a
s

—
a
~
=
\_/
V

P —{{(Opl) (op1)}, {(op1), (op2)}})n)n)n)n)n)n}) | = (5 (Vop;(rl
y = 1 (Vobj(opl): = (5 (Vobj(0p2):

= (= ((opl) € N = =((op2) € Q

opl
Hn)n)n)njn)n =
(1), (f1)}, {(f1), (£2)} } € fpn =

)
(
= ((r1) = {{(op1), (op1)}, {(op1), (0p2)
(Vobj fl).VObJ £2): Vob; (£3): Vobj(fél) {
(f3) = (f2) = (f4))n)n =

}Hn
b {
3), (E4)}} € fon = (f1) = (83) = (2) = (f4))n)
N = = (Yopj(s2): = ({{(s1),

Negative(R)
[Negative(R) P Rule tactic]
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[Negative( ) "8 SystemQ F Vm: V(fx): {ph € P({ph € P({ph €

(UHIOH({N Q) | = (Yonj(opL): = (5 (Vopj(0p2): = (= (= ((opl) € N =
Ju)n = = (apn = {{(opl), (op1)}, {(opl), (0p2) }})n)n)n)n)n)n}) |
( 1) € fon = = (Yobj (0p1): 7 (= (Vobj (0p2): = (= (*
) = ((r1) = {{(op1), (op1)},

2) Vobj(3): Von; (f4): {{(f1), (f1 (} (1), ()

SEE
55(
m/ﬂ

<E<OH

A/—\f\f\/\
<C

°

5

&

—~

o v\/

) f3)}7
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5 (Vopj(opl): = (= (Vobj(op2):+(* (- ((opl) N =~
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{{m, m}, {m, (—u(fx)[m])}})n)n}[m])} })n)n}[m] + (—udpn[m]))| <= () =
= (- (|({ph € {ph € P(P(Union({N, Q}))) | -
5 (Vobj(op1): =1 (1 (Vobj(0p2): =1 (1 (=2 ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{{0p1). (op1)}, {(0p1), (0p2)}})m)m)m)m)n)n} | = (Vorgm: = (dpy, =
{{m, m}, {m, ((fx)[m] + {ph € {ph € P(P(Union({N,Q}))) |
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5 (Vobj(0p1): = (5 (Vobj(0p2): = (4 (7 ((opl) € N = = ((0p2) € Q)n)n =
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= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Vobim: = (fpn =
{{m, m}, {m, (—u(fx)[m]) } })n)n}[m])} )n)n}[m] + (—uden[m]))| =
(€))n)m)n)n)n} = {ph € P({ph € P({ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): = (5 (Yonj(0p2): = (= (= ((op1 ENéﬂ((opQ) € Qn)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} n)n obj
fon = = (Vobj (0p1): = (51 (Vobj (0p2): = (+
= ((r1) = {{(opL), (op1)}, {(op1), (0p2)
. (VobJ(ﬂ) Vob; (£2): Vob; (£3): vobj(f4 { ), \14
{(£3), (83)}.{(£3), (F)}} € o = (1) = (83) = (12) = (f4))n)n =
5 (Yobj(s1): (s1) € N = = (Yob;(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
n)n)n)n}) | Vob;(€): = (Vobfi: = (Youii: = (0 <= (€) = = (= (0 =
n<=m = = (|({ph € {ph € P(P(Union({N,Q}))) |
1 (Vobj (0p1): = (5 (Yobj(0p2): = (= (4 ((0p1) € N'= = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Vobj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1), 0} pn)n}[m] + (—udpn[m]))| <= (¢) = = (= (
{ph € P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj (0p2): = (= (= ((op1) €
N = = ((op2) € Q)n)n = = (apy =

{{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vop;
{{(crs1), (crs1)}, {(crs1), 0} }n)n}[m] + (—udpn[m]))| = (¢))n)n)n)n)n}]
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[Negative(R) ¥ “emma negative(R)”]

Times1(R)

proof

Timesl(R) "—
Times1(R) "' System(Q + V(fx): {ph € P({ph € P({ph €
P(Union{3,Q}) | = o) (= gy op2) (= (= (fop D) €N

= Q)n ) = = (apn = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n}) |
rl): ( ) € fPh = - (Vobj (Opl : 5 (5 (Vobj(0p2): = (4 (= ((opl) €N =
)

Rule tactic]

(

N = (Vom(82) ({(81)7(81)},{ s1),
bJ( )i (VobJ“ ﬁ(VObJ 14

n <=m = = (|({ph € {ph € P(P(Union({N, Q})))

5 (Vobj (0p1): =1 (5 (Vobj (0p2): = (5 (< ((

= (apn = {{(op1), (op1)}, {(op1), (0p2)

{{m, m}, {m, ((fx)[m] * {ph € {ph € P(

* (Yonj (0p1): (1 (Vopj (0p2): = (41 (1 ((op

(apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n) s1): 1

{{(crs1), (ers1)}, {(crsl), 1} })n)n}[m]) } H)n)n}[m] + (—udpn[m]))| <= () =

= (I({ph € {ph € P(P(Union({N, Q}))) | o

Vobj(0p1): = (5 (Vobj(0p2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =

{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N, Q}))) |

1 (Yonj (0p1): 1 (1 (Yopj (0p2): =1 (41 (< ((0p1) € N = = ((0p2) € Q)n)n =

“ (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Yop;(crsl): = (cpy =

{{(crs1), (ers1)}, {(crsl), 1} })n)n}[m]) } H)n)n}[m] + (—udpn[m]))| =

))n)n)n)n)n} = {ph € P({ph € P({ph € P(P(Union({N, Q}))) |

(Vobj(0p1): = (5 (Vobj(0p2): - (< (7 ((opl) € N = = ((op2) € Q)n)n =

n = {{(op1), (op1)}, {(opl), (0p2) n)n)n)n

)
P(Unlon({N, Q

~—

_|.

—
)
~
=
Nad
N

(ap Pmjmn)n)n)n}) | = (= (Yop;(rl): (r1) €
fen = = (Yobj(0p1): = (5 (Vobj(0p2): = (= (= ((0p1) € N = = ((0p2) € Q)n)n =
E(fl = {{(Opl)» (Opl)}» {(Opl)»( p2)}})n)n n)njn)n =

( )}}GfPhi( ):
EN = % (s (6D, G (6D,
fPh)n)n)n)n} |v bj 6)' - (vob_]n _‘(v()b_] 5 (-
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[Times1(R) 2 “demma times1(R)”]

lessAddition(R)

proof

[lessAddition(R) "—

(
[lessAddition(R) *25* SystemQF
Ym: V(e): V(x): V( Y) ( 2): (Vobj( €): (5 (oM = (Vobjm: = (5 (0 <= () =

(0= (6))11)

Rule tactic]

(Vobj(opl) = (5 (Vobj (0p2 ) ( (= ((Op ) € N= = ((op2) € Q)n)
(apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)njn} | = (Vobim: = (dpn =
{{m, m}, {m, ((fx)[m] ])}}) )

n}[m] <= ({ph € {ph €
P(P(Union({N, Q}))) | = (Vobj(opl): = ( (Vobj(0op2): =1 (4 (= ((opl) € N =

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} |
= (Vobjm: = (dpy, = o

{{m,m}, {m, ((fy)[m] + (fz)[m])} })n)n}[m] + (—u(e))))n)n)n)n)n)n]

[lessAddition(R) ‘lessAddition(R)”]

tex
[lessAddition(R) ¥ “lemma lessAddition(R)”]

PlusCommutativity(R)

PlusCommutativity (R) P Rule tactic]

[ (
[PlusCommutativity(R) ° B SystemQ - V(fx): V(fy): {ph € P({ph € P({ph €
(P(Union({N, Q}))) | = (Yob;(0p1): = (1 (Vob; 0P2) (- (@E N=
~((0p2) € Q)u)n = = (apn = {{(opl), (op1)}, {(o

(= (Vobj(r1): (r1) € fpn = = (Yopj(opl): =
(
(

S
(0p2) € Q)u)n = = ((r1) = {{(op1), (op1)
b Vo ( 1)

—

Yo (L) Y (E2): oy (5 ou (E0): {(ED. (D). (11,
{{(£3), (£3)}, {(£3), (f4)}} € fpn = (ﬂ) = (£3) = (£2) = (f4))n)n =
bi(s s1) € N = 5 (Vopj(s2): = ({{(s1), (s1)},{(s1), (s2)}} €

P— ~ (. =

(s
fen)n)n)njn}) | Yobj(€): =1 (Vobj: = (Vopm: =
m {ph € {ph € P( (UDIOH({N Qh)) |
5 (Vobj(op1): 2 (5 (Vobj (0p2): = (1 (5 ((op1) € N = = ((
= (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n} | - =
{{m, m}, {m, ((fx)[m] + (fy)[m])}})n)n}[m] + (—udpn[m]))| <= (¢) =
= (5 (|({ph € {ph € P(P(Union({N, Q}))) |
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* (Vobj (0p1): = (5 (Yobj(0p2): = (< (= ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | = (Vopym: = (dpn =
{{m, m}, {m, ((x)[m] + (fy)[m])}})n)n}[m] + (—udps[m]))| = (¢))n)n)n)n)n} =
{ph € P({ph € P({ph & P(P(Union({N,Q}))

5 (Vobj(op1): =1 (1 (Vob;

S (apn = {{(op1), (op1)}, {(op1), (a
fPhi;‘ (Vobj (0p1): = (51 (Vob; :
= ((r1) = {{(opL), (op1)}, {(0p1), (0p2) } })m)n)n)njn)n =

1 (Vo (f1): Von; (£2): Vob; (£3): Vob (£4): {{(f1), (f1)}, {(f1), (£2)}} € fpn =
{{(£3), (83)}, {(13), (f4)}} € fen = (f1) = (13) = (f2) = (f4))n)n =

5 (Vobj(s1): (s1) € Njﬁ( obj(52): 7 ({{(s1), (s1)}, {(s
fpn)n)n)n)n }) | Yobj(€): 7 (Vobj: 71 (Vobim: = (0 <=
n<=m = = (|({ph € {ph € P(P(Union({N,Q}))) |
5 (Vobj(0p1): =1 (5 (Vobj(0p2): = (4 (7 ((opl) € N = = ((0p2) €

= (apn = {{(op1), (op1)},{(opl), (0op2)} })n)n)n)n)n)n} [ = (Vopym: =
{{m, m}, {m, ((fy)[m] + (fx)[m]) }})n)n}[m] + (—udpn[m]))| <= (¢) =
S (7 (I({ph € {ph € P(P(Union({N,Q}))) | o
5 (Vobj(op1): 1 (1 (Vobj(0p2): = (1 (= ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (Opl)}a{ opl), (op2)}})n)n)n)n)n)n} | = (Vopjm: = (dpn =
{{m, m}, {m, ((fy)[m] + (£x)[m])} })n)n}[m] + (—udpn[m]))| = (¢))n)n)n)n)n}]

[PlusCommutativity(R) ¥ “PlusCommutativity(R)”]
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pyk |

[PlusCommutativity(R) = “lemma plusCommutativity(R)”]

LeqAntisymmetry(R)

[LeqAntisymmetry(R) P Rule tactic]

[LeqAntisymmetry(R) - st SystemQ

W(Ex): V(B ): = (2 (Fang(€): = (5 (o = (o =

(6))n)n)n = = (0 <=m = (fx)[m] <= ((fy)[m] + (—u(e))))n)n)n)n)n)n)n =

{ph € P({ph € P({ph & P(P(Union({N,Q})

5 (Vobj(op1): = (1 (Vobj(0p2): 1 (1 (7 ((opl) € N = = ((op2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(0p1), (op2 o (-

fpn = = (Vobj(op1): =1 (51 (Vo (0p2): =

*((rl)i{{@p%om)} {(op1), (op2
(vobj(ﬂ) obj (f2) v0bJ (f3) vobJ (f4)

{{(83), (83)}, {(£3), (f4)}} € fpn = (f1) = (3) = (£2) = (f4))n)n =

5 (Yonj(s1): (s1) € N = = (Vopj(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fon)n)n)n)n}) | Vob;(€): = (Yobi: = (Vobjii: = (0 <= () = = (= (0 = (€))n)n)n =
n<=m = = (|((&)[m } (—udpn[m]))] <= (¢) =
= (= (|((£) [] + (—udpn[m)))| = (€))n)n)n)n)n} = {ph € P({ph € P({ph €
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[LeqAntisymmetry(R) % “LeqAntisymmetry(R)”]
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Py |

[LeqAntisymmetry(R) “lemma leqAntisymmetry(R)”]

LeqTransitivity(R)

proof

[LeqTransitivity(R) "— Rule tactic]

[LeqTransanty(R) ty SystemQ H o
V(fx): V(fy): V(fz): = (5 (Vobj(€): 5 (5 (Vopni: 5 (Vopim: = (5 (0 <= () =
S (5 (0= (e)n)n)n = = (7 <=m = (fx)[m] <=

((fy)[m] + (—u(€))))n)n)n)n)n)n)n = {ph € P({ph € P({ph €

P(P(Union({N, Q}))) | = (Yobj(0p1): = (= (Yon;(0p2): = (=1 (=1 ((op1) € N =

= ((0p2) € Qu)n = = (apn = {{(opl). (op1)}, {(0p1). (0p2)}})n)n)n)n)n)n}) |
(2 Yoy (r1): (11) € fon = = (Vop(0p1): = (5 (Vonj(0p2): = (2 (= ((opl) € N'-=
= ((0p2) € Qm)n = = ((x1) = {{(op1), (op1)}, {(op1), (0p2)} })m)n)n)n)n)n =
1 (Yob; (f1); VoL(fQ) Vob;(f3): Von; (f4): {{(f1), (f1)}, {(f1), (f2)}} € fpn =

{ )}} € fpn = (fl) (f3) = (f2) = (f4))n)n =

3), (f -
N = 5 (Vobj(s2): = ({{(s1), (s1)},{(s1), (s2)} } €
J €): ™ (vaJn j(Vobjiz - = 5 (- —
m = = (|((fx)[m] + (—udpy[M]))

n<=m= - (|((fx) m| |

= (5 (|((B) [m] + (—udpn[M)))| = (¢))n)n)n)n)n} = {ph € P({ph € P({ph €
P(P(Union({N, Q}))) [ = (Vobj(opl): 1 (-1 (Vobj(0p2): -1 (= (11 ((opl) € N =

= ((op2) € Qu)u = = (apn = {{(op1), (op1)}, {(opl), (0p2)} })n)n)njn)n)n}) |
5 (5 (Voby(r1): (r1) € fpn = = (Vobj(opl): = (1 (Vobi(0p2): = (7 (= ((opl) € N =
= ((0p2) € Qu)n = = ((r1) = {{(op1), (op1)}, {(0p1), (0p2)}})m)n)n)n)n)n =
51 (Vobj (£1): Vob; (£2): Von (£3): Vob; (£4): {{(f1), (1)}, {(f1), (2)}} € fpn =

—~
—
—
w
N—
.
w
N—
-

AE3), ((4)}} € fen = (1) = (88) = (£2) = (f4))n)n =
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il
1

Vobj (s2): = ({{(s1), (s1)
(Voan —\(VObJ : Q<
(—udpn[m]))| <= (¢) =

= (= (I((Ey) [m] + (*udPhW)) = (€))n)n)n)n)n} F
5 (5 (Vobj(€): 1 (7 (Vobin: = (Vobym: =1 (5 (0 <= (e) = = (-
S (0 <=m = (fy)[m] <= ((fz)[m] + (—u(e))))n)n)n)n)n)n
P({ph € P(P(Union({N, Q} S (-
N = = ((op2) € Qu)n = = o
{{(op1), (Opl)} {(op1), (0p2)} H)n)n)njn)n)n}) [ = (% (Yob; (r1): (
1 (Vobj (0p1): =1 (-1 (Vobj (0p2): = (1 (=1 ( '
opl), (op1)}, {(op1), (op2)}}
bj (f ) Vob;(f3): Von; (f4): {{ (1), (f1)}, {(f1), (f2)}} € fpn =
)}} € fph ( 1) = (f3) = (f2) = (f4))n)n =

- (—udpy[m ]>>|—< >>n>n> )n)n} = {ph € P({ph € P({ph €
(N, Q1)) | = (Vobi(0p1): = (= (Vobj (0p2): = (= (= ((0pl) € N =
1

(
)n)n = = (apn = {{(opl), (op1)},{(opl), (op2)}})n)n)n)n)n)n}) |
i(r1): (r1) € fph = 5 (Vopj(opl): = (5 (Vopj(op2): = (= (- ((opl) € N =

Jen &
= (0T) = ({(p1). GpITJopD. Top2)) pmmniuin
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= (Vob(s1): ( (= (D} {(s1),(s2)}p e

fen)u)n)n)n) | Yob;(€): = (Vopi: = (Vopym: =1 (0 <= (€) = = (= (0 = (€))n)n)n =

n<=m = = (|((&x)[M] + (—udpn[M]))| <= (¢) =

ﬂ(ﬂ(l((fX)[mH(— dpu[M]))| = (€))n)n)n)n)n} = {ph € P({ph € P({ph €
)=

= (Yobj(0p1): = (= (Yobj(0p2): = (= (= ((opl) € N =
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~((op2) € 3)11)11 = ((c) = {{(op1),

(opl
b (£2): Yob; (£3): Vou (f4): {{(£1), (1)}, {(1), (£2)}} € fon =

[LeqTransitivity(R) *= “LeqTransitivity(R)”

[LeqTransitivity(R) 2 VY “emma leqTransitivity(R)”]

leqAddition(R)

[leqAddition(R) ™

[leqAddition(R) *3* SystemQ — o

V(fx): V(fy): V(f2): 5 (5 (Vobj(€): = (5 (VoM = (Vopym: = (5 (0 <= () =

S(= (0= (e))n)n)n = (M <=m= (fx)[m] <=

((fy)[m] + (—u(€))))n)n)n)n)n)n)n = {ph € P({ph € P({ph €

P(P UHIOD({ » Q1)) | = (Yobj (0p1): = (= (Vob;(0p2): = (= (= ((op1) € N =

n)u = = (apy = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n}) |

( 1) € fon = = (Yopj(0p1): = (5 (Von(0p2): = (= (= ((0p1) € N =

n)n = = ((r1) = {{(opl), IS) . {(op1), (OPQ)){) n)n)n)n)n)n =

rl) (opD)}, }
f ) ob; (£3): Yon; (f4): {{(f1), (f1) {(ﬂ) (£2)}} € fen =
n)n =

H4)}} € fpn = (1) = (13) = ))n)
(vobj(bQ) S ({{(s1), (s1 },{ 81)7(82)}} €

?' Rule tactic]
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2 (51 (Vobj (€): = (1 (Yobi: =1 (Vobjm: = (< (0
o ( m = {ph € {ph € P(P(Union({N,Q}))) [
2 (Vobj(0p1): = (5 (Vobj(0p2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =
(aPh = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (dpn =
{{m, m}, {m, ((£x)[m] + (fz)[m])} Phn)n}[m] <= ({ph € {phe
P(P(Union({N, Q}))) | = (Vobj(0op1): =1 (= (Vobj(0p2): = (= (< ((opl) € N =
= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
= (Vopjm: = (dpn = {{m, m}, {m, ((fy)[m] + (£2)[m])}})n)n}[m] +

€ P({ph € P(P(Union({N, Q}))) |

ob

(v
<

Je -1

<(3\J

i . : (opl) e N = = ((op2) € Q)U)B L
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n)n}) | = (= (Vob;(rl): (r1) €
(Vs 5 (4 (Yobj(0p2): 51 (4 (4 ((opl) € N = *((0p2) € Q)n)n =
Jn)n

(op2) € Qn)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobim: = (dpn =
{{m, m}, {m, ((x)[m] + (fz)[m])} })n)u}[m] + (—udes[m]))| <= (€) =

(= :
= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(Opl) (Opl)} {(op1), (op2)} })n)n)n)njn)n} | = (Vobim: = (dpn =
(

{ph = P({ph € P({ph € P(P(Union({N, Q})))
= (Vobj(0p1): = (4 (Vobj(0p2): = (4 (= ((opl) €
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n

fon = = (Vob; (Opl) (= (Vobj (0p2): = (= (= ((op

Jn)n

—

5 (Vobj(opl): = (= (Vobj(0p2): = (=(= ((opD) € N = = ({op2) €
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Vobym: = (dpn =
{{m, m}, {m, ((fy)[m] + (fz)[m])} })n)n}[m] + (—udpn[m}))[ = (€))n)n)n)n)n}]
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[leqAddition(R) % “leqAddition(R)”]
[leqAddition(R) 2 “lemma leqAddition(R)”]

Distribution(R)

Distribution(R) "~ ' Rule tactic]

[
[Distribution(R) st SystemQ = V( ) V(fy) V(fz): {ph € P({ph € P({ph €

ﬁ(Vobj(OI’)Q) A (= (= ((opl) eEN=
)

(
b (£2): Vo (£3): Yob; (F4): {{(f1),

op LQ) )n = = () = {{(Opl)
obj ob

{{ )Q}L3) (f4)}} € fpn = (f1) = (£3) = (f2) = (f4))n)n =

Vobj(s1): (s1) € N = = (Vopj(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fP J)n)n)n}) | Vobi(e): = (Vonifi: = (Yobim: = (0 <= (€) = = (= (0 = (¢))n)n)n =
n<=m = =(|({ph € {ph € P(P(Union({N,Q}))) |

Vobj(0p1): = (5 (Vobi(0p2): = (= (= ((
= (apn = {{(op1), (op1)}, {(op1), (0p2)
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Unlon({N,Q}))) |
1 (Yobi(0p1): = (1 (Yob(0p2): = (5 (1 ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(opl), (op1)}, jn)n)n)n)n)nt | = (Vopjm: = (dpy =
{{m, m}, {m, (@[m]Jr@[m])}}) n)n}[m])}Hn)n}m] + (—udpn[m]))| <=
(¢) = - (= (|({ph € {ph € P(P(Union
*(Vobj(opl)i*( (Vobj(0p2): = (- (+ ((Op

= (apn = {{(op1), (op1)},{(op1), (0p2)}})n
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(

4 (Yonj (0p1): 1 (1 (Vonj (0p2): = (41 (1 ((op1) € N = = ((

= (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n) H ﬁ(Vome = (dpn =
{m, m}, {m, ((fy)[m] + (fz)[m]) }})n)n}[m])} })n)n}[m] + (—udpn[m]))| =

A
I~
=z
QO
&z
=
=
=

~—

(
~(apn = {{(0 1),

(Vobj(fl) Vobj(fQ):Vobj(f?)):vobj(fél):{{(ﬂ), f1)}, {(f1), (f2)}} € fpn =

{{(83), (83)}, {(83), (4)}} € fpy = (f1) = (£3) = (12) = (f4))n)n =
5 (Vobj(s1): (s1) € N = = (Vopj(s2): - ({{(s1), (s1)}, {(s1), (s2)}} €
fen)n)n)njn}) | Yon;(e): (VobJ" = (Vob;m: = (0 <= |(6) = (2 (0= (e)n)n)n =



5 (apn = {{(op1), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | = (Vonim: = (dpn =
{{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) |

5 (Vobj(opl): = (5 (Vobj(0p2): = (4 (— ((opl) € N = = ((op2) € Q)n)n =

= (apn = {{(opl), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | = (Yobjm: = (epn =
{{m, m}, {m, ((£x)[m] * (fy)[m])} })n)n}[m] + {ph € {ph € P(P(Union({N,Q}))) |
1 (Yonj (0p1): 1 (1 (Yopj (0p2): = (41 (< ((0pl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | - (Vopym: = (epn =
{{m, m}, {m, ((£x)[m] * (fz)[m])} })n)n}[m])} })n)n}[m] + (—udpn[m]))| <= () =
= (= (/({ph € {ph € P(P (UHIOH({N Q})) |
5 (Vobj(opl): = (5 (Vo (0p2): =

= (apn = {{(opl), (op1)}, {(op
{{m, m}, {m, ({ph € {ph € P(P(L

(VobJ(Opl) ( (Vv obJ(OPQ)
= (apn = {{(opl), (op1)}, {(op1), (op2)} })n)n)n)n)n)n} | = (Vop;m: ﬂ(ePh =
{{m, m}, {m, ((fx)[m] (fy)[m])} })n)n}[m] + {ph € {ph € P(P(Union({N,Q}))) |
;‘(vobj(opl): = (5 (Vobj(0p2): = (4 (— ((opl) € N = = ((op2) € Q)n)n =

= (apn = {{(op1), (op1)},{(op1), (op2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((x)[m] * (fz)[m m])}})n)n}[m] + (—udps[m]))| =

(e))m)n)n)n)n}
[Distribution(R) ¥ “Distribution(R)”]

O

:_.

\_/

3

~—

—
—_— ,\

—
]
o)
[\)
S~—
—
—
N
]
\_/
\_/
\/
B
S~—
]
—
J
—
o

<

3
J
—
o
)

=

\

T
)
kS
L_'/
m
Z
IE
)
S
\[}3
m
<O
\—/
\-/

—

~—

[Distribution(R) X “lemma distribution(R)”]

A4(Axiom)

[A4(Axiom) P Rule tactic]

[A4(Axiom) "' SystemQ F ¥x: ¥(v1): Va: Vb: (a=b|(v1):==x)y I
Vobj(vl):b = a

[A4(Axiom) ¥ “A4(Axiom)”]

[A4(Axiom) VY “axiom ad” ]

InductionAxiom

. . £ .
[InductionAxiom "% Rule tactic]

[InductionAxiom *2" SystemQ F V(v1): Va: Vb: Vc: (b=al(v1):

a:Vb: Ve 0)me f-

(c=a|(vl):= ((v1)+1)>MeH‘béVObJ(v1)aécév i(vl) )_

a

[InductionAxiom ¥ “InductionAxiom” ]
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. . pyk . . .
[InductionAxiom = “axiom induction”]

Equality Axiom

[Equality Axiom P2 Rule tactic]
[Equality Axiom stogt SystemQ - Vx:Vy:Vz:x =y = x =z =y = Z]
[Equality Axiom tex “Equality Axiom”]

. . Ko, .
[Equality Axiom 2V “axiom equality”]

EqLeqAxiom

[EqLeqAxiom P2l Rule tactic]
[EqLeqAxiom stoyt SystemQ - Vx: Vy:x =y = x <=y]

[EqLeqAxiom tex “EqLeqAxiom”]

[EqLeqAxiom P “axiom eqleq”]

EqAdditionAxiom

[EqAdditionAxiom P Rule tactic]

[EqAdditionAxiom sty SystemQ I Vx: Vy:Vz:x = y = (x +z) = (y + 2)]
q 1tlonAxiom — q itionAxiom

EqAdditionAxiom % “EqAddition Axiom”

[EqAdditionAxiom P “axiom eqAddition”)

EqMultiplicationAxiom

[EqMultiplicationAxiom P2l Rle tactic]
[EqMultiplicationAxiom stogt SystemQ = Vx: Vy: Vz:x = y = (x * z) = (y * 2)]

[EqMultiplicationAxiom 3 “EqMultiplication Axiom” |

[EqMultiplicationAxiom P “axiom eqMultiplication”]
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QisClosed(Reciprocal) (Imply)

[QisClosed(Reciprocal)(Imply) P Rule tactic]

[QisClosed (Reciprocal) (Imply) *" SystemQ b Vx: = (x = O)n = x € Q =
recx € Q]

[QisClosed (Reciprocal) (Imply) “% “QisClosed(Reciprocal) (Imply)” ]

[QisClosed(Reciprocal)(Imply) VX “axiom QisClosed(reciprocal)”|

QisClosed(Reciprocal)

proof

[QisClosed(Reciprocal) "— Ac.Ax. P([ ystemQ FVx: 2 (x=0nkFxeQF
QisClosed(Reciprocal)(Imply) > = (x =0)n = x € Q = recx € Q; MP2p>+ (x =
0)n:>x€Q:>recx€Q>%(x:O)n>x€Q>>recx€Q] Po,<)]

[QisClosed (Reciprocal) 3" SystemQ F Vx: =1 (x = 0)n F x € Q  recx € Q]
[QisClosed (Reciprocal) ¥ “QisClosed(Reciprocal)”]

[QisClosed(Reciprocal) ¥ “emma QisClosed (reciprocal)”|

QisClosed (Negative) (Imply)

[QisClosed (Negative) (Imply) "’ " Rule tactic]
[QisClosed (Negative)( ) "8 SystemQ F Vxix € Q = (—ux) € Q]
[QisClosed (Negative)(Imply) =¥ “QisClosed(Negative)(Imply)”]

( ) )=

S

Imply

W‘

p

“

[QisClosed(Negative) (Imply axiom QisClosed(negative)”]

QisClosed(Negative)

[QisClosed (Negative) propf AcAX.P([SystemQ F ¥x:x € Q
QisClosed(Negative)(Imply) > x € Q = (—ux) € MP>x € Q = (—ux) €
Qrx € Q> (—ux) € Q,po, ¢)]

[QisClosed (Negative) U SystemQ F Vxix € Q (—ux) € Q]

[QisClosed (Negative) “= “QisClosed (Negative)”]
) =

pk

[QisClosed (Negative “lemma QisClosed (negative)”]
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leqReflexivity

[leqReflexivity Proof Rule tactic]
[leqReflexivity stmpt SystemQ F ¥x: x <= x]
[leqReflexivity * “leqReflexivity”]

[leqReflexivity VX “axiom leqReflexivity”]

leqAntisymmetry Axiom

[leqAntisymmetry Axiom POt Rule tactic]

[leqAntisymmetry Axiom stmpt SystemQ F Vx:Vy:x <=y =y <=x=x=y
[leqAntisymmetry Axiom tex “leqAntisymmetry Axiom”|

[leqAntisymmetryAxiom PV “axiom leqAntisymmetry”]

leqTransitivity Axiom

[leqTransitivity Axiom P Rule tactic]
[leqTransitivity Axiom stmgt SystemQ F Vx:Vy:Vzix <=y = y<=z=x <= z]
[leqTransitivity Axiom tex “leqTransitivity Axiom” |

leqTransitivity Axiom 2> “axiom leqTransitivity”
y y

leqTotality

[leqTotality P Rule tactic]
[leqTotality I SystemQ F Vx: Vy:a(x <=yhn =y <=
[leqTotality tex “leqTotality”]

[leqTotality P “axiom leqTotality”]

leqAdditionAxiom

[leqAdditionAxiom P Rule tactic]
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[leqAdditionAxiom *3" SystemQ + Vx: Vy:Vzix <=y = (x+2) <= (y + z)]
[leqAdditionAxiom “% “leqAdditionAxiom”]

[leqAdditionAxiom P “axiom leqAddition”)

leqMultiplicationAxiom

[leqMultiplication Axiom P2l Rule tactic]

[leqMultiplication Axiom st SystemQ F Vx:Vy:Vz: 0 <=z = x <=y =
(x*2) <= (y*2)]

[leqMultiplication Axiom by “leqMultiplication Axiom”]

[leqMultiplication Axiom PYE “axiom leqMultiplication”)

plusAssociativity

[plusAssociativity P2l Rule tactic]
[plusAssociativity *3° SystemQ b Vx: Vy:Vz: (x+y) +2) = (x+ (y +2))]
[plusAssociativity *3 “plusAssociativity”]

[plusAssociativity 2 “axiom plusAssociativity”]

plusCommutativity

[plusCommutativity P2l Rule tactic]
[plusCommutativity "2 System(Q - Vx: Vy: (x+y) = (y +x)]
[plusCommutativity tex “plusCommutativity”|

. ko . .
[plusCommutativity > “axiom plusCommutativity”]

Negative

[Negative P Rule tactic]
[Negative *25" SystemQ F Vx: (x + (—ux)) = 0]

[Negative - “Negative”]
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. _pyk . .
[Negative = “axiom negative”]

plus0

[plus0 Pool Rule tactic]
[plus0 3" SystemQ I Vx: (x + 0) = x|
[plus0 % “plus0”]

[plusO PV “axiom plus0”]

timesAssociativity

[timesAssociativity POl Rule tactic]
[timesAssociativity "5 System(Q F Vx: Vy:Vz: ((x*y) xz) = (x* (y *2))]
[timesAssociativity " “timesAssociativity”]

. e e . pyk . . e e .
[timesAssociativity = “axiom timesAssociativity”]

timesCommutativity

. o f .
[timesCommutativity "~ Rule tactic]
[timesCommutativity Y SystemQ F Vx: Vy: (xxy) = (y *x)]
[timesCommutativity 3 “timesCommutativity”]

[timesCommutativity P “axiom timesCommutativity”]

Reciprocal Axiom

[Reciprocal Axiom P Rule tactic]
[ReciprocalAxiom *5" SystemQ F Vx: 1 (x = 0)n = (x * recx) = 1]
[ReciprocalAxiom = “Reciprocal Axiom”]

. . pyk . .
[ReciprocalAxiom = “axiom reciprocal”]
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timesl

. £ :
times1 "% Rule tactic]

[
[times1 stogt SystemQ F Vx: (x * 1) = x]
[times1 tex “times1”]

[

. pyk . .
timesl = “axiom times1”]

Distribution

Distribution ™% Rule tactic]
Distribution *3" SystemQ F Vx: Vy:Vz: (xx (y + 2)) = ((x*y) + (x * 2))]

Distribution "% “Distribution”|

[
[
[
[Distribution ¥ “axiom distribution” ]

Onotl

[Onot1 =5 0 Rule tactic]

[Onot1 *®5* SystemQ + = (0 = 1)n]
[Onot1 *% “Onot1”]

[

Onot1 Py “axiom Onot1”]

lemma eqLeq(R)

[lemma eqLeq(R) "— POt N Ax. P([SystemQ F V(fx

P({ph € P(P(Union({N,Q}))) | * (Vop;(0pL): = (= (Vop;(0p2
N = = ((op2) € Q)n)n = ~ (app =

{{(op1), (op1)}, {(0p1), (0p2)}})n)n)njnjn)n}) [ = (= (Yob; (rl):

/‘\
z
=<
N~—

C
m
Z
ll
J-
QB
ke
X
m
o =
~— =
E
=
U

= (¥ obJ( 1): 5 (5 (Yo (0p2): = (= (= ((op o (

= ((r1) = {{(op1), (op1)}, {(op1), (0p2) } Phn)n)n)n)n)n =

1 (Yobj (F1): Von; (F2): Von; (£3): Vou; (f4): {{(f1), (F1)}, {(f1), (f2)}} € fpn =
{{(£3), (83)}, {(83). ()} € fon = (1) = (13) = (f2) = (4))n)n =

5 (Yonj(s1): (s1) € N = = (Vopj(s2): = ({{(s1), (s}, {(s1), (s2)}} €
fen)n)n)n)n}) | Vob(€): = (Vonifi: 2 (Yoi: = (0 <= (€) = = (= (0 = (€))n)n)n =
n<=m = = (|((&)[m] + (—udpn[m]))| <= (¢) =

128



S (5 (I((Ex) [m] 4 (—udpn[m]))[ = (¢))n)n)n)n)n}t = {ph € P({ph € P({ph €
P(P(Union({N,Q}))) | = (Vobj(opl): = ( (Vobj(0op2): = (4 (= ((opl) € N =

= ((op2) € Qu)n = = (apn = {{(opl), (op1)}, {(0pl), (0p2) }})n)n)n)n)n)n}) |
5 (5 (Vobi(r1): (r1) € fpn = = (Vobi(opl): = (1 (Vobi(0p2): = (7 (= ((opl) € N =
S ((op2) € Q)u)n = = ((r1) = {{(op1), (op1)}, {(opl), (0p2)}})n)n)n)n)n)n =
51 (Vo (f1): Von; (£2): Vob; (£3): Vob (£4): {{(f1), (f1)}, {(f1), (£2)}} € fpn =

{{(£3), (83)}, {(13), (f4)}} € fen = (f1) = (13) = (f2) = (f4))n)n =

5 (Vobj(s1): (s1) € N = = (Vopj(s2): 2 ({{(s1), (s1)}, {(s1), (s2)}} €
fen)n)n)n)n}) | Vobj(€): = (Yobjn: = (Vobjm: = (0 <= (¢) = = (- (0 = (¢))n)n)n =

Z
52
+

j _'(
n<=m = = (|((fy)[m] + (—udpn[M]))| <= (¢) = = (- (

(5 ( obJ(OP2) - (-
op1)}, {(opl), ( (0p2)
(1)}, {(f1), (f2)

>
A
I
3|
%
[
G
El

_|.
-

g

—~
EQ
5 e
=1L
~~ 3
27
s(O/-\
>~ |
.= 5
— 2 3
L
3|
=
N—
[
o
=
=N
S~—
5

AA/T/—\A/-\

Py
<C
[e]
S
—
=]
=
=
Py
-
=
S—
m
-
=

TR

—
o
i}
[\
~
= m
)
2

—
=}
ko)
[\)
IN—
m
[~
I~
A
]
ko]
—
:_/
—
]
ko]
[\)
IN—
—
—
S~—
B
S—
2
g
\_/
\_/
B

el ')

—
~—

0 ~—
g B
=I5
J‘I\EU
o~
o~
o

-

=

<C
o
5
&
—~

J
2/\
)
o~ W
T =
—
w
—

<_
—
)]
=
N—
wn
—r
s
m<
2/—\
l}E
S~—
—
J‘—v—/
—~ M
< .
S =
S =
—
L™
&
=
1=
A\./
ag|
w3
w3
S— —
N4
i
=5
’_H\_/
il
£
Nt
jm}
=
=

Ign
=
SN—
=
S—
2
=
=
—
<C
o
i
—
NP
J
—
<
[}
&
>
il
—
<C
o
S
\
J
N
S~
AN
Il
)
=
il
J
—
I
—
N
=
SN—
=
N—
=

=
£
+
T
=
Q = S
5 3l
=
El
A 3
I
=
U

EJ
+
=T
o
o
)
=
3l
N
N
-
—
VN
E
=
~
=
~
=
Na?
=
v

f3)} {f3) ( )}} efph:, (fl) — ) = () = (f)u)n =
j(51): (51) € N'= = (Vopj(s2): = ({{(s1), (s1)}, {(s1), (s2)} } €

129



(€) = = (5(0=(e))n)n)n =

-
o)
=

)n)

J- 3l
AN
[
3l B
uv
\q,—/

2

1}) | Von;(€): =1 (Vongfi: = (Vonym: =1 (0 <
S (1((Bx) [M] + (—udpp[m]))| <= () =
+ (—udpn[M]))| = (€))n)n)n)n)n}t = {ph € P({ph € P({ph €
Q1)) |5 (Vobj(opl): 5 (5 (Vob(0p2): = (5 (5 ((opl) € N =

), (0p2)}})n)n)n)n)n)n}) |
(r ; i ((opl) e N =

) (=
= )n)?ﬂ((rl) = {{ (op1), (Opl)}7{(0p1)7(0p2)}})n)n)n)n) jn =

B3]}, {(53), (F)}) € o = (F1) = f3>:»<f2>=€f J)n =
1) e N:%(VObJ(SQ) {{(s1), (s1)},{(s1),
Y,

R
i\J

)

pa

(

c
B
@]
B=8
-
Z,

s O
uw—f
1.
o
)
=
Il
——
——
—
o
o
=
IN—"
=)
ko)
=
—
——
—~
o
o
[y

—

o

ie)
[\
~—

M
QO
—
2

J
<
o
&
—~
=]
=
—_
~—
m
el
U‘
_|.
—
<C
o
o<
=)
T
—_
1
g
—
<C
o
&
—
=}
ie)
Bf
il
/\

~ e~~~
— .
[}
ie)
[\
—
m
<

<C
o
o
fr
—~

= _|. _l _| _|.

—_~
e

w

U‘ SN—
I~

A
I
3 B =
4
J

=~
<

[¢]

&
—

)

—
—

~
B
Na?

(\((E [ﬁH( udph[ DI <=( =

1. =l ,_Eh g

—~
J.
=
=z
3l
+
N
o
o
J
j=nd
ER
N—
—
Il

—
o)
~—

()
v\_/
|l B
~—
JB
—~ B
B
=
Hw—’
:U
’U
e}
-+
=
o
=
V
’<?
e}
.
&)
~—
J
—
<
e}
&
>
J
<
e}
s
3
J
J
=
i

—~

ph € P({ph €

QY )) | = (Vobj(0p1): =1 (5 (Yobj (0p2): = (2 (= ((op1) € N =

= (apn = {{(opl), (op1)}, {(0p1), (0p2)}})n)n)u)n)n)n}) |
rl) € fPh:>ﬁ( obj(0p1): 1 (1 (Vobj(0p2): = (7 (= ((opl) € N =
S ((r1) = {{(op1), (Op;)g’ {)(Opl) :(op2)}})n)n)n)n)n)n =

S

3l

+

0

et

D

N

~—
\/\/\_/
5

=

. —

=

~—

=

~—

El

—~—

o)

=

m

v

—~ | =
—_——

2
Zle
@]
m 5
© S
=
E O

J
—
<C
o
x
I
P
=
—

<C
]
S
=
O

b(f ) vobj(f?)) Vobj (E4): {{(£1). (1)}, {
f4)}} € fpn = (f1) = (3) = (£2) = (f4))n)n =
:»%( obj<s2) ({{(s ) sD}HAG1), (s2)3) €

~ e~~~
— .
[}
ko)

N
~—
m

o \/\/
=
Na?
= r—

=
w
=

:—\

W

—_

S~—

w

e

=
<mv

ZA

_|./—*—\ _|. _|. _| _|. ’-U

o~
N
e} w
[o N

1. 3\,_5"»
T AL
||\_/
&
]
—
—
—
’;4'10
a 3¢
+
/-\
S
o
)
D"
C
-
A
Il
—~~
LD

—
=
"

Na¥

R o = {ph € P({ph € P({ph €
>>> (Yo (0D 1): = (= (Vops(0p2): = (= (= ({op1) € N =

= “ (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n}) |
rl): (rl) € fPh = _'(Vobj( Pl 151 (5 (Vobg(0p2): = (4 (5 ((Opl) €EN=
) n

ENg
_|_
/T

—23

- 3
Jac
-
E.
o
B
-
Z

s O
[

o~~~

)

—
[}
ko)
[\
~
m
LS
—
—~£

J
<C
o
=

=i

—
Lo
o
s
=
N—

—
o L L
==
o~ B
T ~—

=
w
N—"
—
-~ ©
Q
3¢
=
S
=
S~—
. —
TR
m
s
=
—~
,_h
H
S~—
Il
3
N—"
&3
S~—
Il
—
[y
IN—"
B
Nad
=]

<
—
wn
—_
~—

= 4(4(0= @)n)n)n =
n)n)n)n)n = {ph € P({ph €
(v

obj(0p2): 51 (4 (=1 ((opl) €

(
5 (1 (Vobj(€): = (5 (Vobjﬁ' - (vobjm - (% (0 <= (e
(M <=m = (fx)[m] <= ((fy)[m] + (—u(e))))n)n)
P({ph € P(P(Union({N,Q}))) [ = (Vonj(0opl): = (=
N = - ((op2) € Qn)n = ~ (apy = -

{{(op1), (op1)}, {(op1), (0p2) } })n)n)n)n)n)n}) | = (= (Vob;(rl): (r1) € fon =

130



£ 51 (5 (Vobi (0p2): = (5 (1 ((0
1), (op1)}, {(op1), (0p2)}})n
f )iVobj(f3)5Vobj(f4)i{{( D), (f1)}, {(f1), (£2)}} € fpn =
)} € o, = (1) = (83) = () = (())n)n =

5 (Vob(s2): = ({{(s1), (s1)}, {(s1), (s
(Voan = (Vobjﬁ: = (0 <= 6) = = ( (0
m +( udpn[m]))|
—udpp[m]))| = (¢))n)n
) |5 (Vobj(opl): = (= (
= (apn = {{(op1), (op
& fon = = (Fopg (0D1): = (~ (Vops(0D2): = (= (= ((op]) € N =
= ((r1) = {{(op1), (op1)}, {(opl), (op2)
): Vo (£3): Vob; (£4): {{(f1), (1)}, {(f1), (f2)}} € fpn =
4)}} € fpn = (fl) = (f3) = (f2) = (f4))n)n =

<C
o
&
—~

o
ie)

[ty

—~
=
—

‘n
——
<2
(@}

o

J- 4 de
[\

<C
)
5
&
~—~

i(f1):
£3)},

—~

o
g

J'

|~
/,_.\.;

2/—\

U

Jo=n
<C
=
o w
T —
=
~—|
w
—_
—
w0
—_
—
mv

T
=
g
5
E g3
= <
=
=
=
=
s
N
<
o
&
—
(@)
)

~

—
=
<

ERE
=
"U%‘.

—~

e
A
I
4

Z

—~

oo

(

c
E
@]
B
—
Z

)

=

—~ e~~~
<C .

o)

o

=

—~

Il L L
—~
— —
o
U:c:o/. kel
= >
&2 m
ey I's)
IN—"
— =
=

4

HE@
~ =

J
—
<C
°
X
&
~—
—
—
Naw}
—

—

]

T

[\

IN—"

m
<&

2

s =

—
=
S—
[
U‘
=
[\

S (F
(Voj(s1): (s1) € N = = (Vo (s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fen)n)n)njn}) [ Yob;(€): = (Vobjim: = (Vopm: = (0 <= (€) = = (= (0 = (¢))n)n)n =
n<=m = = (|((fy)[m] + (—udpn[m]))| <= (¢) =
= (= (|((y) [W] + (—udpn[m)))| = (e))n

)n
[lemma eqLeq(R) * ' SystemQ - V(fx): V(fy):
( (UHIOD({N Q1)) | = (Yobj(opl): = (= (
€ Qu)n = = (apn = {{(op1), (op

(Vobj(ﬂ) (r1) € fPh = = (Vopj(opl): - (-
(op2) € 3)11)11 ((rl) = {{(Opl) (opl

J/—\
l\D

3), (4
N == (VobJ(SQ) ( {(s1), (s1)},{(s1),
bj 6)' - (Voan ﬁ(vobj7:%(0 <= (6)
~ (I( X)[* + (—udpn[m]))| €
n[M))| = (€))n)n)n)n)n} = {ph € P({ph € P({ph €
= (Voj(op1): = (1 (Yo j(0p2): S (5 (5 ((opl) EN =
é ~(apn = {{(op1), (op1)},
Efph:>—|( ObJ( 1) ( :
= ((r1) = {{(op1), (op1)}, {( {(Opl%(
f ) vobj(f?’) Vo (f4): {{(f1), (f1)},
f4)}} € fpy, = (fl) = (f3) = (f2) = (f4))n)n =
5 (Vobj(s2): ({S) sD}, {(s1),

. (Vobjﬁ: = (VObJ
()[m] + (~udps )
—udpn[m]))| = (¢))n)n)n)n)n} =

J
—
<C
o

&

—
w0
—_
N
—
wn
—
N

= o m\_/

ol

=

~

jm}

Nas?

2
XLE
ENRE
4 —_—
TA(
\./Q_B
_"U‘—'

i

5o =i
l
!

sy
pas
G
=
s}
=
-
Z
—= O

—
o
ko)
[\
~
m
~£

J
—
<C
o
x
g
=
—

—
[}
ke)
[\
—

Iy m =
<&

\_/

—~ o~~~

<C .

o)

o

=
‘

(e} \/ V._
‘

—

j
—
—

bj

P et _|. _|. _| _|.

J
<
o

-
—

—
=
w
S
=
w
IN—"
—
7
—_
N’
mv

—
wn
—_
~—

—h
g
=3
=
=
=
=]
=
=]
=
L~
=
<
o
o
g
—
™
Z

>S5
A
I

3|
I

—~
—
~~

—

]

M|

(= (
l)[ﬁ] <= ((fy)[M] + (—u(e))) n)n)n)n)n) )n = {ph e P({ph e

=
E!
_|_

£

—~

I
EINERD
N =
e
3| =

o
¢
*—h/—\

”<E

o

&

>

J

<

o

&

3

J

J

el

A

Il

@

ll

8

Il

B

¥

_|.

(

131



P({ph € P(P(Union({N, Q}))) | - (Vobj(0p1): 1 (- (Vobj(0p2): = (- (— ((opl) €

N = = ((op2) € Qu)n = = (apy =

{{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n}) | =

5 (Vobj(0p1): = (5 (Vobj(0p2): = (= (= ((opl) € N =
opl), (op1)}, {(op1), (op2)}})n

(f ): Vo (£3): Vo (£4): {{(£

,(fA)}} € fpn = (fl) = (f3) = f )

N = = (Vopj(s2): = ({{(s1), ( 1)

= (Vopin: 5 (Vobjm: 1 (0 <= (€) = =

+ (*udPhW))

J
——
—

—
—_

I
-
——
A

-
—
—~
| <C
Wlo
T ~—~IlT
SR

—
3| =
N~—| ~—
——

<C
/—*—\O
—

g4
—_
e
S—
E/j\
5 &
N—
=
-~ %
— s
a S mv

z
ERER
A

—~

5o =i
i
\

—~

'z

I |
=%/
. IS

B
—~—
Z,
= O
_‘.
= 3
o
S
?
o
=
_‘.
?5

—
=}
ke
[\)
S—
m
IN—"
s
J
o
)
=
|
——
——
—
]
kel
=
IN—"
=)
T |~

=
—_
o\/}/

—
o
ko)
N
—
m <

<C

[e]

S

=
""<'(<O

nn = = ((r]) = {{(0p

); )}}) ) Jnjn)n)n =
1 (2): Vot (B3): Yoy (E0): {{(T1), (F1)}. {(11),

) € fpp =

{{(83), (83)}, {(£3), (E4)}} € fpn = (f1) = (3) = (2) = G ))n)n =

5 (Yobj(s1): (s1) € N = = (Vopj(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fon)n)n)n)n}) | Vob;(€): = (Yobi: = (Vobjiii: = (0 <= () = = (= (0 = (¢))n)n)n =
n<=m = = (|((fy)[m] + (—udpx[M]))| <= (e) =

(5 (@) ]+ (= udPh[ DI = (e))n)n)njn)n}

[lemma eqLeq(R) 2 ¥ “lemma eqLeq(R)”]

TimesAssociativity(R)

[TimesAssociativity (R *" Rule tactic]

(R) "=
[TimesAssociativity(R) "' SystemQ - V(fx): V(fy): V(fz): {ph € P({ph €
(

P({ph € P(P(Union({N,Q}))) | = (Vob;(0p1): = (=2 (Vob;(0p2): = (=2 (= ((op1) €
N = - ((op2) € Qu)n = = (apy =

{{(op1), (op1)}, {(0p1), (0p2)} hu)n)n)mm)n}) | (= (Vou; (11): (11) & fon =

= (Yobj(0p1): = (5 (Vobj(0p2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =

5 ((r1) = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n =

= (Vobj (F1): Yob; (£2): Yobj (£3): Vob; (f4): {{(f1), (f1)}, {(f1), (f2)}} € fen =
{{ )@L (f3), (f4)}} € fon = (1) = (3) = (f2) = (f4))n)n =

Yobj(s1): (s1) € N = = (Yo (s2): = ({{(s1), (s1)}, {(s1), (s2)} } €

fP ) n)n)n}) | Yon;(e): = (Yobifi: 1 (Vobjm: = (0 <= (¢) = =1 (= (0 = (¢))n)n)n =
n = m =

(\({ph € {ph € P(P(Union({N,Q}))) |
5 (Vobj(0pl): = (5 (Vobj(0p2): = (4 (7 ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epy =
{{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) |

132



'(Vobj(opl) = (5 (Vonj (0
= (apn = {{(op1), (0p1

{{m m} {m, ((Bx)[m](fy)

= ((op2) € Q)n)n =
n} | = (V. objm: - (epn =

Hn)n}[m]+(—udpn [M]))| <=

;‘(Vobj(opl) (5 (VobJ(Opm -
= (apn = {{(op1), (op1)}, {(op1),
{{m, m}, {m, ({ph € {ph € P(P
(VObJ(Opl) ( (vaJ(Opz):;\ A (-

(
)} , (op2)
{{m, m}, {m, ((fx)[m] = (fy

~—

—_
m
Z

S ((op2) € Q)u)n =
n)n} | = (vobjm - (eP

HHmn}m] + (—uder

= (apn = {{(op1), (op1)},

- O

T

= -
—~

=

S~—

ER
CEU—

'—‘U‘
|

)
{ (&) m])}})m)n
(@)))n)njn} = {ph € P({ph € P({
% (Yapj(0PL): 5 (4 (Fong (0D2): = (+( ((0pT) €
* (apn = {{(opL]. (op1)}. {(opD). oP2)}} )
fin, = = (Youg (OPL): = (* (Vo (0p2)s *

/(1) = {{{op1). (op1)}. {{op1). (0p?)

fz)[m

m)))| =

T =
E]
'-U*
=
[l
E
.9
=
-2
Z,
(O.—|
3

4
J

~
E =
2
=}

m
Z
4

~— —~
[}
=Je)

~—
=
=)

—
=
=]

— =
B~

5 (Vo (£1): Vob; (£2): Von; (£3): Vob; (f4):
{{(f3) (3)},{(£3), (f4)}} € fpn = fl) = (13)

f3),

= (Yobj(s1): (s1) € N = = (Vopy (s2): = ({{(s1), (
fon)n)n)n)n}) | Vobj(e): = (Yobj: = (Vobim: -
=(

lrag)
N
~—
—_
—
—
[
—~
=
~—
—

~
—
—
=
N
—
[\
—

——
——
m
[
=
I

=
)
S~—
Il
=
=
IN—"
IN—
=}
R

A S
Il
Gy
\(8
1

v
—
—~

)]

=
-
—

wn

—~ N

J ~—

<=m= (\({ph € {ph € P(P(Union({N,Q}))) |
Yobj(0p1): =1 (51 (Vobj(0p2): = (1 (4 ((0p1) € N = = ((0p2) € Q)n)n =

* (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m}, {m, ((fx)[m] * {ph € {ph € P(P(Union({N, Q}))) |

“ (Vobj(0p1): = (<1 (Vobi (0p2): = (=2 (=2 ((0p1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | - (Yopjm: = (epn =

{{m, m}, {m, ((fy)[m] * (fz)[m])} })n)n}[m])}})n)n}[m] + (~udpw[m))] <= (¢) =
= (= (I({ph & {ph € P(P(Union({N, Q}))) |

= (Vaps(0PL): = ( (Vobs(0p2): = (= (= ((0p1) € N = * ((op2) € Qm)n =

= (ap = {{(opL). (op1)}, {(op1), (0b2)} ) m)mm)n)n} | = (Vopym: = (epy, =
{{m, m}, {m, ((£)[m]  {ph € {ph € P(P(Union({N,Q}))) |
= (Vg (0P1): (= (Vo (0p2): = (* (= ({op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(opL). (0p1)}, {(op), (op2)}})m)m)m)m)n)n} | = (Vopym: = (epy =
{{m, m}, {m. ((fy)[m]  (2)[m])}})n)n}{m])} Hu)n} @] + (—udpn[m]))]| =
(@)n)n)m)n)u}]

[TimesAssociativity(R) * “TimesAssociativity(R)”]

—

—

—

[TimesAssociativity(R) P “emma timesAssociativity(R)”]
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N= (Vobj(s2) ({{(sl) (s}, {(s
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(Adgic)SameR
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f4)}} € fpn = (f1) =
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Separation2formula(1)

proof

Separation2formula(1 Rule tactic]

Separation2formula(1) *=" SystemQ - Va: Vb: Vx: Vy:y e {phex|a}Fyex

Separation2formula(1 P “emma separation2formula(1)”]

[ (1) "=
[ (1)
[Separation2formula(1) ¥ “Separation2formula(1)” ]
[ (1)

Separation2formula(2)

[Separation2formula(2) P Rule tactic]

[Separation2formula(2) *5* System(Q + Va: Vb: Vx: Vy:y € {ph € x| a} F b]
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[Separation2formula(2) ¥ “Separation2formula(2)”]

[Separation2formula(2) X “lemma separation2formula(2)”]

Cauchy

£ .
[Cauchy " Rule tactic]
stmt

[Cauchy — SystemQ +

V@ V(i) Vn: VQ V@ Vobji):% (Vobjﬂ ﬁ( ObJLl)' vobj@ - (0 <=
(6= = (=(0=(g)n)n)n=n <= (vl) = n <= (v2) = = (|(K)[(v1)] +
(—u(E)[(v2)])| <= (¢) = = (= ([(E)[(vD)] + (—u(tx)[(v2)]))| = (€))n)n)n)n)n]

[Cauchy = “Cauchy”]
[

pyk :
Cauchy = “axiom cauchy”]

PlusF

[PlusF "— P Rule tactic]

[PlusF ° M SystemQ - Vm: V(fx): V(fy): {ph € {ph € P(P(Union({N, Q}))) |
(Yo {ODT): = (= (Yong(002): 5 (5 (= ((0p1) € N = * ({op2) € Qm)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopim: = (dpn =
{{m, m}, {m, ((x)[m] + (fy)[m])}})n)n}[m] = ((fx)[m] + (fy)[m])]
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[PlusF = “PlusF”]

[PlusF 2 VS “axiom plusF”]

ReciprocalF

. f .
[ReciprocalF "= Rule tactic]
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[ReciprocalF ¥ “ReciprocalF”]

[ReciprocalF P “axiom reciprocalF”|
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[FromInR P Rule tactic]
[FromInR *3" SystemQ F V(£x): V(fy): (fx) € {ph € P({ph € P({ph €
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PlusR(Sym)

tex

[PlusR(Sym) — “PlusR(Sym)”]

[PlusR(Sym) 2% “emma plusR(Sym)”]

ReciprocalR(Axiom)

[ReciprocalR(Axiom) “ “ReciprocalR(Axiom)”]

[ReciprocalR(Axiom) PV “axiom reciprocalR”]

LessMinus1(N)

1‘00

[LessMinus1(N) """ Rule tactic]

[Leslenusl(N) M System@ - Vm: Vn: Nat(m) # Nat(n) = - (m <=
(n+1) == (m=(n+1)n)nntm<=n

[LessMinus1(N) % “LessMinus1(N)”]
[LessMinus1(N) 2 ¥ “Irule lessMinus1(N)”]

Nonnegative(N)

Nonnegative(N *' Rule tactic]

(
Nonnegative(N ¢ SystemQ F Vm: Nat(m) - 0 <= m]
Nonnegative(N) == “Nonnegative(N)”]
(

[ ) "=
[ )
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[ )"

Nonnegative(N VY “axiom nonnegative(N)”]

US0

proo

[USo *%

[USo *2° SystemQ - us[0] = {ph € P({ph € P({ph € P(P(Union({N,Q}))) |
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NextXS(UpperBound)
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p1). 02}
'P(P(Union({N. Q)
N = = ({op2) € Qu)n =

~—

n)u)n)n} |

\./\./

h
obj(0p1): = (5 (Vobj(0p2): = (4 (< ((op1)
= (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =

{{(crsl), (crs1)}, {(ersl), 1} })n)nj[m] + {ph € {ph € P(P(Union({N, Q})))I
5 (Vobj(opl): = (5 (Vobj(0p2): = (4 (— ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =

{{(crs1), (ers1)}, {(crsl), 1} })n)n}[m])} Hn)n}[m] = 0 = = (fpn, =

{{m,m}, {m, 0} })n)njn)u}[m}  {ph € {ph € P(P(Union({N,Q}))) |
= (Vobj(opl): =1 (5 (Vobj(0p2): = (5 (— ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)}}) n)n)n)n)n} | = (Yopjm: = (dpn =

{{m, m}, {m, (x[m] + y[m])}})n)n}[m])} }u)u}[m] + (—udes[m)))| <= () =
= (= (|({ph € {ph € P(P(Union({N, Q}))) |
4 (Vobj (0p1): 1 (1 (Vo (0p2): = (1 (= ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1 7(0_p2)}})n) n)n )) n)n)n} | 5 (Vobim: = (epy =

M m

=N

~—
V

—
—
~
/\
—~

v

((
(aPh = {{(Opl)a(opl)} {(Opl »(0p2)}})n)n)n)njn)n} |
= (Yobjm: = (= (= (= ({ph € {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): = (=1 (Yobj (0p2): = (= (= ((0p1) € N = = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(Oplz ; (0p2) }H)m)n)n)njn)n} | = (Vopjm: = (dpn =
(=

~—

{{m m}, {m, ({Ph € {ph € P(P Union({N, Q}))
5 (Vobj(opl): = (5 (Vob;(0p2):

(= ((op1) € N'= = ((0p2) € Q)n)n =

141



= (apn = {{(op1),
{{(crs1), (crs1)}, {

opl)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =

crsl), 1} })n)n}[m] + {ph € {ph € P(P(Union({N, Q}))) |

= (Vobj(0p1): = (=1 (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} P)n)n)n)n)n)n} | = (Vobj(crsl): = (cpn =

{{(crst), (crs1)}, {(crs1), 1} })n)n}[m])} p)n)n}[m] = O)n = = (fpy =

{{m, m}, {m, rec{ph & {ph € P(P(Union({N, Q}))) |

5 (Yobj(0p1): = (5 (Vobj(0p2): = (% (= ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopim: = (dpn =

{{m, m},{m, ({ph € {ph € P(PEUHIOH({N Q1)) |
);

—_]

—~

—~

= (Yobj(0p1): = (=1 (Yobj (0p2) (= ((op1) € N = =((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Yopj(crsl): = (cpn =
{{(crs1), (crs1)}, {<(0r51) , 1}})n)n}{m] + {ph € {ph € P(P (Umong{ Q1)) |
(
(

[m
= (Vobj(0p1): = (= (Vopj (0p2): = (1 (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn} | = (Yopj(crsl): = (cpn =

E
é{(crsl) s (crsh)}, {(ersl), L )n)n[m])}})n)nj{m]}})n)n)n = = ({ph € {ph &

(P(Union({N, Q}))) | = (Yobj(op1): = (* (Yobj(0p2): = (= (= ((0opl) € N =

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Vobjm: = (dpn = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) |
= (v
= (

obj(0p1): = (%1 (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =

apn = {{(op1), (opD)}, {(0op1), (0p2) }})n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =

(
{{(crs1), (crs1)}, {(crs1), 1} })n)n}[m] + {ph € {ph € P(P(Union({N,Q}))) |
- vobJ( op1): 5 (= (Yobj(0p2): = (4 (= ((0p1) € N = = ((0p2) € Q)u)n =
= (
(

—(ap

({(ersT), (s}, {(exsD), 11} )} m
{{m. m}, {m,0}})n)n)u)n}[m] « {ph € {ph € P(P(Union({N,Q}))) |

% (Vog (0P1): = ( (Voy (0D2): = (= (* ((op1) € N = = ({0p2) € Qn)n =

= (apn = {{(op1), (opL)}, {(op1). (0p2)} ) mn)m)n)n} | * (Yopym: = (dpr, =
{{m, m}, {m, (x[m] + y[m])}})n)n} [m])} H)n)n} (] + (—udp )| =
(¢))n)n)n)n)n}, SetOfRealb) F xs[(m + 1)] = xs[m]]

[NextXS(UpperBound) *& “NextXS(UpperBound)”]

(
o ( {{(op1), (op1)}, {(0p1), (0p2) } })n)n)n)n)n)n} | = (Vo (crsl): = (cpn =

)} Hm)njm] =0 = = (fen, =

[NextXS(UpperBound) ® VS “Irule nextXS(upperBound)”]

NextXS(NoUpperBound)

[NextXS(NoUpperBound) "= " Rule tactic]

[NextXS(NoUpperBound) * ot SystemQ FVm: - (UB({ph € P({ph e P({ph €
P(P(Union({N, Q}))) | = (Vobs(0p1): = (= (Vaps(0p2): > (5 (= (opI) € N =
= ((op2) € Qu)n = = (apn = {{(opl), (op1)}, {(0pl), (0p2) }})n)n)n)n)n)n}) |
5 (5 (Vobj(r1): (r1) € fpn = = (Vopj(0p1): = (5 (Vobj(0p2): = (5 (5 (Opl) EN=
= ((op2) € Q)n)n = = ((r1) = {{(op1), (op1)}, {(op1), (0p2)}})n
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= (Yobs (F1): Vob; (F2): Yo; (£3): ObJ(4) {(t), ()}, { (1), (12)}} € fpn =

, (f4)}} € fpn = (f1) = (£3) = (£2)

( ENj_-‘(VObJ(S2) S ({(s1), (s1)},{(s1), (s2)}} €
fen)n)njn)n}) | Von;(€): = (Yobim: = (Vopym: = A(5 (0=
n<=m= -(|({ph € {ph € P(P(Unlon({N QD))

5 (Vobj(op1): = (= (Vobj(0p2): = (= (= ((opl) € N = = ((op2) € Q)n)n =

s (apn = ({(op1), (0P}, {(opT), (0D2)} )y} |  (Vapgm: = (epy, =

{{m,m}, {m, ({ph & {ph € P(PEUmOH({N Q1)) |
)

5 (Vobj(op1): = (5 (Vobj(0p2): (= ((opl) € N = = ((
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
= (Vobjm: = (= (= (= ({ph € {ph € P(P(Union({N, Q}
= (Vobj(0p1): = (5 (Vobj(0p2): = (= (= ((opl) € N = =
= (apn = {{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)
{{m, m}, {m, ({ph € {ph € P(PEUmon({N Q1))
)s

~—

((op2) € Q)n)n =
n} | = (Vobjm: = (dpp =

~—
~—
~—

= (Vobj(0p1): = (= (Vopj (0p2) (= ((op1) € N = =((op2) € Q)u)n =

(v
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobj(crsl): = (cpn =
{{(crsl), (crs1)}, {<(0r81) 1} })n)n}[m] + {ph € {ph € P(P(Uniong{N, Qb)) |
(

2 (Fapg(0P1): (5 (Fang (0D2): = (= (= ({op]) € N = = ({0p2) € Q
“ (ap = {1(op1), (0p1)}, {{0PT), (0p2)}}Jm)m)m)mpm)n} |  (Foug @rs1): = (cpp, =
{{(crs1), (crs1)}, {(crsl), 1} })n)n}[m])}})n)n}[m] = 0)n = = (fpn =
{{m m}, {m, rec{ph € {ph € P(P(Umon({N,Q}))) |

5 (Vobj(op1): =1 (1 (Vobj(0p2): = (7 (= ((opl) € N = =~ ((op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(opl), (op2)} })n)n)n)n)n)n} | - (Vopjm: - (dpn =
{{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) |
5 (Vobj(op1): =1 (1 (Vobj(0p2): = (1 (= ((opl) € N = = ((op2) € Q)n)n =
= (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{(crsl), (ers1)}, {(crs1), 1} }n)n}[m] + {ph € {ph € P(P(Union({N, Q}))) |
51 (Vobj(0p1): =1 (5 (Vobj(0p2): = (4 (7 ((opl) € N = = ((0p2) € Q)
opl)}, {(op1), (op2)}})n)n)n)n)n)n} | = (V ObJ(Cr81) S (cpn =
crsl), 1} })n)ut[m])} Hujn}[m]}}n)njn = = ({ph € {ph €
(P(Union({N, Q}))) | = (Vobj(op1): 1 (=1 (Vobj(0p2): = (5 (— ((opl) € N =
((op2) € Q)n)n = = (apn = {{(opl), (op1)},{(opl), (0p2)}})n)n)n)n)n)n} |
(Yobim: =1 (dpn = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) |
(Vo
(

—~

o~

= (apn = {{(op1),
{{(crsl), (crs1)}, {

]
~

<E

P
=
=
‘|

bj(0p1): = (5 (Vopj(0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =

“ (ap, = {{(op1), (0PL)}, {(oP1), (0p2)FH)m)m)m)n)mn} | = (Fops(ers]
{{(crsl), (crsl)} {(crsl),1}})n)n}[m] + {ph € {ph € P(P (Umon({N
= (Yobj(0p1): = (= (Yobj (0p2): = (= (= ((0op1) € N = = ((0p2) € Q)n)n

= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)njnjn} | = (Vopj(crsl): = (cpn =
{{(crs1), (ers1)}, {(crs1), 1} })n)n}[m])} Hu)n}m] = 0 = = (fpy =
{{m, m}, {m, 0} })n)n)n)n}[m] + {ph € {ph € P(P(Union({N, Q}))) |

= (Yobj(op1): = (5 (Yobj(0p2): = (% (= ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)njnjn} | = (Vopjm: = (dpn =
{{m, m}, {m, (x[m] + y[m]) }})n)n}[m])} })n)n}[m] + (—udpn[m]))[ <= () =

143



= (= (|({ph € {ph € P(P(Union({N, Q}))) |

= (Yobj(0p1): = (%1 (Vobj (0p2): = (5 (= ((0p1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(0 2’ (OPQ)}})H)H)H))H)H)H} | = (Vobjm: = (epn =
(5
);

pl
{{m, m}, {m, ({ph € {ph € P(P
(vaJ (opl): = (5 (VobJ (op2):
= (apn = {{(op1), (op1)}, {(op1
5 (Vobjm: = (1 (= (= ({ph € {ph € P(P(Union({N, Q}))) |
“ (Yob; (Opl) (2 (Vobj(0p2): =

5 (Yobj(op1): = (5 (Vobj (0p2):

(=
)
{{m m}, {m, ({ph € {ph e P(PE
)

(W
= (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{(Crsl) (Crsl)} {((crsl) ,1}})n)n}[m] + {ph € {ph € P(P (Unlong N, QD)) |
(

5 (Vobj(op1): = (5 (Vobj (0p2): = (1 (= ((opl) € N = = ((0op2) € Q
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (V. ObJ(Cr81) S (cpn =
{{(crs1), (ers1)}, {(crsl), 1}})n)n}[m]) } })n)nf[m] = 0)n = = (fpn =
{{m m}, {m, rec{ph € {ph e P(P(Umon({N,Q}))) |

5 (Vobj(op1): =1 (= (Vobj(0p2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(0p1), (0p2)} Hu)n)n)n)njnj | = (Yobjm: = (dpp =
{{m,m}, {m, ({ph € {ph € P(P( )

5 (Vobj(0p1): =1 (= (Vobj (0p2): = (-

“ (apn = {{(op1), (opL)}, {(op1), (0p2)FHm)m)mm)mn} | * (Fopi(ersT): * (cpr =

{{(crs1), (crsl)} {(crs1),1}})n)n}[m] + {ph € {ph € P(P(Union({N, Q}

5 (Vobj(op1): = (5 (Vobj(0p2): 1 (1 (7 ((opl) € N = = ((op2) € Q)n)n =
(
(

~—
~—
~—

= (apn = {{(op1), (op1)},{(0p1), (0p2) } })n)n)n)n)n)n} | = (Vop;(crsl): = (cpn =
{{(crs1), (crs1)}, {(ersl), 1}})n)nj[m])} }n)n}[m]} Hojnjn = = ({ph € {ph €
P(P(Union({N, Q}))) | = (Yobj(op1): = (= (Vob;
= ((op2) € Q)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n
pim:  (dpp = {{m, m}, {m, ({ph € {ph € P(P(Union({N,Q}))) |
bj(0p1): = (5 (Vobj(0p2): = (5 (= ((opl) € N = = ((0p2) € Q)n)n =
apn = {{(op1), (op1)}, {(0op1), (0p2) }})n)n)n)n)n)n} | = (Vopj(crs
{{(crs), (crs)}, {(crs), 1} Hujn}[m] + {ph € {ph € P(P(Union({N, Q )|
= (Vobj(0p1): = (% (Vo (0p2): = (5 (= ((op1) € N = = ((0p2) € Q)u)n
= (apn = {{(op1), (op1)}, {(0op1), (0p2)}})n)n)n)n)n)n} | = (V. obJ(Crbl) = (cpn =
{{(crs1), (crs1)}, {(crs1), 1} })n)n}{m])} })n)n}[m] = 0 = = (fpn =
{{m,m}, {m, 0}})n)n)n)u}[m] + {ph € {ph € P(P(Union({N, Q}))) |
= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(0p1), (0p2)} )n)n)n)n)n)n} [ = (Vobim: = (dpn =
{m, m}, {m, (x[m] + y[m])}})n)n}[m]) } })n)n}[m] + (—uden[m]))| =
(6))n)n)n)n)n}, SetOfReals))n F Xs[(m +1)] = {ph e P({ph € P({ph €

P(P(Union({N, Q}))) [ = (Yobj(op1): = (= (Yobj(0p2): = (= (= ((0opl) € N =
- E(0p2) € Qun = = (apn = {{(opl), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n}) |

(Yobj (r1): (11) € fpn = = (Yobj (0p1): (= (Yobj (0p2): = (= (= ((0p1) € N =

~—
v

—

op2): 1 (- (= ((opl) € N =

~—

/—\

(
= (Yo
= (Yo
= (

—
\_/

i
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2 ((r1) = {{(op1), (opl p }
ob; (13): Vobj(f‘l) { f1)7 (1)}, {(f1), (2)}} € for =
D} € fon = (1) = (B) = (2) = () =
5 (Vobj(s2): = ({{(s1), (s1)}, {(s
n)n ) |vobj(6 £ (vobjn _\(va_] i
{ h € {ph € P(P(UHIOH({N Q1)) |

—
<C
o
&
—
o
s}
—_
~
/-\
—_
<C
o
&
—
o
ho)
[\
~

- S (5 (5((op1) € N = = ((
*(aph = {{(Opl) (op1)}, {(Op ); (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (epn =
{{m, m},{m, ({ph € {ph € P(PEUH{OH({N Q}Q

)

—

= (Yonj(opl): = (= (VobJ (op2)

7 (Yobj(0p1): 7 (% (Fobj (0p2): = (-
= (apn = {{(op1), (op1)}, {(op1),

{{m,m}, {m, ({ph € {ph € P(PEUH{OH({N,Q}))) |
);

(vaJ (opl): = (= obj (op2)

(v

= (apn = {{(op1), (op1)}, {(op1

{{(crsl), (crs1)}, {((Cfsl) ,1}})n)n}[m] + {ph € {ph € P(P(Union({N, Q}
(

~—
~—
~—

(

5 (Vobj(0p1): -1 (1 (Vobj(0p2): = (4 (4 ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vop;j(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1), 1}})n)n}[m])} })n)n}[m] = 0)n = = (fpn =
{{m,m}, {m, rec{ph € {ph € P(P(Union({N,Q}))) |

= (Vobj(op1): = (5 (Vobj(0p2): = (= (< ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopym: = (dpn =
{{m,m}, {m, ({ph € {ph € P(PEUmon({N Q1)) |

),

~—

;‘(Vobj(()pl): = (5 (Vobj(0p2): (= ((o
= (apn = {{(op1), (op1)},{(op1), (0p2)}})n
{{(crs1), (crs1)}, {(crs1), 1} }n)n}{m] +
5 (Vobj(0p1): = (5 (Vobj(0p2): = (= (= ((op
= (apn = {{(op1), (op1)},{(op1), (0p2)}}
{{(crs1), (crs1)}, {(crs1), 1}})n)n}[m])}})n)n
P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Vobj(0p2): = (- (%((opl) EN=
= ((op2) € Qn)n = = (apn = {{(op1), n)n
5 (Vobjm: = (dpn = {{m, m}, {m, ({ph € {ph € P(P(Umon({N Q}))) |
= (Yobj(op1): = (5 (Vobj(0p2): = (- (= ((opl n)n =
“(apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n
{{(crs1), (ers1)}, {(crs1), 1} })n)n}[m] + {p
7 (Vobj(opl): = (5 (

—~

/\A/\/\/-\

S—
—
]

ko)

[y
—
—
——
—~
]

o

—_
—
—
]

ko)

[\
—
—
—
\/
v

-

Yobj(0p2): = (=1 (= ((0

{{(crs1), (crs1)}, {(Crsl) 1}}) )n}[ [)}}n )n}[ | =0= = (fen =
{{m, m}, {m, 0} })n)n)n)n}[m] + {ph € {ph € P(P(Union({N, Q}))) |
= (Yobj(0p1): = (=1 (Yobj (0p2): = (= (= ((op1) € N'= = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopim: = (dpn =
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- (-
= (apn = {{(opl) (opl)} {(opl)

{{m, m}, {m, ({ph € {ph ¢ P(PEUH{OH({N,Q}))) |
)s

= (Vobj(0p1): = (= (Vop; (0p2):
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)n)n)n)n)n} | = (Vob;(c 1"81) (cpn =
{{(crs1), (crs1)}, {((CFSU 1} })n)n}[m] + {ph € {ph € P(P(Umong{ Q1)) |
(

5 (Vobj(0p1): = (5 (Vobj(0p2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn

{{(crs1), (crs1)}, {(crsl), 1}})n)n}[m])} })n)n}[m] = O)n = = (fpy, =

{{m, m}, {m, rec{ph € {ph € P(P(Union({N,Q}))) |

5 (Vobj(0p1): =1 (5 (Vobj(0p2): = (4 (4 ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (dpn =
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—
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~—
~—

~
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(P(Union({N, Q}))) | = (Yobj(op1): = (= (Yobj(0p2): = (= (= ((0opl) € N =

= ((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |
= (Vobjm: = (dpn = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) |
= (v
= (

obj(0p1): = (% (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =

apn = {{(op1), (opD)}, {(0op1), (0p2) }})n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1), 1} })n)n}[m] + {ph € {ph € P(P(Union({N, Q}))) |
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[NextXS(NoUpperBound) P I rule nextXS(noUpperBound)”]

NextUS(UpperBound)
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[NextUS(UpperBound) 22" SystemQ + Vm: UB({ph € P({ph € P({ph €
P(P(Union({N, Q}))) | = (Vops(0p1): = (= (Vans(0p2): - (5 (> ({opT) € N =
~((0p2) € Qu)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n}) |
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= ((op2) € Qn)n = = ((x1) = {{(op), (op1)}. {(0p1). (0p2)}})n)n)n)n)n)n =
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—m = = (|({ph € {ph ¢ P(P(Union({N, Q}))) |
Yobj(0p1): = (= (Yobj(0p2): = (= (= ((0p1) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobim: = (epn =
{{m,m}, {m, ({ph € {ph € P(PEUHIOH({N ,Q})) |
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5 (Vobj(0p1): =1 (5 (Vobj(0p2): = (4 (4 ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopym: = (dpn =
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~—
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(

(
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= (apn = {{(op1). (op1)}, {{op1), (0P2)} HIm)m)m)mn)n} | = (Vap(cxsD): = (cpp, =
{{(ersD), {ersD)}, {(ersL), 1}})m)n} [m])}})mn}[m] = 0)n = = (fpy, =
{{m.m}. {m. rec{ph ¢ {ph € P(P(Union({N.Q}) |
% (Vog (0P1): = (31 (Vo; (002): = (= (* ((op1) € N = = ({0p2) € Qu)n =
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( obJ(OPQ):ﬁ( ( ((Opl)EN:>

147



= ((0p2) € Q)n)n = = (apy, = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n
= (Yobjm: = (dpn = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q})))
= (v )
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obj(0p1): 5 (%5 (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n

apn = {{(0p1), (op1)}, {(op1), (0p2)} })mm)n)m)m)n} | (Yo (crs
{{(ersi). (ers1)}, {(ersi), 1))} m] + {ph € {ph € P(P(Union({N Q
= (Vo (0PL): = ( (Vobs(0p2): = (= (= ({op1) € N = * ((0p2) € Qm)n =
= (apn = {{(opL), (opL)} {(op1), (0p2)}})m)m)m)m)m)n} | = (Vups(ersL): = (cpn =
{{(ersI), (ers)}, {(ers1), 1}})m)m}m])} uju}[m] = 0 = = (Fpr, =
{{m,m}, {m, 0} })n)n)n)n}[m] + {ph € {ph & P(P(Union({N,Q}))) |
= (Vo (0PL): 2 (5 (Vobs(0p2): = (= (= ({op]) € N = * ((0p2) € Q)m)n =
= (apn = {{(opL), (op1)}, {(opD), (0p2)}})m)m)m)m)u)n} | = (Vupym: = (dpy, =
{{m, m}, {m, (x[m] + y(m])})n)n}[m])} Hnjn} ] + (—udpi )| <= (0) =
= (=(|({ph € {ph € P(P(Union({N, Q}) |
= (Vabg(0PL): = ( (Vobs(0p2): = (= (= ((0p1) € N = * ((0p2) € Q)m)n =
= (apn = {{(0p1), (0p1)}, {(op1), (0p2)} rju)m)n)n)n} | = (Vopym: = (epr, =
{{m, m}. {m. ({ph € {ph € P(PEUmonuN QD)) |
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] * {ph € {ph € P(P(Union({N,Q}))) |
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= (apn = {{(op1), (op1)}, {(op1

= (Vobj(opl): = (

obj (0P2) (

= (apn = {{(op1), (op1)},{(op1), (0p2)}})n
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{{(crs1), (crs1)}, {(crs1), 1} })n)n}[m])} })n )n}[ | =0)n = =(fpn =
{{m, m}, {m, rec{ph & {ph € P(P(Union({N, Q}))) |
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apn = {{(op1), (op1)}, {(op1), (0p2) } })n)n)n)n (cr
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= (Yobjm: = (= (= (= ({ph € {ph € P(P(Union({N, Q})
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{{(crst), (crs1)}, {(crs1), 1} })n)n}[m])} Hn)n}[m] = 0 = = (fpn =

{{m, m}, {m, 0} })n)n)n)n}[m] + {ph € {ph € P(P(Union({N,Q}))) |

5 (Yobj(op1): = (5 (Vobj(0p2): = (% (= ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopim: = (dpn =
%%)mi *){m) (}><][m] +y[m])}Hn)n}m])} })n)n}[m] + (—uden[m]))| =

[NextUS(UpperBound) = “NextUS(UpperBound)”]

[NextUS(UpperBound) > Y “pyle nextUS(upperBound)”]

NextUS(NoUpperBound)

[NextUS(NoUpperBound) "= " Rule tactic]

)"
[NextUS(NoUpperBound) * sy SystemQ FVm: = (UB({ph € P({ph € P({ph €
P(P(Union({N, Q}))) | = (Yobj(op1): 7 (= (Yobj(0p2): = (= (= ((0opl) € N =

= ((op2) € Qu)n = = (apn = {{(op1), (op1)}, {(opl), (0p2)} })n)n)njn)n)n}) |
(2 (o (r1): (1) € fpn = = (obj (0p1): 7 (7 (Vobj(0p2): = (= ( ((op1) € N =
= ((0p2) € Q)n)n = = ((x1) = {{(op1), (op1)}. {(0p1). (0p2)}})n)n)n)n)n)n =
= (Yobj (F1): Vob; (f2): Vob; (£3): Vo (£4): {{(f1), (f1)}, {(f1), (£2)}} € fpn =

{{(83), (83)}, {(£3), (E4)}} € fpn = (f1) = (3) = (£2) = (f4))n)n =

5 (Vobj(s1): (s1) € N = = (Vopj(s2): - ({{(s1), (s1)}, {(s1), (s2)}} €
fPh)H)H)H)H}) | Yobi(€): = (Fobii: 1 (Yobjm: (0 <= (€) = = (= (0 = (¢))n)n)n =

n<=m = =(|({ph € {ph € P(P(Union({N, Q}))) |
: (VobJ(Opl)ﬁ(ﬁ (Vobj(0p2): = (7 (= ((opl) € N = =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n
{{m,m},{m, ({ph € {ph € P(PEUHIOH({N Q1)) |
),

(op2) € Q)n)n =

(
F = (Yobim: = (epn =

5 (Vobj(op1): 1 (1 (Vob;(0p2) (5 ((opl) € N= =
- (apn = {{{op1), (op1)}, {{oP1), (op2)} })m)m)m)m)m)
> o (2 (5 ((pL € (5 € PP Dnion((N.Q)
5 (Vobj(opl): = (5 (Vo (0p2): = (4
= (apn = {{(op1), (op1)},{(op1), (0p2)}}) jn)n)n)n)n} [ = (Vobjm: = (dpn =
{{m, m}, {m, ({ph € {ph € P(P(Union({N, Q})))
5 (Vobj(op1): =1 (1 (Vobj(0p2): = (1 (< ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{(crsl), (crsl)} {(( rsl),1}})n)n}[m] + {ph € {ph € P(P (Unlong N,QN)) |
(

N
=
E/—\

~—

—

~—

= (Vobj(0p1): = (= (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =
opl)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobj(crsl): = (cpn =

= (apn = {{(op1),
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{{(crs1), (crs1)}, {(crs1), 1} })n)n}[m])} })n)n}[m] =
{{m,m}, {m, rec{ph & {ph € P(P(Union({N,Q}))) |
5 (Vobj(op1): = (=1 (Vobj(0p2): = (+ (= ((opl) € N =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n
{{m,m},{m, ({ph € {ph € P(PEUmOH({N Q) |

)

op2) € Q)n)n =

| = (Vobjm: = (dpn =

\_/ J
5 o~
- =

5 (Vobj(op1): =1 (1 (Vobj(0p2): (< ((op1) € N =~ ((op2) € Q)n)n =

= (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =

{{(crsl1), (crsl)} {(crs1),1}})n)n}[m] + {ph € {ph € P(P(Union({N, Q}))) |

5 (Vobj(op1): =1 (1 (Vobj(0p2): = (7 (= ((opl) € N = = ((op2) € Q)n)n =
( }
(

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n
{{(crs1), (crs1)}, {(crsl), 1} })n)n}[m])}})n

\_/
\-/
\/
=
Ra
]
N~—
]
-
J
—
<C
o
=

—
¢]
]
7]
—_
SN~—
]

—~
[s)
el

=

|

~—
V

n}[ [})m)m)n = = ({ph € {ph €
obj(0p2): = (= (= ((opl) e N =

<

(P(Union({N, Q}))) | = (Yonj(op1): = (= (

((op2) € Q)n)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
(Vobjm: = (dph = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) |

(v
(

~—

): (5 (Yobj(0p2): = (< (= ((0p1) € N = = ((0p2) € Q)n)n =

apn = {{(op1), (op1)},{(op1), (0p2)} })n
{{(crs1), (crs1)}, {(
= (Vobj(opl): = (5 (¥
(
(c

o
&
—
@]
ie)
—_

~—

n)n)n)njn} | = (Yopj(crsl
crsl), 1} })n)n}m] + {ph € {ph € P(P (UmOﬂg{N ))) |

obj(0p2): 2 (< (= ((0pl) € N = = ((0p2) € Q
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)n)n)n)n)n} | = (Yebj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1), 1}})n)n}[m])} n)n}[m] = 0 = = (fpp =
{{m,m}, {m, 0} })n)n)n)n}[m] + {ph € {ph € P(P(Union({N,Q}))) |

= (Yobj(op1): = (= (Vobj(0p2): = (= (= ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} [ = (Vobim: = (dpn =
{{m, m}, {m, (x[m] + y[m])} })n)n}[m])} })n)n}[m] + (—udpn[m]))| <= (e) =
= (= (I({ph & {ph € P(P(Union({N, Q}))) |
= (Vobj(0p1): =1 (= (Vobi (0p2): = (- (= ((
= (apn = {{(op1), (op1)},{(op1) n)n)n
{{m, m}, {m, ({ph € {ph € P(PEUHIOH( N,Q})))

),

~—

~—
~

~—

= (Vobj(0p1): =1 (= (Vobj(0p2) (= ((Opl) €N = = ((op2)
(aPh = {{(Qpl) (Opl)} {(op1

(Vobj (Opl) = (VobJ (0p2): = (=
= (apn = {{(op1), (op1)}, {(Oplza (0p2)} H)m)n)n)n)njn} | = (Vopim: = (dpn =
(=

{{m,m}, {m, ({ph € {ph € P(P
= (Yobj(op1): = (5 (V.

= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Vobj(CfSUi = (cpn =
{{(crsl) (crsl)} {((crsl) ,1}})n)n}[m] 4+ {ph € {ph € P(P(Union
(

obj(0p2):

\_//\
~
=z
@
&
=
=
=

= (Yobj(op1): = (=5 (Vobj (0p2): = (5 (= ((op1) € N'= = ((0p2) € Q
= (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)njnjn} | = (V. obJ(Cfsl) = (cpn =
{{(crs1), (crs1)}, {(crs1), 1} })n)n}[m])} Pn)n}m] = 0)n = = (fer, =
{{m m}, {m, rec{ph € {ph e P(P(Umon({N,Q})))

= (Yobj(0p1): = (%1 (Yobj (0p2): = (= (= ((op1) € N'= = ((0p2) € Q)u)n =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobim: = (dpn =

~—

~—
V
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(

{{( crsl) (crsl)} {(crsl),1}})n)n}
“ (Yobj(0p1): = (% (Yobj (0p2): = (= (= (
= (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)njn} | = (V.

{{(crs1), (crsl)}, {(crsl), 1}})n)n}[m])} Hnjn}[m]}}n)n )D=>ﬁ({ph€ {phé

P(P(Union({N, Q}))) [ = (Yobj(op1): = (= (Vobj(0p2): = (= (= ((opl) € N =

= ((0p2) € Q)n)n = = (apy, = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} |
= (Yobjm: = (dpn = {{m, m}, {m, ({ph € {ph € P(P(Union({N, Q}))) |

= (Yonj(0p1): = (%1 (Yonj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)u)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vobj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crsl), 1} })n)n}[m] + {ph € {ph € P(P(Union({N,Q}))) |

= (Yonj ( obj(0p2): = (% (= ((op1) € N = = ((op2) € Q)n)n =

= (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1), 1} })n)n}{m])}})n)n}[m] = 0 = = (fpn =
{{m,m}, {m, 0} })n)n)n)n}[m] « {ph € {ph € P(P(Union({N, Q}))) |

5 (Vobj(op1): =1 (1 (Vobj(0p2): = (1 (= ((opl) € N = = ((op2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(opl), (0p2)}})n)n)n)n)n)n} | = (Vopjm: = (dpn =
{{m, m}, {m, (x[m] + y[m])} })n)n}[m])}})n)n}[m] + (—udpn[m]))| =
(¢))n)n)n)n)n}, SetOfReals))n F us[(m + 1)] = us[m]]

[NextUS(NoUpperBound) ¥ “NextUS(NoUpperBound)”]

(
(
opl): = (5 (¥
(
(c

[NextUS(NoUpperBound) ® Y “rule nextUS(noUpperBound)”]

ExpZero

[ExpZero P Rule tactic]

[ExpZero stmpt SystemQ F Vm: Vx:m = 0 - x(exp)m = 1]
[ExpZero "< “ExpZero”]

[

k
ExpZero 2 “Irule expZero”|

ExpPositive

ExpPositive pr—>00f Rule tactic
P

[ExpPositive “ System(@ - Vm: Vx: - (0<=m= (- (0=m)n)n)n
x(exp)m = (x *x(exp)(m + (—ul)))]

[ExpPositive *< “ExpPositive”]
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s k o
[ExpPositive 2 “Irule expPositive”]

ExpZero(R)

[ExpZero(R) "
[ExpZero(R) 22" SystemQ F Vm: V(fx):m = 0 - (fx)(exp)m = {ph € P({ph €
P

P({ph € P(P(Union({N,Q}))) | = (Vob;(0p1): = (<2 (Vob;(0p2): = (=2 (= ((opl) €
N => - ((0p2) € Q) )n = ﬁ(aPh =

0 Rule tactic]

/—\Az—\
—

—

—_
l——
r—*ﬁ\_/
—

o
73

)}} € fph = (fl) f3) = (f2) = (f4))n)n =
= (Yobj(s2): = ({{(s1), (
ob(€) ) 5 (Vopjn: =1 (Vobim: = (0 <

n<=m= - (\({ph € {ph € P( (Union({N, Q}
= (Yobj(op1): = (5 (Yopj (0p2): = (= (= ((Opl) eN=-=

J
=

<

o

=

wn

—_
\/\./

—~

U]
<mv

z/—\

D"
<.

|
{{(crs1), (crs1)}, {(Cr51)7 1}})n)n}[ﬁ] + (—udPh[ﬁ]))l <=
{ph € P(P(Union({N, Q}))) | = (Vobj(op1): = (=2 (Yob;(0p2): 1 (- (— ((opl) €
N = = ((op2) € Q)n)n = = (apy, =
{{(op1), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} | = (Vob;(crsl): = (cpn =
{{(crs1), (ers1)}, {(crs1), 1} })n)n}[m] + (—udpn[m]))| = (¢))n)n)n)n)n}

)n
[ExpZero(R) = “ExpZero(R)”]

[ExpZero(R) = PV <l rule expZero(R)”]

ExpPositive(R)

proo

[ExpPositive(R) "—  Rule tactic]
[ExpPositive(R) *=" SystemQ F Vm: V(fx): = (0 <= m = (< (0 = m)n)n)n

(£x)(exp)m = {ph € P({ph € P({ph € P(P(Union({N,Q}))) |

= (Yobj(0p1): 1 (1 (Vobj (0p2): = (=1 (= ((0p1) € N = = ((0p2) € Qun =
= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)njn}) [ = (= (Yop;(rl): (r1) €
fen = = (Yobj(0p1): = (% (Vobj(0p2): = (5 (ﬁ(( ) € N= =((op2) € Q)n)n =

p2
((r1) = {{(op1), (op1)}, {(0p1), (op2
(Vob L) ObJ(f2) obJ(f3) ObJ( 4):
(£3), (£3)}. {(£3), (F4)}} € fpu = (f1) = f3):>(f2):(f4))n)n:>
b s1) € N'= = (Yobj(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €

J
—_
<C
o
<.
)]
—_
~—
—



= (Yonn
n<=m= (\({ph € {ph < P( (Umon({N Q1)) |
= (Yob; ( ((Opl) €N= =((op2) € Q)n)n =
nn)n} | = (Vopjm: = (epn =
m| *y[m m)))| <= (e) = = (= (I({ph &
{ph € P(P(Union({N, Q}))) \ S (v obJ(Opl):;‘( (Vobj(0p2): = (= (= ((op1) €

{{(op1), (op1)}, {(op1), (0p2)} })n)n)m)n)n)n} | = (Vop;m: = (epn =
» (X[m]  y[m]) } })n)n}{[m] + (—udpn[m]))[ = (€))n)n)n)n)n}]
[ExpPositive(R) > “ExpPositive(R)”]

[ExpPositive(R) 2 < rule expPositive(R)”]

BSzero

[BSzero P Rule tactic]

[BSzero 2" SystemQ F Vm:Vn:n = 0 + BS(m, n) = rec(1 + 1)(exp)m]
[BSzero °= “BSzero”]
[

BSzero 25 “Irule base(1/2)Sum zero”|

BSpositive

[BSpositive P Rule tactic]

[BSpositive I System(@ + Vm: Vn S(0<=n==(-(0=n)n)n)n k-
BS(m, n) = (rec(1 + 1)(exp)(m + n) + BS(m, (n + (—ul))))]

[BSpositive = “BSpositive”]

[BSpositive RASEIP base(1/2)Sum positive”]

UStelescope(Zero)

UStelescope(Zero) ™= " Rule tactic]

[

[UStelescope(Zero) S System@Q - Vm: Vn:n = 0 UStelescope(m, n) =
|(us[m] + (—uus[(m + 1)]))]]
[
[

UStelescope(Zero) s “UStelescope(Zero)”]

UStelescope(Zero) VS rule UStelescope zero”|
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UStelescope(Positive)

[UStelescope(Positive) P Rule tactic]

[UStelescope(Positive) 3" SystemQ - ¥m: Vn: 5 (0 <=n = (- (0 =
n)n)n)n - UStelescope(m,ﬂ) =
(I(us[(m + n)] + (—uus[(m + (n + 1))]))[ + UStelescope(m, (n + (—ul))))]

[UStelescope(Positive) “% “UStelescope(Positive)”]
[

UStelescope(Positive) P < rule UStelescope positive”]

EqAddition(R)

EqAddition(R) "= " Rule tactic]

EqAddition(R ) SystemQ FV(fx): V(fy): V(fz): {ph € P({ph € P({ph €
(UHIOH({ Q1)) | = (Vobj(0pl): = (52 (Vobi(0p2): 1 (5 (7 ((opl) € N =
n)n = = (apn = {{(opl), (op1)}, {(opl), (0p2)}})n)n)n)n)n)n}) |
( 1) e fen = 51 (Vobj(0p1): =1 (1 (Vobj(0p2): =1 (71 (= ((opl) € N =
n)n = = ((r1) = {{(op1), 01;1)},{(0101),(0p2)}})n)n)n) n)n)n =
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{{(£3), (£3)},{(3), (f4)}} € fpr = (fl) #3)
7 (Vob 5 (Vobj(s2): = ({{(s1),
n)n}) | Yobj(€): = (Vobjm: = (Vobjm: =

=anl( {ph € {ph € P( (UPIOH({N Q1))

{{m, m},{m, ((fX) [m] Jr@[m])}})n)ﬂ}[m + (=
= (= (I({ph € {ph € P(P(Union({N, Q}))) |

5 (Vobj(op1): =1 (1 (Vobj(0p2): 5 (7 (5 ((opl) € N = = ((o

= (apn = {{(op1), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} |
{{m, m}, {m, ((fx)[m] + (fz)[m]) } })n)n}[m] 4+ (—udpn[m]))| = (¢))n)n)n)n)n}t =
{ph € P({ph € P({ph € P(P(Union({N, Q}))) |

5 (Vobj(0p1): =1 (= (Vobj(0p2): = (1 (5 (

= (apn = {{(op1), (op1)},{(opl), (op2
fon = = (Vobj(0p1): =1 (-1 (Vob; (0p2): = (1 (=1 (

= ((r1) = {{(op1), (op1)}, {(0p1), (0p2)} })n)n

S (v obJ@ ob; (f2): Vob; (£3): Von; (f4): {{(f1),
{{(13), £3)}, {(f3), (f4)} € fen = (f1) = (88) = (£2) = (f4))n)n =

5 (Vobj(s1): (s1) € N = = (Vob(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fen)n)njnjn}) | Vo b (€): 5 (Yob i = (Vopgm: = (0 <= 2 (2 (0=
i <=m = = (|({ph € {ph € P(P(Union({N,Q}))) |
;‘(vobj opl): =1 (5 (Vobj(0p2): = (5 (+ ((op = ((

S (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n n} |-
{m m}, {m, ((fy)[m] + (fz)[m])}})n)n}[m
“ (I({ph € {ph € P(P(Union({N, Q}
5 (Vobj(op1): =1 (1 (Vobj(0p2): = (7 (< ((opl) € N = = ((op2) €
= (apn = {{(op1), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} | = (Vopym: = (dpn =
{{m, m}, {m, ((fy)[m] + (fz)[m])} })n)n}[m] 4+ (—udpn[m]))| = (¢))n)n)n)n)n}|

[EqAddition(R) * “EqAddition(R)”]

/—\

.
\_/.—.
—

A,_\

[EqAddition(R) = P «1rule adhoc eqAddition(R)”]

FromLimit

[FromLimit "= ?' Rule tactic]

[FromLimit gt SystemQ  Vm: Vn: V(fep :
Vobj@: 2 (Vobjm: = (Vobin: = (Vobj(€): = (5 (Vopii: =1 (Vobjm: = (5 (0 <= (¢) =

S (= (0= (¢))n)n)n = - (" <=m = {ph € {ph e P(P(Umon({N,Q})) |

5 (Vobj(op1): = (1 (Vobj(0p2): 1 (1 (7 ((opl) € N = = ((op2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crsl), 0}})n)n}{m] <= (y[m] + (—u(e))))n)n)n)n)n)n =




m obj(€): 71 (5 (Vobn: =1 (Vopm: = (5 (0 < ():> (=(0=
(6))n)n)n = (0 <=m = |f{ph € {ph € P(P (Umon({ Q) |

5 (Vobj(op1): = (5 (Vobj(0p2): = (= (= ((opl) € N = = ((OPQ) € Qn)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopjm: = (dpn =

, {m, (x[m] + {ph € {ph € P(P(Union({N,Q}))) |
B (Vobj(opl): = (5 (Vopj(0p2): 5 (= (= ((op1) € N = = ((0p2) € Q)n)n =
' opl), (op1)}, {(op1), (0p2)} H)n)m)n)n)n)n} | = (Vobim: = (fpn =
{{m, m}, {m, (—ux[m])} })n)n}[m]) } })n)n}|[m] <=
(y[m] + (—u(€))))n)n)n)n)n)n)n)nj

[FromLimit ey “FromLimit”]

]
—
[Y)

=
=

|
—~
—
—

[FromLimit Py “Irule fromLimit”]

ToUpperBound

[ToUpperBound Proof Rule tactic]

[ToUpperBound *3" SystemQ = V(fx): V(fy): V(fxs): (fx) € (fxs)
(5 (Fobj (€): 1 (51 (Vg = (YoM =2 (51(0 <= (€) = = (= (0 = (¢))n)n)n =
A <=m = x[m] <= (y[m] + (—u(e))))n)n)n)n)n)n)n = (fx) = (fy)

UB((fy), (fxs))]

[ToUpperBound by “ToUpperBound”]

[ToUpperBound P “Irule toUpperBound”]

FromUpperBound

[FromUpperBound Proof Rule tactic]
[FromUpperBound *2" SystemQ - V(fx): V(fy): V(fxs):
(£x5) F = (5 (Yobj(€): = (5 (Vobji: = (Vopgim: =
())mn)n = = (1 <=m = x[m] <= (y[m] +
(fy)

y)

FromUpperBound tex “FromUpperBound”]

&
=z
=
i
8
~
G
N—
m

[
[FromUpperBound P rule fromUpperBound”|

USisUpperBound

[USisUpperBound P Rule tactic]

158



[USisUpperBound *2" SystemQ F Vm: UB(us[m], SetOfFxs)]
[USlSUpperBound == “USisUpperBound”]

[USisUpperBound P Caxiom USisUpperBound”|

Onot1(R)

poo

[Onot1(R) "—

[Onot1(R) I SystemQ - ({ph € P({ph € P({ph € P(P(Union({N,Q}))) |
= (Yonj(op1): = (5 (Yopj (0p2): = (= (= ((op ' n=

= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n}) | *(' (Vobj(rl) ( 1) €
fon = = (Vobj (op1): =1 (51 (Vobj (0p2): = (*
f((rl) = {{(Opl) (Opl)} {(Opl) (0 §>2)

{{(13), f3)} {( 3), ( 4}t Gfph = (f1)=83) = (12) = (f4))n)n =

7 (Vob N = = (Vob;(s2): = ({{(s1), (s1)}, {(s1), (s

bJ( €): 71 (VopjM: = (Vopjm: =

i <=m = = (|({ph € {ph € P(P(Union({N,Q}))) |

%(Vobj(opl)i*( (Vobj(0p2): = (<1 (5 ((Opl) EN= -
n)n)

Rule tactic]

{{(Crbl) (crsl)}, {(Crbl) 0}}) )H}[ﬁ] + (—udPh[m]))|<i(€) = = (=
{ph € P(P(Union({N, Q}))) | = (Vobj(0p1): = (<1 (Vobj(0p2): = (= (= ((opl) €
N = 4 ((op2) € Q)n)n = - (apy =
{{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} | = (Vobj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crs1), 0} })n)n}[m] + (-
{ph e P({ph e P({ph € P(P(Union({N, Q})
5 (Vobj(0p1): =1 (5 (Vobj(0p2): = (4 (4 ((opl) € N = = ((0p2) € Q)n)n =
= (apn = {{(op1), (op1 },{( 1), (op2 n o (-
fphi% (Vobj(opl): = (5 (Vobj(0p2): =
= ((r1) = {{(op1), (op1)}, {(op1), (op2
( ObJ(fl) obj (f ) ob)j (f3) ObJ(f4) ’
4)}} € fprn = (f1) = (f3) = (f2) = (f4))n)n =

~

~—

{{(13), (83)}. {(83), (E (3) = (12) = ({4))n)
~ (Yobj(s1): (s1) € N = = (Vopy (s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fpn)n)n ) ) 1) | Vabi(€): 7 (Yobj: = (Yobi: = (0 <= (€) = = (= (0 = (¢))n)n)n =

n<= " (\({Ph € {ph € P(P(Union({N, Q}))) |
= (V ObJ(Opl) = (5 (Vobj(0p2): = (7 (7 ((op1) € N = = (( €
= (apn = {{(op1), (op1)}, {(op1), (0p2) }})n)n)n)n)n)n} | = (Vop;j(crsl): = (cpn =
{{(crsl), (ers1)}, {(crsl), 1} })n)n}[m] + (—udpn[m]))| <= (¢) = = (= (|({ph €
{ph € P(P(Union({N, Q}))) | = (Vobj(op1): = (= (Vobj(0p2): = (= (= ((opl) €
N = - ((op2) € Qn)n = = (apy =

{{(op1), (op1)}, {(op1), (0p2) } })n)n)n)m)n)n} | = (Vobj(crsl): = (cpn =
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{{{ers1), (oD}, {(ersD), T} mpn} ] + (—udpy )] = ()m)m)n)n)n}yn]
[Onot1(R) = “Onot1(R)”]
[Onot1(R) VX “axiom Onot1(R)”]

ExpUnbounded(R)

[ExpUnbounded(R) "— P Rule tactic]

[ExpUnbounded(R) ° ° SysteﬂQ F

Vm: V@:i(vobjm: (5 (Vobj(€): 7 (5 (Vobin: = (Vobym: & (;(0 =(6) =

S (5 (0= ())nn)n = = (1 <=m = x[m] <= (y[m]+(-u(e))))n)n)n)n)n)n)n)nj
[ExpUnbounded(R) tex “ExpUnbounded(R)”]

[ExpUnbounded(R) PV rule expUnbounded”]

FromLeq(Advanced)(N)

proo

[FromLeq(Advanced)(N Rule tactic]

(N) "=
[FromLeq(Advanced)(N) 2 SystemQ - Vm: V(ml):Vn:m <=n
= (Yopj(m1): = ((m + (m1)) = njn)n]

[FromLeq(Advanced)(N) *% “FromLeq(Advanced)(N)”]

(
[FromLeq(Advanced)(N) P <l rule fromLeq(Advanced)(N)”]

FromLeast UpperBound

[FromLeastUpperBound Poof Rule tactic]

[FromLeastUpperBound "3 System@Q - LUB( (fx), (fys)) =
= (UB((fx), (fys)) = = (UB((fz), (fys)) =

5 (5 (Vo (€): 5 (5 (Vo = (Yopgm: = (2 (0 < ()éﬁ(ﬂ(():(e)) Jn)n =
= (fx) =

S (1 <=m = x[m] <= (y[m] + (—u(e))))n)n)n)njn)n)n

[FromLeastUpperBound tex “FromLeastUpperBound”|

[FromLeastUpperBound YK rule fromLeastUpperBound”]
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ToLeastUpperBound

[ToLeastUpperBound P Rule tactic]
[ToLeastUpperBound *%" SystemQ - V(fx): V(fz): V(fys): UB((£x), (fys))

UB((f2), (fys)) = = (= (Vobj(€): = (5 (Yobji: 5 (Yob;m: = (4 (0 <= () =
= (=(0= (e)n)n)n = = (1 <= m = x[m ](<

(y[M] + (—u(€))))n)n)n)n)n)n)n = (fx)
[ToLeastUpperBound tex “ToLeastUpperBound”]

2) - LUB((£), (fys))]

[ToLeastUpperBound P pyle toLeastUpperBound”|

XSisNotUpperBound

[XSisNotUpperBound P Rule tactic]
[XSisNotUpperBound *“3" System@Q + Vm: - (UB(xs[m], SetOfFxs))n]

[XSlsNotUpperBound = “XSisNotUpperBound”]
[XSiSNotUpperBound VY “axiom XSisNotUpperBound”]

ysFGreater

£ :
[ysFGreater "= Rule tactic]

[ysFGreater "' SystemQ F Vm: = (xs[m] <= ysF[m] = = (= (xs[m] =
ysF[m])n)n)n]

[ysFGreater 5 “ysFGreater”]

ko .
[ysFGreater % “axiom ysFGreater”]

ysFLess

[ysFLess P Rule tactic]

[ysFLess *3° SystemQ - Vm: = (ysF[m] <= (xs[m] + recm) = = (- (ysF[m] =
(xs[m] + recm))mm)n]

[ysFLess “= “ysFLess”]

[ysFLess P “axiom ysFLess”|
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Smalllnverse

[SmallInverse PO Rule tactic]

[Smalllnverse 2" SystemQ F Vm: Vx: 1 (0 <= x = = ( (0=x)n)n)nF
4 (Vopjm: = (5 (recm <= x = = (= (recm = x)n)n)n
[SmallInverse s “SmallInverse”]

[SmallInverse 2 < rule smalllnverse”|

NatType

[NatType P Rule tactic]
[NatType I SystemQ F Vm: Ac. TypeNatO([m]) # m € N]
[NatType -5 “NatType”]

[NatType P “axiom natType”]

Rational Type

[RationalType P Rule tactic]
[Rational Type U SystemQ F Vx: Ac. TypeRational0([x]) F x € Q]
[RationalType tex “Rational Type”]

[RationalType P Caxiom rational Type”|

SeriesType

[SeriesType Prool Rule tactic]

[SeriesType "' SystemQ F V(f): V(sy): Ac. Typeseries0([(E)], [(sy)])
= (5 (Voby (1D): (1) € (£) = = (Vo (0PL): = ( (Vobs(0p2): = (= (= ({op]) € N =

= ((0p2) € (sy))m)n = = ((11) =
{{(op1), (op1)},{(op1), (0p2)} })n)m)m)ymju)n =
= (Vo ( fl)} {(f1), (2)}} € (&x) =

(F1): Yob; (£2): Vo (£3): Von; (4): {{(f
{{(£3), (£3)},{(3), (f4)}} € (fx) = (f1)

)=
- (vobj@5(571 € N = = (Vo; (52) ( (s1)

{{6D) )(

[SeriesType by “SeriesType”|
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. k . .
[SeriesType 2 “axiom seriesType”]

Max
[Max P Rule tactic]

stm

[Max 2 SystemQ - Vx: Vy: 5 (2 (y <= x= 2 (if(y <= x,x,y) = x)n)n)n =
2y <= xn = A(ifly <= xxy)

[Max = “Max”)

pyk .
[Max = “axiom max”]

Numerical

. £ .
[Numerical "% Rule tactic]

[Numerical *3" SystemQ F Vx: 1 (< (0 <= x = = (x| = x)n)n)n = = (= (0 <=
x)n = = (x| = (—ux))n)n]

. tex .
[Numerical = “Numerical”|

. pyk . .
[Numerical = “axiom numerical”]

NumericalF

. £ .
[NumericalF "% Rule tactic]

[NumericalF st SystemQ + o

V(x): = (5 (5 (Vobj(€): 5 (51 (Vobin: 1 (Vobim: = (51 (0 <= (e) = = (H (0=
(6))n)n)n = - (7 <=m = {ph € {ph € P(P (Unlon({N Q) |

5 (Vobj(op1): =1 (1 (Vobj(0p2): = (1 (= ((opl) € N = = ((op2) € Q)n)n =
5 (apn = {{(op1), (op1)}, {(op1), (OPQ)}})D) Jn)n)n)n} | = (Vobj(crsl): = (cpn =
{{(ers1), (crs1)}, {(crsl), 0} })n)n}[m] <= ((fx)[m] 4 (—u(e))))n)n)n)n)n)n)n =
Vobj(€): 1 (Vobjn: 1 (Vobjm: =1 (0 <= (¢)
= (|({ph_€ {ph € P(P(Union({N, Q}))) |
5 (Vobj(0p1): =1 (1 (Vobj(0p2): = (1 (= ((0
= (apn = {{(op1), (op1)}, {(op1), (0p2)}
{{(crs1), (ers1)}, {(crs1), 0} })n)n}[m] + (—
{bh € P(P(Usion( [N, Q1)) | > (VoayTopT): (= (Vo o7 ((+ (TopT] €
N= - ((op2) S Q)n)n = (aph =
{{(op1), (op1)},{(op1), (0p2)}})n)n)n j

{{(crs1), (ers1)}, {(crs1), 0} })n)n}[m] + (—u(fx)[m]))| = (€))n)n)n)n)n =

)n)n)n)n)n)n} | *ﬁobj(crsl) S (cpn =
[

E/
SN—
=
SN—
=
-
]
<
°
i
—
o
=
7]
=
]
—
(e}
)
=
Il




(B Zfé)i*(*(%(' (Yobj (€): 1 (=1 (Vobghiz = (Vopgm: = (2 (0 <= (¢) =
(50 =(g))n)n)n = = (0 <=m = {ph € {ph € P(P(Union({N, Q}))) |
7 (Yobj(0p1): 7 (% (Yobj (0p2): = (+ (= ((0p1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} )n)n)n)n)njn} | = (Vobj(crsl): = (cpn =
{{(cxs1), (crsD)}, {(crs1), 0} )mn} ] <= ((B)[m] + (~u(e))))n)n)n)n)n)n)n =
Vobj (€): 7 (Vofi: = (Vob it 2 (0 <= (€) = = (2 (0 = (e)n)n)n = 7 <= =

)
= (|({ph € {ph € P(P(Union({N, Q})))
= (Vobj(opl): = (5 (Vobj(0p2): = (4 (< ((opl) € N = = ((0op2) € Q)n)n =
= (apn = {{(op1), (op1)}, {(op1), (op2)}})n)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
{{(crs1), (crs1)}, {(crsl), 0} })n)n}m] + (—u(fx)[m]))| <= (e) = = (= (|({ph €

{ph € P(P(Union({N, Q}))) [ = (Vobj(op1): 1 (= (Vobj(0p2): = (- (= ((opl) €
N = - ((op2) € Qn)n = ~ (apy =

{{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n
{{(crs1), (crs1)}, {(crsl), 0} })n)n}[m] + (—u(

|f(fx)| = {ph € {ph € P(P(Union({N, Q}))) |

5 (Vobj(0p1): = (5 (Vobj(0p2): = (4 (7 ((opl) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n} | = (Vopim: - (fpr =
{m, m}, {m, (—u(fx)[m])} })n)n})n)n]

[NumericalF * “NumericalF”]

. pyk . .
[NumericalF = “axiom numericalF”]

MemberOfSeries(Imply)

[MemberOfSeries(Imply) P Rule tactic]

[MemberOfSeries(Tmply) ° i SystemQ F Vm: V(fx):V(sy):m € N =

5 (5 (Vo (r1): (r1) € (fx) = = (Yobj(0p1): = (5 (Vonj(0p2): = (<2 (=1 ((op1) € N =
4 ((0p2) € (sy))n)n = = ((r1) =

{{(op1). (op1)},{(op1), (0p2)} })n)n) )H)H)H)ﬂ
= (Vobj (f1): Vop; (£2 1
{{(13), (13)}, {(3), (f4)}} € (fx) = (f1) )

= (Vobj(s1): (s1) € N = = (Vo (s2): = ({{(s1), (s1)}, {(s1), (s2) }}
(£x))n)n)n)n = {{m,m}, {m, (fx)[m]}}

[MemberOfSeries(Imply) *= “MemberOfSeries(Imply)”]

J( ) ObJ( ) ObJ(

»—h\_/
—
—
—
—
—h
-
S~—
—
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—
—
m
o
e
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[MemberOfSeries(Imply) VX “axiom memberOfSeries”]
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JoinConjuncts(2conditions)

[JoinConjuncts(2conditions) proof AcAx.P([SystemQ + Va:Vb:Ve:Vd:a = b =
cka=b=dFaFbFMP2ra=b=cra>b>»c¢MP2ra=>b=
d>ar>b > d;JoinConjuncts > ct>d > - (c =

4 (d)n)n; Va: Vb: Ve: Vd: Ded 1> Va: Vb: Ve: Vd:a=b=ckFa=b=drabk bt
“(c= dnn>a=b=c=a=b=d=a=b=~(c=-(dnna=
b=cta=b=dFMP2ra=b=>c=a=>b=>d=>a=b="(c=>
S(dnnra=b=cra=>b=d>a=b= -(c= - (d)n)n],po,c)]
[JoinConjuncts(2conditions) stgt SystemQ - Va:Vb:Ve:Vd:a=b=cta=
b=dFa=b=-(c=~(dn)n]
[JoinConjuncts(2conditions) = “JoinConjuncts(2conditions)”]
) Y.

pyk

[JoinConjuncts(2conditions) = “prop lemma doubly conditioned join

conjuncts”|

prop lemma imply negation

[prop lemma imply negation progf AcAx.P([SystemQ F Va:a = =~ (a)n -
Autolmply > = (a)n = = (a)n; TND > = (a)n = - (a)n; FromDisjuncts >
S(@n=(ana= <(a)n>-(a)n= - (a)n> - (a)n], po, )]

[prop lemma imply negation stoget SystemQ F Va:a = = (a)n + = (a)n]

[prop lemma imply negation iy “prop lemma imply negation”]

TND

[TND propf Ac.Ax.P([SystemQ + Va: Autolmply > = (a)n =

- (a)n; Repetition > = (a)n = = (a)n > = (a)n = = (a)n], po, )]
[TND *° SystemQ - Va: - (a)n = = (a)n]

[TND 2 “TND”|

[TND X “prop lemma tertium non datur”]

FromNegatedImply

proof

[FromNegatedImply "— Ac.Ax.P([SystemQ + Va:Vb:a = = (- (b)n)ntkat
MP > a = = (- (b)n)n > a > - (- (b)n)n; RemoveDoubleNeg > = (< (b)n)n >
b;Va:Vb:Ded > Va:Vb:a = = (- (b)njnkakFb>a= (- (bnn=a=
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p;%(g:p)nl—MT>g:>%(%(b)n)n:>a =br>-a(a=bn>-(a=

4 (- (b)n)n)n; Repetition > - (a = = (- (b)n)n)n > - (a =

- (_.‘ (b)n)n)n] » PO C)]

[FromNegatedImply *5" SystemQ F Va: Vb: 1 (a = b)n F = (a = = (= (b)n)n)n]

[FromNegatedImply by “FromNegatedImply”]

py «

[FromNegatedImply = “prop lemma from negated imply”]

ToNegatedImply

proof

[ToNegatedImply "— Ac.Ax. P([SystemQ FVa:Vb:ak = (bnt - (- (a=

b)n)n F RemoveDoubleNeg > - (- (a=bn)n>>a=b;MP>a=bra>

b; FromContradiction t> b &> = (b)n > - (a = b)n; Va: Vb: Ded > Va: Vb:a -

A(bnFA(-(@a=bnnkF-(a=bn>»>a=-(bn=-(-(a=bn)n=
“(a=bnjak = (b)nF-MP2>a= -(bjn= = (-(a=b)n )n:>ﬁ(
bn>ar> S (b)n>> (< (a= b)n)n = - (a = b)n; Autolmply > = (- (a =
byn)n = = (= (a= b)n)n;Neg> = (= (a=bjnjn=~(a=bne~(~(a=
b)) = * ((a = bJn)n > * (a = b)n], po,c)

[ToNegatedImply * SystemQ + Va: Vb:a - = (b)n = (a = b)n]

ex

[ToNegatedImply = “ToNegatedImply”]

[ToNegatedImply > 24y “prop lemma to negated imply”]

FromNegated(2 * Imply)

[FromNegated (2 * Imply) " — PO N Ax. P([SystemQ F Va:Vb:Vc: - (a = b =
c)n F FromNegatedlmply >~ (a=b=cn>-(a= (- (b=

c)n)n)n; FirstConjunct > - (a = = (- (b = ¢)n)n)n > a; SecondConjunct >

S (a= (- (b= ¢)n)n)n > - (b = ¢)n; FromNegatedImply > = (b = ¢)n >
< (b= = (- (¢)n)n)n; FirstConjunct > - (b = = (= (¢)n)n)n >

b; SecondConjunct > = (b = = (- (¢)n)n)n > - (c)n; JoinConjuncts > a > b >
- (a = - (b)n)n; JoinConjuncts > - (a = = (b)n)n > = (c)n > = (- (a =

4 (b)n)n = = (= ()m)n], po,o)]

[FromNegated(2 * Imply) stk SystemQ - Va:Vb:Ve:~(a=b=c)nk
(5= S (B)n)n = - (= ()]
( )
( ) =

[FromNegated (2 * Imply tex “FromNegated(2+«Imply)”]

pyk

[FromNegated (2 * Imply prop lemma from negated double imply”]
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FromNegated And

proof

[FromNegatedAnd "—" Ac.Ax. P(fSystemQ FVa:Vb: = (- (a= - (b)n)n)ntatk
Repetition > = (- (a = = (b)n)n)n > = (= (a =

4 (b)n)n)n; RemoveDoubleNeg > - (- (a = = (b)n)n)n > a =

S (b)n; MP > a = = (b)nt>a > - (b)n], po, c)]

[FromNegatedAnd **3" SystemQ + Va: Vb: = (< (a = - (b)n)n)n - a b = (b)n]
[FromNegatedAnd “= “FromNegated And”]

[FromNegatedAnd = dy “prop lemma from negated and”]

FromNegatedOr

proof

[FromNegatedOr "— Ac.\x.P( fSystemQ F Va:Vb: - (- (a)n = b)n k-
Repetition > = (= (a)n = b)n > (- (a)n =
b)n; FromNegatedImply > = (< (a)n = b)n > = (= (a)n = = (= (b)n)n)n], po, ¢)]

[FromNegatedOr "' SystemQ + Va: Vb: = (= (a)n = b)n F = (= (a)n =
5 (5 (R)n)n)n]

[FromNegatedOr s “FromNegatedOr”]

Kk
[FromNegatedOr XS “prop lemma from negated or”]

ToNegatedOr

proof

[ToNegatedOr — AC.AX. P([SystemQ F Va:Vb: = (- (a)n = = (- (b)n)n)n F
( jn=bl FlrstConJunct > (5(a )n = (= (b)n)n)n >

n; SecondConjunct > = (< (a)n = = (% (b)n)n)n >

n; NegateDlsJunctl > - (a)n = b> - (a)n > b; FromContradiction t> b >

n > 5 (5 (a)n = b)n;Va: Vb: Ded > Va: Vb: = (= (a)n = = (= (b)n)n)n -

n=bF-(-(@n=Dbn>»--(-(@n=-(=(b)n)n)n==-(a)n=>b =

+(@)n = )i (» (@)n = (4 (b)n)m)n b MP & (- (a)n =

(b)n)njn = = (a)n = b= =(=(a)n = bju>=(=(a)n = = (= (b)n)njn >

5 (a)n = b= (- (a)n = b)n; prop lemma imply negation > = (a)n = b =

(—(a )n:>b)n>> (5 (2)n = b)n], po, ¢)]

[ToNegatedOr *3" SystemQ F Va: Vb: (< (a)n = = (= (b)n)n)n F = (4 (a)n =
b)n]

[ToNegatedOr = s “ToNegatedOr” ]

[ToNegatedOr i “prop lemma to negated or”]
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FromNegations

[FromNegations progf AcAx.P([SystemQ F Va:Vb:a=bF - (a)n=>bt+
TND > = (a)n = - (a)n; FromDisjuncts > - (a)n = - (a)n>a=b> - (a)n =
b > b—l , Po, C)]

[FromNegations stogt SystemQ - Va:Vb:a=bF - (a)n = b b]
[FromNegations “= “FromNegations”]

. k .
FromNegations > “prop lemma from negations”
g prop 2

From3Disjuncts

[From3Disjuncts progf Ac.Ax.P([SystemQ F Va: Vb: Ve: Vd: - (a)n = = (b)n =
ckb=dFc=dF - (a)nt Repetition> - (a)n = - (b)n=c> - (a)n =

S (b)n = ¢ MP > (a)n = - (b)n = c> - (a)n > - (b)n = ¢; FromDisjuncts >
S(b)n=c>b=dr>c=d> d;Va:Vb:Vc: Vd: Ded 1> Va: Vb: Vc: Vd: = (a)n =
“(bn=ckb=drFc=dF--(@ntd>-(an=-(bn=>c=>b=d=
c=d= ~(a)n=d;Autolmply >a=d=a=d;~(an= - (bn=cka=
dkb=dFc=dF-MP3>-(an=(bn=>c=b=>d=c=d=
S@n=d>-(an=-(bn=c>b=drc=d>»-(a)n=dMPra=
d=a=dra=d> a= d;FromNegations>a = d>-(a)n = d > d], po, )]

[From3Disjuncts st SystemQ  Va: Vb:Ve:Vd: = (a)n = ~(bjn =>cha=dF
b=dFc=dkFd]

[From3Disjuncts *= “From3Disjuncts”]

.. k ..
[From3Disjuncts = “prop lemma from three disjuncts”]

From2 % 2Disjuncts

[From2 * 2Disjuncts propf Ac X P([SystemQ F Va: Vb: Ve: Vd: Ve: = (c)n = d -
a=>c=>elta=d=eFtaFMPra=c=era>c=eMP>ra=d=
er>a > d= e FromDisjuncts > - (c)n =>d>c=e>d=e>
e;Va:Vb:Ve:Vd:Ve: - (a)n = bk - (c)n=dFb=c=ebb=d=et

< (a)n F NegateDisjunctl > - (a)n = b> - (a)n > b;MP>b=c=e>b>
c=>eMP>b=d=e>b>d= e FromDisjuncts > - (c)n =d>c =
e>d=e> e Va:Vb:Vc: Vd: Ve: Ded 1> Va: Vb: Ve: Vd: Ve: - (c)n = d - a = c =
eFa=d=elate>-(ch=d=a=c=e=>a=>d=>e=a=
e;Ded > Va:Vb:Ve:Vd:Ve: " (a)n = bk - (c)n=dFb=c=eFb=d=c¢etl
S“(anke>--(@an=b=-(cn=>d=>b=>c=e=>b=>d=e=-(a)n=>
g-(@n=>bkF-(cn=>drFa=c=>eta=>d=etb=c=>eFb=>d=>
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FMP3>+-(cn=d=a=>c=>e=a=>d=>e=a=e>(cn=>d>a=
>eba=>d=e>a=eMPi>(an=b=(cn=>d=b=c=>e=
:>g:>e:>'()n:>e>%()n:>b>'()n:>g>p:>g:>g>b:>g:>
> 5 (a)n = g; FromNegations > a = e > - (a)n = e > e], po, ¢)]

[From2 * 2Disjuncts stot SystemQ  Va: Vb: Vc:Vd: Ve: - (a)n = b+ = (c)n =
dFa=c=eFa=d=erFb=c=eFb=d=elF¢

o o 10 I

[From2 * 2Disjuncts "< “From2+2Disjuncts”]

.. k . .
[From2 * 2Disjuncts = “prop lemma from two times two disjuncts”]

NegateDisjunct1

f
[ proo

NegateDlsJunctl — AC.AX. P([SystemQ FVa:Vb:=(a)n=bF - (a)nkt
Repetition > = (a)n = b > = (a)n = b; MP > = (a)n = b > = (a)n > b], po, ¢)]

[NegateDisjunctl stogt SystemQ F Va:Vb: 7 (a)n = b+ = (a)n - b]
[NegateDisjunctl tex “NegateDisjunct1”]

py @

[NegateDisjunctl = “prop lemma negate first disjunct”]

NegateDisjunct?2

[NegateDisjunct2 propf Ac.AX.P([SystemQ F Va:Vb: - (a)n=b+ - (b)n+
Repetition > = (a)n = b > - (a)n = b; NegativeMT 1> - (a)n = b > = (b)n >
§1 » PO, C)]

[NegateDisjunct2 *3" SystemQ b Va: Vb: = (a)n = b - = (b)n - a
[NegateDisjunct2 “= “NegateDisjunctQ”]

[NegateleJunctQ “prop lemma negate second disjunct”]

ExpandDisjuncts

[ExpandDisjuncts progf AcAx.P([SystemQ  Va: Vb: Ve: Vd: = (a)n = b

S(gn=dF 5 (b)nt = (d)n F NegateDisjunct2 > = (a)n = b > = (b)n >

a; NegateDisjunct2 > - (¢)n = d > = (d)n > ¢; JoinConjuncts >a > c > - (a =

4 (c)n )n Va Vb: Ve: Vd: Ded > Va: Vb: Ve: Vd: - (a)n = bF - (c)n=d+ - (b)n+
“(dnkF-@a=-(gnn>-(an=b=~(cn=d= =(bjn= ~(dn =
Sla=S(@n)n-(@n=bF-(cn=dFMP2>-(a)n=b=-(cn=d=
Sbn=-(dn=--(a="(cn)n>-(a)n=>br-(c)n=d> - (bn =
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4 (d)n = - (a = - (c)n)n; Repetition > = (b)n = - (d)n = - (a = - (c)n)n >
S (R)n = 5 (d)n = = (a = = (c)n)n], po, c)]

[ExpandDisjuncts stopt SystemQ + Va:Vb:Ve:Vd: -~ (a)n = bk - (c)n=dF
S (bn = A (d)n = ~(a= ~(c)n)n]

[ExpandDisjuncts *% “ExpandDisjuncts”]

.. k ..
[ExpandDisjuncts i “prop lemma expand disjuncts”]

SENC1
[SENC1 "— POl Rule tactic]
ESE)I}VCl "5 SystemQ F V(£x): V(rx): V(ry): (1x) = (ry) F (£x) € (%) - (fx) €

SENC1 ¥ “SENC1”]

[
[SENC1 X “lemma set equality nec condition(1)”]

SENC2
[SENC2 "— P Rule tactic]
[SE)l]\ICQ " SystemQ F V(£x): V(1x): V(ry): (1x) = (1y) F (£x) € (1y) - (fx) €

SEN(C2 ™ “SENC2”]

[
[SENC2 VX “lemma set equality nec condition(2)”]

(R)

=
@)
05
n
=
@)
o)

proof

LessLeq(R) "— Ac.Ax.P([SystemQ +

<.—.

(£x): V(fy): = (Yobj(€): = (= Vomn 5 (Vobm: 5 (7(0 <= (e) = - (= (0=
(6))m)n)n = = (1 <=m = )[ ] <= ((fy)[m] + (—u(e))))n)n)n)n)n)n
WeakenOr2 1> = (Vopj(€): = (51 (Vo = (Vopim: = (5 (0 <= (€) = = (= (0 =
(e)n)n)n = - (A <=m= fX)[ ] <= ((fy)[m] + (—u(e))))n)n)n)n)n)n >
5 (1 (Vo (€): 1 (51 (Vo 51 (Vobym: =1 (5 (0 <= (e) = = (7 (0 = (¢))n)n)n =
S (M <=m = (&)[m] <= ((fy)[M] + (—u(e))))n)n)n)n)n)n)n = {ph € P({ph €
P({ph € P(P(Union({N, }))) | = (Vobj(op1): = (51 (Vobj(0p2): = (5 (= ((opl) €
N = = ((op2) € Q)n)n = = (apn =
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ition > = (51 (Vobj(€): = (5 (Vobjn: =1 (Vopjm: = (4 (0 <=

n)n = - <=m = (fx)[M] <=
n)n)n)n)n)n = {ph € P({ph € P({ph €
)) | 5 (Vobj(0p1): = (-1 (Vopj(0p2): =1 (1 (41 ((opl) € N =
= (apn = {{(opl), (op1)}, {(0p1), (0p2)}})m)m)n)n)n)n}) |
fPh:>_‘( obj(0p1): 5 (4 (Vobi(0p2): = (= (= ((opl) € N =
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= (Vop;n: —\(Vobjm:—'Q <=(e) == (=(0
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))) * (Yobj(0p1): 1 (1 (Yobj(0p2): = (41 (4 ((opl) € N =

= (apn = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n}) |
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2 = (5(0 = (e))n)n)n =
= (B)[m] <= ((fy)[M] + (—u(e))))n)n)n)n)n)n)n = {ph € P( {ph €
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<
[e]
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=
=

;'(vobj(opl):_.‘( (vobJ(OPQ) _‘(
1), (op1)}, {(opl ) (op2
Yob; (f1): Vob ( ): Vob; (£3): Von; (f4): :
( )}}Efph=> fl)z 3) = (2) = (f4)
N:>_-‘(v0bj(52) S ({{(s1), (s}, {(s1), S?) JAS
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[LessLeq(R) ™5 SystemQ —
V(fx): V(£y): 5 (Vobj(€): 7 (5 (Vobin: =1 (Vobjm: = (4 (0 <= (e
2 (0 <=m = (fx)[m] <= ((fy)[m] + (—u(e)))
pa (5 (voan-ﬁ(vobjm:;‘(%(%:(? (=
(fl[ﬁ] <= ((fy)[m] + (—u(e))))n)n)n)n)n)n)n =
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P(P(Union({N, Q ))).I%(Vobj(opl):%(* (vom@ (= (= ((op1) EN =

)}})H) 1)n)n)n)n}) |
- ((opl) e N =

—
[)
el
=
Il
——
——
—
o
o
=
\_/
—
o
o]
[y
—
e
——
—~
o
o
[y
—
—
o
’U
[\

[LessLeq(R) “= “LessLeq(R)”]

[LessLeq(R) P “lemma lessLeq(R)”]

MemberOfSeries

[MemberOfSeries PO e . P([SystemQ - Vm: V(fx): V(sy): m
(5 (Vg GD): 1) € (B6) =  (Vong(OP1): (= (Vg (0p2): = (5
= ((0p2) € (sy))n)n = = ((r1) =

{{(op1), (op1)}, {(op1), (0p2)} Hu)n)n)ynjnn =

1 (Vo (F1): Wob; (£2): Vo (£3): Von; (f4): {{(F1), (£1)}, {(f1), (£2)}} € (fx) =
(). @), (). [} € (£) = 1) = ) = @) = ()=

5 (Yobj(s1): (s1) € N = = (Vobj(s2): = ({{(s1), (s}, {(s1), (s2)} } €
(fx))n)n)n)n F MemberOfSeries(Imply) > m € N = = (= (Vop; (r1): (1) €
@ (vobj (opl): - (= (Vobj( ( N = = ((op2)

y)

op

(L)H)Bﬁ(( 1) = {{(op1), (op
= (Vob (F1): Vob; (2): Von; (£3): Von; (F4): {{(f1), (f1)},
{(13), (13)}, {(13), (f4)}} € (fx) = (f1

4 (Vobj(s1): (31) € N = = (Vop;(s2): =
(£x))n)n)n)n = {{m, m}, {mv(fX)[m]} € (x);MP2>m € N =

5 (5 (Vobi(r1) )(1)6 (=
- ((ov2) € (sy)
{{(op1). lop])},

1 (Vobj (f1): Von; (1 ) obJ(f3) Vobj (f4): {{(f1), (f1)}, {(f1), (f2)}} € (fx) =
{{(£3), (83)},{(13), (f4)}} € (fx) = (1) = (f3) = (2)

5 (Vob(s1): (s1) € N = = (Vou(s2): = ({{(s1), (s}, {(s1), (s2)}} €
() n)n)n)n = {{m, m}, {m, (fx)[m]}} € (fx) ale
(£x) = = (Vobj(0p1): = (5 (Vobj(0p2): = (= (=
(sy))n)n = = ((r1) = {{(op1), (0p1)}, {(op1), (0p2)}})m)n)n)n)n)n =

?%
\_/
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(Y (F1): Vo (12): Yo (3): Yoy (ED): {{{FD), (D)}, {{FD), (@)}} € (£x) =
{{{B3), 3]}, {{1), ()} € () = (1) = (3) = () = [{@)w)n =
= (Vog(1): (51) € N = = (Vorg (2): = ({{G), G}, (D), (2} €

(x))n)n)n)n > {{m, m}, {m, (fx)[m]}} € (x)], po, c)]
[MemberOfSeries I SystemQ F Vm: V(fx):V(sy):m € N I
= (= (Yobj (r1): (11) € (£x) = = (Yonj(opl): = (2 -
= ((0p2) € (sy))n)n = = ((rl) =
pvl)} {(op1), (0p2)}})n

{{(op1), (0 o njunn =
(vaJ@ olif?) vobJ (f3) vOb](flti{(fl)v (f]')}7 {( 1)7 (f )}} € (fX) =
{{(£3), (£3)},{(13), (f4)}} € (fx) = (f1) = (f3) = (f2) = (f4))n)n

) )
4 (Yob(s1): (s1) € N = = (Vo (s2): - ({{(s1), (s1)}, {(s1), (s2)}}
(&) n)n)n)n = {{m, m}, {m, (fx)[m]}} €

[MemberOfSeries “= “MemberOfSeries”]

[MemberOfSeries X “lemma memberOfSeries” |

memberOfSeries(Type)

proof

[memberOfSeries(Type) — Ac.Ax.P([SystemQ +

Vm: V(fx): V(sy): Ac. TypeNatO([m]) i~ Ac. TypeseriesO([ (fx) 1, [ (sy)]) I

NatType > Ac.TypeNatO([m]) > m € N; SeriesType 1>

Ac. TypeseriesO([ (fx)], [(sy)]) > = (= (Vob;(r1): (r1) € (fx) =

= (Yobj(0p1): = (5 (Yobj(0p2): = (5 (= ((op1) € N = = ((0p2) € (sy))n)n =

= ((r1) = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n)n =

(Vo (1) Yo (F2): Yo (5): Yowy CF0): {1 (1), (ED)}, (). ()} € () =

{{(83), (83)},{(83), (4)}} € (Ex) = (f1) = (83) = (2) = (f4))n)n
s1) € N = = (Yob(s2): = ({{(s1), (s1)}, {(s1), (52)}}

€

S (v ObJT)
(fx) )n)n)n)n; MemberOfSeries > m € N > = (= (Vop; (r1): (r1)
j

(
2
{
)=

p
):

S

Jn)n;

¥obj(0p1): = (1 (Vobj(0p2): = (= (= ((op1
)

1): =

(r1) = {{(op1), (op1)},{(op1), (0p2)}}

Yobj (F1): Vob; (£2): Vob; (3): Von; (4): {
f

1

obj(f1):

{{(3), (£3)},{(13), (f4)}} € (fx) = (1) = (F ) (f2
(ﬁ(V obj(s1): (s1) € N = = (Vop(s2): %ﬁ{{(sl :

€ ]
[memberOfSeries(Type) *3" SystemQ F Vm: V(fﬁ: V(sy):
Ac.TypeseriesO(f@] ]'( v)]) = {{m,m}, {m, (£ )[

]
[memberOfSeries(Type) “3 “memberOfSeries(Type)”]

= (
= (
= (

fx))n)n)n)n > {{m, m}, {m, (fx)[m]}
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[memberOfSeries(Type) P “lemma memberOfSeries(Type)”]

*(exp)*

[x(exp)y "% ¢ #1.
(exp) #2.7]

[r(exp) 25 o = 7]

R()

[R((fx)) ™25 At.As.Ac. My (t, s, ¢, [[R((fx)) = {ph € Power(SetOfSeries(Q)) |
SF((fx), pha)}]1)]

[R(x) % “R#1.
7l
[R(x) 2 “R( " )7]

— —R(%)

[— — R(x) “% “-R(#1.
)]

[~ = R(x) =¥ “R(" "]
recx

[recx =3 “rec#1.7]

[rocs 25 1/ 7]

* /
[bs/r 25 At.As.Ac. My (t, s, c, [[bs/r = {ph € P(bs) | Exao € bs A [Exyg €
bs}, ==ph2}1)]

be/y =5 4L
/ #2.7]

k
[/% 25 “eq-system of " modulo "]
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* (1) %

macro

xNny "= )\t.)\s.Ac.M4(t,s, ¢,[[xNy={ph€xUy |phs €xA phs € y}])]

[xNy Xy
\cap #2.”]

pyk . . . .
[* N* = “intersection " comma " end intersection”]
*[4]

[xfy] % “#1.

[#2.
"]

[e[#] 205 ]
Ux

tex

[Ux = “\cup #1.”]

pyk : .
[Ux = “union " end union”]

* U %

[x Uy "5 MAs de. My(t,s, ¢, [x Uy = U{{x}, {y}}]])]

tex

[x Uy = “#1.
\mathrel{\cup} #2.”]

pyk . .
[* U = “binary-union "

comma " end union”]

P(x)
[P(x) 2 “P(#1.

[P(%) By “power " end power”]
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{*}
[{x} ™25 MAs e My(t, s, ¢, [[{x} = {x,x}]])]

[{x} 5\ {#1.
\}]

[{*} P “ermelo singleton " end singleton”|

StateExpand (x, *, %)

[StateExpand(t, s, c) 3 tlslcl/M(sh <t s c)]

tex

[StateExpand(t,s,c) = “StateExpand(#1.
, H2.

, #3.

)]

[StateExpand(x, *, ) Ay “stateExpand( ", ", " )”]

extractSeries(x)

. val
extractSeries(t) — t22121222111111)

extractSeries(t) — “extractSeries(#1.
77]

[extractSeries(x) By “extractSeries( " )”]

[
[ tex
)

SetOfSeries(x)

[SetOfSeries((sx)) ™25 At.As.Ac. My(t, s,
Power(cartProd(N)) | IsSeries(phg, (sx))}

[SetOfSeries(x) = “SetOfSeries(#1.
)]

[SetOfSeries () By “setOfSeries( " )”]

i:,)f][SetOfSeries((sx)) ={ph e
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= (Vobj(op1): 1 (1 (Vobj(0p2): = (7 (< ((opl) € N = = ((OPQ) € Q) jn=
* (apn = {{(op1), (op1)}, {(op1), (0p2)} })m)m)m)n)n)n}) | = (= (Vobj(rl): (rl) €
fon = 1 (Vobj(opl): = (5 (Vob; )eN= -((op2) € Qn)n =

{{m, m}, {m, (—ux{m) }}m)n ] + (—udpn )| <= () = -
P(P(Union({N, Q}))) |  (Yapj(0p1): = (= (Vos(0p2): = (= (= ({opl) € N =
“((op2) € Q)n)n = = (apy = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)n)n)n} |

S (Vobjm: = (fpr = {{m, m}, {m, (—ux[m])} })n)n}[m] + (—udpn[m]))| =

(¢))n)n)n)n )nH [x] : extractSeries(t!) :: T)]

[— — Macro(x) =¥ “-Macro(#1

)"

[

— — Macro(x) ady “-Macro( " )”]

ExpandList (%, *, )

[ExpandList(t, s, c) ) tlslelIf (2, T,
StateExpand(t?, s, c) :: ExpandList(t, s, c))]

tex

[ExpandList(x,y,z) = “ExpandList(#1.

s 72

 #3.

)]

[ExpandList(x, *, *) Y “expandList( ", ", " )]

'(\f;bj(opz):ﬂ( (= ((op1>eN:~<<op2)eQ>>
b



fpn = 1 (Vonj (0p1): = (41 (Von; (0p2): = (*
4 ((r1) = {{(op1), (op1)},{(op1), (op2)
= (Vobj (f1): Vob; (£2): Von; (£3): obJ(L{{(Q 3 (1), (£2
) ( 4)}} € fpr = ( 1) = (3) = (f2) = (f4))n)n =
(s1) € N = = (Voj(s2): = ({{(s1), (s1)},{(s1), (s
fen)n)n)n)n}) | Von;(€): = (Vonin: = (Vobim: = (0 <=
{ph € {ph € P(P(Union({N,Q}))) [

J
—~
<C
o
g
—
Q
T
[y
~—
il
A

5 (Vobj(0p2): =1 (5 (4 ((op
= (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n)
{{m,m}, {m, (x[m] * y[m])} })n)n}[m] + (—udpn[m]))| <= () = = (ﬁ (|({ph €
{ph € P(P(Union({N, Q}))) | = (Vob;j(0p1): 1 (=1 (Vobj(0p2): = (= (= ((opl) €
N = - ((op2) € Q)n)n = - (apy =
{{(op1), (op1)},{(op1), (0p2)}})n)n)n)n)n)n} | = (Vobim: = (epn =

{{m, m}, {m, (x[m] * y[m]) } })n)n}[m] + (—udpn[m]))| = (€))n)n)n)n)n}], [x] ::
extractSeries(t!) :: [y] :: extractSeries(t?) :: T)]

tex

[* * Macro(x) — “s«xMacro(#1.
)]
[* * Macro(x) By “sxxMacro( " )”]

op2) € )n)n:>

+ + Macro(x)

(VObJ(Opl) (5 (vol;j(OPQ):% = (=
= (apn = {{(op1), (op1)},{
fPhi;! (vobJ (opl) (_| (vobj(

= (Yonj(0p1): = (%1 (Yobj (0p2): = (1 (= ((op1) € N = = ((0p2) € Q)u)n =

: n)n)n} | = (Vopjm: = (dpn =
{{m,m}, {m, (xm] + y{m])} }n)m} 7]+ (—udpn )] <= (&) = = (= (|({ph €
{ph € P(P(Union({N, Q}))) | = (Vobj(0p1): = (= (Voj (0p2): = (= (= ((opl) €

N = = ((op2) € Qn)n = = (apy =

{{(op1), (op1)},{(op1), (0p2) } })n)n)n)n)n)n} | = (Vopjm: = (dpn =

{{m, m}, {m, (x[m] + y[m[)}})n)n}[m] + (—udpn[M]))| = (€))m)n)n)n)n}], [x] ::

extractSeries(t!) :: [y] :: extractSeries(t?) :: T)]

[+ + Macro(x) = “4++Macro(#1.
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)]
[+ 4+ Macro(x) ady “++Macro( " )”]

<< Macro(x)

[<< Macro(t) = )

=t [ ( obj (€): %1 (52 (Vg = (Vopi: =1 (41(0 <= (¢) =

S (0= (e))n)n)n = = (0 <=m = x[m] <= (y[m] +
(—u(e))))n)n)n)n)n)n], (x] s extractSeries(t!) :: [y] :: extractSeries(t?) :: T)]
<< Macro(x) *& “<<Macro(#1.

[
)]
[ pyk

<< Macro(x) = “<<Macro( " )”]

[|Macro(x)

[||Macro(t) val Q(tv [{ph € P({ph € P({ph € P(P(Ur}ion({N, Q) |

5 (Vobj(opl): 1 (1 (Vobj(0p2): 2 (7 (= ((opl) € N = = ((op2) € Qn)n =
S (apn = {{(op1), (op1)}, {(opl), (op2)} })n)n)n)n)n)n}) | - (= (Vop;(rl): (r1) €
fph = 4 (vobJ (opl): = (5 (Vob; )eN= -((op2) € Qn)n =

- (Vobj(fl):vob]-(fQ):Vobj (£3): Vop; (14): {{(1), (f1)}, {(f1), (2)}} € fpn =

51 (Vobj(s1): (s1) € N = = (Vopj(s2): = ({{(s1), (s1)}, {(s1), (s2)}} €
fern)n)n)n)n}) | Von;(€): =1 (Vobjn: = (Vop;m: =1 (0 <= (e) = = (- (0 = (¢))n)n)n =
n <=m = = (|(|fx[[m] + (—udpn[m]))| <= (¢) =

S (5 (J(Jfx][m] + (—udpn[m]))] = (€))n)n)n)n)n}], [x] :: extractSeries(t!) :: T)]

)]
[[[Macro(x) 2 || Macro( " )”]

01//Macro(x)

[01//Ma0f0( ) = Q(t, [{ph € P({ph € P({ph € P(P(Union({N,Q}))) |

j 5 (7 (5 ((opl) € N= = ((op2) € Q)n)ﬂ
;'(aPh = {{(0p1)7(Opl)}a{(0P1)7(0p2)}})n) Jn)n)n)n}) | = (5 (Vops(r1): (r1) €
fen = = (Vobj(opl): = (5 (Vobj(0op2): = (< (< ((opl) € N = = ((op2) € Q)n)n =
= ((r1) = {{(op1), (op1)}, {(op1), (0p2)} })n)n)n)n)n)n =
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1 (Yobs (F1): Vob; (£2): Vob; (£3): Vob; (F4): {{(7)( D} (1), (12)}} € fen =

L)} € fen = (f1) = (83) = (f2) = (f4))n)n =
( EN:>_‘(v0bJ(S2) S ({{(s1), (s1)}, {(s1), (s2)}} €
1) | Vabi(€): = (Yobj1: = (Vobim: = 2 (1(0=
n<=m= -(|({ph € {ph € P(P(Unlon({N Q) |
( t 5 (5 (Vobj(0p2): 7 (<1 (5 ((opl) € N =
~ (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)n)n
Evobjm S (0 (5 (3 (x[m] = 0)n = = (fpr = {{m, m}, {m, fecx[m]}}])l)l)n)n =

[m] = 0= = (fen = {{m, m}, {m, 0} })n)n)n)n}[m] + (—udps[m]))| <=

<C
<]
g
—
o
o)
[y
~—
J

() = 2(=(({ph € {ph € P(P(Union({N, Q}))) [

= (Vobj(0p1): = (=1 (Vopj (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =

= (apn = {{(op1), (op1)}, {(0p1), (0p2)} })n)n)n)n)n)n} |

= (Vobjm: = (5 (5 (5 (X[m] = 0)n = = (fpn = {{m, m}, {m, recx[m]}})n)n)n =
= (x[m] = 0= = (fen = {{m, m}, {m, 0} })n)n)n)n}[m] + (—udpn[m]))| =
(e))n)n)n)n)n}], [x] :: extractSeries(t!) :: T)]

0]1//Macr0( x) ¥ %01/ /Macro(#1.

— =

01//Macro(x) pYX “01//Macro( " )”]

UB(x, %)
[UB(x,y) “3 “UB(#1.
ey
7]
[UB(x, %) Riy “upperBound( ", " )”]
LUB(%,
[LUB(x,y) “= “LUB(#1.
, #2.
)]
[LUB(x, %) A “leastUpperBound( " , " )”]
BS(x, %)
[BS(x,y) ¥ “BS(#1.
Y
Y]
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[BS(%, #) 24 “base(1/2)Sum( " , " )]

UStelescope(, *)

[UStelescope(x, y) = “UStelescope(#1.
s F2.
)]

[UStelescope(x, ) Byk “UStelescope( " , " )]

(%)
x) = A At s Ac. ./\/14(t, s, ¢, [[(x) = (x)]])]

(
(x) = “(#1

[
[
)77

[(x) 25 (v y7)
I |

[1fx] = “|f1.
"]

[|f>k | Pllf LL|f n |”]

v |

[[rx| ™25 At.As.Ac.|[Macro(t? : : ExpandList(t',
[lrx| = by “Ir#1.

"]

[ | 25 e 7]

Limit(x, )

[Limit(x,y) =¥ “Limit(#1.
,#2.
)]
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[Limit(+, ) 22 “limit( ", " )’]

Union ()

[Union(x) % “Union(#1.
)]
[Union(x) ™ <U( " )]

[sOrderedPair(x, *, )

[IsOrderedPair((sx), (sy), (sz)) mage

At.As. Ac.My(t, s, ¢, [[IsOrderedPair((sx), (sy), (sz)) =

J(OP1ob): 3(OP20b): (OP1lob) € (sy) A (OP20b) € (sz) A (sx) =
OrderedPair((OP1lob), (OP20b))]1)]

[IsOrderedPair(x, y, z) *= “IsOrderedPair(#1.

, H2.

,#3.

)]

[IsOrderedPair(x, *, ) fds “isOrderedPair( ", ", " )7]

IsRelation(x, *, %)

[IsRelation((sx), (sy), (sz)) nage
At.ds. de.My(t, s, ¢, [[IsRelation((sx), (sy), (sz)) = V(R1ob): ((Rlob) € (sx) =
IsOrderedPalr((Rlob) (sy), (s2))]])]

[IsRelation(x, y, z) by “IsRelation(#1.

2.

L FE3.

)]

[IsRelation(x, *, ) by “isRelation( ", ", " )]

isFunction(x, *, )

[isFunction((sx), (sy), (sz)) magre .
At.ds. Ac.My(t, s, ¢, [[isFunction((sx), (sy), (sz)) = IsRelation((sx), (sy), (sz)) A
V(Flob), (F20b), (F3o0b),
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(F4ob): (OrderedPair((F1lob), (F20b)) € (sx) = OrderedPair((F3o0b), (F4ob)) €
(sx) = (Flob) = (F30b) = (F20b) = (F4o0b))]])]

[isFunction(x,y, z) tex “isFunction(#1.

s F2.

s #3.

)]

[isFunction(x, *, *) RE “isFunction( ", ", " )”]

IsSeries(x, *)

[IsSeries((fx), (fy)) ™25 At.As.Ac. M4 (t, s, c, [[IsSeries((fx), (fy)) =
isFunction((fx), N, (fy)) A V(Slob): ((Slob) € N =
3(S20b): OrderedPair((S1ob), (S20b)) € (£x))]])]

te

[IsSeries(x,y) — “IsSeries(#1.
s 2.
)]

[IsSeries(, ) By “isSeries( ", " )”]

IsNatural(, %)

[IsNatural(xy, ) "< “IsNatural (#1.
, F#2.
)]

[IsNatural(x, ) By “isNatural( " )”]

OrderedPair(*, *)

[OrderedPair(x,y) "25° At.As.Ac.My(t, s, ¢, [[OrderedPair(x, y) = (x,y)]])]
[OrderedPair(x,y) = “OrderedPair(#1.

, #2.
)"
[OrderedPair(*,*) % “(O noow )n]
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TypeNat(x)

TypeNat(x) ™25 At.As.A\c. My (t, s, ¢, [[TypeNat(x) = Ac.TypeNat0([x])]])]
TypeNat(x) “= “TypeNat(#1.

TypeNat () 2 2ie “typeNat( " )”]

TypeNatO(x)

[TypeNat0(x) X g [0] :: [(v2n)] :: [m] :: [n] == [(n4+1)] :: [(m+0)] ::
[(m+n)]::fo] ::[p]:: [((m+n) +1)] :: [(m+ (mb))] :: [(m+ (n+1))] ::
(D] :: [(m2)] :: (D] <: [(02)] 2 [M] 2 [A] 2 T]

[TypeNat0(x) ¥ “TypeNatO(#1.
)]
[TypeNat0(x) 2 2y “typeNat0( " )”]

TypeRational ()

macro

[TypeRational(x) "25° At.As.A\c.M4(t, s, ¢, [[TypeRational(x) =
Ac.TypeRational0([x])]])]

[TypeRational(x) “= “TypeRational (#1.
)]

[TypeRational () Ri “typeRational( " )”]

TypeRationalO(x)

[TypeRationalO(x) 2 e [x] ooyl ::fz] = [O] =2 [1] :: T]
[TypeRationalO(x) *= “TypeRational0(#1.

)]
[

TypeRational0(x) 2 typeRatlonaIO( )]
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TypeSeries(x, )

[TypeSeries(x,y) ™25 At.Xs.Ac. M4 (t, s, ¢, [[TypeSeries(x, y) =
Ac. TypeseriesO([x], [y])]1)]

[TypeSeries(x,y) % “TypeSeries(#1.
s 2.
)]

[TypeSeries(x, ) Ry “typeSeries( ", " )]

TypeseriesO(x, *)

[TypeseriesO(x y) 2 yix € [(B)]:: [(fy)]:: [(f2)] :: [us] :: [{ph € {ph €

P (Union({N, Q1)) | * (%abs(0p1): = (= (Vebs(0p2): = (= (= ({opT) € N =
~((0p2) € Qu)n = = (apn = {{(op1), (op1)}, {(op1), (0p2)}})n)n)n)njnju} |
Yobjm: = (dpn = {{m, m}, {m, ((&x)[m] + (fy)[m])}})n)n}] :: [{ph € {ph €
P(Union({N, Q1)) | * (%abs(0p1): = (= (Ves(0p2): = (= (= ({opT) € N =
~((0p2) € Q)n)n = = (apy = {{(opl), (op1)}, {(op1), (0p2)}})n)n)n)njnjn}t |
Vobj(ersl): = (cpn = {{(crsl), (crsl)}, {(crsl),0}})n)n}] :: [{ph € {ph €
P(Union({N, Q}))) | = (Vobj(0op1): = (= (Yobj(0p2): = (5 (= ((0pl) € N =
~((0p2) € Q)u)n = = (apn = {{(opl), (op1)}, {(0p1), (0p2)}})n)n)n)n)n)n} |
Vobj(crsl): = (cpn = {{(crsl), (crs1)}, {(crs1), 1} })n)n}] :: [{ph € {ph €
P(Union({N, Q}))) | = (Yobj(op1): = (=2 (Yonj(0p2): = (= (= ((op1) € N =
(0p2) € Qu)n = = (apn = {{(op1), (op1)},{(op1), (0p2)} })n)n)n)n)n)n} |
bim: = (epn = {{m, m}, {m, ((fx)[m] + {ph € {ph € P(P(Union({N,Q}))) |
obj(0P1): = (=2 (Yo (0p2): = (= (= ((op1) € N = = ((0p2) € Q)n)n =

apn = {{(op1), (opD)}, {(0op1), (0p2) } }m)n)n)n)n)n} | = (Vopj(crsl): = (cpn =
crsl), (ers1)}, {(crs1), 0} Hn)n}m]) }})njn}] : : [{ph € {ph €

P(Union({N, Q}))) | = (Vobj(0op1): = (= (Yobj(0p2): = (5 (= ((0pl) € N =
~((op2) € Qu)n = = (apn = {{(op1), (op1)}, {(op1), (op2) }})n)n)n)n)n)n} |

= (Yopim: = (= (= (5 () [m] = 0)n = = (fpn =

{{m, m}, {m, rec(fx)[m[}})n)n)n = = ((fx)[m] = 0 = = (fpn, =

{{m,m}, {m, 0} })n)n)n)n}] :: T]

[Typeseries0(x .y) X “TypeseriesO(#1.
, 2.
)]

[TypeseriesO(+, #) 2 “typeSeriesO( " , " )]

J- 1

g
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{%, %}

[{x,y} =5 “\{#1.
7#2
\}]

k . .
[{*,*} 2 “zermelo pair " comma " end pair”]

(x, %)

[(x,y) "5 At As Ae Mt s, ¢, [[(xy) = {{x}, {x,y}}]])]

[(,y) ¥ “\langle #1.
72
\rangle”|

pyk . .
[(x,*) = “zermelo ordered pair " comma " end pair”]

[—¢(fx) "5 At As. de. My(t,s, ¢, [[—¢(fx) = {ph € cartProd(N) | IM: phg =
OrderedPair(M, (—u(fx)[M])) H1)]
[—ex = {1} #1.7]

[_f* Iﬁ( “f mv]

(==

(— —x) " At.Xs.Ac. — —Macro(t" :: ExpandList(t',s, c))]
(= = %) (-1
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1f /x

[1f/(fx) ™25 At As. Ac. My (t, s, ¢, [[1f/(fx) = {ph € cartProd(N) |
IM: ((fx)[M] # 0 A phg = OrderedPalr(M rec(fx)[M])) V (Fx)[M] =0 A
phg = OrderedPair(M, 0))}1)]

[1f /x S5 <1 /#41.7]
[1£ /% 25 1/ v7)

01//tempsx

macro

[01//tempx "5 At.As.Ac.01//Macro(t" : : ExpandList(t', s, c))]

tex

[01//tempx — “01//temp#1.”]
01/ /temps P25 017/ 7

(%, %)

r(x,y) "2 AtAs.Ac. M4(t s, ¢, [[r(x,y) = (x,y) €1]])]

(#1.
, F#2.

)]

[(, %) 25" “m is related to " under "”]
ReflRel(x, *)

ReflRel(r, x) ™25 M. As. Ac. My (4,5, ¢, [[ReflRel(r, x) = Vs: (s € x = (s, 5))]])]
ReﬂRel( r,x) =¥ “ReflRel(#1.

[

[
]
[ReflRel(, ) PYX n ig reflexive relation in "]
SymRel (x, *)

macro

[SymRel(r, x) ™25 At.As.Ac. M4 (t, s, ¢, [[SymRel(r, x) = Vs,
t:(sex=tex=r(s,t)=r(t, s))ﬂ)]
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tex

[SymRel(r,x) = “SymRel(#1.
s F2.
)]

[SymRel(x, %) RIS symmetric relation in "”]

TransRel(x, %)

[TransRel(r, x) ™25 At.As.A\c. M4 (t, s, ¢, [[TransRel(r, x) =
Vs, t,ur(sex=tex=uecx=r(s,t)=r(t,u) =r(s,u))]])]

[TransRel(r, x) =5 “TransRel(#1.
, F#2.
)]

pyk . . Lo
[TransRel(x, x) = “" is transitive relation in "”]

EqRel(x, )
[EqRel(r,x) ™25 At.As. A\c. My (t, s, ¢, [[EqRel(r, x) = ReflRel(r, x) A
SymRel(r,x) A TransRel(r, x)]])]

[EqRel(r,x) = “EqRel(#1.
s F2.
)]

[EqRel(*, *) PV wn g equivalence relation in

n»

[« € 4],

[[x € bs], "5 At.As.Ac.My(t, s, c, [[[x € bs], = {ph € bs | r(phy,x)}]])]

[[x € bs], = “[#1.
\mathrel{\in} #2.
J-{#3.

1
[* € ]« By} “equivalence class of " in " modulo "”]
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Partition(x, *)

[Partition(p, bs) "25'° At.Xs.Ac. M4 (t, s, ¢, [[Partition(p, bs) = (Vs: (s € p = s #
D)) A
(Vs,t:(sep=>tep=>s#£t=snNt==0)) A

U p==bs]])]

[Partition(x, y) ¥ “Partition(#1.
s 72

)]

[Partition(x, x) = PYE g partition of "]

(5 * %)

[(cx y) =5 (41
*H2.
)]

[(* * *) % “n * |m]

* kg K

[(£x) ¢ (fy) ™25 A As Ae. My (t, s, ¢, [[(fx) *¢ (fy) = {ph € cartProd(N) |
AM: phs = OrderedPair(M, ((fx)[M] * (fy) [M]))}]1)]

[(£x) #¢ (fy) " “#1.
« {£}#2.7]

pyk
]

[# kg & = “0oxf n?

Xk k%

[k sy oS At As. Ac. * #Macro(t? :: ExpandList(tt, s, c))]

tex

[x % xy — “H1.
*kA2.7]
[ s % Y o sk 7]
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(% + %)

[(x +y) = “(41.

+#2.
)]
(3 ) 250 )

(x = %)

[(x —y) "5 At As de. Ma(t, s, ¢ [[(x —y) = (x+ (—uy))]])]
[(x—y) =5 “(#1.

* -5 %
[(£x) 4 (fy) ™25 MtAs. de. My(t,s, ¢, [[(fx) +¢ (fy) = {ph € cartProd(N) |
IM: phy = OrderedPair(M, ((fx)[M] + (£y)[M])}1)]

[(f) +1 (fy) " <41,
+{f#2.]

[* +f * }Lyl; “n +f ||77]

X —f X

[(F) —r () " “#1.
{fy#2.7]

[* —p % IZLYI}( “n _f nﬂ]

* 4+ -

macro
—

[x+ +y At.As.Ac. + +Macro(t! : : ExpandList(t!, s, ¢))]
tex

[x + +y = “#1.
++#2'77]

[*++*pl£(u" ++ "77]
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\mathrel{\in]: #2.7]

[* € % YK wn inp ")

| *|

Ix| 3|41,
Y

[
"]
[

[ B ]
if (%, *, %)
[if(x,y,z) “ “Gf(#1.
#2.

#3.

)]

[if(e,, ) B St )]

Max (, *)

macro

Max(x,y) "5 At.As. A\c. My (t, s, ¢, [[Max(x,y) = if(y <= x,x,y)]])]
ax(x,y) = “Max(#1.

Max(*, *) By “max( ", " )”]
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Max (*, *)

[Max(x, y) “3 “Max(#1.
s FF2.
)]

[Max(*, ) RYk “maxR( ", ")”]

* = %k

x=y X
= #2.]

[* = % Iﬂ{ “n — ||77]

k 7 %

[x £y "5 M dc. My(t,s, ¢, [[x #y = = (x = y)n]])]

[x # y < 41,
\neq #2.”]

[* ;é * % “wn |: ||”]

* <= %

[x <=y S 1
<= #2.7]

[* <: * 111){ “wn <: ||”}

* <k

[x <y " AAs A My(t,s,c, [x <y =x <=y Ax#y]])
[x <y S “h.

< #2.7]

[* < % % “wn < ||77]
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* <gp %

[(fx) <¢ (fy) "5 Mtds. de. My(t,s, ¢, [[(fx) <g (fy) = 3(EPob): In:¥m:0 <
(EPob) A (n <=m = (fx)[m] < ((f}’)[ | — (EPob)))]1)]

<ty S o,
<{f#27)

[* <p * RESHIPT: "]

x <p %

[(fx) <t (fy) "5 AtAs A My (t, s, ¢, [[(fx) <¢ (fy) = (fx) <¢ (fy) V
SF((fx), (fy))]1)]

[x <py 1.
\leq_{£}#2."]

k
[* <; * IE) “no—f .m]

SF (%, x)

[SF((fx), (fy)) ™25 At.As.Ac. M4 (t, s, ¢, [[SF((fx), (fy)) = V(EPob): 3n: Vm: (0 <
(EPob) = n <=m = [((fx)[m] — (£ )[ I)| < (EPob))]1)]

[SF(x,y) “= “SF(#1.

,H#2.

)”]

[SF(x, *) P wn gameF ")

X == %

x==vy MACO AL, )\s.)\c./\;l4(t, s,¢, [[x==y =x=y]])]

[X**ytg‘ “H1.

== #27]

[* —— % IZI; (4] — ||’7}
¥l == %

X!l ==y "2 At As. de. My (t, s, ¢, [[x!! ==y = = (x == y)n]])]
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Xl ==y ¥ «sq,
== #27]

[«!l == x PV ) — ")

* << %k

macro

X <<y —  At.As.Ac. << Macro(t” :: ExpandList(t®, s, c
At As. A M b R dList(t®

tex

[x <<y = “#1.
<< #2.7]

[* <<*pl%(u" << ma]

* <<== %

macro

[x <<==y "5 At As e My(t,s, ¢, [[x <<==y = x <<y Vx==y]])]

[x <<==y & “p.
<<== #2.]

[* <<L== % pll; o u”]

k==

[x==y ¥ wpy,
\N\mathrel{==}\! #2.7]
[x==x P wn yermelo is "]
x C %

[x Cy "5 MAs. de. My(t,s, ¢, [[x C y = V(S1ob): ((Slob) € x = (Slob) €
VI

xCy tex “H1.

\mathrel{\subseteq} #2.”]

Ky -
[ C % 25 “n is subset of "]
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S (%)n

[= ()0 = “\dot{\neg}\, (#1.

)n”]

[- (*)n s “not0 "”]

* & %
[x ¢y "5 M As e My (t, s, ¢, [[x ¢ y = = (x € y)n]])]

[x ¢ y <X«
\mathrel{\notin} #2.”]

[* & x P« zermelo “in ")

k 7 %

[x #y "5 M As e My (t, s, ¢, [[x £y = = (x==y)n]])]

£y <5 e,
\mathrel{\neq} #2.”]

k -
[ # % 255 “n zermelo "is "7]

x A %

[x Ay ™25 M As e My (t,s,c, [[x Ay = = ((x = = (y)n))n]])]
[x Ay X«
\mathrel{\dot{\wedge}} #2.”]

[ A * YK n and0 ")

* V ok
macro
—

[xVy At s Ae. My(t,s, ¢, [[x Vy = = (x)n = y]])]

[xVy X
\mathrel{\dot{\vee}} #2.”]

. K
[ V PYE w610 ")
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dk: %
[B(v1):a ™9 MAs Ae. My(t,s, ¢, [[F(v1):a = = (V(v1): = (a)n)n]])]

tex

[Fx:y =
\exists #1.
\colon #2.”]

[F: x VX “exist0 " indeed "]

* &> %

[x &y "0 MAsACMy(ts,¢ [[x Sy = (x=y) A (y = x)]])]

tex

[x &y = “H1.
\mathrel{\dot{\Leftrightarrow}} #2.”]

[k & 5 2O an iff 0]

{ph € * | x}

[{ph € x | a} ¥ “\{ ph \mathrel{\in} #1.
\mid #2.

\}]

[{ph € * | %} PV “the set of ph in " such that " end set”]
The pyk compiler, version 0.grue.20060417+ by Klaus Grue

GRD-2006-12-15.UTC:00:32:42.052453 = MJD-54084.TAI:00:33:15.052453 =
LGT-4672859595052453¢-6
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