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1 Indledning

Denne rapport indeholder et aksiomsystem for en reduceret version af ZF
meaengdelare, som jeg kalder for “ZFsub”. Ud fra dette aksiomsystem vil jeg
vise en raekke basale seetninger inden for udsagnslogik og maengdeleere.
Hovedresultatet er, at en s&ekvivalensrelation pa en maengde bs implicit
definerer en partition af bdl. Alt det formelle arbejde i rapporten er
gennemfgrt med henblik pa at bevise dette resultat.

Rapporten er udarbejdet ved hjelp af Logiweb, som er et system til
verifikation og publicering af tekster, der indeholder formel matematik.
Logiweb har verificeret rapportens beviser og publiceret rapporten pa
WWW-adressen
http://www.diku.dk/“grue/logiweb/20060417/home/eriksen/equivalence-relations.
Det matematiske indhold af denne rapport er ikke synderligt avanceret; f.eks.
fylder materialet om sekvivalensrelationer knap to sider i leerebogen [3] (s.
29-31). Ideen med rapporten er snarere at afprgve Logiweb end at redeggre for
en matematisk teori. Derfor vil jeg ikke ggre alt for meget ud af at forklare de
matematiske begreber; fokus vil i hgjere grad ligge pa tekniske forhold
omkring formaliseringen.

Rapporten er struktureret som fglger: Afsnit[2 er en kort beskrivelse af nogle
detaljer ved Logiweb, som er nyttige at kende for en laeser af et
Logiweb-dokument som dettd?. Afsnit[3 og[4 omhandler syntaksen og
aksiomsystemet for ZFsub, og afsnit[§ indfgrer de makrodefinitioner, jeg vil
gore brug af. Sa kommer vi til lemmaerne og beviserne; vi skal igennem fem
afsnit med hjaelpesaetninger (afsnit[@10), for vi endelig kan bevise
hovedresultatet i afsnit [dl. Afsnit[I3 slutter af med en konklusion pa det hele.

2 Lidt om Logiweb

Som naevnt i indledningen er denne rapport skrevet ved hjeelp af Logiweb.
Dette betyder dels, at rapportens formelle indhold er defineret ud fra nogle
andre Logiweb-dokumenter, dels at et par afsnit indeholder nogle szerlige
definitioner og tabeller, og endelig at et par andre afsnit indeholder en del
programkode. I dette afsnit vil jeg kort beskrive disse faenomener. For en
detaljeret beskrivelse af hele Logiweb systemet vil jeg henvise til [3]; her kan
man bla. laeese om den bevischecker, der har verificeret rapportens beviser.

2.1 Formelle konstruktioner

Det formelle indhold af et Logiweb-dokument er sammensat af en raekke
formelle konstruktioner. En formel konstruktion kan repraesentere alt, hvad der

1Jeg vil referere til denne szetning som “hovedresultatet”. Oprindeligt var det ogsa et mal
at bevise det modsatte resultat — at enhver partition implicit definerer en &kvivalensrelation
— men det har der ikke veeret tid til.

2Dette afsnit er en revideret udgave af afsnit 2 i [].
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har med formel matematik at ggre: Variable, funktioner, lemmaer, beviser,
osv. Der er to kilder til konstruktionerne i et Logiweb-dokument: Dels kan
man indfgre sine egne konstruktioner, og dels kan man importere
konstruktioner fra andre Logiweb-dokumenter. De importerede konstruktioner
i denne rapport har to kilder: Dels [3], og dels de 3 .pdf filer [4], som
tilsammen udggr ét Logiweb-dokument.

2.2 Seerlige definitioner og tabeller

Den formelle del af et Logiweb-dokument skrives i et formateringssprog ved
navn “pyk”. Hver formel konstruktion, man arbejder med i dokumentet, har
tilknyttet en sakaldt “pyk definition”. Dette er en angivelse af, hvad man skal
skrive, hvis man i et andet Logiweb-dokument gnsker at benytte den
pagaldende konstruktion. Hvis man indfgrer en ny konstruktion i sit
Logiweb-dokument, er det et krav, at man ggr den tilsvarende pyk definition
tilgeengelig i dokumentet. Denne rapports pyk definitioner er vedlagt i bilag
Logiweb genererer det faerdige dokument ved hjeelp af det kendte
formateringssprog IMTEX. Derfor har hver formel konstruktion ogsa tilknyttet
en sakaldt “TEX definition”, som angiver, hvordan konstruktionen skal skrives
i IMTEX. Ligesom pyk definitioner skal ogsa TEX definitioner veere tilgsengelige
i dokumentet. Denne rapports TEX definitioner er vedlagt i bilag [El

Endelig indeholder bilag [El en tabel over alle de formelle konstruktioner i
denne rapport — bade de importerede og dem, jeg selv har defineret. Denne
tabel er fgrst og fremmest med, for at andre Logiweb-dokumenter skal kunne
referere til rapporten; uden tabellen kan sadanne referencer ikke finde sted.

2.3 L-kode

Logiweb-dokumentet [3] indeholder et funktionelt programmeringssprog, som
jeg vil kalde for “L”. Der er en del forekomster af L-kode i rapporten. For en
forklaring af de konstruktioner fra L, som jeg bruger, vil jeg henvise til
funktionsbeskrivelserne i appendikset til [4], afsnit 3.2, s. 6. Herudover vil jeg
supplere med et par kommentarer undervejs.



3 Syntaks for ZFsub

Som nevnt i indledningen vil jeg arbejde med en reduceret version af ZF
meengdelare, som jeg kalder for “ZFsub”. Dette afsnit beskriver syntaksen for
ZFsub. Der er to syntaktiske hovedkategorier i ZFsub: Termer og formler.
Underafsnit 3] beskriver syntaksen for termer, og underafsnit beskriver
syntaksen for formler.

3.1 Termer

Syntaksen for en term t kan beskrives ved den fslgende BNF-grammatik:

t = Vardi | Variabel
Varai = O|{tt}| Ut|P@)|{phet|f}
Variabel := O0bjekt-var |Ex-var |Ph-var

En Verdi svarer til en konkret maengde — veerditermer indeholder ingen
variable. Den grundleeggende veerdi er den tomme meengde; herudfra kan vi
konstruere par, feellesmaengder, potensmaengder samt delmaengder hvis
elementer opfylder en bestemt egenskab. Der er saledes ingen individuelle
konstanter i ZFsub; alt er meengder.

En Variabel kan for det fgrste veere en objekt-variabel, som varierer over
veerdie®. De to andre typer af variable — eksistens-variable og
pladsholder-variable — vil jeg vente med at forklare til hhv. afsnit T.1] og
121

3.2 Formler
Syntaksen for en formel f kan beskrives ved den fglgende BNF-grammatik:
f o= tet|t=t|-f|f=1f]|VObjekt-var:F

Med en formel kan vi altsa pasta, at en maengde tilhgrer en anden mengde,
eller at to meengder er lig hinanden. Desuden kan vi negere formlei, lade
formler implicere hinanden, samt kvantificere formler med objektvariable.

3.3 Objektvariable vs. metavariable

En metavariabe er en variabel, der varierer over vilkarlige termer — altsé
ogsa over objektvariable. Denne rapport er ikke helt fri for objektvariable; men
nar vi taler om ZFsub i aksiomer®, definitioner og beviser vil jeg s& vidt muligt

3Vi repraesenterer objektvariable med symbolerne “a”, “b”, --- “2” samt “bs”.

4Jeg skriver negationstegnet med en prik over for at undga forveksling med konstruktionen
[-x] fra [3].

5Vi repraesenterer metavariable med symbolerne “a”, “b”, --- “2” samt “bs”.

6Strengt taget burde jeg skrive “aksiomskemaer”, da vi bruger metavariable. Da der kun
er aksiomskemaer i denne rapport, vil jeg imidlertid bruge ordet “aksiom” for at ggre teksten
lidt lettere.



1= 77

bruge metavariable, da de er mere fleksible end objektvariable. F.eks. kan i
formlen [s=x/? kun instantieres til en term; vi kan ikke skifte objektvariabel og
konkludere [t=x]. Derimod kan vi sagtens instantiere formlen [s=x] til [t=x].
En liste over de metavariable, jeg vil bruge, kan ses i bilag [Al

4 Aksiomatisk system

ZFsub er en teori i 1. ordens praedikatkalkyle. Vi kan saledes opdele
aksiomsystemet for ZFsub i to: En praedikatlogisk del og en meengdeteoretisk
del. Underafsnit 1] gennemgar den praedikatlogiske del, og underafsnit
gennemgér den maengdeteoretiske del. Bilag [Bl indeholder en kopi af det
samlede aksiomsystem.

4.1 1. ordens praedikatkalkyle
Her er de forste slutningsregler i ZFsub:

stm

[ZFsub "= Vx:Vy: “x=y = V& "5 €x=>5€y="Scy=>5cx=
AVepjSi TS EX=>SEY > TSEy=>5EXx=>x=y D Vs:Vx: s € P(x) =
VobiSiS§ €Es=5E€EXx=Yi5:5€s=>5€x=>s€P(x) dVarakad
Vr:Vx: Vy: Vbs: = Vopi5:5 € bs = {{5,5}, {5,5}} € r = - Vo5 Vopitis €
bs =t € bs = {{5,5},{5,t}} e r= {{t,t},{t,5}} er=

“1V¥obi5: Vobjt: Vobjl:5 € bs =t € bs = U € bs = {{5,5}, {5, t}} e r =
Htth{t,u}} er= {{55},{5,u}} er-xe€ {ph € P(bs) | "tpx € bs =
= {ph € bs | {{apn,aprn}, {apn,tex}} € r}=bpn} Fy € {ph € P(bs) |

“tpx € bs = %{ph € bs | {{aph,aph} {aph,tEX}} S F} bph} H ;\XZX F
{ph € U{{x,x},{y,y}} | “cpn €Ex= “cph €y} =0 @

Va:Vb: Ax.Dedug([a], [b]) -abk b @ Vs:¥x:Vy: s € {x,y} = 7s=x=
s—y:>—ms—x:>s—y:>s€{x y} @ Va:Vbra=blFakb®

Vx: Vt: Va: Vb: ([a]=0[b]|[x]:=[t])ex FaF b @ Vs: ¥x: 5s € Ux = Ss €
JEx = TJEx EX= 7S € jEx = TjEx EX=>SE€ Ux @ Vx:Vara b

Vobjx: a @ Va: Vb: Vp: Vx: Vz: pP* A ([b]=[a]|[p]:=[z])pn i~ <z € {ph € x|
al=tzE€x= 4 b= 4zcx="b=zc{phcx|a} ®VaVbb=
akF b= "akb®Vs-se

P *'" ZFsub |- Va:Vb:a = b I a I b][MP "% Rule tactic]
Gen *3" ZFsub I Vx: Va:a - Vobjx: a][Gen 7% " Rule tactic]
g " ZFsub I- Va: ¥b: “b => a - “b = a I b][Neg ™% Rule tactic]

Ded “—“2'3 ZFsub F Va: Vb: Ax.Dedug ([2], [b]) ¥ a - b][Ded "%
Rule tactic]

[MP
[
[Repetition U ZFsub - Va:a - a][Repetition POl Rule tactic]
[Ne
[

"En fodnote om stil: Jeg vil ofte indramme matematiske udtryk i firkantede parenteser
“[]” for at adskille udtrykkene fra den omgivende tekst. De firkantede parenteser har ingen
selvsteendig betydning.



Forst et par ord om syntaks: Konstruktionen [x - y] star for inferens, altsa at
vi kan bevise y, hvis vi har et bevis for x. Konstruktionen [x i y] betyder, at y
geelder, hvis sidebetingelsen x er sand. Endelig er konstruktionen [Vx:y] en
meta-alkvantor; betydningen er, at metavariablen x kan instantieres til hvad
som helst — selv andre metavariable.

De viste slutningsregler er naesten identiske med reglerne MP, Gen, Neg og
Ded i systemet S fra [4]. Der er dog to sendringer. For det forste har jeg tilfgjet
[Va:a F a] som en slutningsregel. (I [4] vises [Va:a  a] med et lav-niveau
bevis). For det andet har jeg lavet en lille sendring i deduktionsreglen Ded,
som ggr den i stand til at handtere sidebetingelser bedre. Jeg beskriver
sendringen i bilag

Som neevnt i [4] kan deduktionsreglen erstatte enhver anvendelse af
aksiomskemaerne A4 og A5 fra [6] (se evt. Mendelsons system pa s. 69). Derfor
har jeg ikke medtaget disse aksiomskemaer. Pa denne made far vi ogsa
afprgvet deduktionsreglens brugervenlighed; vi skal straks se et eksempel, hvor
A4 kunne have gjort nytte.

4.1.1 Handtering af eksistenskvantorer

Et spgrgsmal er nemlig, hvordan man skal handtere introduktion og
elimination af eksistenskvantorer — altsa slutninger som f.eks.

D=0 F Ix:x=X] og [Fx:x=xF €=7¢] (hvor “C” er et ikke tidligere anvendt
navn pa en konstant).

Det er muligt at handtere denne slags slutninger alene med reglerne fra afsnit
T men det er omstaendigt og tidskraevende (sammenlign f.eks. de to beviser
pas. 811 [6]). Som et minimum kraever det, at man har A4 fra [6] til radighed
— og som neevnt ovenfor har jeg valgt ikke at medtage dette aksiomskema.
Jeg har i stedet implementeret en lgsning, der er baseret pa begrebet
“eksistensvariabel”. Vi indfgrer en unser operator [x*] og definerer, at en term
er en ekistens-variabel, hviss den har [x®*] som principal operator. Funktionen
[xEX] tester, om x er en eksistens-variabel:

5 L x| B

Vi kan da definere de fire eksistens-variable, som denne rapport vil ggre brug
af (jvf. bilag [A):

[Ex; ™25 At As. A My(t, s, ¢, [[Ex; = apy]]) 2

[Exs ™25 At.As.Ac.My(t, s, ¢, [[Exa = bpy]])]

[EXlo magre )\t.)\S.)\C../\;u(t, S, C, HEXIO = JEXH )}

8Konstruktionen [x =l y] er en sdkaldt “veerdidefinition” i L (jvf. afsnit 23). Den svarer til

en almindelig funktionsdefinition; vi knytter funktionssignaturen x til kroppen y.
macro

9Konstruktionen [x =5 At.As.Ac.Muy(t,s, c, [[x = y]])] star for “makrodefinition” i L. Vi
definerer x som verende en forkortelse for y. Ud fra bevischeckerens synspunkt er der ingen
forskel pa x og y.



[EX20 A At As Ac. M4(t S, C, HEXQ() = tExﬂ )}m

Ideen med disse definitioner er at repreesentere en formel som f.eks. [3x: X=X]
ved formlen [x=x|, hvor “x” er en eksistensvariabel. P4 denne made kommer
eksistensvariablene til at fungere som erstatning for eksistenskvantoren. Dette
betyder ogsa, at der ikke er brug for at nogen regel, der eksplicit fjerner
eksistenskvantorer — de er allerede vaek.

Til gengaeld far vi brug for en regel, der kan introducere eksistensvariable. Til

den ende definerer vi praedikatet ([a]="[b]|[x]:=[t])Ex i L:

[(a=b|x:=t)px "5 At.As.Ac.My(t, s, ¢, [[(a=b|x:=t)py
([a]="TbT1x]:=[t])e]])

[(a=Ob|x:=t) gy 3 AcxEX A (a=Lb|x:=t) 4]

[(a="b|x:=t)px = alxlt!
If(b = [Vopju: v], F,

If(bB* A b = x,a = t, If(

a = b, (a*="b'|x:=t)gx, F)))]

[(a=*b|x:=t)Ex w bix!t!If(a, T, If ((a"='b"|x:=t) gy, (a'=*bt|x:=t) gy, F))]

Praedikatet ([a]="[b]|[x]:=[t])rx er sandt, hvis x er en eksistens-variabel, og
hvis formlen a er identisk med resultatet af at erstatte alle forekomster af x i
formlen b med termen t. F.eks. er ([0=0] O[aEX—aEX] |Tagx]:=[0])rx sand.
Herudover er det et krav, at hverken a eller b méa indeholde objektkvantorer;
saledes er ([Vobi5:5=0]="[VoniS:5=agx ||[apx |:=[D])Ex falsk. Dette krav er
udelukkende indfgrt for at gore koden for ([a]=C[b]|[x]:=[t])Ex s& simpel som
mulig; det har ikke vaeret ngdvendigt at szette ([a]="[b]|[x]:=[t])kx i stand
til at handtere kvantificering.

Vi kan nu definere den slutningsregel, der star for introduktion af
eksistensvariable:

[ExistIntro *3° ZFsub b Vx: Vt: Va: Vb: ([a]="[b]|[x]:=[t])ex + a F
b][ExistIntro P Rule tactic] I

Med ExistIntro kan vi f.eks. slutte [apx =agy] ud fra [@=0]. Vi har nu
defineret seks aksiomer, der tilsammen deekker 1. ordens praedikatkalkyle.
4.2 Selve maengdelseren

De aksiomer i ZFsub, der vedrgrer selve maengdeleeren, har jeg hentet fra
kapitel 4.3 og 4.4 i [2]. Her er de forste fem:

1047 og “” er hhv. bogstav nr. 10 og 20 i alfabetet.

11I denne definition varierer “x” over eksistens-variable.



[Extensionality stopt ZFsub - V¥x: Vy SX= y:>VO]DJ =S
ﬁSEy:>s€x:>ﬁV0bJs SSEX=>SEYy=>TS€EYy=>

0wl M

€
X

I \~<

X =5
€EX=
y] [Extensionality "~ " Rule tactic]

[@def "5 ZFsub + Vs: s € O][@def ™% P Rule tactic]

[PairDef 5" ZFsub F Vs: Vx: Vy: s 6 {xy} = "s=x=s=y= -s=
Xx=s=y=s€{x, X}][Paeref 0 Rule tactic]

stmt

[UnionDef "=
TS € Jpx = _‘JEx € x = s € Ux|[UnionDe

ZFsub - Vs: Vx: s € Ux = 515 € jpx = D jEx € X =

£ %" Rule tactic]

[PowerDef ZFsubl—Vs Vx: s € P(x) = Vobis:s €s=>5€x =
4 VobjS:5 €5 =5 € x = s € P(x)][PowerDef P Rule tacticf™2

Reglen Extensionality siger, at to maengder er ens, hviss de har de samme
elementer. De gvrige fire regler definerer begreberne “tom mengde”, “par”,
“foreningssmeengde” og “potensmeengde”. Leeg meerke til, at [Ut] er en unser
operator; ideen er, at Ut er lig med foreningsmeengden af alle de maengder,
som t indeholder.

Bemeerk ogsa at to af aksiomerne indeholder objektvariablen s. Forklaringen
herpa er, at aksiomerne indeholder objektkvantoren [Vopix:y]; og
deduktionsreglen fra [4] er ikke egnet til at handtere kombinationen
“objektkvantor og metavariabel”. Derfor vil x i [Vop;x:y] altid veere en
objektvariabel i denne rapport.

4.2.1 Separation og pladsholdervariable

Vi mangler stadigvaek et “separationsaksiom” — dvs. et aksiom, der giver
mening til konstruktionen [{ph € t | f}] fra afsnit Bl For at implementere
separationsaksiomet indfgrer vi begrebet “pladsholder-variabel”.
Fremgangsmaden er den samme som ved eksistens-variable i afsnit 1.1l Fgrst
indfgrer vi en unger operator [xpy] og definerer, at en term er en
pladsholder-variabel, hviss den har [xpy] som primeer operator. Funktionen
[xF1] checker, om x er en pladsholder-variabel:

P 2 L [y ]

Vi kan nu definere de pladsholder-variable, vi far brug for, som fglger (jvf.
bilag [A]):

[phy ™25 M. As. Ac. My (t, s, ¢, [[phy = apy]])]

[phy 25 At.As. Ac.My(t, s, ¢, [[pha = bpy]])]

[phs 25 At.As. Ac.My(t, s, ¢, [[phs = cpp]])]

12Konstruktionerne [+x = y], [tx = y] og [%x = y = Sy = x| svarer til de kendte
konnektiver; de bliver defineret formelt i afsnit [5.11
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S& definerer vi preedikatet ([a]="[b]|[x]:=[t])pn i L:

[(a=blx:=t)py "= At.As.Ac. My (t, s, ¢, [[(a=b|x:=t)p}, =
([a1="[b]|[x]:=[t])pn]])]

[(a="b|x:=t)p}, A AexPB A (a="b|x:=t)py]

[(a=Lb|x:=t)py 2 alxlt!

If(b = [Vopju: v], F,

If(bP2 Ab = x,a<t,

If (b¥*, a = b, If(

a = b, (@'="bt|[x:=t)py, F))))]

[(a=*b|x:=t)py 2 bIxIt!Tf(a, T, If((aP='b" [x:=t)pp, (a'="b'[x:=t)pp, F))]

Preedikatet ([a]=[b]|[x]:=[t])pn er sandt, hvis x er en pladsholder-variabel,
og hvis formlen a er identisk med resultatet af at erstatte alle forekomster af x
i formlen b med termen t. Ligesom ved ([a]="[b]|[x]:=[t])gx kraever vi, at
hverken a eller b indeholder objektkvantorer. F.eks. er

([0 € s]="Tapn € s]|[apn]:=[D])pn sand. Det er i gvrigt tilladt, at a og b
indeholder forskellige ekistensvariable; saledes er

([agx |=°[bex||[apn]:=[D])pn sand. P4 denne méade kan vi imgdekomme
kravet om, at en eksistens-variabel skal veere ubrugt, nar den introduceres i et
bevis.

Vi definerer nu separationsaksiomet SeparationDef ud fra

([a1=Tb][[x]:=[tT)pn:

[SeparationDef St 7Fsub + Va: Vb: Vp: Vx: Vz: pPi A
(fb-\EO[aH[E]::[z])ph t-ze{phex|a}="zex= b= ""z¢

x = b=z € {ph € x| a}][SeparationDef "— P Rule tactic)

[pP"] i denne definition overflodig, fordi

Ved fgrste gjekast virker konjunkten
([b]=°[a]|[p]:=[z])pn i forvejen kraever, at p er en pladsholder-variabel.
Forklaringen er, at “p” kun optraeder i definitionens sidebetingelse. Dette
betyder, at bevischeckeren har sveert ved at finde ud af, hvordan “p” skal
instantieres, nar vi anvender definitionen. Det ekstra krav [p'™"] hJaelper
bevischeckeren til at instantiere “p” korrekt.

Med SeparationDef til radighed kgn vi nu f.eks. definere {ph € x | @ € apy}

som den delmengde af x, hvis elementer indeholder @):

[ContainsEmpty(x) ™25 At.Xs.Ac. M4 (t, s, ¢, [[ContainsEmpty(x) =
{ph € x| @ € ph }]])],

og vi kan slutte ["s € x= -0 €s] ud fra [s € {ph € x | O € apn}].
Vi bruger altsa en pladsholder-variabel som fri variabel i dén formel f, der
definerer delmeengden {ph € x | f}. Ideen med at bruge pladsholder-variable
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(frem for objekt- eller metavariable) til dette formal er, at vi ikke gnsker at
kvantificere eller instantiere den frie variabel i f. Det er f.eks. noget sludder at
skrive “Vopjapn: {ph € x | @ € apy}” eller at konkludere “{ph € x | @ € @}” ud
fra definitionen af {ph € x | @ € apy}. Den frie variabel i f skal blot vaere en
pladsholder; derfor pladsholder-variable.

5 Makrodefinitioner

Dette afsnit indeholder dé makrodefinitioner, som vi vil ggre brug af i resten af
rapporten. Definitionerne drejer sig for det meste om maengdeteoretiske
begreber, f.eks. “akvivalensklasse” og “partition”. Til sidst i afsnittet
formulerer vi hovedresultatet — at der til enhver sekvivalensrelation svarer en
partition — som et formelt teorem.

5.1 Konnektiver

Ud fra de to basale konnektiver [-x] og [x = y] definerer vi konjunktion,
disjunktion og dobbeltimplikation:

[x Ay ™25 M As e My (t,s,c, [[x Ay = = (x = 2y)]])]
[x Vy ™59 MAs Ae My (t,s, ¢, [[x Vy = <x = y]])]
[x &y "M A Myt s, ¢ [[x Sy = (x=y) A (y = x)]])]

macro

macro

5.2 Negerede formler
Det er ganske enkelt at definere negeret lighed (-x=y) og negeret medlemskab
(txey):
[ # y " MASACMul(t s ¢ [[x £y = %XZyH)]
x &y "0 AAs Ae My(t s, ¢, [[x € y = Sx € y]])E
5.3 Delmaengde
Meangden x er en delmaengde af y hviss ethvert medlem af x ogsa tilhgrer y:
[x Cy "S5 MAs  dc My(t,s,c, [xCy=(sex=sey)]])]

Vi kommer ikke til at bruge denne definition ret ofte. Man far tit en bedre
fpling med, hvad der foregar i beviserne, hvis man skriver definitionen ud.
Desuden bruger denne definition af [S € x = 5 € y| objektvariable og
implikation; vi vil ofte foretrackke at bruge metavariable og inferens i stedet
(som f.eks. i [sexFsey]).

5.4 Singleton-maengde

[{x,x}] er maengden, der indeholder x som sit eneste element. Vi definerer
[{x,x}] ved at parre x med sig selv:

I3Hgjresiderne i disse definitioner skal lzeses som hhv. [t x=y] og [%x € y].
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[{x} ™25 Mt As. de. My (t, s, ¢, [[{x} = {x,x}]])]

5.5 Bineer foreningsmangde og fellesmangde

Vi definerer foreningsmaengden mellem to maengder x og y som fglger:
x Uy ™55 Mds de Myt s, ¢, [x Uy = U{{x}, {y}}]])]

Fallesmaengden mellem to maengder x og y er en delmaengde af deres
foreningsmaengde:

[xNy "2 At As. Ac. My (t, s, ¢, [[xNy = {ph € x Uy | phs € x A phs € y}]])]

5.6 Relation

Det ordnede par {{x,x},{x,y}} indeholder x som “fgrstekomponent” og y som
“andenkomponent”. Den fplgende definition af {{x,x}, {x,y}} er den mest
udbredte i litteraturen (se f.eks. afsnit 4.3 i [2] og afsnit 2.1 1 [5]):

[(,y) ™5 At A Ae Ma(t,s, ¢, [[(xy) = {{x} x y1T)]

Vi kan nu definere en “relation” som en maengde af ordnede par. Vi udtrykker
denne definition ved at formalisere, hvad det vil sige, at x er relateret til y i
kraft af relationen r:

[r(x,y) ™25 At As e My(t, s, ¢, [[r(x,y) = (x,y) € r]])]

Vi kommer faktisk ikke til at bruge disse to definitioner i rapporten; beviserne
vil behandle [{{x,x},{x,y}} € r] som en primitiv konstruktion. Men det er
alligevel betryggende at have det formelle grundlag for relationsbegrebet pa
plads.
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5.7 Akvivalensrelation

At en relation er refleksiv pa en maengde x vil sige, at alle elementer i x er
relateret til sig selv:

[ReflRel(r, x) ™25 At.As. Ac.My(t, s, ¢, [[ReflRel(r, x) = Vs: (s € x =
r(s, s))]1)]

At en relation er symmetrisk pa en meengde x vil sige, at alle elementer i x
opfylder den fglgende implikation:

[SymRel(r, x) ™25 At.As.A\c. M4 (t, s, ¢, [[SymRel(r, x) = Vs,
t(sex=tex=r(s,t)=r(t,s))]])]

At en relation er transitiv pa en maengde x vil sige, at alle elementer i x
opfylder den fglgende implikation:

[TransRel(r, x) ™25 At.As.A\c. M4 (t,s, ¢, [[TransRel(r, x) =
Vs, t,ur (s Ex=teEx=uex=r(s,t)=r(t,u)=r(s,u))l]))

Endelig er en aekvivalensrelation det samme som en relation, der er refleksiv,
symmetrisk og transitiv:

[EqRel(r,x) ™25 At.As. A\c. My (t, s, ¢, [[EqRel(r, x) = ReflRel(r, x) A
SymRel(r,x) A TransRel(r,x)]1)]
5.8 Maengde-variable

Mange af rapportens beviser sker i forhold til en uspecificeret maengde. Vi vil
referere til denne maengde med metavariablen bs og objektvariablen bs:

[BS ™25 At As. Ac.My(t,s, ¢, [[BS = bs]])]
[OBS ™25 At.As.Ac.My(t, s, c, [[OBS = bs]]) 2

Vi vil sa vidt muligt bruge metavariablen, men i afsnit [[0.6] og senere bliver
det ngdvendigt at ga over til objektvariablen.
5.9 Akvivalensklasse

Lad r veere en &kvivalensrelation defineret pa bs, og lad x veere et medlem af
bs. Vi definerer sekvivalensklassen {ph € bs | {{apn,apn}, {apn,x}} € r} som
den delmaengde af bs, hvis medlemmer star i forhold til x:

[[x € bs], ™25 At.As.Ac. My (t, s, c, [[[x € bs], = {ph € bs | r(phy,x)}]])]

4 Navnene “bs” og “bs” star for hhv. for “big set” og “object big set”. Konstruktionerne ]
og [X] omdanner x til hhv. en meta- og en objektvariabel. Variablen [bs] vil ogsa blive brugt i
nogle af de kommende definitioner, men ikke i selve beviserne.
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Ekvivalenssystemet
{ph S P(bS) | Stpx € bs = & {ph € bs ‘ {{aph, aph}, {aph,tEX}} S r}:bph} er
meengden af alle de ackvivalensklasser, som bs definerer pa r. Vi definerer

{ph € P(bs) | “tgx € bs = - {ph € bs| {{apn, aprn}, {aprn,tex}} € rt=bpn}
som en delmengde af potensmeengden P(bs):

[bs/r 25 At.As.Ac.My(t, s, ¢, [[bs/r = {ph € P(bs) | Exgo € bs A [Exqg €
bs] =phs }]1)]
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5.10 Partition

En partition af en maengde bs er en maengde p, som opfylder tre krav:
1. Ingen af meengderne i p er tomme.
2. Alle meengderne i p er indbyrdes disjunkte.
3. Foreningsmeaengden af alle meengderne i p er lig med bs.

Den formelle version af denne definition ser saledes ud:

macro

[Partition(p, bs) ™25 At.As.\c. M4 (t, s, ¢, [[Partition(p, bs) = (Vs: (s €
p=s#0))A

(Vs,t:(sep=>tep=s#t=sNt=0))A

U p=bs]])]

Vi kan nu formulere hovedresultatet som et formelt lemma (hvor vi bruger
objektvariable):

[EqSysIsPartition I ZFsub - S Vobis:s € bs = {{5,5},{5,5}} e F =

S VobiS: Vobit:5 € bs = t € bs = {{5,5}, {5,t}} e r = {{t,t},{t,5}} er=

1 VobiS: Vobjt: Vobil:s € bs = t € bs = U € bs = {{5,5},{5,t}} e T =
{t,t}, {t,u}} er = {{5,5}, {5, U}} €T 7 Vop;5:5 € {ph € P(bs) | “tgx €
bs = ;\{ph € bs | {{aph,a;;h}, {aph,tEXL} € F}prh}f S5=0 =

“VobjS: Vobjt: 5 € {ph € P(bs) | “tgx € bs = = {ph € bs |

L{aph, aph}, {aph,tEx}} € ?}:bph} =>te {ph € P(bS) | Stpx € bs = & {ph S
bs | {{aph, aph}7 {aph,tEx}} S F}:bph} = %E:E = {pth{{g, §}, {E,ﬂ} |
Scpp €5= Sicpy €1} =0 = - U{ph € P(bs) | “tgx € bs = - {ph € bs |
{{aph, Elph}7 {aph,tEX}} € F}prh} = bs}

Formalet med resten af rapporten er at bevise EqSysIsPartition.

6 Udsagnslogisk bibliotek

I dette afsnit vil jeg bevise en samling af udsagnslogiske sandheder ( eller
“tautologier” ), som vil blive brugt i de fglgende afsnit. De fleste af disse
tautologier har mange andre anvendelser end lige netop maengdeleare.
Beviserne er fordelt pa syv underafsnit; figur 1 giver et overblik over, hvordan
beviserne forholder sig til hinanden. Jeg vil kommentere de fleste af beviserne;
dog er nogle af dem sa tekniske, at jeg har ladet dem sta alene.
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Figur 1: Bevisstrukturen for tautologierne. En pil fra lemma x til lemma vy
betyder, at x bruges i beviset for y. MP-lemmaerne fra afsnit G.I]er ikke vist.
“ImpTrans” star for “ImplyTransitivity”.
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6.1 MP-lemmaer

Man far ofte brug for at anvende slutningsreglen MP flere gange i traek. Derfor
vil jeg begynde med at vise fire lemmaer, der kan klare mellem 2 og 5
anvendelser af MPLE:

[MP2 stmat ZFsubt Va:Vb:Vcca=b=cFatk bt ¢
[MP3 *™5° ZFsub b Va: Vb:Ve:Vd:a = b=>c=dFat bt crd
[MP4 stmyt ZFsub - Va:Vb:Va:Vd:Ve:ta=b=c=d=¢elabbtckdk ¢

[MP5 S 7Bsub - Va:Vb: Ve Vd:Ve:Viifa=>b=c=>d=e=fFaFbFck
dFetf]

6.1.1 Det forste bevis
Vi begynder med at bevise MP2:

[MP2 sty ZFsub FVa:Vb:Vc:a=b=ckak bk
[MP2 *"%" \e.\x.P([ZFsub F Va:Vb:Ve:a=b=ckaFbFMP>a=b=
c>a>b=¢MP>b=cr>b>c] po,c)

Da dette er rapportens fgrste bevis, vil jeg bringe nogle ekstra kommentarerZ9.
Oven over beviset har jeg gentaget definitionen af det, der skal bevises; dette
er kun for overblikkets skyld — det er ikke en formel ngdvendighed. Selve
beviset for MP2 bestar af seks linier, nummereret fra 1 til 6. En bevislinie kan
have to former. Den fgrste form er:

Argumentation > Konklusion

hvor Konklusion er det som linien beviser, mens teksten i Argumentation
udger en begrundelse for, at Konklusion geelder. F.eks. siger linie 5, at
meta-formlen [b = ¢] geelder, fordi den kan udledes fra slutningsreglen MP ved
substitution. Argumentationen skal leeses pa den made, at konklusionerne fra
linie 2 og 3 bliver brugt som praemisser til MP. Den generelle betydning af
konstruktionen [x > y] er, at konklusionen fra linie y bliver brugt som preemis i
forhold til x.

Den anden form, en bevislinie kan have, er:

Nggleord > Konklusion

hvor Nggleord er et af de tre ord “Arbitrary”, “Premise” eller
“Side-condition”. Betydningen af ordene “Premise” og “Side-condition” er
abenlys: De angiver, at liniens konklusion indgar som en preemis (hhv.

151 afsnit B3] far vi faktisk brug for at anvende MP 6 gange i traek; men et eller andet sted
skal man jo stoppe.
16Denne beskrivelse er en revideret udgave af afsnit 5.1 i [I].
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sidebetingelse) i den saetning, der skal bevises. F.eks. siger bevisets linie 2, at
MP2 bruger meta-formlen

[a = b = ¢] som preemis. Nar ordet “Arbitrary” bruges, bestar konklusionen af
en liste af meta-variable (f.eks. [a, b, c] i linie 1). Ideen hermed er at udtrykke,
at vi ikke antager noget om de pageldende meta-variable, og at vi derfor har
ret til at binde dem med en meta-alkvantor i den saetning, der skal bevises. I
det forhandenveaerende bevis berettiger linien med “Arbitrary” altsa, at MP2
er kvantificeret med [Va: Vb: Ve: (- -)].

Alt dette har drejet sig om den formelle syntaks for et Logiweb bevis. Der er
ikke sa meget at sige om selve beviset for MP2; vi indkapsler simpelthen to pa
hinanden fglgende anvendelser af MP.

6.1.2 Beviser for de andre MP-lemmaer
Beviserne for de gvrige MP-lemmaer er lige ud ad landevejen:

stmt

[MP3 "="ZFsub - Va:Vb:Vc:Vd:a=b=c=dFak bt chkd]

proof

[MP3 "=~ Ac.\x.P([ZFsub | Va:Vb:Ve:Vd:a=b=c=dFakbFchk
MP2>a=b=c=dra>b>»c=dMP>c=d>c>d] poc)

[MP4 strat ZFsub b Va:Vb:Vc:Vd:Veea=b=c=d=elak bk ctkdF €

f
[ proo

MP4 "=~ Ac.Ax.P([ZFsub |- Va:Vb:Vc:Vd:Ve:a=b=c=d=eFabk bt
cHFdFMP2>pa=b=c=d=erabb>»c=d=¢MP2>bc=d=
e>c>d > e],po,c)

[MP5 S 7Rsub - Va:Vb: Ve Vd: Ve:Viifa=>b=c=>d=e=fFaFbFck
dFetf]

proof

[MP5 "=~ Ac.A\x.P([ZFsub - Va:Vb:Vc:Vd:Ve:Vf:a=b=>c=>d=e=fF
aFbtckHdFeFMP3>a=b=>c=>d=e=fracb>e>d=e=>
f;MP2>d=>e=frd>e> f],po,c)

6.2 Implikation

Dette afsnit indeholder en raekke lemmaer vedr. implikation, grupperet i fire
under-underafsnit.

6.2.1 Refleksivitet; blok-konstruktionen

Lemmaet Autolmply udsiger, at implikations-relationen er refleksiv:

stmt

[AutoImply =" ZFsub I Va:a = 3
[AutoImply progf Ac.Ax.P([ZFsub I~ Va: a I Repetition > a >
a;Va:Ded > Va:at a> a = a],po, )]
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Beviset for Autolmply indeholder to nye ting i forhold til de hidtidige beviser:
En bevisblok, og en anvendelse af deduktions-reglen. En bevisblok er
selvsteendig enhed i et bevis; den afhaenger ikke af den gvrige del af beviset.
Den ovenstaende bevisblok indeholder et bevis for lemmaet [Va: a F a]. Pointen
er nu, at blokkens sidste linie (linie 5) fungerer som en forkortelse for dette
lemma. Vi kan da anvende deduktionsreglen pa denne linie til at omdanne
inferensen [Va:a F a] til implikationen [a = a]. Det vigtigste formal med
deduktionsreglen er netop, at vi let kan skifte fra inferens til implikation.

6.2.2 Transitivitet

Lemmaet ImplyTransitivity udsiger, at implikations-relationen er transitiv:

[ImplyTransitivity S 7 Rsub Va:Vb:Vc:a=bkb=cta=(

Vi viser ImplyTransitivity ved hjeelp af MP og deduktionsreglen:

[Tmply Transitivity "% Ac.\x.P([ZFsub - Va:Vb: Veia = b b = clak
MPra=bra>»bMP>b=c>b>cVa:Vb:Vcca=bkFb=ctk
Ded>Va:Vb:Vcca=btb=cFatc>»>a=b=b=c=a=
GMP2>a=b=b=c=a=cra=b>b=c>a= c|,py0)
6.2.3 Svakkelse

Vi far ofte brug for det folgende rassonnement: Hvis formlen a geelder
ubetinget, sa geelder den ogsa under antagelse af en vilkarlig anden formel b.
Lemmaet Weakening udtrykker dette raesonnement som folger:

[Weakening St 7 Fsub Va:Vb:b+ a = b]

Vi beviser Weakening ved hjzlp af deduktionsreglen:

proo

[Weakening roof AcAx.P([ZFsub | Va: Vb: b - a - Repetition > b >
b;Va:Vb:Ded > Va:Vb:bFakb>b=a=b;bFMP>b=a=b>b>a=
b—|7p07c)]

6.2.4 Modsigelse

Det sidste lemma i dette afsnit vedrgrer strengt taget ikke implikation, men
derimod inferens (x - y). Lemmaet FromContradiction udsiger, at vi kan
bevise hvad som helst, hvis vi har bevist to formler, der modsiger hinanden:

[FromContradiction ™5 ZFsub - Va: ¥b:a - ©a b b]
Beviset bruger Weakening og slutningsreglen Neg:
[FromContradiction progf A Ax.P([ZFsub | Va:Vb: a - - a - Weakening > a >

“b = a; Weakening > -a > =b = - a;Neg> <b = a> b = “a > b], po, )]
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6.3 Handtering af dobbeltnegationer
De to lemmaer RemoveDoubleNeg og AddDoubleNeg tillader os hhv. at fjerne

og tilfgje dobbeltnegationer. Jeg vil ikke kommentere beviserne:

[RemoveDoubleNeg St 7 Fsub - Va: - 5atk a3

f
[ proo

RemoveDoubleNeg " — Ac.A\x.P([ZFsub F Va: - - a + Weakening > - a2 >
©a = ©-a; Autolmply > ~a = - a;Neg>-a = ~a>-a = - 5a > al, po, )]
[AddDoubleNeg *2"' ZFsub + Va:a - == a

[AddDoubleNeg propf Ac.Ax.P([ZFsub I Va: =1+ a F RemoveDoubleNeg >
S5ha > SajVarDed>Var - hak -a> S 55a= Sajak Weakening>a >
SSh5a=a;Neg>---a=ab--5a="a> %—\g“’po,c)]

6.4 Modus tollens og beslaegtede lemmaer

Hovedresultatet fra dette afsnit er slutningsreglen modus tollens, bevist som et
lemma:

[MT *3° ZFsub + Va:Vb:a = b+ =b F =2

For at vise MT begynder vi med et teknisk lemma, der ikke har den store
veerdi i sig selv:

[Technicality St 7 Fsub Va:Vb:a= bk --a=b]

proo

[Technicality ropt A Ax.P([ZFsub \Va:Vb:a=bF --at
RemoveDoubleNeg > - —a > a;MP >a = b > a > b;Va:Vb: Ded > Va: Vb:a =
bF--aFb>»a=b=-"-"a=bja=bFMPpra=b=-"a=bra=
b>> --a = b],po,c)]

Uatheengigt af Technicality kan vi vise en version af MT, hvor a optraeder i
negeret form:

[NegativeMT “™5" ZFsub - Va: Vb: a = b+ <b - a

[NegativeMT "% Ac.Ax.P([ZFsub I- Va: ¥b: va = b - “b -
Weakening > b > -a = -b;Neg> "a=bl>a= -b> al,po,¢)]
Ud fra Technicality og NegativeMT kan vi nu vise MT:

[MT "2 ZFsub + Va:Vb:a => b+ =b F =2

[ proof

MT "= Ac.Ax.P([ZFsub |- Va: Vb: a = b F - b I Technicality > - -a =
b; NegativeMT > - -a = b b > -al,po,c)]
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Vi slutter dette underafsnit med en variant af MT, som erstatter en inferens
med en implikation:

[Contrapositive 3" ZFsub F Va: Vb:a = b+ b = ]

Nar en inferens skal erstattes med en implikation, er det altid
deduktionsreglen, der skal i spil:

[Contrapositive progf A Ax.P([ZFsub \Va:Vb:a = b+ “bFMT>a=
b>-b> 5a;Va:Vb:a=bF Dedr>Va:Vb:a= b+ bk a>a=b=
“b=“a;MPra=b= b= Sara=b> b= Sal,po,c)

6.5 Konjunktion

Hovedmalet med dette underafsnit er at konvertere mellem formlerne a og b og
deres konjunktion [~a = = b].

6.5.1 Forening af konjunkter

Vi begynder med at sla a og b sammen til [+a = = b]:

[JoinConjuncts I 7 Fsub Va:Vb:ak bk -a= =b]

Beviset for JoinConjuncts er af teknisk karakter. Vi viser den
makroekspanderede form [a = = b], som vi i bevisets sidste linie konverterer
til ["a = - b]. Denne sidste linie er ikke ngdvendig for bevischeckeren, men
den ggr beviset lidt nemmere at laese:

[JoinConjuncts %" A\e.\x.P([ZFsub F Va:Vb:a a2 = b MP > a =
Sb>a>» -b;Va:Vb:Ded>Va:Vb:akFa= -bF-b>»a=a= b= =bjalk
bFMP>ra=a= b= -b>a>a= -b= -b;AddDoubleNeg > b >
S5b;MT>a= b= -b>--b> -a= -b;Repetitionr>a= -b>
“a = “b],po,c)]

6.5.2 Udskilning af anden konjunkt
Tautologien SecondConjunct lader os udskille den anden konjunkt fra
[a = —b]. Jeg vil ikke kommentere beviset:

[SecondConjunct St 7 Fsub - Va:Vb:-a = -bF b

[SecondConjunct progf Ac X P([ZFsub F Va: Vb: = b - Weakening > ~b > a =
- b;Va:Vb:Ded > Va:Vb: “bta= -b> “b=a= -b;-a= -btF
Repetition > ~a = -b > -a = - b; NegativeMT > ~"b=a= -b>"a=
“b > b, po,c)]
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6.5.3 Udskilning af fgrste konjunkt
For at udskille a fra [7a = = b] viser vi forst, at [7a = - b] er kommutativ.
Jeg vil ikke kommentere beviset:

[AndCommutativity S 7Fsub Va:Vb:a= -bF b= -3

[AndCommutativity propf A Ax.P([ZFsub | Va:Vb:b = -atak
AddDoubleNeg>a > - -a;MT>b= -a> 52>
Sb;Va:Vb:Ded > Va:Vb:b= “alkakF-b>»b=-a=a= -b;-a= -bkF
Repetition > ~a = -b;MT>b="a=a= -b>-a=-b>- b=

- a; Repetition > ©b = -2 > -b = - al,po, )]

Nu er det let at udskille den forste konjunkt fra [7a = = b]: Ferst vender vi
konjunktionen om til [b = 2] ved hjzlp af AndCommutativity, og sa
udskiller vi a ved hjeelp af SecondConjunct:

[FirstConjunct S 7 Fsub F Va:Vb: ~a= -bl a

[FirstConjunct "2 Ac. Ax.P([ZFsub F Va: ¥b: 2 = “b
AndCommutativity > -a = b > - b = -a; SecondConjunct > - b = -a >
g-l , PO, C)]

6.6 Dobbeltimplikation

I dette underafsnit viser vi tre enkle resultater vedr. dobbeltimplikation.

6.6.1 Brug sammen med modus ponens

De folgende to tautologier ggr det let at bruge anvende slutningsreglen MP pa
dobbeltimplikationer. Beviserne er enkle og kreaever ingen kommentarer:
[IﬁFlrst B ZFsub b Va:Vb:va = b= “b=ak bt a

[[fFirst %" Ac.\x.P([ZFsub - Va:Vb: "a = b= b= akF bk
SecondConjunct > "a=b=-“-b=a>b=aMP>b=ar>b> al,po,c)]
[IffSecond *™5" ZFsub b Va:Vb: “a = b= “b=>akt aF b

[1fiSecond "% Ac Ax.P([ZFsub i Va: ¥b: “a = b = “"b=akF ak
FirstConjunct > "a=b=-b=a>a=b;MP>a=bra> b],po,c)]
6.6.2 Kommutativitet

Lemmaet IffCommutativity folger direkte af, at operatoren ["x = —y] er
kommutativ:
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[IffCommutativity "5 ZFsub b Va:Vb: ©a = b= “b=>ak “b=>a = "a=
b]

[[ffCommutativity "% Ac.\x.P([ZFsub b Va:Vb:va = b= “b=ak
Repetition>-a=b= - b=a>»a=b= b=

a; AndCommutativity > "a=b=-b=a> “"b=a= "a=

b; Repetition > b =a= “a=b> b= a= -a=b],po,c)]

6.7 Disjunktion

Dette underafsnit indeholder tre lemmaer vedr. disjunktion, som vi fordeler pa
to under-underafsnit.

6.7.1 Svakkelse

Givet en pastand b vil vi gerne udlede de svagere pastande [7a = b] og
[+ b = a]. Den farste slutning varetages af lemmaet WeakenOr1:

[WeakenOr1 *3" ZFsub - Va: Vb: b - <12 = b]

Beviset bestar af en simpel anvendelse af Weakening:

proo:

[WeakenOr1 ”%™ Ac.Ax.P([ZFsub i Va: Vb: b - Weakening > b > “a =
b; Repetition > -a = b > -a = b], po, ¢)]
Slutningen fra a til [7a = b] varetages af lemmaet WeakenOr2:

stmt

[WeakenOr2 "=’ ZFsub F Va:Vb:a - ~a = b]

Kernen i beviset for WeakenOr2 er en anvendelse af FromContradiction:

proof

[WeakenOr2 "= A\c. Ax.P([ZFsub I Va:V¥b:a F ~a
FromContradiction >at>-a > b;Va:Vb: Ded>Va:Vb:atk “aFb>»a= “a=
b;ak MPra = -a= br>a>> -a= b;Repetitiont>-a = b > ~a = b], po, )]

6.7.2 Slutning ud fra disjunktion

Lemmaet FromDisjuncts lader os drage slutninger ud fra en disjunktion:
[FromDisjuncts St 7 Fsub Va:Vb:Ve:a=bka=ckb=ct ¢

Om beviset vil jeg kun sige, at det er en ret elegant gvelse i bevisteknik:
[FromDisjuncts "% Ac.\x.P([ZFsub I Va:Vb:Ve: “a=blFa=cFb=ck
Repetition > a2 = b > - a = b; Contrapositive > "a=b> -b =

-+ a; Technicality > a = ¢ > - - a = ¢; ImplyTransitivity > - b =
S5al>S5a= c> b= ¢ Contrapositive > b = c¢> ~c=

-4 b; Contrapositive > b = ¢ > -c= -b;Neg> ¢c= -b>-c=5b>
9—|7p07c)]
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7 Regellemaer

Alle aksiomerne i afsnit er formuleret som dobbeltimplikationer. Dette er
gjort for at holde antallet af aksiomer nede pa et minimum; men nar
aksiomerne skal bruges i beviser, er det mere bekvemt at have regler af formen
[a F b] til radighed. Heldigvis kan vi altid bevise [a I b], hvis vi i forvejen har
et bevis for [a = b] — der kraeves blot en rutinemaessig anvendelse af MP.

I dette afsnit viser vi regellemmaer svarende til aksiomerne SeparationDef,
PairDef, UnionDef, PowerDef og Extensionality.

7.1 Par

I tilfzeldet “PairDef” forlgber bade definition og bevis af regellemmaerne sa
enkelt, som det er muligt. Forst formulerer vi den ene halvdel af aksiomets
dobbelt-implikation som et lemma:

[Pair2Formula St 7 Fsub - Vs: Vx: Vy:s € {x,y} F ns=x=s=Y]

Derefter beviser vi dette lemma ved at anvende IffSecond pa aksiomet og
preemissen:

proof

[Pair2Formula " —" Ac.Ax.P([ZFsub F Vs: Vx: Vy:s € {x,y} - PairDef > s €
{x,y} = "s=x=s=y= "ts=x=s=y = s c {x,y};IffSecond > =5 €

{xy} = "s=x=s=y=s=x=s=y=>sc {xy}>se {xy} > s=
x = s=y|,po,¢)]

Til sidst gentager vi hele processen mht. den anden halvdel af
dobbeltimplikationen. Den eneste reelle forskel er, at vi bruger IffFirst i
beviset (i stedet for IffSecond):

stmt

[Formula2Pair =" ZFsub F Vs: Vx: Vy:hs=x=s=yFsec{xy}]

[Formula2Pair Proof e x. P([ZFsub F Vs: ¥x: Vy: "s=x = s=y I PairDef >
s € {xy} = s=x=s=y = Ths=x=s=y =s € {x,y}; ffFirst > s €
{Xy} = "s=x=s=y=s=x=s=y=>s€ {Xx,y}>s=x=>s=y >sc

{x y}1,po, )]

7.2 Foreningsmaengde

I tilfzeldet “UnionDef” bruger vi stort set den samme fremgangsmade som i
afsnit [[Jl Forst handterer vi den ene halvdel af dobbeltimplikationen:
[Union2Formula S 7 Fsub Vs:Vxis € UxF ©1s € jpx = TjgEx € X]

. f . .
[Union2Formula P ACAX.P([ZFsub F Vs: Vx:s € Ux - UnionDef > —s €
UX= 1S €jpx = TjEx EX= TS €jEx = T jex EX =S €
Ux; IffSecond > -s € Ux = 515 € jpx = T1jpx € X = 7S € jEx = TjEx € X =
sEUxD>s€Ux > s € jpy = Sjpx € X, Do, )]
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Sa er turen kommet til den anden halvdel af dobbeltimplikationen:

[Formula2Union St 7 Bsub - Vs:Vx:s € jpx F jex € xF s € U]

Der er det lille raffinement, at vi i formuleringen af Formula2Union har delt
formlen [+s € jgx = “jgx € x] op i sine konjunkter. Beviset for
Formula2Union kraever derfor en ekstra anvendelse af JoinConjuncts:

proo

[Formula2Union ropf ACAX.P([ZFsub - Vs:Vx:s € jpx F jrx € xF
JoinConjuncts I> s € jgx B> jex € X > 55 € jEx = T jEx € X; UnionDef > —s €
UXx = 1S € jgx = TjEx € X = TS € jpx = T jEx € X = s € Ux; IffFirst > —s €
UX = 1S € jex = TjEx €EX= 7S € jEx = TJEx EX = S € UXD> TS € jpx =
S jEx € X > s € Ux], po, )]

7.3 Potensmangde; sidebetingelser

Tilfeeldet “PowerDef” er mere kompliceret end de hidtidige tilfzelde. Det ene af
de to regellemmaer er nemt nok:

[SubsetInPower St 7 Fsub - Vs:Vx:s€s=5€xk s e P(x)]

[SubsetInPower propf ACAXP([ZFsub - Vs:Vx:§€s=5€xF Gen>5€s=

5 EX>> Vobis:5 €s =5 € x;PowerDef > ©s € P(x) = Vpi5:5€s=>5€x=
AVopiS:S €s =5 € x =5 € P(x); IffFirst > -s € P(x) = VopjS:S€s =5 € x =
VobjSiSES=>5€EXx=>5E€P(X)>Vpi5:5€s=>5€x>s € P(x)],po, )]

Det andet regellemma er ogsa nemt, hvis vi ngjes med at vise:

[Vs:V¥x:s € P(x) F Vobi5:5 € s =5 € x].

For at komme videre med konklusionen [Vq,;5:5 € s = § € x| ma vi imidlertid
slippe af med objektkvantoren; og dette kan vi lige sa godt ggre med det
samme. Derfor bliver malet i stedet at vise:

[Vs:Vx:s € P(x) S €s=35€ x|, hvor § € s = § € x som naevnt i afsnit 53] er
en forkortelse for [ € s =5 € x].

For at na dette mal ma vi begynde med et hjelpelemma, der ser saledes ud:

[HelperPowerlsSub *™" ZFsub - Vs: Vx: Vy: [5]#°[x] b [5]#°[y] # Von;5:5 €
X=>5€y=>sEx=>s€cy|

De to sidebetingelser [[5]#°[x]] og [[5]#"[y]] er her ngdvendige pga.
antecedenterd [VobjS:S € x =5 € y|. Hvis vi i denne formel instantierer x eller
y til en term, der indeholder frie forekomster af §, sa sendres formlens mening.
F.eks. er formlen [Vobi5:S € § = 5 € y| npdvendigvis sand, fordi ingen meengder
i ZFsub er medlem af sig selv; men den oprindelige formel [Vo,i5:5 € x =5 € y]
er ikke ngdvendigvis sand. Konstruktionen [[x]#°[y]] (der er defineret i

appendikset til [4]) udsiger netop, at objektvariablen x ikke forekommer frit i

17Jeg kalder x i [x = y] for “antecedenten”; og jeg kalder y for “konsekvensen”.
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termen @ Vi kommer til at se mange flere eksempler pa sidebetingelser af
formen [[x]#°[y]]: De er ngdvendige, nir metavariablen y optraeder i en
kontekst, der er kvantificeret med objektvariablen x.

Indholdet af selve lemmaet er, at vi kan fjerne objektkvantoren fra

[Vobjgz S € x =5 €y, og endda erstatte objektvariablen § med metavariablen s.
Her er beviset:

[HelperPowerIsSub propf A A P([ZFsub I Vx: Vy:s € x = § € y - Repetition >

SEXxX=>s€ey>sex=>s5€cy;VaVx:Vy:Ded>Vx:Vy:sex=s€cykFsex=
sey > [S|#x] t [S]#[y] F Vopjs:5 €Ex=5 €y =sE€x=s€Ey],po,c)]

Beviset illustrerer styrken af slutningsreglen Ded: I dette tilfazelde omdanner
den en inferens (nemlig [Vx:Vy:S€x=5€yFsecx=5¢cy]|) tilen
implikation (nemlig [§ € x =5 €y = 5 € x = 5 € y]), saetter en alkvantor pa
antecedenten (sa vi far [Vop;5:5 €Ex=35cy=5¢cx=75cy]), og erstatter den
frie forekomst af “s” med “s” — alt sammen pa én gang. Dog skal de to
sidebetingelser med, for at reglen kan anvendes.

Formuleringen af det andet regellemma bliver nu som fglger:

[PowerIsSub *5" ZFsub F Vs: Vx: [5]#°s] - []#°[x] s € P(x)Fses=>5¢
x|
Da PowerlsSub benytter sig af HelperPowerIsSub, bliver vi ngdt til at lade
PowerIsSub “arve” de to sidebetingelser fra dette lemma. Vi kan ikke undga
sidebetingelserne ved at instantiere de to metavariable x og y fra
HelperPowerIsSub til nogle andre metavariable; for der er jo ingen garanti for,
at disse metavariable vil undga s, nar de engang bliver instantierede. Sa laenge
man arbejder med metavariable, er det altsa meget sveert at slippe af med
denne slags sidebetingelser, nar de forst er blevet indfgrt i en beviskaede.

Her er beviset for PowerIsSub:

proof

[PowerlsSub " — Ac.Ax.P([ZFsub F Vs: Vx: [5]#°[s] i [5]#°[x] s € P(x) -
PowerDef > ©s € P(x) = Vopi5:5 €s =5 €x= V55 €s=5€x=>5¢€
P(x); IffSecond > ©s € P(x) = VobjS:5€s =5 €x = TVopS:5€s=>5 € x =
s € P(x) >s € P(x) > Vobi5:5 € s = § € x; HelperPowerIsSub > [5]#°[s] 1>

S|#0[x] > VopijsiSE€Es=5€Ex=5€s=>5€ x;MP > Y, €5 =5 € x =
SES=>SEXDVoS:S€ESs=5E€EXx>5C€s=5¢c x;Repetition>scs=5¢
X>S5€s=5€x],po,c)]

=

I linie 7 benytter vi konstruktionen [x 1> y] til at forteelle bevischeckeren, at de
to sidebetingelser er opfyldt, og at vi derfor kan anvende HelperPowerIsSub.

7.4 Potensmangde, variant

Som nzevnt er det sveert at slippe af med sidebetingelser, men af og til kan det
lade sig ggre. Nar vi i afsnit [1.3.2] ggr brug af lemmaerne HelperPowerIsSub

18Vi siger at “x undgar y” (eller at “y undgar x”).
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og PowerlsSub, vil metavariablen x f.eks. blive instantieret til termer, der
undgar 5. Hermed bliver sidebetingelsen [[5]#°[x]] automatisk opfyldt, mens
vi stadigvaek ma medregne [[s]#°[y]] eksplicit. Imidlertid er bevischeckeren
saledes indrettet, at de automatisk opfyldte sidebetingelser skal sta til sidst,
nar man bruger et lemma, der indeholder sidebetingelser. Derfor viser vi nu
nogle varianter af PowerIsSub og HelperPowerIsSub, hvor der er byttet om pa

[[51#°[x1] og [[S1#°[y]]:

[(Switch)HelperPowerlsSub *3" ZFsub - Vs: ¥x: Vy: [5]#°[y] # [5]#°[x] #-
VobjS:SEX=>5EYy=>sEx=>scy|

[(Switch)HelperPowerIsSub PO N Ax. P([ZFsub - Vs: Vx: Vy: [S]#°y] #
[5]#°[x] # HelperPowerlIsSub 1> [5]#°[x] > [S]#°[y] > Vopjsis€x =5 €
y=>sex=sey],po,c)

[(Switch)PowerIsSub *3' ZFsub + Vs: Vx: [5]#°[x] # [s]#°[s| s € P(x) F5 €
s=5€Ex

[(Switch)PowerlsSub ™% Ac.Ax.P([ZFsub F Vs: Vx: [8]#0[x] I [5]#°[s] Is €
P(x) F PowerlsSub 1> [5]#°[s] > [5]#°[x] >s € P(x) > 35 € s =5 € x], po, )]

Vi kunne naturligvis have sparet noget plads ved at vise disse varianter til at
begynde med. Jeg har ikke gjort dette, fordi vi nu har faet illustreret en af
ulemperne ved at arbejde med sidebetingelser.

Jeg vil ikke kommentere faenomenet “sidebetingelser af formen [[x]#°[y]]
yderligere — indtil afsnit [[0.4] hvor antallet af sidebetingelser bliver sa stort,
at det ikke kan ignoreres.

”

7.5 Separation

Tilfeeldet “SeparationDef” er naesten lige sa enkelt som tilfeeldet “PairDef” fra
afsnit [Tl Vi skal blot huske at overfgre aksiomets sidebetingelse til de to
regellemmaer:

[Sep2Formula *3" ZFsub F Va: Vb: Vp: Vx: Vy: pP A ([b]=C[a]|[p]:=[y])pn t
ye{phex|a}F -y €ex= b ; o -
[Sep2Formula " — POt N Ax. P([ZFsub

Va: Vb: Vp: Vx: Vy: gPh ([b]="Tal|[p]:=[yl)pn -y € {ph € x| a}
SeparationDef 1> p™ A ([b]="[a]|[p]:=[y])pn > "y € {ph€x|a} = 7y €
x= b= "4y €Ex=b=ye€ {phe x| a};FirstConjunct > -1y € {ph € x |
a} = yeEx= " b= ryex= - b=ye{phex|a}>yec{phex|

a} > yex=-bMP>ye{phex|a} = yex=b>yc {phex]
a} > -y € x= =b],po,c)]
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[Formula2Sep *“3" ZFsub + Va: Vb: Vp: Vx: Vy: PP A ([b]=Ta]|[p]:=[y])pn t
yexkbkye{phex]|a} -
[Formula2Sep %" A\c.\x.P([ZFsub F

Va: Vb: Vp: Vx: Vy: pPRA([b]=C[a]|[p]:=[y])pn -y € x F b I JoinConjunctsr>y €
x> b > 1y € x = “1b; SeparationDef > p™" A ([b]="[a]|[p]:=[y])pn > 1y €
{phex|a} = yex= b= "yex="b=yec{phex]|

a};SecondConjunct >~y € {ph € x|a} = "yex= b=~ ycx= b=
ye{phex|a} > yex=>-b=yec{phex|a};MP>-yex= b=
ye{phex|a}>y€ex=-b>ye{phex]|a}],po,c)]

7.6 Ekstentionalitet

Tilfeeldet “Extensionality” er lidt mere kompliceret end det almindelige
tilfeelde, fordi vi skal forholde os til objektkvantoren i meta-formlen

[x=y = VS "8 EX=>5€y=5€y=5€x=> V5 "5EX=5¢€
y = 5§ €y =5 € x = x=y]. Derfor er der to underafsnit; lemmaerne i
underafsnit [[.6.1] er afledt af implikationen

[Vobj§: “SEX=SEYy=5E€yY=5Ex = x=y|, mens lemmaerne i
underafsnit er afledt af den omvendte implikation.

7.6.1 Tilstraekkelig betingelse for lighed

To maengder er lig hinanden, hvis de er hinandens delmaengder:

[ToSetEquality ST 7 Rsub - Vx:Vy:sex=scykFscy=5cxkx=y|

Beviset for ToSetEquality er ret enkelt. Vi skal blot huske at seaette en
objektkvantor pa preemisserne, hvilket ggres med slutningsreglen Gen:
[ToSetEquahtyprg) ACAXP([ZFsub - Vx:Vy:s€x=5€yFsey=5ext
JoinConjuncts > €Ex =>5E€yD>SEYy=>5EX>SEX=>5Cy = 5cy =
§GX'Genl>—‘|§€xé§Ey5—'@69:>§€x>>vobj§'—'|§€x$§€yé;§€
y = S € x; Extensionality > = x=y = V;s: —|s€x=>s€y:>ﬁs€y7 se
X = TVpSi S EX =85 €y = 5€y=5¢€x= x=Yy;SecondConjunct > - x=
Yy = VopiSi 1S EX=>5CYy=>5€Yy=>5€EXx=> Vs SEX=>SEYy = 5€
Yy S TEXDX=Y > VoS NS EX=SEY = NSEYySSEX D x=

YiMP > VopiS: "§€Ex=5€y = 5€EYy >5EX=>x=y > Vop;s 15EX=5€E
y = "5€y=35€x>x=y],po,c)]

I afsnit [[0.T] far vi brug for en version af dette lemma, hvor objektvariablen §
er erstattet af en anden objektvariabel (jeg har valgt t). For at vise denne
alternative version viser vi forst lemmaet HelperToSetEquality(t), som
indkapsler en anvendelse af deduktionsreglen:

[HelperToSetEquality(t) "5 ZFsub F Vx: Vy: [T]#° [x] - [T]#°[y] i Vopiti T €
x=tcy=5cx=>5¢cy]
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proof

[HelperToSetEquality(t) "— Ac.Ax.P([ZFsub F Vx:Vy:tex=>teyk
Repetition>tex=tcy>tex=tecy;Vx:Vy:Ded>Vx:Vy:tex=teyhk
tex=tey> [t|# x| [T]#°y] + Vopjitex=>tey=5ex=>5¢€

XW »Po, C )}

Hovedlemmaet hedder ToSetEquality(t):

tmt

[ToSetEquality(t) "=
tey=texkx= X]

ZFsub b Vx: Vy: [T]#°x] = [T]#° [yl Htex=teyt

I beviset herfor kombinerer vi Gen med hjelpelemmaet til at omdanne
praemissen [t € x = t € y| til [ € x = 5 € y] (linie 6-8). Vi gentager denne
procedure mht. preemissen [t € y = t € x] (linie 9-11). Vi kan da slutte af med
en anvendelse af det oprindelige lemma ToSetEquality (linie 12):

proof

[ToSetEquality(t) “— Ac.Ax.P([ZFsub b Vx: Vy: [T]#°[x] = [t]#°[y] T e
x=>teyFtey=texkFGenp>tex=tey>Vptitex=te

y; HelperToSetEquality (t) i [T]#°[x] & [t]#°[y] > Vepiitex=tey =
sex=scy;MP>Vyjtitex=tcy=3scx=s5cyp>Voyjtitex=tec
X>>S€§éS€X,Gen>tExét€§>>vobjttEXétE

x; HelperToSetEquality (t) > [t]#°[y] & [t]#°[x] > Vopititey =t ex =
§€X:>§€§;MP>v0bjf:E€X¢fé§é§€XéEEgbvobjE:?exéfex>>
scy=5c¢c x; ToSetEquality >S€x=35€cy>5€y=5€ x> x=Y],po,C)]

Arbejdsfordelingen mellem HelperToSetEquality(t) og ToSetEquality(t) er
temmelig ujeevn; det meste af arbejdet foregar i beviset for ToSetEquality(t).
At der er to lemmaer i stedet for ét, har en teknisk forklaring: Logiwebs
bevischecker kan ikke arbejde med konklusioner af formen [x #- y]. Vi kan
derfor kun referere til konklusionen [[t]#°[x] i [t]#°[y] I (---)] ved at lade
den veere konklusionen pa et bevis; og derfor mé vi stoppe op, nar vi nar til
linie 7 i HelperToSetEquality(t). Vi vil flere gange senere komme ud for
lemmaer, hvis eksistens har denne tekniske forklaring. Jeg vil bruge ordet
“lemmastump” om disse lemmaer.

7.6.2 Ngdvendig betingelse for lighed

Vi begynder dette underafsnit med et hjselpelemma, som vi bruger til at fjerne
objektkvantoren fra Extensionality:

[HelperFromSetEquality "5 ZFsub F Vs: Vx: Vy: [S]#°[x] b= [S]#° [y] k-
VobiS: NS EX=5Cy=>5€Cy=>5Ex=>sEX=D>sECy=>sCy=5€X

Beviset for HelperFromSetEquality er en simpel anvendelse af
deduktionsreglen:

[HelperFromSetEquality propf ACAX.P([ZFsub F Vx:Vy: "s € x =5€y = 15 ¢
y =S €xF Repetition>"S€x=5€y="S€Ey=5€EXx>"SEX=>S5E
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y=s€y=s5€exVaVx:Vy:Ded>Vx:Vy: s €x=5€y = 5€y=5€
xbFasex=>sey=5cy=5ex> [5|#[x] i [S]#"[y] - Vop;5: 75 €
X=5€y="5€y=5€Ex=>"s€EX=>sE€Yy=>Ts€Yy=sEXx]|,po,C)]

Hovelemmaet i dette underafsnit udsiger, at hvis x er lig med y, sa er x en
delmengde af XJE':

[FromSetEquality *™3" ZFsub F Vs: ¥x: Vy: [§]#[x] # [5]#°[y] k- x=y F s €
xksey]

Beviset er en enkel anvendelse af Extensionality og HelperFromSetEquality:

proof

[FromSetEquality “— Ac.Ax.P([ZFsub t Vs: Vx: Vy: [s]#° [x] # [S]#°[y] # x=
y F s € x - Extensionality > - x=y = VjS: "SE€EX=5€y= "S€y=5¢€
X= VoS SEX=>S5 €y = s €y=5€x= x=y;[ffSecond > ~x=y =
YobiSi 1S EX=SEYy = 5€Yy=>5EX= VS SEX=>SEY = 5€Y =
SEX=ZX=YDX=Y > VopjSi"SEX=SEY = SEYy=5€E

x; HelperFromSetEquality 1> [5]#%[x] > [S]#°[y] > Vop;s: 7S €x=>5€y =
NSEYy=SEX=>sEX=>s€EYy=>s€y=>seExMP>VsisEx=5¢
Y= 1SEYy=>SEX=> 1SEX>SEY=> 1SEYy>SEXD> VS SEXSSE
y=TS€Ey=5€Ex>s€x=>s€y=s€y=scxlffSecond > s €
X=>SEYy="SEYy=sEX>SEX>SEY],po,C)]

8 Definitionslemmaer

Regellemmaerne fra afsnit [ blev afledt fra aksiomer. Lemmaerne i dette afsnit
bliver afledt fra makrodefinitionerne i afsnit [5.7t heraf navnet
“definitionslemmaer”. Formalet med definitionslemmaerne er at muligggre
effektiv anvendelse af makrodefinitionerne i beviser.

8.1 Refleksiv relation

Den fgrste definition, vi tager under behandling, er definitionen

[Vobi5:s € bs = {{5,5},{5,5}} € r = Vop;5:5 € bs = {{5,5},{5,5}} € r]. Vi
bruger her en lemmastump ved navn HelperReflexivity, som lader os fjerne
objektkvantoren fra denne definitions hgjreside:

[HelperReflexivity *3° ZFsub b Vr: Vs: Vbs: [s]#0[r] # [5]#°[bs] I Vop;5:5 €
bs = {{5,5},{5,5}} er=scbs= {{s;s},{s;s}} €]

Vi viser HelperReflexivity ved hjelp af deduktionsreglen:

[HelperReflexivity ™% A\c.\x.P([ZFsub F Vr: Vbs:s € bs = {{5,5}, {s,5}} € r -
Repetition > 5 € bs = {{5,5},{5,5}} € r >s € bs = {{5,5},{5,5}} €

19Naturligvis kan man ogsé vise, at hvis x er lig med Yy, sd er y en delmaengde af x. Det har
imidlertid ikke veeret ngdvendigt at bruge dette lemma.
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r; Vr: Vs: Vbs: Ded > Vr: Vbs: 5 € bs = {{5,5},{5,5}} €er-se€bs=
{{5,5},{5,5}} € r>> [S]#°[r] t [S]#°[bs] # Von;5:5 € bs = {{5,5}, {5,5}} €
r=sebs={{ss} {s st} €rl.po, )]

I hovedlemmaet Reflexivity omdanner vi lemmastumpens implikationer til
inferenser:

[Reflexivity “25" ZFsub b Vr: Vs: Vbs: [5]#°[r] I [5]#°[bs] b Vops:5 € bs =
{{s.5}.{s.5}} ertsebst {{s,s},{s,s}} €1]

[Reflexivity propf AcAx.P([ZFsub F Vr: Vs: Vbs: [5]#°[r] # [5]#°[bs] #-
VobiS:S € bs = {{5,5},{5,5}} € r s € bs I HelperReflexivity > [s]#°[r] >
[ST40Tbs] > Vapjsi5 € bs = {{5,5), {551} € t = s € bs = {{s,s}. {s.5}} €
r; MP2 > Vop,i5:5 € bs = {{5,5},{5,5}} e r=s € bs = {{s,s}, {s,s}} €

re Vobj§:§ € bs = {{§7§}7 {§7§}} Er>sebs> {{575}7 {§,§}} € ﬂ7p0, C)]

Vi skal straks se flere eksempler pa netop denne arbejdsdeling mellem
lemmastump og hovedlemma.

8.2 Symmetrisk relation

De to lemmaer i dette underafsnit er afledt fra definitionen af “symmetrisk
relation” i afsnit (.71 Fremgangsmaden er den samme som i afsnit Bl
Lemmaet HelperSymmetry fungerer som lemmastump i forhold til Symmetry:

[HelperSymmetry *2° ZFsub b Vr: Vs: Vt: Vbs: [5]#°[r] # [5]#°[bs] #
[E]#0(r] = [E]#°[bs] - Vob;s: Vobjt:s € bs = t € bs = {{5,5}, {5, t}} e r =
{{tth{tst}er=sebs=tebs= {{s s} {st}} er={{t.t},{t,;s}} €1

[Symmetry *3° ZFsub - Vr: Vs: Vt: Ybs: [5]#°[r] # [5]#°[bs] # [T]#°[r] #
[T]#°[bs] t+ VobiS: Vob;t:5 € bs =t € bs = {{5,5},{5,t}} €r =
{{t.t},{ts}}erbsebsttebst {{ss} {s,t}} ert {{t., 1}, {t;s}} €1

Beviset for HelperSymmetry fungerer ligesom beviset for HelperReflexivity fra
afsnit 8] (dog skriver vi ikke definitionen af

VobiS: Vobit: 5 € bs =t € bs = {{5,5}, {5, t}} e r = {{t,t},{t,5}} € r ud):
[HelperSymmetry progf ACAX.P([ZFsub t- Vr:Vbs:§ € bs =t € bs =

{{5,5}, {5, t}} e r = {{t,t},{t,5}} € r - Repetition >5 € bs =t € bs =
{{5;5}, (5t} er= {{t,t}, {t,5}} €er>sebs=tecbs = {{55},{51t}} €
r= {{t,t}, {t,5}} € r; Vr: Vs: Vt: Vbs: Ded 1> Vr: Vbs: S € bs = t € bs =

{555 (5,61} € t= {{E.8),{E5}} € rr5€bs >t e bs = {{s,5}, {s,8}} € r =
{{t. 8. {t.5}} € r> [S1#°[r] = [S15£°[bs] - [E]#°[r] # [T]#°[bs] i

VobjS: Vobit:§ € bs =t € bs = {{5,5},{5,t}} e r= {{t,t}, {t,;S}} er=5s¢

bs =t ebs= {{ss} {st}} er={{t.t}. {t.s}} € rf. po, )]

I beviset for Symmetry skifter vi fra implikation til inferens:
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[Symmetry progf A Ax.P([ZFsub F Vr: Vs: Vt: Vbs: [5]#°[r] = [5]#°[bs]
[E] 40 r] b [€]#0 bs] b Vob;s: Vob;t:5 € bs = T € bs = {{5,5},{5,T}} e r =
{{t.t},{t.;s}} erFsebsttebsk{{s s} {s t}} € r - HelperSymmetry >
[S1#°[x] > [S1#°[bs] 1> [€]#°[r] > [€]#°[bs] 3> Von;5: Vobt: 5 € bs = T €
bs = {{s5,5}, {5, t}} er= {{t,t},{t,5s}} er=scbs=t e bs =

{{s,s}. {s;t}} e r= {{t,t}, {t,s}} € ; MP4 > V1,;5: Vopjt:5 € bs =t € bs =
{{gag}a{gat}} er= {{tvt}a{tag}}7€£:>§ G@ile bs = {{§7§}7{§v§}} €
r={{t,t},{t;s}} € r>Vopis: Vopjt:s € bs = t € bs = {{5,5}, {5, t}} e r =
{tth{tstterpsebs>tebse> {{s s} {s,t}} er> {{t,t},{t;s}} €
[-‘,po,C)]

8.3 Transitiv relation

De to lemmaer i dette underafsnit er afledt fra definitionen af “transitiv
relation” 1 afsnit [B.71 Vi bruger ngjagtig den samme fremgangsmade som i
afsnit B8] og Lemmastumpen (HelperTransitivity) fjerner definitionens
objektkvantor ved hjelp af Ded, og hovedlemmaet (Transitivity) skifter fra
implikation til inferens:

[Helper Transitivity *25* ZFsub b Vr: Vs: Vt: Vu: Vbs: [5]#°[r] # [5]#°[bs] #
(€140 1] - [E1#0 bs] i [T]#0[r] i [T14 bS] I VobiS: Voui: Vou,U:5 € bs =
tebs=10€bs= {{55}, {5t} er= {{t,t}, {t,u}} e r= {{5,5}, {5,u}} €
r=scbs=tecbs=ucbs= {{s s}, {st}} ecr={{t,t}, {t,u}} er=

{{s,s}, {s,u}} €1

[HelperTransitivity propf AcAX.P([ZFsub F Vr:Vbs:5 € bs =t € bs = U € bs =
{{5,5},{5,t}} e r= {{t,t},{t,u}} € r = {{5,5}, {5,u}} € r - Repetition >3 €
bs=tebs=T1ue€bs= {{55},{5t}} er= {{t,t}, {t,u}} er=
{{s,;5},{s,u}} €er>sebs=tebs=ucbs= {{55},{5t}} er=

{{t,t}, {t,u}} € r = {{5,5}, {5,U}} € r; Vr: Vs: Vt: Vu: Vbs: Ded 1> Vr: Vbs: 5 €
bs=tebs=1uecbs= {{55},{5t}} er= {{t, t},{t,u}} er=
{{s,5},{s,u}} erFsebs=tecbs=u€bs= {{55},{5t}} er=

{E 81 {t T} er= {55}, {s.U}} € r> [S]#"[r] b= [S]#°[bs] i [t]#°[r] i
[T]#° bs] t= [u]#°[r] # [T]#°bs] t VobjS: Vobit: Vopju:S Ebs =t € bs = €
bs = {{5,5}, {5, t}} e r= {{t,t},{t,u}} er= {{5,5}, {5,u}} €er=s € bs =
If bs ;ﬁ uebs= {{s;s}.{s;t}} er={{t.t}, {t,u}t er= {{s;s}. {s,u}} €
I'l,Po,C

[Transitivity St 7 Fsub - Vr: Vs: Vt: Vu: Vbs: [5]#°[r] = [s]#"[bs] =

[E1#° ] 1= [E]#° [bs] = [T]#°[r] #= [G]#°[bs] # Yon;5: Vobjt: Vob;t: 5 € bs =
tebs=1u€bs= {{55},{5t}} er= {{t,t}, {t,u}} er= {{5,5}, {5, u}} €
resebsttebskucbst {{s s}, {st}} ert {{t,t}, {t,u}} ert
{{s,s},{s,u}} 1]

[Transitivity "% Ac Ax.P([ZFsub F Vr: Vs: Vt: Vu: Vbs: [§]#°[r] I [5]#°[bs] #
[E14°[r] 1= [E]#° [bs] t= [T]#°[r] I [T]#[bs] I Vob5: Vobjt: Vob;l:§ € bs =
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tebs=ucbs={{s5},{s,t}} er={{t. i} {tu}} er= {{s5}.{su}}
rksebsktebskuebst {{s,s} {s,t}} ert {{t,t}, {t,u}} erk
HelperTransitivity > [5]#° [r] & [5]#° [bs] > [t]#°[r] & [t]#°[bs]
[@]#°[r] > [U]#°[bs] > Vob;S: Yobit: YobjU:s € bs =t € bs = U € bs =
ssh{ster={{tt}, {tu}} er={{55},{5u}} er=secbs=te
bs = u€bs= {{s;s}, {s,t}} er= {{t.t},{t,u}} €r={{s,;s},{s,u}} €

r; MP5 > Vobj§: Vobjfl Vobjﬁlg €Ebs=tebs=1¢€bs= {{g,g}, {§7E}} cr=
{{t,t}, {t,u}} er={{5.5}, {5, u}} er=scbs=tebs=u€bs=
{{s.sh{s.t}t er={{t.t}, {t,u}} er= {{s.sh.{sul} e

12> VobjS: Vobjt: Vobju:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =

{{Ea {}7 {{’U}} er= {{§,§}, {gvﬁ}} € r>s € bs>t € bs>>u € ED{{§»§}’ {§7E}} €
r> {tth{tut} er= {{s;sh {su}} e MP> {{t,t}, {tu}} er=
{{s.sh. {s,u}} er>{{t. t}, {t,u}} e r > {{s,s}, {s,u}} € r], po, c)]

8.4 Akvivalensrelation

De tre lemmaer i dette underafsnit udsiger, at en skvivalensrelation er hhv.
refleksiv, symmetrisk og transitiv. Beviserne er simple; vi anvender et par
tautologier pa definitionen af

S AVopiS:S € bs = {{5,5},{5,5}} € r = 2 Vobjs: Vobit:S € bs = t € bs =

{{s,5}, {5, t}} e r = {{t,t},{t,5}} € r = 2 Vob;j5: Vopit: Vobju:5 € bs =t € bs =
uebs= {{55},{5t}} er= {{t,t}, {t,u}} € r = {{5,5}, {5,U}} € r fra afsnit
b7

[ERisReflexive 3" ZFsub b Vr: - Vo155 € bs = {{5,5},{5,5}} € r =

A VobjS: Vobjt:5 € bs =t € bs = {{5,5}, {5,t}} e r = {{t,t}, {t.5}} e r =
S VobjS: Vobjt: VobjU:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =
{t, i}, {t,u}} e r= {{5,5}, {5,u}} € r - Vop;s:5 € bs = {{5,5}, {5,5}} €1]

[ERisReflexive " A\e.Ax. P([ZFsub F ¥r: © Vop;5:5 € bs = {{5,5}, {5,5}} €
r= VoS Vopit:S € bs =t € bs = {{5,5}, {5,t}} e r = {{t.t},{t,s}} er=
S VobjS: Vobjt: Vobjl:s € bs =t € bs = U € bs = {{5,5}, {5,t}} e r =
{{t.t},{t,u}} e r = {{5,5}, {5,u}} € r - Repetition > - },;5:5 € bs =
{{s,5},{5,5}} € r = = Vop,i5: Vopjt:5 € bs = t € bs = {{5,5},{5,t}} e r =
{{t,t}, {t,5}} € r = S VobjS: Vobjt: Yobju:S € bs =t € bs = U € bs =

{{s,5}, {5, t}} er={{t,t}. {t,u}} e r = {{5,5}, {5,u}} € r > 2 Vy,5:5 €

bs = {{5,5},{5,5}} € r = = Vopi5: Vonit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{f, f}, {f,g}} cr= ;\Vobjgl Vobjft Vobjﬁtg €Ebs=tebs=1¢€bs=

{{5,5}, {5, t}} e r= {{t,t},{t,u}} € r = {{5,5}, {5,u}} € r; FirstConjunct >
VbS5 € bs = {{5,5},{5,5}} € r = 5 Vobj5: Vobjt:5 € bs =t € bs =
{{5,5}, {5, t}} e r= {{t,t}. {t,5}} € r = S Vobi5: Vobjt: Vob;u:5 € bs =t € bs =
uebs= {{55}, {5t} er= {{t,t},{t,u}} er= {{55}, {5, U}t €er>
%Vobjgig € bs = {{g,g}, {5, §}} cr= %Vobjgt Vobjfig Ebs=tebs=

{{s,5}, {5, t}} e r = {{t,t}, {t,5}} € r; FirstConjunct > - V},;5:5 € bs =
{{s,5},{5,5}} € r = = Vop,i5: Vopjt:5 € bs = t € bs = {{5,5},{5,t}} e r =
{{t,t},{t,5}} € r> Vou;5:5 € bs = {{5,5}, {5,5}} € r], po, )]
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[ERisSymmetric I ZFsub - Vr: - “Vobis:S € bs = {{5,5},{5,5}} e r =
A VobiS: Vobjt:s € bs = t € bs = {{5,5}, {5, t}} e r = {{t,t}, {t,;5}} er=
S VobjS: Vobjt: YobjU:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =
{{t,t}, {t.u}} e r= {{5,5}, {5, U}} € r F Vo,i5: Vop;t:S € bs =t € bs =

{{s:5h 5t er={{t. 1}, {t,5}} €1

[ERisSymmetric propf ACAX.P([ZFsub F Vr: =5 Vp;5:5 € bs = {{5,5}, {5,5}} €
r= VoS Vopit:S € bs =t € bs = {{5,5}, {5,t}} e r = {{t.t},{t,s}} er=
%Vobjgi Vobjfi Vobjﬁig €Ebs=tebs=1u€bs= {{5, §}, {g, f}} cr=
{{t.t},{t,u}} e r = {{5,5}, {5,u}} € r - Repetition > - },;5:5 € bs =
{{s,5},{5,5}} € r = = Vep,i5: Vopjt:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = 5 VobjS: Vobjt: Yobju:S € bs =t € bs = U € bs =

{{s,5}, {5, t}} er={{t,t}. {t,u}} e r = {{5,5}, {5,u}} € r > 2 Vy,;5:5 €

bs = {{5,5},{5,5}} € r = = Vopi5: Vonit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{f, f}, {f,g}} cr= ;\Vobjgi Vobjft Vobjﬁtg €Ebs=tebs=1€bs=

{ssh 5t} er={{tt},{tu}} er={{s;5},{s5,u}} €

r; FirstConjunct > =5 Vopi5:5 € bs = {{5,5}, {5,5}} € r = 5 Vop;5: Vop;t:5 €

bs =t e bs= {{5,5},{5,t}} € r = {{t,t}, {t,5}} € r = - Vob;5: Vobjt: VobjUu:5 €
bs=tebs=1ue€bs= {{55},{5,t}} er= {{t,t},{t,u}} er=

{{5,5}, {5, U}} € r > - Vopjs:5 € bs = {{5,5},{5,5}} € r = 1 Vob;5: Vonit:5 €

bs =t € bs= {{5,5},{5,t}} er= {{t,t}, {t,5}} €

r; SecondConjunct > -1 Vop,;5:5 € bs = {{5,5},{5,5}} € r = = Vqpjs: Vobit: 5 €

bs =t € bs= {{5,5},{5,t}} € r = {{t,t}, {t,5}} € r > Vob;j5: Vobjt:5 € bs =
tebs= {{55). {5t} e r= {1}, {t.5}} € 1], p0.0)]

[ERisTransitive "5 ZFsub b Vr: 4 Vo,;5:5 € bs = {{5,5},{5,5}} e r =
“VobiS: Vobit:s € bs = T € bs = {{5,5}, {s,f}} e r= {{£.1}, {5} } er =
%Vobjgi Vobjfi Vobjﬁig Ebs=tebs=1€bs= {{g, 5}, {g, E}} cr=

{{t.t}, {t.u}} e r = {{5,5}, {5,U}} € r - Vobi5: Vopjt: Vobju:5 € bs =t € bs =

uebs= {{s;5}, {5t} er={t. 1}, {t.u}} cr={{55}, {5u}} €1

[ERisTransitive progf ACAXP([ZFsub - Vr: =5 Vop;5:5 € bs = {{5,5}, {5,5}} €
r= VopiS: Vobit:S € bs = t € bs = {{5,5}, {5,t}} e r = {{t.t},{t,5}} er=
S VobjS: Vobjt: Yobju:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =

{{t,t}, {t,u}} € r = {{5,5}, {5, u}} € r F Repetition > - - V,};5:5 € bs =
{{5,5},{5,5}} e r = = Vopi5: Vonit:s € bs = t € bs = {{5,5}, {5, t}} e r =

{{E, E}, {E,g}} cr= %Vobﬁ: Vobjfi VobjU:§ Ebs=tebs=1u€bs=

{{s,5}, {5, t}} e r= {{t,t}. {t,u}} e r = {{5,5}, {5,u}} € r> 7 Vo,5:5 €

bs = {{5,5},{5,5}} € r = = Vopi5: Vonit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = 2 Vop;5: Vobjt: Vobju:s € bs =t € bs = U € bs =

{{s5). 50} er= {{LE, (R0} er= {{s5),{5.0}) €

r; SecondConjunct > - -1 Vop,i5:5 € bs = {{5,5}, {5,5}} € r = = Vop;S: Vobit: s €
bs =t e bs = {{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = 2 Vob;5: Vop;t: Vobju: s €
bs=tebs=1uc€bs= {{55},{5t}} er= {{t,t}, {t,u}} er=

{{s,5}, {5, u}} € r > Vobi5: Vobjt: Vobju:S € bs =t € bs = u € bs =

{{5, §}a {§, f}} er= {{Ev E}a {fa U}} e€r= {{5, §}’ {57 U}} € f—l » PO C)]
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9 Basale satninger i maengdelaxere

Lemmaerne i dette afsnit er en lgs samling af maengdeteoretiske ssetninger,
som bliver brugt i beviset for hovedresultatet i afsnit [[Il Lemmaerne er
grupperet efter emne: Underafsnit omhandler den tomme maengde,
underafsnit handler om lighedsrelationen [x=y]|, og underafsnit handler
om negeret lighed (-x=y). Figur 2 giver et overblik over lemmaerne.
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Figur 2: Bevisstrukturen for afsnit Bl Kun lemmaer fra dette afsnit er vist.
Tallene i parentes angiver, hvor mange sidebetingelser de forskellige lemmaer
indeholder. En pil fra lemma x til lemma y betyder, at x bruges i beviset for y.
Tallene ved pilene angiver, hvor mange sidebetingelser y modtager fra x. Hvis der
f.eks. star “2-4”, betyder det, at x bliver anvendt to gange i beviset for y, begge
gange med 4 sidebetingelser. Der er overlap mellem nogle af sidebetingelserne, og
lemmaer kan generere deres egne sidebetingelser. Derfor er der ikke ngdvendigvis
overensstemmelse mellem tallene i parentes og tallene ved lemmaerne.
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9.1 Den tomme mangde

Dette underafsnit indeholder 3 lemmaer, der hver har faet sit
under-underafsnit.

9.1.1 En delmangde af alle maengder

Vi viser forst, at den tomme maengde er en delmaengde af alle maengder:

[@isSubset S 7Rsub F Vs Vxis € O = s € X

Beviset for disSubset benytter sig af deduktionsreglen og tautologien
FromContradiction:

proof

[@isSubset " — Ac.Ax.P([ZFsub I Vs:Vx:s € O F Qdef > —s €
@; FromContradiction>s € @ > s € 0 > s € x; Vs: Vx: Ded > Vs: Vx:s € O
seEx>»se=s¢€x|,po,C)

9.1.2 Der er kun én tom mangde

Det neeste lemma beviser pastanden “der er kun én tom meengde”. Vi
formulerer denne pastand som fglger: “Hvis en maengde x ikke har nogen
medlemmer, sa er x lig med @”:

[Unique® S 7 Fsub F Vx: 95 € x - x= %)

Vi ved allerede fra lemmaet DisSubset, at @ er en delmeengde af x. Altsa
mangler vi blot at vise, at x er en delmeengde af @. Dette klarer vi med
hjeelpelemmaet HelperUnique®:

[HelperUnique® S 7 Rsub F Vs Vx: hs ExFsEx=s € ]

[HelperUnique® propf ACAX.P([ZFsub F Vs:Vx: s € xFsex bk
FromContradiction>s € x> s €x>s € J;Vs:Vx: Ded > Vs:Vx: "s € xb s €
xFse@ > scx=>sex=>sc@;mscxFMPD>Aas€Ex=>sEx=5¢€
D>aseEx>sex=sc D], po,c)]

Med HelperUnique® til radighed er det let at vise Unique®:

[Unique® S 7 Rsub F Vx: 25 € x - x= %)

[Unique® propf ACAX.P([ZFsub k- Vx: -5 € x - HelperUnique® > “S € x >S5 €
x =5 € 0;PisSubset > 35 € @ =5 € x; ToSetEquality >sex =5 D >5 €
0D =5€x>»x=0],po, )]
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9.1.3 Lemmaet “MemberNot()”

Som det sidste resultat i dette underafsnit viser vi, at en maengde, der har et
medlem, ikke er lig med den tomme meengde:

[MemberNot® *3* ZFsub + Vs: Vx: [5]#°[x] # s € x - 2 x=0)]
Beviset for MemberNot® kan gengives som fglger:

1. “Antag at s tilhgrer x. Hvis x var lig med @, sa ville s ogsa tilhgre @”.
2. “Men s tilhgrer ikke @. Derfor er x ikke lig med @”.

Vi viser punkt 1 som lemmastumpen HelperMemberNot®; herefter
gennemfgrer vi punkt 2 i selve beviset for MemberNot():

[HelperMemberNot® *3" ZFsub - Vs: Vx: [§]#°[x] Fsex = x=0 =s€c Q

[HelperMemberNot® propt A AP ([ZFsub - Vs: ¥x: [s]#°[x| Fs e xFx=0 F
FromSetEquality > [§]#°[x]| > x=0>sex>s¢

(;Vs:Vx: Ded > Vs: Vx: [5]#0[x| FsexFx=0Fse @ > [5]|# x| Fsex=
x=0 =s e 0],po, )]

[MemberNot® *3* ZFsub + Vs: Vx: [5]#°[x] # s € x - 1 x=0)]

[MemberNot@® ~— progt AC M. P([ZFsub - Vs: Vx: [s]#0[x] s € x -
HelperMemberNot® > [5]#°[x] > s€x=>x=0=s€ O;MP>s € x = x=
D=>selpsex>x=0=se€O;0def > sc O;MT>x=0=s¢€

D> se D> x=0],po,0)]

9.2 [x=y| er en @kvivalensrelation

Malet med dette underafsnit er at vise, at [x=y] er en refleksiv, symmetrisk og
transitiv relation.
At [x=y] er refleksiv, fglger af, at [x = y] er refleksiv:

[=Reflexivity "' ZFsub F Vs:s=s|

proof

[=Reflexivity "— Ac.Ax.P([ZFsub I Vs: Autolmply >S5 €s=5¢€
s; ToSetEquality >S €s=5€s>5€s=5€ s> s=s|,po,C)]

Symmetri-lemmaet for [x=y]| ser saledes ud:
[=Symmetry *3" ZFsub + Vx: Vy: [S1#°[x] b [S1#°[y] +x=y F y=X]

Vi beviser =Symmetry ved at reducere termen [x=y] til de to implikationer
[fex=5¢cy|og[scy=5c x]. Herefter saetter vi de to implikationer
sammen i omvendt raekkefglge, hvilket giver os [y =x]:
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[=Symmetry Proof ze. M. P([ZFsub F Vx: Vy: [s]#°[x] t+ [5]#°[y] = x=y -
Extensionality > - x=y = Vp;5: —|s€x:>s€y:>—|s€y=>§EX B
Vopis:i NS EX=>SEYy = 15 €y =5 € x = x=y;IffSecond > ~x=
VobJsﬁs€5:>s€y:>ﬁs€y:>s€§:>ﬁvobjsﬁs€§:>s€y:;%§€y:>
SCEX=X=YyDX=Yy >V 5EX>5CYy=>H5Cy=>5€ B
x; HelperFromSetEquality 1> [S]#°[x] > [S]#°[y] > Vopijs: 'S Ex =5 €y =
SSEYy=>3EXx=NSEXDSTEY = 5EYySTEGMP D Vs s Ex=5€
y= "5€y=35EXx=>"5EX=5C€y=> 5€y=>5EX> VoS 5EX=5E
y=15€Ey=>5EX>SEX=5€y=>"5€y=5¢€
;FirstCorTjunctD%§€x=>§€y=>;§€y:>§€x>>§6x:>§€

y; SecondConjunct > 7S €Ex =S€y = "SEy=5€EXx>5€y=5€

x; ToSetEquality >§ €y =5€x>5€x=5€y > y=x|,po,C )]

Transitivitets-lemmaet for [x=y]| ser saledes ud:

[=Transitivity I ZFsub + Vx: Vy: Vz: [s1#°[x] = [s]#°[y] = [s1#°[z] + x=
yFy=ztx=2 - -

Vi viser forst den svagere pastand, at x er en delmeengde af z:

[Helper = Transitivity S 7 Fsub Vs: Vx: Vy: Vz: [5] #O7x] = [5]#° Mis
Bl# 2l -x=y=y=z=sex=>sc

Bevisets kerne bestar af to anvendelser af FromSetEquality (linie 8-9):

[Helper = Transitivity %" Ac Ax.P([ZFsub - Vs: Vx: Vy: Vz: [5]#0[x]

#0ly] = [S]#°[z] = x=y Fy=zF s € x - FromSetEquality > [5]#°[x] 1>
y] > x=y>s € x> s € y;FromSetEquality 1> 5] #0[ | >
|>y=z>se€y>s ez Vs Vx: Vy: Vz: Ded > Vs: Vx: Vy: Vz: [5]#°[x] k-
T (51402l Fx=yFy=zFsexksez> [5]#x] - [5]#°y]
] x= zéx:;égex:&xﬂ Do, €)]
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Vi bruger nu Helper =Transitivity til at vise, at x er en delmaengde af z (linie
5-8), og vice versa (line 9-12):

[=Transitivity "3 ZFsub b Vx: Vy: Vz: [5]#°[x] i [5]1#°[y] ¥ [51#°[2] # x=

yFy=zFx=¢| -
[ an51t1V1ty Proof A e Ax. P([ZFsub - Vx: Vy: Vz: [§]#°[x] t [S]#°[y]

[5]#°[z] b x=y I y=z - Helper =Transitivity > [5]|#°[x] > [s]#°[y] &
[S]#%[z] > x=y=>y=z=5€x=>5€z;MP2>x=y=y=z=5€x=5¢€
Z>x=y>y=z>>5€ x =5 € z;=Symmetry & [5|#°[x] & [§|#°[y] >x=

y s X—g,—Symmetry > [5]#°[y] & [5]#°[z] >y=2z > z=y; Helper=
Transitivity & [5]#°[z] & [S]#°[y] > [S|#°[x] > z=y = y=x=5€z=
sex;MP2>z=y=y=x=5€z=>5€x>bz=yby=x>5€z=5¢

x; ToSetEquality >5 € x =5 €z>5€2=5¢€ x> x=2|, po, ¢)]
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9.3 Negeret lighed

I dette sidste underafsnit viser vi, at lige st@rrelser kan erstatte hinanden i en
negeret lighed:

[TransferNotEq 3" ZFsub I Vx: Vy: Vv: Yw: [8]#°[x] 1 [5]#°[y] - [S]#°[v]
[S1#°[w] = “x=y Fx=vFy=wk “v=w]

Beviset for TransferNotEq kan gengives som fglger:
1. “Antag at v er lig med w. Ud fra preemisserne [x=v] og [y =w] far vi da

x=yl].”

2. “Men vi har antaget [+ KZX]~ Derfor kan v ikke veere lig med w.”

Vi viser punkt 1 som lemmastumpen HelperTransferNotEq; punkt 2 klares i
selve beviset for TransferNotEq:

st mt

[HelperTransferNotEq "= ZFsub b Vx: Vy: Vv: Vw: [s]#° [x] = [S]#%[y]
[S1#0v] b= [S1#°[w] F x=v = y=w = v=w = x=y|

proof

[HelperTransferNotEq "= Ac.Ax.P([ZFsub b Vx: Vy: Vv: Vw: [S]#°[x] t

[S1#°[y] # [§]#0 [v] = [5]#°[w] b x=v F y=wF v=w - =Transitivity >
[51#°]x] = [5]#°[v] &> [5]#°[w] > x=v > v=w > x=w; = Symmetry >
[S]#%[y] = [5]#° [w] >y=w > w=y; =Transitivity &> [s]#°[x]

[S14° [w] > [S]#°[y] > x=w > w= y > x=

y; Vx: Vy: Vv: Yw: Ded > Vx: Vy: Vv: Vw: [S]# OTx] # [3]#° Mis [5]1#°[v] i+
HE FFFMFx:wFM:wh:x > [5]#°x] b= [S1#°[y] b [S1#°[v] #
[S1#%[w] b x=v = y=w = v=w = x=y],po, c)]
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[TransferNotEq " ZFsub F Vx: Vy: Vv Vw: [S]#0 [x] - [S]#%y] # [S]#°v]
[S1#%[w] - Sx=yFx=viy=wk “v=w]

[TransferNotEq PIOPT A Ax. P([ZFsub - Vx: Vy: Vv: Yw: [5]#°[x] # [S]#%[y]
[S]#°[v] b [S]#°[w] k= -x=y F x=v I y=w I HelperTransferNotEq 1>
[S1#°[x] & [S1#°[y] & [S1#°[v] & [S]#°[w] > x=v = y=w = v=w = x=
YV MP2>x=v = y=w = V=W = Xx=yD>Xx=VD>y=w>Vv=w = x=
YyMT>yv=w = x=y> - x=y > “v=w]|,Po,C)]

10 Lighedslemmaer

Ved et “uneert lighedslemma” vil jeg forsta et lemma af fplgende form: “Hvis
der gaelder [x=y], sa gaelder [Op(x) =O0p(y)]” — hvor  [Op(x)]” star for en
unzer syntaktisk konstruktion som f.eks. [Ux] eller [{x,x}].

Tilsvarende kan vi definere et “bineert lighedslemma” som et lemma med
indholdet: “Hvis der geelder [x=y] og [v=w], sa geelder [Op(x,v)=Op(y,w)]”
— her kan “[Op(x,y)]” f.eks. sta for [{x,y}] eller a

[{ph € U{{x,x},{y,y}} | cpn € x= “cpn € y}].

I dette afsnit beviser vi lighedslemmaerne for konstruktionerne [{x,y}], [{x,x}],
(U], [U{{x,x}, {, 1], [{ph € x| £}] og

[{ph € U{{x,x},{y,y}} | “cpn € x = Scpy € y}]. Figur 3 giver et overblik over
afsnittets lemmaer. Hele arbejdet i dette afsnit munder ud i én eneste
anvendelse af det sidste lighedslemma (“Samelntersection”) i beviset for
hovedresultatet (i afsnit TT.2.5). Man kan altsa godt sige, at vi skyder
graspurve med kanoner. Lighedslemmaer har dog ogsa interesse derved, at de
kan bruges til at vise, at ZFsub er en teori med lighed (jvf. afsnit 2.8 i [6]);
men det er altsa ikke et sdidant bevis, som er formalet med dette afsnit.
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Figur 3: Bevisstrukturen for lighedslemmaerne. Kun lighedslemmaerne er vist.
Figuren skal leeses ligesom figur 2.
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10.1 Par

Néar vi skal vise et lighedslemma med konklusionen [Op(x,v)=Op(y,w)], er det
ofte en god ide forst at vise et “delmaengdelemma” — dvs. et lemma, der
konkluderer, at Op(x,v) er en delmaengde af Op(y,w). Vi kan da vise
lighedslemmaet ud fra ToSetEquality og to anvendelser af delmaengdelemmaet.
I dette underafsnit begynder vi med det folgende delmeengdelemmas:

[PairSubset 3" ZFsub - Vs: Vx: Vy: Vv: Vw: [3]#°[x] # [5]#[y] # [5]#°[v] i
[S19£° [w] i [S]#°[s] - x=y = v=w = s € {x,v} = s € {y, w}]

Beviset for PairSubset kan gengives som fglger:

1. “Antag [x=y], [v=w] og at s tilhgrer {x,y}. Der gelder da s=x eller
§:X,”
“s=x medfgrer [s=y = s=w]| (under antagelse af [x=y]).”

”

“s=y medforer ogsi [+s=y = s=w].

4. “Derfor ma [~s=y = s=w] gaelde ubetinget. Dette betyder igen, at s
tilhgrer {y,w}, QED.”

Punkt 2 og 3 varetages af de to lemmastumper HelperPairSubset og
Helper(2)PairSubset. Punkt 1 og 4 vises i selve beviset for PairSubset:

[HelperPalrSubset *B ZFsub - Vs: Wx: Vy: Yw: [5]#°[s] 1 [5]#°[x] #

[S1#°[y] = [S1#°[w] I-x=y = s=x = “s=y = s=w]

[HelperPalrSubbet POl NeAx. P([ZFsub I Vs: Vx: Vy: Vw: [5]#°[s]

[S1#°[x] = [S]#°[y] # [S]#°[w] = x=y F s=x + =Transitivity >

H# [s] & [5]#°[x] > [5]#°[y] > s=x>x=y > s=y; WeakenOr2 > s=y >
Ss=y = s=w; Vs: Vx: Vy: Vw: Ded > Vs: Vx: Vy: Vw: [S]#°[s] i [S]#°[x] #

[S1#°[y] = [S1#°[w] I-x=y Fs=x I Ss=y = s=w > [§]4"[s] I-

[S1#°x] = [s]#°[y] b [s]#°[w] # x=y = s=x = “s=y = s=w], po, ¢)]

w0

[Helper( )PairSubset U 7Fsub - Vs: Vy: Vv: Vw: [5 14#°(s] i [s]#° [y]
[S14°[v] I [S]#°[w] - v=w = s=v = “s=y = s=w]
[Helper(2)PairSubset " — P Ne. M. P([ZFsub F Vs: Vy: Vv: Yw: [5]#%[s]
[5] #0 [y] #=[5] #OIv] = [5]#°[w] = v=w I s=v - =Transitivity >

[5]#°[s] > [S]|#°[v] > [5]#°[w ]I>s_vl>y—w>>s_w Weaken0r1|>§:
>>—|s—y:>57WVsVvaVw D> Vs: Vy: Vv: Vw: [5]#0[s] 1= [S]#°(y] 1

[S1#0[v] - [S1#°[w] - v=wF s= §=x:>§=w> > [5]#°[s]

[S1#°y] t= [5]1#°[v] # [3]#°[w ] V=W = s=y = = y = s=w],Po, )]

[PalrSubset 0 7Fsub F Vs: Vx: Vy: Vv: Vw: [5] 49 [x] 1+ [3]4° [yl t=[s] #Ov]

[S1#0 [w] I [S]#°[s] - x=y = v=w = s € {x,v} = s € {y, w}]
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proof

[PalrSubset — ACAX.P([ZFsub b Vs: Vx: Vy: Vv: Yw: [S]#° [x] = [S]#%[y]
[S1#°[v] b= [S1#°Tw] b [S]#°[s] - x=y Fv=whs e {xv}+

Pair2Formula > s € {x,v} > S s=x = s=v; HelperPairSubset 1> [5]#"[s] >
[S1#°[x] > [S]#°[y] 1> [S]4°[w] > x=y = s=x = 5=y = s=w; MP > x=
y=s= X = 5= Yy =>Ss=WDX=y>s= X = "s= y=s=

w; Helper(2)PairSubset 1> [S]#°[s] > [s]#°[y] > [S]#°[v] > [S]#°[w] >

=W =s=v=s=y=>s=w;MP>yv=w=s=v= s=y=s=wbyv=

w>> =v = S1s=y = s=w; FromDisjuncts > 7s=x = s=v[>s=x= —s=
Y= S=WDS=V= 8=y = S=W> 5=y = 5= w; Formula2Pair > ~s= y =
s=w>>s € {y,w}; Vs: Vx: Vy: Vv: Vw: Ded B> Vs: Vx: Vy: Vv: Yw: [S]#°[x]

[S1#°7y] i [s1#°[v] b= [S]#°Tw] I [S]#°[s] - x=y Fv=wFs € {x,v} Fs€
{y, w} > [$1#°]x] - [51#° y] I [81#0[v] i [5]#0[w] b [5]#0]s] i x=y =
v=w=s € {x,v} =s € {y,w}],po,c)]

Kommet sa vidt kan vi bevise lighedslemmaet SamePair. Vi viser, at {x,v} er
en delmaengde af {y,w} (linie 8-11), og vice versa (linie 12-14):

[SamePair *%" ZFsub F Vx: Vy: Vv: Vw: [5]#0 [x] 1 [S]#%y] # [S]#°[v]
[S1#° Tw] i [E]#° [{x, v} 1= [E1#°[{y, w} ] - x=y Fv=w I {x,v}={y, w}]

[SamePair propf Ac.Ax.P([ZFsub - Vx: Vy: Vv: Vw: [S]#°[x] i [S]#°[y] t
[S1#°[v] 1= [S1#°[w] = [E1#° [{x, v} 1 = [T1#° {y, w}] - x=y Fv=w
PairSubset 1> [5]#°[x] 1> [S]#°[y] &> [S]#°[v] &> [S]#°[w] > x=y = v=
w=te{xvl=tec{y,whMP2>x=y=>v=w=tc {xv}=>tc
{y,w}x=y>v=w>te{xv}=tec {y,w};=Symmetry & [5]#"[x] &
[S]#°[y] > x=y > y=x; =Symmetry > [5|#°[v] &> [S|#°[w] >v=w >
v; PairSubset > [S]#%[y] > [5|#°[x] > [S]#°[w] & [S]#°[v] > y=x=w
v=te{y,wl=te{x,vhsMP2py=x=>w=v=tc{y,w}=tc
{xv}>y=xp>w=v>tec{y,w}=tec {xv}; ToSetEquality(t) >

[H# {x, v} &> [T#{y.wi>te {xv}=te{ywinte{yw=te
{x, v} > {x,v}={y,w}1], po, )]

10.2 Singleton-maengde
Lighedslemmaet for singleton-konstruktionen ser saledes ud:

[SameSingleton "" ZFsub I ¥x: Vy: [5]#°[x] i [$]#°[y] # [T1#°[{x,x}] I
[H#° {y, yH - x=y - {x,x} ={y,y}]

Da [{x,x}] er makrodefineret som [{x,x}], kan vi let vise SameSingleton ud fra
SamePair:

[SameSingleton PO N Ax. P([ZFsub b Vx: Vy: [S]#°[x] = [s]#°[y] #
[€1#° [{x, x}1 = [E1#°[{y, y}] - x=y I SamePair &> [5]#°[x] > [S]#°[y] >
[S1#£°x] 1> [S1#°[y] B [T1#°[{x,x}] & [H#°[{y, y} > x=y > x=y >
{xx}={y, y}; Repetition > {x, x} ={y, y} > {x, x} ={y, y}1, po, ¢)]
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10.3 Foreningsmeaengde

Delmengdelemmaet mht. [Ux] ser séledes ud:

[UnionSubset *3" ZFsub + Vs: Vx: Vy: [5]#°[x] = [S]#%[y] Fx=y = s € Ux =
s € Uy]

Bevisets kerne (linie 7-11) er en simpel anvendelse af definitionen af [Ux]:

[UnionSubset ™% Ac Ax.P([ZFsub - Vs: ¥x: Vy: [5]#0[x] I [5]#°[y] - x=y I-
s € Ux + Union2Formula > s € Ux > 515 € jpx = “1jux € B B
x; FirstConjunct > ©s € jgx = TjEx € X > s € jgx; SecondConjunct [> s €
jEx = %jEx cEx> .jEx € X; FromSetEquality > |—§-| #0 |—X~| = |—§~| #0 I—y-‘ > Xx=

y > jEx € X > jpx € y;Formula2Union > s € jpx > jpx €y >s€

Uy; Vs: Vx: Vy: Ded > Vs: Vx: Vy: [5]#°[x] b [S]#°[y] Fx=yFseUxFse

Uy > [5]#°[x] I [S]#°[y] - x=y = s € Ux = s € Uy], po, ¢)]

I beviset for lighedslemmaet SameUnion viser vi, at Ux er en delmeengde af Uy
(linie 4-6), og vice versa (line 7-9):

[SameUnion *5" ZFsub F Vx: Vy: [5]#°[x] b [5]#°[y] B x=y F Ux=Uy]

[SameUnion PIOPT N Ax. P([ZFsub b Vx: Vy: [S|#°[x] = [S]#°[y] k- x=y
UnionSubset > [S]#°[x] > [S]#°[y] > x=y=5€cUx=>5¢€ Uy,MPD
y=>5eUx=5€Uy>x=y>>5¢€Ux =5 € Uy; =Symmetry > [5]#°[x] &
[5]#°[y] > x=y > y=x; UnionSubset > [S]#°[y] > [S]#"[x] > y=x=5¢€
Uy=seUx;MPD>y=x=5€lUy=>scUx>y=x>s€lUy=5¢€

Ux; ToSetEquality > 5 € Ux =5 € Uy >5 € Uy = § € Ux > Ux=Uy], po, C)]

-
X

10.4 Bineer foreningsmaengde

I lighedslemmaet for [U{{x, x}, {y,y}}] bliver problemet med sidebetingelserne
meget tydeligt:

[SameBinaryUnion 2 ZFsub b Vx: Vy Yv: Vw: [§ 1 [S]#%y] +

140 x
[E1#0T{x, x} T 1= [E1#° [{y, v} # [S1#°[v] #= [5]#° [w] #- [e]#° [{v, v} i
[E1#0{w, w} 1= [S1#0T{x, x}1 # [51#° [{y, y}1 # [S1#°[{v, v}] #
W#OHW w89 {{x x}, {v, v (8140 T{{y, v} {w, i -
R0 T{{x x}, v, v} = [R1#°T{{y, vy} Aw, wi} T = x=y Fv=w

Ui{x, x} {v, v} =U{{y, y}, {w, w}}]

Alt 1 alt er der 16 sidebetingelser. Et sadant lemma er jo ikke til at arbejde
med. Derfor vil vi bruge objektvariable i formuleringen af de lemmaer, der
afhaenger af SameBinaryUnion. Pa dén made bliver alle sidebetingelserne
automatisk opfyldt, og vi behgver ikke at behandle dem eksplicit.
Problemet med SameBinaryUnion er, at det nedarver sidebetingelser fra tre
forskellige lemmaer (jvf. figur 3), og at der ikke er noget overlap mellem
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sidebetingelserne. Mange af sidebetingelserne er ensbetydende; f.eks. medfgrer
[[5]1#°[x]] og [[3]1#°[{x,x}]] hinanden. Bevischeckeren er imidlertid ikke i
stand til at udnytte dette; vi kan ikke ggre andet end at opremse alle
sidebetingelserne.

Ironisk nok er selve beviset for SameBinaryUnion ret enkelt. Vi saetter blot
lighedslemmaerne SameSingleton, SamePair og SameUnion sammen:

[SameBmaryUmon 0 A Ax. P([ZFsub k- Vx: Vy: Vv: Yw: [5] #0 [x] H

[S1#0Ty 1 [E1#° [{x, 3T [E1#° {y, y} 1 1 [51#0[v] #- [3]1#°0[w] #
[E1#0{v, v} = [E1#° [{w, w}] = [51#°[{x, x}] # [S1#°[{y, y}] #

[S1#° [{v, v}t [31#° [{w, w}] b= [S1#°T{{x, x}, {v, v} }] I

[S1#°T{{y, v} {w, w31 [0 T{{x x}, {v, v 3T = TE1° {{y, v {w, wh ]
x=y k- v=w - SameSingleton > [51#°[x] > [5]# fj [t] #0 [{x,x}] >
[T1#°[{y,y}] &> x=y > {x,x} ={y,y}; SameSingleton &> [5]#°[v] >

[S]#° [w] > [t]#° HM,MH > [T]#°{w,w}] >v=w> {v,v}=

{w, w}; SamePair > [5]#°[{x,x}] & [5]#°[{y,y}] & [$]#°[{v,v}] >
[S1#° {w, w}] & [T1#°[{{x,x}, {v, v} }T & [T1#°[{{y, v}, {w, w}}] > {x,x} =
{y.yb oAy, vl ={w,w} > {{x,x},{v,v}} ={{y,y}, {w, w}}; SameUnion >
[S1#° T{{x x}, {v, v} }] & [S1#°[{{y, v}, {w, w}}] > {{x, x}, {v,v}} =

Hy, vy Aw, wit > U{{x,x}, {v,v}}=

U{{y, v}, {w, w}}; Repetition > U{{x, x}, {v, v}} =U{{y,y}, {w,w}} >

Ui x} v, v =U{{y, v}, {w, w}}], po, c)]

10.5 Separation

Delmaengdelemmaet for konstruktionen [{ph € t | f}] ser saledes ud:

[SeparationSubset """ ZFsub - Va: Vb: Vs: ¥x: Yy: [5]#°[x] # [5]#°[y] b x=
y="a=b=-"-b=a=sec{phex|a} =sec{phcy]|b}

T beviset gar vi fra [s € x| til [s € y] (linie 9-10), og fra [a] til [b] (linie 11-12):
[SeparationSubset ~— POt AeAx. P([ZFsub - Va: Vb: Vs: Vx: Vy: [5]#°[x] k-
[S]#°[y] +x=yF - a=b= “b=atse{phex|a}t Sep2Formular>s e
{ph € x|a} >» -s€x= -a;FirstConjunct > "s € x = "a>s €

x; FromSetEquality > [S]#°[x] > [S]#°[y] > x=y>sex>se

y; SecondConjunct > —s € x = —a > a;IffSecond > “"a=b=“b=ara>
b; Formula2Sep >s € y > b > s € {ph € y | b}; Va: Vb: Vs: Vx: Vy: Ded >

Va: Vb: Vs: Vx: Vy: [S]#°[x] I [S]#°[y] - x=yF-a=b=“b=aktse¢
{ph € x|a}Fse {phey|b} > [s]#°[x] b [s]#°[y] - x=y = 2a= b=
“b=a=se{phex|a} =se{phey]b}] poc)

I beviset for lighedslemmaet SameSeparation viser vi, at {ph € x | a} er en
delmaengde af {ph € y | b} (linie 4-7), og vice versa (linie 8-11):
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[SameSeparation I ZFsub - Va: Vb: Vx: Vy: [S1#°x] = [S1#°[y] = x=y +
“a=b=-b=ak{phex|a}={phey]|b}

[SameSeparation """ Ac.Ax.P([ZFsub - Va: Vb: Vx: Vy: [5]#°[x] i [5]# M
x=yF -a= b= b= al SeparationSubset > [5]#°[x] > [5] O[]
X:>—\a=>b=>—\b:>a:>56{phEx|a}:>s€{phEy\b}MP2 X
“a=b=-" b=a=s5c{phex|a}=5c{phey|b}>x=y>~ a=b
“b=a>sec{phex|a} =5¢c {phey]|b};=Symmetry > [5]|#°[x] &
s1#%[y] > x=y > y=x; IffCommutativity > "a=b = “b=a> “b=a=
“1a = b; SeparationSubset > [S]#"[y] > [S]#°[x] > y=x= “"b=a=

“a=b=sec{phcy|b}=5c{phex]|a}; MP2|>y x="b=a="a=

lHln

-
—_—
ﬁ

b=sc{phecy|b}=5c{phex|a}j>y=x>-b=a=a=b>5c
{ph ey |b} =5 {phex|a}; ToSetEquality >5 € {ph € x | a} =5 € {ph €
ylb}>se{phey|b} =5€{phex|a} > {phex|a}={phey|b}] poc)

10.6 Bineer fxellesmaengde

Delmaengdelemmaet for konstruktionen
[{ph € U{{x,x},{y,y}} | ©cpn € x = Scpp € y}] adskiller sig fra normen ved
ikke at naevne [{ph € U{{x,x},{y,y}} | ©cpn € x = Scpy € y}] eksplicit:

[IntersectionSubset *' ZFsub b Vs: Vx: Vy: Vv Yw: [S]#9[x] # [S]#%[y] t+
[S1#0[v] I [s]#%[w] - x=y = v=w = “s€x= "s€v=sc€y= Ts€
w

Bevisets kerne bestar af to anvendelser af FromSetEquality (linie 10-11 og
12-13):

[IntersectionSubset PO NCAx. P([ZFsub I Vs: Vx: Vy: Vv: Yw: [5]#°[x] #
[S1#°[y] 1= [S1#°[v] i [S1#°[w] - x=yFv=wk “sex=s€vh
FirstConjunct > 55 € x = 55 € v > s € x; FromSetEquality > [5]#°[x] 1>
[5]#°[y] > x=y>s e x>s € y;SecondConjunct > “s€x = s €v>se
v; FromSetEquality > [5]#°[v] > [s]#°[w] >v=wD>scv>se

w; JoinConjuncts >s € y>sew > "s€y = s €

w; Vs: Wx: Vy: Vv: Vw: Ded B> Vs: Vx: Vy: Vv: Vw: [5]40 [x] 1 [S]40[y] 1 [S]#°[v] i
H#OL] x=ykFv=wk S sex= - sevksey=sew>
[S14£°[x] 1= [S1#° [y i [S]#0[v] I [S]#°[w] - x=y = v=w = “s € x =

SsEvV=sEy=TsEw],pycC)

Sa er vi kommet til lighedslemmaet Samelntersection. Da dette lemma
atheenger af SameBinaryUnion, slar vi her over til objektvariable (jvf. afsnit
[[04)). Den store ulempe herved er, at objektvariable ikke kan instantieres til
andre variable. Derfor vil en formulering som f.eks.

x=yFv=wF {ph € U{{X,x},{V,V}} | “cph €X= -cp, €V}={ph €
U{{y,¥},{W,W}} | 7 cpn €Y = —cpn € W} sandsynligvis ikke kunne anvendes
senere hen i rapporten, da vi ikke kan instantiere X, y, v eller w.
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Vi ma altsa undersgge, hvad Samelntersection egentlig skal bruges til, fgr vi
formulerer lemmaet. Det viser sig, at den fglgende formulering kan bruges:

[Samelntersection ' ZFsub - x={ph € bs | {{apn,apn}, {apn,apx}} € F}
y={ph € bs | {{apn,apn}, {arn, bex}} € T} F {ph € U{{x,X},{y,¥}} | “cpn €
X = —Cpp € y}:{ph S U{{{ph € bs | {iaph,aph}, {aph, aEx}} S F}, {ph € bs ‘
L{aph, aph}7 {ap}“ aEX}} € F}}7 {{ph € bs ‘ {{aph, apL]», {aph, bEx}} € F}, {ph €
bs | {{apn,apn},{apn, bex}} € T}}} | “cpn € {ph € bs |

{{aph, aph}, {aph, aEX}} S F} = Scpy € {ph € bs | {{aph,aph}, {aph, bEx}} S

T}
Man kan sige, at vi har instantieret objektvariablene “pa forhand”.
Beviset for Samelntersection kan beskrives som fglger:

1. Fra SameBinaryUnion far vi, at de to binzere foreningsmaengder er éns
(linie 3).

2. De to formler [~ cpp € X = “cpy €] 0g o
[ cpn € {ph € bs | {{apn,aprn}, {apn,arx}} € 7} = S cpn € {ph € bs | {{apy,
implicerer hinanden (linie 4-5 og 6-9).

3. Fra punkt 1, punkt 2 og SameSeparation far vi da, at de to bingere
feellesmaengder er éns (linie 10-12).

Her er beviset:

[Samelntersection progf Ac.Ax.P([ZFsub - X={ph € bs |

{{aph, aph}, {aph7 aEX}} € F} FX: {ph € bs | {{aph, aph}, {aph, bEx}} € F} Fﬁ
SameBinaryUnion o> x={ph € bs | {{apn,aprn}, {apn,amx}} € 7} >y={ph € bs |
{{apn,apn}, {apn, bex}} €7} > U{{x.x}, {y,y}} =U{{{ph € bs |

{{arn,arn}, {arn, apx}} € 7}, {ph € bs | {{apn,apn}, {apn,arx}} € 1}, {{ph €
bs | {{apn,apn}, {apn, bex}} € T}, {ph € bs | {{apn,aprn}, {apn, bex}} €

7}}}; IntersectionSubset > X={ph € bs | {{apn, apn}, {aprn,apx}} €T} ==
{ph € bs | {{apn,aprn},{apn, bex}} €T} = “cpn €X= “cpp €Y = Tcpy €
{ph € bs | {{aph,aph}, {aph,aEX}} S F} = %Cphie {ph € bs |

{{aph, aph}, {apk bEx}} S F}; MP2 > Y:{ph € bs | {{ap}17 aph}, {aph,aEX}} S
F} = VZ{ph 67bS | {{aph, aph}, {aph, bEx}} € F} = —Cpp € X = _.‘7CPh cy=
Scpp € {ph € bs | {{aph,aph}, {aph,aEX}LE F} = Scpp € {ph € bs |
{{apn,apn}; {apn, brx}} € T} > X={ph € bs | {{apn,apn}, {arn,arx}} €

F} > y:{ph S 5 | {{aph, aph}, {ap}“ bEx}} S F} > Scpp € X = _.'E’h cy=
“Cpp € {ph € bs | {{aph,aph}, {aph7aEx}} S F} = %Cphie {ph € bs |

{{aph, aph}, {ap}17 bEx}} S F}; :Symmeiry > Y:{ph € bs |

{{aPn,apn}, {apn,anx}} € 7} > {ph € bs | {{apn,apn},{apn,anx}} € T} =% =
Symmetry > y={ph € bs | {{apn, apn}, {apn, bex}} € T} > {ph € bs |

{{apn, apn}, {apn, bex }} € ¥} =V; IntersectionSubset > {ph € bs |

{{aph7 aph}7 {aph, a&}} S F}:Y = {ph € bs | {{aph, aph}, {aph, bEx}}E F} =
¥y = “cpn € {ph € bs | {{apn,aprn},{apn,aEx}} € F} = “cpn € {ph € bs |
{{aprn,aprn}, {apn,bex}} € 7} = -cpy € X = Scpy € Y; MP2 > {ph € bs |
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{{aph7 aph}7 {aph, a&}} S ?}:Y = {ph € bs | {{aph, aph}, {aph, bEx}}E F}:
¥y = “cpn € {ph € bs | {{apn,aprn},{apn,aEx}} € F} = ~cpn € {ph € bs |
{{aph, Elph}7 {aph, bEx}} S F} = Scpy € §j> “cphp €Y D> {ph € bs |
{{apn,apn}, {apn, apx}} € T} =% {ph € bs | {{apn,apn}, {arn, brx}} € F}=
y > Scpp € {ph € bs | {{apn, apn}, {arn,apx}} € T} = “cpn € {ph € bs |
{{aph, aph}, {aph, bEx}} € T} = Scpn € X = Scpy € ¥; JoinConjuncts>-cpy, €
X = —cph €Y = —Cpp € {ph S bs | {{aph,aph} {aph,aEX}} € I’} = -Cpp €
{ph € bs | {{apn,apn}, {apn, bex}} € F} > “cpn € {ph € bs |
{{aph,aph} {aph,aEx}} S I’} = Scpy € {ph S bS | {{aph,aph}, {aph, bEx}LE
F} = SCpp, EX= Cpp, EY > T Cpp, EX = 1Cpy, €Y = —Cpp, € {phE bS|
{{arn;arn}, {arn,aEx}} € T} = “cpn € {ph € bs | {{apn,apn},{arn, bex}} €
F} = - -cpp € {ph € bs | {{aph7aph}, {aph7aEX}} S F} = —cpp € {ph € bs |
{{apn,aprn}, {apn, bex}} € 7} = 1 cpn € X = “cpp € ¥; SameSeparation >
U{{x,x},{y,¥}} =U{{{ph € bs | {{apn,apn}, {apn,aex}} € 7}, {ph € bs |
{{apn,arn}, {arn, apx}} € 7}}, {{ph € bs | {{apn,apn}, {apn, bex}} €7}, {ph €
E | {{aph, aph}, {aph, bEx}} S F}}} > S Scpp € X éi—\ Cpn €Y = —Cpp € {ph S
bs | {{aph,aph}7 {aph,aEx}} S F} = Scpp € {ph gbs ‘
{{aph,aph}7 {ap}17 bEL}} S F} = - -Cpp € {ph € bs | {{aph,aph}, {aph,aEX}} S
r} = “icpn € {ph € bs | {{apn,apn}, {apn, bex}} € T} = “cpn € X = “cpy €
¥ > {ph € U{{X, X}, {V,¥}} | "cpn €X= “cpn € ¥} ={ph € U{{{ph € bs |
{{apn,apn}, {apn, apx}} € 7}, {ph € bs | {{apn, apn}, {apn, apx}} € T1}, {{ph €
bs | {{apn,apn}, {apn, brx}} € 7}, {ph € bs | {{apn,apn}, {apn, bex}} € THH} |
“Cpp € {ph € bs | {{aph,aph} {aph7aEx}} S r} = —Cpp € {ph € bs |
{{apn,aprn}, {apn, bex}} € 7}}; Repetition > {ph € U{{X, X}, {V,¥}} | “cpn €
X = ﬁCp}1 S y} {ph S U{{{ph (S bS | {{aph,aph} {aph,aEX}} S r} {ph (S bS ‘
{{apn,arn}, {arn,arx}t} € T}}, {{ph € bs | {{apn,apn}, {apn, bex}} € 7}, {ph €
bs | {{apn, apn}, {apn, bex}} €T3} | ~cpn € {ph € bs |
{{apn,apn}; {aPn;aEx}} € 7} = “cpn € {ph € bs | {{apn, apn}, {apn, bex}} €
71} > {ph € U{{x,x},{¥,¥}} | “cpn € X = “cpy € ¥} ={ph € U{{{ph € bs |
{{apn.apn}. {apn, apx}} € 7}, {ph € bs | {{apn,apn}, {apn, apx}} € 7}, {{ph €
bs | {{apn,apn}, {apn, bex}} € 7}, {ph € bs | {{apn, apn}, {apn, bex}} € T}}} |
Scpp € {ph € bs | {{aph,aph} {aph,aEX}} € F} = Scpp € {ph € bs |

{{arn,arn}, {apn, brx}} € F}}1, po, c)]

11 Hovedresultatet

Vi kan nu endelig ga i gang med hovedresultatet, som vi allerede udtrykte
formelt i afsnit B0

[EqSysIsPartition *™3" ZFsub b = -V,p5:5 € bs = {{5,5}, {5,5}} € T =
 WopS: VoniTi € bs = T € bs = {{5,5}, {s.T}} € F = {{L.T},{L.5}} €7 =

1 VobiS: Vobit: Vobjl:s € bs =t € bs = u € bs = {{5,5}, {5,t}} e T =
{{t.i}.{t.u}} er= {{55} {5 u}} e TF 2 Vop;5:5 € {ph € P(bs) | “tpy €
bs = = {ph € bs | {{apn,apn}, {aph, tex}} € r} bpn} = ~5=0 =

S VobjS: Yobit: s € {ph € P(bs) | “tgx € bs = = {ph € bs |
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{{aph7aph} {aph,tEx}} S ?} bph} =>te {ph S P(bS) | Stpx € bs = %{ph S
bs | {{apn,aprn}, {apn,tex}} € T} =bpn} = 25=t = {ph € U{{5,5}, {t, t}} |
“Scpp €5 = Sicpy €1)=0 = 5 U {ph € P(bs) | “tgy € bs = - {ph € bs |
{{apn.aprn}, {apn, tex}} € F} =bpn} =bs]

Vi skal vise tre ting:
e Ingen sekvivalensklasser er tomme (underafsnit [T.1]),
e Alle ®kvivalensklasser er disjunkte (underafsnit [1.2]), og

e Fellesmaengden af alle eekvivalensklasserne er lig den oprindelige
maengde bs (underafsnit [[T.3)).

Til sidst binder vi alle tradene sammen i underafsnit 1.4

11.1 Ingen =xkvivalensklasser er tomme

Lemmaet AutoMember udsiger, at sekvivalensklassen
{ph € bs | {{apn,apn}, {apn,s}} € r} indeholder s selv som medlem:

[AutoMember *3" ZFsub b Vr: Vs: Vbs: [5]#[r] i [5]#°[bs] # == Vops:5 €
bs = {{5,5},{5,5}} € r = 1 Vob;5: Vonit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = S VobjS: Vobjt: Vobju:s € bs =t € bs = U € bs =

{{;5}, 5ttt er= {{t,t}, {t,u}} €er={{5,5}, {5, u}} €rksebskse

{ph € bs | {{apn,apn}, {arn,s}} € r}]

AutoMember folger af, at vi har {{s,s}, {s,s}} € r, fordi sekvivalensrelationen r
er refleksiv:

[AutoMember PO AeAx. P([ZFsub - Vr: Vs: Vbs: [5]#°[r] i [3]#°[bs] i+
%;‘Vobjglg € bs = {{S, S}, {S,g}} cr= %Vobﬁ:vobjf@ €bs=tebs=

{{s,5}, {5, t}} e r = {{t,t},{t,5}} € r = 2 Vob;j5: Vopit: Vobju:5 € bs =t € bs =
uebs= {{55},{5t}} er={{t,t}.{t,u}} er= {{5,5}, {5,u}} erksebst
ERisReflexive > -4 Vop;5:5 € bs = {{5,5}, {5,5}} € r = 5 Vobj5: Vobjt: 5 € bs =
tebs= {{5,5},{5t}} e r= {{t,t}, {t,5}} € r = - Vou;5: Vob;t: Vobju:5 € bs =
tebs=uebs= ({55}, {58} er=> {{tT.{Lw} er= {{s35). (50} €
r>> Vobis:s € bs = {{5,5}, {5,5}} € r; Reflexivity & [s]#°[r]

[5]#°[bs] > Vop;5:s € bs = {{5,5},{5,5}} €r>s € bs > {{s,s},{s,s}} €
r;Formula2Sep > s € bs > {{s, s}, {s,s}} €r>s € {phebs|

{{apn,aprn}, {apn,s}} € r}], po, c)]

Ud fra AutoMember kan vi nu vise, at ingen medlemmer af et
&kvivalenssystem er tomme:

[EqSysNot@ 22 ZFsub b Vr: Vs: Vbs: [§]#°[r] i [5]#°[s] - [5]#°[bs] H
F 1#0 [{ph € bs | {{apn,apn}, {apn, arx}} € r}] i [¥]4°[r] i [E]#°[bs] -

U] #°[r] 1= []#°[bs] I= == Vop;5:5 € bs = {{5,5},{5,5}} e r =
A VobjS: Vobjt:5 € bs =t € bs = {{5,5}, {5,t}} e r = {{t,t}, {t.5}} e r =
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%Vobjgi Vobjfi Vobjﬁig Ebs=tebs=1u€bs= {{g, 5}, {g, E}} eEr=
({E5).(E.0}) 1= {{5.5).{5,0}} € rs€ {ph e P(bs) | - tms € bs =
= {ph € bs | {{apn,arn}, {aprn,tex}} € r}=bpn} = “s=0]

Pga. sidebetingelserne deler vi beviset op i to, med HelperEqSysNot® som
lemmastump:

[HelperEqSysNot@ 25" ZFsub b Vr: Vs: Vbs: [5]#0[r] k- [5]#°[s]

[ST#0[bs] b [5]4°[{ph € bs | {{apn, apn}, {apn, an«}} € r}] b [F£0]7]
[E 40 Tbs] - [G1#07r] b [5]#9 bs] - V55 € bs = ({55}, 5,51} € 1 =
A VobiS: Vobjt:5 € bs = t € bs = {{5,5},{5,t}} e r = {{t,t}, {t.5}} er=
VoS Vobjt: Vopil:s € bs = t € bs = U € bs = {{5,5}, {5,t}} e r =

{t, 1}, {t,u}} er= {{5,5},{5,u}} er=s e {ph € P(bs) | “tgx € bs =

- {ph € bs | {{apn,arn}, {apn,tex}} € r}=bpn} = Ss=0]

Neaesten hele beviset varetages af HelperEqSysNot@. Beviset forlgber som
folger: Lad s veere et medlem af et sekvivalenssystem (linie 8). Pr. definition er
s en xkvivalensklasse (linie 9-12). Da enhver akvivalensklasse har et medlem,
har s et medlem (linie 13-14). Da enhver maengde med et medlem ikke er tom,
er s ikke tom, QED (linie 15).

[HelperEqSysNot® "— POt N Ax. P P([ZFsub F Vr: Vs: Vbs: [5]#°[r] 1= [5]#°[s] +
[514°[bs] = [S]#°[{ph € bs | {{apn,apn}, {apn, apx}} € r}] = =2 VopS:5 €
bs = {{5,5},{5,5}} € r = 1 Vobj5: Vopit:S € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = S Vob;j5: Vobjt: VobjU:S € bs =t € bs = U € bs =

{{ssh {sthher={tt}, {tut} er={{5,5},{s;u}} ert-s e {ph € P(bs) |
“tpx € bs = ~ {ph € bs | {{apn,apn},{apn,tex}} € r}=bpn} F

Sep2Formula > s € {ph € P(bs) | “tgx € bs = = {ph € bs |

{{apn,apn}, {apn, tex}} € r}=bpn} > s € P(bs) = < -apx € bs = - {ph €
bs | {{aph,api}, {apm anx}} € r} =s: SecondConjunct t> s € P(bs) =

S Sapx € bs = ~ {ph € bs | {{apn,apn}, {apn,anx}} € r} =s> ag. € bs =
—{ph € bs | {{apn,apn},{apn, arx}} € r} =s; FirstConjunct > - agx € bs =

= {ph € bs | {{apn,apn}, {apn,aEx}} € r}=s>agpy €

bs; SecondConjunct > agy € bs = - {ph € bs | {{apn,apn}, {apn,aEx}} € r} =
s> {ph € bs | {{apn,arn}, {apn,arx}} € r} =s; AutoMember 1> [5]#°[r] >
[S]1#Y[bs] > -1 Vobi5:§ € bs = {{5,5},{5,5}} € r = VoS VopjT:s € bs =t €
bs = {{5,5}, {5, t}} e r= {{t,t},{t,5}} € r = = Voi5: Vobit: Vopju:S € bs = t €
bs = U ebs = {{5,5},{5,t}} e r= {{t,t}, {t,u}} e r = {{5,5}, {5,u}} €

r> apx € bs > apx € {ph € bs | {{apn,arn}, {arn,aex}} €

r}; FromSetEquality 1> [5]#°[{ph € bs | {{apn,aprn}, {apn,anx}} € r}] >
[51#°[s] > {ph € bs | {{apn,apn}, {arn,amx}} € r}=s>apx € {ph € bs |
{{apn,apn}, {apn, apx}} € r} > agx € s; MemberNot® 1> [5]#°[s] > apx €5 >
S5=0);Vr: Vs: Vbs: Ded > Vr: Vs: Vbs: [§]#°[r] i [5]#°[s] - [5]#° [bs] -

’L] #O th € bs | {{aph,aph} {aph,aEx}} € F}—| t ;'_.‘Vobjg S € bs =
{{s,5},{5,5}} € r = = Vopi5: Vobjt:5 € bs = t € bs = {{5,5},{5,t}} e r =
{{t,t},{t,;5}} € r = 2 Vobj5: Vopit: Vobji:S € bs =t € bs = U € bs =

{{5;5}, (5t} er= {{t.t}, {t,u}} e r= {{5,5}, {5,u}} € rs € {ph € P(bs) |
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“tgx € bs = - {ph € bs | {{apn,apn},{apn,tex}} € r}=bpn} F 7s=0 >
[S1#°(x] t= [31#°[s] # [51#°[bs] #- [5]#°[{ph € bs |

{{apn, apn}, {apn, amx}} € r}] = [E]#°[r] b= [E]1#°[bs] b= [T]#°[r] k-
[W]#°[bs] = — -1 Vobi5:5 € bs = {{5,5},{5,5}} € r = 1 Vobis: Vopjt:s Ebs = T €
bs = {{5,5}, {5, t}} e r= {{t,t},{t,5}} € r = = Vo1;5: Vobit: Vopju:5 € bs = t €
bs =T € bs = ({55} 5,E}} €r = {{L8), {L,u}} € r = {{5,5}, {s.u}} € r =
s€ {ph € P(bs) | ~tgx € bs = -~ {ph € bs | {{apn,arn},{arn, tex}} € r} =
bpn} = “15=01,po, )]

I hovedlemmaet skifter vi en implikation ud med en inferens:

[EqSysNot® *U ZFsub b Vr: Vs: Vbs: [5]1#°[r] + [5]#°[s] = [31#°[bs] t+
[S1#°[{ph € bs | {{apn, apn}, {apn, amx}} € r}] I [E]#°[r] I [£]4°[bs] #
[ #°(r] = [U]#°[bs] = - 5 Vobi5:5 € bs = {{5,5},{5,5}} er =

A VobjS: Vobjt: 5 € bs = t € bs = {{5,5}, {5,t}} e r = {{t,t}, {t,;5}} er=
S VobjS: Vobjt: YobjU:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =
{tth{t,u}} er={{5,5},{s,u}} e r-s e {ph € P(bs) | “tex € bs =
~{ph € bs | {{apn,apn}, {arn,tex}} € r}=bpn} = 7s=0]

[EqSysNot® "2 Ae.\x.P([ZFsub F Vr: Vs: Vbs: [8]#°[r] i [5]#[s] i
[51#°[bs] - [S]#°[{ph € bs | {{apn,apn}, {apn, apx}} € r}] I [E]#°[r] I
[€]#°[bs] i [u]#°[r] i [U]#°[bs] I = Vops:S € bs = {{5,5}, {s,5}} e r =
A VobiS: Vobjt: s € bs = t € bs = {{5,5}, {5,t}} e r = {{t,t}, {t,5}} e r=

S V¥objS: Vobjt: Vobjl:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =

{{&,t}, {t,u}} € r = {{5,5}, {5,u}} € r - HelperEqSysNot® 1> [5]#°[r] >
[51#°[s] 1> [5]#°[bs] 1> [s]#°[{ph € bs | {{apn,apn}, {apn,aex}} € r}] >
[€]#°[r] > [E]4#°[bs] & [U]#°[r] 1 [U]#°[bs] > = % Vop;5:5 € bs =
{{5,5},{5,5}} € r = = Vopi5: Vonit:5 € bs = t € bs = {{5,5}, {5, t}} e r =

{{f, f}, {f,g}} cr= %Vobﬁ: Vobjf: vobjﬁig €Ebs=tebs=1u€bs=

{s.5), (5.0} er= ({L 0, {Lu)} er= ({55} {s,0}} er=>se {phe
P(bs) | “tex € bs = = {ph € bs | {{apn,apn}, {apn, tex}} € r}=bpn} = 5=
D; MP > 25 Vop;5:5 € bs = {{5,5},{5,5}} € r = " Vobi5: Vopjt:is €bs =t €
bs = {{5,5}, {5, t}} e r= {{t,t},{t,5}} € r = = Vopi5: Vobjt: Vopju:S € bs =t €
bs = U ebs = {{55},{5t}} er= {{t,t}, {t,u}} er= {{5,5}, {5, u}} er=
s € {ph € P(bs) | “tgx € bs = = {ph € bs | {{apn,aprn}, {arn,tex}} € r}=
bpn} = s=0 > 7 Vop;5:5 € bs = {{5,5}, {5,5}} € r = 1 Vopi5: Vopt:5 €

bs =t e bs = {{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = 2 Vou;5: Vop;t: Vobju: s €
bs=tebs=1ue€bs= {{55},{5t}} er= {{t,t}, {t,u}} er=
{{3,5},{5,u}} €r>>s e {ph € P(bs) | “tgx € bs = = {ph € bs |

{{apn,aprn}, {aprn,tex}} € r} =bpn} = 2s=0], po, ¢)]

11.2 Alle sekvivalensklasser er disjunkte

Dette underafsnit indeholder den mest komplicerede del af beviset for
hovedresultatet. Som det kan ses af figur 4, har jeg mattet tage et
“snyde-aksiom” til hjeelp for at blive feerdig.
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Figur 4: Bevisstrukturen for underafsnit [1T.2] Kun lemmaerne fra dette afsnit
er vist. Figuren skal laeses ligesom figur 2. Kassen maerket “CheatAllDisjoint”
repraesenterer et “snyde-aksiom”; sa der gar ingen pile ind i denne kasse.
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11.2.1 Lemmaet “EqSubset”

Indholdet af det fgrste lemma, EqSubset, kan udtrykkes som fglger: “Lad x og
y veere to medlemmer af bs. Hvis der geelder {{x,x},{x,y}} €r, sa er
sekvivalensklassen {ph € bs | {{apn;arn}, {apn,x}} € r} en delmaengde af
aekvivalensklassen {ph € bs | {{apn,apn}, {arn,y}} € r}”:

[EqSubset 5" ZFsub - Vr: Vs: Vx: Vy: Vbs: [5]#0[r] b [5]#°[bs] i [T]#°[r] #
(T4 bs]| t= [U]#°[r] i [U]#°[bs] H-x € bsky € bs F ©151V,},5:5 € bs =
{{s,5},{5,5}} € r = = Vop,i5: Vobjt:5 € bs = t € bs = {{5,5},{5,t}} e r =
{{t,t}, {t,5}} € r = S VobjS: Vobjt: Yobju:S € bs =t € bs = U € bs =

{{ssh st er={tth{tupt er={{ssh, {su}} er{{xx}, {xy}} €
ri-s € {ph € bs | {{apn,apn}, {apn,x}} € r} = s € {ph € bs |

{{apn, aprn}, {aPh,z}} €r}]

Beviset forlgber som falger:

1. Lad s vaere et vilkarligt medlem af {ph € bs | {{apn,apn}, {aprn,x}} € r}.
Vi har da {{s,s}, {s,x}} €r
(linie 13-16).

2. Ud fra {{s,s}, {s,x}} € r og antagelsen {{x,x}, {x,y}} € r far vi
{{s,s},{s,y}} €r, dar er transitiv (linie 17-19).

3. {{s,;s},{s,y}} € r medfgrer igen s € {ph € bs | {{apn,aprn}, {aprn,y}} €1},
QED (linie 20).

Hele dette raesonnement gennemfgres i lemmastumpen HelperEqSubset. Selve
beviset for EqSubset bestar af den ssedvanlige omskrivning fra implikation til
inferens. Her er beviserne:

[HelperEqSubset 5" ZFsub - Vr: Vs: Vx: Vy: Vbs: [5]#0[r] i [5]#°[bs] #
[E]#°[r] i [€]#°[bs] i [T]#°[r] i [G]#°[bs] -x € bs =y € bs =

S5 VopiS 5 € bs = {{5,5}, {5,5}} € r = Vb5 Yobjt:5 € bs = t € bs =

{{s,5}, {5, t}} e r = {{t, 1}, {t,5}} € r = Vopi5: Vopjt: Vobjl:5 € bs =t € bs =
uebs= {{55}, {5t} er= {{t,t},{t,u}} er= {{55}, {5, u}} er=

{{Xa l}a {Xa X}} €Er=sc {ph € bs | {{aPha aPh}a {athﬁ}} € £} =SsE€ {ph € bs ‘
{{apn,apn}, {arn,y}} € r}]

[HelperEqSubset "% Ac.Ax.P([ZFsub I Vr: Vs: Vx: Vy: Vbs: [5]#°[r] #
[S1#°[bs] i [E]#°[r] - [T]#°[bs] - [T]#°[r] - [T]#°[bs] - x € bs -y €

bs - 45 Vopi5:5 € bs = {{5,5}, {5,5}} € r = Vo5 Vobit:5 € bs = € bs =
{{s,5}, {5, t}} e r = {{t,t},{t,5}} € r = 2 Vob;j5: Vopit: Vobju:5 € bs =t € bs =
Tebs= {{53, (50 er= {LI,{fu)} er= {{55), 5u}}ert
{{x,x},{x,y}} €rs € {ph € bs| {{apn,apn}, {apn,x}} € r} - Repetition>s €
{ph € bs [ {{apn,apn}, {apn,x}} € r} > s € {ph € bs | {{apn,apn}, {arn.x}} €
r}; Sep2Formula > s € {ph € bs | {{apn,arn}, {apn,x}} €r} > s € bs =
“{{s,s}, {s,x}} € r;SecondConjunct > =5 € bs = = {{s,s}, {s,x}} € r >

99



{{s,s}, {s,x}} € r; ERisTransitive > - - Vp,;5:5 € bs = {{5,5},{5,5}} e r =

A VobiS: Vobjt:5 € bs = t € bs = {{5,5}, {5, t}} e r = {{t,t}, {t,;5}} er=

A VobjS: Vobijt: Yobju:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =

{{t,t}, {t.u}} e r= {{5,5}, {5, U}} € r > Vop;5: Vopjt: Vobju:5 € bs =t € bs =
uebs= {{55}, {5t} er= {{t,t}, {t,u}} e r= {{5,5}, {5, u}} €

r; FirstConjunct > s € bs = = {{s,s}, {s,x}} € r > s € bs; Transitivity
[s]#°[r] > [5]3°[bs] > [t]#°[r] &> [t]#°[bs] & [U]#°[r] & )
[U]#°[bs] > Vob;S: Vobjt: VobiU:s € bs = t € bs = U € bs = {{5,5},{5,t}} e r =
ot {tu}} er={{ss},{ssu}} er>secbs>xebs>ye

bst>{{s, s}, {s,x}} e r> {{x,x}, {x,y}} e r>{{s,;s}, {s,y}} €

r; Formula2Sep i>'s € bs > {{s,s},{s,y}} €r>s e {ph € bs |

{{apn,apn}, {apn, y}} € r}; Vr: Vs: Vx: Vy: Vbs: Dedr>Vr: Vs: Vx: Vy: Vbs: [5]#07r] =
[S1#°[bs] i [¥]#°[r] i [E]4°[bs] - [T]#°[r] b= [U]#°[bs] - x € bsty €

bs F 4 V,i8:5 € bs = {{5,5},{5,5}} € r = Vobi5: Vonit:5 € bs = t € bs =
{{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = S Vob;j5: Yobjt: Vobju:5 € bs =t € bs =
e bs = ({55} (5.5} er = ({£ 1, {E.0}} €r = {{s.5) {5, 0}y er k-
{{x,x},{x,y}} € rt-s € {ph € bs | {{apn,apn}, {apn,x}} €r} Fs € {ph € bs |
{{apn, apn}, {apn,y}} € 1} > [ST#07r] b [s]#0 bs] b [E1#°]r] b [E]4° bs] i
[a]#°[r] = [u]#°[bs] = x € bs =y € bs = -1 Vp;5:5 € bs = {{5,5}, {5,5}} €
r = Vobis: Yobit:s € bs = t € bs = {{5,5}, {5,t}} e r = {{t, 1}, {t.5}} er=
S VobjS: Vobjt: Vobjl:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =

(LT {E 0} er= {{s.5},{5.1}} € r = {{x,x}. {x,y}} €r=s € {ph € bs|
{{apn,apn}, {arn,x}} € r} = s € {ph € bs | {{apn,apn}, {arn,y}} € r}1,po, )]

[EqSubset ™" ZFsub + Vr: Vs: Vx: Vy: Wbs: [5]#°[r] i [5]#°[bs] t [T]#°[r] #
[T #0 bs] # [a]#°[r] # [a]#°[bs] b x € bs -y € bs - 1 Vyp,5:5 € bs =
{{5,5},{5,5}} € r = = Vopi5: Vonit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = 2 Vop;5: Vonjt: Vobju:s € bs =t € bs = U € bs =
{{ssh{stter= {{t.th{tu}} er={{ssh{sut} ert {{x.x},{x,y}} €
rts e {ph€bs|{{apn,apn},{apn,x}} € r} = s € {ph € bs |

{{apn,arn}, {arn,y}} € r}]

[EqSubset PP N Ax.P([ZFsub b Vr: Vs: Vx: Vy: Vbs: [§]#°[r] #- [5]#°[bs] #-
[E1#° r] # [E1#°[bs] # [a]#°[r] # [a]#°[bs] -x € bsty € bst

S5 Vopi8 5 € bs = {{5,5}, {5,5}} € r = Vobi%: Yon;jt:5 € bs = t € bs =

{{s,5}, {5, t}} e r = {{t, 1}, {t,5}} € r = Vopi5: Vopjt: Vobjl:5 € bs =t € bs =
o€ bs= {{5 5} {51t}} er={{t,t}, {t,u}} e r= {{5,5},{5u}} ert

{{x.x}, {x,y}} € r - HelperEqSubset > []#°[r] > [5]#°[bs] &> [T]#°[r] >
[t]#%[bs] & [U]#°[r] & []# [bs] > x € bs = y € bs = - 1Vp,;5:5 € bs =
{{5,5},{5,5}} € r = “Vop;5: Vonjt:5 € bs = t € bs = {{5,5}, {5,t}} e r =

{{E, f}, {f,g}} cr= ;\Vobjgi Vobjft vobjﬁ:§ €Ebs=tebs=1¢€bs=

{ssh st er={tth{tu}} er={{ssh{su}} er={{xx} {xy}} €
r=s€ {ph€bs| {{apn,apn}, {apn,x}} €r} = s € {ph € bs |

{{apn;aprn}, {arn,y}} € r};MP4>x € bs = y € bs = -~ Vyj5:5 € bs =
{{5,5},{5,5}} € r = = Vopi5: Vonit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
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{{E, f}, {f,g}} cr= %Vobjgi Vobjft Vobjﬁtg €Ebs=tebs=1¢€bs=

{ssh st er={tth{t it er={{5sh 5u}} er={{xx} {xy}}t €
r=s&c {ph€bs|{{apn,apn}, {apn,x}} €r} = s € {ph € bs |

{{apn,apn}, {apn,y}} € rf>x € bs>y € bs>--Vq;5:5 € bs = {{5,5}, {5,5}} €
r= VoS Vopit:s € bs =t € bs = {{5,5},{5,t}} e r = {{t,t},{t,s}} er=
“1VobjS: Vobjt: Vobjl: s € bs =t € bs = U € bs = {{5,5}, {5,t}} e r =
{{t.th{t.u}} er={{ss}, {s;u}} erv {{x,x}, {x,y}} €r>s e {ph€bs|
{{apn,apn}, {arn,x}} € r} = s € {ph € bs | {{apn,arn}, {arn,y}} € r}], po, )]

11.2.2 Lemmaet “EqNecessary”

Det er nu en let sag at vise den steerkere pastand, at

{ph € bs | {{apn, apn}, {apn,x}} € r} rent faktisk er lig med

{ph € bs | {{apn, arn}, {apn,y}} € [}m. Som s& ofte fgr ligger den interessante
del af beviset i en lemmastump, der her hedder “HelperEqNecessary”:

[HelperEqNecessary “3° ZFsub b Vr: Vx: Vy: Vbs: [5]#°[r] # [5]#°[bs] #
[€1#° [r] b [2]#°[bs] i [U]#°[r] - [U]#°[bs] k- x € bs =y € bs =

S Vobis: 5 € bs = {{5,5},{5,5}} € r = Vobi5: Vobit:5 € bs = t € bs =

{{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = 2 Vob;j5: Vobjt: Vobju:5 € bs =t € bs =
uebs= {{55{st}} er={{t.i},{tu}} er={{55,{su}}er=
{{xx},{x,y}} € r = {ph € bs [ {{apn,apn}, {apn, x}} € r} ={ph € bs |
{{apn;aprn}, {arn,y}} € r}]

Beviset kan beskrives som fglger:

1. Fra EqSubset ved vi, at antagelsen {{x,x}, {x,y}} € r medforer, at
{ph € bs | {{aprn,arn}, {aprn,x}} € r} er en delmeengde af
{ph € bs | {{apn,arn}, {aprn,x}} € r}. (Linie 13).
2. Da r er symmetrisk, gaelder der ogsa {{y,y},{y,x}} € r. (Linie 14-15).
3. Vi kan derfor bruge EqSubset én gang til — vi far, at
{ph € bs | {{apn,apn},{apn,y}} € r} er en delmeengde af
{ph € bs | {{aph, aph}7 {aph,g}} S [}. (Linie 16)
4. Ud fra punkt 1 og 3 folger [{ph € bs | {{apn,arn}, {arn,x}} € r}={ph €
@| {{aph,aph}, {aph,x}} € [}], QED (Linie 17)

Her er selve beviset:

[HelperEqNecessary P e A P([ZFsub F Vr: x: Vy: Vbs: [S]4°[r]

(140 bs] b [E14°[r] k- [F14°Tbs] - [a]#°[r] b [a]#° bs] k- x € bs Fy €

bs F 54 Vopis: s € bs = {{5,5},{5,5}} € r = 1 Vobi5: Vobjt:5 € bs =t € bs =
{{5,5}, {5, t}} e r= {{t,t}. {t,5}} € r = 5 Vobi5: Vobjt: Vob;u:5 € bs =t € bs =
uebs= {{s;s}.{s,t}} er={{t,t} {tu}} er={{5;s},{Sut} ert
{{x.x}, {x,y}} € r - EqSubset > [S]#°[r] > [5]#°[bs] & [t]#°[r] 1>
[T1#°[bs] > [a]#°[r] & [G]#°[bs] >x € bs >y € bs > =5 Vp,5:5 € bs =

20Dette er lemma 4.4.a.1 1 [5].
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{{s,5},{5,5}} € r = = Vop,j5: Vobjt:5 € bs = t € bs = {{5,5},{5,t}} e r =
{{t.t},{t,;5}} € r = 2 Vobi5: Vopit: Vobji:S € bs =t € bs = U € bs =

{55 5t} er= {{t, i}, {t, u}} er= {{5,5},{5,0}} e r> {{x,x}, {x, y}} €
r>sc {ph € bs | {{aph,aph}, {aph,g}} € [} =5E {ph € bs |

{{apn,apn}, {apn, y}} € r}; ERisSymmetric > - V,,i5:5 € bs =

{{5,5},{5,5}} e r = = Vopi5: Vonit:s € bs = t € bs = {{5,5}, {5, t}} e r =
{{t.t},{t,;5}} € r = 2 Vobj5: Vopit: Vobji:S € bs =t € bs = U € bs =

{{5,5}, {5, t}} e r= {{t, 2}, {t,u}} € r = {{5,5}, {5, U} } € 1> Vob;5: Vobjt:5 €
bs = t € bs = {{5,5}, {s,t}} € r = {{t., 1}, {t.5}} € r; Symmetry > [5]#°[r] >
[S1# [bs] > [t]#°[r] > [T]#°[bs] > Vob;S: Vop;t:§ € bs = T € bs =

{551, 5t} er= {{t.t},{t,;5}} er>xebs>yebs> {{x,x},{x,y}} €r>
{{y;y}: {y,x}} € ;EqSubset > [S]#°[r] > []4# [bs] & [t]#°[r] >

[t]#%[bs] > [U]#°[r] &> [U]#°[bs| >y € bs > x € bs > ©151V,;5: 5 € bs =
{{5,5},{5,5}} € r = = Vobi5: Vonit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = 2 Vop;5: Vobjt: Vobju:s € bs =t € bs = U € bs =
{sshister={tt{tutt er={{ssh{su}} er>{{y,y}{y.x}} €
r>5sc {ph e bs|{{apn,apn}, {aprn,y}} €r} =5¢€ {ph € bs|

{{apn,apn}, {arn,x}} € r}; ToSetEquality 5 € {ph € bs |

{{apn, apn}, {arn, x}} € r} =5 € {ph € bs | {{apn,apn}, {apn,y}} €r} >5¢€
{ph € bs | {{apn,apn},{apn,y}} € r} =5 € {ph € bs | {{apn,apn}, {arn,x}} €
r} > {ph € bs | {{apn, apn}, {apn,x}} € r}={ph € bs | {{apn,arn},{arn,y}} €
r}; Vr: Vx: Vy: Vbs: Ded > Vr: Vx: Vy: Vbs: [5]#°[r] = [s]#°[bs] t [€]#°[r] =
(T4 bs] t= [U]#°[r] b= [U]#°[bs] - x € bsky € bs F -151V,},5:5 € bs =
{{5,5},{5,5}} € r = = Vobi5: Vonit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = S VobjS: Vobjt: Vobju:S € bs =t € bs = U € bs =

{{s.sh, (st} er= {{t, i}, {t,u}} er= {{5,5}, 5.u}} e r - {{x, x}, {x,y}} €
rt{ph € bs | {{apn,arn}, {apn,x}} € r}={ph € bs | {{apn,arn}, {arn,y}} €
£} > [S14£°[x] = [S]4£°[bs] 1= [E]14£°[x] - [E]#°[bs] - [T]4°[x] -

[U]#°[bs] - x € bs =y € bs = =1 Vop;5:5 € bs = {{5,5},{5,5}} e r =

A VobiS: Vobjt: s € bs = t € bs = {{5,5},{5,t}} e r = {{t,t}, {t,5}} er=

1 VobiS: Vobjt: VopiU:s € bs = t € bs = U € bs = {{5,5},{5,t}} e r =
{tth{tufper={{s5sh {50} er={{xx} {xy}} €r= {phebs |
{{apn,apn}, {apn,x}} € r} ={ph € bs | {{apn,apn}, {arn,y}} € r}],po.c)]

Vi mangler nu blot at skifte fra implikationer til inferenser:

[EqNecessary "2 ZFsub k- Vr: Vx: Vy: Vbs: [5]#°[r] #- [3]#°[bs] b [T]#°[r] #
[T]#°bs] i [T]#°r] # [G]#[bs] b x € bs -y € bs - = 1V,p,j5:5 € bs =
{{s,5},{5,5}} € r = = Vopi5: Vobjt:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = 5 Vob;j5: Vobjt: VobjU:S € bs =t € bs = U € bs =

{55 5t er={{t.t}, {t,u}} er= {{5,5}, {5,u}} e r F {{x,x}, {x,y}} €

r= {ph € bs | {{apn,apn},{apn,x}} € r}={ph € bs | {{apn,apn}, {apn,y}} €
r}]

[EqNecessary progf A AX.P([ZFsub b Vr: Vx: Vy: Vbs: [S]#°[r] #= [5]#°[bs] #
[214°[r] 1= [t14°[bs] = [T]#°[r] i [G]#°[bs] - x € bs -y € bs -
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S AVopiS:S € bs = {{5,5},{5,5}} € r = 7 VobjS: Vobit:S € bs = t € bs =

{{s,5}, {5, t}} e r = {{t,t},{t,5}} € r = 2 Vob;j5: Vopit: Vobju:5 € bs =t € bs =
uebs= {{5,5},{s.t}} er= {{t,t}, {t,u}} er= {{5,;5},{5,u}} ert
HelperEqNecessary & [5]#°[r] 1> [S]#°[bs] & [t]#°[r] 1> [t]#°[bs] >
[]#°[r] > [u]#°[bs] > x € bs = y € bs = - 51V,},j5:5 € bs =

{{5,5},{5,5}} e r = = Vopi5: Vonit:s € bs = t € bs = {{5,5}, {5, t}} e r =

{{E, E}, {E,g}} cr= %Vobﬁ: Vobjfi VobjU:§ Ebs=tebs=1u€bs=

{{ssh st er={tth, {tuf er={{5s) {5u}} er={{xx} {xy}} €
r= {ph € bs | {{apn,apn}, {apn,x}} € r}={ph € bs | {{apn, apn}, {apn,y}} €
ri;MP3>x € bs =y € bs = 7 Vp;5:5 € bs = {{5,5},{5,5}} e r =
“1VobjS: Vobjt:S € bs = t € bs = {{5,5}, {5, t}} e r = {{t,t},{t.5}} e r =
%Vobjgi Vobjfi Vobjﬁ:§ Ebs=tebs=1€bs= {{§7 5}, {g, E}} cr=
{tth{tupper={{ss) {50} er={{xx} {xy}} €er={ph € bs
{{apn,apn}, {apn, x}} € r}={ph € bs | {{apn,apn}, {arn,y}} €r} >x €
bs>y € bs > - Vop;5:5 € bs = {{5,5},{5,5}} € r = 2 Vopi5: Vopt:s€bs = t €
bs = {{5,5}, {5, t}} e r= {{t, 1}, {t,5}} € r = = Vo1;5: Vobit: Vopu:5 € bs = t €
bs =0 € bs = {{5,5},{5,t}} e r= {{t, &}, {t,u}} e r = {{5,5}, {5,u}} er>
{{x,x},{x,y}} € r = {ph € bs | {{apn,apn},{apn,x}} € r} ={ph € bs |
{{aphvaph}v {athz}} € [H,po,c)}

11.2.3 Lemmaet “NoneEqNecessary”

Resultatet fra dette under-underafsnit kan formuleres som fglger: “Lad x og y
vaere to medlemmer af bs, som ikke opfylder {{x,x},{x,y}} € r. Daer de to
akvivalensklasser {ph € bs | {{apn,apn}, {arn,x}} € r} og

{ph € bs | {{apn,apn}, {apn,y}} € r} indbyrdes disjunkte.”2l

Vi viser dette ved at vise den kontrapositive pastand: Hvis
ekvivalensklasserne har et medlem tilfzelles, sa geelder {{x,x},{x,y}} € r.
Dette varetages af lemmaet HelperNoneEqNecessary: B

[HelperNoneEqNecessary *3° ZFsub b+ Vr: Vs: Vx: Vy: Vbs: [5]#°[r]

[S14£° [bs] t= [€]#°[r] t= [€]#°[bs] = [T]#°[r] t- [G]#°[bs] -x € bs =y €
bs = = Vobi5:5 € bs = {{5,5},{5,5}} € r = = Vq1i5: Vonit:S € bs =t € bs =
{{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = 1 Vob;j5: Vobjt: Vobju:5 € bs =t € bs =
uebs= {{sst.{st}}er={{tt} {tujter={{ssh{sutter=se
{ph € U{{{ph € bs | {{apn,apn}, {apn,x}} € r},{ph € bs |

{{aph’ aph}7 {athx}} € [}}7 {{ph € bs | {{aPh7 aph}7 {athx}} € f}a {ph € bs |
{{apn,apn}, {apn,y}} € r}}} | cpn € {ph € bs | {{apn,apn}, {apn,x}} €1} =
“cpn € {ph € bs | {{apn,arn},{aprn,y}} € r}} = {{x,x}, {x,y}} €1]

Beviset for HelperEqNecessary kan beskrives som fglger:

1. Antag at s tilhgrer bade {ph € bs | {{apn,apn}, {apn,x}} € r} og

{ph € bs | {{apn,arn}, {apn,y}} € r}. Da geelder {{s,s}, {s,x}} € r (linie
17-19) og {{s,s}, {s,y}} € r (linie 20-22).

21Dette er lemma 4.4.b.1 i [5].
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2. Dar er symmetrisk, folger {{x,x},{x,s}} € r af {{s,s}, {s,x}} €r. (Linie
24).

3. Dar ogsa er transitiv, medfgrer {{x,x},{x,s}} € r og {{s,s},{s,y}} €r
tilsammen {{x,x}, {x,y}} € r, QED. (Linie 25).

Her er selve beviset:

[HelperNoneEqNecessary progf Ac. M. P([ZFsub - Vr: Vs: Vx: Vy: Vbs: [s]#°[r] i+
[S1#° [bs] - [€]#°[r] # [£]#°[bs] b= [T]#°[r] # [T]#°[bs] - x € bsty €

bs F 54 Vopis: 5 € bs = {{5,5},{5,5}} € r = 1 Vobi5: Vobjt:5 € bs =t € bs =
{{5,5}, {5, t}} e r= {{t,t}. {t,5}} € r = = V015 Vobjt: Vob;ju:5 € bs =t € bs =
uebs= {{55},{5t}} er= {{t,t},{t,u}} €er= {{55},{5,u}} €erkse

{ph € U{{{ph € bs | {{apn,apn}, {apn,x}} € r}, {ph € bs |

{{apn,apn}, {apn,x}} € r}}, {{ph € bs | {{apn,apn}, {apn.y}} € r}, {ph € bs |
{{apn,apn}, {apn,y}} € r}}} | “cpn € {ph € bs | {{apn,apn}, {apn, x}} € r} =
“cpp € {ph € bs | {{aph, aph}7 {aph,x}} S [}} F ERisSymmetric> = ;\Vobjgtg S
bs = {{5,5},{5,5}} € r = = Vopi5: Vonit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{E, f}, {f,g}} cr= ;\Vobjgi Vobjft vobjﬁ:§ €Ebs=tebs=1¢€bs=

{{s.5}, {5, t}} er= {{t, 1}, {t,u}} e r = {{5,5}, {5, U} } € r > Vop,i5: Vopjt:5 €
bs =t € bs = {{5,5}, {5,t}} € r = {{t,t}, {t,5}} € r; ERisTransitive &>

S 4Vobjs: S € bs = {{5,5},{5,5}} € r = 5 Vobj5: Vobjt:5 € bs =t € bs =

{{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = S Vob;j5: Yobjt: Vobju:5 € bs =t € bs =
uebs= {{55}, {5t} er= {{t,t},{t,u}} er= {{555}, {5, U}t er>

Vobjg: Vobjfi Vobjﬁi§ Ebs=tebs=1u€bs= {{g,g}, {Ef}} cr=

{{t,t}, {t,u}} e r= {{5,5}, {5, u}} € r; Sep2Formula > s € {ph € U{{{ph € bs |
{{aph’ aph}7 {athl}} € f}’ {ph €bs | {{aph’ aPh}’ {aph’é}} € f}}’ {{ph € bs |
{{apn,arn}, {aPh7X}} er},{ph € bs | {{apn,apn}, {aPhyX}} €r}}t}|-epn €
{ph € bs | {{apn,arn}, {arn,x}} € r} = “cpn € {ph € bs |

{{apn,apn}, {arn,y}} € r}} > s € U{{{ph € bs | {{apn,apn},{aprn,x}} €

r}, {ph € bs | {{apn,apn}, {apn,x}} € r}} {{ph € bs | {{apn, apn}, {apn,y}} €
r},{ph € bs | {{apn,arn}, {apn,y}} € r}}} = = =s € {ph € bs |

{{aph,aph}7 {aPh7§}} S [} = s € {Ph € bs | {{aPh,aPh}, {aPh,X}} €

r}; SecondConjunct > =s € U{{{ph € bs | {{apn,arn}, {aprn,x}} € r}, {ph € bs |
{{apn,apn}; {apn, x}} € r}}, {{ph € bs | {{apn,apn}, {arn,y}} € r}, {ph € bs |
{{apn,arn}, {arn,y}} € r}}} = = s € {ph € bs | {{apn,arn}, {apn,x}} € 1} =
=5 € {ph € bs | {{apn,apn},{apn,y}} €r} > ~s€ {ph € bs|

{{apn,apn}, {apn,x}} € r} = ©s € {ph € bs | {{apn,apn}, {apn,y}} €

r}; FirstConjunct > s € {ph € bs | {{apn,apn}, {apn,x}} €r} = s {ph e
bs | {{apn,apn}, {apn,y}} € r} > s € {ph € bs | {{apn,aprn}, {apn,x}} €

r}; Sep2Formula > s € {ph € bs | {{apn,apn}, {apn,x}} €r} > s € bs=
“{{s,s}, {s,x}} € r;SecondConjunct > =5 € bs = = {{s,s}, {s,x}} € r >
{{s,s},{s,x}} € r; SecondConjunct > =s € {ph € bs | {{apn,apn},{apn,x}} €
r} = ~s € {ph € bs | {{apn,apn}, {apn,y}} €r} >s € {ph€bs|

{{apn,apn}, {apn, y}} € r}; Sep2Formula > s € {ph € bs |

{{apn,apn}, {apn,y}} € r} > mse€bs= = {{s,s}, {s,y}} €

r; SecondConjunct > ©s € bs = = {{s,s}, {s,y}} € r > {{s,s},{s,y}} €
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r; FirstConjunct > -s € bs = = {{s,s}, {s,x}} € r > s € bs; Symmetry >
[514°[r] & [S]#°[bs] > [T]#°[r] & [t]#°[bs] > Vonj5: Vobit:5 € bs = T €

bs = {{s;s}, {5, t}} er={{t, t},{t,;s}} er>sebs>x € bs>{{s,s}, {s,x}} €
1> {{x,x}, {x,s}} € r; Transitivity &> [S]#°[r] &> [5]#°[bs]| & [t]#°[r] >
[t]#°[bs] > [U]#°[r] 1> [U]#°[bs] > Vob;5: Vobjt: VobjU:S Ebs =t € bs = U €
bs = {{s,s}, {5, t}} er={{t. et} {tu}} er={{s5s},{Sut} er>xebs>se¢
bs>y e bs> {{x,x},{x,s}} e r>{{s,s},{s,y}} e r> {{x,x}, {x,y}} €

15 Vr: Vs: Vx: Vy: Vbs: Ded > Vr: Vs: Vx: Vy: Vbs: [S]#°[r] # [S]#°[bs] #

[E1#°[r] t= [E]#°[bs] t= [T]#°[r] I [G]#[bs] -x € bsky € bs

S Vobis: S € bs = {{5,5},{5,5}} € r = 1 Vobj5: Vobjt:5 € bs =t € bs =

{{g, §}, {g, E}} cr= {{f, E}, {E, §}} cr= %Vobjgi Vobjfi Vobjﬁig €Ebs=1t€bs=
uebs= {{553},{5t}} er= {{t,t},{t,u}} e r= {{5,5},{5,u}} erkse

{ph € U{{{ph € bs | {{apn,apn}, {apn,x}} € r},{ph € bs |

{{aphv aPh}7 {athl}} € ﬂ’}v {{ph € bs | {{aph7 aph}v {aPh,X}} € E}a {ph € bs |
{{aprn,aprn}, {asz}} €rtt} | ~cpn € {ph € bs | {{apn,apn},{apn,x}} €1} =
“cpn € {ph € bs | {{arn,arn}, {arn, y}} € i} F {{x,x}, {x, y}} € r>

[S1#°[r] 1= [S14£°bs] = [E]#°[r] i [T1#°[bs] #= [T]#°[r] # [U]#°[bs] - x €
bs =y € bs = % Vop;5:5 € bs = {{5,5}, {5,5}} € r = 2 Vop;5: Vop;t:5 € bs =
tebs= {{53}, {5t} €r= {{t, 1}, {t.5}} € r = - Von;5: Yobjt: VobjU: 5 € bs =
tebs=tu€bs= {{55},{51t}} er= {{t,t}, {t,u}} er= {{5,5}, {5, u}} €
r=se {ph € U{{{ph € bs | {{apn,apn},{apn,x}} € r},{ph € bs |

{{aphv aPh}7 {athl}} € I}}v {{ph € bs | {{aph7 aph}v {aPhax}} € I}a {ph € bs |
{{apn,arn}, {aPh7X}} €rtt} | ~cpn € {ph € bs | {{apn,aprn},{apn,x}} €1} =
“cpn € {ph € bs | {{apn,apn}, {arn,y}} € r}} = {{x,x}, {x,y}} € r], po, )]

Vi bruger nu modus tollens til at vise en kontrapositiv version af
HelperNoneEqgNecessary. Dette sker i beviset for en lemmastump ved navn
Helper(2)NoneEqNecessary:

[Helper(2)NoneEqNecessary *23" ZFsub F Vr: Vx: Vy: Vbs: [5]#°[r]

[5T#0 bs] - [E14°[¢] b [€14°bs] b [T]4#0]¢] - [a]4 bs] b-x € bs = y €
bs = - Voi5:5 € bs = {{5,5},{5,5}} € r = 1Vop;5: Vobjt:5 € bs = t € bs =
{{s,5}, {5, t}} e r = {{t,t},{t,5}} € r = 7 Vob;j5: Vopit: Vobju:5 € bs =t € bs =
uebs= {{5,;5}, {5, t}} er= {{t.t},{t,u}} er= {{5.5}.{s,u}} e r=
“{{x,x}, {x,y}} € r= {ph € U{{{ph € bs | {{apn,apn}, {apn,x}} €r},{ph €
bs | {{apn,apn}, {apmx}} € 1}, {{ph € bs | {{apn.apn}, {apn.y}} € r}, {ph €
bs | {{apn,apn}, {apn,y}} € r}t} [ “cpn € {ph € bs | {{apn,apn}, {apn,x}} €
r} = “icpn € {ph € bs | {{apn,apn}, {arn,y}} € r}}=0]

[Helper(2)NoneEqNecessary POt e Ax. P([ZFsub b Vr:Vx: Vy: Vbs: [5]#°[r]
[S1#£°[bs] = [E1#°[r] = [E]#°[bs] = [a]#°[r] i [G]#°[bs] - x € bsky €

bs - -5 Vohi5:5 € bs = {{5,5},{5,5}} € r = - Vopi5: Vopjt:5 € bs = t € bs =
{{5,5}, {5, t}} e r= {{t,t}.{t,5}} € r = = Vobi5: Vobjt: Vobju:5 € bs = t € bs =
uebs={{55}, {5t} er= {{t,t},{t,u}} e r = {{5,5}, {5,.u}} er+-

% {{xx}. {x.y}} € r - HelperNoneEqNecessary B [5]4°[r] 1> [5]4[bs] >
[E1#° r] 1 [t]#°[bs] > [U]#°[r] > [U]#°[bs] > x € bs =y € bs =
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S AVopiS:S € bs = {{5,5},{5,5}} € r = 7 VobjS: Vobit:S € bs = t € bs =

{{s,5}, {5, t}} e r = {{t,t},{t,5}} € r = 2 Vob;j5: Vopit: Vobju:5 € bs =t € bs =
uebs={{55}, {5t} er= {{t,t},{t,u}} er= {{5,5},{5,u}} er=5¢
{ph € U{{{ph € bs | {{apn,apn}, {apn,x}} € r},{ph € bs |

{{apn,aprn}, {apn,x}} € r}}, {{ph € bs | {{apn,arn}, {apn,y}} € r},{ph € bs |
{{apn,apn},{apn,y}} € r}}} | cpn € {ph € bs | {{apn,apn}, {apn,x}} €1} =
“icpn € {ph € bs | {{apn,apn}, {apn,y}} € r}} = {{x.x}, {x,y}} e s MP3>x €
bs =y € bs = % Vp,;5:5 € bs = {{5,5}, {5,5}} € r = 5 Vob;5: Vob;t: 5 € bs =
tebs= {{55},{5t}} €r= {{t,t}, {t,3}} € r = Vobi5 Yobjt: Von;u: 5 € bs =
tebs=1ue€bs= {{55},{5t}} er= {{t,t},{t,u}} e r= {{5,5}, {5.u}} €
r=5¢€ {ph € U{{{ph € bs | {{apn,apn}, {arn,x}} € r}, {ph € bs |

{{apn,apn}, {apn,x}} € r}}, {{ph € bs | {{apn,apn}, {apn.y}} € r}, {ph € bs |
{{apn,apn}, {apn,y}} € r}}} | “cpn € {ph € bs | {{apn,apn}, {apn,x}} €1} =
“cpn € {ph € bs | {{apn,apn}, {arn, y}} € r}} = {{x.x}, {x,y}} €er>xe
bs>y € bs > - Vop;5:5 € bs = {{5,5},{5,5}} € r = 7 Vopi5: Vopjt:s€bs = t €
bs = {{5,5}, {5, t}} e r= {{t, 1}, {t,5}} € r = = Vo1;5: Vobit: Vopu:5 € bs = t €
bs =0 € bs = {{5,5},{5,t}} e r= {{t, &}, {t,u}} e r = {{5,5}, {5,u}} er>
s € {ph € U{{{ph € bs | {{apn,apn}, {apn,x}} € r},{ph € bs |

{{arn,apn}, {arn,x}} € r}}, {{ph € bs | {{apn.arn}, {apn,y}} € r},{ph € bs |
{{apn,arn}, {aP}uX}} €r}}} | —cpn € {ph € bs | {{apn,apn}, {apn,x}} € 1} =
“icpn € {ph € bs | {{apn,apn}, {arn,y}} € r}} = {{x,x}, {x,y}} erMT>5 €
{ph € U{{{ph € bs | {{apn,apn}, {apn,x}} € r}, {ph € bs |

{{apn,apn}, {apn,x}} € r}}, {{ph € bs | {{apn,apn}, {apn,y}} € r}, {ph € bs |
{{apn,apn}, {apn,y}} € r}}} | “cpn € {ph € bs | {{apn,apn}, {apn,x}} €1} =
“icpn € {ph € bs | {{apn,apn}, {apn,y}} € r}} = {{x.x}, {x,y}} €

r> 5 {{x,x},{x,y}} €r> -5 € {ph € U{{{ph € bs | {{apn,apn}, {arn,x}} €
r}, {ph € bs | {{apn,aprn}, {apn,x}} € r}}, {{ph € bs | {{apn,arn}, {arn,y}} €
r}, {ph € bs | {{apn,apn}, {apn,y}} € r}}} | ~cpn € {ph € bs |

{{apn,aprn}, {apn,x}} € r} = ~cpn € {ph € bs | {{apn,apn}, {aprn,y}} €

r}}; Unique® > -5 € {ph € U{{{ph € bs | {{apn,arn}, {apn,x}} € r},{ph € bs |
{{apn,aprn}, {apn,x}} € r}}, {{ph € bs | {{apn,arn}, {apn,y}} € r}, {ph € bs |
{{apn,apn}, {apn,y}} € r}}} | ~cpn € {ph € bs | {{apn,aprn}, {apn, x}} €1} =
“icpn € {ph € bs | {{apn,apn}, {apn,y}} € r}} > {ph € U{{{ph € bs |

{{aph’ aph}7 {athx}} € [}’ {ph € bs | {{aph7 aPh}7 {aph’ﬁ}} € f}}7 {{ph € bs |
{{arn,apn},{arn,y}} € r}, {ph € bs [ {{apn,apn}, {arn,y}} € r}}} | "cpn €
{ph € bs | {{apn,arn}, {apn,x}} €r} = - cpn € {ph € bs |

{{apn,apn}, {apn,y}} € r}}=0;Vr: Vx: Vy: Vbs: Ded 1> Vr: Vx: Vy: Vbs: [5]#°[r] #-
[S14£° [bs] = [E1#°[r] = [t]4£°[bs] = [T]#°[r] I [a]#°[bs] -x € bsky €

bs F 54 Vopis: s € bs = {{5,5},{5,5}} € r = 1 Vobi5: Vobjt:5 € bs =t € bs =
{{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = 2 Vob;j5: Vobjt: VobjU:5 € bs =t € bs =
u€bs={{55}, {5t} er= {{t,t},{t,u}} e r = {{5,5}, {5,u}} er+

“{{x x}, {x,y}} € ri={ph € U{{{ph € bs | {{apn,arn}, {apn,x}} € r},{ph €
bs | {{aPIH aPh}7 {athx}} € [}}7 {{ph € bs | {{aPIH aPh}’ {3Ph>X}} € E}a {ph €
bs | {{apn,aprn}, {apn,y}} € r}}} | ~cpn € {ph € bs | {{apn,apn}, {arn,x}} €
r} = “cpn € {ph € bs | {{apn,apn},{apn,y}} € r}} =0 > [s]#°[r]
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[S14£° [bs] = [E1#°[r] = [T]4°[bs] = [G]#°[r] I [T]#°[bs] -x € bs =y €
bs = - Vo,i5:5 € bs = {{5,5},{5,5}} € r = = VpiS: Voptis € bs = t € @
{{5,5}, {5, t}} e r= {{t,t}. {t,5}} € r = = Vo1i5: Vonit: Vopju:5 € bs = t € bs

o€ bs= {{ss},{51t}} er={{t,t}, {t,u}} er= {{55}, {5ut} er=
“{{x,x}; {x,y}} € r = {ph € U{{{ph € bs | {{apn,arn}, {apn,x}} € r},{ph €
bs | {{apn,aprn},{apn,x}} € r}}, {{ph € bs | {{apn,apn}, {apn,y}} €r},{ph €
bs | {{apn,apn}, {apn,y}} € r}}} | “cpn € {ph € bs | {{apn,apn}, {arn,x}} €
r} = “cpn € {ph € bs | {{apn,arn}, {arn, y}} € r}} =91, po, )]

I beviset for hovedlemmaet NoneEqNecessary foretager vi den seedvanlige
konvertering fra [x = y] til [x Fy]:

[NoneEqNecessary 3" ZFsub - ¥r: Vx: Vy: Wbs: [5]#°[r] I [5]#°[bs] #
[E1#0r] = [T]#°[bs] #= []#°[r] b [T]#°[bs] #-x € bs -y € bs -

S 4Vobjs: S € bs = {{5,5},{5,5}} € r = 5 Vobj5: Vobjt:5 € bs =t € bs =

{{5,;5}, {5, t}} e r = {{t,t}, {t,5}} € r = 2 Vob;j5: Yobjt: Vobju:5 € bs =t € bs =
uebs={{55}, {st}ter={{t.t} {t, u}} er= {{s;s}, {5,ut}t ert
“{{x,x},{x,y}} € r = {ph € U{{{ph € bs | {{apn,aprn}, {apn,x}} € r},{ph €
bs | {{aPh7 aph}7 {aPh7§}} € [}}7 {{ph € bs | {{aPh7 aPh}’> {aPh>X}} € K}a {ph €
bs | {{apn,apn}, {arn,y}} € r}}} | “cpn € {ph € bs | {{apn,apn}, {apn, x}} €
r} = “cpp € {ph € bs [ {{apn,apn}, {apn,y}} € r}} =0

[NoneEqNecessary propf Ac.Ax.P([ZFsub I Vr: Vx: Vy: Vbs: [5]#°[r
[S1#°[bs] = [¥]#°[r] i [E]4°[bs] - [T]#°[r] b= [U]#°[bs] i x € bs -
bs F = Vopis: s € bs = {{5,5},{5,5}} € r = = Vob;5: Vobjt: 5 € s:>f€
{{s,5}, {5, t}} e r= {{t,t}, {t,5}} € r = = Vobi5: Vobjt: Vob;u:5 € bs = t
uebs= {{55}, {5t} er= {{t.t},{t.u}} er= {{5,5}, {5,u}} ert
Helper(2)NoneEqNecessary 1> [5]#°[r] > [5]#°[bs] > [t]#°[r]

[T1#°[bs] > [a]#°[r] > [U]#°[bs] > x € bs = y € bs = = Vpj5:5 € bs =
{{5,5},{5,5}} € r = “Vop;5: Vonjt:5 € bs = t € bs = {{5,5}, {5,t}} e r =

{{E, f}, {f,g}} cr= %Vobﬁ: Vobjft vobjﬁ:§ €Ebs=t€bs=1€bs=
{{ssh{stter={tt},{tutter={{ss,{su}}er=

“{{xx}, {x,y}} € r= {ph € U{{{ph € bs | {{apn,apn}, {arn,x}} €r},{ph €
bs | {{aph7 aph}7 {athx}} € [}}7 {{ph € bs | {{aP}N aph}’ {anHX}} € E}a {ph €
bs | {{apn,aprn}, {apn,y}} € r}}} | ~cpn € {ph € bs | {{apn,apn}, {arn,x}} €
r} = —cpy € {ph € bs | {{apn,apn}, {apn,y}} €r}}=O;MP3>x€bs =y €
bs = %%Vobjgig € bs = {{g,g}, {§,§}} cr= %vobﬁzvobjf@ €bs=tebs=
{{s,5}, {5, t}} e r = {{t, 1}, {t,5}} € r = 2 Vob;j5: Vopit: Vobju:5 € bs =t € bs =
u€bs = {{55},{5t}} er= {{t,t},{t,u}} e r = {{5,5}, {5, u}} er=
“{{x.x} {x,y}} € r= {ph € U{{{ph € bs | {{apn,apn}, {apn,x}} €} {ph €
bs | {{apn,apn}, {apn,x}} € r}}, {{ph € bs | {{apn,apn}, {apn,y}} € r},{ph €
bs | {{apn,apn}, {apn,y}} € r}}} | “cpn € {ph € bs | {{apn,apn}, {arn, x}} €
r} = “cpn € {ph € bs | {{apn,apn}, {apn,y}} €r}}=0O>xecbs>y €

bs > = Vop,i5:5 € bs = {{5,5},{5,5}} € r = 1 Vobj5: Vobit:S € bs = t € bs =
{{s,5}, {5, t}} e r = {{t, 1}, {t,5}} € r = Vop;i5: Vopjt: Vobjl:5 € bs =t € bs =
uebs= {{55s}, {5t} er= {{t, i}, {t, u}} er= {{55}, {s,u}} er>

|

m \8_\%

€
=
bs =
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“{{x,x},{x,y}} € r = {ph € U{{{ph € bs | {{apn,aprn}, {apn,x}} € r},{ph €
bs | {{aP}H aPh}7 {aP}hX}} € [}}7 {{ph € bs | {{aPh7 aPh}7 {athx}} € f}a {ph €
bs | {{apn,apn}, {apn,y}} € r}}t} | “cpn € {ph € bs | {{apn,apn}, {arn,x}} €
r} = “cpy € {ph € bs | {{apn, apn}, {arn,y}} € r}} =01, po, ¢)]

11.2.4 To aekvivalensklasser er disjunkte

Vi kan nu bevise, at to forskellige skvivalensklasser er disjunkte:

[EqClassesAreDisjoint 5 ZFsub F Vr: Vx: Vy: bs: [5]#9[r] # [5]#°[bs] k-
[E1#° ] b= [E]#°[bs] #= [T]#°[r] b [G]#°[bs| - x € bsty € bs

4 Vobis:S € bs = {{5,5},{5,5}} € r = 5 Vobj5: Vobjt:5 € bs =t € bs =

{{s,5}, {5, t}} e r = {{t, 1}, {t,5}} € r = Vobi5: Vopjt: Vobju:5 € bs = t € bs =
oebs= {{553}, {5t} er= {{t,t},{t,u}} e r= {{5,5},{5,u}} e r- - {ph €
bs | {{apn,apn}, {apn,x}} € ry={ph € bs | {{apn,apn},{apn,y}} €r} - {ph e
U{{{ph € bs | {{apn,apn}, {apn,x}} € r},{ph € bs | {{apn,apn}, {apn,x}} €
f}}a {{ph € bs | {{aph, aPh}v {aPh7X}} € £}7 {ph € bs | {{aPha aph}7 {athz}} €
r}}} | —cpn € {ph € bs | {{apn,apn}, {apn,x}} € r} = “cpn € {ph € bs |
{{apn,arn}, {arn,y}} € r}}=0]

Beviset for EqClassesAreDisjoint forlgber som folger:

1. Vi antager, at {ph € bs | {{apn, aprn}, {apn,x}} € r} og
{ph € bs | {{apn,aprn}, {apn,y}} € r} ikke er lig med hinanden. Fra
EqNecessary ved vi, at hvis der gjaldt {{x,x}, {x,y}} € r, sa ville
{ph € bs | {{apn,apn}, {arn.x}} €1} og
{ph € bs | {{aprn,arn},{aprn,y}} € r} veere lig med hinanden. Derfor ma
der gzelde - {{x,x}, {x,y}} € r. (Linie 12-13).

2. Fra NoneEqNecessary ved vi, at - {{x,x}, {x,y}} € r medfgrer, at de to
sekvivalensklasser er disjunkte; QED. (Linie 14-15).

Her er beviset:

[EqClassesAreDisjoint propf A Ax.P([ZFsub F Vr: Vx: Vy: Vbs: [5]#°[r] i

[S14£° [bs] = [E]#°[x] = [t]4£°[bs] - [T]4°[r] I [U]#°[bs] -x e bsky €

bs F ;\%Vobjgtg € bs = {{g,g},{g,g}} ecr= %Vobﬁ:vobjf@e bs=t€bs=
{{s,5}, {5, t}} e r = {{t. 1}, {t,5}} € r = 2 Vobi5: Vopjt: Vobju:5 € bs = t € bs =
uebs = {{55}, {5t} er= {{t,t},{t,u}} e r = {{5,5},{5,u}} er - {ph e
bs [ {{apn,aprn}, {apn,x}} € r} ={ph € bs | {{apn,arn},{arn,y}} € r} -
EqNecessary > [S]#°[r] & []4°[bs] > [t]#°[r] & [t]#°[bs] & [U]#°[r]
[U]#°[bs] > x € bs >y € bs > -1 Vop;5:5 € bs = {{5,5},{5,5}} €r =

S VobiS: Vobit:5 € bs = t € bs = {{5,5}, {5, t}} e r = {{t, 1}, {t,5}} er=

S VobjS: Vobjt: Vobjl:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =
Huth{tult er= {{s;s},{s;u}} e r> {{x,x}, {x,y}} €r= {ph € bs |
{{apn,apn}, {apn,x}} € r}={ph € bs | {{apn,apn},{arn,y}} €

rh MT > {{x,x},{x,y}} € r = {ph € bs | {{apn,apn},{aprn,x}} € r} ={ph €

bs | {{apn,apn}, {arn,y}} € r}>-{ph € bs | {{apn,arn}, {apn,x}} € r}={ph €
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bs | {{apn,apn}, {apn,y}} € r} > = {{x,x}, {x,y}} € r; NoneEqNecessary 1>
[S14£°[r] 1> [S]#°[bs] > [t]#°[r] &> [E]#°[bs] > [U]#°[r] > [U]#°[bs]>x €
bs>y € bs> %%Vobjglg € bs = {{g,g}, {§,§}} cr= %vobj§:vobjt:§ Ebs=te
bs = {{5,5}, {5,&}} € r = {{t, &}, {£,5}} € r = - Vo1;5: Vobjt: Vobjl:5 Ebs = t €
bs =t € bs = {{5,5},{5,t}} er= {{t,t},{t,u}} e r = {{5,5}, {5, u}} er>
- {{lv 5}7 {X,X}} cr= {ph € U{{{ph € bs | {{aPh’ aPh}7 {athx}} € f}’ {ph €
bs | {{apn,apn}, {apn,x}} € r}}, {{ph € bs | {{apn,apn}, {apn,y}} € r},{ph €
bs | {{apn,apn}, {apn,y}} € r}}} | ~cpn € {ph € bs | {{apn,apn}, {arn,x}} €
r} = —cpn € {ph € bs | {{apn,apn}, {apn,y}} € r}}=0; MP >

“{{x,x}, {x,y}} € r= {ph € U{{{ph € bs | {{apn,apn}, {apn.x}} € r},{ph €
bs | {{aph7 aph}7 {athx}} € [}}7 {{ph € bs | {{aP}N aph}’ {anHX}} € E}a {ph €
bs | {{apn,apn}, {apn,y}} € r}}} | ~cpn € {ph € bs | {{apn,apn}, {arn,x}} €
r} = —cpn € {ph € bs | {{apn,apn}, {arn,y}} €r}} =0 >~ {{x,x}, {x, y}} €
r> {ph € U{{{ph € bs | {{apn,apn},{arn,x}} € r},{ph € bs |

{{apn,apn}, {apn,x}} € r}}, {{ph € bs | {{apn,apn}, {apn.y}} € r}, {ph € bs |
{{arn,apn}, {arn,y}} € r}}} | ~cpn € {ph € bs | {{apn,aprn}, {apn.x}} €1} =
“cpn € {ph € bs | {{apn, arn}, {apn,y}} € r}} =01, po, ¢)]

11.2.5 Alle =kvivalensklasser er disjunkte

Ud fra EqClassesAreDisjoint kan vi nu vise, at alle medlemmer af et
akvivalenssystem er parvis disjunkte. Da beviset afhsenger af
Samelntersection, som igen afhaenger af SameBinaryUnion, bruger vi
objektvariable (jvf. afsnit [04]):

[AlDisjoint *%* ZFsub - - 15 VobiS:§ € bs = {{5,5},{5,5}} e T =

VobjS: Vobit:s € bs = t € bs = {{5,5}, {5, 1} } e T = {{t. T}, {t.s}} eT=
VoSt Vobit: Vobil:§ € bs =t € bs = U € bs = {{5,5},{5,t}} €7 =

{{t. 1}, {t,u}} e7 = {{5.5}.{5,u}} e T+ x € {ph € P(bs) | “tgy € bs =
1{ph € bs | {{iph,aph} {aph,tEX}} S I’} bph} Fye {ph € P(bS) | “tpx €
bs = - {ph € bs | {{apn,apn}, {aprn,tex}} € T}=bpn} - 5Xx=yF {ph €
U{{x,x},{¥,V}} | 7cpn €X = “cpy €V} =0]

Beviset forlgber som fglger:

1. Lad X og y veere to forskellige medlemmer af et aekvivalenssystem {ph €
P(E) | Stpy € bs = = {ph € bs | {{aph, aph}, {aph7tEx}} € ?}:bph}
(linie 2—4).

2. Mangden X ma vaere en sekvivalensklasse; vi kan altsa skrive
x={ph € bs | {{apn,aprn}, {apn,arx}} € 7} for et apy, som tilhgrer bs.
(Linie 5-9).

3. Det samme geelder for y; her skriver vi
y:{ph € bs | {{aph, aph}, {aph, bEx}} € F}. (Linie 10*].4)

4. Da X og y er forskellige, ma {ph € bs | {{apn,apn}, {apn, aux}} € 7} og
{ph € bs | {{apn,apn}, {apn, bex}} € T} ogsa veere forskellige. (Linie 15).
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5. Heraf fglger, at faellesmaengden mellem
{ph € bs | {{apn,apn}, {arn, apx}} €7} og
{ph € bs | {{apn,apn}, {aprn, brx}} € T} er tom. (Linie 16).

6. Af lighedslemmaet Samelntersection far vi
{ph € U{{x,X},{7,¥}} | “cpn € X= “cpn € ¥} ={ph € U{{{ph € bs | {{apn,
(Linie 17).

7. Da {ph € U{{{ph € bs | {{aph, aph}7 {eajh7 aEx}} € F}, {ph € bs |
{{arn,aprn}, {arn, apx}} € TH} {{ph € bs | {{apn,apn}, {apn, apx}} €
7}, {ph € bs | {{apn,apn}, {apn,anx}} € T}}} | Scpn € {ph € bs |
{{aph, aph}, {aph, aEX}} S F} = -cpp € {ph € bs |
{{arn,arn}, {aprn,apx}} € 7}} er tom (punkt 5), ma
{ph € U{{x,%},{¥,¥}} | 7cpn € X = “cpy €Y} derfor ogsa veere tom,
QED. (Linie 18).

Her er beviset:

[AlIDisjoint P25 Ac Ax.P([ZFsub b 44 V,p5:5 € bs = {{5,5},{5,5}} € 7 =
VobjS: Vobit:s € bs = Tt € bs = {{5,5}, {5, t}} e T = {{t. T}, {t.s}} eT=

S VobjS: Vobit: VobjU:§ € bs =t € bs = U € bs = {{5,5},{5,t}} € =

{{t. 1}, {t,u}} e7 = {{5,5}.{5,u}} e T+ x € {ph € P(bs) | “tgy € bs =
—|{ph € bs | {{aph,aph} {aph,tEX}} S I’} bph} Fye {ph € P(bS) | “tpx €

bs = —|{ph € bs | {{aph,aph} {aph7tEx}} € I’} bph} Fax=ykF
Sep2Formula > X € {ph € P(bs) | “tgx € bs = ~ {ph € bs |

{{aph,aph} {aph7tEx}} S r} bph} > X e P(bS) = - apx € bs = = {ph S
bs | {{apn,arn}, {aph,aEX}} € ¥} =%; SecondConjunct > - % € P(bs) =

S 5apy € bs = - {ph € bs | {{aph,aph} {apn,apx}} € F}=%X>> Sag, € bs =
{ph € bs | {{apn,apn}, {apn, aEx}} € ¥} =X; FirstConjunct > - ag, € bs =
—|{ph € bs | {{aph,aph} {aph,aEX}} S I’} X > agx €

bs; SecondConjunct > - agy € bs = = {ph € bs | {{apn,apn}, {aph,aEx}} ET}=
%> {ph € bs | {{apn,aprn}, {arn,aEx}} € } =X; =Symmetry > {ph € bs |
{{aph,aph} {aph,aEX}} € I’} X > X= {ph € bs ‘ {{aph,aph} {aph,aEX}} S
f}; Sep2Formula >y € {ph € P(bs) | tg, € bs = - {ph € bs |

{{aph,aph} {aph,tEx}} € F} bph} >y e P(bS) = S5 bgx € bs = = {ph S
bs | {{apn,aprn}, {aprn, bex}} € 7} =V; SecondConjunct > -y € P(bs)

S5 bgx € bs = - {ph € bs | {{apn, arn}, {apn, bex}} €T} =¥ > = bgy € bs =
= {ph € bs | {{apn,apn}, {apn, bex}} € F}=Y¥; FirstConjunct > - bg, € bs =
—|{ph € bs | {{aph,aph} {aph, bEx}} € r} Y > bgy €

bs; SecondConjunct > - bgx € bs = = {ph € bs | {{apn,aprn}, {arn, bEX}} €ET}=
y > {ph € bs | {{aph7 aph} {aph, bEx}} S I’} y; = Symmetry > {ph € bs |
{{apn,apn}, {apn, bex}} € 7} =y > y={ph € bs | {{apn,apn}, {apn, bux}} €
7}; TransferNotEq > ©X=y > X={ph € bs | {{aph,aph} {apn,aEx}} €T} >V
{ph € bs | {{aph,aph} {aph, bEx}} € I’} > - {ph € bs |

{{apn, apn}, {apn, anx}} € 7} ={ph € bs | {{apn, apn}, {apn, bex}} €

7}; EqClassesAreDisjoint > apx € bs > bgyx € bs > -5 Vqi5:5 € bs =
{{5.5},{5,5}} € F = Vobi&: Vobjt:5 € bs = t € bs = {{5,5}, {5, t}} e =
{{t,t}, {t,5}} € F = 5 Von;5: Vobjt: Vopju:5 € bs = t € bs = U € bs =
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{{5,5},{5,t}} et = {{t, 1}, {t,u}} e T = {{5,5},{5,u}} € >~ {ph € bs |
{{apn,apn}, {apn,aex}} € 7} ={ph € bs | {{apn,apn}, {apn, bex}} € 7} >

{ph € U{{{ph € bs | {{apn,apn}, {apn,arx}} € F},{ph € bs |

{{apn,aprn}, {arn,arx}t} € T}, {{ph € bs | {{apn,apn}, {apn, bex}} € 7}, {ph €
bs | {{apn,aprn}, {apn, bex}} € F}}} | Sepn € {ph € bs |

{{apn,apn},{apn, aex}} € T} = “cpn € {ph € bs | {{apn,apn}, {apn, bex}} €
7} }=0; Samelntersection > X={ph € bs | {{apn,aprn},{apn,aEx}} €T} >y=
{ph € bs | {{apn,apn}, {apn, bex}} € T} > {ph € U{{X,x},{V,V}} | ~cpn €X =
“icpy € ¥={ph € U{{{ph € bs | {{aph,aph} {apn,anx}} € 7}, {ph € bs |
{{apn,arn}, {arn, apx}} € 7}}, {{ph € bs | {{apn,apn}, {arn, bes}} €7}, {ph €
bs | {{aph,aph} {aph, bEx}} c I’}}} ‘ “cpp € {ph € bs |

{{apn,apn}, {aPn;aEx}} € 7} = “cpn € {ph € bs | {{apn, apn}, {apn, bex}} €
t}}; =Transitivity > {ph € U{{X,x},{y,¥}} | “cpn €X= ~cpp €y} ={ph €
U{{{ph € bs | {{apn,aprn}, {arn,arx}} € 7}, {ph € bs |

{{apn,apn}, {apn, apx}} € T3}, {{ph € bs | {{apn, apn}, {apn, bex}} € 7}, {ph €
bs | {{apn, apn}, {apn, bex}} €T3} | ~cpn € {ph € bs |

{{apn,apn}, {aPn;aEx}} € 7} = “cpn € {ph € bs | {{apn,apn}, {apn, bex}} €
1} > {ph € U{{{ph € bs | {{apn,apn}, {apn,aex}} € T}, {ph € bs |
{{arn,apn}, {apn; apx}} € T} {{ph € bs | {{apn,apn}, {apn, bex}} €T} {ph €
bs | {{apn,apn}, {apn, bex}} € T}}} | “cpn € {ph € bs |

{{apn,aprn}, {apn, aEx}} € T} = “cpn € {ph € bs | {{apn,apn}, {arn, bex}} €
r1}=0> {ph € U{{x,x},{V.¥}} | “cpn € X = “cpn € Y} =01, po, )]

Bemeerk at vi 1 dette bEViS introduceier bade agy og bgx ud fra definitionen af
[{ph S P(bS) | Sty € bs = & {ph € bs | {{aph, aph}, {aph,tEX}} S F}:bph}],
selvom denne definition bruger eksistensvariablen tgy. Vi nyder her gavn af, at
separationsaksiomet tillader introduktion af ubrugte eksistens-variable (som

naevnt i afsnit L2.T]).

11.2.6 Implikation i stedet for inferens

Det sidste skridt i dette afsnit er at skifte inferenserne fra AllDisjoint ud med
implikationer. (Dette er pakraevet for, at resultatet fra AllDisjoint kan bruges i
beviset for hovedresultatet). Vi plejer jo at bruge deduktionsreglen til dén
slags konverteringer; men der et problem. Vi kan ikke konkludere

[ Vob;5: 5 € bs = {{5,5},{5,5}} € F = “1V,bi5: Vobjt:5 € bs =t € bs =
{{5,5},{5,t}} e r = {{t, 1}, {t,5}} € F = 2 Vo1;5: Vobjt: Vobju:5 Ebs = t €
bs = U e bs = {{5,5},{5t}} e = {{t,t}, {t, u}} et = {{5,5}, {5,u}} €
f =% € {ph € P(bs) | “tg, € bs = - {ph € bs |

{{aph,api}, {aph,tEX}} € F}:bph} =yE {ph S P(bS) ‘ Stpx € bs =
—'\{ph € bs | {{aph,aph}7 {aph,tEx}} S F}:bph} = X=y = {ph S
U{{X,X},{¥,¥}} | 7cpn €X= Scpy €7} =0)]

ud fra Ded; vi kan kun konkludere

67



[VobjF: VobjEI = %Vobjgig €bs= {{§7 §}, {§, 5}} eEr= %Vobjgt Vobjflg S
bs = tebs= {{553},{5t}} er= {{t,t},{t,5}} er=

S VobjS: Vobjt: VobjU:§ € bs = t € bs = U € bs = {{5,5},{5,t}} €T =
{t,1}, {t,u}} € F = {{5,5}, {5,U}} € F = Vob;T: YobjX: Vonjbs: X € {ph €
P(bs) | Stpy € bié —.|{ph € bs L{{aph,aph}iaph,tEx}} Ej}:bph} =
VobjFZ Vobjyt Vobjb&y S {ph S P(bS) | Stpx € bs = & {ph € bs |
{{apn,aprn}, {apn, tex}} € T} =bpn} = VopjX: Vobiy: " X=y = {ph €
U{{X,X},{¥.¥}} | "cpn € X= Scpy €5} =0].

Deduktionsreglen tillader altsa ikke frie objektvariable i antecedenterne. Dette
er ogsa et rimeligt krav; ellers ville vi f.eks. kunne slutte den falske implikation
[5=0 = Vop;5:5=0)] ud fra lemmaet [S=0 F Vop,;5:5=0)]. Problemet er, at
beviset for hovedresultatet kraever, at implikationen er renset for
objektkvantorer. Sa vi er altsa havnet i en blindgyde.

Vi lgser problemet ved at indfgre fglgende “snyde-aksiom”:

[Cheat AllDisjoint St 7 Fsub - Vr: Vx: Vy: Vbs: = 51Vp55:5 € bs =
{{5,5},{5,5}} € r = “Vopj5: Vonjt:5 € bs =t € bs = {{5,5}, {5,t}} e r =
{{f, E}, {E, §}} cr= —-‘Vobjgl Vobjfi Vobjﬁig €Ebs=tebs=1u€bs=
{{5,5}, {5, t}} er= {{t,t}, {t,u}} er= {{5,5},{5,u}} ertxe {ph e
P(bs) | “tex € bs = - {ph € bs | {{apn,apn}, {apn.tex}} € r}=bpu} F

y S {ph c P(E) ‘ Stpyx € bs = & {ph € bs | {{aph,aph}, {aph,tEx}} €
r}=bpp} - x=yF {ph € U{{x,x},{y,y}} | "cpn €x= Scpn €y} =

@][CheatAllDisjoint P Rule tactic]

I CheatAllDisjoint formulerer vi AllDisjoint ved hjelp af metavariable. Vi kan
opfatte CheatAllDisjoint som dét resultat, vi var naet frem til, hvis vi havde
keempet videre med de mange sidebetingelser (bortset fra at der ikke er nogen
sidebetingelser i formuleringen af CheatAllDisjoint). Ud fra denne formulering
af AllDisjoint er det nemt at aflede en implikation:

[AllDisjointImply *2° ZFsub F Vr: Vx: Vy: Vbs: [5]#0[r] i [5]#°[bs] #
[€]#°[r] i [€]#°[bs] i [T]#°[r] i [T]#°[bs] - 5 = Vop;5:5 € bs =
{{s,5},{5,5}} € r = = Vop,i5: Vobjt:5 € bs = t € bs = {{5,5},{5,t}} e r =
{{t,t}, {t,5}} € r = S Vob;jS: Vobjt: Yobju:S € bs =t € bs = U € bs =
(53,5t} er= {1, {fu}ler=> ({5, {50} er=>xec {phe
P(bs) | “tpx € bs = -~ {ph € bs | {{apn,arn},{apn,tex}} € r}=bpn} =y €
{ph € P(bs) | ~tgx € bs = - {ph € bs | {{apn,apn}, {apn, tex}} € r}=bpn} =
Sx=y = {ph € U{{x,x},{y,y}} | cpn € x= “cpn € y}=0]
[AlDisjointImply "% Ac. Ax.P([ZFsub - Vr: ¥x: Wy: Wbs: = Vpi5:5 € bs =
{{5,5},{5,5}} € r = “Vop;5: Vonjt:5 € bs =t € bs = {{5,5}, {5,t}} e r =

{{E, f}, {f,g}} cr= %Vobﬁ: Vobjft vobjﬁ:§ €Ebs=tebs=1€bs=
{ssh{sther={{t.t}{tu}} er={{s55.{su}} ertxe {ph e P(bs) |
“tpx € bs = - {ph € bs | {{apn,apn}, {apn,tex}} € r}=bpn} Fy € {ph e
P(bs) | “tgx € bs = = {ph € bs | {{apn,arn},{apn,tex}} € r}=bpn} F ~x=
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y I CheatAllDisjoint > - = V,,i5:5 € bs = {{5,5}, {5,5}} € r = = Vopj5: Vop;t: 5 €
bs =t e bs = {{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = 2 Vob;5: Vopjt: Vobju: 5 €
bs=tebs=T1uc€bs= {{55},{5t}} er= {{t,t}, {t,u}} er=
{{3,5},{5,u}} er>x € {ph € P(bs) | “tgx € bs = - {ph € bs |
{{apn,apn}, {apn, tex}} € rf=bpn} >y € {ph € P(bs) | ~tgx € bs = = {ph €
bs | {{apn,apn}, {apn, tex}} € rf=bpn} > x=y > {ph € U{{x,x} . {y, y}} |
Sicpy € X = TiCpp € Y} =0; Vr: Vx: Vy: Vbs: Ded > Vr: Vx: Vy: Vbs: - “VobjS:5 €
bs = {{5,5},{5,5}} € r = " Vob;j5: Vobit:5 € bs = t € bs = {{5,5}, {5, t}} er =
{{t,t}, {t,5}} € r = S VobjS: Vobjt: Vobju:S € bs =t € bs = U € bs =
{sshstter= {tth{tut er= {{s5},{su}} er-xe {phe P(bs) |
“tpx € bs = ~{ph € bs | {{apn,aprn}, {apn,tex}} € r}=bpn} -y € {ph e
P(bs) | ~tex € bs = - {ph € bs | {{apn,arn}, {apn,tex}} € r} =bpyn} F “x=
y F{ph € U{{x,x},{y,y}} | "cpn €Ex= “cpn €y} =0 > [51#°r] =
[S1#£° [bs] i [€]4°[r] = [£]#° [bs] b [T]#°[r] i [T]#°[bs] I == Vop5:5 €
bs = {{5,5},{5,5}} € r = “Vop,i5: Vont:s € bs == t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = S Vob;jS: Vobjt: VobjU:S € bs =t € bs = U € bs =
{{5,5}, {5, t}}Er:>{{t th{t,u}} er={{s,5},{s,u}} er=xe {phe

P(bs) | ~tex € bs = = {ph € bs | {{apn,apn}, {apn, tex}} € r}=bpn} =y €
{ph € P(bs) | ~tgx € bs = - {ph € bs | {{apn,apn}, {arn, tex}} € r}=bpn} =
Six=y = {ph € U{{x,x},{y,y}} | cpn € x= “1cpn € y} =01, po,¢)]

Vores brug af metavariable betyder, at sidebetingelserne straks vender tilbage
— dog i et taleligt omfang. Det er lemmaet AllDisjointImply, som vi kommer
til at bruge i beviset for EqSysIsPartition.

11.3 Akvivalensklassernes foreningsmangde

I dette underafsnit viser vi fgrst, at bs er en delmeengde af
akvivalensklassernes foreningsmaengde

U{ph € P(bs) | ~tgx € bs = - {ph € bs | {{apn,aprn},{aprn,tex}} € r} =bpn}
(under-underafsnit IT.3.1]), og vice versa (under-underafsnit [T.3.2]). Herudfra
kan vi let vise, at de to maengder er lig hinanden (under-underafsnit IT.3.3).

11.3.1 Den ene halvdel

Lemmaet EqClassIsSubset udsiger, at en sekvivalensklasse
{ph € bs | {{apn, apn}, {apn,x}} € r} defineret pa en maengde bs er en
delmzngde af bs:

[EqClassIsSubset S 7Fsub - Vr: Vs: Vx: Vbs: s € {ph € bs |
{{apn,arn}, {apn,x}} € r} = s € bg]

Lemmaet folger direkte af definitionen af
[{ph € bs | {{apn,arn}, {apn,x}} € r}] fra afsnit 5.9t

proof

[EqClassIsSubset " — Ac.Ax.P([ZFsub F Vr: Vs: Vx: Vbs: s € {ph € bs |
{{apn,aprn}, {apn,x}} € r} F Sep2Formula > s € {ph € bs |
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{{apn,apn}, {apn,x}} € r} > “s € bs = ~{{s,s}, {s,x}} €

r; FirstConjunct > s € bs = - {{s,s},{s,x}} €r>s¢e

bs; Vr: Vs: Vx: Vbs: Ded > Vr: Vs: Vx: Vbs: s € {ph € bs | {{apn, apn}, {apn,x}} €
r}Fscbs>se {phebs|{{apn arn},{arn,x}} € r} = s € bs|, po,c)]

Kommet sa vidt kan vi bevise, at bs er en delmaengde af
U{ph € P(bs) | “1tpx € bs = - {ph € bs | {{apn,apn}, {apn, tex}} € r}=bpn}:

[BSsubset 5" ZFsub - Vr: Vs: Vbs: [5]#°[r] # [s]#°[bs] # [T]#°[r] #

[t]#° [bs] i [T]#°[r] I [T]#°[bs] - == Vop;5:5 € bs = {{5,5}, {5,5}} € r =
;‘Vobjgz vobjig S E =t € E = {{gv g}a {§, f}} er= {{faf}v {fa §}} €r=
%Vobjgi Vobjfi Vobjﬁig Ebs=t€Ebs=1u€bs= {{g, §}, {g, E}} eEr=

{{t,t}, {t,u}} er={{55},{5,U}} er=s€bs=se U{ph e P(bs) | “tpx €
bs = = {ph € bs | {{apn,apn}, {apn;tex}} € r}=bpn}]

Beviset for BSsubset falder i tre dele:

1. Lad s veere et vilkarligt medlem af bs. Ud fra AutoMember har vi, at s
tilhgrer sin egen ackvivalensklasse {ph € bs | {{apn,apn}, {apn,s}} € r}
(linie 6-7).

2. Videre har vi, at denne akvivalensklasse tilhgrer sckvivalenssystemet
{ph € P(bs) | ~tgx € bs = - {ph € bs | {{apn,arn}, {arn, tex}} € r} =bpu}l
(linie 8-13).

3. Ud fra punkt 1 og 2 og definitionen af “foreningsmaengde” far vi, at s
tilhgrer eekvivalenssystemets foreningsmaengde U{ph € P(bs) | “tgx €

bs = = {ph € bs | {{apn,aprn}, {arn,tex}} € r} =bpn}, QED
(linie 14-16).

Her er selve beviset:

proo

[BSsubset ropf AcAx.P([ZFsub F Vr: Vs: Vbs: [5]#°[r] # [5]#°[bs] i

S 4Vobis:S € bs = {{5,5},{5,5}} € r = 5 Vobj5: Vobjt:5 € bs =t € bs =

{{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = 1 Vob;j5: Yobjt: Vobju:5 € bs =t € bs =
uebs={{55},{5t}} er={{t,t},{t,u}} er= {{5,5},{5,u}} €erksebst
AutoMember 1> [S]#°[r] > [S]#°[bs] > - = Vop;s:5 € bs = {{5,5},{5,5}} €
r= VopiS: Vobit:s € bs = t € bs = {{5,5}, {5,t}} e r = {{t.t},{t,5}} er=
S VobjS: Vobjt: Yobju:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =
{t,t},{t,u}} er={{5,5},{5,u}} €er>se€bs>>se {phebs|

{{apn,aprn}, {aprn,s}} € r}; EqClassIsSubset > § € {ph € bs |

{{apn,apn}, {apn,s}} € r} = § € bs; SubsetInPower >§ € {ph € bs |
{{arn,arn}, {arn,s}} € r} =5 € bs > {ph € bs | {{apn,arn}, {arn,s}} €1} €
P(bs); =Reflexivity > {ph € bs | {{apn,apn},{apn,s}} € r}={ph € bs |

{{apn, apn}, {apn,s}} € r}; JoinConjuncts > s € bs > {ph € bs |

{{apn,apn}, {apn,s}t} € rj ={ph € bs | {{apn,apn},{apn,s}} €r} > s € bs =
“{ph € bs | {{apn,apn}, {apn,s}} € r}={ph € bs | {{apn,apn}, {apn,s}} €

r}; ExistIntro @ agyx @s > —s € bs = = {ph € bs | {{apn,apn}, {apn,s}} €r}=
{ph € bs | {{apn,aprn}, {apn,s}} € r} > “apy € bs = = {ph € bs |
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{{apn,aprn}, {apn,aex}} € r}={ph € bs | {{apn,aprn},{aprn,s}} €

r}; Formula2Sep > {ph € bs | {{apn, apn}, {apn,s}} € r} € P(bs) > " agx € bs =
“{ph € bs | {{apn,aprn}, {arn,arx}} € r} ={ph € bs | {{apn,aprn},{apn,s}} €
r} > {ph € bs | {{apn,aprn},{apn,s}} € r} € {ph € P(bs) | ~tgx € bs =

= {ph € bs | {{aph, aph}, {aph, tEx}} € [}:bph}; ExistIntro @ jex @{ph € bs |
{{apn,apn},{apn,s}} € r} >s € {ph € bs | {{apn,apn}, {apn,s}} €r} >s€
JEx; ExistIntro @ jex @{ph € bs ‘ {{aph, aph}, {aph,§}} € [} > {ph € bs |
{{apn,apn}, {apn,5}} € r} € {ph € P(bs) |ty € bs = = {ph € bs |
{{apn,aprn}, {apn,tex}} € r} =bpn} > jux € {ph € P(bs) | “tgx € bs =

= {ph € bs | {{aph, aph}, {aph, tEx}} € [}:bph}; Formula2Union > s €

jEx D> jex € {ph € P(bs) | ~tgx € bs = = {ph € bs | {{apn,apn}, {apn, tex}} €
r}=bpn} >s € U{ph € P(bs) | “tgx € bs = - {ph € bs |

{{apn,apn}, {arn, tEx}} € r} =bpy}; Vr: Vs: Vbs: Ded 1> Vr: Vs: Vbs: [5]#°[r]
[S1# [bs] = -1 Vobi5:s € bs = {{5,5},{5,5}} € r = “VopiS: Vopjt:sEbs =T €
bs = {{5,5}, {5, t}} e r= {{t,t},{t,5}} € r = = Vo1i5: Vobit: Vopju:S € bs = t €
bs = u € bs = {{5,5},{5,t}} e r = {{t,t}, {t,u}} e r= {{5,5}, {5, u}} er
s€bstks e U{ph € P(bs) | “tgx € bs = - {ph € bs | {{apn,apn}, {apn.tex}} €
rh=bpy} > [S]#°[r] i [S]#°[bs] #= [t]#°[r] = [t]#° [bs] i [T[#°[r] #
[U]#°[bs] = -1 Vobi5:5 € bs = {{5,5},{5,5}} € r = “Vobis: Vopjt:sEbs =t €
bs = {{5,5}, {5, t}} e r= {{t,t},{t,5}} € r = = Vo1i5: Vobit: Vopju:S € bs = t €
bs =0 € bs = {{5,5}, {5, t}} e r = {{t,t}, {t,u}} e r= {{5,5}, {5, u}} e r=
s € bs=s & U{ph € P(bs) | “tgx € bs = = {ph € bs |

{{apn,aprn}, {apn, tex}} € r}=bpu}], po, )]

I beviset bruger vi for fgrste gang slutningsreglen ExistIntro. Vi anvender her
konstruktionen [x @y] til at forteelle bevischeckeren, hvordan metavariablene x
og t i ExistIntro skal instantieres. Dette kan bevischeckeren ikke selv finde
frem til, da bade “x” og “t” kun optraeder i reglens sidebetingelse. Det er med
andre ord det samme problem som ved separationsaksiomet i afsnit .21l som
vi her har lgst pa en anden made.

11.3.2 Den anden halvdel

Vi viser nu det modsatte resultat af BSsubset: bs er en delmangde af
U{ph € P(bs) | ~tex € bs = - {ph € bs | {{apn,apn}, {apn;tex}} € r} =bpn}:

[Union(BS/R)subset *3" ZFsub + Vr: Vs: Vbs: [5]#°[bs] k- [5]#°[r] #

[€1#° [r] b []#°[bs] i [U]4°r] i [T]#°[bs] b= 5 Vop;5:5 € bs =
{{5,5},{5,5}} € r = - Vobj5: Vobjt:5 € bs = t € bs = {{5,5}, {5,t}} € r =

{{E, f}, {f,g}} cr= ;\Vobjgl Vobjft vobjﬁ:§ €Ebs=tebs=1u¢€bs=

{55} {8} er= ({Lt) {Lu}} €1 = {{5.5) {5.0}) €r=s € Ufph €
P(bs) [ “tex € bs = ~ {ph € bs | {{apn,apn}, {arn, tex}} € r}=bpn} = s € bs]
Beviset for Union(BS/R)subset kan opdeles i fire dele:

1. Lad s veere et medlem af U{ph € P(bs) | “tgx € bs = = {ph € bs |
{{apn,aprn}, {apn,tex}} € r} =bpy}. [s] ma tilhgre en sekvivalensklasse,
som vi kalder for jgx (linie 5-7).
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2. [jgx] tilhgrer sekvivalenssystemet {ph € P(bs) | “tgx € bs = - {ph € bs |
{{apn,aprn}, {apn, tex}} € r}=bpy}, som igen er en delmeaengde af
potensmaengden P(bs). Derfor ma jgyx tilhgre P(bs) (linie 8-10).

3. Dette medfgrer igen, at jgx er en delmeengde af bs (linie 11).
4. Ud fra punkt 1 og 3 far vi, at s tilhgrer bs, QED (linie 12-14).

Her er selve beviset:

proof

[Union(BS/R)subset ~— Ac.Ax.P([ZFsub - Vr: Vs: Vbs: [5]#°[bs] i~

S Vopis:S € bs = {{5,5},{5,5}} € r = 7 Vobj5: Vobit:S € bs = t € bs =

{{5,5}, {5, t}} e r= {{t, 1}, {t,5}} € r = S V015 Yobjt: Vob;u:5 € bs =t € bs =

uebs= {{55},{5t}} er= {{t,t}, {t,u}} €er= {{55}, {5, u}} €erkse

U{ph € P(bs) | ~tex € bs = - {ph € bs | {{apn,apn}, {apn,tex}} € r}=bpn} F

Union2Formula > s € U{ph € P(bs) | “tgx € bs = - {ph € bs |

{{apn,aprn}, {apn, tex}} € r}=bpn} > =5 € jgx = S jex € {ph € P(bs) |

“tpx € bs = ~{ph € bs | {{apn, apn}, {apn, tex}} € 1} =

bpy }; FirstConjunct > s € jgx = “jux € {ph € P(bs) | 7tgx € bs = = {ph €

bs | {{apn,aprn},{apn,tex}} € r}=bpn} > s € juy; SecondConjunct > —s €

jix = i € {ph € P(bs) | “tpy € bs = * {ph € bs |

{{apn,arn}, {apn,tex}} € r}=bpn} > jux € {ph € P(bs) | ~tpx € bs =

- {ph € bs | {{apn,aprn}, {apn,tex}} € r} =bpn}; Sep2Formula > jgx € {ph €

P(bs) | ©tex € bs = = {ph € bs | {{apn, arn}, {aprn,tex}} € rf=bpn} > S jux €

P(bs) = = -agx € bs = ~{ph € bs | {{apn,apn}, {apn,aex}} € r}=

jEx; FirstConjunct > - jgx € P(bs) = - agy € bs = - {ph € bs |

{{aph, aph}7 {aph7 aEX}} S [} :jEx > jEx S P(E), (Switch)PowerIsSub >

[51#"[bs] > jrx € P(bs) > 5 € jgx =S € bs; Gen >§ € jpx = § € bs >

VobiS:S € jEx = § € bs; (Switch)HelperPowerIsSub 1> [5]#%[bs] > Vop;s:5 €

jEx = SEbs=5€ jpx = 5 € bs; MP2 > V1,j5:5 € jpx = SEbs = s € jpx => s €

bs > Voi5:S € jpx > SE€bs>s € jpx >s €

bs; Vr: Vs: Vbs: Ded > Vr: Vs: Vbs: [5]#° [bs] = 5 Vop;5:5 € bs = {{5,5}, {5,5}} €

r = VoS Vobjt:5 € bs = t € bs = {{5,5},{5,t}} e r = {{t,t}, {t,5}} er=

S VobjS: Vobjt: YobjU:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =

{t, i}, {t,ut} er= {{5,5},{5,u}} e r-s € U{ph € P(bs) | “tgx € bs =

%{ph € bs | {{aph,aph} {aph,tEX}} S I’} bph} Fsé&bs> [51#0 {E] =

[S14°[r] #= [E1#°[r] #= [E1#° [bs] #= [T]#°[r] # [T]#°[bs] I == Veb5:5 €

bs = {{5,5},{5,5}} € r = Vobj5: Vopit:S € bs = t € bs = {{5,5}, {5, t}} e r=

{{t,t}, {t,5}} € r = S Vob;j5: Vobjt: Vobju:S € bs =t € bs = U € bs =

{{5,5}, {5, t}}Er:>{{t th{t,u}} er={{s,5},{s,u}} er=se U{ph e
P(bs) | 7tex € bs = ~{ph € bs | {{apn,apn}, {apn,tex}} € r}=bpn} = s €

E]»PO»C)]

11.3.3 De to halvdele sattes sammen

Nu hvor vi har vist, at bs og

U{ph € P(bs) | “tgx € bs = - {ph € bs | {{apn,arn},{aprn,tex}} € r}=bpn} er
hinandens delmangder, er det let at vise, at de er lig med hinanden:
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[UnionIdentity *2"° ZFsub F Vr: Vbs: [5]#°[r] # [5]#°[bs] - [€]#°[r] i
[€]#° [bs] - [T]#°[r] = [T]#°[bs] - = Vop;5:5 € bs = {{5,5}, {s,5}} er=
A VobjS: Vobjt:5 € bs = t € bs = {{5,5}, {5,t}} e r = {{t,t}, {t,;5}} e r=

S VobjS: Vobjt: Yobju:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =
{{t,t},{t,u}} e r= {{5,5},{5,u}} e rF U{ph € P(bs) | “tgx € bs = = {ph €
bs | {{apn,aprn},{apn,tex}} € r} =bpn}=bs]

[UnlonIdentlty PPt \eAx. P([ZFsub F Vr: Vbs: [5]#°[r] # [5]#°[bs] i
[€]#°x] i [t]#° bs] b= [a]#°[r] b [T]#° [bs] b =+ Vob;5:5 € bs =
{{5,5},{5,5}} € r = = Vopi5: Vonit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = 2 Vop;5: Vobjt: Vobju:s € bs =t € bs = U € bs =

{{5,5}, {5, t}} e r = {{t,t}, {t,u}} e r = {{5,5}, {5, U}} € r - BSsubset 1>
[S1#°[r] > [S]#°[bs] > [€]#°[r] > [€]#°[bs] & [U]#°[r] > []# [bs] >
S Vopis:S € bs = {{5,5},{5,5}} € r = 7 VobjS: Vobit:S € bs = t € bs =

{{s,5}, {5, t}} e r= {{t,t}. {t,5}} € r = Vo5 Vobjt: Vobju:5 € bs = t € bs =
uebs= {{55}, {5t} er= {{t,t},{t,u}} €r= {{5,5}, {5, u}} €er=5¢
bs=5¢€ U{ph S P(@) ‘ Stgx € bs = —'|{ph € bs | {{aph,aph}, {aph,tEx}} €
[}prh}; MP > - %Vobjgig € bs = {{g,g}, {§7 §}} cr= %Vobjgt Vobjfig € bs =
tebs = {{5,5},{5,t}} e r = {{t,t}, {t,5}} € r = = Vop;5: Vobjt: Vop;u: s € bs =
tebs=tuebs= {{55},{5t}} er= {{t,t}, {t,u}} er= {{5,5}, {5,u}} €
r=35¢€bs=5¢c U{ph € P(bs) | “trx € bs = - {ph € bs |
{{apn,aprn},{apn,tex}} € r} =bpn} > V55 € bs = {{5,5},{5,5}} e r =
“VobjS: Vobjt:5 € bs = t € bs = {{5,5}, {5, t}} e r = {{t,t}, {t.5}} e r=

A VobiS: Vobjt: VobjU:s € bs = t € bs = U € bs = {{5,5},{5,t}} e r =

{{t,t}, {t,u}} er= {{55}, {5, U} er>s€bs=5ec U{ph e P(bs) | “tpx €
bs = - {ph € bs | {{apn,aprn}, {apn,tex}} € r} =bpn}; Union(BS/R)subset 1>
[51#° bs] > [s]#°[r] 1 [E1#°[r] > [E1#°[bs] & [G]#°[r] & []#°[bs] >
4 VobiS:S € bs = {{5,5},{5,5}} € r = S Vobj5: Vobjt:5 € bs =t € bs =

{{s,5}, {5, t}} e r = {{t, 1}, {t,5}} € r = Vopi5: Vopjt: Vobju:5 € bs = t € bs =
uebs={{55}, {5t} er= {{t,t},{t,u}} er= {{5,;5}, {5,u}} er=5¢
U{ph € P(bs) | “tpx € bs = = {ph € bs | {{apn,arn}, {arn, tex}} € 1} =

bpn} =5 € bs; MP > = 5Vp,i5:5 € bs = {{5,5}, {5,5}} € r = 1 Vop;5: Vopjt:s €
bs =t € bs= {{5,5},{5,t}} € r = {{t,t}, {t,5}} € r = - Vob;S: Vobjt: VobjUu:5 €
bs=tebs=1ue€bs= {{55},{5t}} er= {{t, t},{t,u}} er=
{{5,5},{5,u}} e r =5 € U{ph € P(bs) | “tgx € bs = - {ph € bs |

{{aph, aph}, {aph7tEx}} S [}:bPh} =S5E€bs> S Vobis:5 € bs =
{{5,5},{5,5}} € r = = Vopi5: Vonit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = 2 Vop;5: Vobjt: Vobju:s € bs =t € bs = U € bs =
{{s.5}.{s,8}} er= {{L. {L0}} er= {{s.5}.{s,0}} er>se Ufphe
P(bs) | “tex € bs = = {ph € bs | {{apn,apn}, {apn, tex}} € r}=bpn} =5 €

bs; ToSetEquality > § € U{ph € P(bs) | “tgx € bs = - {ph € bs |

{{aph, Elph}7 {aph,tEX}} S [}:bPh} =35cbs>scbs=535¢ U{ph S P(E) |
Stpx € bs = = {ph € bs | {{apn,apn},{apn,tex}} € r}=bpn} > U{ph €

P(bs) | 7tex € bs = = {ph € bs | {{apn,apn}, {apn,tex}} € r}=bpn}=
@-va(hc)]
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11.4 Det sidste bevis

Rapportens sidste bevis vedrgrer naturligvis hovedresultatet:

[EqSysIsPartition 3" ZFsub b - -V,p5:5 € bs = {{5,5}, {5,5}} € T =

S VobjS: Vobit: s € bs = t € bs = {{5,5}, {5, t}} e = {{t, t}, {t,s}} er=

1 VobjS: Vobit: VobjU:§ € bs =t € bs = U € bs = {{5,5},{5,t}} € =
{t.t},{t,u}} er= {{5,5},{5,u}} € FF = Vop;5:5 € {ph € P(bs) | “tpx €
bs = = {ph € bs | {{apn,apn}, {apn, tex}} €T} =bpp} = 75=0 =

S VobjS: Vobjt: 5 € {ph € P(bs) | “tgx € bs = = {ph € bs |

{{aph, aph} {aph,tEX}} € F} bph} =>te {ph € P(bs) | Stpx € bs = & {ph €
bs | {{aph,aph} {aph,tEX}} € F} bph} = S5=t = {ph € U{{S S} {t t}} |
“cpp €5= cpy €1)=0 = - U {ph € P(bs) | “tgy € bs = - {ph € bs |
{{apn,apn}, {apn, tex}} € F} =bpp} =bs]

I beviset sammenseetter vi resultaterne fra underafsnit [[T.1] (linie 2-4),
underafsnit (linie 5-8) og underafsnit [[T.3] (linie 9):
[EqSysIsPartition ™% Ac.Ax. P([ZFsub F - Vo555 € bs = {{5,5},{5,5}} €
F= VoS Vobit:s € bs = t € bs = {{5,5}, {5,t}} e = {{t,t}, {t,5}} er =
1 VobjS: Vobit: VobjU:§ € bs =t € bs = U € bs = {{5,5},{5,t}} €=
{{z,t}, {t,u}} e r = {{5,5}, {5,u}} € T EqSysNot@ > -1 V,p,;5: 5 € bs =
{{5,5},{5,5}} € F = = VobS: Vobit:5 € bs = t € bs = {{5,5}, {5, t}} e T =
{{E, E}7 {E,g}} er= %Vobjgi Vobjfi Vobjﬁig Ebs=tecbs=10€cbs=
{{5,5}, {5, t}} e?:{{f th{t,u}} €er= {{55},{5u}} er>xec {phe

(bs) ‘ Stpx € bs = & {ph € bs | {{aph,aph} {aph,tEx}} S I’} bph} = SX=
@;Ded > X € {ph € P(bs) | “tpx € bs = = {ph € bs | {{apn,apn}, {apn, tex}} €
F}=bpy} = “X=0 > 5 € {ph € P(bs) | “tpx € bs = - {ph € bs |
{{ap}”aph} {aph,tEx}} S ?} bph} = 45=0;Gen>3s € {ph S P(E) | “tpyx €
bs = = {ph € bs | {{apn,apn}, {apn, tex}} €T} =bpp} = 75=0 > V,;5:5 €
{ph S P(bs) | “tpx € bs = —\{ph € bs ‘ {{aph,aph} {aph,tEx}} S r} bph} =
=5=0); AlDisjointImply > - -V,,55:5 € bs = {{5,5},{5,5}} €T =
VopjS: Vobit:s € bs = T € bs = {{5,5}, {5, 1} } e T = {{t, 1}, {t,5}} e T =
VoSt Vobit: VobjU:§ € bs =t € bs = U € bs = {{5,5},{5,t}} € =
{{t. 1}, {t,u}} et = {{s.5}.{5,u}} e T =5 € {ph € P(bs) | 1tgy € bs =
—\{ph € bs | {{aph,aph} {aph,tEX}} S r} bph} =te {ph S P(bS) | Stpx €
bs = —\{ph € bs | {{aph,aph} {aph,tEx}} S r} bph} = 5=t Zi{ph S
U{{5,5}, {t,t}} | "cpn €5 = Scpn €t} =0; MP > = 5V1,;5:5 € bs =
{{5,5},{5,5}} € F = “Vobj5: Vobjt:5 € bs = T € bs = {{5,5}, {5, T} } e T =
{{t,t}, {t,5}} € F = S Vop;5: Vobjt: VobiU:5 € bs =t € bs = U € bs =
{{5,5} {5, t}}er:>{{t th{t,u}} er= {{55},{5u}} er=5¢€ {phe

(bs) ‘ Stpx € bs = & {ph € bs | {{aph,aph} {aph,tEx}} S I’} bph} =tc
{ph € P(bs) | ~tgy € bs = - {ph € bs | {{apn,aprn}, {apn,tex}} € F}=bpn} =
~s=t= {ph € U{{5,5},{t,t}} | "cpn €5 = -cpp €t} =0 > 7" V55 €
bs = {{5,5},{5,5}} € T = “Vop;5: Vopjt:s € bs = t € bs = {{5,5}, {5, t}} e T =
{{t,t},{t,5}} € T = 2 Vobj5: Vopit: Vobju:S € bs =t € bs = U € bs =

{{s,5}, {5, t}} er= {{t,t}.{t,u}} e T = {{5,5},{5,u}} er>»>s5€e {ph e
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P(bS) ‘ %LEX € bs = —"7{ph € bs | {{eajh,aph}, {aph,tEX}} € F}:bph} =>te
{ph S P(bS) | Stpx € bs = & {ph € bs ‘ {{aph,aph} {aph,tEX}} S F} bph} =
~s=t = {ph € U{{5, s} {t,t}} | “cpn €5 = cpn €t} =0;Gen>5 € {ph €
(bS) ‘ Stpy € bs = & {ph € bs | {{aph,aph} {aph,tEx}} € I’} bph} =>te
{ph € P(bs) | ~tgx € bs = - {ph € bs | {{apn,aprn}, {apn,tex}} € F}=bpn} =
“5=t = {ph € U{{5,5},{t,t}} | "cpn €5 = cpn €t} =0 > V,,t:5€ {ph €
(bS) ‘ Stpy € bs = & {ph € bs | {{ap}haph} {aph,tEX}} S r} bph} =tec
{ph € P(bs) | “tgx € bs = - {ph € bs | {{apn,apn}, {apn,tex}} € F}=bpn} =
==t = {ph € U{{5,5},{t,t}} | “cpn €5 = “cpn € t}=0; Gen > Yop;t:5 €
{ph € P(bs) | “tgx € bs = = {ph € bs | {{apn,apn}, {apn,tex}} € T} =bpn} =
t e {ph € P(bs) | “tgx € bs = = {ph € bs | {{apn,apn}, {apn,tex}} €T} =
bpn} = 5=t = {ph € U{{5,5},{t,t}} | "cpn €5= Scph €T} =0 >
VobjS: Vobjt:5 € {ph € P(bs) | “tpx € bs =  {ph € bs |
L{aph,aph}, {aph,tEx}} S F}prh} =>te {ph S P(bs) | “tpx € bs = %{ph €
bs | {{aph,aph} {aph,tEX}} € F} bph} = S5=t = {ph € U{{§ §} {f f}} |
“cph €5 = “cpp € t}=0; Unionldentity > - - Vop;5:5 € bs = {{5,5}, {5,5}}
F= “Vobis: Vobil:s € bs = T € bs = {{5,5}, {5,t}} e T = {{t, T}, {t,5}} eT =
1 VobiS: Vobjt: Vopil:s € bs = t € bs = U € bs = {{5,5},{5,t}} e T =
{{t.t}. {t.u}} et = {{5,5},{5,u}} € 7> U{ph € P(bs) | “1tgx € bs = = {ph €
bs | {{aph,aph} {aph,tEX}} € r} bpy, } =bs; JoinConjuncts > V,1,;5:5 € {ph €
(bS) ‘ Stpyx € bs = = {ph € bs | {{aph,aph} {aph,tEX}} € r} bph} = 5=
D 1> Vobis: Vobjt: 5 € {ph € P(bs) | “1tgx € bs = - {ph € bs |
ﬁaph,aph}7 {aph,tEx}} S F}:bph} =te {ph S P(bs) | “tpy € bs = %{ph S
bs | {{apn,apn}, {arn, tex}} € T} =bpn} = ~5=t = {ph € U{{5,5}, {t, t}} |
Scpp €5 = Ticpy €1} =0 > AV,;5:5 € {ph € P(bs) | 7tgx € bs = -~ {ph €
bs | {{aph,aph} {aph,tEX}} € F} bph} = 45=0 = —\vobJS VOth sE {ph S
(bS) ‘ Stpy € bs = = {ph € bs | {{aph,aph} {aph,tEX}} € r} bph} =>te
{ph S P(bS) | Stpx € bs = —|{ph € bs ‘ {{aph,aph} {aph,tEx}} S I’} bph} =
==t = {ph € U{{5,5},{t,t}} | "cpn €5 = cpn €t} =
@; JoinConjuncts > - Vp,;5: 5 € {ph € P(bs) | “tgx € bs = = {ph € bs |
{{aph,aph} {aph,tEX}} S r} bph} = 45=0 = —\VObJS VOth seE {ph S
(bS) ‘ Stpyx € bs = = {ph € bs | {{aph,aph} {aph,tEX}} € I’} bph} =>te
{ph S P(bS) | “tpy € bs = —|{ph € bs ‘ {{aph,aph} {aph,tEx}} S I’} bph} =
5=t = {ph € U{{5,5}, {t,T}} | "cpn €5 = “rcpp € T} =0 > U{ph € P(bs) |
Sty € bs = —\{ph € bs | {{aph,aph} {aph,tEX}} € r} bph} bs >
S 4Vobjs:Ss € {ph € P(bs) | “tgy € bs = - {ph € bs | {{aph,aph} {aph,tex}} €
f}=bpp} = 75=0 = Vb5 Yobit:5 € {ph € P(bs) | “tgy € bs = ~{ph e
bs | {{apﬁaph} {aph,tEx}} € r} bph} =>te {ph € P(bs) | Stpy € bs =
%{ph € bs | {{aph,aph} {aph,tEX}} S F} bph} = 5=t = {ph S
U{{s,5}, {t, T}} | “cpn €5 = “cpn € T} =0 = = U{ph € P(bs) | “1tpx € bs =
= {ph € bs | {{aph,aph} {aph,tEx}} € T} =bpy } =bs; Repetition > - - V,p;5: 5 €
{ph € P(bs) | ~tgx € bs = = {ph € bs | {{apn,apn}, {aph, tex}} € T} =bpn} =
S5=0 = Vo1;5: Vob;t:5 € {ph € P(bs) | “1tgx € bs = = {ph € bs |
{{aph7aph} {aph,tEx}} S ?} bph} =>te {ph S P(bs) | “tpy € bs = %{ph S
bs | {{apn,apn},{apn,tex}} € F}=bpn} = S5=t = {ph € U{{5,s}, {t,t}} |
“cpp €5 = Scpy €1)=0 = 5 U {ph € P(bs) | “tg, € bs = - {ph € bs |

m

(6]



ﬁ:ap}naph}7 {aih,tEx}} S ?}:bph}:bs > ;‘_.‘Vobjg:g € {ph S P(bS) | “tpy €
bs = = {ph € bs | {{apn,aprn}, {apn, tex}} €T} =bpp} = 25=0 =

S VobjS: Vobjt: 5 € {ph € P(bs) | “tgx € bs = = {ph € bs |

L{aph, aph}7 {aph,tEx}} € F}prh} =>te {ph € P(bs) | Stpx € bs = & {ph €
bs | {{apn,apn}, {apn,tex}} € T} =bpn} = ;E:{ = {phSU{{g, s}, {f,ﬁ} |

“cpn €5 = icpy € t)=0 = - U{ph € P(bs) | ~tgx € bs = - {ph € bs |
{{apn,aprn}, {apn, tex}} € T} =bpn}=bs], po, ¢)]

Leeg meerke til, at vi i linie 2 instantierer meta-variablen s i EqSysNot@ til
objektvariablen X, selvom det egentlig er S, vi gerne ville have fat i. Dette
skyldes, at EqSysNot® indeholder sidebetingelsen [[5]#°[s]] (jvf. afsnit TT.1)).
Vi lgser problemet i linie 3, hvor deduktionsreglen skifter X ud med s.
Deduktionsreglen tillader kun sadanne variabelskift, nar der ikke er nogen
metavariable i neerheden; det er derfor, at vi ikke tidligere har brugt reglen pa
denne made.
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12 Konklusion

Vi har ikke haft 100% succes med at bevise hovedresultatet; der matte et
“snyde-aksiom” til hjeelp. Problemet er, at systemet kraever et stort antal
sidebetingelser for at sikre, at objekt- og metavariable undgar hinanden. Et
spgrgsmal er, om vi kunne have undgaet dette problem ved at handtere
aksiomerne og definitionerne fra afsnit @ og [l anderledes. Her er en kort
diskussion af et par alternative strategier:

Det er naeppe holdbart kun at arbejde med objektvariable. Deduktionsreglen
kan gennemfgre variabelskift som f.eks. “y i stedet for X", men ikke
instantieringer som f.eks. “{y,z} i stedet for X”. (Jvf. formuleringen af
Samelntersection i afsnit [[0.6] hvor vi matte instantiere objektvariablene “pa
forhand”). Vi sa ogsa i afsnit at det er sveert at skifte fra inferens til
implikation med objektvariable; deduktionsreglen kan ikke anvendes.

Det andet ekstrem er kun at arbejde med metavariable og -kvantorer. Man
kunne da f.eks. formulere den ene halvdel af Extensionality som

[Vx:Vy:Vs:msex=>scy=scy=scxkx=y|

Logiwebs bevischecker er imidlertid ikke gearet til denne lgsning, og det virker
heller ikke som om, at vi pa denne made lgser det egentlige problem: F.eks.
giver det noget sludder, hvis vi instantierer “s” til “x” i det ovenstaende. Den
samme kritik kan rettes mod forslaget “lad objektkvantorerne binde
metavariable i stedet for objektvariable”.

Den bedste lgsning ma derfor veere at lade bevischeckeren fa ansvaret for at
administrere sidebetingelserne, saledes at brugeren kun laegger meerke til dem,
hvis han overtraeder dem. Jeg har imidlertid ikke noget overblik over, hvor
kreevende det er at implementere denne lgsning.

Min anden hovedkonklusion er, at deduktionsreglen skal suppleres med A4 fra
[6], hvis eksistenskvantorer skal handteres tilfredsstillende. Min lgsning med
eksistens-variable har fungeret i denne rapport, men det er ikke nogen sikker
metode. Der er f.eks. intet, som forhindrer brugeren i at introducere allerede
brugte eksistens-variable og dermed opna systemets godkendelse af et ukorrekt
bevis. Det er et abent spgrgsmal, hvor brugervenlig kombinationen “Ded og
A4” er; den interesserede laeser skal vaere velkommen til at ggre sine egne
erfaringer.
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A Oversigt over variabelnavne

e De fire vigtigste objektvariable er: [3], [t], [U] og [bs].
e Eksistens-variablen [jgx] bruges i aksiomet [UnionDef] fra afsnit

e Ekistens-variablen [tgy] bruges i definitionen af [{ph € P(bs) | “tgx €
bs = = {ph € bs | {{aph, I:?lph}7 {aph,tEX}} S I’}:bph}] fra afsnit

e Eksistens-variablene [agy] og [brx] bruges i beviser, nar [juy] eller [tgy]
ikke er pakraevede.

e Pladsholder-variablen [apy] bruges i definitionen af
[{ph € bs | {{aph,aph}, {aph,x}} S r}] fra afsnit 5.9

e Pladsholder-variablen [bpy] bruges i definitionen af [{ph € P(bs) | -ty €
bs = = {ph € bs | {{ap}17 aph}, {aph,tEX}} € r}:bph}] fra afsnit .91

e Pladsholder-variablen [cpy] bruges i definitionen af
[{ph € U{{x,x},{y,y}} | “cpn € x = —cpn € y}] fra afsnit
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Metavariablene [a], [b] - - - [f] varierer over formler.

Metavariabelene [r], [s] - - - [z] samt [bs] varierer over termer. ([r] star altid
for en relation).

Metavariablen [p] varierer over pladsholder-variable.

Endelig kan de “ra” variable [a], [b] - - - [z] samt [bs] variere over hvad
som helst; disse variable er ikke tilknyttet nogen semantik.

B Det samlede aksiomsystem

proof

[MP *8" ZFsub + Va: Vb:a = b - a - b][MP "%” Rule tactic|

[Gen S 7 Bsub - Vx: Vaza F Vobjx: a][Gen Proof pule tactic]
[Repetition "5 ZFsub - Va: a - a][Repetition P! Rule tactic]
[Neg St 7 Fsub - Va:Vb: b= atk -b= -ak b][Neg Proof R ule tactic]

proo

[Ded *I' ZFsub + Va: Vb: Ax.Dedug([a], [b]) - a F b][Ded "— Rule tactic]

[ExistIntro 3" ZFsub b Vx: Vt: Va: ¥b: ([a]=°[b]|[x]:=[t])ex F a

proof

b][ExistIntro “— Rule tactic]

[Extensionality St 7 Esub - Vx:Vy: ix=y = Vop;S: 75 € X
X:>§€§:%Vobj§:%§€§:§exz>%§EX$§€§:>5:

<
g
(]
m

y][Extensionality P Rule tactic]

[@def *3" ZFsub + Vs: -5 € @] [@def P2 Rule tactic]

[PairDef U ZFsub F Vs: Vx: Vy:hse {x,y} = ts=x=>s=y=> Ts=x=s=

proo

y = s € {x,y}][PairDef "= Rule tactic]

stnm

[UnionDef "=
jEx = TjEx € X = s € Ux][UnionDe

ZFsub - Vs: Vx: s € Ux = 115 € jpx = DjEx €X=> 7S €

£ :
f P2 Rule tactic]

[PowerDef St 7 Bsub - Vs:Vx: 55 € P(x) = Vobjs:5 € s =
s =5 € x=s € P(x)][PowerDef P Rule tactic]

wnl
m
IX
)
J
<C
&
)
n
m

[SeparationDef *3* ZFsub b Va: Vb: Vp: Vx: Vz: pP2 A ([b]=" [all[p]:=[z])pn I+
—\ZE{ph€x|a}:>—\Z€x:>—\b:>ﬂ—\Z€X:>—|b:>;E{ph€§|

a}][SeparationDef "= " Rule tactic]

79



[CheatAllDisjoint M 7ZFsub - Vr: Vx: Vy: Vbs: - - Vop;s:s € bs =

{{s,5},{5,5}} € r = = Vopi5: Vobjt:5 € bs = t € bs = {{5,5},{5,t}} e r =
{{t,t}, {t,5}} € r = 5 Vob;j5: Vobjt: VobjU:S € bs =t € bs = U € bs =

{{5,5}, {5, t}}er:>{{t t}h,{t,u}} €er= {{5,5},{5,u}} € r - x € {ph € P(bs) |
“tpx € bs = = {ph € bs | {{apn,apn}, {apn,tex}} € r}=bpn} Fy € {ph e
P(bs) | ~tgx € bs = = {ph € bs | {{apn,arn}, {arn, tex}} € r} =bpn} F ~x=

y F{ph € U{{x,x},{y,y}} | “cpn € x = S cpn € y}=0][CheatAllDisjoint progf
Rule tactic] o B
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C Deduktionsreglen

Dette bilag preesenterer dén version af deduktionsreglen fra [4], som jeg har
brugt af. Underafsnit forklarer, hvorfor jeg har sendret pa den oprindelige
regel, og underafsnit indeholder selve den sndrede kode (som er skrevet i
L).

C.1 Motivering

I beviset for HelperMemberNot® i afsnit konkluderer vi

[[S1#°[x] Fs€x=x=0 = s € O] ud fra praemissen

[[s1#°[x] Fs € xtx=0 F s € O] ved hjalp af deduktionsreglen; det er et
klassisk skift fra inferens til implikation. Denne slutning kan imidlertid ikke
gennemfpres med deduktionsreglen fra [4], fordi denne regel fjerner alle
sidebetingelser fra konklusionen, for preemis og konklusion sammenlignes. Da
preemissen stadigvaek begynder med sidebetingelsen [[5]#°[x]], matcher
preemis og konklusion ikke hinanden, og slutningen fra preemis til konklusion
forkastes. Deduktionsreglen fra dette bilag tillader derimod, at preemis og
konklusion begynder med et antal identiske sidebetingelser. Dermed kan vi
uden problemer gennemfgre slutninger som den ovenstaende, hvor preemissen
indeholder sidebetingelser.

C.2 Kode
Funktionen [\x.Dedug([p], [c])] er en kopi af [\x.Dedy ([p], [<])] fra [H]:
[Dedu(p, c) ™25 At.As.Ac. My (t, s, ¢, [[Dedu(p, ¢) = Ax.Dedug([p], [<])]])]

Jeg har @ndret funktionen [Dedy(p, c)], sa den kalder [Dedus(Dedur(p),c, T)] i
stedet for [Ded; (Ded7(p),c, T)]:

[Dedug(p, c) 2 clf(Dedus (p, T), Dedug(Dedus (p), c, T), F)]

Funktionen [Dedus(p, ¢, s)| giver straks kontrollen videre til [Ded; (p,c,s)] —
medmindre p og ¢ begynder med et antal identiske sidebetingelser. I sa fald
flyttes disse sidebetingelser fra p og c over til listen s, fgr kontrollen gar videre
til [Ded; (p, ¢, s)]:

[Deduy(p, c,s) 2 If(p = [x I y],c = [xy] Apt = c! ADeduy(p?,c2,ct ::s),
Dedu1 (p7 c, S))]

Fra og med [Ded;(p,c,s)] er koden kopieret fra appendikset til [4]:
[Deduy (p, c,s) b, If(c = [x i y],Dedu; (p,c?,c' ::'s), Dedusy(p, c,s))]
[Dedus(p, c,s) it slp= [xFy|Ac=[x=

1 Dedus(p',ct,s, T) A Dedus(p?,c?,s) ]
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[Dedus(p,c,s,b) vl If(—c = [Vobix:y], Deduy(p,c,s, b),
If(p = [Vonjx:y] A pt L ¢! Deduy(p,c,s,b), Dedus(p, c2,s,c! :: c! :: b))

[Deduy(p,c,s,b) vl sIb!If(p = [X], lookup(p, b, T) L ¢, If(-p =, F,
If(p £ [Vonx:y], pl = ' A Deduy(p?, 2,5,p' 11 pt 11 b), If(=p = [x],
Deduj(p', c',s,b), p! = ¢! A Dedus (p,s, b)))))]

[Deduj(p,c,s, b) 2 c's'b'If(p,T Deduy(p", c?,s,b) A Deduj(pt, ct, s, b))]

[Dedus (p, s, b) v p's'If(b T,
1B S bhh T [[x])Pip:: T T € s A Dedus(p,s,bt))]

Dodua(p.c.e.b) ™ pleblei(p = [Rpcce{ 7y

If(p = [a],b,If(p = [Vobjx:y], Dedug(p?,c?,c’ :: e, b), Dedug(p', c', e, b)))))]

alf(_'p é G, T7

[Dedu(p, c, e, b) 2 plelble!If(p, b, Deduf;(pt, ct, e, Dedug (p*, ¢, e, b)))]

Deduy(p?) |

[Dedur(p) 2 p = [Vx:y] { o

[Dedug(p, b) 2 If(p £ [x: y], Dedus(p?, p* :: b), If(p = [a],p € b,
Dedug(p*, b)))]

[Dedu(p, b) v b!Tf (p, T, If (Dedug (p", b), Deduj (p*, b), F))]

D Pyk definitioner

[(-) 2 “cdots”]
[Objekt-var Ry “object-var”]
[Ex-var Imk “ex-var” |
[Ph-var VX “ph-var” ]
[Verdi VX vaerdi” ]
[Variabel Y« “variabel”]

[Op(x )pL “op " end op”]

[Op( *) Ry “op2 " comma " end op2”]
[
[
[
[
[

1%
RIS 2 “define-equal " comma

end equal”]
ContainsEmpty () P “contains- -empty " end empty”]

Dedu(x, ) P «1deduction " conclude " end ldeduction” ]
Dedug (*, *) By “ldeductlon zero " conclude " end ldeduction”]

Dedus (*, * *) ¥ “Ideduction side " conclude " condition " end 1deduction” ]
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~

[Deduy (%, %, %) 25 “ldeduction one " conclude " condition " end 1deduction”]
[Dedug (*, *, *) P «1deduction two " conclude " condition " end 1deduction”]
[Dedus (, *, *, %) — PV 1 deduction three " conclude " condition " bound " end
1deduction”]

[Deduy (x, *, *, x) P 1 deduction four " conclude " condition " bound " end
1deduction”]

[Deduj (, *, *, *) PYE 1 deduction four star " conclude " condition " bound "
end ldeduction”|

[Dedus (*, *, *) aly “ldeduction five " condition " bound " end l1deduction”]

[Dedug (*, *, * *) ¥ “Ideduction six " conclude " exception " bound " end
1deduct10n” ]
[Dedug (x, *, * *) ¥ “Ideduction six star " conclude " exception " bound "

end ldeductlon ]
Deduz () PV «1 deduction seven " end 1deduction”]
s (, %) V¥« deduction eight " bound " end 1deduction”]
Deduj (*, *) VX ] deduction eight star " bound " end 1deduction”]
vk

Py

*px — “existential var " end var”|

«Bx PV wn ig existential var” ]

(%= # | * :=#)px PV “exist-sub " is " where " is " end sub”]
(=0 x| * :=)py Y wexist-sub0 " is " where " is " end sub”|
(=1 % | % i=%)py Byl “exist-subl " is " where " is " end sub”]
(x=" | * =)y DY “oxist-subx " is " where " is " end sub”]

ph; = Riy ‘placeholder-varl”|

phy pyk . “placeholder-var2”|

phs Byk “placeholder-var3”|

*Ph pyX “placeholder-var " end var”|

P PV g placeholder-var”]

(%= * | % :=+)pp Rl “ph-sub " is " where " is " end sub”]
(=0 x| * :=x)pp p—ylf “ph-sub0 " is " where " is " end sub”]
(x=1 x| * **>Ph Pyk “ph-subl " is " where " is " end sub”]
(%=* % | % :=%)py, > VX “phsubx " is " where " is " end sub”]

bs 2 “var big set”]
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BS 2 “object big set”]
BS ™ “meta big set”]
o zermelo empty set”]

ZFsub 2 “system zf”]

“1rule mp”]
Gen “1rule gen”|
Repetltlon 2 rule repetition”]
Neg VX “Irule ad absurdum” ]
Ded 2 “lrule deduction”]
ExistIntro 2 “Irule exist intro’ ’]

Extensionality PV “axiom extensionality”]
Odef ¥ ax1om empty set”]

PairDef 25 ax1om pair definition”]

UnionDef 2% “axiom union definition” ]
PowerDef 2% « ax1om power definition”]
SeparationDef > PYE axiom separation definition”]

CheatAllDisjoint — idy “cheating axiom all disjoint”]

RemoveDoubleNeg 243 “prop lemma remove double neg”]
AndCommutatlmty iy “prop lemma and commutativity”]
Autolmply 2 243 prop lemma auto imply”]
Contrap051t1ve —> “prop lemma contrapositive’ ]
F1rstC0nJunct iy prop lemma first conjunct”]
SecondConjunct * i “prop lemma second conjunct”]
FromContradiction 2 ¢ ‘prop lemma from contradiction”]
FromDisjuncts R prop lemma from disjuncts”]
IffCommutativity > DY “prop lemma iff commutativity”]
IffFirst 25 prop lemma, iff first”]

IffSecond 2 “prop lemma iff second”]
ImplyTranbltlwty 243 “prop lemma imply transitivity”]
JoinConjuncts > 2 “prop lemma join conjuncts”]

MP2 P ¢ “prop lemma mp2”]

[0

[

[

[

[MP

[

[

[

[

[

[

[

[

[

[

[

[

[AddDoubleNeg ® 2iy prop lemma add double neg”]
[

[

[

[

[

[

[

[

[

[

[

[

[

[

[MP3 pyk = “prop lemma mp3”]
[MP4 42 = “prop lemma mp4”]
[MP5 5 2 = “prop lemma mp5”|
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MT 2¥ prop 1emma mt” ]

NegativeMT jady “prop lemma negative mt”]
Technlcahty iy “prop lemma technicality”]
Weakening Hk “prop lemma weakening”|
WeakenOr1 “prop lemma weaken or first”|
WeakenOr2 ® 2y prop lemma weaken or second”]
Formula2Pair 2 “lemma formula2pair”]
Pair2Formula > 243 “lemma pair2formula”]
Formula2Union L “lemma formula2union”]
Umon2Formula ¥ “lemma union2formula” ]
Formula2Sep > X “lemma formula2separation”]
Sep2Formula 2> “lemma separation2formula”]
SubsetInPower “lemma subset in power set”]
HelperPowerIsSub ¥ “lemma power set is subset0”]
PowerIsSub 2 “lemma power set is subset”]

(
(

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[ Sw1tch)HelperP0werIsSub ¥ “lemma power set is subsetO-switch”]
[
[ToSetEquality > 2y “lemma set equality suff condition”]
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

SW1tch)P0werISSub X “lemma power set is subset-switch”]

HelperToSetEquahty( )= ¥ “lemma set equality suff condition(t)0”]
ToSetEquality (t) “lemma set equality suff condition(t)”]
HelperFromSetEquahty ¥ “lemma set equality skip quantifier”]
FromSetEquality > 2y “lemma set equality nec condition”]
HelperReﬂex1v1ty ¥ “lemma reflexivity(”]

Reflexivity 2 “lemma reflexivity”]

HelperSymmetry ¥ “lemma symmetry0”]

Symmetry “lemma symmetry” ]

HelperTran81t1v1ty VY “emma transitivity0”]

Transitivity "5 ¥ “lemma transitivity”]

ERisReflexive 2 “lemma er is reflexive”]

ERisSymmetric = ¥ “lemma er is symmetric” |

ERisTransitive 22 “lemma er is transitive’ ’]

DisSubset = P YGemma ernpty set is subset”|

HelperMemberNot@ 2 Pyk “lemma member not empty0”]
MemberNot@ 25 “lemma member not empty”|

HelperUnique® 2% ¥ “emma unique empty set0”]
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Unique® 25 “lemma unique empty set”]
Reflexivity > VY “lemma =reflexivity”]
Symmetry “lemma =symmetry”]

Helper—Tran81t1v1ty VY “lemma =transitivity0”]

=Transitivity Ri “lemma =transitivity”]

HelperTransferNotEq ¥ “lemma transfer ~is0”]

TransferNotEq > i “lemma transfer ~is”]

HelperPairSubset % “lemma pair subset0”]

Helper(2 )PalrSubset ¥ “lemma pair subset1”]

PairSubset 23 “lemma pair subset”]

SamePair 2 “lemma same pair”|

SameSmgleton pL “lemma same singleton”]

UnionSubset 2 “lemma union subset” ]

SameUnion 2 “lemma same union”]

SeparatlonSubset ¥ “lemma separation subset”|

SameSeparation ” 2Us “lemma same separation”]

SameBmaryUmon VY “lomma same binary union”]

Samelntersection 2 “lemma same intersection’ ']

AutoMember 3 “lemma auto member” ]

HelperEqSysNot@ P “emma eq-system not empty0”|

EqSysNot® > 2y “lemma eq-system not empty”]

HelperEqSubset ¥ “Yemma eq subset0”]

EqSubset > VY “lemma eq subset”]

HelperEqucessary Y emma equivalence nec condition0”]
Equcessary Y emma equlvalence nec condition”]
HelperNoneEqNecessary > DY “lemma none-equivalence nec condition0”]
Helper( )NoneEqucessary ¥ “lemma none- -equivalence nec condition1”]
NoneEqucessary YL “emma none- equivalence nec condition”|
EqClassIsSubset = Ri “lemma equivalence class is subset”]
EquassesAreDlstnt VY “omma equivalence classes are disjoint”|
AllDisjoint = edy “lemma all disjoint”|

AllDisjointImply VY “emma all disjoint-imply” |

BSsubset 22 “lemma bs subset union(bs/r)”]

[
[=
[=
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[IntersectionSubset VX “lemma intersection subset”]
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[Union(BS/R)subset = P emma union(bs/r) subset bs”]
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Unionldentity > “lemma union(bs/r) is bs”|
EqSysIsPartltlon VI Stheorem eq-system is partition”]

5 /x 2 2i eq—system of " modulo "]

« M 2 “intersection " comma " end intersection” ]

U 2 umon " end union”]
* U 2 “blnary union " comma " end union”|

P(*) By “power " end power”]

k
*} 2L “zermelo singleton " end singleton” ]

pyk
*,%) — “zermelo ordered pair

end pair”]

{

{*,* }p “zermelo pair " comma " end pair”]
( comma,

*

€ * —) “n

zermelo in "7
% (%, %) 25" “v is related to " under "]
pyk o . . L
ReflRel(x, ) 25 “" is reflexive relation in "”]
K o - . L
SymRel(x, ¥) 25« is symmetric relation in "”]
K o - . L
TransRel(*, ¥) 25 “ is transitive relation in "]
K o . L
EqRel(x, ¥) 25« is equivalence relation in "”]
k M b2
[+ € %], 2 “equivalence class of " in " modulo "”]

“n

I
Partltlon(* %) 255« is partition of "”]

* = “n zermelo is "]

% C % 255 “nig subset of "]
Sk L notO "]

s ¢ x 255 “n zermelo “in "7
s # % 255 “n zermelo Tis "7]
* A x “"and0 "]

* \V “noorQ "]

* @ * _) “wn lﬂ' ||77]
{phe x| *} 2 ¥ “the set of ph in " such that " end set”]

pyk
EquivalenceRelations = “equivalence-relations”)

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[x <
-
[
[
[
[
[
[
[
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E Prioritetstabel

Den nedenstaende tabel indeholder alle de formelle konstruktioner, som er til
radighed i dette dokument. Konstruktionerne er grupperet efter prioritet; de
fgrstneevnte grupper har stgrst prioritet. Hver gruppe er markeret med et af de
to ord “Preassociative” eller “Postassociative”, der angiver, om
konstruktionerne er venstre- eller hgjreassociative.

[EquivalenceRelations 2=

Preassociative

[EquivalenceRelations], [base], [bracket * end bracket],

blg bracket * end bracket], [ $ * § |, [flush left [+]], [x], [y]7 2], [[* >t #]],

[+ = +]], [pyk], [tex], [name], [prio], [], [T], [if (x, *, %)], [+ = «]], [val, [claim], [L],
£()], [(+)1], [F). (0], (1] [2] 3], 4], 3, (6, (2], I8). (9], [0, [1] 21, 3], 4] [5, 6], 7
8], 9], 2], b, ], d], [e], [f], le], [n), []. i, [KJ, [], [m], [nl, o, [p], e, [F][s], t], [u],
V], [w], [()M], [TE(x, =, %)), [array {*} * end array], [1], [c], [t], [empty], [(x | * := *)],

()], U], U], UM ()], [apply (+, )], [apply, (+, )], [identifier ()],
identifier; (x, *)], [array-plus(*, *)], [array—remove(*,*,*)], [array-put(x, *, *, x)],

array- add(*,*,* x, %)], [bit(x, *)], [bitq (*, *)], [rack], ["vector"],
bibliography"], [" dlctlonary"], ["body"], ["codex"], ["expansion"], ["code"],
cache"], ["diagnose"], ["pyk"], ["tex"], ["texname"], ["value"], ["message"],
"macro"], ["definition"], ["unpack"], ["claim"], ["priority"], ["lambda"],
apply"], ["true"], ["if"], ["quote"], ["proclaim"], ["define"], ["introduce"],
hide"], ["pre"], ["post"], [E (x, *, %)], [E2(*, *, *, *, %)], [E3(*, *, *, *)],

E4(*, %, %, x)], [lookup(x, *, *)], [abstract (x, x, *, x)], [[*]], [M(x, *, x)],
Mo, %, 5, )], M (%, )], [macrol, so], [zip(x, )], [assocs (x, %, )], [(+)7],

[

[

[

[

[

(M

[

[

["

["

[

[

[

[

[ k

[self], [+ = #]], [[x = =], [ = ], [ 2= 4], [ ], [+ "2 4],
[Priority table[«]], [M], [Ma(x)], [Ms(#)], [Malx, %, %, )], [M(, , %],
(O, %, [0a(x, )] [Qa(x, %, )1, [Q" (%, 9], [(9)]. [(¥)]. [dlisplay ()],
[statement( )], [[*H,[[*] ], [aspect(x, T)} [aspect(* *,%)], [(x)], [tuple; (%)],
[tuple, (*)], [leta (x, ¥)], [let1 (*, %)], [* “=" ], [checker], [check(x, )],
[checks (%, , *)], [checks (*, , *)], [check™ (t t)] , [check (x, , %), [[«] ], [*] 7],
[[¥]°], [msg], [ =* #]], [<stmt>], [stmt], [+ "= #]], [HeadNil'], [HeadPair’],
ity 4} Cont), T3} 2[4 5] DLE 2 ) 12,
[ [ = )],
[er ( #)],
[ )|
5~ [
[Sy
[Si
(S
b
[
[

M], WL [0, [P], [Q: [R], [S J, VL X0 )L 2],

], V], W], [A],
* | := )], [0], [Remainder], [(x)V], [intro(x, *, x, *)], [intro(*, *, *)],
rors (, *)], [proof(x, *, *)], [proofa (x, )], [S(x, )] [S" (%, )],
gf(* )], [SE(* *, %)), [S+(* *)HS+(* *, %)),

[[T} U,

=] *

(o212 187 e 2, 9L 185 (2, e, 1)), [ 3, 9,
(e, #)], [8 (1, )], ST (* %, 4)], [ST (x, %)),
ALY (o, )1, 1SV (1, )], 1873, #),

, ], T( )], [claims(x, *, *)], [claimsg (%, *, *)], [<proof >],
rooﬂ [[Lemma x: ]|, [[Proof of x: ]|, [[* lemma x: ],

[* antilemma *: %], [ rule *: ], [ antirule x: x|], [verifier], [V (x)],

VQ( )] [V3(* *, % *)] [V4(*7*)]’[V5(*v*a*’*>]a[Vﬁ(*a*’*v*)]v[V7(*’*7*’*)]7
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Cut(x, x)], [Headg ()], [Tailg (x)], [rule; (*, *)], [rule(x, %)], [Rule tactic],

Plus(x, *)], [[Theory x]], [theorys(*, x)], [theorys (x, *)], [theoryy (x, *, *)],

HeadNil”], [HeadPair”], [Transitivity”'], [Contra’], [HeadNil], [HeadPair],

Transitivity], [Contra], [Tg], [ragged right], [ragged right expansion ],

parm(, x, x)], [parm™* (x, %, )], [inst(x, x)], [inst*(x, %)], [occur(x, *, *)],

oceur® (k, *, x)], [unify (x = *, )], [unify* (* = *, )], [unifys (x = x *)], [La.], [Lp],
cls [Lal, [Le], [Le], [Lgl, (L], (L], [Lg], (L], [Tl [Lan], (L], [Lo), [Lp], [La], (L,

1 (L0, L, (L), (Lo (L, (L), (L) (L. (U], [L)s (L), e, el (L),

s [La) (L], [Cach (L), L), (Do) [Lo), (Lo, (L), [ (L], (L), [Lul. (L],

wls [Lx], [Ly], [Lz], [Le], [Reflexivity], [Reflexivity; ], [Commutativity],
Commutativity, ], [<tactic>], [tactic], [+ " «]], [P (%, %, #)], [P* (x, *, )], [po],
concludey (%, *)], [concludes (x, *, x)], [concludes (*, *, * *)] [conclude4(* *)],
check], [[x = #]], [Root Visible(x)], [A], [R], [C], [T, [L], [{*}], [%]. [a], [0], [¢], [d],

I 171, gl [R], (i), [4), (KD (1), [m), [n], [o], [p], [al, [r], [s], [¢], [u], [v], [w], [=], [y], [2],
(x= 5 | # i=8)], [(3=0 % | # i=x)], [(3=1 | % :=%)], [(=" * | * :=%)], [Ded(x, ¥)],
Dedg (*, )], [Dedy (*, *, *)], [Deda (x, *, *)], [Deds (x, *, *, *)], [Dedy (*, *, *, *)],
Dedj (x, *, *, *)], [Ded5(* *, %)], [Dedg (x, *, *, *)], [Ded§ (x, *, , *)], [Ded7(*)]
Dedsg (*, *)] [Ded} (*, *)], [S],[Neg], [MP], [Gen], [Ded], [S1], [SZ] [S3], [S4], [S5],

6], [S7],[S8],[S9], [Repetition], [A1'], [A2], [A4'],[Ab'], [Prop 3.2a], [Prop 3.2b],

—~

[

[

[

[

[

[

L

L

L

L

[

[

[

[e

[

[

[

[

[S

[Prop 3.2¢], [Prop 3.2d], [Prop 3.2e1], [Prop 3.2e3], [Prop 3.2¢], [Prop 3.2f1],
[Prop 3.2f5], [Prop 3.2f], [Prop 3.2g1], [Prop 3.2g3], [Prop 3.2g], [Prop 3.2hy],
[Prop 3.2hy], [Prop 3.2h], [Block (x, *, *)], [Blocka ()], [(- - - )], [0bjekt-var],
[Ex-var], [Ph-var], [Verdi], [Variabel], [Op(x)], [Op(x, *)], [* = %],
[ContainsEmpty ()], [Dedu(, *)], [Dedug(*, *)], [Dedus (*, *, *)], [Deduy (*, *, *)],
[Dedug (x, , *)], [Dedus (x, *, x, *)], [Deduy (x, *, *, *)], [Dedu} (x, *, *, x)],

[Dedus (*, *, *)], [Dedug (*, *, *, *)], [Dedug (*, *, *, *)], [Deduy ()], [Dedug (x, *)],
[Dedug (+, )], [Ex1], [Exa], [Exio], [Exaol, [rx], [, [(+= # |+ :=)px],

(= [ =)l (5= | = =] (=" # | 5 =), [l ph). [phal, epu],
[F0], (= | =) o, [(#=0 5 | s s, [(6= [ =], [(#=" % | 5 :=) ),
[bs], [OBS], [BS], [@], [ZFsub], [MP], [Gen], [Repetition], [Neg], [Ded], [ExistIntro],
[Extensionality], [@def], [PairDef], [UnionDef], [PowerDef], [SeparationDef],
[CheatAllDisjoint], [AddDoubleNeg], [RemoveDoubleNeg],
[AndCommutativity], [Autolmply], [Contrapositive], [FirstConjunct],
[SecondConjunct], [FromContradiction], [FromDisjuncts], [[fCommutativity],
[IffFirst], [IffSecond], [ImplyTransitivity], [JoinConjuncts|, [MP2], [MP3], [MP4],
[MP5], [MT], [NegativeMT], [Technicality], [Weakening], [WeakenOrl],
[WeakenOr2], [Formula2Pair|, [Pair2Formulal, [Formula2Union],
[Union2Formulal, [Formula2Sep], [Sep2Formulal, [SubsetInPower],
[HelperPowerIsSub], [PowerIsSub], [(Switch)HelperPowerIsSub],
[(Switch)PowerIsSub], [ToSetEquality], [HelperToSetEquality(t)],
[ToSetEquality(t)], [HelperFromSetEquality], [FromSetEquality],
[HelperReflexivity], [Reflexivity], [HelperSymmetry], [Symmetry],
[HelperTransitivity], [Transitivity], [ERisReflexive], [ERisSymmetric],
[ERisTransitive], [@JisSubset], [HelperMemberNot@], [MemberNotQ)],
[HelperUnique@], [Unique@], [= Reflexivity], [= Symmetry],
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[Helper = Transitivity], [=Transitivity], [HelperTransferNotEq],
[TransferNotEq], [HelperPairSubset], [Helper(2)PairSubset], [PairSubset],
[SamePair], [SameSingleton], [UnionSubset], [SameUnion], [SeparationSubset)],
[SameSeparation|, [SameBinaryUnion]|, [IntersectionSubset], [Samelntersection],
[AutoMember], [HelperEqSysNot@], [EqSysNot@], [HelperEqSubset],
[EqSubset], [HelperEqNecessary|, [EqNecessary|, [HelperNoneEqNecessary],
[Helper(2)NoneEqNecessary], [NoneEgNecessary], [EqClassIsSubset],
[EqClassesAreDisjoint], [AllDisjoint], [AllDisjointImply], [BSsubset],
[Union(BS/R)subset], [Unionldentity], [EqSysIsPartition];
Preassociative

[*_{*}], [*/indexintro(x, %, *, *)], [*/intro(x, *, *)], [*/bothintro(x,
[*/mameintro(, *, #, %)), [+], [«[ ], [#[x—]], [+[x=+]], [+0], [+1],

; L[], [, [, M),

%, %, %)),

E Ob], [* color ()],

[*-Color*(*)],[*HL[*TH*U],[*hH*t] [°], [ [+, [+7], [+]

{*ii]ée[f],[*oly[*1],[*2],[*3],[*4]7[*5]7[*6}7[*71,[*8 [, [, V], [+€), €],

Preas,soc1at1ve

[ 7], [, ()], [string(x) + #], [string(x) ++ ], [

], ], [, [], [, [B], [%04], [& ][][(][)*][ «], [+, [+, ], [, [/ %

O], [L], [25], [3+], [4], [5%], [6], [T], [8%], [9%], [1], [; #], [<], [=¢], [>], [7],
*], [Ex], ], [Gox], [Hx], [L#], [J], K], [L], [M], [N],

#); [Ax], [B+], [C+], [D #),
*][ *, [Qx], [Rx], [S], [TH], [Ux], [Ve], [Wk], [Xt], [Y ], [Z#], [[#], [\#], [I#], ["#],
#, [4], [ax], [b], [ex], [dx], [ex], [f4], [g], [h], [ix], [j#], [lex], (L], ], [n], o],
H][][ %] J

]
*ls [tx], [we], vl [woed, s, [y, [, [, (1] [, 74,

[
Preassoc1at1ve *; %], [Postassociative x; x|, [[x], *], [priority * end],
[newline #|, [macro newline ], [Macrolndent( );
Preassociative
[ 7], [ 5
Preassociative
[+'];
Preassociative
[/], [x N #];
Preassociative
(U], [+ U =], [P(x)];
Preassociative
[{+}];
Preassociative
[{x, # ], [, 9)];
Preassociative
[x € #], [*(x, *)], [ReflRel(x, *)], [SymRel(x, x)], [TransRel(x, *)], [EqRel(x, x)],
[[* € *].], [Partition(x, *)];
Preassociative
[% - %], [* -0 %];
Preassociative
[* + *]7 [* +o *]7 [* +1 *}7 [* - *]7 [* -0 *]7 [* -1 *];
Preassociative

[ U {3, e U], [\ {35

]
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Postassociative

[ o], [k ], [eoo ], [x 2 ], [ 00 %], [« 425 %];
Postassociative

[*, %];

Preassociative

[* g ], [* & ], [« = #], [* =+ *], [* L *], [* (o *], [* L *],

4o
>,

[* g *], [* 2 *], [*
[* € *], [ Cr %], [* ], [* free in x|, [x free in™ %], [* free for  in x|,
[+ free for* « in *], [ €, w < x|, [x <K, [xo= #], [x A K] £V
[*#0*}7 [*#1*]7 [*#**]7 [*:*]’ [* - *];

Preassociative

[_‘*]a [;' *]7 [* ¢ *]7 [* 7& *];

Preassociative

[ A ], % A ], % A %], [ Ac %], [x A *];

Preassociative

[ V], [ || *], [x V %], [* V *];

Preassociative

[F: ], [V %], [Vopjx: %];

Postassociative

[¥ = %], [x = *], [« < *], [* & %;

Preassociative

[{ph € « | «};

Postassociative

[* : ], [* spy =], [*!x];

Preassociative

* .

* )

Preassociative

[A* .x], [A % %], [Ax], [if * then * else x|, [let x = x in x|, [let * =% in x|;
Preassociative

[t

Preassociative

(1], (21, BV B [ [+

Preassociative

[+ @], [« > ], [« > 5], [« > ], [« B «];

Postassociative

[ b %], [* B %], [* Le. «];

Preassociative

[V ], [TDk: %]

Postassociative

[ & #];

Postassociative

[+ #];

Preassociative

[* proves x|;

Preassociative

[*
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[* proof of x: x|, [Linex* : % >> *; %], [Last line* > % O],

[Line * : Premise > x; %], [Line x : Side-condition > *; x|, [Arbitrary > x; %],
[Local > % = x*; %], [Begin #; % : End; |, [Last block line * > *;],
[Arbitrary > x;%];

Postassociative

[ | #];

Postassociative

[, ], [ s

Preassociative

[x&x*];

Preassociative

[¥\\*], [« linebreak[4] ], [\ \*]; ]

F TgX definitioner
[EquivalenceRelations *5 “EquivalenceRelations”]

[(--+) = “(\edots{})"]

[Objekt-var " “\texttt{Objekt-var}”]
[Ex-var = “\texttt{Ex-var}”]

[Ph-var = “\texttt{Ph-var}”]

[Verdi “< “\texttt{V\ae{}rdi}”]
[Variabel % “\texttt{Variabel}”]

[Op(x) “% “Op(#1.
)”]

[Op(x,y) ™ “Op(#1.
,#2.

)]

[X =y — “#l1.
\mathrel {\ddot {=}} #2.7]

[ContainsEmpty(x) bex “ContainsEmpty (#1.
)]

[Dedu(x,y) < «

Dedu(#1.

, #2.

)]
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[Dedu
Dedu,((])((l}{) =
L H2. .
)]
[Dedu
7z2. S(X7 y’ Z) ‘E)( “D d
73. edu_{s
: (L
[Dedu
Dedu 1(X7y Z) =
e “
e (#1.
L #3.
)]
[Dedu
Dedu 2(X7 Y, Z) =
72 = «
P
L #3.

)]
tex

[Dedu
DeduS(X,y,zau -
o 3(#1. :

, #3.

, #4.

)]
[Dedu
Dedu4(><7y7Z7u -
e 4(#1. :

, #3.

, #4.

)]

[Dedu}

ey

oy 1.

s #3.

s #4.

)]

[Dedu

Dedu 5(X7 Y, Z) o
75 = [44

D (#1.

, #3.

)]
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[Ded
ug(p, ¢, e, b) =

Ded

,#2?76(#1

, #3.

#4.

)”]

D

Deduglpomt) S

i #2' i (#1 [13

43,

, #4.

)”]

[Ded

Deduu,77((p) o

)] ’

D

s,

o

)]

D

:E:)eeddufi(pa b) tex
u 8 * [49

e (#1.

)”]

[Ex; & “E
X b
e 1y
X, 2 b
i {2y]
“EX
. {10}"]
“Ex_
[XEX tﬁ; “ {20}77]
{Ex}"] o
[XEX tﬂ; 43
(Ex}"] #l'

[(x=

e

e e e

{;:} #4. -
angle_{Ex} ”]

[(x=
ylzi=
{\equllfz} Ou># o

5 angle #1



| #3.
(=) #4
\rangle_{Ex} ”]

[(x=ly|zi=u)px = “\langle #1.

{\equiv}"1 #2.
|43

[i=} #4,
\rangle_{Ex} ”]

[(x="y|z:=u)Ex tex “\langle #1.

{\equiv} x #2.
|43,

[i=} #4.
\rangle_{Ex} ”]

[phy = “ph{1}"]
[phy == “ph {2}”]

[phs “% “ph_{3}”]
[xpn - “1.
{Ph} 7]

[xPh S e
{Ph}”]

[(x=y|z:=u)pn tex “\langle #1.
{\equiv} #2.

| 43

[i=} #4.

\rangle_{Ph} 7]

[(x="y|z:=u)pp ¥\ Jangle #1.

{\equiv} 0 #2.
|43

[i=} #4.
\rangle_{Ph} 7]

[(x=ty|z:=u)pn == “\langle #1.

{\equiv} 1 #2.
|43

{i=1} #4.
\rangle_{Ph} 7]

[(x="y|z:=u)py = “\langle #1.

{\equiv} x #2.
| #3.
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{i=} #4.
\rangle_{Ph} 7]

[bs ©X “\mathsf {bs}”]

[OBS *% « \mathsf {OBS}”]

[BS % “{\cal BS}”]

(@ “\mathrm{\0}"]

[ZFsub = “ZFsub”]

[MP ¥ “MP”]

[Gen ¥ “Gen”]

[Repetition *= “Repetition”]

[Neg = “Neg”]

[Ded ¥ “Ded”]

[ExistIntro ¥ “ExistIntro”]

[Extensionality tex “Extensionality”]

[@def ©X “\O{}def”]

[PairDef tex “PairDef”]

[UnionDef *% “UnionDef”]

[PowerDef “= “PowerDef”]

[SeparationDef % “SeparationDef”]

[CheatAllDisjoint “= “Cheat AllDisjoint”]

[AddDoubleNeg “% “AddDoubleNeg”]

[RemoveDoubleNeg ¥ “RemoveDoubleNeg”]

[AndCommutativity “% “AndCommutativity”]
ex

[AutoImply by “AutoImply”]

[Contrapositive “= “Contrapositive”]
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[FirstConjunct ¥ “FirstConjunct”]
[SecondConjunct = “SecondConjunct”]
[FromContradiction *= “FromContradiction”]
[FromDisjuncts “% “FromDisjuncts”]
[IffCommutativity *= “Iff Commutativity”]
[IffFirst tex “IffFirst”|

[IffSecond = “IffSecond”]
[ImplyTransitivity tex “ImplyTransitivity”]
[JoinConjuncts “= “JoinConjuncts”]

[MP2 % “MP27]

[MP3 % “MP3”]

[MP4 ¥ “MP4”]

[MP5 % “MP5”]

[MT % “MT”]

[NegativeMT = “NegativeMT”]
[Technicality *= “Technicality”]
[Weakening < “Weakening”]

[WeakenOrl “% “WeakenOr1”]
[WeakenOr2 by “WeakenOr2”|
[Pair2Formula *= “Pair2Formula”]
[Formula2Pair tex “Formula2Pair”]
[Union2Formula % “Union2Formula”]
[Formula2Union ey “Formula2Union” |
[Sep2Formula = “Sep2Formula”

[Formula2Sep = “Formula2Sep”]
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[SubsetInPower ¥ “SubsetInPower”]
[HelperPowerIsSub ey “HelperPowerIsSub”|
[PowerIsSub = “PowerlsSub”]

. tex .
[(Switch)HelperPowerIsSub — “(Switch)HelperPowerIsSub”]
[(Switch)PowerIsSub % “(Switch)PowerlsSub”]
[ToSetEquality tex “ToSetEquality”]
[HelperToSetEquality(t) “= “HelperToSetEquality (t)”]
[ToSetEquality(t) “ “ToSetEquality(t)”]
[HelperFromSetEquality tex “HelperFromSetEquality” ]
[FromSetEquality ¥ “FromSetEquality”]
[HelperReflexivity tex “HelperReflexivity”]

[Reflexivity *= “Reflexivity”]
[HelperSymmetry tex “HelperSymmetry”]
[Symmetry tex “Symmetry”]
[HelperTransitivity tex “HelperTransitivity” ]
Transitivity 3 “Transitivity” ,

y Yy
[ERisReflexive “% “ERisReflexive”]
[ERisSymmetric *< “ERisSymmetric”]

isTransitive — 1sTransitive
ER T g tex “ER. T PRI
[@isSubset X “\O{}isSubset”]

tex

[HelperMemberNot® = “HelperMemberNot\O{}”]
[MemberNot® ¥ “MemberNot\O{}”]
[HelperUnique® s “HelperUnique\O{}”]
[Unique® = “Unique\O{}”]

[=Reflexivity = “=\!{}Reflexivity”]
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tex

[=Symmetry — “=\!{}Symmetry”]

ex

[Helper = Transitivity s “Helper\!{}=\!{} Transitivity”]
[=Transitivity == “\!{}=\!{} Transitivity”]
[HelperTransferNotEq tex “HelperTransferNotEq”|
[TransferNotEq X “TransferNotEq”]
[HelperPairSubset by “HelperPairSubset”]
[Helper(2)PairSubset > “Helper(2)PairSubset”]
[PairSubset *< “PairSubset”]

[SamePair = “SamePair”]

[SameSingleton “= “SameSingleton”]
[UnionSubset s “UnionSubset”]

[SameUnion = “SameUnion”]

[SeparationSubset =X “SeparationSubset”]
[SameSeparation *= “SameSeparation”]
[SameBinaryUnion % “SameBinaryUnion”]
[IntersectionSubset *= “IntersectionSubset”]
[SamelIntersection 5 “Samelntersection”]
[AutoMember “Z “AutoMember”]
[HelperEqSysNot® tex “HelperEqSysNot\O{}”]
[EqSysNot® = “EqSysNot\O{}”]

tex

[HelperEqSubset — “HelperEqSubset”]
[EqSubset “= “EqSubset”]

[EqNecessary tex “EqNecessary”|
[HelperEqNecessary tex “HelperEqNecessary” ]

[HelperNoneEqNecessary by “HelperNoneEqNecessary”]
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[Helper(2)NoneEqNecessary ¥ “Helper(2)NoneEqNecessary” ]
[NoneEqNecessary “5 “NoneEqNecessary”]

[EqClassIsSubset s “EqClassIsSubset”]
[EqClassesAreDisjoint > “EqClassesAreDisjoint”]

[AllDisjoint “ “AllDisjoint” ]

tex

[AllDisjointImply = “AllDisjointImply”]
[BSsubset “= “BSsubset”]
[Union(BS/R)subset “¥ “Union(BS/R)subset”]

[UnionIdentity = “Unionldentity”]

ex

[EqSyslsPartition pacs “EqSysIsPartition”)

tex

[x/y = “#1.
/ #2.7]

tex

[xNy = “#1.
\cap #2.”]

[Ux % “\cup #1.7]
[xUy X apy
\mathrel{\cup} #2.”]

[P(x) "% “P(#1.
)]

[{x) 15\ (41
)]

[{x,y} =5 “\{#1.
, H2.
\}"]

[(x,y) tex “\langle #1.
, F#2.

\rangle”],

ey g
\mathrel{\in} #2.”]
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[2(x,y) "% “#3.

(#1.

L #2.

)]

[ReflRel(r, x) "= “ReflRel(#1.
L #2.

)]

[SymRel(r, x) “2 “SymRel(#1.
s F2.

)]

[TransRel(r, x) =5 “TransRel(#1.
H2.

)]

[EqRel(r, x) by “EqRel(#1.
» F2.

)]

tex

[x € bs], = “[#1.

\mathrel{\in} #2.

| {#3.

1l

[Partition(x, y) tex “Partition(#1.
) #2'

)]

[x=y = “#1.
\N\mathrel{=}\! #2.”]

[x Cy 55 ey,
\mathrel{\subseteq} #2.”]
[+x <X “\dot{\neg}\, #1.”]

[x ¢y 5“1
\mathrel{\notin} #2.”]

[ #y =5 “HL
\mathrel{\neq} #2.”]

tex

[x Ay = “#1.
\mathrel{\dot{\wedge}} #2.”]
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[xVy ¥ wpy,
\mathrel{\dot{\vee}} #2.”]

x <&y Xy
\mathrel{\dot{\Leftrightarrow}} #2.”]

[{ph € x | a} ¥ “\{ ph \mathrel{\in} #1.

\mid #2.
\}]
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