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[Deduf (*, *) VX ] deduction eight star " bound " end 1deduction”]

EXl

[Ex; ™27 At As. Ae. Mu(t,s, ¢, [[Exy = apy]])]

tex

[Ex; = “Ex_{1}7]

[Exy Riy “ex1”]

EX2

[Exz "2 At.As.Ae. My(t, s, ¢, [[Exa = bpy]])]
s ' B (2]

[Exo By “ex2”|

EX10

[Exio "5 AtAs e My(t,s, ¢, [[Exio = jex]])]

tex

[Ex19 = “Ex_{10}”]

[Exio 2 “ex107]

Exy

[EXQ() mucro At.As. Ac. M4(t S, C, HEXQQ = tExH)]
[EXQ() E)( “EX,{20}77]

[Exao 2 “ex207]
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*Ex
[XEX tE)( “#1 .
{Ex}7]

pyk . .
[*px — “existential var " end var”]

>I<EX

(x|

[XEX tﬁ)‘ 44#1.
{Ex}7]

pyk . . .
[#Ex 57 “n i existential var”]

(%= * | * :=%)px

[(a=b|x:=t)px =5 At.As.Ac. My (t,s, ¢, [[(a=b|x:=t)px
([a]= b1 [x]:=Tt]) )]

tex

[(x=y|z:=u)Ex — “\langle #1.
{\equiv} #2.
| #3.
{i=} #4.
\rangle_{Ex} ”]
pyk

[(x=* | % :=x)px — “exist-sub " is " where " is " end sub”]

(x=0 % | % =) gy

[(a=0b|x:=t) gy 22 AcxEX A (a=Lb|x:=t) 4]

“\langle #1.

X

[(x="y|zi=u)
{\equiv} 0 #2.
|43

[i=} #4.
\rangle_{Ex} ”]

ko, . . .
[(+=0 % | % :=#) g P “exist-sub0 " is " where " is " end sub”|
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(k=1 % | % =) gy

[(a=!b|x:=t)px =2 alxlt!

If(b = [Vobju: v], F,

If(bB% A b = x,a = t, If(

a = b, (a'="b'|[x:=t)gy, F)))]
[(x="y|z:=u)px "= “\langle #1.
{\equiv}"1 #2.

| #3.

{=} #4.

\rangle_{Ex} ”]

pyk . . .
[(x=1 # | ¥ :=#)px — “exist-subl " is " where " is " end sub”]

(x=" % | % =) px

[(a=*b|x:=t)Ex w) bIx!t!If(a, T, If ((a®=1b" |x:=t) gy, (a’="bt|x:=t) g, F))]

[(x=*y|zi=u)px == “\langle #1.
{\equiv} x #2.

| #3.

[i=} #4.

\rangle_{Ex} ”]

pyk . . .
[(x=* * | x :=#)px — “exist-subx " is " where " is " end sub”]

phy

macro

[ph =" At.As.Ac. M4(t s, ¢, [[ph1 = apn]])]
[phy = “ph_{1}"]

[ph; = Ry “placeholder-varl”]

pho

[phy 2577 At.As.Ac. My(t, s, ¢, [[pha = bpy]])]
[phy = “ph_{2}”]

[phy 2 “placeholder-var2”]

14



phs

macro

[phg At.As. Ac. M4(t S, C, thg = Cphﬂ)]
[phs “* “ph_{3}"]

[phs = BYk “placeholder-var3”]

*Ph

[Xph ¥ g
{Ph} 7]

[*pn fedy “placeholder-var " end var”|

>I<Ph

[xPh vl L [xph]]

[xPh L wpy

“{Ph}”]

[*Ph pyk is placeholder-var”|

(%= x | % :=%)py
[(a=blx:=t)py "= At.As.A\c. My (t, s, ¢, [[(a=b|x:=t)p}, =
([a]="[bl|[x]:=[t])pn]])]

[(x=y|z:=u)pn ey “\langle #1.
{\equiv} #2.

|43

{i=} #4.

\rangle_{Ph} 7]

[(x= x| % :=%)pp, edy “ph-sub " is " where " is " end sub”]
—0 -

(x=" x | % :=%)pyp

[<aEOb|X::t>ph \E} Ac.xPP A <a51b|x::t>ph]

[(x="y|z:=u)pp tex “\langle #1.

{\equiv} 0 #2.
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| #3.
(=) #4
\rangle_{Ph} 7]

[(+=0 % | * :=x)pp edy “ph-sub0 " is " where " is " end sub”]

(x=1 % | % :=%)py,

[(a=1blx:=t)pp = alxlt!

If(b = [Vobju: v], F,

If(bPh Ab £ x,a =t

If(b®* a = b, If(

a = b, (a'="b'[x:=t)pn, F))))]
[(x=ly|z:=u)pn = “\langle #1.
{\equiv} 1 #2.

| 43

[i=} #4.
\rangle_{Ph} 7]

[(*=! % | * :=%)pp Byl “ph-subl " is " where " is " end sub”]

(%=" % | % :=%)py

[(a=*b|x:=t)pp vl bix!t!If (a, T, If ((a"='b"|x:=t)py, (a*="b'|x:=t)pp, F))]

[(x=*y|z:=u)pn = “\langle #1.
{\equiv} x #2.

|43

[} #4

\rangle_{Ph} 7]

[(x=" % | % :=x)pp BYy “ph-subs " is " where " is " end sub”]

bs

[bs “¥ “\mathsf {bs}”]

[bs VX “var big set”]

16



OBS

[OBS ™25 At.As.Ac.My(t, s, c, [[OBS = bs|])]
[0BS % “ \mathsf {OBS}”]

[OBS Ri “object big set”]

BS

[BS ™25 At As. Ac. My(t,s, ¢, [[BS = bs|])]
[BS ¥ “{\cal BS}"]

BS 2 “meta big set”]

9

@ Ay “\mathrm{\0}”]

k
[0 25 “zermelo empty set”]

ZFsub

[ZFsub SgntVK:VX:%gzxiVObj§:%§Exé§€z:¥ nSEy=>s5SEXx=
Vb NS EX=SEY=>TSE€y=>5EXx=>x=y D Vs:Vx: s € P(x) =
VohiSSES=3EX= VoS5 Es=>5Ex=s€EP(x)®Varaka®
Vr: ¥x: Vy: Vbs: 5 Vop;S:5 € bs = {{5,5}, {5,5}} € r = 5VobjS: Vobjt: 5 € bs =
tebs= {{55},{5t}} €r= {{t,t}, {t,3}} € r = 5 Vobi5 Yobjt: Yob;u: 5 € bs =
tebs=1u€bs= {{55},{5t}} er= {{t,t}, {t,u}} e r= {{5,5}, {5, u}} €
ri=x & {ph € P(bs) | ~tgx € bs = - {ph € bs | {{apn,apn}, {apn, tex}} € r}=
bpn} Fy € {ph € P(bs) | ~tgx € bs = = {ph € bs | {{apn,aprn}, {apn,tex}} €
ry=bpn} F Sx=y - {ph € U{{x,x}, {y.y}} | “cpn €x= “cpn €y} =0 @
Va:Vb: Ax.Dedug([a], [b]) -akF b @ Vs:¥x:Vy: vs € {x,y} = 7s=x = s=y =
Shs=x=>s=y=sc{x,y}®Va:Vb:a=bFakbao B
Vx: Vt: Va: Vb: ([a]=0[b]|[x]:=[t])ex - aF b @ Vs: ¥x: s € Ux = 15 € jpx =
TJEx €EX= TS € JEx = TjEx EX = s € Ux D VxiVara - Vopixia @
Va: Vb: Vp: ¥x: Vz: pP A ([b]="[a]|[p]:=[z])pn - Sz € {ph € x|a} = S~z €
X=" b="44tzex=>b=zec{phecx|a}@VaVvb:sb=akb="ak
b & Vs: ~s € O]

tex

[ZFsub = “ZFsub”]

[ZFsub Ry “system zf”]
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MP

[MP Proof Rule tactic]
[MP %' ZFsub b Va:Vb:a = b at b
[MP = “MP”]

[MP P e mp” ]

Gen

[Gen P Rule tactic]

[Gen U 7 Fsub - Vx: Va:a b Vopjx: a
[Gen ¥ “Gen”]

[Gen P “pyle gen”|

Repetition

. £ .
[Repetition "= Rule tactic]
[Repetition 5" ZFsub I Va:a I- a
[Repetition “= “Repetition”]

L k .
[Repetition 2 “Irule repetition”]

Neg

[Neg Proof Rule tactic]
[Neg 85" ZFsub + Va: Vb: “b = a b b = a - b]
[Neg tg; “Neg77]

[Neg 2K 1 rule ad absurdum” |

Ded

[Ded P Rule tactic]
[Ded *3° ZFsub F Va: Vb: Ax.Dedug([a], [b]) i a F b]

18



[Ded “= “Ded”]

[Ded P e deduction”]

ExistIntro

[ExistIntro P Rule tactic]
[ExistIntro *I ZFsub b Vx: Vt: Va: Vb: ([a]="[b]|[x]:=[t])ex + a - b]
tex

[ExistIntro — “ExistIntro”]

. k C .
[ExistIntro 5 “Irule exist intro”]

Extensionality

. . roof .
[Extensionality "= Rule tactic]

[Extensionality U 7 Fsub - Vx:Vy: x=y = Vopj5: 7S EX=>5€y = 5 €
Y= SEX= VopSi " SEX=SEY = SEY S 5EX= X=

[Extensionality *= “Extensionality”]

. . pyk . . .
[Extensionality — “axiom extensionality” ]

Odef

[@def P2 Rule tactic]
[@def "5 ZFsub F Vs: s € O
[@def 5 “\O{}def”]

Ko .
[@def 5 “axiom empty set”]

PairDef

[PairDef P Rule tactic]

[PairDef “™" ZFsub i Vs: Vx: Vy: 515 € {x,y} = “s=x = s=y = 7 s=x = s=
y =se{xy}

[PairDef ey “PairDef”]

. k . . s
[PairDef 25 “axiom pair definition”]
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UnionDef

[UnionDef P2 Rule tactic]

[UnionDef *™8" ZFsub - Vs: Vx: 15 € Ux = 15 € jpx = “jgx € X = 1115 €
jEx = TjEx € X =5 € UY]

[UnionDef fex “UnionDef”]

. pyk . . ..
[UnionDef = “axiom union definition”]

PowerDef

[PowerDef P Rule tactic]

[PowerDef *2° ZFsub F Vs: Vx: 15 € P(x) = VobjS:5 € 5 =5 € x = 1 Voy;5:5 €
s=>5ex=s€P(x)]

[PowerDef “= “PowerDef”]

pyk o . .
[PowerDef = “axiom power definition”]

SeparationDef

. f .
[SeparationDef " Rule tactic]

[SeparationDef “Y ZFsub F Va: Vb: Vp: Vx: Vz: pPh A{([b]1=[a]l[p]:=[z])
“ze{phex|a}="zex=> b= "4zcx=-b=zc{phecx]|a}

[SeparationDef “% “SeparationDef”]

. ko . . o
[SeparationDef 5 “axiom separation definition”]

Cheat AllDisjoint

[CheatAllDisjoint P’ Rule tactic]

[Cheat AllDisjoint S ZFsub F Vr: Vx: Vy: Vbs: 2 -V,,55:5 € bs =

{{5,5},{5,5}} € r = = Vopi5: Vonit:s € bs = t € bs = {{5,5}, {5, t}} e r =
{{t.t},{t,;5}} € r = " Vobj5: Vopit: Vobju:S € bs =t € bs = U € bs =

{{5,;5}, 5, t}} er= {{t,t}, {t,u}} e r= {{5,5}, {5,u}} € r - x € {ph € P(bs) |
“tpx € bs = ~ {ph € bs | {{apn,apn},{apn,tex}} € r}=bpn} y € {ph €
P(bs) | ~tex € bs = — {ph € bs | {{apn,apn}, {apn.tex}} € rf=bpn} F ~x=

y = {ph € U{{x,x}, {y,y}} | “cpn € x = “cpn € y} =0
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tex

[CheatAllDisjoint — “CheatAllDisjoint”]

[Cheat AllDisjoint aly “cheating axiom all disjoint”]

AddDoubleNeg

proof

[AddDoubleNeg "— Ac.Ax.P([ZFsub F Va: = - - a F RemoveDoubleNeg >
S5 5a>» SajVa:Ded>Va:5-5ak 5a>> -5 5a= Saja k- Weakening>a >
Saha=aNeg> 25 a=ak>-57a= 22> “7al,po, )]

[AddDoubleNeg ST 7 Fsub - Va:a b -3
[AddDoubleNeg “ “AddDoubleNeg”]
[AddDoubleNeg Ry “prop lemma add double neg”]

RemoveDoubleNeg

[RemoveDoubleNeg progf AcAx.P([ZFsub F Va: = - a + Weakening > - a >
©a = 5 -a; Autolmply > ~a = 5 a;Neg>-a = ~a>-a = - 5a > al, po, )]

[RemoveDoubleNeg "M 7 Fsub - Va:--al ]

[RemoveDoubleNeg by “RemoveDoubleNeg”]

py «

[RemoveDoubleNeg = “prop lemma remove double neg”]

AndCommutativity

[AndCommutativity ™% Ac.Ax.P([ZFsub - Va: Vb:b = “a Fa k-
AddDoubleNeg>a > --a;MT>b= -ar>--a>

< b;Va:Vb:Ded > Va:Vb:b = “akakF-b>b="a=a= -b;-a= btk
Repetition > “a = “b;MT>b="a=a= -b>-a=-"b>- b=

- a; Repetition > b = -a > -b = -al, po, )]

[AndCommutativity *“5* ZFsub - Va: Vb: 1a = b ©b = =a]
[AndCommutativity °% “AndCommutativity”]

py «

[AndCommutativity = “prop lemma and commutativity”]
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Autolmply

[AutoImply progf AcAx.P([ZFsub | Va: a I Repetition > a >
a;Va:Ded > Va:ab a > a = al,po, )]
[AutoImply St 7 Fsub - Va:a = aJ

tex

[AutoImply = “Autolmply”]

[AutoImply pyy “prop lemma auto imply”]

Contrapositive

[Contrapositive ™% A\c.\x.P([ZFsub - Va:Vb:a = b - < b MT > 2 =
b -b>> -a;Va:Vb:a=bF Ded >Va:Vb:a=bkF “bF-a>a=b=
b= “a;MPra=b= b= “a>a=b> b= 4al,po,c)]

[Contrapositive SN 7Fsub k- Va:Vb:a = b+ 4b = -l
[Contrapositive “= “Contrapositive”]

" k .
Contrapositive % “prop lemma contrapositive”
P prop

FirstConjunct

[FirstConjunct progf A AX.P([ZFsub |- Va:Vb: "a = ~b F
AndCommutativity > -a = b > - b = - 2a;SecondConjunct > b = —a >
§1 » Po, C)]

[FirstConjunct *3" ZFsub b Va: Vb: a = b - a
[FirstConjunct *% “FirstConjunct”]

. . k .
[First Conjunct P “prop lemma first conjunct”]

SecondConjunct

[SecondConjunct propf AcAx.P([ZFsub I Va: Vb: - b - Weakening > b > a =
4b;Va:Vb:Ded > Va:Vb: “bta= -b> -b=a= -b;-a= -bt
Repetition > -a = —~b > - a = - b;NegativeMT > “b=a= -b>-a=
“b > b, po,c)]

[SecondConjunct St 7 Fsub - Va:Vb:5a = -bF b

[SecondConjunct =¥ “SecondConjunct”]
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. k .
[SecondConjunct = “prop lemma second conjunct”]

FromContradiction

[FromContradiction "% A\c.\x.P([ZFsub I Va:Vb:a F ~a - Weakening &> a >
- b = a; Weakening > -a > -b= -a;Neg> b= a> b= -a>b], pog,c)]

[FromContradiction S 7 Fsub F Va:Vb:at —akt b
[FromContradiction s “FromContradiction”]

c . k C .
[FromContradiction 2> “prop lemma from contradiction”]

FromDisjuncts

[FromDisjuncts "% Ac.\x.P([ZFsub |- Va:Vb: Ve: 5a = bla=ck b= ck
Repetition > -a = b > - a = b; Contrapositive> “a=b > -b =

- - a; Technicality > a = ¢ > - -a = ¢; ImplyTransitivity > b =
S5al>5a= c> b= ¢; Contrapositive > b = c¢> ~c=

== b; Contrapositive > b = ¢ > -c = -b;Neg> -c= -b>-c=-5b>
Q] » PO, C)]

[FromDisjuncts S 7 Fsub Va:Vb:Ve:"a=bta=ckb=ct (]
romDisjuncts — “FromDisjuncts
F Dis; tex “f Disi 5

. k ..
[FromDisjuncts =5 “prop lemma from disjuncts”]

[ffCommutativity

[[ffCommutativity %" Ac.\x.P([ZFsub - Va:Vb: va = b = “b=al
Repetition> “a=b=“"b=a>»a=b= b=

a; AndCommutativity > "a=b="b=a>» b=a=-a=

b; Repetition > ~b =>a = -a=b> ~b=a= “a= b, po,c)

[IffCommutativity *=° ZFsub - Va:Vb: "a = b= “b=>aF “b=>a= “a=
b]

[IffCommutativity tex “IffCommutativity”]

[IffCommutativity Rl “prop lemma iff commutativity”]
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[fFirst

[[fFirst %" Ac.\x.P([ZFsub - Va:Vb: "a = b= ~b=ak bl
SecondConjunct > "a=b=-“-b=a>b=aMP>b=arb> al,po,c)]

[IffFirst 2" ZFsub - Va:Vb: "a= b= “b=akt bt a
[IffFirst ¥ “IffF irst”]

[IffFirst Ry “prop lemma iff first”]

IffSecond

[IfiSecond "% Ac Ax.P([ZFsub b Va:¥b: “a = b = “"b=>akF ak
FirstConjunct > "a=b=-b=a>a=b;MP>a=br>a> b],po,c)]
[IffSecond *5* ZFsub +- Va:Vb: ©a = b= “b=at at b]

[IffSecond = “IffSecond”]

[IffSecond iy “prop lemma iff second”]

ImplyTransitivity

[ImplyTransitivity proof AcAX.P([ZFsub - Va:Vb:Vc:a=bFb=clkak
MPra=bra>bMP>b=c>b>cVa:Vb:Vcca=bkFb=ck
Ded>Va:Vb:Vcca=bFb=clFaltc>»>a=b=b=>c=a=
GMP2ra=b=b=>c=>a=cra=br>b=c>a=c],pyc)
[ImplyTransitivity *3' ZFsub - Va:Vb:Ve:a = br b= cka = (|

[ImplyTransitivity ey “ImplyTransitivity”]

.. k . e
ImplyTransitivity = “prop lemma imply transitivity”
ply

JoinConjuncts

[JoinConjuncts "2 A\c.\x.P([ZFsub F Va:Vb:a k-2 = b+ MP > a =
“b>a> Sb;Va:Vb:Ded>Va:Vb:aka= “bF-b>a=a= b= -bjalk
bFMP>a=a= b= -b>a>a= b= -b;AddDoubleNeg > b >
S5b;MT>a= b= -b>--b> -a= -b;Repetitionr>-~a= -b>
;‘§:> ;'b—lap(bc)]

[JoinConjuncts I ZFsub b Va:Vb:a F bk Sa = b
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[JoinConjuncts “= “JoinConjuncts”]

. . k . .
JoinConjuncts =% “prop lemma join conjuncts”
] prop

MP2

[MP2 proof Ac M. P([ZFsub \ Va:Vb:Vcca=b=ckatbFMPra=b=
c>a>»b=¢MP>b= c>b>c] po,c)

[MP2 St 7 Esub - Va:Vb:Vc:a=b=ctak bl ¢
[MP2 % “MP27]

[MP2 edy “prop lemma mp2”]

MP3

IMP3 ”%" AcAx.P([ZFsub - Va:Vb:Ve:Vd:a=b=c=dFaF bk cF
MP2>a=b=c=d>a>b>»c=dMPr>c=d>c>d], poc)]

[MP3 stmt ZFsubt Va:Vb:Ve:Vd:a=b=c=dFak bk chkd|
[MP3 3 “MP3”]

[MP3 Byk “prop lemma mp3”]

MP4

proof

[MP4 "=~ Ac.Mx.P([ZFsub | Va:Vb:Vc:Vd:Ve:a=b=c=d=eFak bt
cHFdFMP2>ra=b=c=d=erabb>»c=d=¢MP2>c=d=
gl>9>d>>§%p(%c)}

[MP4 *3" ZFsub b Va:Vb: Vc: Vd:Ve:a=b=>c=d=eFak btk chkdF ¢
[MP4 % “MP4”]

[MP4 edy “prop lemma mp4”]

MP5

proof

[MP5 "=~ Ac.A\x.P([ZFsub I Va:Vb:Vc:Vd:Ve:Vf:a=b=>c=>d=e=fF
aFbtckHdFeFMP3>a=b=>c=>d=e=>fracb>e>d=e=>
fMP2>d=>e=frd>e> f],po,c)
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stmt

[MP5 "=" ZFsub - Va:Vb: Vc:Vd:Ve:Vf:ta=b=c=d=e=fFakF bt chk

di-ekf]
[MP5 % “MP5”]

[MP5 Ay “prop lemma mp5”]

MT

proof

IMT "=~ Ac.Ax.P([ZFsub I~ Va: Yb:a = b I - b - Technicality > ~-a =
b; NegativeMT > <2 = b > b > a], po, c)]

[MT *2" ZFsub - Va:Vb:a = b - b - - a

[MT tE)( “MT”]

[MT Ry “prop lemma mt”]

NegativeMT

[NegativeMT "% Ac.Ax.P([ZFsub I Va: Vb: ©a = b - < b
Weakening > b > -a= -b;Neg>-a=br>-a= -b>al,po,0)]
[NegativeMT *5' ZFsub - Va: Vb: a2 = b - “b I a

[NegativeMT = “NegativeMT"]

[NegativeMT Ay “prop lemma negative mt”]

Technicality

proo

[Technicality ”%" Ac Ax.P([ZFsub I Va:Vb:a = b - = 5a -

RemoveDoubleNeg > < —a > a;MP >a = b > a > b;Va:Vb: Ded > Va: Vb:a =
bF--aFb>»a=b=+-"a=ba=bFMPpra=b=""a=bra=

b>> <52 = b],po,c)]
[Technicality *3" ZFsub - Va:Vb:a = b - -2 = b]
[Technicality tex “Technicality”]

[Technicality dy “prop lemma technicality”]
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Weakening

[Weakening propf A Ax.P([ZFsub | Va: Vb: b - a - Repetition > b >
b;Va:Vb:Ded>Va:Vb:bFakFb>b=a=bbFMP>b=a=b>rb>a=
b—|>p07c)]

[Weakening *3* ZFsub - Va: Vb: b I a = b
[Weakening s “Weakening”|

. k .
[Weakening 2 “prop lemma weakening”|

WeakenOrl

f
[ proo

WeakenOrl "=~ Ac.Ax.P([ZFsub I Va: Vb: b - Weakening > b > -a =
b; Repetition > ~a = b > - a = b], po, )]

[WeakenOr1 *3" ZFsub F Va: ¥b: b - -2 = b]

[WeakenOrl tex “WeakenOrl”|

k
[WeakenOr1 %5 “prop lemma weaken or first”]

WeakenOr2

[WeakenOr2 progf A M. P([ZFsub | Va:Vb:at -ak
FromContradiction>at>-a > b;Va:Vb: Ded>Va:Vb:at “"akb>a= -a=
b;ak MPr>a = -a= b>a> -a= b;Repetition>-a = b > -a = b],po,c)]

stmt

[WeakenOr2 "= ZFsub | Va:Vb:a - —a = b]

tex

[WeakenOr2 — “WeakenOr2”]

k
[WeakenOr2 2 “prop lemma weaken or second”]

Formula2Pair

proo

[Formula2Pair ropf ACAX.P([ZFsub F Vs: Vx: Vy: "s=x = s=y I PairDef >
As€{xy} = Ts=x=s=y= "s=x=s=y = s € {x,y};ffFirst > ~s €
{x,y} = "s=x=>s=y=> "as=x=>s=y=>sc {xy}>s=x=>s=y>se€

{57 X}—‘ » Pos C)]
[Formula2Pair U 7Fsub F Vs: Vx: Vy:hs=x=s=ykFsc {xy}]

[Formula2Pair tex “Formula2Pair”]
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[Formula2Pair VY “lemma formula2pair”]

Pair2Formula

roof

[Pair2Formula "= Ac.Ax.P([ZFsub F Vs: ¥x: Vy:s € {x,y} - PairDef > ~s €
{X,y} = 7s=x=s=y = "s=x=s=y = s € {x,y}; IffSecond > ~s €
{x,y} = "s=x=>s=y=> "as=x=>s=y=>sec {x,y}>se {xy} > s=

x = s=y|,po,0)]
[Pair2Formula St 7 Esub - Vs:Vx:Vy:s € {x,y} F "s=x = s=Y]
[Pair2Formula tex “Pair2Formula”]

[Pair2Formula X “lemma pair2formula”]

Formula2Union

[Formula2Union proof ACAX.P([ZFsub - Vs:Vx:s € jpx F jrx € xF
JoinConjuncts > s € jpx D> jgx € X > 55 € jEx = 7 jEx € X; UnionDef > -5 €
Ux = 515 € jEx = TJEx €EX = T8 € jEx = TjEx € X = s € Ux; IffFirst > ~s €
UX = 7S € Jux = TJEx €EX= 778 € jEx = TJEx €X = S € UXD> TS € jpx =
S jEx € X > s € Ux], po, ©)]

stmt

[Formula2Union "— ZFsub I Vs: Vx:s € jgx I jrx € x F s € Ux]

[Formula2Union s “Formula2Union” |

. k .
[Formula2Union 5 “lemma formula2union”]

Union2Formula

[Union2Formula progf AcAX.P([ZFsub I Vs: Vx:s € Ux - UnionDef > =5 €
UX="SE€jpx = TJEx €EX= 7S € jgx = JEx EX=>SE

Ux; IffSecond > -s € Ux = 518 € jpx = T jEx € X = 7S € jEx = TjEx € X =
SEUXD>s € Ux > 58 € jex = Tjrx € X, Do, )]

[Union2Formula S 7 Bsub - Vs:Vxis € UxF 518 € jpx = TjEx € X]
[Union2Formula % “Union2Formula’]

. pyk .
[Union2Formula = “lemma union2formula”]
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Formula2Sep

proof

[Formula2Sep "— Ac.Ax.P([ZFsub +

Va: Vb: Vp: Vx: Vy: pP2A([b]=Ca]|[p]:=[y])pn -y € x F b I JoinConjunctsr>y €
x> b > -y € x = <b; SeparationDef 1> p™™ A ([b]="[a]|[p]:=[y])pn > =y €
{phEx\a}:>ﬂy€x:>—|b:>—ﬁy€x:>—|b:>y€{ph€x|

a};SecondConjunct > -y € {ph € x|a} = "yex= b= yecx= b=
ye{phex|a}>»yex=-b=yec{phex|a};MP> ycx= b=
ye{phex|a}>-yex=-b>yec {phex]|a}],poc)

[Formula2Sep *™%" ZFsub  Va: ¥b: ¥p: ¥x: Yy: pP A ([b]="Ta]|[p]:=[y])en -
yexkFbFye{phex]a}

[Formula2Sep ey “Formula2Sep”|

k .
[Formula2Sep 25 “lemma formula2separation”]

Sep2Formula

proo

[Sep2Formula " — ! Ac.Ax.P([ZFsub +

Va: Vb: Vp: Vx: Vy: pPh A([b1=a]l[pl:=[y])pn -y € {phex|a} F
SeparationDef > p™ A ([b]="[a]|[p]:=[y])pn >~y € {Ph € x |a} =~y €
x= b= "4y €Ex=b=ye {phex|a};FirstConjunct > -1y € {ph € x|
a} > yeEx=>"b=>-"yex=" b=yec{phex|a} >»yec{phex|

a} = yex=-bMP>ye{phex|a} =-yex=br>yec {phex|
a} > -y € x= =b],po,c)]

[Sep2Formula *3" ZFsub + Va: Vb: Vp: Vx: Vy: pP2 A ([b]=Ta]|[p]:=[y])pn t
ye{phex|a}F-yex= -b

[Sep2Formula = “Sep2Formula”

[Sep2Formula X “lemma separation2formula’]

SubsetInPower

proof

[SubsetInPower "— Ac.Ax.P([ZFsubF Vs:¥x:s€s=5€cxFGen>s€s=
5€ X > Vobjs:5 € s =5 € x; PowerDef > <s € P(x) = Vopis:5 €s=>5€x =
AVobjS:5 €s =5 € x =5 € P(x);IffFirst > =5 € P(x) = VopS:S€s=>5€ x =
AVobjSiSES=>5€x=>5€P(X)>Vp5:5€s=5€x>s € P(x)],po, )]

[SubsetInPower *3' ZFsub I Vs:Vx:s € s =5 € x F s € P(x)]

[SubsetInPower ¥ “SubsetInPower”]
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I .
[SubsetInPower 25 “lemma subset in power set”]

HelperPowerlsSub

proof

[HelperPowerIsSub "=~ Ac.Ax.P([ZFsub F Vx: Vy:§ € x = § € y - Repetition >
SEX=>SEy>seEx=>s5€y;VaVx:Vy:Ded>Vx:Vy:s€Ex=>s€yFsex=
sey > [S]#°x] I [S]#°[y] - VopS:S €Ex=>5 €y = s €x=s €y],po, )]

[HelperPowerIsSub * ZFsub F Vs: Vx: Vy: [5]#°[x] b [S]#° [y] b Von;s:s €
X=>5cy=>secx=>scy|

[HelperPowerIsSub = “HelperPowerlsSub”]

[HelperPowerIsSub P “emma power set is subset0”]

PowerlsSub

proof

[PowerIsSub " — Ac.Ax.P([ZFsub I Vs: Vx: [§]#°[s] I [5]#°[x] s € P(x) I
PowerDef > -s € P(x) = Vpi5:5 €s=>5€Xx = Vopi5i5 €s=>5€EX=>5 €
P(x); IffSecond > =5 € P(x) = VobhjS:5€5s =5 € X => "VopS:5€Es=>5 € x =
s € P(x) > s € P(x) > Vobi5:5 € s = § € x; HelperPowerIsSub 1> [5]#°[s] 1>
S|#x] > VopSis€Es=5€x=>5€s=5€ex; MP>VY,,5iS€s=>5€x =
SES=>SEXD>VopjS:SES=5EXx>5E€5=5¢c x;Repetition>s€s=5¢
X>5€s=5¢€x|,po, )]

[PowerIsSub *5" ZFsub F Vs: Vx: [5]#°[s] - [s]#°[x] s € P(x)Fses=>5¢€
x|

[PowerIsSub = “PowerlsSub”]

=1

k :
[PowerTsSub 25 “lemma power set is subset”]

(Switch)HelperPowerIsSub

proof

[(Switch)HelperPowerIsSub "= Ac.Ax.P([ZFsub F Vs: Vx: Vy: [5] #0 Mis
[5]#°[x] = HelperPowerIsSub 1> [5]#°[x] > [S]#°[y] > VepjS:iS€x =5 €
y=>sex=sey],po,c)

[(Switch)HelperPowerIsSub ¢ ZFsub F Vs: Vx: Vy: [S]#°[y] 1= [s]#°[x]
VobiS:iSEX=>5CYy=>SsEX=>SEY]

[(Switch)HelperPowerlsSub = “(Switch)HelperPowerlsSub”]

[(Switch)HelperPowerIsSub X “Yemma power set is subsetO-switch”]
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(Switch)PowerIsSub

proof

[(Switch)PowerIsSub " — Ac.Ax.P([ZFsub I Vs: Vx: [§]#°[x] t+ [5]#°[s] s €

P(x) I PowerlIsSub 1> [5]#°[s] > [5]#°[x] >s € P(x) > 5 €s =5 € x|, po, )]

[(Switch)PowerIsSub “5° ZFsub + Vs: Vx: [5]#°[x] # [5]#°[s] s € P(x) F5 €
s=35€x

[(Switch)PowerIsSub ¥ “(Switch)PowerIsSub”]

[(Switch)PowerIsSub X “Jemma power set is subset-switch”]

ToSetEquality

[ToSetEquality Proof N e x. P([ZFsub F ¥x:Vy:s€x =>5€ykFs5e€y
J01nConJuncts>s€x:>sestEy:>56x>>—|56x:>s€y;>
sex;Gen>"SEX=5EYy = SEY=>5EX> Vs 5EXSSEY
y = S € x; Extensionality > - x=y = V,pjs: "S€EXx=>5€y = "S€y=5€
X = VepSi S EX =85 €y = 5 €y =5E x=x=Yy;SecondConjunct > -
Y= VopjS:TSEX=SEYy = TSEYSTSEXS VSt SEXSSEY = T
Y= SEXSX=Y > VoS ISEX=5EYy=>5EYy=>TEX=>x=
Y;MPD>Vgps:ns€Ex=35€y="5€y=5€x=>x=yD> Vo5 5€EX=>5€
y=“1S€y=5€x>x=y],po,c)

stmt

[ToSetEquality — ZFsub - Vx:Vy:5€x=5€cykFscy=5cxkx=y]

ex

[ToSetEquality s “ToSetEquality”]

[ToSetEquality P Yemma set equality suff condition”]

HelperToSetEquality(t)

proof

[HelperToSetEquality(t) "— Ac.Ax.P([ZFsub F Vx:Vy:tex=>teyk
Repetition>tex=tcy>tex=tcy;Vx:Vy:Ded>Vx:Vy:tex=teyhk
tex=>tey> [T# x| T #° [y Vopjitex=>tey=>5ex=>5€
y],Po, c)]

[HelperToSetEquality (t) " ZFsub F Vx: Vy: [T]#0[x] # [E]1#°[y] b Vouit: T €
x=tecy=5€ex=5¢cy]

[HelperToSetEquality(t) *3 “HelperToSetEquality (t)”]

[HelperToSetEquality(t) ¥ Yemma set equality suff condition(t)0”]

31



ToSetEquality(t)

[ToSetEquality(t) "= " Acx. P([ZFsub b Vx: Vy: [t]#°[x] - [T]# [y +t e
S

x=>teybtey=texkGan>tex=tey > Vypttex=te
y; HelperToSetEquality(t) 1> [t]#°[x] & [t]#°[y] > Vopiitex =T ey =
seEx=scy;MP>Vpjtitex=tecy=3scx=5cyb>Voyjtitex=te
y>sex=scy;Gen>tey=tex>Vyptitey=te

x; HelperToSetEquality (t) > [T]#°[y] > [T]#°[x] > Vopiit ey =>tex =
Sscy=s5ex;MP>Vyjtitcy=tex=s5cy=3secx>Vojtitcy=tex>
scy=5¢cx; ToSetEquality > € x=5€y>5cy=35€x>x=Y],Po,C)

[ToSetEquality(t) "5 ZFsub F Vx: Vy: [t]#[x]  [T]#%y| Htex=teyt
tey=texkx=y|

[ToSetEquality(t) jics “ToSetEquality(t)”]

[ToSetEquality(t) X “lemma set equality suff condition(t)”]

HelperFromSetEquality

[HelperFromSetEquality POl A e Ax. P([ZFsub FVx:Vy: "s€x=5€cy = "5¢€
y =5 € xF Repetition> "€ x=5€y="5€y=5€x> "5€x=>5€
y="s€y=5€xVaVx:Vy:Ded>Vx:Vy:"s€x=5€y=5€y=5¢€
xbESsex=>5ecy=asecy=>5ex> [5|#[x] F [S]#%[y]  Vons: 55 €
X=>5€y=>"5€y=>5Ex=>"sEX=>sEYy=>Ts€Y=5sEXx]|,po,C)]

[HelperFromSetEquality " ZFsub + Vs: ¥x: Yy: [5]#°[x] # [5]#°[y]
VobjS: ﬁseg:>sGX:>—|SEX=>565:>—|§65:>§€X:>%§€X:>§€x}

[HelperFromSetEquality tex “HelperFromSetEquality” ]

[HelperFromSetEquality P Yemma set equality skip quantifier”]

FromSetEquality

[FromSetEquality %" Ac.Ax.P([ZFsub - Vs: Vx: Vy: [s]#°[x] b [s]#°[y] #
y F s € x - Extensionality > - x=y = Vp,jS: "SE€EX=SEy= "SE€Yy =5
X= VoSS EX=>5€y = 5€y=5¢cx= x=y;IffSecond > " x=y =

YobiSi 1S EX=SEYy = 15€Yy=>5EX= 1V, SEX=>SEY = 5€y =

SEX=ZX=YDX=Y > VoSt "SEX=5EYy = S5€Yy=5€

x; HelperFromSetEquality 1> [S]#°[x] & [5]#°[y] > Vopjs: 7S €x=>5€y =
NSEY=SSEXS ISEXSSEY S TSEYSSEXMPDB VoSS EX =S €
Y= SEYy=>S5€EX=> 1SEX=>SsEYy=> 1SEYy=>sEXD> VS SEX=SE

X
S
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Y= TSEY=>SEX>TSEXZSEY = T
X=>SEYy=>SEY=>SEX>SEX>SE

y = s € x;IffSecond > ~s €

[FromSetEquality "5 ZFsub F Vs: Vx: Vy: [S]#°[x] b= [S]1#° [yl - x=yFse
xkFsey]

[FromSetEquality s “FromSetEquality”]

. k . .
[FromSetEquality 22 “lemma set equality nec condition”]

HelperReflexivity

[HelperReflexivity progf ACAX.P([ZFsub I Vr:Vbs:s € bs = {{5,5},{5,5}} € rF
Repetition > 5 € bs = {{5,5},{5,5}} € r >s € bs = {{5,5},{5,5}} €

r; Vr: Vs: Vbs: Ded > Vr: Vbs: S € bs = {{5,5},{5,5}} €r-5€ bs =

{{s,5}, {s.5}} € r>> [S]#°[r] i [S]#°[bs] i Vop;5:5 € bs = {{5,5},{5,5}} €
r=s¢€bs= {{s s}, {s s}} €rl,po,c)]

[HelperReflexivity *3° ZFsub b Vr: Vs: Vbs: [5]#°[r] # [5]#°[bs] b Vop;5:5 €
bs = {{5,5},{5,5}} €r=scbs = {{s,;s},{s,s}} € 1]

[HelperReflexivity tex “HelperReflexivity”]

[HelperReflexivity Y “lemma reflexivity0”]

Reflexivity

[Reflexivity "% Ac.\x.P([ZFsub I Vr: Vs: Vbs: [§]#°[r] i [5]#° [bs]
Vobis: s € bs = {{5,5},{5,5}} € r s € bs - HelperReflexivity 1> [s]#°[r] >
E-I#O(E—‘ > vobjg:§ € bs = {{§7§}7 {§’§}} €r=secbs= {{§a§}’ {§7§}} €
r; MP2 > V,1,;5:5 € bs = {{5,5},{5,5}} € r = s € bs = {{s,s},{s,s}} €

r > Vop;s:s € bs = {{5,5},{5.5}} € r>s € bs > {{s,s}, {s,s}} € r|,po, )]

[Reflexivity “IB% ZFsub - Vr: Vs: Vbs: [S1#°[r] I [S]#°[bs] i+ Vobis:s € bs =
{{s,5},{s,s}} ertsebst {{s,;s}.{s,s}} €]

[Reflexivity “= “Reflexivity”]

. k .
[Reflexivity 5 “lemma reflexivity”]

HelperSymmetry

[HelperSymmetry proof ACAX.P([ZFsub b Vr:Vbs:§ € bs = t € bs =
{{5,5}, {5,t}} e r = {{t,t}, {t,5}} € r - Repetition >5 € bs = t € bs =
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{{s,5}, {5, 1)} er={{t. ), {t.s}} er>sebs=tebs = {{55},{5t}} €
r= {{t,t},{t,5}} € r;Vr:Vs: Vt: Vbs: Ded > Vr: Vbs:§ € bs = t € bs =

{{s,5}, {5, t}} er={{t,t}.{t,;5}} erFsebs=te bs= {{55},{5t}} er=
{t. B, {t.5}} € 1> [S14°[x] = [S]4£°[bs] b= [E]4£°[x] - [E]#°[bs] -

VobiS: Vonit:5 € bs =t € bs = {{5,5}, {5, t}} e r= {{t,t}, {t,s}} er=5s¢

bs =t € bs = {{s,;s},{s,t}} e r = {{t. t}, {t,s}} € r], po, )]

[HelperSymmetry 5" ZFsub F Vr: Vs: Vi: Vbs: [5]#°[r] b [5]#°[bs] #
[E]#°(r] = [E]#°[bs] = Vobjs: Vobt:s € bs = t € bs = {{5,5}, {5,t}} e r =
{{t.th{ts}ter=sebs=tebs={{s s} {st}} er={{t. t}, {t,;s}} €]

[HelperSymmetry Jass “HelperSymmetry”]

[HelperSymmetry X “lemma symmetry0”]

Symmetry

[Symmetry progf AcAx.P([ZFsub F Vr: Vs: Vt: Vbs: [s]#°[r] t+ [5]#°[bs]| #
[E1#00r] 1 [T]#°[bs] # Vob5: Vobt:5 € bs = T € bs = {{5,5}, {5,T}} € r =
{{t.t}.{t.s}} erFsebsttebst {{s s} {s t}} € r- HelperSymmetry 1>
5]#07r] > [5]#°[bs] > [E]#°r] B [E]#°[bs] > Vop;s: Vb E:5 € bs = €
bs = {{§7§}7{§af}} er= {{f,f},{E,E}} Er=schs=techs=

{{s,s}, {s,t}} € r = {{t. 1}, {t.s}} € r; MP4 > V;;5: Vopjt:5 € bs = t € bs =
{ssh{stiter={{tt}{ts}} er=sebs=tecbs= {{ss} {s,t}} €
r={{t,t},{t,s}} € r> Vop;s: Vopjt:5 € bs = t € bs = {{5,5}, {5,t}} e r =
{{t.th{tsttermpsebs>tebs>{{s s} {s,t}} e r> {{t,t},{t,;s}} €
[—‘,po,C)}

[Symmetry "5 ZFsub b Vr: Vs: Vt: Vbs: [5]#°[r] # [5]#0[bs] # [T]#°[r] #
[T]#°[bs] i VobjS: Vobit: s € bs = t € bs = {{5,5},{5,t}} e r =
{{t.ty{tstyerbsebsttebst {{s s} {st}} ert{{t. t},{t,;s}} €]
[Symmetry = “Symmetry”]

[Symmetry 2 “emma symmetry” |

HelperTransitivity

[HelperTransitivity proof ACAX.P([ZFsub | Vr:Vbs:S € bs =t € bs = U € bs =
{{s.,5),{5,8}} € r = {{L 8. {E,0}} € r = {{5,5}, {5, U}} € r - Repetition>5 €
bs=tebs=T1u€bs= {{55},{51t}} er= {{§,t}, {t,u}} er=
{{s,;5},{s,u}} €er>sebs=tebs=u€bs= {{55},{5t}} er=
bs=tebs=1ue€bs= {{55},{51t}} er= {{t,t},{t,u}} er=
{{5,5},{5,u}} er-sebs=tebs=tu€cbs= {{55},{5t}} er=

34



{t. 1, {tu}} er={{55}, {50t} € r> [5]#°[r] - [5]#°[bs] # [T]#°[r] #
[T]#°[bs] t [U]#°r] t= [W]#°[bs] t Vob;js: Vobjt: Vobju:S € bs =t € bs = T €
bs = {{5,5}, {5, t}} e r= {{t,t},{t,u}} er= {{5,;5},{s,u}} er=s € bs=
tebs=ucbs= {{s s}, {s,t}} er= {{t,t},{t,u}} er= {{s,; s}, {s,u}} €

r],po, )]

[E1#°]r] ﬂ #0 fbﬂ = [T]#° ] f 1#? [bsl tF Yob;S: Vobﬁ: Vobjl: S € bs =
tebs=10e€bs= {{55},{5t}} er= {{t,t},{t,u}} e r= {{5,5}, {5.u}} €
r=sebs=tebs=ucbs={{s s} {s,t}t er={{t.t}{tul} er=

{{s;s}, {s,u}} €1]

[HelperTransitivity tex “HelperTransitivity”]

[HelperTransitivity P “emma transitivity0”]

Transitivity

[Transitivity "% Ac. Ax.P([ZFsub - Vr: Vs: Vt: Vu: Vbs: [§]#°[r] I [5]4°[bs] i

[E1#°1r] = €14 bs] # [T1#C[r] b [T]#° bS] b Vopis: VobiE: Vou 5 € bs =
tebs=uebs= {{55), {51} er= {{LI},{tL.0}} er= {{55} {5 n}} €
rbksebsktebstuebst {{s s} {st}} ert {{t,t}, {t,u}} ert
HelperTransitivity > [5]#°[r] > [s]#°[bs] > [t]#°[r] > [t]#°[bs]
[W]#°[r] > [U]#°[bs] > VobiS: Vobjt: Vobil:s € bs =t € bs = U € bs =
shstier={{tt}, {tu}} er={{55},{5u}} er=se€bs=te
bs = uebs= {{s s}, {s,t}} er={{t.t},{tu}} er={{s s} {s,u}} €

r; MP5 > Vobj§: Vobjfl Vobjﬁlg €Ebs=tebs=1¢€bs= {{g,g}, {§7E}} cr=
{{t,t}, {t,u}} er={{5,5}, {5, u}} er=scbs=tebs=u€bs=
Hsshisti) er={{tt}{tu}} er={{s;s} {s,uj} e

12> VobjS: Vobjt: Vobju:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =
{{t.th{t.u}}t er={{s;s},{5,u}} € r>s € bsi>t € bsi>u € bs>{{s,s}, {s,t}} €
r> {{t.t} {t,utt er= {{s;s} {s,ut} e s MP > {{t,t}, {t,u}} er =
{{s,s}, {s,u}} e r> {{t,t}, {t,u}} € r> {{s,s}, {s,u}} €r],po, )]

[Trans1t1v1ty ™ ZFsub b Vr: Vs: Vt: Yu: Vbs: [5]#40[r] b [5]#°[bs] #
[1#° ] = [€]#° [bs] i [T]#°[r] i [T]#°[bs] - Von;S: Von;t: VonU: S € bs =
tebs=1u€bs= {{55},{5t}} er= {{t,t}, {t,u}} e r= {{5,5}, {5, u}} €
r-sebsktebstuebst {{s s} {st}} er-{{t.t} {t,ul} ertk

{{s;s}. {s,u}} €1
[Transitivity 5 “Transitivity”]

e k e
[Transitivity "5 “lemma transitivity”]
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ERisReflexive

[ERisReflexive "2 X\ Ax. P([ZFsub b Vr: 2 Vop;5:5 € bs = {{5,5}, {s.5}} €

r = VopiS: Vobjt:5 € bs = t € bs = {{5,5},{5,t}} e r = {{t,t}, {t,5}} er=
S VobjS: Vobjt: Yobju:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =

{{t,t}, {t,u}} € r = {{5,5}, {5,U}} € r F Repetition > - - V,;5:5 € bs =
{{5,5},{5,5}} € r = - Vobj5: Vobjt:5 € bs = t € bs = {{5,5}, {5, t}} € r =

{{E, f}, {f,g}} cr= %Vobjgi Vobjft Vobjﬁtg Ebs=tebs=1¢€bs=

{{s;5}, 5.t} er= {{t,t},{t,u}} er = {{5,5}, {5,u}} € r> = V,,;5:5 €

bs = {{5,5},{5,5}} € r = = Vopi5: Vonit:5 € bs =t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t.5}} € r = S VobjS: Vobjt: Vobju:S € bs =t € bs = U € bs =

(5.5} {s, )} e r = {{L 8. {L.u}} € r = {{5,5}, {5, U}} € r; FirstConjunct &
%;‘Vobjglg € bs = {{g,g}, {g,g}} cr= %vobﬁzvobjf@ €bs=tebs=
{{s,5}, {5, t}} e r = {{t, 1}, {t,5}} € r = 2 Vob;j5: Vopit: Vobju:5 € bs =t € bs =
uebs= {{55s}, {5t} er={{t,t},{t,u}} er= {{55}, {5, u}} €r>

S Vobjs: 5 € bs = {{5,5},{5,5}} € r = = Voi5: Vobit:5 € bs =t € bs =

{{5,5}, {5, t}} e r = {{t,t},{t,5}} € r;FirstConjunct > - V,,;5:5 € bs =
{{5,5},{5,5}} € r = - Vobj5: Vobjt:5 € bs = t € bs = {{5,5}, {5,t}} € r =
{{t.t},{t,5}} € r > Vopi5:5 € bs = {{5,5}, {5,5}} € r], po, )]

stmt

[ERisReflexive " ZFsub I Vr: - Vp,;5:5 € bs = {{5,5}, {5,5}} € r =
;‘Vobjgz vobjig S E =t € E = {{gv g}a {§, {}} er= {{faf}v {fa §}} €r=
%Vobjgi Vobjfi Vobjﬁig €Ebs=tebs=1¢€bs= {{g, §}, {g, E}} cr=
{{t.t},{t,u}} e r = {{5,5}, {5,u}} € r - Vou;5:5 € bs = {{5,5}, {5,5}} €1]

[ERisReflexive *= “ERisReflexive”]

. . py . .
[ERisReflexive = “lemma er is reflexive”]

ERisSymmetric

[ERisSymmetric propf ACAX.P([ZFsub F Vr: = 5 Vop,;5:5 € bs = {{5,5}, {5,5}} €
r= VoS Vopit:s € bs =t € bs = {{5,5}, {5,t}} e r = {{t,t},{t,s}} er=
1 VobiS: Vobjt: VopiU:s € bs = t € bs = U € bs = {{5,5},{5,t}} e r =

{{t,t}, {t,u}} e r = {{5,5}, {5,U}} € r - Repetition > - V,},;5:5 € bs =
{{5,5},{5,5}} € r = = Vopi5: Vobit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = 2 Vop;5: Vobjt: Vobju:S € bs =t € bs = U € bs =

{55} {5t} er={{t,t}, {t.u}} er= {{55}, {5, U}} € r> "=V,;5:5 €

bs = {{5,5},{5,5}} € r = Vobj5: Vopit:S € bs = t € bs = {{5,5}, {5, t}} e r =
{{t, 1}, {t,;5}} € r = 2 Vobj5: Vopit: Vobji:S € bs =t € bs = U € bs =

{s:sh 5t er={{t.t},{tu}} er=> {{s;5},{5,u}} €

r; FirstConjunct > = 5Vop,i5:5 € bs = {{5,5}, {5,5}} € r = 5 Vop;5: Vop;t:5 €

bs =t € bs= {{5,5},{5,t}} € r = {{t,t}, {t,5}} € r = - Vob;S: Vobjt: VobjUu:5 €
bs=tebs=1u€bs= {{55},{51t}} er= {{t, i}, {t,u}} er=

{{s,5}, {5,u}} € r> ~Vopi5:5 € bs = {{5,5},{5,5}} € r = = Vop5: Vobjt: 5 €
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bs =t € bs= {{5,5},{5,t}} er= {{t,t},{t,5}} €
r; SecondConjunct > -1 Vop,;5:5 € bs = {{5,5},{5,5}} € r = = Vqpj5: Vobit: 5 €
bs =t e bs= {{5,5},{5,t}} € r = {{t,t}, {t,5}} € r > Vob;5: Vobjt:5 € bs =

te @ = {{gvg}v {§’ E}} cr= {{frf}7 {fv §}} € ﬂ,po,c)]

[ERisSymmetric S ZFsub F Vr: S Vobjs: s € bs = {{5,5},{5,5}} e r=
S VobjS: Vobjt:5 € bs = t € bs = {{5,5}, {5, t}} e r = {{t,t}, {t.5}} e r=
%Vobjgi Vobjfi Vobjﬁig Ebs=tebs=1€bs= {{g, 5}, {g, E}} cr=
{{t.t},{t,u}} e r = {{5,5}, {5,U}} € r - Vou;5: Vopit:5 € bs = t € bs =

{{55},{5t}} er= {{t, 1}, {t,5}} € 1]

[ERisSymmetric *< “ERisSymmetric”]

pyk . : 75]

[ERisSymmetric = “lemma er is symmetric

ERisTransitive

[ERisTransitive %" Ac.Ax.P([ZFsub k- Vr: = Vopi5:5 € bs = {{5,5}, {5,5}} €
r = VopiS: Vobjt:5 € bs = t € bs = {{5,5},{5,t}} e r = {{t,t}, {t,5}} er=
S VobjS: Vobjt: YobjU:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =

{{t,t}, {t,u}} € r = {{5,5}, {5,u}} € r F Repetition > - - V,;5:5 € bs =
{{5,5},{5,5}} € r = - Vobj5: Vobjt:5 € bs = t € bs = {{5,5}, {5,t}} € r =
{{t.t},{t,;5}} € r = 2 Vobj5: Vobit: Vobjui:S € bs =t € bs = U € bs =

{{s;5}, 5t} er= {{t,t},{t,u}} er= {{5,5}, {5,u}} € r > = V,;5:5 €

bs = {{5,5},{5,5}} € r = = Vopi5: Vonit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t.5}} € r = S VobjS: Vobjt: Yobju:S € bs =t € bs = U € bs =

{3} (5.t} er= {{LEh {E.u}} e r = {{5,5), (5,0} } €

r; SecondConjunct > -1 Vop,i5:5 € bs = {{5,5},{5,5}} € r = = Vp;S: Vobit: S €
bs =t e bs = {{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = 2 Vob;5: Vopjt: Vobju: s €
bs=tebs=T1ue€bs= {{55},{5t}} er= {{t,t}, {t,u}} er=

{{s,5}, {5, u}} € r > Vobi5: Vobjt: Vobju:S € bs = t € bs = u € bs =

{s5h st er= {t. 1}, {t, u}} e r= {{5,5}, {5,u}} €], po, )]

[ERisTransitive "=° ZFsub - Vr: “Vobjs:s € bs = {{5,5},{5,5}} er=

S VobiS: Vobjt: s € bs = t € bs = {{5,5},{5,t}} e r = {{t,t}, {t,5}} er=

1 Vo1biS: Vobjt: VopiU:s € bs = t € bs = U € bs = {{5,5},{5,t}} e r =

{{t,t}, {t,u}} e r= {{5,5}, {5, U}} € r F Voui5: Vonit: Vobju:5 € bs =t € bs =

ue€bs= {{55},{5t}} er= {{t,t}, {t,u}} € r = {{5,5}, {5,u}} € 1]

[ERisTransitive Y “FRisTransitive” ]

[ERisTransitive X “emma er is transitive”|
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(isSubset

proof

[@isSubset " — Ac.Ax.P([ZFsub I Vs:Vx:s € @ F Odef > s €
@; FromContradiction>s € @ > s € 0 > s € x;Vs: Vx: Ded > Vs: Vx:s € O
s€Ex>se€=sex],poc)]

[@isSubset S 7 Fsub - Vs:Wxis € 0 = s € x]
[@GisSubset °= “\O{}isSubset”]

[DisSubset P “lemma empty set is subset”]

HelperMemberNot®)

roof

[HelperMemberNot® Ps AC AP ([ZFsub I Vs: Vx: [s]#[x] FsexFx=0 F
FromSetEquality > [5]#°[x| >x=0>sex>s€

(O;Vs:Vx: Ded > Vs: Vx: [5]#°[x| FsexFx=0Fsec @ > [5]|# x| FseEx=
K:@ =sc ®—|vp07c)]

[HelperMemberNot® U 7Fsub - Vs:Vx: [5|#0[x] Fsex=x=0 = s € Q]

tex

[HelperMemberNot® — “HelperMemberNot\O{}”]

[HelperMemberNot® ¥ “emma member not empty0”]

MemberNot®)

proof

[MemberNot@ "—" Ac.Ax.P([ZFsub F Vs: Vx: [5]#°[x] s € x F
HelperMemberNot® > [5]#°[x] >s€x=>x=0=s€ O;MP>s € x = x=
D=selpsex>x=0=scO;O0def > sc O;MT>x=0=s¢€
D>ase€e D> x=0],po,0)]

[MemberNot® St 7 Bsub - Vs: Vx: [s1#°[x] ks e xF Sx=0)]
[MemberNot® ¥ “MemberNot\O{}”]

[MemberNot? X “lemma member not empty”]

HelperUnique®

[HelperUnique® propf A AX.P([ZFsub | Vs:Vx: s € xbFs e xE
FromContradiction>s € x> s € x> s € ;Vs:Vx:Ded > Vs:Vx: s € xF s €
xFse@>-sex=>sex=>se@;sexEFMP> A seEx=>sEx=s€
D> seEx>sex=se D], po,c)
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[HelperUmque@ * ZFsub - Vs:Vx:hs€Exksex=se ]
[HelperUnique® ¥ “HelperUnique\O{}”]

[HelperUnique® P Yemma unique empty set0”]

Unique®

roof

[Unique® ™% A\c.\x.P([ZFsub F Vx: =5 € x - HelperUnique® > ©5 € x > 5 €
x =5 € 0;PisSubset > 35 € @ =5 € x; ToSetEquality >sex =5 D >5 €
D=5ex> x:@] Po, ©)]

[Unique® *3* ZFsub I Vx: 5 € x - x=0)]
[Unique® =¥ “Unique\O{}"]

[Umque@ ¥ “emma unique empty set”]

= Reflexivity

[=Reflexivity progf ACAx.P([ZFsub F Vs: Autolmply >S€s=5¢€
s; ToSetEquality >S€s=5€s>5E€s=5€s>s=s|, Do, )]

[=Reflexivity S 7 Fsub Vs:s=s]
[=Reflexivity — by = “=\}Reflexivity”]

[=Reflexivity 5 ¥ “lermnma =reflexivity”]

= Symmetry

[=Symmetry progf A Ax.P([ZFsub b Vx: Vy: [5]#°[x] = [8]#°[y] +x=y -
Extensionality > %gzyévobj§:%§€g:;§ey:>%§€y:>§€x:> a
%Vobjé%§€x:>§€y;>%§6y:>§€x:x 7y,IffSecon7d>%x y =
VobjS: S EX=SEY = TSEY S SEXD VoSt ISEXSSEY = SE€Y =
SEXZX=YDX=Y > Vopsi"SEX=5EYy=>5€y=5€

x; HelperFromSetEquality > [5]#°[x] & [S]#%[y] > Vopjs: "Sex=5€y =
TSEYy=>SEX= SEX=>SEYy=> SEy=>SsEXMP>VY,sinseEx=5¢€
Y= SEYy=>5€EX=>1SEX=>5€Yy=>5S5€Yy=>5€xD> Vs 5€EX=>S5E
Y= 1SEYy=>S5EX>SEX=>5EYy=> SEYy=>5¢€
xFlrstConJunctDﬁs€xés€y:>ﬂSEy:>S€x>>56x:>s€

y; SecondConjunct > 7S €Ex =S€y = "SE€EYy=5E€EXx>5€y=5€

x; ToSetEquality >5 €y =5 € x>5€x=5€y > y=x|,po,C )]
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[=Symmetry St 7 Bsub - Vx: Vy: [5] #O1x] = [s]#° [yl = x=yFy=x]

=\!{}Symmetry”]

=Symmetr, P Yemma =symmetry”
y y

tex «

[=Symmetry =

Helper = Transitivity

[Helper = Transitivity %" Ac.\x.P([ZFsub b Vs: Vx: Vy: Vz: [5]#0[x]
40 [y] #=[5] #07z] = x=yFy=zFs & xF FromSetEquality 1> [5]#°[x] >
Ofy] >x=yr>s € x> s € y;FromSetEquality & [5]#°[y]

#
#O(Z]Dy—zDsEy>>s€zVstVsz DedDVstVyVZH#O[ﬂH—
#O[yl 1= [S14°[z] - x=y Fy=zF s € xis €z > [S]#°[x] I [S]#°[y] i~

[s
[s
[s
[s

[5]1#°[z] - x= x:>z=;:>s€z=>§€;1 Po, )]

|
|
|
|

[Helper = Transitivity — S 7 Fsub k- Vs: Vx: Vy:Vz: [5] #O7x] 1= [s]#° M=
[S]#°[z] - x=y=y=z=sex=s€7]

[Helper = Transitivity by “Helper\!{}=\!{ } Transitivity”]

[Helper = Transitivity % ¥ “lemma =transitivity0”]

= Transitivity

[=Transitivity POl e AP ([ZFsub F Vx: Vy: Vz: [s]#0[x] i [S]#°[y] #
[5]#°[z] b x=y I y=z +- Helper =Transitivity > [5]#°[x] > [s]#°[y] &
[5]#°[z] > x=y=>y=z=5ex=>5cz;MP2>x=y=>y=z=>5ex=5¢
Z>x=yD>y=z>5€x =5 € z;=Symmetry > [5]#°[x] & [5]#°[y] >

y > y=x;=Symmetry > [5]#°[y] > [5|#°[z] > y=2z > z=y; Helper=
Trans1t1v1tyn> [51#°[z] > [S]#°[y] &> []|#°[x] > z=y > y=x=>5€z=

sEx;MP2p>z=y=y=x=5€z=>5€xbz=y>y=x>5€z=>5¢€
x; ToSetEquality >S€x =>5€z>5€z2=5€ x> x=2|,po, ¢)]

[=Transitivity 3" ZFsub F Vx: Vy: Vz: [5]#°[x] i [5]#0 [y] # [S1#°[z] = x=
yFy=zkx=2] N

[=Transitivity °3 “\!l{}=\!{} Transitivity”]

e k e
[=Transitivity 2> “lemma =transitivity”]
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HelperTransferNotEq

f
[ proo

HelperTransferNotEq — A A P([ZFsub F Vx: Vy: Vv: Yw: [5] #01x] i+

[S1#°[y] b [S1#°[v] i [5]#°[w] = x=v F y=w I v=w - =Transitivity 1>
[S1#°[x] & [S1#°[v] > [5]#°[w] > x=v > v=w > x=w; =Symmetry >
[S]#%[y] & [5]#° fw} >y=w > w=y; =Transitivity > [5]#°[x] >

[S]#°[w] > [S]#%[y] > x=w D> w=y > x=

y; Vx: Vy: Wi Vw: Ded B> Vx: Vy: Vv: Vw: [5]#°[x] 1 [S]#°y] # [S]#0[v] +
[514°[w] - x=v Fy=w - v=w F x=y > [5]#°[x] I [5]#°[y] # [5]#°[v] i
[S]#°[w] b x=v = y=w = v=w = x=Y], po, ¢)]

[HelperTransferNotEq Y ZFsub F Vx: Vy: Vv Vw: [5]#9[x] - [S]1#0[y] =
[S]#0v] = [S1#°w] - x=v=y=w = v=w = x=Y]

[HelperTransferNotEq tex “HelperTransferNotEq”|

[HelperTransferNotEq P “emma transfer "is0”]

TransferNotEq

f
[ proo

TransferNotEq — Ac.Ax.P([ZFsub F Vx: Vy: Vv: Vw: [§]#°[x] i [S]#°[y] i
[S]#°[v] = [s]#°[w] = ~x=y F x=v F y=w I HelperTransferNotEq 1>
s

1#°1x] © [S]#°y] © [S]1#°[v] B [S]#°[w] > x=v = y=w = v=w = x=
YV MP2D>x=v = y=w = V=W = x=yD>Xx=VD>y=w>>Vv=w = x=
Y;MT >v=w = x=y > x=y > v=w], po, )]

[TransferNotEq "' ZFsub F Vx: Yy: Wv: Yw: [3]#[x] i [5]#°[y] i [5]#°[v]
[S1#0[w] b “x=y Fx=vFy=wk “v=w]

tex

[TransferNotEq = “TransferNotEq”]

[TransferNotEq ® VY “lemma transfer "is”]

HelperPairSubset

[HelperPalrSubset PO XA, P([ZFsub - Vs: Vx: Vy: Yw: [5]#°[s] #
[S1#°1x] # [51#°[y] # [S]#°[w] - x=y - s=x - =Transitivity >
[S]#°[s] & [S]#°[x] & [S]#%[y] > s=x>x=y > s=y; WeakenOr2 > s=y >

Ss=y = s=w; Vs: Vx: Vy: Vw: Ded 1> Vs: Vx: Vy: Vw: [5]#°[s] i [5]#°[x] k-
[S1#°y] 1= [S]#°[w] I x=y Fs=xF 5=y = s=w > [5]#"[s] -
[S1#°[x] 1= [S1#°[y] I [S]#°[w] - x=y = s=x = "s=y = s=w], po, ¢)]

[HelperPairSubset *™" ZFsub - Vs: Vx: Vy: Vw: [5]#[s] - [5]#°[x] #
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E]#O(ﬂH—E]#O( | x=y=s=x= "s=y = s=w|

tex

[HelperPairSubset — “HelperPairSubset”]

[HelperPairSubset VY “lemma pair subset0”]

Helper(2)PairSubset

[Helper( )PairSubset PO AeAx. P([ZFsub - Vs: Vy: Vv: Vw: [s]#[s] -

HE; ( 11 [S1#°v] i [S]#°[w] k- v=w I s=v I =Transitivity >
[s]#°(s] > [S1#°[v] > [S]#°[w] > s=v > v=w > s=w; WeakenOrl 1> s=
w> Ss=y = s=w; Vs: Vy: Vv: Vw: Ded > Vs: Vy: Vv: Vw: [§ ]#0[ ]t [S1#%[y] +
[S140[v] # [5]#°[w] +v=w Fas=y=

s=vF s s=w > [s|#0]s]
(5140 y] = [s]#°[v] b [s]#°[w] - v=w = s=v = “s=y = s=w], po, ¢)]

[Helper( )PairSubset U 7Fsub F Vs: Vy: Vv: Yw: [5] Os] 1= [3]#° Mis
[S1#°[v] i [S]#°[w] - v=w = s=v = “1s=y = s=w]

tex

[Helper(2)PairSubset — “Helper(2)PairSubset”]

[Helper(2)PairSubset, X “Yemma pair subset1”]

PairSubset

proof

[PairSubset - — Ac.Ax.P([ZFsub b Vs: Vx: Vy: Vv: Vw: [3]#°[x] # [S]#%[y]
[S1#° ] = [S]1#°[w] = [S]#°[s] - x=y Fv=w ks € {x,v}F

Pair2Formula > s € {x,v} > - s=x = s=yv; HelperPairSubset 1> [s]#"[s] >
[S1#°[x] > [S]#°[y] 1> [S]#°[w] > x=y = s=x = “s=y = s=w; MP > x=
y:>S—X:>—|S—y:>S—WI>X y>>S—X=>—|S—y:>S—

w; Helper( )PairSubset > [S]#°[s] > [S]#°[y] 1> [S]4°[v] > [S]#°[w
=W =s=v= s=y=>s=wW;MP>yv=w=s=v= s=y=s=w l>7:
>> s=v = ns=y = s=w; FromDisjuncts > "s=x = s=v>s=x = ~s=

\Y

Yy=s=WDs=v= 5=y =s=w> 5=y = s=w; Formula2Pair > ~s=y =
s=w>>s¢€ {y, w}; Vs: Vx: Vy: Vv: Vw: Ded D> Vs: Vx: Vy: Vv: Vw: [5]1#°[x] + N

[ST#0Ty] - [ST4OTV] - [sTA0w] i [5]40]s] - x—y Fv—w F s € {x,v} F s €
{y,w} > [S]#°[x] = [S]#°y] b= [S1#°[v] I [S]14° [w] = [S]#°[s] - x=y =
v=w=s € {x,v} = s € {y,w}],po,c)]

[PairSubset 3" ZFsub - Vs: Vx: Vy: Vv: Yw: [3]#°[x] # [5]#°[y] # [5]#°[v] i
[5]#°[w] i [5]#°[s] - x= y=v=w=s¢c{xv}=sc{yw}

[PairSubset — “PairSubset”]

[PairSubset X “emma pair subset”]
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SamePair

[SamePair progf ACAX.P([ZFsub F Vx: Vy: Vv: Vw: [5]4°[x] I [S]#°[y] #
[S1#° [w] i [S14°[w] = [E]#°[{x, v} i [E14°[{y, w}] - x=y Fv=w
PairSubset 1> [s]#"[x] > [5]#° ly| > [5] #OIv] > [5]#°[w] > >x=y = V=
w=te{xvl=te{y,whMP2>x=y=>v=w=tc {x,v}=>tc

{y,w} >x=y>v=w>te{xv}=te {y,w}=Symmetry > [5]#°[x] &
[S1#°[y] > x=y > y=x; =Symmetry > [§]#°[v] & [S]#°[w] >v=w >
v; PairSubset & [5]#°[y] & [5]#°[x] & [s]#°[w] & []#0]v] > y=x =
v:>t€{y,w}:>t€{x vEMP2>y=x=w=v=tc{yw}=>tec
{xvi>y=xp>w=v>te {yw}=tec{xyv}; ToSetEquality(t)

[E1#°{x v} > [T#[{y,w}>te {x v} =te{ywiric{yw=tc
{xv} > {x, v} ={y,w}], po, )]

[SamePair 3" ZFsub F Vx: Vy: Wv: Yw: [5]#0[x] i [5]#°[y] # [5]#°[v]
[S14£° Tw] = [E]4° [{x, v} i [E1#° [{y, w}] = x=y Fv=w F {x,v} ={y, w}]

. tex .
[SamePair = “SamePair” |

. pyk .
[SamePair 25 “lemma same pair”]

SameSingleton

[SameSingleton PO N Ax. P([ZFsub b Vx: Vy: [5]#°[x] # [s]#°[y]
[E1#£°[{x, x} T i [E1#°[{y, y}1 = x=y I SamePair > [§]#°[x] > [
[S1#°[x] & [S1#°[y] & [E]#°[{x.x}] & [T]#°[{y,y}] > x= yD]l

40

H.
SI#°y] >
y >

{x,x} ={y, y}; Repetition > {x,x} ={y,y} > {x,x} ={y,y}1,po, ¢)

[SameSingleton "3 ZFsub + Vx: Wy: [5]#°[x] b [5]#°[y] b [T]#
4 {y, y} - x=y F {x,x} ={y,y}]

[SameSingleton 2 “SameSingleton”]

[{x,x} -

[SameSingleton P “lemma same singleton”]

UnionSubset

proof

[UnionSubset *— Ac.Ax.P([ZFsub I Vs: Vx: Vy: []#°[x] i+ [§]#°[y] - x=y
s € Ux - Union2Formula > s € Ux >> 515 € jpx = 1 jpx € B B
x; FirstConjunct > ©s € jrx = T jmx € X > s € jux; SecondConjunct > —s

jEx = TjEx € X > jEx € x; FromSetEquality > [5]#°[x] > [5]#° [yl >x=

Y D> jEx € X > jEx € ¥; Formula2Union > s € jgx D> jex €y > s €

Uy; Vs: Vx: Vy: Ded > Vs: Vx: Vy: [§]#0[x] + [5]#°[y] = x=yFs€UxFs€
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Uy > [S]#%[x] i [S]#°[y] b x=y = s € Ux = s € Uy],po,c)]

[UnionSubset *3" ZFsub - Vs: Vx: Vy: [S]#°[x] # [S]#%[y] Hx=y = s € Ux =

s € Uy]
[UnionSubset *= “UnionSubset”]

. pyk .
[UnionSubset = “lemma union subset”]

SameUnion

[SameUnion Poef NeAx. P([ZFsub b Vx: Vy: [S]#°[x] i [S]#°[y] - x=y F
UnionSubset > [S]#°[x] > [S]#°[y] > x=y =5 € Ux =5 € Uy; MP > x=
y:>s€Ux:>s€Uy>x y > 5§ € Ux = § € Uy; =Symmetry > [5|#°[x] &
[5]#°[y] > x=y > y=x; UnionSubset > [5]#°[y] > [5]#°[x] >y=x=3¢
Uy=>seUx;MP>y=x=sclUy=secUxby=x>secly=5¢€

Ux; ToSetEquality >5 € Ux =5 € Uy >5€ Uy =5 € Ux > UX—Uy] Po, ¢)]

[SameUnion I ZFsub F Vx: Vy: [5]1#°[x] b [8]#°[y] F x=y F Ux=Uy]
[SameUnion = “SameUnion”]

. pyk .
[SameUnion = “lemma same union”]

SeparationSubset

proof

[SeparationSubset ~— Ac.Ax.P([ZFsub - Va: Vb: Vs: Vx: Vy: [5]#°[x] t
[S]#°[y] +x=yF - a=b= “b=atse{phex|a}h Sep2Formular>s e
{ph € x|a} > -s € x= Sa;FirstConjunct > "s €x = "a>s €

x; FromSetEquality > [S]#°[x] > [S]#°[y] > x=yD>sex>se

y; SecondConjunct > -s € x = —a > a;IffSecond > -a=b=-b=ar>a>
bFormulaQSep>s€y>b>>s€{ph€y|b} Va: Vb: Vs: Vx: Vy: Ded >

Va: Vb: Vs: Vx: Vy: [S]#° [x] = [S|#%[y] +x=yF “a=b= - b=atse
{phex|a}Fse{phey|b}> E]#OB]H—E]#O[ﬂH—XZX:>—'\§:>Q:>
“b=a=sec{phex|a}=se {phey]b}] po )

[SeparationSubset """ ZFsub - Va: Vb: Vs: ¥x: Yy: [5]#[x] # [5]#°[y] b x=
y="a=b=-"-b=a=sec{phex|a} =sec{phecy]|b}

[SeparationSubset ¥ “SeparationSubset” |

[SeparationSubset 2 ¥ “lemma separation subset”|
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SameSeparation

SameSeparation propf Ac.AX.P([ZFsub F Va: Vb: Vx: Vy: [3]#° [x] - [5]#° fﬂ
=yF “a= b= “b= at SeparationSubset > [5]#"[x] &> [5] of]
X:>ﬁa:>b:>ﬁb:>a:>se{ph6x|a}:se{ph6y\b}MP2 X
“a=b=-" b=a=s5c{phex|a}=5c{phey|b}>x=y>~ a=b
“b=a>sec{phex|a} =5¢c {phey]|b};=Symmetry > [5]#°[x] &
s1#%[y] > x=y > y=x; IffCommutativity > "a=>b = “"b=a> “"b=a=
“1a = b; SeparationSubset 1> [S]#"[y] > [S]#°[x] > y=x= “"b=a=

“a=>b=sec{phecy|b}=5c{phex]|a}; MP2|>y x="b=a="a=

| ><

-
—

b=sc{phey|b}=sc{phex|a}j>y=x>b=a= " a=b>»sc

{ph €y |b} = 5¢€ {ph € x|a}; ToSetEquality >5 € {ph € x| a} =5 {ph €
ylb}>se{phecy|b} =5c{phecx|a}>{phex]|a}={phey]|b}] po,c)]

[SameSeparation I ZFsub b Va: Vb: Vx: Vy: [514°[x] #= [5]#°[y] - x=y F
“a=b=-b=ak {phex|a}={phey|b}]

[SameSeparation “= “SameSeparation”]

[SameSeparation Y “lemma same separation”]

SameBinaryUnion

ameBinaryUnion progf Ac.Ax.P([ZFsub F Vx: Vy: Vv: Yw: []#°[x] -

Oyl = [E1#° [ {x X} - TE1#° H{y, y3 T 1= (5140 ] #- [3]#°[w] i

OT{v, v}1 = [E1#° [{w, w}] = [31#° [{x, x}] # [S1#°[{y,y}] #

[{v, v} H [5]#° [{w, w} #= [S]#°[{{x, x}, {v, v} }T #

[{{y, b {w, wiT = TE1#0 T{{x, x}, {v, v - TRl 49 T {{y, v} {w, w}] i+
- v=w F SameSingleton 1> [5]#°[x] & [s]#°[y] & [t]#°[{x,x}] &
O[{y,y}1 > x=y > {x,x} ={y,y}; SameSingleton > [5]#°[v] >
[S1#0(w] > [E#°[{v,v}] &> [E(#°[{w,w}] > v=w > {v,v}=
{w, w}; SamePair 1> [5]#°[{x,x}] & [5]#°[{y,y}] & [5]#°[{v,v}] >
[S1#° {w, w}] & [E]#°[{{x,x}, {v, v} }1 > [T1#°[{{y, v}, {w, w}}1 > {x,x} =
{y, v} > A{v vi={w,w} > {{x,x}, {v,v}} ={{y,y}, {w, w} }; SameUnion 1>
[S1#° T{{x, x}, {v, v} 1 > [S1#°[{{y, v}, {w, w}}] > {{x,x}, {v,v}} =
Hy,yh Aw, wht > U{{x,x}, {v, v}} =
Ui{y, ¥}, {w, w}}; Repetition > U{{x, x}, {v, v} } =U{{y, y}, {w, w}} >
U{{x,x}, {v, v} } =U{{y, v}, {w,w}}1,po; c)]

[SameBinaryUnion *5° ZFsub F Vx: Vy Vv: Vw: [5 W#O [x] b= [S]#°y] #
(€171 {x x}] = [E14°[{y, y} 1 b= [ST#° [v] b= [ST° [w] = [€]#°[{v, v}] k-
[E1#£°[{w, w}] =[5 1#0 [{x,x} T [S14°[{y, y} 1 1 [ST#£°[{v, v} ] -

(5197 {w, wiT = [S1#° [{ {x x}, {w, v} = [ST#°[{{y, v}, {w, w} ]

S
HEG
[t]#
[5]4°
[5]#°
x=y
(]
i
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[E1#T{{x x}, {v, v} } 1= [E1#°T{{y, vy} {w, w}} T = x=y Fv=w -
Ui{x, x} {v, v =U{{y, y}, {w, w}}]

. . tex . .
[SameBinaryUnion — “SameBinaryUnion”]

. . pyk . .
[SameBinaryUnion = “lemma same binary union”]

IntersectionSubset

[IntersectionSubset PO AeAx. P([ZFsub I Vs: Vx: Vy: Vv: Yw: [5]#°[x] #
[S1#°1y] b= [S1#°v] i [S]#°[w] - x=yFv=wk Ss€x=Aseyvt
FirstConjunct > s € x = ©1s € v >> s € x; FromSetEquality > [5]#°[x] >
H#O( ] >x=y>se€x>scy;SecondConjunct > "s€x = s€v>sc

v; FromSetEquality > [s]#°[v] > [S]#°[w]|>v=wD>sev>se

w; JomComunctstEy>s€W>>ﬂs€y:>—\se

w; Vs: Wx: Vy: Vv: Vw: Ded B> Vs: Vx: Vy: Vv: Vw: [5]#0 [x] 1 [S140[y] 1 [S]#°[v] i
[S]#°[w| - x=yFv=wksex= - sevkascy=secw>

[S1#°1x] 1= [S1#°[y] b [S1#°[v] i [S1#°[w] - x=y = v=w = s € x =

SsEV=sEy= s €Ew],pycC)

[IntersectlonSubset I ZFsub F Vs: Vx: Vy: Vv: Vw: [S]#° [x] 1= [S]#%[y]
[S]#°[v] - [S]#°[w] - x=y = v=w = S sex=>sev="s€y=Ts€E
w]

[IntersectionSubset “ “IntersectionSubset”]

. k . .
[IntersectionSubset > “lemma intersection subset”]

Samelntersection

[Samelntersection POt N Ax. P([ZFsub - x={ph € bs |
{{apn,aprn},{apn,apx}} € 7} Fy={ph € bs | {{apn;apn}, {apn, bex}} €7} F
SameBinaryUnion > X={ph € bs | {{apn,apn}, {apn,apx}} € 7} >y={ph € bs |
{{apn,apn}, {apn, bex}} € 7} > U{{x,x}, {¥,¥} } =U{{{ph € bs |

{{apn,apn}, {arn;aex}} €7}, {ph € bs | {{apn,apn}, {arn;aex}} € 7} }, {{ph €
bs | {{arn,arn},{apn, bex}} € 7}, {ph € bs | {{apn,apn}, {arn, bex}} €

7}}}; IntersectionSubset > X={ph € bs | {{apn, apn},{apn,apx}} €T} = y=
{ph S bS | {{aph,aph} {aph, bEx}} S I’} = Scpp €EX = —cpy € y = “cpp €
{ph € bs | {{aph,aph} {aph,aEx}} € r} = Scpp € {ph € bs |

{{aph,aph} {apk bEx}} € I’} MP2 > Xx= {ph € bs | {{aph,aph}, {aph,aEx}} S
F} = y:{ph 67bS | {{aph7 aph}7 {aph, bEx}} S F} = i Cpp EX = %ﬁPh cy=
“cpn € {ph € bs | {{apn,arn},{apn,arx}} € F} = ~cpn € {ph € bs |

{{aph, aph}, {aﬂl, bEx}} S F} > YZ{ph € bs ‘ {{aph, aph}, {aph, aEX}} €

F} > V:{ph € bs | {{aph, aph}, {aph7 bEx}} c F} > Scpp EX= Cpp €Y =
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“Ccpp € {ph € bs | {{aph,aph}, {ap}”aEx}} S ?} = —"Cphie {ph € bs |

{{aph, aph}, {ap}17 bEx}} S F}; :Symmegy > X= {ph € bs |

{{aPn,apn}, {apn,aex}} € 7} > {ph € bs | {{apn,apn},{apn,anx}} € T} =% =
Symmetry > y={ph € bs | {{apn, aprn}, {apn, brx}} € 7} > {ph € bs |
{{apn,apn}, {apn, bex}} € ¥} =V; IntersectionSubset > {ph € bs |

{{aph, E:\ph}7 {aph, a&}} S ?}:Y = {ph € bs | {{aph, aph}, {aph, bEx}}E F}:
y = —cpn € {ph € bs ‘ {{aph,aph}, {aph,aEx}} S F} = -Cpp € {ph 67bS
{{apn,aprn}, {apn,bex}} €7} = Scpn € X = Sicpy € MP2 > {ph € bs |
{{aph, aph}, {aph7 a&}} S F}ZY = {ph € bs | {{aph7 aph}, {aph, bEx}}E f}z

y = —icpp € {ph € bs ‘ {{aph,aph}, {aph,aEX}} S F} = Scpp € ﬂ)h € bs |
{{aph, aph}, {aph, bEx}} S F} = Scpp € Yj “cpyp €Y D> {ph € bs |

{{aph, aph}7 {ap}17 a&}} S F}:Y > {ph € bs | {{aph7 aph}7 {aph, bEx}} 67?} =

y > “cpy € {ph € bs | {{apn,arn}, {apn,aEx}} € T} = “cpy € {ph € bs |
{{apn,aprn}, {apn, bex}} € 7} = “cpn € X = Scpp € ¥; JoinConjuncts> - cpy, €
X = —Cph €Y = —Cpp € {ph € bs | {{aph,aph} {aph,aEx}} € r} = Scpp €
{ph € bs | {{aph,aph} {aph, bEx}} € F} > —cpp € {ph € bs |

{{apn,apn}, {apn,aex}} € 7} = “cpn € {ph € bs | {{apn,apn}, {apn, bex}} €
F} = Cpp, EX= TCpp, EY > 7 Cpp EX= TCpp, EY = Cpp € {phE bS|
{{apn,apn}, {apn,anx}} € 7} = “cpyn € {ph € bs | {{apn,apn}, {apn, bex}} €
r} = S -cpp € {ph € bs | {{aph,aph} {aph,aEx}} € I’} = Scpy € {ph € bs |
{{apn,apn}, {apn, bex}} € T} = “cpy € X = “cpy € y; SameSeparation >
U{{iv X}a {Ya y}}:U{{{ph € bs | {{aPhﬁPh}a {aPha aEX}} € F}a {ph € bs ‘
{{apn,arn}, {apn, apx}t} € Th} {{ph € bs | {{apn,apn}, {apn, bex}} € 7}, {ph €
bs | {{aph,aph} {ap}17 bEx}} S I’}}} > -cpyp EX= TCpp, €EY = —Cpp € {ph S
bS | {{aph,aph} {aph,aEX}} S I’} = Scpy € {ph S bS ‘

{{aph,aph} {aph7 bEi}} S r} = S-5cpp € {ph S bs | {{aph,aph}, {aph,aEx}} S
F} = Sicpp € {ph € bs | {{aph,aph}, {aph, bEx}} € F} = —icpp €EX = _.‘CiPh (S

y > {ph € U{{x,x},{¥,¥}} | “cpn € X = -cpn € V}={ph € U{{{ph € bs |
{{apn,apn}, {apn, aex}} € 7}, {ph € bs | {{apn, apn}, {apn, ax}} € 71}, {{ph €
bs | {{apn,apn}, {apn, bex}t} € 7}, {ph € bs | {{apn, apn}, {apn, bex}} € T}}} |
“cpp € {ph € bs | {{aph,aph} {aph,aEX}} S I’} = Scpy € {ph € bs |
{{apn,apn}, {apn, bex}} € T}}; Repetition > {ph € U{{X,x},{y,¥}} [ “cpn €

X = —1Cph € y} {ph S U{{{ph € bs | {{aph,aph} {aph,aEX}} S F} {ph € bs ‘
{{arn,apn}, {apn; apx}} € T} {{ph € bs | {{apn,apn}, {arn, bex}} € T} {ph €
bs | {{apn,apn}, {apn, bex}} € T} [ “cpn € {ph € bs |

{{apn, arn}, {apn; apx}} € ¥} = “cpn € {ph € bs | {{apn, apn}, {apn, bex}} €
71} > {ph € U{{x,x},{y,¥}} | “cpn € X = “cpn € Y} ={ph € U{{{ph € bs |
{{apn, apn}, {apn, apx}} € 7}, {ph € bs | {{apn, apn}, {apn, ax}} € F1}, {{ph €
bs | {{apn,apn}, {apn, bex}} € 7}, {ph € bs | {{apn,apn}, {apn, bex}} € T}}} |
“icpy € {ph € bs | {{apn,arn}, {apn,arx}} € T} = “cpy € {ph € bs |

{{arn.arn}, {arn, brx}} € T}, po, c)]

[Samelntersection Y ZFsub - x={ph € bs | {{apn,apn}, {apn, apx}} € 7} F

y={ph € bs | {{apn,arn}, {arn, bex}} € 7} F {ph € U{{X,X},{y,y}} | cpn €
X = Scpy € Y} ={ph € U{{{ph € bs | {{apn,aprn},{apn,aex}} € 7}, {ph € bs |
{{apn,apn}, {apn, arx}} € 73} {{ph € bs [ {{apn,apn}, {apn, bex}} € 7}, {ph €
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bs | {{apn,apn}, {apn, bex}} € F}}} | “cpn € {ph € bs |
{{apn,aprn}, {apn,aex}} € 7} = “cpn € {ph € bs | {{apn,aprn}, {arn, bex}} €

T

. tex .
[Samelntersection — “Samelntersection”]

. pyk . s
[Samelntersection = “lemma same intersection”]

AutoMember

proo:

[AutoMember ropf Ac M. P([ZFsub F Vr: Vs: Vbs: [5]#°[r] # [3]#°[bs] i+

S V6piS:S € bs = {{5,5},{5,5}} € r = 7 Vobjs: Vobit:S € bs = t € bs =

{{s,5}, {5, t}} e r = {{t, 1}, {t,5}} € r = Vop;i5: Vopjt: Vobjl:5 € bs =t € bs =
gebs= {{553}, {5t} er= {{t,t},{t,u}} er= {{5,5},{5,u}} €ertsebst
ERisReflexive > — %Vobjgtg € bs = {{g, g}, {g, §}} ecr—= %Vobjgi Vobjfig € bs =
tebs = {{5,5},{s,t}} e r = {{t,t}, {t,5}} € r = = Vop,;i5: Vobjt: Vop;ju: s € bs =
tebs=tu€bs= {{55},{5t}} er= {{t,t}, {t,u}} er= {{5,5}, {5, u}} €

r > Vop;s:s € bs = {{5,5}, {5,5}} € r; Reflexivity > [5]#°[r] >

[S1#"[bs]| > Vop;s:5 € bs = {{5,5},{5,5}} €r>s € bs > {{s,s},{s,s}} €

r; Formula2Sep > s € bs > {{s,s}, {s,s}} € r>s € {ph € bs |

{{apn,apn}, {apn,s}} € r}], po, c)]

[AutoMember *3" ZFsub b Vr: Vs: Vbs: [5]#[r] i [5]#°[bs] # == Vops:s €
bs = {{5,5},{5,5}} € r = 1 Vob;5: Vonit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = S VobjS: Vobjt: Yobju:S € bs =t € bs = U € bs =

(55, 5ier= {{LT{Lu)ler= {{55. (5T}  erFsebskse

{ph € bs | {{apn,arn}, {apn,s}} € r}]

tex

[AutoMember = “AutoMember”]

k
[AutoMember 25 “lemma auto member”]

HelperEqSysNot®)

[HelperEqSysNot® ™% Ac.Ax.P([ZFsub - Vr: Vs: Vbs: [5]#°[r] # [5]#°[s] I
[5]#°[bs] t [S]#°[{ph € bs | {{apn,aprn}, {apn,arx}} € r}] - Vopis:S €
bs = {{5,5},{5,5}} € r = 1 Vob;5: Vonit:S € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = S VobjS: Vobjt: Yobju:S € bs =t € bs = U € bs =

{{s;sh st er={{t.th.{tu}} er={{s;s}, {s,u}} e rt-s e {ph € P(bs) |
“tex € bs = ~{ph € bs | {{apn,aprn}, {apn,tex}} € rf=bpyn} F

Sep2Formula > s € {ph € P(bs) | “tgx € bs = = {ph € bs |

{{apn,apn}, {apn, tex}} € r}=bpn} > s € P(bs) = -~ ~agx € bs = = {ph €
bs | {{apn,aprn}, {arn, apx}} € r}=s; SecondConjunct > s € P(bs) =

S Sapx € bs = ~{ph € bs | {{apn,aprn}, {apn,aex}} € r}=s>> -ag, € bs =
—{ph € bs | {{apn, apn}, {apn, arx}} € r} =s; FirstConjunct > - agx € bs =
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= {ph € bs | {{apn,apn}, {arn,arx}} € r}=s>agpx €

bs; SecondConjunct > - agy € bs = - {ph € bs | {{apn,apn}, {apn,aEx}} € r} =
s> {ph € bs | {{apn,arn}, {apn,arx}} € r} =s; AutoMember 1> [5]#°[r] >
[S1#Y[bs] > = -1 Vobi5: S € bs = {{5,5},{5,5}} € r = VoS VopjT:s €Ebs = T €
bs = {{5,5}, {5, t}} e r= {{t,t},{t,5}} € r = = Vo1;5: Vobit: Vopju:5 € bs = t €
bs = G € bs = {{5:5}, (5,81} € 1 = {{L8}, {£.0}} € 1 = {{5,5}, 5.5} } €
r>agx € bs > apx € {ph € bs | {{apn,arn}, {arn,apx}} €

r}; FromSetEquality > [5]#°[{ph € bs | {{apn,apn}, {arn,arx}} € r}] &>
[51#°[s] > {ph € bs | {{apn,apn}, {apn,apx}} € r} =s > apx € {ph € bs |
{{apn,apn}, {apn,apx}} € r} > apx € s; MemberNot® 1> [5]#°[s] > agx € s >
S s=0;Vr:Vs: Vbs: Ded 1> Vr: Vs: Vbs: [§]#°[r] i+ [5]#°[s] i [5]#°[bs] t+

E—l #0 th € bs | {{ap}” aph}, {ap}17 aEX}} S [}~| t _.‘_.‘Vobjg:g € bs =
{{s,5},{5,5}} € r = = Vop,i5: Vopjt:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = S VobjS: Vobjt: Yobju:s € bs =t € bs = U € bs =
{shisth er= ({tihL{Eu}} € r = ({55}, {50} € rF s € {ph € P(bs) |
“tpx € bs = < {ph € bs | {{apn,aprn}, {apn,tex}} € r}=bpn} F s=0 >
[S14°[r] #= [5]#°[s] i [S]#°[bs] t- [5]#°[{ph € bs |

{{apn; apn}, {apn, amx}} € r}] = [E[#°[r] 1 [t]#°[bs] - []#°[r] 1=
[U]#°[bs] = -1 Vobi5:5 € bs = {{5,5},{5,5}} € r = “Vobis: Vopjt:sEbs =t €
bs = {{5,5}, {5, t}} e r= {{t,t},{t,5}} € r = = Vo1i5: Vobit: Vopju:S € bs = t €
bs =0 € bs = {{5,5}, {5, t}} e r = {{t,t}, {t,u}} e r= {{5,5}, {5, u}} e r=
s € {ph € P(bs) | “tgx € bs = = {ph € bs | {{apn,aprn}, {aprn,tex}} € r}=
bpn} = “5=01,po, )]

stmt

[HelperEqSysNot@ "= ZFsub - Vr: Vs: Vbs: [5]#°[r] i+ [5]#°[s] #

[51#"[bs] = [S]#°[{ph € bs | {{apn, apn}, {apn, aex}} € r}] i [E]#°[r] i
[€]#°[bs] i [u]#°[r] # [U]#°[bs] I = = Vop;s:S € bs = {{5,5}, {s,5}} e r =
S VobjS: Vobjt:5 € bs =t € bs = {{5,5}, {5, t}} e r = {{t,t}, {t.5}} e r=
%Vobjgi Vobjfi Vobjﬁig €Ebs=tebs=1u€bs= {{5, g}, {g, E}} cr=

{{t,t}, {t,u}} er= {{5.5}, {5, u}} er=s € {ph € P(bs) | “tgx € bs =

= {ph € bs | {{apn,apn},{arn,tex}} € r} =bpn} = 7s=0)]

[HelperEqSysNot® = “HelperEqSysNot\O{}”]

[HelperEqSysNot® P “emma eq-system not empty0”]

EqSysNot®)

proo

[EqSysNot ropf AcAx.P([ZFsub F Vr: Vs: Vbs: [s]#°[r] = [s]#°[s] i+
[5]#°[bs] # [5]#°[{ph € bs | {{apn,arn}, {arn,arx}} € r}] 1= [T]#°[r] 1
[t]1#°[bs] = [@]#°[r] b= [G]#°[bs] - == Vop;5:5 € bs = {{5,5},{5,5}} e r =
1 VobjS: Vobjt:S € bs = t € bs = {{5,5}, {5, t}} e r = {{t,t},{t.5}} e r =

1 VobiS: Vobjt: VopiU:s € bs = t € bs = U € bs = {{5,5},{5,t}} e r =
{{z,t},{t,u}} € r= {{5,5}, {5,u}} € r - HelperEqSysNot® 1> [5]#°[r] >
[5]1#°[s] > [5]#°[bs] 1> [S]#°[{ph € bs | {{apn,arn}, {apn, arx}} € r}] >
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[€1#°(r] > [E]#°[bs] > [U]#°[r] > [T]#"[bs] > - Vop5:5 € bs =
{{s,5},{5,5}} € r = = Vop,i5: Vopjt:5 € bs = t € bs = {{5,5},{5,t}} e r =
{{t,t}, {t,5}} € r = S VobjS: Vobjt: Yobju:S € bs =t € bs = U € bs =

{{s,5}, {5, t}rer={{t.t}. {t,u}} er= {{5,5},{5,u}} er=se {ph e

P(bs) | “tex € bs = = {ph € bs | {{apn,aprn}, {aprn,tex}} € r}=bpn} = -5=
O;MP > 5 5Vop55:5 € bs = {{5,5},{5,5}} € r = 2 Vo5 Vopit:S € bs =t €

bs = {{§7 §}, {g, E}} cr= {{if}, {E, §}} cr= %Vobjgi Vobjfi VobjU:§ Ebs=te
bs = U ebs = {{5,5},{5 t}} er= {{t,t},{t,u}} er= {{5,5}, {5,u}} er=
s € {ph € P(bs) | “'tgx € bs = = {ph € bs | {{apn,apn}, {arn,tex}} € r}=
bpr} = s=0 > Vo155 € bs = {{5,5}, {5,5}} € r = 1 Vob;5: Vobjt:5 €
bs =t e bs= {{5,5},{5,t}} € r = {{t,t}, {t,5}} € r = - Vob;S: Vobjt: VobjUu:5 €
bs=tebs=1u€bs= {{55},{51t}} er= {{§, i}, {t,u}} er=
{{5,5},{5,u}} €r>s e {ph €P(bs) | “tgx € bs = - {ph € bs |

{{apn,apn}, {apn, tex}} € r}=bpn} = ~5=0], po, )]

[EqSysNot@ 25" ZFsub b Vr: Vs: Vbs: [5]#0[r] # [5]#°[s] # [s]#°[bs] #
15140 [ {ph € bs | {{apn, apn}, {apn, amx}} € 1] - [E107r] b [€]4°[bs] I~
[l #0 el b [0]#0Tbs] b = =Vap5:5 € bs = ({55}, {5.5}} € r =

A VobiS: Vobjt:s € bs = t € bs = {{5,5},{5,t}} e r = {{t,t}, {t,5}} er=
VoS Vobjt: VopiU:s € bs = t € bs = U € bs = {{5,5}, {5,t}} e r =
{{t,t}, {t,u}} er= {{5,5}, {5, u}} e rFs € {ph € P(bs) | “tex € bs =

= {ph € bs | {{apn, arn}, {aprn, tex}} € r}=bpn} = “s=0]

[EqSysNot@ = “EqSysNot\O{}”]

[EqSysNot® Y “lemma eq-system not empty”]

HelperEqSubset

[HelperEqSubset Proof NeAx. P([ZFsub I Vr: Vs: Vx: Vy: Vbs: [§]#°[r] #-

(5140 [bs] #- [€14°[¢] - €140 bs] - []4°]r] I [a]4°[bs] - x € bs by €
bs F 54 Vopis: 5 € bs = {{5,5},{5,5}} € r = 1 Vobi5: Vobjt:5 € bs =t € bs =
{{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = 2 Vob;j5: Yobjt: Vobiu:5 € bs =t € bs =
uebs= {{55}{s,t}} er={{t. i}, {tu}} er={{55,{su}} ert

{{x,x}, {x,y}} € r-s e {phebs|{{apn,aprn}, {apn,x}} € r} - Repetitiont>s €
{ph € bs | {{apn,aprn}, {apn,x}} € r} > s € {ph € bs | {{apn,arn}, {arn,x}} €
r}; Sep2Formula > s € {ph € bs | {{apn,apn},{apn,x}} €r} > -s € bs =

- {{s,s},{s,x}} € r;SecondConjunct > =s € bs = = {{s,s}, {s,x}} € r >
{{s,s},{s,x}} € r; ERisTransitive > -1 V,;5:5 € bs = {{5,5},{5,5}} e r =

A VobiS: Vobjt:5 € bs = t € bs = {{5,5},{5,t}} e r = {{t,t}, {t.5}} er=
“1VobiS: Vobjt: Vobil:s € bs = t € bs = U € bs = {{5,5}, {5,t}} e r =

{{t,t}, {t.u}} e r= {{5,5}, {5, U}} € r > Vop;5: Vobjt: Vobju:s € bs =t € bs =
uebs= {{55}, {5t} er= {{t,t},{t, u}} er= {{5,5}, {5,u}} €

r; FirstConjunct > —s € bs = = {{s,s}, {s,x}} € r > s € bs; Transitivity >
[S1#°[x] > [S1#°[bs] > [T1#°[r] > [€]#°[bs] & [T]#°[r] >



(U-‘ #0 [E—l > Vobjgi Vobjfi Vobjﬁig €Ebs=tebs=1€bs= {{g, g}, {g, E}} cr=
.t {t,u}} er={{55},{5,u}} €r>secbs>xecbs>yc

bs> {{s,s}, {s,x}} e r>{{x.x}, {x,y}} e r> {{s,s}, {s,y}} €

r; Formula2Sep > s € bs > {{s,s}, {s,y}} €r>s e {ph € bs|

{{apn;aprn}, {apn,y}} € r}; Vr: Vs: Vx: Vy: Vbs: Ded > Vr: Vs: Vx: Vy: Vbs: HEIAS
[S1#°[bs] = [E]#°[r] i [E14£°[bs] - [T]#°[r] I [U]#°[bs] -x € bsty €

bs - 55 Vohi5:5 € bs = {{5,5},{5,5}} € r = - Vopi5: Vopjt:5 € bs = t € bs =
{{5,5}, {5, t}} e r= {{t,t}.{t,5}} € r = S Vobi5: Vobjt: Vobju:5 € bs = t € bs =
Tebs= {{53, (50 er= {LT,{fu}} er= {{55), 5u}} ert

{{x,x}, {x,y}} €rt=sc {ph € bs | {{apn,apn}, {apn,x}} €r} s € {ph € bs|
{{apn,apn}, {apn, y}} € r} > [S19#°[r] i [S]4°[bs] - [€]#°[r] b= [2]#°[bs] i
[@]#°[r] = [u]#°[bs] = x € bs = y € bs = -5 Vop;5:5 € bs = {{5,5},{5,5}} €
r= VoiS Yobit:5 € bs = t € bs = {{5,5}, {5,t}} e r = {{t, 1}, {t.5}} e r =
S VobjS: Vobjt: Vobju:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =

{E 8 {0} €r = {{5,5}.{5.0}} € r = {{x.x}, {x,y}} €r = s € {ph € bs|
{{apn,apn}, {apn,x}} € r} = s € {ph € bs | {{apn,arn}, {apn,y}} € r}], po,c)]

[HelperEqSubset *3* ZFsub b Vr: Vs: Vx: Vy: Vbs: [5]#0[r] # [5]#°[bs] #
[t]#°x] = [t1#£°[bs] i [T]#°[r] i [U]#°[bs] I~ x € bs =y € bs =

4 VobiS: S € bs = {{5,5},{5,5}} € r = 1 Vobj5: Vobjt:5 € bs =t € bs =

{{5, §}, {g, E}} cr= {{f, E}, {E, §}} cr= %Vobjgi Vobjfi Vobjﬁig €Ebs=1t€bs=
u€bs = {{55},{5t}} er= {{t,t},{t,u}} e r = {{5,5}, {5,u}} er=
{x,x}, {x,y}} € r=s € {ph € bs | {{apn,apn}, {apn,x}} €r} = s € {ph € bs |

{{apn;aprn}, {arn, y}} € r}]

tex

[HelperEqSubset — “HelperEqSubset”]

[HelperEqSubset VY “omma eq subset0”]

EqSubset

proof

[EqSubset — AcA.P([ZFsub b Vr: Vs: Vx: Vy: Vbs: [5]#°[r] # [5]#°[bs] t-
[€]#£°[x] i [t]#° bs| b [a]#°[r] # [T]#°[bs] - x € bsFy € bs -

4 Vobjs: S € bs = {{5,5},{5,5}} € r = 5 Vobj5: Vobjt:5 € bs =t € bs =

{{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = S Vob;j5: Yobjt: Vobju:5 € bs =t € bs =
Tebs— ({55} (5.8} € r > ({8, (E0}} € r = {{5,5}, (5.0} e -
{{x,x},{x,y}} € r- HelperEqSubset 1> [s]#°[r] > [s]#°[bs] 1> [t]#°[r]
[t]#°[bs] > [U]#°[r] > [U]#°[bs] > x € bs = y € bs = - 51Vpj5:5 € bs =
{{5,5},{5,5}} € r = = Vopi5: Vonit:s € bs = t € bs = {{5,5}, {5, t}} e r =

{{E, f}7 {f,g}} cr= %Vobjgi Vobjft Vobjﬁtg Ebs=tebs=1€bs=

{ssh 5t er={tth {tu} er= {55}, {5u}} er={{xx}, {xy}} €
r=s¢c {ph€bs|{{apn,aprn}, {apn,x}} €r} =s € {ph € bs |

{{apn,apn}, {apn,y}} € rf;MP4>x € bs =y € bs = 71 Vp,;5:5 € bs =
{{5,5},{5,5}} € r = - Vobj5: Vobjt:5 € bs = t € bs = {{5,5}, {5,t}} e r =



{{E, f}, {f,g}} cr= %Vobjgi Vobjft Vobjﬁtg €Ebs=tebs=1¢€bs=

{{ssh 5t er={tth {tu} er= {55}, {5u}} er={{xx}, {xy}} €
r=s&c {ph€bs|{{apn,apn}, {apn,x}} €r} = s € {ph € bs |

{{apn,apn}, {apn,y}} € rf>x € bs>y € bs>--Vq;5:5 € bs = {{5,5}, {5,5}} €
r= VoS Vopit:s € bs =t € bs = {{5,5},{5,t}} e r = {{t,t},{t,s}} er=
“1VobjS: Vobjt: Vobjl: s € bs =t € bs = U € bs = {{5,5}, {5,t}} e r =
{{t.th{t.u}} er={{ss}, {s;u}} erv {{x,x}, {x,y}} €r>s e {ph€bs|
{{apn,apn}, {arn,x}} € r} = s € {ph € bs | {{apn,arn}, {arn,y}} € r}], po, )]

[EqSubset 5" ZFsub k- Vr: Vs: Vx: Vy: Vbs: [5]#0[r] i [5]#°[bs] i [T]#°[r] #
[T]#%[bs]| t= [U]#°[r] b= [U]#°[bs] H-x € bs -y € bs F ©151Vg},5:5 € bs =
{{s,5},{5,5}} € r = = Vopi5: Vopjt:5 € bs = t € bs = {{5,5},{5,t}} e r =
{{t,t}, {t,5}} € r = S VobjS: Vobjt: Yobju:S € bs =t € bs = U € bs =

{{s.5h, (st} er= {{t.t},{t,u}} er= {{5,5}, 5.u}} e r - {{x, x}, {x,y}} €
ri-s € {ph € bs | {{apn,aprn}, {apn,x}} € r} = s € {ph € bs |

{{apn,arn}, {arn, y}} € r}]

tex

[EqSubset — “EqSubset”]

[EqSubset > X “lemma eq subset”]

HelperEqgNecessary

[HelperEgNecessary progt AcAx.P([ZFsub F Vr: Vx: Vy: Vbs: [5]#°[r] i

[S1#° bs] b [E14°[r] b [E14° bs] k- [a#°[r] b [a]4°[bs] - x € bs -y €

bs - -5 Vopi5:5 € bs = {{5,5},{5,5}} € r = - Voi5: Vopjt:5 € bs = t € bs =
{{g, 5}, {g, E}} cr= {{E, E}, {E, §}} cr= %Vobjgi Vobjfi VobjUZ§ €Ebs=tebs=
u€bs = {{55},{5t}} er= {{t,t},{t,u}} e r= {{5,5}, {5, u}} erk
{{x,x},{x,y}} € r'+- EqSubset & [s]#°[r] > [S]#°[bs] &> [t]#"[r] &

[€]#° [bs] > [U]#°[r] > [U]#°[bs] > x € bs >y € bs > = Vop,;5: 5 € bs =
{{3,5},{5,5}} € r = " Vobi5: Vonjt:5 € bs = t € bs = {{5,5}, {5, t}} € r =
{{t,t}, {t,5}} € r = S VobjS: Vobjt: Vobju:S € bs =t € bs = U € bs =

{ssh st er={{t{tu} er={{ssh{su}j er>{{xx}, {xy}} €
r>5s ¢ {ph € bs | {{apn,apn}, {arn,x}} €r} =5 € {ph e bs|

{{aph, aph}7 {aph,x}} S [}; ERisSymmetric > - %Vobjgig € bs =

{{5,5},{5,5}} € r = = Vobi5: Vobit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = S VobjS: Vobjt: Yobju:S € bs =t € bs = U € bs =

{ssh 5t er= {{t g {tu}} er= {{s;5}. {5 0}} € r> Vop;s: Vopstis €
bs =t € bs = {{5,5}, {5, t}} € r = {{L, T}, {t,5}} € r; Symmetry > [5]#°[r] >
[5]#°[bs] > [t]#°[r] & [T]#°[bs] > Vob;S: Vobit: 5 € bs = t € bs =

{55, 5t er= {{t, i}, {t, s} er>xecbs>y e bs> {{xx}, {x,y}} er>
{{y, ¥} {y,;x}} € r;EqSubset 1> [s]#°[r] > [5]#°[bs] 1> [T]#°[r] >

[t]#°[bs] > [U]#°[r] > [U]#°[bs] >y € bs > x € bs > -1 Vp;5: 5 € bs =
{{5,5},{5,5}} € r = - Vobj5: Vobjt:5 € bs = t € bs = {{5,5}, {5, t}} € r =



{{E, f}, {f,g}} cr= %Vobjgi Vobjft Vobjﬁtg €Ebs=tebs=1¢€bs=
{sshstter={tth{tu}t er={{ssh,{su}} er>{y yh{yxlt} €
r>5sc {phcbs|{{apn,apn}, {aprn,y}} €r} =5 {ph € bs|

{{aph, aph}7 {aph,ﬁ}} S [}; ToSetEquality > 5 € {ph € bs |

{{apn,apn}, {apn,x}} € r} =5 € {ph € bs| {{apn,arn},{aprn,y}} €rf>s¢€
{ph € bs | {{apn,apn},{arn,y}} € r} =5 € {ph € bs | {{apn,apn},{arn,x}} €
r} > {ph € bs | {{apn,apn}, {apn, x}} € r}={ph € bs | {{apn,apn},{arn. y}} €
r}; Vr: Vx: Vy: Vbs: Ded 1> Vr: Vx: Vy: Vbs: []#°[r] #= [S]#° [bs] # [T]#°[r] #
[t]#° [bs] # [U]#°[r] # [a]#°[bs] - x € bs by € bs - - Vp,;5:5 € bs =
{{5,5},{5,5}} € r = - Vobj5: Vobjt:5 € bs = t € bs = {{5,5}, {5, t}} € r =
{{t,t}, {t,5}} € r = S VobjS: Vobjt: Vobju:S € bs =t € bs = U € bs =

{ssh 5t er={tth{tu}} er={{ssh{su}} er{{xx} {xy}} €
rt{ph € bs | {{apn,apn}, {apn,x}} € r} ={ph € bs | {{apn,apn},{arn,y}} €
r} > [S1#°]r] 1= [8]9#°[bs] = [€]#° [r] - [€]#° [bs] I [U]#°[x] i

[U]#°[bs] - x € bs = y € bs = = Vop;5:5 € bs = {{5,5},{5,5}} e r =

A VobjS: Vobjt: 5 € bs = t € bs = {{5,5}, {5,t}} e r = {{t,t}, {t,;5}} e r=

S VobjS: Vobjt: Yobju:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =

{EB LT} er= {551 {50}} € r = {{x.x}, {xy}} € r = {ph € bs |
{{apn,apn},{apn,x}} € r}={ph € bs | {{apn,apn}, {arn,y}} € r}1,po,c)]

[HelperEqNecessary “5° ZFsub b Vr: Vx: Vy: Vbs: [s]#°[r] # [5]#°[bs] #
[E]#°[x] = [t1#£°[bs] = [T]4°[r] i [U]#°[bs] I~ x € bs =y € bs =

4 Vobis:S € bs = {{5,5},{5,5}} € r = 5 Vobj5: Vobjt:5 € bs =t € bs =

{{s,5}, {5, t}} e r = {{t, 1}, {t,5}} € r = 2 Vobi5: Vopjt: Vobju:5 € bs = t € bs =
u€bs = {{55},{5t}} er= {{t,t},{t,u}} e r = {{5,5}, {5,u}} er=
{{x,x},{x,y}} € r = {ph € bs | {{apn,apn}, {apn, x}} € r} ={ph € bs |
{{apn,apn}, {arn, y}} € 1]

[HelperEqNecessary ey “HelperEqNecessary”]

k . .
[HelperEqNecessary 2 “lemma equivalence nec condition0”]

EqNecessary

[EqNecessary progf AcAx.P([ZFsub F Vr: Vx: Vy: Vbs: [s]#°[r] i+ [5]#°[bs] #+
[€]#£° ] i [t]#° bs] b [a]#°[r] # [T]#°[bs] - x € bsFy € bs -

54 Vobis:5 € bs = {{5,5}, {5,5}} € r = “Vobi5: Vobit:5 € bs = t € bs =

{{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = 2 Vob;j5: Yobjt: Vobju:5 € bs =t € bs =
debs = ({55} {s.5}} er= ({L 8, {L0}} er= {{s.5) {5, 0}} err
HelperEqNecessary > [S]#°[r] > [5]#°[bs] > [€]#°[r] & [t]#°[bs] >
[@]#°[r] > [u]#°[bs] > x € bs = y € bs = 1 1V,,;5:5 € bs =

{{3,5},{5,5}} € r = “Vobi5: Vonjt:5 € bs = t € bs = {{5,5}, {5,t}} € r =
{{t,t}, {t,5}} € r = 2 Vop;5: Vobjt: Vobju:s € bs =t € bs = U € bs =

{sshstter={tih{tutt er={{ss}, 50t} er={{xx}, {xy}} €



r = {ph € bs | {{apn,apn}, {apn,x}} € r}={ph € bs | {{arn,arn}, {apn,y}} €
rh;MP3>x € bs =y € bs = “-1Vp;5:5 € bs = {{5,5},{5,5}} e r =

S VobiS: Vobit:5 € bs =t € bs = {{5,5}, {s,t}} e r= {{t, i}, {t,5}} er=

S VobjS: Vobjt: VobjU:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =

{E8, {£01) er= ({551, {51} € r= {{x.x}, {x.y}} € r= {ph € bs|
{{apn,apn}, {apn,x}} € rf={ph € bs | {{apn,apn}, {arn,y}} €r} >x €

bs>y € bs> - Vi5:5 € bs = {{5,5},{5,5}} € r = = VepiS: Vopjt:s € bs = t €
bs = {{5,5}, {5, t}} € r = {{t, 1}, {t,5}} € r = “Vo1;5 Vobit: Vopjl:5 € bs = t €
bs = u € bs = {{5,5},{5,t}} e r= {{t, t}. {t,u}} e r = {{5,5}, {5, u}t} e r>
{{x,x}, {x,y}} € r={ph € bs | {{apn,apn}, {apn,x}} € r} ={ph € bs |
{{apn,apn}, {apn, y}} € 1}, po, )]

[EqNecessary "' ZFsub I Vr: Vx: Vy: Vbs: [5]#°[r] b [5]#°[bs] # [T]#°[r] k-
[T1#°[bs] t= [T]#°[r] # [G]#°[bs] k- x € bs -y € bs - =5 Vp,j5:5 € bs =
{{5,5},{5,5}} € r = - Vobj5: Vobjt:5 € bs = t € bs = {{5,5}, {5,t}} e r =

{{E, f}, {f,g}} cr= %Vobjgi Vobjft Vobjﬁtg €Ebs=tebs=1€bs=

{ssh st er={tth{tu}} er={{ss} sut} er-{{x.x}, {xy}} €
E}? {ph € bs [ {{apn,apn}, {apn,x}} € r}={ph € bs | {{apn,apn}, {arn.y}} €

[EqNecessary = “EqNecessary”]

pyk . i
[EqNecessary = “lemma equivalence nec condition”]

HelperNoneEqNecessary

[HelperNoneEqNecessary progf Ac.Ax.P([ZFsub | Vr: Vs: Vx: Vy: Vbs: [§]#°[r] i+
[S1#°[bs] i [£]#°[r] i [E]4°[bs] - [T]#°[r] b= [U]#°[bs] - x € bsty €
bs F 4 Vopi5:5 € bs = {{5,5},{5,5}} € r = “Vobi5: Vobit:5 € bs = t € bs =
{{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = 2 Vob;j5: Yobjt: Vobju:5 € bs =t € bs =
Gebs= {{55, (5T er= {{LT,{Lu}} er= {{s5},{5u}} ertse

{ph € U{{{ph € bs | {{apn,apn}, {apn,x}} € r},{ph € bs |

{{aph’ aph}7 {athl}} € [}}7 {{ph € bs | {{aPh7 aPh}’7 {aPh’X}} € f}a {ph € bs |
{{apn,apn}, {apn,y}} € r}}} | -cpn € {ph € bs | {{apn,apn}, {apn,x}} € 1} =
SCcpp € {ph € bs | {{aph, aph}, {aph,y}} € [}} F ERisSymmetric> = ;\Vobjg:§ S
bs = {{5,5},{5,5}} € r = " Vou;5: Vobit:5 € bs = T € bs = {{5,5}, {5, t}} er =
{{E, f}, {f,g}} cr= %Vobjgi Vobjft Vobjﬁtg €Ebs=tebs=1¢€bs=

{{s.5}, {5, t}} er= {{t, 1}, {t,u}} e r = {{5,5}, {5, U} } € r > Vop,j5: Vopjt:5 €
bs =t € bs = {{5,5}, {5, t}} € r = {{t,t}, {t,5}} € r; ERisTransitive &>

S 4Vobjs:S € bs = {{5,5},{5,5}} € r = 5 Vobj5: Vobjt:5 € bs =t € bs =

{{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = 2 Vob;i5: Yobjt: Vobju:5 € bs =t € bs =
debs = {{55) {58} er= ({LEL{L0}} er= {{s.5), 50} } er >

Vobj§: Vobjfl Vobjﬁlg €Ebs=tebs=1¢€bs= {{g,g}, {§7E}} cr=

{{z,t}, {t,u}} € r = {{5,5}, {5,u}} € r; Sep2Formula > s € {ph € U{{{ph € bs |
{{apn,arn}, {arn,x}} € r},{ph € bs | {{apn,apn},{apn,x}} € r}}, {{ph € bs |



{{apn,apn}, {apn,y}} € r}, {ph € bs | {{apn,apn}, {apn,y}} € r}}} | cpn €
{ph € bs | {{apn,aprn}, {arn,x}} € r} = “cpy € {ph € bs |

{{aph’ aPh}7 {athz}} € [}} > as€ U{{{ph € bs | {{aph’ aPh}’ {aphvé}} €

r}, {ph € bs | {{apn,arn}, {apn,x}} € r}}, {{ph € bs | {{apn,arn}, {arn,y}} €
r}, {ph € bs | {{apn,aprn}, {apn,y}} € r}}} = " -s € {ph € bs |

{{apn, apn}, {apn, x}} € r} = ~s € {ph € bs | {{apn,apn}, {arn,y}} €

r}; SecondConjunct > s € U{{{ph € bs | {{apn,arn}, {apn,x}} € r}, {ph € bs |
{{aph’ aph}7 {athx}} € [}}7 {{ph € bs | {{aPh7 aph}v {athx}} € E}a {ph € bs |
{{apn,apn}, {arn,y}} € r}}} = s € {ph € bs | {{apn,aprn}, {apn,x}} € r} =
=s € {ph € bs | {{apn,arn}, {arn.y}} € r} > ~s€ {ph € bs |

{{apn, apn}, {apn;x}} € r} = ~s € {ph € bs | {{apn,apn}, {arn,y}} €

r}; FirstConjunct &> s € {ph € bs | {{apn,apn},{apn,x}} €r} = s € {ph e
bs | {{apn,apn}, {arn,y}} € r} > s € {ph € bs [ {{apn,apn}, {apn,x}} €

r}; Sep2Formula t> s € {ph € bs | {{apn,aprn},{apn,x}} €r} > -s € bs =
“{{s,s}. {s.x}} € r;SecondConjunct > s € bs = = {{s,s}, {s,x}} € r >

{{§v 5}3 {§a l}} er SecondConjunct >-Ss € {ph € bs | {{ath aPh}v {athﬁ}} €
r} = s e {phebs|{{apn,arn},{arn,y}} €r} >sc {phcbs|

{{apn,aprn}, {arn,y}} € r}; Sep2Formula > s € {ph € bs |

{{aph’ aph}7 {athz}} € f} > Ss€bs= - {{§a §}> {§7X}} €

r; SecondConjunct > ~s € bs = ~ {{s,s}, {s,y}} € r > {{s,s}. {s,y}} €

r; FirstConjunct > s € bs = = {{s,s}, {s,x}} € r > s € bs; Symmetry >
[S1#°(x] > [5]#°[bs] > [T]#°[r] > [T]#[bs] > Yon;5: Vont:5 € bs = T €
r> {{x,x},{x,s}} € r; Transitivity 1> [$]#°[r] > [S]#"[bs] &> [t]#°[r] 1>
[t]#°[bs] > [U]#°[r] > [W]#°[bs] & Vob;s: Vobjt: Vobju:S Ebs =t € bs = U €
bs = {{5,5}, {5, t}} e r= {{t,t},{t,u}} e r= {{5,5},{5,u}} €er>x€bs>s €
bst>y € bs > {{x,x}, {x,s}} e r>{{s,; s}, {s,y}} € r > {{x, x}, {x,y}} €

15 Vr: Vs: Vx: Vy: Vbs: Ded > Vr: Vs: Vx: Vy: Vbs: [S]#°[r] i [S]#" [bs]

[E1#°[r] = [t14°[bs] = [T]#°[r] i [G]#°[bs] -x € bs -y € bs -

S 4Vobjs: S € bs = {{5,5},{5,5}} € r = 5 Vobj5: Vobjt:5 € bs =t € bs =

{{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = 1 Vob;j5: Yobjt: Vobju:5 € bs =t € bs =
uebs= {{55}, {st}ter={{t,t},{tut} er={{5;5},{5u}} erkse

{ph € U{{{ph € bs | {{apn,apn}, {apn,x}} € r}, {ph € bs |

{{arn,arn}, {apn,x}} € r}}, {{ph € bs | {{apn,apn},{apn,y}} € r}, {ph € bs |
{{apn,apn}, {arn,y}} € r}}} | cpn € {ph € bs | {{apn,apn}, {apn,x}} €1} =
“cpn € {ph € bs | {{apn,aprn}, {aprn, y}} € r}t F {{x.x}, {x,y}} e r>

[S14£°[r] = [5]#°[bs] = [T]#°[r] #= [t]#°[bs] - []#°[r] i [T]#°[bs] - x €
bs =y € bs = % Vp,;5:5 € bs = {{5,5}, {5,5}} € r = 5 Vob;j5: Vob;t: 5 € bs =
tebs= {{55},{5t}} €r= {{t,t}, {t,3}} € r = Vobi5 Yobjt: Vob;u: 5 € bs =
tebs=1ue€bs= {{55},{5t}} er= {{t,t},{t,u}} e r= {{5,5}, {5.u}} €
r=s € {ph € U{{{ph € bs | {{apn,apn}, {apn,x}} € r},{ph € bs |

{{apn,apn}, {apn,x}} € r}}, {{ph € bs | {{apn,apn}, {apn.y}} € r}, {ph € bs |
{{apn,arn}, {arn,y}} € r}}} | cpn € {ph € bs | {{apn,apn}, {apn,x}} €1} =
“cpp € {ph € bs | {{aph’ aPh}7 {athz}} € f}} = {{575}’ {55 X}} € ﬂvpo’ C)}

[HelperNoneEqNecessary ST 7 Fsub - Vr: Vs: Vx: Vy: Vbs: [5] #OTr] =

%)



514" [bs] = [E1#°[r] = [T]4° [bs] = [T]#°[r] i [T]#°[bs]
bs = - Vohi5:5 € bs = {{5,5}, {5,5}} € r = 1 Vop;5: Vobit: s
{{5,5}, {5, t}} e r= {{t,t}, {t,5}} € r = 5 Vobi5: Yobjt: Vobju:
o€ bs= {{5s}{5t}} er= {{t,t}, {t,u}} e r= {{5,5}, {5,
{ph € U{{{ph € bs | {{apn,aprn}, {apn,x}} € r}, {ph € bs |
{{apn,apn}, {apn, x}} € r}}, {{ph € bs | {{apn,aprn}, {apn,y}} € r},{ph € bs |
{{apn,apn}, {arn,y}} € r}}} | ~cpn € {ph € bs | {{apn,apn}, {apn, x}} € 1} =
“icpn € {ph € bs | {{apn,arn}, {apn,y}} € r}} = {{x.x}, {x,y}} €1

[HelperNoneEqNecessary tex “HelperNoneEqNecessary”]

pyk . -
[HelperNoneEqNecessary = “lemma none-equivalence nec condition0”]

Helper(2)NoneEqNecessary

[Helper(2)NoneEqNecessary propf AC.Ax.P([ZFsub k- Vr: Vx: Vy: Vbs: [5]#°[r] #-
[$1#° [bs] # [E1#°[r] b [E1%°[bs] k- [G]#°[r] - [a]#°[bs] k- x cbsky

bs - 55 Vohi5:5 € bs = {{5,5},{5,5}} € r = - Vopi5: Vopjt:5 € bs = t € bs =
{{s,5}, {5, t}} e r = {{t,t},{t,5}} € r = 2 Vob;j5: Vopit: Vobju: 5 € bs =t € bs =
u€bs = {{55},{5t}} er= {{t, i}, {t,u}} e r = {{5,5}, {5, u}} erk

< {{x,x}, {x,y}} € r - HelperNoneEqNecessary 1> [s]|#°[r] > [5]#°[bs]| >
[t]#°[r] > [t]#°[bs] &> [U]#°[r] &> [U]#°[bs] >x €Ebs =y € bs =

S 4Vobjs: S € bs = {{5,5},{5,5}} € r = 5 Vobj5: Vobjt:5 € bs =t € bs =

{{5,5}, {5, t}} e r= {{t,t}. {t,5}} € r = = V615 Vobjt: Vob;u:5 € bs =t € bs =
uebs= ({55} {58} er= ({LIL{E0}} er= ({55}, {s.u)) er=sec
{ph € U{{{ph € bs | {{apn,apn}, {apn,x}} € r}, {ph € bs |

{{apn,apn}, {apn,x}} € r}}, {{ph € bs | {{apn,apn}, {apn,y}} € r}, {ph € bs |
{{apn,apn}, {apn,y}} € r}}} | “cpn € {ph € bs | {{apn,apn}, {apn, x}} € r} =
“cpn € {ph € bs | {{apn,aprn}, {arn, y}} € r}} = {{x,x}, {x,y}} e s MP3>x €
bs =y € bs = = Vp,i5:5 € bs = {{5,5},{5,5}} € r = - Vop;5: Vot 5 € bs =
t € bs= {{g,g}, {5, E}} cr= {{f,f}7 {E, 5}} cr= %Vobjgt Vobjfi Vobjﬁlg € bs =
tebs=tu€bs= {{55},{51t}} er= {{t,t}, {t,u}} er= {{5,5}, {5, u}} €

r =5 € {ph € U{{{ph € bs | {{apn,apn}, {apn, x}} € r},{ph € bs |

{{apn,apn}, {apn,x}} € r}}, {{ph € bs | {{apn,apn}, {apn,y}} €}, {ph € bs |
{{apn,aprn}, {3Ph7X}} €rtt} | ~cpn € {ph € bs | {{apn,aprn},{apn,x}} €1} =
“cpn € {ph € bs | {{apn,aprn}, {apn, y}} € 1}t = {{x,x}, {x,y}} €r>xe€
bs>y € bs> - Vo,i5:5 € bs = {{5,5},{5,5}} € r = = VpiS: Vopjt:s € bs = t €
bs = {{5,5}, {5,t}} € r = {{t, &}, {t,5}} € r = = Vo1;5: Vobjt: Vobjl:5 € bs = t €
bs = u € bs = {{5,5},{5,t}} e r= {{t,t}.{t,u}} e r = {{5,5}, {5,u}} er>
s € {ph € U{{{ph € bs | {{apn, arn},{arn,x}} € r}, {ph € bs |

{{aPha aPh}v {aPh7X}} € £}}7 {{ph € bs | {{aPh7 aPh}v {aPluX}} € f}a {ph € bs |
{{apn,arn}, {aPh,z}} €r}}} | —cpn € {ph € bs | {{apn,apn}, {apn,x}} € r} =
“icpn € {ph € bs | {{apn,apn}, {apn,y}} € r}} = {{x.x}, {x,y}} e MT>5¢€
{ph € U{{{ph € bs | {{apn,apn}, {apn, x}} € r}, {ph € bs |



{{apn,apn}, {apn,x}} € r}}, {{ph € bs | {{apn,apn},{apn,y}} € r}, {ph € bs |
{{arn,apn}, {arn,y}} € r}}} | ~cpn € {ph € bs | {{apn,apn}, {apn, x}} €1} =
“Cph € {ph € bs | {{athaPh}v {aphvx}} € [}} = {{575}’ {Kax}} €

r> S {{x,x}, {x,y}} € r> -5 € {ph € U{{{ph € bs | {{arn,apn},{apn,x}} €
r}, {ph € bs | {{apn,arn}, {apn,x}} € r}}, {{ph € bs | {{apn,arn}, {arn,y}} €
r}, {ph € bs | {{apn,apn}, {apn,y}} € r}}} | ~cpn € {ph € bs |

{{apn,aprn}, {apn,x}} € r} = = cpn € {ph € bs | {{apn,aprn}, {aPh7X}} €

r}}; Unique® > -5 € {ph € U{{{ph € bs | {{apn,arn}, {apn,x}} € r},{ph € bs |
{{apn.arn}, {arn,x}} € r}}, {{ph € bs | {{apn.arn}, {arn,y}} €}, {ph € bs |
{{apn,apn}; {apn,y}} € r}}} | ~cpn € {ph € bs | {{apn,aprn},{apn,x}} €1} =
“cpp € {ph € bs | {{apn,apn}, {apn,y}} € r}} > {ph € U{{{ph € bs |
{{apn,apn}, {arn,x}} € r}, {ph € bs | {{apn,apn}, {apn,x}} € r}}, {{ph € bs |
{{apn,apn}, {arn,y}} € r}, {ph € bs | {{apn,aprn}, {apn,y}} € r}}} [ “cpn €
{ph € bs | {{apn,aprn},{apn,x}} € r} = “cpn € {ph € bs |

{{apn,arn}, {apn, y}} € r}}=0;Vr: Vx: Vy: Vbs: Ded 1> Vr: Vx: Vy: Vbs: [S]#°[r] t
[51#°[bs] #= [T1#°[r] #= [T]#°[bs] #- [G]#°[r] b []#°[bs] -x € bstky €

bs F 54 Vopis: 5 € bs = {{5,5},{5,5}} € r = 5 Vobi5: Vobjt:5 € bs =t € bs =
{{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = 2 Vobj5: Yobjt: Vobju:5 € bs =t € bs =
uebs= {{55}, {st}t er={{t.t} {t, u}} er= {{s;s}, {5,ut} ert
“{{xx}, {x,y}} € ri= {ph € U{{{ph € bs | {{apn,arn}, {apn,x}} € r},{ph €
bs | {{aPh7 aph}7 {aPh7§}} € [}}7 {{ph € bs | {{aPh7 aPh}’> {aPh>X}} € K}a {ph €
bs | {{apn,arn}, {arn,y}} € r}}} | ~cpn € {ph € bs | {{apn,apn}, {apn, x}} €
r} = “cpn € {ph € bs | {{apn,apn}, {arn,y}} € r}} =0 > [5]#°[r] i

[51#°[bs] #= [E1#°[r] - [€]1#°[bs] # [T]#°[r] # [a]# [bs| -x € bs =y €

bs = - Voi5:5 € bs = {{5,5},{5,5}} € r = 1 Vop;5: Vobjt:5 € bs = t € bs =
{{s,5}, {5, t}} e r = {{t,t},{t,5}} € r = 2 Vob;j5: Vopit: Vobju:5 € bs =t € bs =
uebs= {{55},{5t}} er= {{t,t},{t,u}} er= {{55}, {5, u}} er=
“{{x,x}, {x,y}} € r= {ph € U{{{ph € bs | {{apn,arn}, {apn,x}} € r},{ph €
bs | {{apn,apn}, {apn,x}} € r}}, {{ph € bs | {{apn,apn},{apn,y}} € r}, {ph €
bs | {{apn,apn}, {apn,y}} € r}}} [ “cpn € {ph € bs | {{apn,aprn}, {arn, x}} €
r} = “icpn € {ph € bs | {{apn,apn}, {apn,y}} € r}} =01, po, )]

[Helper(2)NoneEqNecessary *“3" ZFsub + Vr: Vx: Vy: Vbs: [5]#°[r]

[ST#0 bs] - [E1#°[¢] b [€14° bs] b [G]#0]¢] - [a]4 bs] b-x € bs = y €
bs = - Voi5:5 € bs = {{5,5},{5,5}} € r = 1 Vop;5: Vobjt:5 € bs = t € bs =
{{s,5}, {5, t}} e r = {{t,t},{t,5}} € r = 2 Vob;5: Vopit: Vobju:5 € bs =t € bs =
uebs= {{5,;5}, {5, t}} er= {{t.t},{t,u}} er= {{5.5}.{S,u}} e r=
“{{x,x}, {x,y}} € r= {ph € U{{{ph € bs | {{apn,apn}, {apn,x}} € r},{ph €
bs | {{aPha aph}> {3Ph7ﬁ}} € I}}a {{ph € bs | {{aPh7 aPh}7 {aPluX}} € f}a {ph €
bs | {{apn,apn}, {apn,y}} € r}}} [ “cpn € {ph € bs | {{apn,apn}, {apn,x}} €
r} = “cpn € {ph € bs | {{apn,arn}, {apn,y}} € r}}=0]

[Helper(2)NoneEqNecessary = “Helper(2)NoneEqNecessary”]

[Helper(2 )NoneEqucessary VX “lemma none- -equivalence nec condition1”]



NoneEqNecessary

[NoneEgNecessary progf AC.Ax.P([ZFsub b Vr: Vx: Vy: Vbs: [S]#°[r] #-

(514 bs] = [E1#°[r] b [£]#°[bs] = [a]#°[r] - [u]#°[bs] F-x € bsty €

bs F 54 Vopis: 5 € bs = {{5,5},{5,5}} € r = 1 Vobi5: Vobjt:5 € bs =t € bs =
{{5,5}, {5, t}} e r= {{t,t}. {t,5}} € r = S Vobi5: Vobjt: Vob;ju:5 € bs =t € bs =
uebs= {{55},{5t}} er= {{t.t}, {t,u}} er= {{55}, {5, u}t} erk
Helper(2)NoneEqNecessary 1> [5]#°[r] > [5]#°[bs] > [t]#°[r] >

[t]#°[bs] > [U]#°[r] > [W]#°[bs] > x € bs =y € bs = -1 V,p,;5:5 € bs =
{{5,5},{5,5}} € r = - Vo5 Vobjt:s € bs = t € bs = {{5,5}, {5,t}} € r =
{{t,t}, {t,5}} € r = S VobjS: Vobjt: Yobju:S € bs =t € bs = U € bs =
{53158} er = ({1, (£0}} e r = ({5,531, (5,01} e r =

“{{x,x}, (x.y}} € r = {ph € U{{{ph € bs | {{apn,apn}, {apn,x}} € r}, {ph €
bs | {{apn,aprn}, {apn,x}} € r}}, {{ph € bs | {{apn,apn}, {arn,y}} € 1}, {ph €
bs | {{apn,apn}, {apn,y}} € r}}} [ “cpn € {ph € bs | {{apn,apn}, {apn,x}} €
r} = “icpn € {ph € bs | {{apn,arn}, {apn,y}} €r}}=0;MP3>x€bs=y €
bs = = Vobi5:5 € bs = {{5,5},{5,5}} € r = = Vo1i5: Vonit:S € bs =t € bs =
{{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = 1 Vob;j5: Yobjt: Vobju:5 € bs =t € bs =
ebs = {{5,5h {58} € r= (&8}, (Ea}} e r = {{5,5}, {5,0}} e r =
“{{xx}, {x,y}} € r= {ph € U{{{ph € bs | {{apn,apn}, {arn,x}} € r},{ph €
bs | {{aph7 aph}7 {athx}} € [}}7 {{ph € bs | {{aPIH aPh}’ {3Ph>X}} € E}a {ph €
bs | {{apn,apn}. {apn,y}} € r}}t} [ cpn € {ph € bs | {{apn,apn}, {apn,x}} €
r} = “cpp € {ph € bs [ {{apn,apn}, {apn,y}} €r}}=0O>x€bs>y€

bs > = 1Vopi5:5 € bs = {{5,5}, {5,5}} € r = " Vop;S: Vopit:S € bs =t € bs =
{{s,5}, {5, t}} e r = {{t. 1}, {t,5}} € r = Vobi5: Vopjt: Vobju:5 € bs = t € bs =
ue€bs = {{55},{5t}} er= {{t,t}.{t,u}} e r= {{5,5}, {5, u}} er>

- {{Zv 5}7 {&X}} cr= {ph € U{{{ph € bs | {{aph’ aph}7 {aphvé}} € [}’ {ph €
bs | {{apn,aprn}, {arn,x}} € r}}, {{ph € bs | {{apn,apn}, {aprn,y}} € r},{ph €
bs | {{apn,apn}, {apn,y}} € r}}} [ “cpn € {ph € bs | {{apn,apn}, {arn, x}} €
r} = <cpy € {ph € bs | {{apn,arn}, {arn. y}} € r}} =07, po,c)]

[NoneEqNecessary *“5" ZFsub F Vr: Vx: Vy: Vbs: [5]#9[r] # [5]#°[bs] k-
[E140[¢] b €14 bs] b [T #0]r] b [G]#°[bs] b x € bs -y € bs -

%;‘Vobjglg € bs = {{g,g}, {g,g}} cr= %vobj§:vobjf:§ €bs=tebs=

{{s,5}, {5, t}} e r = {{t,t},{t,5}} € r = 2 Vob;j5: Vopit: Vobju: 5 € bs = t € bs =
uebs= {{55s}, {5t} er={{t,t},{t,u}} er= {{5,5}, {5, u}} ert

- {{lv 5}7 {X,X}} cr= {ph € U{{{ph € bs | {{aP}n aPh}7 {aphvx}} € f}’ {ph €
bs | {{apn,apn}, {apn,x}} € r}}, {{ph € bs | {{apn,apn}, {apn,y}} € r},{ph €
bs | {{apn,apn}, {apn,y}} € r}}} | ~cpn € {ph € bs | {{apn,apn}, {arn,x}} €
r} = =cpy € {ph € bs | {{apn,arn}, {apn. y}} € r}} =0]

[NoneEqNecessary tex “NoneEqNecessary”|

pyk . -
[NoneEqNecessary — “lemma none-equivalence nec condition”]



EqClassIsSubset

f
[ proo

EqClassIsSubset - — Ac.Ax.P([ZFsub F Vr: Vs: Vx: Vbs:s € {ph € bs |
{{aph, aph}, {aph,ﬁ}} S [} F Sep2Formula > s € {ph € bs ‘

{{apn,apn}, {apn,x}} € r} > -s € bs = - {{s,s}, {s,x}} €

r; FirstConjunct > s € bs = - {{s,s},{s,x}} €r>se

bs; Vr: Vs: Vx: Vbs: Ded > Vr: Vs: Vx: Vbs: s € {ph € bs | {{apn, apn}, {apn,x}} €
r} s €bs>se {phebs|{{apn aprn}, {arn,x}} € r} = s € bs],po, )]

[EqClassIsSubset St 7 Fsub - Vr:Vs: ¥x: Vbs:s € {ph € bs |
{{apn,apn}, {apn,x}} € r} = s € bg]
tex

[EqClassIsSubset — “EqClassIsSubset”]

[EqClassIsSubset Y “emma equivalence class is subset”]

EqClassesAreDisjoint

[EqClassesAreDisjoint progf Ac.Ax.P([ZFsub k- Vr: Vx: Vy: Vbs: [S]#°[r] i

[51#° bs] #= [T1#°[r] #= [T]1#°[bs] #= [a]#°[r] b [U]#°[bs] -x € bstky €

bs F 54 Vopis: s € bs = {{5,5},{5,5}} € r = 1 Vobi5: Vobjt:5 € bs =t € bs =
{{5,5}, {5, t}} e r = {{t,t}, {t,5}} € r = 2 Vob;j5: Vobjt: Vobju:5 € bs =t € bs =
uebs= {{5s}, {st}t er={{t.t}{t, u}} er= {{s;5},{5,u}} er-~{ph e
bs | {{apn,aprn},{apn,x}} € r}={ph € bs | {{apn,apn}, {apn,y}} €1} -
EqNecessary 1> [3]#°[r] & [5]#°[bs] > [T]#°[r] & [t]#°[bs] &> []#°[r] >
[U]#°[bs] > x € bs >y € bs > =11 Vop,;5:5 € bs = {{5,5},{5,5}} e r =

A VobiS: Vobjt:5 € bs = t € bs = {{5,5}, {5,t}} e r = {{t,t}, {t,;5}} er=

S VobjS: Vobjt: Yobju:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =
Htth{tut} er={{5;5}, {5,u}} e r> {{x,x},{x,y}} €r = {ph € bs |
{{apn,apn}, {apn,x}} € r} ={ph € bs | {{apn,apn}, {arn,y}} €

rhEMT > {{x,x}, {x,y}} € r = {ph € bs | {{apn,apn}, {apn,x}} € r}={ph €

bs | {{apn,apn}, {apn,y}} € r}>={ph € bs | {{apn,arn}, {apn,x}} € r}={ph €
bs | {{aph7 aph}7 {athx}} € f} >4 {{5; Z}v {Za X}} € r; NoneEgNecessary >
[314°[r] > [5]#°[bs] &> [T]#°[r] > [E]#°[bs] > [U]#°[r] > [G]#°[bs|>x €
bs>y € bs> - Vi5:5 € bs = {{5,5},{5,5}} € r = = VpiS: Vopt:s € bs = t €
bs = {{5,5}, {5, t}} € r = {{t, 1}, {t,5}} € r = “Vo1;5 Vobit: Vopju:5 € bs = t €
bs = U ebs = {{5,5},{5t}} er= {{t,t}, {t,u}} er= {{5,;5}, {5, u}} €er>
“{{x,x},{x,y}} € r = {ph € U{{{ph € bs | {{apn,apn},{apn,x}} € r},{ph €
bs | {{apn,aprn},{apn,x}} € r}}, {{ph € bs | {{apn,apn}, {apn,y}} € r},{ph €
bs | {{apn,apn}, {arn,y}} € r}}} | ~cpn € {ph € bs | {{apn,apn}, {apn, x}} €
r} = <cpy € {ph € bs | {{apn,arn}, {arn, y}} € r}}=0;MP >

“{{x,x}, {x,y}} € r = {ph € U{{{ph € bs | {{apn,aprn}, {aprn,;x}} € r}, {ph €
bs | {{apn,aprn}, {apn,x}} € r}}, {{ph € bs | {{apn,apn}, {apn,y}} € r},{ph €
bs | {{apn,apn}, {apn,y}} € r}}} | ~cpn € {ph € bs | {{apn,apn}, {arn,x}} €



r} = “cpp € {ph € bs | {{apn,arn}, {arn, y}} € r}}=0 > 2 {{x,x}, {x,y}} €
r> {ph € U{{{ph € bs | {{apn,apn}, {apn,x}} € r}, {ph € bs |

{{aph’ aPh}7 {athl}} € [}}7 {{ph € bs | {{aP}N aph}v {aPhax}} € E}a {ph € bs |
{{apn,arn}, {aP}uX}} €rtt} | ~cpn € {ph € bs | {{apn,aprn},{arn,x}} €1} =
“cpn € {ph € bs | {{apn,arn},{aprn,y}} € r}} =01, po,c)]

[EqClassesAreDisjoint *I% ZFsub b Vr: Vx: Vy: Vbs: [5]#°[r] # [S]#°[bs] t-
[E1#°r] = [T]#°[bs] # [T]#°[r] b= [U]#°[bs] - x € bsky € bs -

S 4Vobis: S € bs = {{5,5},{5,5}} € r = 5 Vobj5: Vobjt:5 € bs =t € bs =

{{5, §}, {g, E}} cr= {{E, E}, {E, E}} cr= %Vobjgi Vobjfi Vobjﬁig €Ebs=1t¢€bs=>
oebs= {{553}, {5t} er={{t,t},{t,u}} e r= {{5,5},{5,u}} e r- = {ph €
bs | {{apn,aprn}, {apn,x}} € r}={ph € bs | {{apn,apn}, {apn,y}} €r} - {ph €
U{{{ph € bs | {{apn,apn}, {apn,x}} € r}, {ph € bs | {{apn,apn}, {apn, x}} €
r}}, {{ph € bs | {{apn,apn}, {apn,y}} € r},{ph € bs | {{apn,apn}, {arn,y}} €
r}}} | = cen € {ph € bs | {{apn,apn},{apn,x}} € r} = = cpy € {ph € bs |
{{apn, apn}, {arn,y}} € r}}=0)]

[EqClassesAreDisjoint tex “EqClassesAreDisjoint”]

[EqClassesAreDisjoint 2 “lemma equivalence classes are disjoint”|

AllDisjoint

proof

[AlIDisjoint “—" Ac.Ax.P([ZFsub F - -1V,b;5:5 € bs = {{5,5},{5,5}} e T =
VobjS: Vobit:s € bs = T € bs = {{5,5}, {5, t}} e T = {{t. T}, {t,s}} eT=

1 VobjS: Vobit: VobjU:§ € bs =t € bs = U € bs = {{5,5},{5,t}} € =

{t. 1}, {tu}} e7= {{5.5},{5,u}} e T-x € {ph € P(bs) | “tgy € bs =
—|{ph € bs | {{aph,aph} {aph,tEx}} S I’} bph} Fye {ph € P(bS) | Stpyx €
bs = —|{ph € bs | {{aph,aph} {ap}”tEX}} S r} bph} Fax=ykF
Sep2Formula > X € {ph € P(bs) | “tgy € bs = - {ph € bs |

{{aph,aph} {aph,tEX}} S r} bph} > AX e P(bs) = S hapx € bs = = {ph S
bs | {{apn,arn}, {aph,aEX}} € r} =x; SecondConjunct > - € P(bs) =

S Sapy € bs = - {ph € bs | {{aph,aph} {apn,apx}} € F}=%X>> Sag, € bs =
{ph € bs | {{apn,apn}, {apn, aEx} } € ¥} =X; FirstConjunct > - ag, € bs =
ﬁ{ph € bs | {{aph,aph} {ap}“aEx}} S I’}—X > agx €

bs; SecondConjunct > - agy € bs = = {ph € bs | {{apn,apn}, {aph,aEx}} ET}=
%> {ph € bs | {{apn, aprn}, {apn,aEx}} € } =X; =Symmetry > {ph € bs |
{{aph,aph} {aph,aEX}} € I’} X > X= {ph € bs ‘ {{aph,aph} {aph,aEX}} S
f}; Sep2Formula >y € {ph € P(bs) | ~tg, € bs = - {ph € bs |

{{aph,aph} {aph7tEx}} € r} bph} >y e P(bS) = S 5bgx € bs = = {ph S
bs | {{apn,aprn}, {aprn, bex}} € 7} =V; SecondConjunct > -y € P(bs)

S5 bpx € bs = - {ph € bs | {{apn,apn}, {apn, brx}} € F} =y > “bg, € bs =
= {ph € bs | {{aph, aph} {aph, bEx}} S r} y; FirstConjunct > - bgy € bs =
= {ph € bs | {{aPhaaPh} {apn, bex}} €T} =y > bpx €

bs; SecondConjunct > ~ bgy € bs = - {ph € bs | {{apn, apn}, {apn,bex}} € 7} =
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y > {ph € bs | {{ap}” aph}, {aph, bEx}} S F} :z; =Symmetry > {ph € bs |
{{apn,arn}, {apn, bex}} € 7} =Y > y={ph € bs | {{apn,apn}, {arn, bex}} €
7}; TransferNotEq > ©X=y > X={ph € bs | {{aph,aph} {apn,aEx}} €T} D> Y
{ph € bs | {{aprn,aprn}, {apn, bex}} € I’} > = {ph € bs |

{{apn,apn}, {apn, aex}} € F}={ph € bs | {{apn,apn}, {apn, bex}} €

7}; EqClassesAreDisjoint > agx € bs > bgy € bs > = -1V},;5:5 € bs =
{{5,5},{5,5}} € F = Vobi&: Vonjt:5 € bs = t € bs = {{5,5}, {5, t}} e F =
{{t,t}, {t,5}} € F = 5 Von;5: Vobjt: Vobju:5 € bs = t € bs = U € bs =
{{5,5},{5,t}} er= {{t,t},{t, u}} €= {{5,5},{5,u}} € >~ {ph € bs |
{{apn;apn}, {apn; apx}} € T} ={ph € bs | {{apn,aprn}, {apn, bex}} € T} >

{ph € U{{{ph € bs | {{apn,apn}, {apn, aEx}} € T}, {ph € bs |

{{arn,apn}, {apn, apx}} € T} {{ph € bs | {{apn,apn}, {arn, bex}} € T} {ph €
bs | {{apn; apn}, {apn, bex}} € TF}}} [ “cpn € {ph € bs |

{{apn,apn}, {apn,arx}} € ¥} = “cpn € {ph € bs | {{apn,apn}, {apn, bex}} €
7}} =0; Samelntersection > x={ph € bs | {{apn,aprn}, {apn,;apx}} €T} >y=
{ph € bs | {{apn,apn}, {apn, bex}} € 7} > {ph € U{{x,x},{y,¥}} | “cpn €X =
“Cpp € y} {ph € U{{{ph € bs | {{ap}“aph} {aph,aEX}} € r} {ph S bs |
{{arn,apn}, {apn; apx}} € T} {{ph € bs | {{apn,apn}, {arn, bex}} €T} {ph €
bs | {{apn,apn}, {apn, bex}} € T}}} [ “cpn € {ph € bs |

{{apn,aprn}, {aprn;amx}} € T} = “cpy € {ph € bs | {{apn,arn}, {aprn,bex}} €
7}}; =Transitivity > {ph € U{{X,x},{V,¥}} | "cpn EX= Scpn, €V} ={ph €
U{{{ph € bs | {{apn,arn}, {apn,anx}} € 7}, {ph € bs |

ﬁaph,aph} {ap}haEx}} S I’}} {{ph S bs ‘ {{aph,aPL} {aph, bEx}} € F}, {ph €
bs | {{apn,apn}, {apn, bex}} € T} [ “cpn € {ph € bs |

{{aph,aph} {aph,aEX}} S I’} = Scpy € {ph € bs | {{aph,aph} {aph, bEx}} S
r}} > {ph € U{{{ph € bs | {{apn,arn},{apn,arx}} € T}, {ph € bs |
{{arn.apn}. {apn, aex}} € 71}, {{ph € bs | {{apn, apn}, {apn, brx}} € T}, {ph €
bs | {{apn, apn}, {apn, bex}} € F}}} [ “cpn € {ph € bs |

{{apn,apn}, {arn,aex}} € 7} = “cpu € {ph € bs | {{apn,apn}, {apn, bex}} €
F}}:® > {ph € U{{i,i}, {yvy}} | cpp € X = Tcpp € Y}:Q‘l,po,C)]

[AlDisjoint *" ZFsub - = V,;5:5 € bs = {{5,5}, {5,5}} € T =

VopjS: Vobit:s € bs = T € bs = {{5,5}, {5, 1} } e T = {{L, 1}, {t.5}} e T =
VoSt Vobit: VobjU:§ € bs =t € bs = U € bs = {{5,5}, {5,t}} € F =

{{t. 1}, {t,u}} et = {{s.5}.{s,u}} er-x € {ph € P(bs) | “1tgy € bs =
= {ph € bs | {{apn,apn}, {apn,tex}} € F}=bpn} F ¥ € {ph € P(bs) | “1tgx €
bs = - {ph € bs | {{apn,apn}, {apn,tex}} € F}=bpn} F 5X=yF {ph €
U{{x,x},{7,¥}} | cpn € X = “cpp € ¥} =0

[AlIDisjoint “= “AllDisjoint”]

[AllDisjoint, 2 VX “Jemma all disjoint”]
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AllDisjointImply

proo

[AlDisjointImply "% Ac.Ax.P([ZFsub - Vr: ¥x: Wy: Wbs: == Vpi5:5 € bs =
{{5,5},{5,5}} € r = “Vop;5: Vonjt:5 € bs = t € bs = {{5,5}, {5,t}} e r =

{{f, f}, {f,g}} cr= %Vobﬁ: Vobjft vobjﬁ:§ Ebs=tebs=1u€bs=
{ssh{sther={{t.t}{tu}} er={{s55 . {su}} ertxe {ph e P(bs) |
“tpx € bs = = {ph € bs | {{apn,apn}, {apn,tex}} € r}=bpn} Fy € {ph e
P(bs) | ~tex € bs = - {ph € bs | {{apn,aprn}, {apn,tex}} € r} =bpn} F ~x=

y I CheatAllDisjoint > - - Vop;5:5 € bs = {{5,5}, {5,5}} € r = 1 Vop;5: Vobit:
bs =t € bs= {{5,5}, {g, E}} cr= {{E,f}, {E,g}} cr= %Vobjgt Vobjf: Vobjﬁl
bs=tebs=1uecbs= {{55},{5t}} er= {{t, t},{t,u}} er=
{{5,5},{5,u}} €r>x € {ph € P(bs) | “tgx € bs = ~ {ph € bs |

{{apn;aprn}, {apn, tex}} € r}=bpn} >y € {ph € P(bs) | "tgx € bs = = {ph €
bs | {{apn,apn}. {apn, tex}t} € r}=bpn} > x=y > {ph € U{{x,x}. {y,y}} |
Scpp € X = cpy € Y} =0;Vr: Vx: Vy: Vbs: Ded 1> Vr: Vx: Vy: Vbs: =+ V,,55:5 €
bs = {{5,5},{5,5}} € r = " Vou;5: Vobit:5 € bs = t € bs = {{5,5}, {5, t}} er =
{{E, f}7 {f,g}} cr= %Vobjgi Vobjft Vobjﬁtg Ebs=tebs=1€bs=

{{5,;5}, 5,t}} er= {{t,t}, {t,u}} e r= {{5,5}, {5,u}} € r - x € {ph € P(bs) |
Stpx € bs = ~{ph € bs | {{apn,apn},{apn,tex}} € r}=bpn} y € {ph €
P(bs) | ~tex € bs = - {ph € bs | {{apn,apn}, {apn.tex}} € rf=bpn} F ~x=

y F{ph € U{{x,x}, {y,y}} | “cpn € x= “cpn € y} =0 > [5]#°[r] I

[S14£° [bs] = [E1#°[r] = [t]#£° [bs] i [T]#°[r] I []#°[bs] I= == Vop;5:5 €
bs = {{5,5},{5,5}} € r = = Vopi5: Vonit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{E, f}, {f,g}} cr= %Vobﬁ: Vobjft vobjﬁ:§ €Ebs=tebs=1€bs=

{{5,5}, {5, t}} er= {{t, 1}, {t,u}} e r = {{5,5}, {5,u}} er=xe {ph e

P(bs) | ~tgx € bs = = {ph € bs | {{apn,aprn}, {aPn, tex}} € r}=bpn} =y €
{ph € P(bs) | ~tgx € bs = - {ph € bs | {{apn,apn}, {arn, tex}} € r}=bpn} =
“x=y = {ph € U{{x,x},{y,y}} | “cpn € x = “cpn € y}=0],po, )]

[AllDisjointImply *3° ZFsub F Vr: Vx: Vy: Vbs: [5]#°[r] i [5]#°[bs] #
[E]#°[r] = [£1#£°[bs] = [T]#°[r] = [T]#°[bs] I =5 Vop;5:5 € bs =
{{5,5},{5,5}} € r = = Vobi5: Vonit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = 2 Vop;5: Vobjt: Vobju:S € bs =t € bs = U € bs =

{ssh st er={{tth {tu}} er={{5;5},{5;u}} er=xe {ph e
P(bs) | ~tgyx € bs = = {ph € bs | {{apn,aprn}, {apn, tex}} € r}=bpn} =y €
{ph € P(bs) | ~tgx € bs = - {ph € bs | {{apn,apn}, {arn,tex}} € r}=bpn} =
“x=y = {ph € U{{x,x},{y,y}} | "cpn € x= -cpn €y} =0]

S
S

tex

[AllDisjointImply = “AllDisjointImply”]

AllDisjointImpl, By “lemma all disjoint-imply”
] y ]
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BSsubset

proof

[BSsubset " — Ac.A\x.P([ZFsub F Vr: Vs: Vbs: [5]#°[r] - [5]#°[bs]

S VopiS:S € bs = {{5,5},{5,5}} € r = 7 VobjS: Vobit:S € bs = t € bs =

{{s,5}, {5, t}} e r = {{t, 1}, {t,5}} € r = Vopi5: Vopjt: Vobiu:5 € bs =t € bs =
gebs= {{553} {5t} er= {{t,t},{t,u}} er= {{5,5},{5,u}} €ertsebst
AutoMember 1> [5]#°[r] > [5]#°[bs] > - = Vop;s:§ € bs = {{5,5},{5,5}} €

r = VoS Vobjt:5 € bs = t € bs = {{5,5},{5,t}} e r = {{t,t}, {t,5}} er=
VoSt Vobjt: Vopil:s € bs = t € bs = U € bs = {{5,5}, {5, t}} e r =

{{t,t}, {t,u}} er={{5,5}, {5, u}} er>sebs>>se {phebs|
{{apn,apn},{apn,s}} € r}; EqClassIsSubset > § € {ph € bs |

{{apn,apn}, {apn,s}} € r} = § € bs; SubsetInPower > 5 € {ph € bs |
{{apn,aprn}, {apn,s}} € r} =5 € bs> {ph € bs | {{apn,apn}, {apn,s}} €r} €
P(E), =Reflexivity > {ph € bs | {{aph, aph}, {aph,§}} S [}:{ph € bs ‘
{{apn,aprn}, {aprn,s}} € r}; JoinConjuncts > s € bs > {ph € bs |

{{apn,aprn}, {aprn,s}} € r}={ph € bs | {{apn, arn}, {arn,s}} €r} > =s € bs=
= {ph € bs | {{apn,apn}, {apn,s}} € r} ={ph € bs | {{apn,apn}, {apn,s}} €

r}; ExistIntro @ agxy @s > —s € bs = - {ph € bs | {{apn, apn}, {apn,s}} € r}=
{ph € bs | {{apn,apn}, {apn,s}} € r} > “ap. € bs = “{ph € bs |

{{apn,apn}, {apn,anx}} € r}={ph € bs | {{apn,apn}, {apn,s}} €

r}; Formula2Sep t> {ph € bs | {{apn, aprn}, {apn,s}} € r} € P(bs) > - apx € bs =
“{ph € bs | {{apn,arn},{arn,arx}} € r} ={ph € bs | {{apn,apn}, {apn,s}} €
r} > {ph € bs | {{apn,aprn}, {apn,s}} € r} € {ph € P(bs) | “tgx € bs =

= {ph € bs | {{apn,apn}, {apn,tex}} € r} =bpy}; ExistIntro @ jex @{ph € bs |
{{apn,apn}, {arn,s}} € r} >s € {ph € bs | {{apn,apn},{apn,s}} €1} >s€
jEx; ExistIntro @ jgx @{ph € bs | {{apn, apn}, {apn,s}} € r} > {ph € bs |
{{arn,apn}, {arn,s}} € r} € {ph € P(bs) | “tpx € bs = ~ {ph € bs |
{{apn,apn}, {apn, tex}} € r}=bpn} > jrx € {ph € P(bs) | “tex € bs =

—{ph € bs | {{apn,apn}, {apn, tex}} € r} =bpy}; Formula2Union > s €

jEx > jEx € {ph € P(bs) | ~tgx € bs = = {ph € bs | {{apn,arn}, {arn,tex}} €
r}=bpn} >s € U{ph € P(bs) | “tpx € bs = = {ph € bs |

{{apn,apn}, {apn, tex}} € r} =bpy}; Vr: Vs: Vbs: Ded 1> Vr: Vs: Vbs: [S]#%[r] #
[S1#"[bs] = = -1 Vobi5:s € bs = {{5,5},{5,5}} € r = “VopiS: Vopjt:sEbs =T €
bs = {{5,5}, {5, t}} e r= {{t, 1}, {t,5}} € r = = Vo;5: Vobit: Vopsu:5 € bs = t €
bs = u € bs = {{5,5}, {5,t}} er= {{t,t},{t,u}} er= {{5,5}, {s,u}t} erk

s €bsks e U{ph € P(bs) | “tpx € bs = - {ph € bs | {{apn,apn}, {arn, tex}} €
r}=bpn} > []7#°[r] i [5]4°[bs] b [€]#°[r] b [E]#°[bs] i [U]4°[r] i
[W]#°[bs] = -1 Vobi5:5 € bs = {{5,5},{5,5}} € r = 1 Vobis: Vopjt:s Ebs =T €
bs = {{5,5}, {5, t}} e r= {{t,t},{t,5}} € r = = Vopi5: Vobit: Vopju:5 € bs = t €
bs =0 € bs = {{5,5},{5,t}} er= {{t,t},{t,u}} e r = {{5,5}, {5,u}} €er=

s € bs = s € U{ph € P(bs) | “tgx € bs = - {ph € bs |

{{apn,apn}, {apn, tex}} € r} =bpn}], po.c)]

[BSsubset 5" ZFsub - Vr: Vs: Vbs: [5]#°[r] # [5]#°[bs] # [T]#°[r] #
[€]#° [bs] i [U]#°[r] = [U]#°[bs] - = Von;5:5 € bs = {{5,5}, {s,5}} e r=
“VobjS: Vobjt:5 € bs = t € bs = {{5,5}, {5, t}} e r = {{t,t}, {t.5}} e r=
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%Vobjgi Vobjfi Vobjﬁig €Ebs=tebs=1€bs= {{g, 5}, {g, E}} cr=
{t.t, {t.u}} er={{5,5},{5,u}} er=s e bs=sc U{ph e P(bs) | tgx €
bs = - {ph € bs | {{apn,arn}, {aprn,tex}} € r}=bpn}]

[BSsubset *= “BSsubset”]

[BSsubset ¥ “emma bs subset union(bs/r)”]

Union(BS/R)subset

proo:

[Union(BS/R)subset ropf Ac M. P([ZFsub - Vr: Vs: Vbs: [5]#°[bs] i+
VbS5 € bs = {{5,5},{5,5}} € r = 5 Vobj5: Vobjt:5 € bs =t € bs =

{{s,5}, {5, t}} e r = {{t, 1}, {t,5}} € r = Vo5 Vopjt: Vobjl:5 € bs =t € bs =
vebs= ({55}, {58} €r= (£} (E0}} €1 = {55, (5,01} €rFse
U{ph € P(bs) | ~tgx € bs = ~ {ph € bs | {{apn,apn},{apn,tex}} € r}=bpn}
Union2Formula > s € U{ph € P(bs) | ~tgx € bs = = {ph € bs |

{{apn,apn}, {apn, tex}} € r}=bpn} > 55 € jex = S jex € {ph € P(bs) |

Stpx € bs = {ph € bs | {{apn,apn}, {apn,tex}} € r}=

bpn }; FirstConjunct > s € jrx = S jux € {ph € P(bs) | ~tgx € bs = = {ph €
bs | {{apn,apn}, {apn,tex}} € r}=bpn} > s € jrx; SecondConjunct > s €

jix = i € {ph € P(bs) | “tpy € bs = = {ph € bs |

{{apn,aprn}, {apn,tex}} € r}=bpn} > jux € {ph € P(bs) | ~tpx € bs =

- {ph € bs | {{apn,aprn}, {apn,tex}} € r} =bpn}; Sep2Formula > jgx € {ph €
P(bs) | ©tex € bs = = {ph € bs | {{apn, arn}, {arn,tex}} € rf=bpn} > S jux €
P(bs) = = -agx € bs = ~{ph € bs | {{apn,apn}, {apn,aex}} € r}=

jEx; FirstConjunct > 4 jgy € P(bs) = - S agyx € bs = - {ph € bs |

{{aph, aph}7 {ap}17 aEx}} S [} :jEx > jEx S P(E), (SWitCh)POWGTISSub >
[51#"[bs] > jrx € P(bs) > 5 € jgx =5 € bs; Gen I>§ € jgyx = § € bs >

VobiS:§ € jrx = § € bs; (Switch)HelperPowerIsSub 1> [5]#°[bs] > Vop;s:5 €
JEx >S5€bs=5€ jpx =>s€bs; MP2> V,i5:5 € jpx >S5S €bs=5s € jgx = s €
bs > VoSS € jrx =5 € bs>s € jgx >s €

bs; Vr: Vs: Vbs: Ded > Vr: Vs: Vbs: [5]#° [bs] = 5 Vop;5:5 € bs = {{5,5}, {5,5}} €
r= VopiS: Vobjt:5 € bs = t € bs = {{5,5}, {5,t}} e r = {{t,t}, {t,5}} er=
S VobjS: Vobjt: YobjU:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =
{tt}h{t,u}} er={{5,5},{s,u}} e rFs € U{ph € P(bs) | “tgx € bs =

= {ph € bs | {{apn,aprn}, {apn,tex}} € r}=bpn} s € bs > [s]#°[bs] -
[S14°[r] #= [E1#°[r] #= [E14° [bs] = [T]#°[r] # [T]#°[bs] i == Veb5:5 €

bs = {{5,5},{5,5}} € r = Vob;5: Vonit:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{t,t}, {t,5}} € r = S VobjS: Vobjt: Yobju:S € bs =t € bs = U € bs =

{{5,5}, {5,t}} er= {{t,1},{t,u}} e r= {{5,5},{5,u}} er=se U{ph
P(bs) | 7tex € bs = ~{ph € bs | {{apn,apn}, {apn,tex}} € r}=bpn} =s¢c
E-vaOvc)]

[Union(BS/R)subset "5 ZFsub + Vr: Vs: Vbs: [5]#°[bs] # [5]#°[r] #
[€]£° ] i [t]#° bs] b= [a]#°[r] b [T]#° [bs] # =4 Vob;5:5 € bs =
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{{s,5},{5,5}} € r = = Vop,j5: Vobjt:5 € bs = t € bs = {{5,5},{5,t}} e r =

{{t.t},{t,;5}} € r = 2 Vobi5: Vopit: Vobji:S € bs =t € bs = U € bs =

{{s,5}, {5, t}} er={{t,t}.{t,u}} e r = {{5,5}, {5,u}} er=s e U{ph €

P(bs) | “tex € bs = = {ph € bs | {{apn,aprn}, {apn,tex}} € r}=bpn} = s € bs]
tex

[Union(BS/R)subset — “Union(BS/R)subset”]

[Union(BS/R)subset > X “emma union(bs/r) subset bs”]

Unionldentity

[Unlonldentlty POt N Ax.P([ZFsub - Vr: Vbs: [5]#°[r] i [5]#° [bs]
[E1#°7r] - [E]1#° bs] # [T1#[r] # [T1#0[bs] b = VonS:5 € bs =
{{s,5},{5,5}} € r = = Vop,i5: Vobjt:5 € bs = t € bs = {{5,5},{5,t}} e r =
{{t.t},{t,;5}} € r = 2 Vobj5: Vopit: Vobji:S € bs =t € bs = U € bs =

{{s,5}, {5, t}} e r= {{t.t}, {t,u}} e r = {{5.5}. {5,u}} € r - BSsubset >
[S1#°[r] > []#°[bs] > [t]#°[r] 1 [€]#°[bs] > [U]#°[r] > [U]#°[bs] >
4 VobiS:S € bs = {{5,5},{5,5}} € r = S Vobj5: Vobjt:5 € bs =t € bs =

{{s,5}, {5, t}} e r = {{t., 1}, {t,5}} € r = 2 Vobi5: Vopjt: Vobju:5 € bs = t € bs =
uebs={{55}, {5t} er= {{t,t},{t,u}} er= {{5,;5},{5,u}} er=5¢

bs =s¢ U{ph S P(E) ‘ Sty € bs = & {ph € bs | {{aph,aph}, {aph,tEX}} €
r}=bpn}; MP > =4 V5:5 € bs = {{5,5}, {5,5}} € r = = Vo1i5: Von;t: 5 € bs =
tebs= {{5,5},{5t}} € r = {{t,t}, {t,5}} € r = - Vop;5: Vobjt: Vobju:5 € bs =
tebs=uebs= ({55}, {51} er=> {({LT.{Lu} er= {{s35).50)} €
r=35¢€bs=35¢eU{pheP(bs) | “tgx € bs = - {ph € bs |

{{apn,apn}, {apn, tex}} € r}=bpn} > 7 Vop;s:5 € bs = {{5,5},{5,5}} e r=
S Vobjs: Vobjt:5 € bs =t € bs = {{5,5}, {5, t}} e r = {{t,t}, {t.5}} e r=

S VobjS: Vobjt: Vobjl:s € bs =t € bs = U € bs = {{5,5}, {5,t}} € r =

{{t,t}, {t,u}} €er= {{5,5}, {5,u}} €r>»>s € bs=5¢c U{ph € P(bs) | “tpx €
bs = = {ph € bs | {{aph, aph}, {aph7tEx}} S [}:bph}; Union(BS/R)subset >
[S1#°[bs] > [S1#°[r] & [€]#°[r] & [€]#°[bs] > [U]#°[r] > []#"[bs] >
S 4Vobjs: S € bs = {{5,5},{5,5}} € r = 5 Vobj5: Vobjt:5 € bs =t € bs =

{{5,5}, {5, t}} e r= {{t,t}. {t,5}} € r = = V615 Vobjt: Vob;ju:5 € bs =t € bs =
uebs= {{s5), 50} er= {{LE,{Ru}} er= {55, {su}} er=5c
U{ph € P(bs) | “tgx € bs = = {ph € bs | {{apn,aprn}, {apn,tex}} € r}=

bpn} = 5 € bs; MP > 5 Vqi5:5 € bs = {{5,5},{5,5}} € r = - Vop,i5: Vopjt:5 €
bs =t e bs= {{5,5},{5,t}} € r = {{t,t}, {t,5}} € r = 5 Vob;5: Vobjt: VobjUu:5 €
bs=tebs=1ucbs= {{55},{5t}} er= {{t,t}, {t,u}} er=
{{5,5},{5,u}} € r=5 € U{ph € P(bs) | “tex € bs = - {ph € bs |

{{apn;apn}, {apn,tex}} € r}=bpn} =5 € bs> 7 Vp;5:5 € bs =
{{s,5},{5,5}} € r = = Vopi5: Vobjt:5 € bs = t € bs = {{5,5}, {5, t}} e r =
{{t.t},{t,;5}} € r = 2 Vobj5: Vopit: Vobji:S € bs =t € bs = U € bs =

{{s,5}, {5, t}} er={{t,t}. {t,u}} e r = {{5,5}, {5,u}} er>»>s e U{ph €
P(bs) | “tex € bs = = {ph € bs | {{apn, arn}, {arn,tex}} €r}=bpn} =5 ¢

bs; ToSetEquality &> § € U{ph € P(bs) | “tgx € bs = -~ {ph € bs |
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{{aph7 aph}7 {aph,tEx}} S [}:bph} =35€Ebs>s€bs=5¢€ U{ph € P(E) |
“tpx € bs = ~{ph € bs | {{apn,apn}, {apn,tex}} € r}=bpn} > U{ph €
P(bs) | “tex € bs = = {ph € bs | {{apn,arn}, {aprn,tex}} € r}=bpn}=
@]71307(:)]

[UnionIdentity “2° ZFsub - Vr: Vbs: [5]#°[r] # [5]#°[bs] # [T]#°[r] #
[6]#° bs] # [T]#°[r] I+ [T]#°[bs] b = = Vopis:5 € bs = {{5,5}, {5,5}} e r =
A VobiS: Vobjt: s € bs = t € bs = {{5,5}, {5, t}} e r = {{t,t}, {t,5}} er=
“1VobiS: Vobjt: Vopil:s € bs = t € bs = U € bs = {{5,5},{5,t}} e r =
{{t,t},{t,u}} e r = {{5,5},{5,u}} € r - U{ph € P(bs) | “tpx € bs = = {ph €
bs | {{apn,aprn}, {apn, tex}} € r}=bpn} =bs]|

tex

[UnionIdentity — “Unionldentity”]

[UnionIdentity VY “lemma union(bs/r) is bs”]

EqSysIsPartition

[EqSysIsPartition "% Ac.\x.P([ZFsub - - Vop;5:5 € bs = {{5,5}, {5,5}} €
F = VoS Vobit:s € bs = t € bs = {{5,5}, {5,t}} e r = {{t,t}, {t,s}} er =
1 VobiS: Vobit: Vobjl: s € bs =t € bs = U € bs = {{5,5}, {5,t}} e T =
{t.t}, {t.u}} e v = {{5,5}, {5,u}} € T EqSysNotD > -1 Vp5: 5 € bs =
{{5,5},{5,5}} € T = “VopjS: Vobj:s € bs = T € bs = {{5,5}, {5, T} } e T =
{{t,t}, {t,5}} € F = 5 Von;5: Vobjt: Vopju:5 € bs = t € bs = U € bs =
{{5,5}, {5, t}} e?:s{{f th{t,u}} er= {{55},{5u}} er>xe{phe
(bS) ‘ Sty € bs = = {ph € bs | {{aph,aph} {aph,tEX}} € r} bph} = aX=
@ Ded>x € {ph S P(bs) | Stpy € bs = & {ph € bs | {{ap}haph} {aph,tEX}} €
f}=bpn} = “x=0>5ec {ph e P(bs) | “tpx € bs= ~{phebs|
{{aph,aph} {aph,tEx}} S F} bph} = 55=0;Gen>s € {ph S P(bs) | Stpy €
bs = —\{ph € bs | {{aph,aph} {aph,tEX}} S I’} bph} = 455=0"> VObJS s e
{ph S P(bS) | Stpy € bs = —|{ph € bs ‘ {{aph,aph} {aph,tEX}} € I’} bph} =
=5=0); AlDisjointImply > ~=V,,;5:5 € bs = {{5,5},{5,5}} € T =
VobjS: Vobit:s € bs = T € bs = {{5,5}, {5, 1} } e T = {{t. T}, {t,s}} eT=
1 VobjS: Vobit: VobjU:§ € bs =t € bs = U € bs = {{5,5},{5,t}} € =
{t.t},{tu}} er= {{5.5},{5,u}} e T =5 € {ph € P(bs) | “tpy € bs =
—|{ph € bs | {{aph,aph} {aph,tEx}} S I’} bph} =>te {ph S P(bS) | Stpy €
bs = —|{ph € bs | {{aph,aph} {aph7tEx}} S r} bph} = 5=t :i{ph €
U{{5,5},{t,t}} | “"cpn €5 = “cpp €t} =0; MP > - -Vp,;5:5 € bs =
{{5,5},{5,5}} € T = “VobjS: Yob;t:5 € bs = t € bs = {{5,5},{5,t}} e F =
{{t,t}, {t,5}} € F = 5 Von;5: Vobjt: Vopju:5 € bs =t € bs = U € bs =
{{5,5}, {5, t}}erﬁ{{t th{t,u}} er= {{55},{5u}} er=5¢€{phe
(bS) ‘ “tpyx € bs = = {ph € bs | {{aph,aph} {aph,tEX}} € r} bph} =>te
{ph S P(bS) | “tpx € bs = ﬁ{ph € bs ‘ {{aph,aph} {aph,tEx}} S I’} bph} =
-5s=t = {ph € U{{5,5},{t,t}} | “cpn €5= cpp €t} =D > 7 Vo855 €
bs = {{5,5}, {5,5}} € F = “VobiS: Vonjt:5 € bs = t € bs = {{5,5},{5,t}} € F =
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{{E, f}, {f,g}} eEr= %Vobjgi Vobjft Vobjﬁtg Ebs=tecbs=10€cbs=
{{5,5}, {5, t}} e?:»{{f th{t,u}} er= {{55},{5u}} er>sc {phe
P(bs) | “tgx € bs = = {ph € bs | {{aph,aph} {apn,tex}} ET}=bpn} =t €
{ph € P(bs) | “tgx € bs = - {ph € bs | {{apn, apn}, {apn,tex}} E T} =bpn} =
=5=t = {ph € U{{5,5},{t,t}} | "cpn €5 = -cpn €t} =0;Gen>5 € {ph €
(bS) ‘ “tpyx € bs = = {ph € bs | {{aph,aph} {aph,tEX}} € r} bph} =>te
{ph S P(bS) | Stpx € bs = ﬁ{ph € bs ‘ {{aph,aph} {aph,tEx}} S I’} bph} =
~5=t = {ph € U{{5, s} {t,t}} | “cpn €5 = “cpn €1} =0 > Vop5t:5 € {ph €
(bS) ‘ “tpy € bs = & {ph € bs | {{aph,aph} {aph,tEx}} € I’} bph} =>te
{ph € P(bs) | ~tgyx € bs = - {ph € bs | {{apn,aprn}, {apn,tex}} € F}=bpn} =
“5=t = {ph € U{{5,5},{t,t}} | "cpn €5 = cpn € t} =0; Gen > Vop;t:5 €
{ph S P(bS) | “tpx € bs = —|{ph € bs ‘ {{aph,aph} {aph,tEx}} S I’} bph} =
t € {ph € P(bs) | “tgx € bs = = {ph € bs | {{apn,aprn}, {apn,tex}} €T} =
bpn} = ~5=t = {ph € U{{5,5}, {t,t}} | "cpn €5= Tcpp €t} =0 >
VobjS: Vobit: 5 € {ph € P(bs) | “tpx € bs = = {ph € bs |
L{aph,aph} {aph,tEX}} € F} bph} =>te {ph € P(bS) | “tpx € bs = %{ph €
bs | {{apn,apn}, {apn, tex}} € T} =bpn} = “5=t = {ph € U{{5,5}, {t.t}} |
“cph €5 = icpp € t}=0); Unionldentity > - -Vop,;5:5 € bs = {{5,5},{5,5}} €
F = 5Vobis: Vobit:s € bs = T € bs = {{5,5},{5,1}} e T = {{t, T}, {t,5}} e T =
1 VobjS: Vobit: VobjU:§ € bs =t € bs = U € bs = {{5,5},{5,t}} € =
{{t.t}, {t. u}} e 7= {{5,5},{5,u}} € 7> U{ph € P(bs) | “tgy € bs = = {ph €
bs | {{arn,aprn}; { {aph,tEx}} €T}=bpy}= bs; JoinConjuncts > Vobi5:5 € {ph €
(bS) ‘ Stpy € bs = & {ph € bs | {{aph7aph} {aph7tEX}} S r} bph} = 5=
D 1> Yobi5: Vobjt: 5 € {ph € P(bs) | 1tgx € bs = - {ph € bs |
{{aph,aph} {aph,tEx}} S F} bph} =>te {ph S P(bs) | “tpx € bs = ;\{ph S
bs | {{aph,aph} {aph,tEX}} S F} bph} = S5=t = {ph € U{{S S} {t t}} |
Scph €5 = Nicpp € =0 > V55 € {ph € P(bs) | “tpx € bs = - {ph €
bs | {{aph,aph} {aph,tEx}} S r} bph} = 45=0 = —\VObJS VOth sE {ph S
P(bs) | “tex € bs = ~ {ph € bs | {{apn,apn}, {apn, tex}} €T} =bpn} =T €
{ph S P(bs) | “tpx € bs = —\{ph € bs ‘ {{aph,aph} {aph,tEx}} S r} bph} =
==t = {ph € U{{5,5},{t,t}} | "cpn €5 = “cpn €t} =
@; JoinConjuncts > < Vop;5: 5 € {ph € P(bs) | “tgx € bs = - {ph € bs |
{{aph,aph} {aph,tEx}} € F} bph} = 45=0 = —\VObJS VOth sE {ph S
(bS) ‘ Stpy € bs = & {ph € bs | {{ap}haph} {aph,tEX}} S I’} bph} =te
{ph € P(bs) | “tgx € bs = - {ph € bs | {{apn,apn}, {apn,tex}} € F}=bpn} =
5=t = {ph € U{{5,5}, {t,T}} | "cpn €5 = “cpy € T} =0 > U{ph € P(bs) |
Stpy € bs = —|{ph € bs | {{aph,aph} {aph,tEX}} S r} bph} bs >
5151 Vob;5:5 € {ph € P(bs) | tgy € bs = = {ph € bs | {{apn,apn}, {apn, tex}} €
F}=bpp} = 75=0 = - Vj5: Yop;t:5 € {ph € P(bs) | “tgy € bs = - {ph e
bs | {{apn,aprn}, {arn,tex}} € F}=bpn} =t € {ph € P( (bs) | S tpx € bs =
—\{ph € bs | {{aph,aph} {aph,tEx}} S r} bph} = H5=t = {ph S
U{{s,5}, {t, T}} | “cpn €5 = “cpp € T} =0 = = U {ph € P(bs) | “tgx € bs =
- {ph € bs | {{arn,aprn}, {arn, tex}} €T} =bpn}= bs; Repetition > S VobiS:iS €
{ph S P(bS) | “tpx € bs = —|{ph € bs ‘ {{aph,aph} {ap}“tEx}} S I’} bph} =
S5=0 = Vo5 Vopjt:5 € {ph € P(bs) | “tgx € bs = - {ph € bs |
{{aph,aph}, {aph,tEx}} S F}prh} =>tec {ph S P(bs) | “tpx € bs = %{ph S
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bs | {{aph,aph} {aph,tEx}} S F} bph} = %E—E = {ph S U{{§ §} {E E}} |
“cpp €5= “icpp €t} =0 = - U {ph € P(bs) | “tgx € bs = S {ph € bs |
{{aph,aph} {aph,tEx}} ET}=bph}=bs > V55 € {phe P(bs) | “tgx €
bs = —\{ph € bs | {{aph,a@} {aph,tEXL} S r} bph}j} S5=0 =

%Vobjgi Vobjfig € {ph S P(bS) ‘ Stpy € bs = %{ph € bs |

{{aph,aph} {aph,tEx}} € ?} bph} =>te {ph € P(bS) | Stpx € bs = %{ph €
bs | {{aph,aph} {aph,tEx}} S I’} bph} = 5=t = {ph S U{{S S} {t t}} |
“cpp €5 = Sicpy €1)=0 = - U {ph € P(bs) | “tgy € bs = - {ph € bs |

{{apn,aprn}, {apn,tex}} € ¥} =bpy} =bs], po, ¢)]

[EqSyslsPartition ™" ZFsub I =+ V;5:5 € bs = {{5,5},{5,5}} € 7 =
VopjS: Vobit:s € bs = T € bs = {{5,5}, {5, 1} } e T = {{t, 1}, {t,5}} e T =

1 VobjS: Vobit: VobjU: s € bs =t € bs = U € bs = {{5,5},{5,t}} € =
{t.t}, {t,u}} er= {{5,5},{5,u}} € FF = Vop;5:5 € {ph € P(bs) | “tpx €
bs = = {ph € bs | {{apn,apn}, {apn,tex}} €T} =bpp} = 5=0 =

S VobjS: Vobjt: 5 € {ph € P(bs) | “tgx € bs = = {ph € bs |

L{aph, aph}, {aph,tEX}} € F}:bph} =>te {ph € P(bs) | Stpx € bs = & {ph €
bs | {{apn,apn}, {apn, tex}} € T} =bpn} = ~5=t = {ph € U{{5,s}, {t, t}} |
Scpp €5= Tcpy €1} =0 = - U{ph € P(bs) | 7tgx € bs = - {ph € bs |
{{apn,aprn}, {apn, tex}} € T} =bpy } =bs]

[EqSyslsPartition tex “EqSysIsPartition”)

[EqSysIsPartition Ry ’]

— “theorem eq-system is partition’

* [

[bs/r ™25 At.As.A\c. M4 (t, s, c, [[bs/r = {ph € P(bs) | Exao € bs A [Exyg € bs], =
ph}]])]

be/y =5 “#1.
/ #27]

EYE: ady “eq-system of " modulo "”]

* () %

[xNy "5 MAs. de. My(t,s, ¢, [[x Ny = {ph € x Uy | phs € x A phs € y}]])]

[xNy tex “H1.
\cap #2.”]

pyk . . . .
[* N * = “intersection " comma " end intersection”]
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U

[Ux tex “\cup #1.”]

pyk . .
[Ux = “union " end union”)

* U *

Uy "= AtAs A Mal(tys ¢, [x Uy = UH{x), {y} 1))

tex

[x Uy = “#1.
\mathrel{\cup} #2.”]

pyk . . .
[* U = “binary-union " comma " end union”]

[P(*) By “power " end power”]

{*}
[{x} magre )\t.)\s.)\c./\;l4(t, s, ¢, [[{x} = {x,x}]])]

[{x} = “\{#1.
\}]

[{*} P “ermelo singleton " end singleton”]

{%, %}

[{x,y} =5 “\{#1.
, H2.
\}]

pyk . .
[{*,*} = “zermelo pair " comma " end pair”]
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(%)

[, y) "5 At As A Mal(t,s, ¢, [(xy) = {{x}, {x y}]T)]

[(%,y) "= “\langle #1.
H2.
\rangle”]

pyk . .
[(x,%) = “zermelo ordered pair " comma " end pair”]

* € %

[x €y S “pl,
\mathrel{\in} #2.”]

pyk .,

[* € * = “" zermelo in "]

* (%, *)

[r(x,y) "5 AtAs. dc. My(t,s, ¢, [[r(x,y) = (x,y) € r]])]
[2(x,y) = “#3.

(#1.

2.

)”]

[*(x, %) VX wn g related to " under "]

ReflRel(x, *)
ReflRel(r, x) ™25 At.As. Ac. My(t, s, ¢, [[ReflRel(r, x) = Vs: (s € x = r(s, 5))]])]

[
[ReflRel(r,x) "% “ReflRel(#1.
)

[ReflRel(x, ) PYE g reflexive relation in ")

SymRel(x, %)

macro

[SymRel(r, x) ™25 At.As.Ac. M4 (t, s, ¢, [[SymRel(r, x) = Vs,
t(sex=tex=r(s,t)=r(ts))]])]
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tex

[SymRel(r,x) = “SymRel(#1.
s F2.
)]

[SymRel(x, %) RIS symmetric relation in "”]

TransRel(x, %)

[TransRel(r, x) ™25 At.As.A\c. M4 (t, s, ¢, [[TransRel(r, x) =
Vs, t,ur(sex=tex=uecx=r(s,t)=r(t,u) =r(s,u))]])]

[TransRel(r, x) =5 “TransRel(#1.
, F#2.
)]

pyk . . Lo
[TransRel(x, x) = “" is transitive relation in "”]

EqRel(x, )
[EqRel(r,x) ™25 At.As. A\c. My (t, s, ¢, [[EqRel(r, x) = ReflRel(r, x) A
SymRel(r,x) A TransRel(r, x)]])]

[EqRel(r,x) = “EqRel(#1.
s F2.
)]

[EqRel(*, *) PV wn g equivalence relation in

n»

[« € 4],

[[x € bs], "5 At.As.Ac.My(t, s, c, [[[x € bs], = {ph € bs | r(phy,x)}]])]

[[x € bs], = “[#1.
\mathrel{\in} #2.
J-{#3.

1
[* € ]« By} “equivalence class of " in " modulo "”]
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Partition(x, *)

[Partition(p, bs) "5 AtAs Ae.My(t, s, c, [[Partition(p, bs) = (Vs: (s € p = s #
?)) A
(Vs,t:(sep=>tep=>s#£t=sNt=0)) A

U p=bs]])]

[Partition(x,y) 5 “Partition(#1.
, H2.

)]

[Partition(x, *) PYE g partition of "]

* =%

[x=y tex “H1.
\N\mathrel{=}\! #2.”]

k :
[ =% 2 “n zermelo is "]
x C %

macro

xCy A AsdcMy(t,s, ¢, [xCy=(sex=secy)])

[x Cy 5w
\mathrel{\subseteq} #2.”]

Ky -
[ C % 255 “n is subset of "]

- %

[=x <5 “\dot{\neg}\, #1."]

[ PYE 0t0 ")

* & *
[x ¢y "5 MAs A My(t,s,c, [[x ¢y = x € y]])]

[x ¢y 5“1,
\mathrel{\notin} #2.”]

[* & * BYX 4n yermelo ~in ")
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k 7 %

macro

[x #y ™ MAs A My(t,s ¢, [[x #y = 2 x=y]])]

tex

[x#y = “#1.
\mathrel{\neq} #2.”]

k -
[ # % 255 “n zermelo ~is "7]

* A x

[x Ay "5 At As A My(t,s, ¢, [x Ay = = (x = Sy)]])]
[x Ay X

\mathrel{\dot{\wedge}} #2.”]

[ A * Y n ando ")

x V %

[x Vy ™25 At As e My (t, s, ¢, [[x Vy = Sx = y]])]
[xVy X

\mathrel{\dot{\vee}} #2.”]

: k
[V s 255 «norg 7]

* & %

[x &y "5 AMAs A Myt s, ¢ [[x Sy = (x=y) A (y = x)]])]

tex

[x &y = “H1.
\mathrel{\dot{\Leftrightarrow}} #2.”]

[ 5 5 B0 s g 0]

{ph € * | x}

[{ph € x | a} =¥ “\{ ph \mathrel{\in} #1.
\mid #2.

\}7]

[{ph € * | *} P Sthe set of ph in " such that " end set”]
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