(*** MAKROER BEGYNDER ***)

1 Makrodefinitioner

Dette afsnit indeholder dé makrodefinitioner, som vi vil ggre brug af i resten af
rapporten. Definitionerne drejer sig for det meste om maengdeteoretiske
begreber, f.eks. “akvivalensklasse” og “partition”. Til sidst i afsnittet
formulerer vi hovedresultatet — at der til enhver sekvivalensrelation svarer en
partition — som et formelt teorem.

1.1 Konnektiver

Ud fra de to basale konnektiver [-x] og [x = y] definerer vi konjunktion,
disjunktion og dobbeltimplikation:

[x Ay "5 A As A My(t,s, ¢, [[x Ay = 5 (x = =y)]])]

macro

[x Vy "5 M e My(t,s, ¢, [[x Vy = S x = y]])]

macro

[x &y " AAs A Myt s, ¢ [[x Sy = (x=y) A (y = x)]])]

1.2 Negerede formler

Det er ganske enkelt at definere negeret lighed (- x==y) og negeret
medlemskab (-x €y):

[x £y "M As A My(t, s, ¢, [[x # y = S x==y]])]
[x ¢y "5 MAs e My(t,s ¢, [[x ¢y = xey]])T

1.3 Delmangde
Meangden x er en delmaengde af y hviss ethvert medlem af x ogsa tilhgrer y:
[x Cy "5 MAs A My(t,s,c, [xCy = (s eEx=s5cy)]])]

1.4 Singleton-mangde

[{x,x}] er maengden, der indeholder x som sit eneste element. Vi definerer
[{x,x}] ved at parre x med sig selv:

[{x} ™25 MAs. e My(t,s, ¢, [[{x} = {x,x}]])]

1.5 Binaer foreningsmaengde og fxellesmaengde

Vi definerer foreningsmaengden mellem to meengder x og y som folger:

xUy magre /\t.)\s.)\c./\;l4(t, s, ¢, [xUy =U{{x},{y}}}])]

IHgjresiderne i disse definitioner skal lzeses som hhv. [+ x==y] og [-x € y].



Fallesmaengden mellem to maengder x og y er en delmaengde af deres
foreningsmaengde:

macro

[xNy "= )\t./\S.)\C.M4(t, s,c, [[xNy = {ph € x Uy | phs € x A phz € y}]])]

1.6 Relation

Det ordnede par {{x,x},{x,y}} indeholder x som “fgrstekomponent” og y som
“andenkomponent”. Den fglgende definition af {{x,x}, {x,y}} er den mest
udbredte i litteraturen (se f.cks. afsnit 4.3 i [?] og afsnit 2.1 1 [?]):

[0, y) "2 At As. e Mal(ts, ¢ [[(xy) = {{x}, {x y 1))

Vi kan nu definere en “relation” som en maengde af ordnede par. Vi udtrykker
denne definition ved at formalisere, hvad det vil sige, at x er relateret til y i
kraft af relationen r:

[r(x,y) ™25 Xt As e My(t, s, ¢, [[r(x,y) = (x,y) € r]])]

Vi kommer faktisk ikke til at bruge disse to definitioner i rapporten; beviserne
vil behandle [{{x,x},{x,y}} € r] som en primitiv konstruktion. Men det er
alligevel betryggende at have det formelle grundlag for relationsbegrebet pa
plads.



1.7 AEkvivalensrelation

At en relation er refleksiv pa en maengde x vil sige, at alle elementer i x er
relateret til sig selv:

macro

[ReflRel(r, x) ™25 At.As. Ac.My(t, s, ¢, [[ReflRel(r, x) = Vs: (s € x =
r(s,s)]1)]

At en relation er symmetrisk pa en meengde x vil sige, at alle elementer i x
opfylder den fglgende implikation:

[SymRel(r, x) ™25 At.As.A\c. M4 (t, s, ¢, [[SymRel(r, x) = Vs,
t(sex=tex=r(s,t)=r(t,s))]])]

At en relation er transitiv pa en maengde x vil sige, at alle elementer i x
opfylder den fglgende implikation:

[TransRel(r, x) ™25 At.As.A\c. M4 (t,s, ¢, [[TransRel(r, x) =

Vs, t,ur (s Ex=teEx=uex=r(s,t)=r(t,u)=r(s,u))l]))

Endelig er en aekvivalensrelation det samme som en relation, der er refleksiv,
symmetrisk og transitiv:

[EqRel(r,x) ™25 At.As. A\c. My (t, s, ¢, [[EqRel(r, x) = ReflRel(r, x) A
SymRel(r,x) A TransRel(r,x)]1)]
1.8 Meaengde-variable

Mange af rapportens beviser sker i forhold til en uspecificeret maengde. Vi vil
referere til denne maengde med metavariablen bs og objektvariablen bs:

[BS ™25 At As. Ac.My(t,s, ¢, [[BS = bs]])]
[0OBS ™25 At.As.Ac.My(t, s, c, [[OBS = bs]]) 2

Vi vil sa vidt muligt bruge metavariablen, men i afsnit 7?7 og senere bliver det
ngdvendigt at ga over til objektvariablen.

1.9 AAkvivalensklasse

Lad r veere en &kvivalensrelation defineret pa bs, og lad x veere et medlem af
bs. Vi definerer sekvivalensklassen {ph € bs | {{phy, ph;}, {ph1,x}} € r} som
den delmaengde af bs, hvis medlemmer star i forhold til x:

[[x € bs], ™25 At.As.Ac. M4 (t, s, c, [[[x € bs], = {ph € bs | r(phy,x)}]])]

2Navnene “bs” og “bs” star for hhv. for “big set” og “object big set”. Konstruktionerne ]
og [X] omdanner x til hhv. en meta- og en objektvariabel. Variablen [bs] vil ogsa blive brugt i
nogle af de kommende definitioner, men ikke i selve beviserne.



Ekvivalenssystemet

{ph € P(bs) | “tgx € bs = = {ph € bs | {{ph1,ph1}, {phi,tex}} € r} ==phs}
er maengden af alle de sekvivalensklasser, som bs definerer pa r. Vi definerer

{ph € P(bs) | “tgx € bs = - {ph € bs | {{phy,ph1}, {phi,tex}} € r} ==phs}
som en delmengde af potensmeengden P(bs):

[bs/r "25° At.As. Ac. My(t, s, c, [[bs/r = {ph € P(bs) | Exgo € bs A [Exag €
bs], ==phs}]])]



1.10 Partition

En partition af en maengde bs er en maengde p, som opfylder tre krav:
1. Ingen af meengderne i p er tomme.
2. Alle meengderne i p er indbyrdes disjunkte.
3. Foreningsmeaengden af alle meengderne i p er lig med bs.

Den formelle version af denne definition ser saledes ud:

macro

[Partition(p, bs) ™25 At.As.\c. M4 (t, s, ¢, [[Partition(p, bs) = (Vs: (s €
p=s#0))A

(Vs,t:(sep=tep=s#t=sNt==0)) A

U p==bs]])]

(*** MAKROER SLUTTER ***)
2 Deduktionsreglen

Dette bilag praesenterer dén version af deduktionsreglen fra [?], som jeg har
gjort brug af. Underafsnit ?? forklarer, hvorfor jeg har szendret pa den
oprindelige regel, og underafsnit 2.I] indeholder selve den zendrede kode (som
er skrevet i L).

2.1 Kode
Funktionen [Ax.Dedug([p], [c])] er en kopi af [Ax.Dedo([p], [c])] fra [?]:
[Dedu(p, c) ™25 At.As.dc. My (t, s, ¢, [[Dedu(p, ¢) = Ax.Dedug([p], [<])]])]

Jeg har aendret funktionen [Dedg(p, c)], sa den kalder [Dedus(Deduz(p),c, T)] i
stedet for [Ded;(Ded7(p),c, T)]:

[Dedug(p, c) 2 clf(Dedus(p, T), Dedug(Dedus (p), c, T), F)]

Funktionen [Dedus(p, c,s)| giver straks kontrollen videre til [Ded; (p,c,s)] —
medmindre p og ¢ begynder med et antal identiske sidebetingelser. I sa fald
flyttes disse sidebetingelser fra p og c over til listen s, fgr kontrollen gar videre
til [Ded; (p, ¢, s)]:

[Deduy(p, c,s) 2 If(p = [x b y],c = [x b y] Ap! £ c! ADedug(p?,c2,cl ::s),
Dedus (p,c,5))]

Fra og med [Ded; (p,c,s)] er koden kopieret fra appendikset til [?]:

[Deduy (p, c,s) hict If(c = [x i y], Deduy (p,c?,c! ::'s), Dedua(p, c,s))]



[Dedus(p, c,s) v slp = [xFy]Ac=[x=
] Dedus(p!,ct,s, T) A Deduy(p?, c?,s) ]
Deduy(p, ¢, s, Dedug(p,c, T, T))

[Dedus(p, c,s,b) % If(—c £ [Vopix:y], Deduy(p, c,s,b),
If(p = [Vopjx:y] A pt L ¢!, Deduy(p, ¢, s, b), Dedus(p,c2,s,c! :: c' i1 b)))]

[Deduy(p, c,s, b) % sIblIf(p £ [x],lookup(p, b, T) = ¢, If(—p = ¢, F,
If(p = [Vobx:y], p La Deduy(p?,c2,s,p! :: pt :: b), If(=p = [x],
Deduj(p',c',s,b), p! = c' A Dedus(p,s, b)))))]

Dedui(p,c,s,b) 2 clslblIf(p, T, Dedus(p®, ¢, s, b) A Dedui(pt, ct, s, b

1 1

[Dedus(p, s, b) % plslIf(b, T,

[ #O YR e [T b e T [[x]]R s p i T2 T €4 s A Dedus(p, s, bt))]

b
p::c::b’
If(p = [a], b, If (p = [Vobjx: y], Dedug(p?,c?,c! :: e, b), Deduy(pt, ct, e, b)))))]

[Dedug (p, ¢, e, b) vl plclble!Tf(p = [X],p € e{ If(-p=c,T,

[Deduf(p, c, e, b) vl plcible!If(p, b, Deduf(p®, ct, e, Dedug (p, c*, e, b)))]

[Deduz(p) val p=[Vxy] { Ip)edu7(p2) ]

val

[Dedus(p, b) = If(p = [Vx:y], Dedug(p?, p! :: b), If(p = [a],p & b,
Dedug(p*, b)))]

[Dedug (p, b) 2 blIf(p, T, If (Dedug(p", b), Dedug (p', b), F))]

(*** EKSISTENS-VARIABLE ***)
2 L Txey ]

Vi kan da definere de fire eksistens-variable, som denne rapport vil ggre brug
af (jvf. bilag ?7?):

[Ex; ™25 )\t.)\s.)\c.M4(t,s,c, [[Ex1 = apx]])]
[Exy ™25 At.As. Ac. My (t, s, ¢, [[Exy = bgy]])]
[EXlo m'a_c)ro )\’E.)\S.)\C.J\flgl(t, S, C, HEXIO = JEXH)]
[Exzo 7257 At As. Ac. My(t, s, c, [[Ex20 = tex]])]
<aEb‘X:::t>EX magre )\t~)\5~>\C'M4(ta 5,6 H<a£b|X:::t>EX =

[
([a]=°[b]|[x]:==[t])px]])]

[(a=Cblx:==t)gy 2 Ac.xBX A (a=1b|x:==t)p]



[(a=1b|x:==t)px =2 alxlt!

If(b = [Vopju: v], F,
If(bBX A b = x,a = t, If(
a = b, (a*="b|x:==t)gy, F)))]

[(a=*blx:==t)px 2 bIxIt!Tf(a, T, If((aP=!bb [xi==t) sy, (a'=

(*+* AKSIOMATISK SYSTEM **¥)
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y <=x® Vx: x==y = VopiS: 7S EX=>5
z\VobjE:%§€§;>§€X;>—\§Exz>§6§:>§ y ®

V(tx): V(fy): V(rx):V(ry): (fx) € (rx) = (fy) € (ry) = SF((fx), (fy)) I (rx) ==
(ry) ® Vx:Vy:Vzix =y = x*z =y *z ® Vm:V(e): V(x): V(fy): 50 <= (¢)
S50 = () = cpx <=m = (fx)[m] <= (fy)[m] + —(e) F (B) <¢ (fy) ®
V(E): V(I () <t (fy) - RUE)) << R(E)) @ Vo Vi xory = y 52

[MP *2" ZFsub - Va: Vb:a = b I a - b][MP "% Rule tactic]

[Gen St 7 Fsub - Vx: Va: a k- Vopjx: a][Gen Proof R ule tactic]

[Repetition "5 ZFsub - Va: a - a][Repetition P Rule tactic]

[Neg "' ZFsub F Va:Vb: <b = a F ©1b = <a I b][Neg "% Rule tactic]
[Ded *3° ZFsub F Va: Vb: Ax.Dedug([a], [b]) # a F b][Ded "= P Rule tactic]

[ExistIntro * ZFsub b Vx: Vt: Va: Vb: ([a]1=[b]|[x]:==[t])Ex - aF
b][ExistIntro P Rule tactic]

[Extensionality I 7Fsub F Vx: Vy:ax==y
Yy=SEX= VoSt nSEX=SEY = TS €

roof
y][Extensionality P2 Rule tactic]

[@def *B" ZFsub + Vs: -5 € @] [@def "= P Rule tactic]

[Paeref ' ZFsub I Vs: Vx: Vy:as € {x,y} = s==x
X = s==y = s € {x, y}|[PairDef "— POl R e tactic]

4

[UmonDef ZFsubl—Vs Vx:hs EUX = TS € jpx = Tjpx EX= TS €

JEx = TjEx € Xx = s € Ux|[UnionDef "— P! Rule tactic]

[PowerDef ' ZFsub I Vs: ¥x: 55 € P( ) = VobjS:S €5 =5 € x= VS5 €
s =3¢ x=s € P(x)][PowerDef " ' Rule tactic]

stmt

[SeparationDef "' ZFsub - Va: Vb: Vp: Vx: Vz: pP!' A (b=a|p:==z)py i+ “z €
{phex|a} = z€x=>"b=-zex=b=zc {phecx]|

a}][SeparationDef "— P Rule tactic]



3 Udsagnslogisk bibliotek

I dette afsnit vil jeg bevise en samling af udsagnslogiske sandheder ( eller
“tautologier”), som vil blive brugt i de folgende afsnit. De fleste af disse
tautologier har mange andre anvendelser end lige netop maengdeleaere.
Beviserne er fordelt pa syv underafsnit; figur 1 giver et overblik over, hvordan
beviserne forholder sig til hinanden. Jeg vil kommentere de fleste af beviserne;
dog er nogle af dem sa tekniske, at jeg har ladet dem sta alene.

3.1 MP-lemmaer

Man far ofte brug for at anvende slutningsreglen MP flere gange i track. Derfor
vil jeg begynde med at vise fire lemmaer, der kan klare mellem 2 og 5
anvendelser af MPS:

[MP2 sty ZFsub FVa:Vb:Vc:a=b=ckat bk

stmt

[MP3 "="ZFsub - Va:Vb:Vc:Vd:a=b=c=dFatbkchkd

[MP4 stopt ZFsub t Va:Vb:Vc:Vd:Veea=b=c=d=elak bk ckd}F €
[MP5 S 7Fsub k- Va: Vb: Ve: Vd: Ve: Vfia=b=c=d=e=fFaklF bl ck

d-etf]

3.1.1 Det farste bevis
Vi begynder med at bevise MP2:

stmt

[MP2 "="ZFsub - Va:Vb:Vc:a=b=ckak bt ¢
[MP2 progt AcAX.P([ZFsub - Va:Vb:Vc:ca=b=ctaFbFMP>a=b=
cra>»b=¢MP>b=c>b>c], po,c)]

Da dette er rapportens fgrste bevis, vil jeg bringe nogle ekstra kommentarer®.
Oven over beviset har jeg gentaget definitionen af det, der skal bevises; dette
er kun for overblikkets skyld — det er ikke en formel ngdvendighed. Selve
beviset for MP2 bestar af seks linier, nummereret fra 1 til 6. En bevislinie kan
have to former. Den fgrste form er:

Argumentation > Konklusion

hvor Konklusion er det som linien beviser, mens teksten i Argumentation
udggr en begrundelse for, at Konklusion geelder. F.eks. siger linie 5, at
meta-formlen [b = ¢] geelder, fordi den kan udledes fra slutningsreglen MP ved
substitution. Argumentationen skal leeses pa den made, at konklusionerne fra

31 afsnit 7?7 far vi faktisk brug for at anvende MP 6 gange i traek; men et eller andet sted
skal man jo stoppe.
4Denne beskrivelse er en revideret udgave af afsnit 5.1 1 [?].



linie 2 og 3 bliver brugt som praemisser til MP. Den generelle betydning af
konstruktionen [x [> y] er, at konklusionen fra linie y bliver brugt som preemis i
forhold til x.

Den anden form, en bevislinie kan have, er:

Nggleord > Konklusion

hvor Nggleord er et af de tre ord “Arbitrary”, “Premise” eller
“Side-condition”. Betydningen af ordene “Premise” og “Side-condition” er
abenlys: De angiver, at liniens konklusion indgar som en preemis (hhv.
sidebetingelse) i den satning, der skal bevises. F.eks. siger bevisets linie 2, at
MP2 bruger meta-formlen

[a = b = ¢] som preemis. Nar ordet “Arbitrary” bruges, bestar konklusionen af
en liste af meta-variable (f.eks. [a, b, c] i linie 1). Ideen hermed er at udtrykke,
at vi ikke antager noget om de pageldende meta-variable, og at vi derfor har
ret til at binde dem med en meta-alkvantor i den saetning, der skal bevises. I
det forhandenveerende bevis berettiger linien med “Arbitrary” altsa, at MP2
er kvantificeret med [Va: Vb: Ve: (- -+ )].

Alt dette har drejet sig om den formelle syntaks for et Logiweb bevis. Der er
ikke sa meget at sige om selve beviset for MP2; vi indkapsler simpelthen to pa
hinanden fglgende anvendelser af MP.

3.1.2 Beviser for de andre MP-lemmaer
Beviserne for de gvrige MP-lemmaer er lige ud ad landevejen:

stmt

[MP3 "="ZFsub - Va:Vb:Ve:Vd:a=b=c=dFak bt chtd]

proof

[MP3 "= Ac.\x.P([ZFsub | Va:Vb:Ve:Vd:a=b=c=dFakbtchk
MP2>a=b=c=d>arb>c=dMP>c=d>c>d] poc)

[MP4 stgt ZFsub F Va:Vb:Vc:Vd:Veea=b=c=d=elak bk ckdF €

f
[ proo

MP4 "% A Ax.P([ZFsub | Va:Vb:Ve:Vd: Veea=b=c=d=ekak bk
ckFdFMP2ra=b=c=>d=erarb>c=>d=gMP2rc=d=
er>ci>d > el, po,c)]

[MP5 S 7Bsub - Va:Vb: Ve Vd: Ve:Viita=>b=c=>d=e=fFaFbFck
dFetf]

proof

[MP5 "=~ Ac.A\x.P([ZFsub I Va:Vb:Vc:Vd:Ve:Vf:a=b=>c=>d=e=fF
aFbtckdFeFMP3>a=b=>c=>d=e=fradb>e>d=e=
f;MP21>d = e=fr>d>e > f],po,c)

3.2 Implikation

Dette afsnit indeholder en raekke lemmaer vedr. implikation, grupperet i fire
under-underafsnit.

10



3.2.1 Refleksivitet; blok-konstruktionen

Lemmaet Autolmply udsiger, at implikations-relationen er refleksiv:

[AutoImply *2° ZFsub + Va:a = al
[AutoImply proof Ac.Ax.P([ZFsub I Va: a F Repetition > a >
a;Va:Ded > Va:at a>a= al,po, )]

Beviset for Autolmply indeholder to nye ting i forhold til de hidtidige beviser:
En bevisblok, og en anvendelse af deduktions-reglen. En bevisblok er
selvsteendig enhed i et bevis; den afhsenger ikke af den gvrige del af beviset.
Den ovenstaende bevisblok indeholder et bevis for lemmaet [Va: a b a]. Pointen
er nu, at blokkens sidste linie (linie 5) fungerer som en forkortelse for dette
lemma. Vi kan da anvende deduktionsreglen pa denne linie til at omdanne
inferensen [Va:a F a] til implikationen [a = a]. Det vigtigste formal med
deduktionsreglen er netop, at vi let kan skifte fra inferens til implikation.

3.2.2 Transitivitet
Lemmaet ImplyTransitivity udsiger, at implikations-relationen er transitiv:
[ImplyTransitivity SO 7 Rsub - Va:Vb:Vc:a=bkb=cta=(

Vi viser ImplyTransitivity ved hjselp af MP og deduktionsreglen:

[Tmply Transitivity "2 Ac.\x.P([ZFsub - Va:Vb: Veia = b b = clak
MPra=bra>»bMP>b=c>b>cVaVb:Vcca=bkFb=ck
Dedr>Va:Vb:Vcca=bFb=ctatc>a=b=>b=>c=a=
cMP2ra=b=b=c=a=>c>a=b>b=c>a=c],pyc)

3.2.3 Svakkelse

Vi far ofte brug for det folgende raesonnement: Hvis formlen a gaelder
ubetinget, sa gaelder den ogsa under antagelse af en vilkarlig anden formel b.
Lemmaet Weakening udtrykker dette reesonnement som fglger:

[Weakening *5" ZFsub F Va: Vb:b - a = b]
Vi beviser Weakening ved hjeelp af deduktionsreglen:

[Weakening proof Ac.AX.P([ZFsub I Va: Vb: b F a - Repetition > b >
b;Va:Vb:Ded > Va:Vb:bFakb>b=a=b;bFMP>b=a=b>b>a=
b-|7p07c)]
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3.2.4 Modsigelse

Det sidste lemma i dette afsnit vedrgrer strengt taget ikke implikation, men
derimod inferens (x b y). Lemmaet FromContradiction udsiger, at vi kan
bevise hvad som helst, hvis vi har bevist to formler, der modsiger hinanden:

[FromContradiction ST 7 Rsub - Va:Vb:ak -at b

Beviset bruger Weakening og slutningsreglen Neg:

[FromContradiction propf A Ax.P([ZFsub | Va:Vb: a - - a - Weakening > a >
“b = a; Weakening > -a > =b = -a;Neg> <b = a> =b = “a > b], po, )]

3.3 Handtering af dobbeltnegationer

De to lemmaer RemoveDoubleNeg og AddDoubleNeg tillader os hhv. at fjerne
og tilfgje dobbeltnegationer. Jeg vil ikke kommentere beviserne:

stm’

[RemoveDoubleNeg 0 7Fsub F Va: - -at a3

[RemoveDoubleNeg progf AcAX.P([ZFsub I Va: = - a - Weakening > - -a >
Sa = S -a; Autolmply > ©a = Sa;Neg>-a = Ha>-a = -5a > al, po, )]

[AddDoubleNeg *22" ZFsub + Va:a b == a

pro

[AddDoubleNeg ropf Ac.Ax.P([ZFsub I~ Va: - -+ a - RemoveDoubleNeg >
S55ha>» SajVa:Ded>Va:---ak -a>» -5 -5a= -ajat Weakening>a >
S5ha=a;Neg>--5a=a>S55a= 5a> - 5al, po, )]

3.4 Modus tollens og beslegtede lemmaer

Hovedresultatet fra dette afsnit er slutningsreglen modus tollens, bevist som et
lemma:

stmt

[MT "=" ZFsub | Va:Vb:a = bF -b F 3]

For at vise MT begynder vi med et teknisk lemma, der ikke har den store
veerdi i sig selv:

[Technicality 3" ZFsub b Va: Vb:a = b+ =2 = b

[Technicality ™" Ac.Ax.P([ZFsub - Va:Vb:a = b - = 5a k-
RemoveDoubleNeg > - -a > a;MP >a = b>a > b;Va:Vb: Ded > Va: Vb: a =
bF=--akFb>»a=b=*"a=ba=brFrMPra=b=-"a=bra=
b>> ;\;\Q:>b‘|,p0,c)]

Uathzengigt af Technicality kan vi vise en version af MT, hvor a optraeder i
negeret form:

12



stmt

[NegativeMT "= ZFsub | Va:Vb: ~a=bF -b} 3]

[NegativeMT "% Ac.Ax.P([ZFsub I- Va:Vb: va = b - < b
Weakening > b > -a = -b;Neg>-a=br>-a= -b>al,po,0)]
Ud fra Technicality og NegativeMT kan vi nu vise MT:

[MT *8" ZFsub F Va: Vb:a = b+ b - = a

[MT "% Ac Ax.P([ZFsub - Va: ¥b:a = b I -1b - Technicality > = a2 =
b; NegativeMT > < a2 = b > b > a], po, c)]

Vi slutter dette underafsnit med en variant af MT, som erstatter en inferens
med en implikation:

[Contrapositive S 7 Rsub F Va:Vb:a=bF -b= -3

Nar en inferens skal erstattes med en implikation, er det altid
deduktionsreglen, der skal i spil:

[Contrapositive proof A AX.P([ZFsub - Va:Vb:a=bF “bFMT>a=
b>-b> -a;Va:Vb:a=bFDedr>Va:Vb:a= bt bk a>a=b=
b= “a;MPra=b= b= “-a>a=b> b= “al,poc)

3.5 Konjunktion

Hovedmalet med dette underafsnit er at konvertere mellem formlerne a og b og
deres konjunktion [a = =b].

3.5.1 Forening af konjunkter

Vi begynder med at sla a og b sammen til [+a = = b]:

[JoinConjuncts I ZFsub Va:Vb:abk btk -a= -b]

Beviset for JoinConjuncts er af teknisk karakter. Vi viser den
makroekspanderede form [a = = b], som vi i bevisets sidste linie konverterer
til [+a = = b]. Denne sidste linie er ikke ngdvendig for bevischeckeren, men
den ggr beviset lidt nemmere at laese:

[JoinConjuncts %" A\e.\x.P([ZFsub F Va:Vb:a - a = b - MP > a =
Sb>a> -b;Va:Vb:Ded>Va:Vb:aka= -bF-b>»>a=a= b= -bjalk
bFMPr>ra=a= b= -b>a>a= b= -b;AddDoubleNeg > b >
Sab;MT>a= b= -b>--b> -a= -b;Repetition>-a= -b>
%§:> %b—lapovc)]
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3.5.2 Udskilning af anden konjunkt

Tautologien SecondConjunct lader os udskille den anden konjunkt fra
[a = —b]. Jeg vil ikke kommentere beviset:

[SecondConjunct St 7 Bsub - Va:Vb:-a = -bF b

[SecondConjunct proof AcAx.P([ZFsub I Va: Vb: = b - Weakening > -b > a =
4b;Va:Vb:Ded > Va:Vb: “bFa=-b>-b=a= -b;~a= bt
Repetition > ~a = =b > - a = = b;NegativeMT > -b=a= -b>-a=
;‘b > b—lap(bc)]

3.5.3 Udskilning af fgrste konjunkt

For at udskille a fra [va = = b] viser vi forst, at [7a = - b] er kommutativ.
Jeg vil ikke kommentere beviset:

[AndCommutativity SN ZFsub b Va:Vb: ha = “bF Sb = “al

[AndCommutativity %" Ac.\x.P([ZFsub I- Va:Vb:b = —a - a
AddDoubleNeg>a > “45a;MT>b = ha>S5ha>
4b;Va:Vb:Ded > Va:Vb:b = “akakF-“b>»b="a=a= -b,-a=*-btF
Repetition > ~a = “b;MT>b=“a=a= -b>-a=-b>-b=

- a; Repetition > ©b = a2 > -b = - al,po, )]

Nu er det let at udskille den fgrste konjunkt fra [+a = = b]: Ferst vender vi
konjunktionen om til [+b = - a] ved hjelp af AndCommutativity, og sa
udskiller vi a ved hjelp af SecondConjunct:

[FirstConjunct S 7 Fsub k- Va:Vb:-a = -bl a

[FirstConjunct progf A Ax.P([ZFsub | Va:Vb: "a = ~b F
AndCommutativity > -a = b > - b = -a;SecondConjunct > -b = -a>
al, po, )]

3.6 Dobbeltimplikation

I dette underafsnit viser vi tre enkle resultater vedr. dobbeltimplikation.

3.6.1 Brug sammen med modus ponens

De folgende to tautologier ggr det let at bruge anvende slutningsreglen MP pa
dobbeltimplikationer. Beviserne er enkle og kraever ingen kommentarer:

[IffFirst °2° ZFsub - Va:Vb: "a= b= “b=akt bt a

[IffFirst ™% Ac Ax.P([ZFsub - Va:Vb:“a = b= “b=ak bF
SecondConjunct > ~"a=b=-b=a>b=a;MPr>b=ar>b> al,pg,c)]
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[IffSecond "5 ZFsub - Va:Vb: a = b= “b=>at at b]

proo:

[IfiSecond "% Ac Ax.P([ZFsub - Va:Vb: “a = b = “b=al ak
FirstConjunct > “a=b=-b=a>a=b;MP>a=br>a> b],po,c)]

3.6.2 Kommutativitet

Lemmaet IffCommutativity folger direkte af, at operatoren ["x = -y]| er
kommutativ:

[IffCommutativity "5 ZFsub b Va:Vb: ©a = b=+ “b=>ak “b=>a = "a =
b]

[[ffCommutativity %" Ac.\x.P([ZFsub - Va:Vb: va = b = “b=al
Repetition>-a=b= " “"b=a>» a=b= b=

a; AndCommutativity > “a=b=-b=a>-“b=a= "a=
b;Repetition > b =a=“a=b>-b=a= -a= b],po,c)]

3.7 Disjunktion

Dette underafsnit indeholder tre lemmaer vedr. disjunktion, som vi fordeler pa
to under-underafsnit.

3.7.1 Svakkelse

Givet en pastand b vil vi gerne udlede de svagere pastande [ a = b] og

[+ b = a]. Den farste slutning varetages af lemmaet WeakenOr1:

[WeakenOr1 *3" ZFsub I Va: Vb: b - <12 = b]

Beviset bestar af en simpel anvendelse af Weakening;:
[WeakenOr1 *"%" Ac.Ax.P([ZFsub - Va: ¥b: b - Weakening > b > “1a =
b; Repetition > -a = b > -a = b], po, ¢)]

Slutningen fra a til [7a = b] varetages af lemmaet WeakenOr2:
[WeakenOr2 *3" ZFsub - Va: Vb:a - ~a = b)
Kernen i beviset for WeakenOr2 er en anvendelse af FromContradiction:

proof

[WeakenOr2 "=~ A\c. Ax.P([ZFsub I Va:Vb:a F ~a
FromContradiction>at>-a > b;Va:Vb: Ded>Va:Vb:at “aFb>»a= “a=
b;ak MPra = -a= b>a>> a= b;Repetition>>-a = b > “a = b], po, )]
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3.7.2 Slutning ud fra disjunktion

Lemmaet FromDisjuncts lader os drage slutninger ud fra en disjunktion:

[FromDisjuncts *3" ZFsub - Va:Vb:Ve: ha=bra=cF b= ct

Om beviset vil jeg kun sige, at det er en ret elegant gvelse i bevisteknik:

[FromDisjuncts "% Ac.\x.P([ZFsub I Va:Vb:Ve: “a=blFa=ckb=ck
Repetition > a = b > - a = b; Contrapositive > "a=b > ~b =

- - a; Technicality > a = ¢ > a2 = ¢; ImplyTransitivity > b =
S5al>S5a= c> b= ¢ Contrapositive > b = c¢> ~c=

-4 b; Contrapositive > b = ¢ > -c= -b;Neg> - c= -b>-c=55b>
Q-I » PO, C)]

(A K

[am prio

Preassociative

[am], [base], [bracket * end bracket], [big bracket * end bracket],

[$ =
flush left [«]], [x], [y], [z], {[ 0 +]], [[x = ], [pyk], [tex], [name], [prio],
[

B
if (x, %, )], [+ = +]], [vall, [clain], [i]a[f(*)L[(*)IHFHO]’U L] [3
H][][]HH[]HH[],[7],[8][][][][

. [, [m], [n]. o], [P, [al, [r], [s], [t], [u], [V], [w], [(+)™], I (***)]

array {*} * end array], [I], [c], [r], [empty], [(x | % := )], IM(%)], U], U ()],
UM (%)], [apply (x, *)], [apply (*, *)], [identifier (+)], [identifier; (*, *)], [array-
plus(x, *)], [array-remove(, *, x)], [array-put (x, , x, *)], [array-add («, , *, *, *)],
[bit(*, %)], [bitq (*, *)], [rack], ["vector"], ["bibliography"], ["dictionary"],

"], ["codex"], ["expansion"], ["code"], ["cache"], ["diagnose"], ["pyk"],

, ["texname"], ["value"], ["message"], ["macro"], ["definition"],

n], ["Claim"], ["priority"], [nlambdan]’ [uapplyn]’ ["true"], [uifn]7

[
[
7
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[

"], ["proclaim"], ["define"], ["introduce"], [*hide"], ["pre"], ["post"],
E(x, %, %)], [Ea(x, *, %, %, %)], [E3(*, %, %, *)], [Ea(*, *, %, x)], [lookup(x, *, *)],
abstract(x, x, %, *)], [[*]], [M (%, x, *)], [Ma(*, *, x, %)], [M*(*, *)] [macro],
sol, [2ip(+, *)} [355001(* #,%)], [()P], [self], [[x = *]H[* =]} [[* ]]7

]

o)l
as pect(%*a*)] [( >] [tuple, (+)], ftuple, (+)], [leta(+, #)], [lets (+, #)],
x = %], [checker],[check(*,*)],[checkg(*,*,*)],[checklg;](‘f,*,*)],
check” (x, *)], [checks (x, %, )], [[+] ], [[+] 7, [[]°], [msg], [+ "=" «]], [<stmt>],

stmt

stmt], [ "= *]], [HeadNil'], [HeadPair’], [Transitivity'], [ L], [Contra’], [T%],

Li], [+, [A], [B], [C], [D], [€], (7], [G], [H], [Z], (7], [K], [£], [M], [N], [O], [P], [€],
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proofa(, #)], [ (x, 0], [S1(x, 2)]. [S” (. #)]. [T (v, #, )], [SE (. #)], [SE (. %, )],

2]
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St (#, )], [81 (%, %, %)), [S~
S5 (x, %, %, %)], [8@(* ®)],[S
Sy (o, %, 5, %)], [8 (%, %)), |
Sy

(* *)} [81 (* *, *)]7 [S*<*7 *)]7 [Sik(*a *, *)]7
(o, )], [ST (6, )], [ST (%, 5, %)), [T (+, %)),
Si (* #, %, %)), (S5O (k, %, %, %, )], [S7 (, %),
(%, %, %, %)], [S* (*, *)] (S35, )], [S5.(%, %, %, %)), [T (%)], [claims(x, *, )],
ClalmSQ(*, *, %], [<proof>], [proof] [[Lemma : %], [[Proof of x:x]],
[« lemma *: x]], [* antilemma x: «]], [* rule *: «]], [+ antirule *: ]|,
Verlﬁer] [ ( )] [V2(*7 *)]v [V3(*7 *, %k, *)], [V4<*7 *)] [V (*v *, %k, *)], [Vﬁ(*ﬂ *, %, *)]7
7 (%, %, %, %)], [Cut(x, *)], [Headg (*)], [Tailg (*)], [rule (*, x)], [rule(*, )],

Rule tactlc] [Plus(x, %)], [Theory x|], [theorys(x, %)], [theorys (x, *)],
theory, (x, , *)], [HeadNil”], [HeadPair”], [Transitivity”], [Contra”], [HeadNil],
HeadPair], [Tran51t1V1ty] [Contral, [Tg], [ragged right],
ragged right expansion |, [parm(x, *, x)], [parm* (x, *, )], [inst(x, *)],
inst*(x, )], [occur(x, , *)], [occur* (x, *, *)], [unify (* = *, )], [unify* (* = *, x)],

nlfy?(* = * *)] [L ]’ [Lb]’ [LC]v [Ld]’ [Le]a [Lf]v [Lg]’ [Lh]v [Li]v [Lj]v [Lk]v [Ll]v [Lm]a
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ommutativity], [Commutativity; |, [<tactic>], [tactic], [[* tagtic ], [P(x, %, )],
*(%, %, %)], [po], [concludey (x, *)], [concludeq (x, *, )], [concludes (x, *, *, )],
concludeq (x, *)], [check], [[+ = #]], [Root Visible(x)], [A], [R], [C], [T], [L], [{*}], [¥],
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[Ded(x, x)], [Dedg(*, *)], [Dedy (*, *, *)], [Deda (*, , *)], [Deds (x, *, *, x)],

[Dedy (x, *, *, %)], [Ded} (x, *, %, *)], [Deds (x, *, *)], [Dedg (*, *, *, )],

[Dedg§ (x, *, x, *)], [Ded7(x)], [Deds (*, *)], [Ded§ (x, *)], [S], [Neg], [MP], [Gen],
[Ded] 811,52, 33, [S41, [S5], [S61, [57, [S8], [S9], [Repetition], [A1'], [A2'], [A4'),
[A5'], [Prop 3.2a], [Prop 3.2b], [Prop 3.2¢], [Prop 3.2d], [Prop 3.2e;], [Prop 3.2es],
[Prop 3.2¢], [Prop 3.2f1], [Prop 3.2f5], [Prop 3.2f], [Prop 3.2g1], [Prop 3.2g2],
[Prop 3.2g], [Prop 3.2h4], [Prop 3.2hs], [Prop 3.2h], [Blocky (*, *, %)], [Blocka (%)],
[ )] [Objekt-var], [Ex-var], [Ph-var]|, [Verdi], [Variabel], [Op(x)], [Op(x, *)],
[* == %], [ContainsEmpty ()], [Dedu(x, )], [Dedug (x, *)], [Dedus (x, *, *)],
[Deduy (x, , *)], [Dedug (*, *, x)], [Dedug (x, *, *, *)], [Dedu4(*, *, %, %],

[Deduj (x, *, *, %)], [Dedus (x, *, x)], [Dedug (*, *, , *)], [Dedug (x, *, *, x)],
[Dedu7( )]s [Dedus(* )], [Dedug (, )], [Ex1], [Exz], [Ex3], [Ex10], [Ex20], [*Ex],
[5], [ o | =], (=0 o | =], [ o | o ==t )]

[(=" % [ :==r)ms], [pha], [Pho], [Phs], [xpn], (7], [(+= * | + :==x)pu],

[(#=0 % | # :==x)pp], [(+=" * | % :==s)pu], [(+="* | + :==+)pu], [bs], [OBS], [BS],
(D], [ZFsub], IMP], [Gen], [Repetition], [Neg], [Ded], [ExistIntro],
[Extensionality], [@def], [PairDef], [UnionDef], [PowerDef], [SeparationDef],
[AddDoubleNeg], [RemoveDoubleNeg], [AndCommutativity], [AutoImply],
[Contrapositive], [FirstConjunct], [SecondConjunct], [FromContradiction],
[FromDisjuncts], [IffCommutativity], [IffFirst], [IffSecond], [Imply Transitivity],
[JoinConjuncts], [MP2], [MP3], [MP4], [MP5], [MT], [NegativeMT],
[Technicality], [Weakening], [WeakenOr1], [WeakenOr2], [Formula2Pair],
[Pair2Formula], [Formula2Union], [Union2Formula], [Formula2Sep],
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[Sep2Formula, [SubsetInPower], [HelperPowerIsSub], [PowerIsSub),
[(Switch)HelperPowerIsSub], [(Switch)PowerIsSub], [ToSetEquality],
[HelperToSetEquality(t)], [ToSetEquality(t)], [HelperFromSetEquality],
[FromSetEquality], [HelperReflexivity], [Reflexivity], [HelperSymmetry],
[Symmetry], [HelperTransitivity], [Transitivity], [ERisReflexive],
[ERisSymmetric], [ERisTransitive], [@isSubset], [HelperMemberNot(],
[MemberNot@], [HelperUnique®], [Unique@], [==Reflexivity], [== Symmetry],
[Helper == Transitivity], [== Transitivity], [Helper TransferNotEq],
[TransferNotEq], [HelperPairSubset], [Helper(2)PairSubset], [PairSubset],
[SamePair], [SameSingleton], [UnionSubset], [SameUnion], [SeparationSubset],
[SameSeparation], [SameBinaryUnion], [IntersectionSubset], [Samelntersection],
[AutoMember], [HelperEqSysNot@], [EqSysNot@], [HelperEqSubset],
[EqSubset], [HelperEqNecessary], [EqNecessary|, [HelperNoneEqNecessary],
[Helper(2)NoneEqNecessary], [NoneEqNecessary], [EqClassIsSubset],
[EqClassesAreDisjoint], [AllDisjoint], [AllDisjointImply], [BSsubset],
[Union(BS/R)subset], [Unionldentity], [EqSysIsPartition], [(€)], [(fx)], [(fy)],
[(£2)], [(v)], [var 1], [(ex)], [(vy)], [(v2)]; [(xw)], [¢], [FX], [FY], [FZ], [FUJ, [FV],
[RX], [RY], [RZ], [RU], [0}, [1], [(=1)], [2], [1/2], [0f], [14], [00], [01], [leqReflexivity],
[leqAntisymmetryAxiom)], [leqTransitivity Axiom], [leqTotality],
[leqAdditionAxiom], [leqMultiplication Axiom], [plusAssociativity],
[plusCommutativity], [Negative], [plus0], [timesAssociativity],
[timesCommutativity], [Reciprocal Axiom], [times1], [Distribution], [Onot1],
[equality Axiom], [eqLeqAxiom], [eqAdditionAxiom], [eqMultiplicationAxiom],
[SENC1], [SENC2], [IfThenElse(T)], [[fThenElse(F)], [From = {], [To = {],
[From < f], [To < {], [PlusF], [TimesF]|, [MinusF], [0f], [1], [FromSF], [ToSF],
[To == XX], [From ==], [To ==], [From << XX], [From << (1)],

[From << (2)], [to << XX], [From <<], [To <<], [FromInR], [PlusR], [TimesR],
[leqAntisymmetry], [leqTransitivity], [leqAddition], [leqQMultiplication],
[Reciprocal], [Equality], [eqLeq], [eqAddition], [eqMultiplication],
[ToNegatedImply], [TND], [ImplyNegation], [FromNegations], [From3Disjuncts],
[From2 * 2Disjuncts], [NegateDisjunct1], [NegateDisjunct2], [ExpandDisjuncts],
[eqReflexivity], [eqSymmetry], [eqTransitivity], [eqTransitivity4],
[eqTransitivity5], [eqTransitivity6], [plusOLeft], [times1Left],

[lemma eqAdditionLeft], [EqMultiplicationLeft], [DistributionOut],
[Three2twoTerms], [Three2threeTerms], [Three2threeFactors], [AddEquations],
[SubtractEquations], [SubtractEquationsLeft], [EqNegated],
[PositiveToRight(Eq)], [PositiveToLeft(Eq)(1term)], [NegativeToLeft(Eq)],
[LessNeq], [NeqSymmetry], [NeqNegated], [SubNeqRight|, [SubNeqLeft],
[NeqAddition], [NeqMultiplication], [UniqueNegative|, [DoubleMinus],
[LeqLessEq], [LessLeq], [FromLeqGeq], [subLeqRight], [subLeqLeft], [Leq + 1],
[PositiveToRight(Leq)], [PositiveToRight(Leq)(1term)], [negativeToLeft (Leq)],
[LeqAdditionLeft], [leqSubtraction], [leqSubtractionLeft], [thirdGeq],
[LeqNegated], [AddEquations(Leq)], [ThirdGeqSeries], [LeqNeqLess],
[FromLess], [ToLess]|, [fromNotLess|, [toNotLess|, [NegativeLessPositive],
[leqLessTransitivity], [LessLeqTransitivity], [LessTransitivity], [LessTotality],
[SubLessRight], [SubLessLeft], [LessAddition], [LessAdditionLeft],
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[LessMultiplication], [LessMultiplicationLeft], [LessDivision],
[AddEquations(Less)], [LessNegated], [PositiveNegated], [NonpositiveNegated],
[NegativeNegated], [NonnegativeNegated], [PositiveHalved],
[NonnegativeNumerical], [NegativeNumerical], [PositiveNumerical],
[lemma nonpositiveNumerical], [|0] = 0], [0 <= |x|], [SameNumerical],
[SignNumerical(+)], [SignNumerical], [NumericalDifference],
[SplitNumericalSumHelper], [splitNumericalSum(++)],
[splitNumericalSum(——)], [splitNumericalSum(+ — small)],
[splitNumericalSum(+ — big)], [splitNumericalSum(+—)],
[splitNumericalSum(—+)], [splitNumericalSum)],
[insertMiddleTerm(Numerical)], [x + y = zBackwards], [x * y = zBackwards],
x=x+(y—y) [x=x+y—yl [, [insertMiddleTerm(Sum)],
[insertMiddleTerm(Difference)], [x * 0 + x = x|, [x * 0 = 0],

[(-1)*(=1)+ (=1)*1=0],[(—1) * (—1) = 1], [0 < 1Helper], [0 < 1],[0 < 2],

[0 < 1/2], [TwoWholes], [TwoHalves], [-x —y = —(x + y)], [MinusNegated],
[Times(—1)], [Times(—1)Left], [-0 = 0], [SFsymmetry], [SFtransitivity],

[= fToSameF], [PlusF(Sym)], [TimesF (Sym)], [f2R(Plus)], [f2R(Times)],
[PlusR(Sym)], [TimesR(Sym)], [LessLeq(R)], [eqLeq(R)], [SubLessRight(R)],
[SubLessLeft(R)], [<< TransitivityHelper(Q)], [<< Transitivity],

[<<== Reflexivity], [<<== AntisymmetryHelper(Q)],

[<<== Antisymmetry], [<<== Transitivity], [Plus0f], [Plus00], [== Addition],
[== AdditionLeft], [<< Addition], [<<== Addition], [PlusAssociativity (F)],
[PlusAssociativity (R)], [Negative(R)], [PlusCommutativity (F)],
[PlusCommutativity (R)], [TimesAssociativity (F)], [TimesAssociativity (R)],
[Timesl1f], [Times01], [TimesCommutativity (F)], [TimesCommutativity(R)],
[Distribution(F)], [Distribution(R)];

Preassociative

[x_{*}], [*/indexintro(x, *, *, x)], [* /intro(x, , *)], [*/bothintro(x, %, *, x, *)],

[ /nameintro(*, , *, *)], [*'], [*[ * ]|, [x[x—*]], [x[*=>x]], [*0], [+1], [0 ],[*—color(*)],
s-color” (x)], [+], [+ T] (U], 6P, ], [0, ], ], (2], [, [0, [P, (1], ],
Fii]ée[]*R]’ [0, B, T2, (20, T4, 5, 000, [T, (81, [0, [+, [V, [%€7, [x€7],
Preassociative

[ 7, [, [(+)*], [string(x) + ], [string(x) ++ ], [

], ], (], [e], [, (8], (Y], [&], ], (Gl D)#], Box], [, [ %], ], [#], [/
(0], [1], 2], [3], [4], [5#], [6], [7], [8], [9%], [:], [5 #], [<], [=x], [>+], [74],

(@], [Ax], [Bx], [Cx], [Dx], [Ex], [Fx], [G], [Hx], [L«], [J#], [Kx], L], [Msx], [N+]
(O], [Px], [Qx], [Rx], [Sx], [T, [Ux], [V], W], X, [Y], [Z], [[], [\s], [}%], ["#],
[+], ['], [a], [bx], [ex], [dx], [ex], [Fx], [g], [h], [ix], [j], [kex], 1], [me], [nx], [0],
(], [ax], [rx], [s], [b], [wx], [v], [we], [l [ye], (2], [{], [|#], [}, [
[Preassociative x; x|, [Postassociative x; %], [[*], #], [priority * end],

[newline *], [macro newline «|, [MacroIndent(x)];
Preassociative

[ 7], [* ¢ *];

Preassociative

(], [R()], [= = R(x)], [recx];
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Preassociative

[ /%], [ 0 %], [[]]5

Preassociative

[Us], [« U #], [P(x)];

Preassociative

[{+}];

Preassociative

[{*7 *}]7 [(*’ *)]’ [_*]7 [_f*];

Preassociative

[* € ], [*(x, *)], [ReflRel(x, *)], [SymRel(*, *)], [TransRel(x, *)], [EqRel(x, *)],
[ € *].], [Partition(x, *)];

Preassociative

[ - ], [% -0 *], [% % %], [ ¢ *], [x % #£];

Preassociative

[x 4+ *], [« +o*], [x +1 x|, [x — *], [x —0 ], [x —1 *], [* + %], [x — %], [« +¢ =], [x —¢ ],
[+ 4+, [R(x) — —R()];

Preassociative

[| 1], [if G, #,%)];

Preassoc1at1ve

[* = *}7 [* 7é *]’ [* <= *}7 [* < *]’ [* =f *]’ [* <t *]’ [SF(*’ *)]’ [* == *}7 [* << *]7
[+ <<==+;

Preassociative

[+ U {s}], [+ U ], [\ {#}];

Postassociative

[ ook, [k o], [oeoo ], [ 2% ], [% 00 %], [ 425 %];

Postassociative
[*7 *];
Preassociative

[ 2 ], [+ ~ 4], [*2*],[*2*],[m*] (k= #], ¢ 5 o], [ = 4], [ = 4], [ = 4]
[ € #], [« Cr #, [* * free in «], [ free in* |, [x free for * in %],
[* free for™  in %], [ €, ,[* <" x], [x <" K], [x = x|, [x #£ ], £V,
[t 0x], [t ], ], [ ==], [ C «];

Preassociative

[=], [5], [ & ], [x # 5

Preassociative

[x A *], [ A ], [x A %], [ Ac ], [* A ];

Preassociative

[ V], [ || ], [V #];

Postassociative

[* V «];

Preassociative

[T 1], [ 4], Vg 4

Postassociative

[* = *]7 [* = *]7 [* And *]7 [* & *];

Preassociative

9

>
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[{ph € = [ *}];
Postassociative
[* : ], [* spy =], [*!x];
Preassociative
*
J;
Preassociative
[Ax ], [A % ], [A%],[if * then x else |, [let x = x in %], [let * = % in *];
Preassociative
[x#5;
Preassociative
(], B0, V] et [, )
Preassociative
(2 @], [ > 4], [ 1 #], [+ ], [ 2 4
Postassociative
[ b ], [x b %], [* Le. %];
Preassociative
[V ], [TTk: %]
Postassociative
[ & #];
Postassociative
[*; #];
Preassociative
[ proves x|;
Preassociative
[* proof of x: x|, [Line* : x > «; %], [Last line x > 0O,
[Line * : Premise >> x; %], [Line  : Side-condition >> *; |, [Arbitrary > #; %],
[Local > x = %; %], [Begin *; x : End; ], [Last block line* > x;],
[Arbitrary > ;%];
Postassociative
e | +);
Postassociative
[, #], [x[ * ]];
Preassociative
[x&ex];
Preassociative

[¥\\*], [* linebreak[4] ], [\ \*]; ]

(9

A Pyk definitioner

[(-) 2 cdots”]
[Objekt-var Ry “object-var”]
[Ex-var VX Sex-var’ ’]

[

Ph-var 2 “ph-var” ]
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Vardi 2 Vaerdl ]

Variabel 2 “variabel”|

Op(* )pL ‘op " end op”]

Op(*, ) Iik “op2 " comma " end op2”]

« == % 2 “define- equal " comma " end equal”]

Dedu(x, %) 2 VX «1deduction " conclude " end ldeduction”]
Dedug(*, *) V¥ “1deduction zero " conclude " end 1deduction”]
Dedug (*, *, *) PYE «1deduction side " conclude " condition " end 1deduction”]

pyk

Dedug(*, *,%) = “ldeduction two " conclude " condition " end ldeduction”]

[

[

[

[

[

[ContamsEmpty( ) P Scontains- -empty " end empty”]
[

[

[ (

[Deduy (*, *, *) Y «1deduction one " conclude " condition " end 1deduction”]
[ (

[

Dedug (*, *, *, ¥) — PV «1deduction three " conclude " condition " bound " end
ldeductlon”]

[Deduy (x, *, *, x) Y 1 deduction four " conclude " condition " bound " end
1deduction”|

[Dedu (x, *, *, ) V¥ 1 deduction four star " conclude " condition " bound "
end ldeduction”|

[Dedus (*, *, *) By “ldeduction five " condition " bound " end 1deduction”]

[Dedug (*, *, * *) VX «1deduction six " conclude " exception " bound " end
1deduct10n” ]
[Deduf (x, *, * *) ¥ “Ideduction six star " conclude " exception " bound "

end 1deduct10n ]

Deduz () PYE «1deduction seven " end 1deduction”]

Dedug (x, *) PV <1 deduction eight " bound " end 1deduction”]
Deduj(*, *) PYX 1 deduction eight star " bound " end 1deduction”]

pyk . .
*px — “existential var " end var”]

«Ex BY n g oxistential var”|

(= x | % :==x)py PY “exist-sub " is " where " is " end sub”|
(=9 % | % :==+) gy P “oxist-sub0 " is " where " is " end sub”]
(x=1 % | % :==+) gy Y« “exist-subl " is " where " is " end sub”]
(%=" * | % :==+)gx PYK “exist-subk " is " where " is " end sub”|
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1 — “placeholder-varl”]
phy = “placeholder-var2”]
phsy = R “placeholder-var3”|

xpp — “placeholder-var " end var”]

pyk .
Ph “nig placeholder var”]

(x=* | % ——>|<>ph PYE “ph-sub " is " where " is " end sub”]
(*— * | % :==x)pp By “ph—subO " is " where " is " end sub”]
(=1 x| * :==x)py, BYE “ph-subl " is " where " is " end sub”]
(3= % | x :==x+)py, By “ph-subx " is " where " is " end sub”]
bs ¥ “var big set”]

0BS ¥ “object big set”]
BS *X¥ “meta big set”]
o 2 zermelo empty set”]
ZFsub 2iy “system Q7]

PV I rule mp” ]
Gen 2% “lrule gen”]

Repetltlon Y rule repetition”]

Ded 2 “Irule deduction”]

ExistIntro *° “Irule exist intro’ ']

pyk |
Extensmnahty 2 “axiom extensionality” ]

Odef ax1om empty set”]

PairDef 2 “axiom pair definition”]

pyk |
UnionDef 5 “axiom union definition”]

PowerDef 25 ax1om power definition”]

SeparationDef > VY “axiom separation definition”]

AddDoubleNeg > i prop lemma add double neg”]

RemoveDoubleNeg 2d3 “prop lemma remove double neg”]

AndCommutatlmty iy “prop lemma and commutativity”]

Autohnply Py “prop lemma auto imply”]

Contrapositive L ‘prop lemma contrapositive”]

FlrstComunct i “prop lemma first conjunct”]

pyk |
SecondConjunct 2% prop lemma second conjunct”]

FromContradiction "2 “prop lemma from contradiction”]

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[MP
[
[
[Neg VY “1rule ad absurdum” ]
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

FromDisjuncts Pyl ‘prop lemma from disjuncts”|
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IﬁCommutatlmty Py “prop lemma iff commutativity”]
IffFirst 25 prop lemma, iff first”]

IffSecond 2 “prop 1emma iff second”]
ImplyTran81t1v1ty 243 “prop lemma imply transitivity”]
JoinConjuncts > 2 “prop lemma join conjuncts”]

MP2 P ¢ “prop lemma mp2”]

MP pyk = “prop lemma mp3”]

MP pyk = “prop lemma mp4”]

MP Ledy = “prop lemma mp5”|

Z

“prop 1emma mt”]

NegatlveMT iy “prop lemma negative mt”]
Techmcahty 2iy “prop lemma technicality”]
Weakening —§( “prop lemma weakening”]
WeakenOr1 25 “prop lemma weaken or first”|
WeakenOr2 ® 2y prop lemma weaken or second”]
Formula2Pair > 24y “lemma formula2pair”]

Pair2Formula 2 “lemma pair2formula”]

[

[

[

[

[

[

[

[

[

[MT

[

[

[

[

[

[

[

[Formula2Union > Y “lemma formula2union” ]

[Umon?Formula VX “lemma union2formula”]
[Formula2Sep * Y “lemma formula2separation”|
[Sep2Formula “lemma separation2formula”]
[SubsetInPower * Vs “lemma subset in power set”]
[HelperPowerIsSub ¥ “lemma power set is subset0”]
[PowerIsSub > VX “emma power set is subset”]
[(Switch)HelperPowerIsSub 25 ¥ “Yemma power set is subsetO-switch”]
[(SWltch)PowerIsSub X “Yemma power set is subset-switch”]
[ToSetEquality > 2 “lemma set equality suff condition”]
[HelperToSetEquahty( ) 2 ¥ “lemma set equality suff condition(t)0”]
[ToSetEquality(t) 2 “lemma set equality suff condition(t)”]
[HelperFromSetEquahty VY “lemma set equality skip quantifier”]
[F‘romSetEquahty DY s “lemma set equality nec condition”]
[HelperReﬂex1v1ty ¥ “lemma reflexivity(”]
[Reflexivity ” s “lemma reflexivity”]
[HelperSymmetry ¥ “emma symmetry0”]

[

Symmetry VY “lemma symmetry” ]

24



HelperTran81t1v1ty ¥ “Yemma transitivity0”]
Transitivity P “lemma transitivity”]
ERisReflexive 23 “lemma er is reflexive” ]
ERlsSymmetrlc L “lemma er is symmetric”]
ERisTransitive 2 “lemma er is transitive’ ’]
DisSubset = P Yemma empty set is subset”]
HelperMemberNot® > VY “lemma member not empty0”]
MemberNot® 2 “lemma member not empty”]
HelperUmque@ VY “lemma unique empty set0”]
Unique® = By “lemma unique empty set”]

= Reflexivity * VY “lemma ==Reflexivity”]
==Symmetry > iy “lemma ==Symmetry” ]

Helper——Tranbltlmty VY “emma ==Transitivity0”]

:’Hansmwty “lemma ==Transitivity”]
HelperTransferNotEq ¥ “lemma transfer "is0”]
TransferNotEq “lemma transfer ~is”]
HelperPalrSubset “lemma pair subset0”]

[

[

[

[

[

[

[

[

[

[

=

[

[

[=

[

[

[

[Helper(2 )PalrSubset ¥ “lemma pair subset1”]
[PairSubset ¥ “lemma pair subset”]

[SamePair iy “lemma same pair”]
[SameSmgleton VX “lemma same singleton”]
[UnionSubset > »YX “lemma union subset” ]
[SameUnion Ri “lemma same union”]
[SeparationSubset VY “lemma separation subset”|
[SameSeparation Y “lemma same separation”]
[SameBinaryUnion pl> “lemma same binary union”|
[IntersectionSubset “ Y “lemnma intersection subset” |
[SamelIntersection > Y “lemma same intersection’ ']
[AutoMember X “lemma auto member” ]
[HelperEqSysNot@ P “emma eq-system not empty0”]
[EqSysNot® ® iy “lemma eq-system not empty”]
[HelperEqSubset ¥ “Yemma eq subset0”]
[EqSubset > Y “lemma eq subset” |
[HelperEqucessary Y emma equivalence nec condition0”]
[

Equcessary Y emma equivalence nec condition”]
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HelperNoneEqNecessary “> “lemma none-equivalence nec condition0”]
Helper(2 )NoneEqucessary VY “lemma none- -equivalence nec conditionl”]
NoneEqucessary ¥ “lemma none- -equivalence nec condition”]
EqClassIsSubset ‘— el “lemma equivalence class is subset”]
EquassesAreDlsgomt VY “emma, equivalence classes are disjoint”]
AllDlSJOlnt “lemma all disjoint”]

AllDisjointImply VY “emma all disjoint-imply”]

BSsubset ™5 “lemma bs subset union(bs/r)”]

Unlon(BS/R)subset X “lemma union(bs/r) subset bs”]

UnionIdentity > “1emma union(bs/r) is bs”]

EqSysIsPartltlon VX “theorem eq-system is partition”]

var fv VX “var fyv7 ]

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[0 2 “07]
[
(-
22

9 BYS Py “277]
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1/2 2 /7]
of 2 “0f”]
1F P 7]
00 2 %007

12 = “017]
leqReflexivity PV Caxiom leqReflexivity”]
leqAntisymmetry Axiom PYX “axiom leqAntisymmetry”|
leqTran51t1v1tyAx10m Py« ‘axiom leqTransitivity”]
leqTotahty VY Caxiom leqTotality”]
leqAdditionAxiom P “axiom leqAddition”]
leunltlphcatlonAX1om PV “axiom leqMultiplication”)
plusAssoc1at1v1ty H “axiom plusAssociativity”]
plusCommutativity YK Caxiom plusCommutativity”]
Negatlve R ‘axiom negative”]
plus0 > VX Saxiom plus0”]
timesAssociativity VX « ‘axiom timesAssociativity”]

pyk |
tlmeSCommutathty 2 “axiom timesCommutativity”]

times1 2 “axiom times1”]

Dlstrlbutlon X “axiom distribution” ]

Onot1 25 “axiom Onot1”]

equality Axiom PV “axiom equality”]

eqLeqAxiom PYE “axiom eqleq”]
eqAdditionAxiom P «axiom eqAddition”]
eqMultiplicationAxiom Py« ‘axiom eqMultiplication”]
SENC1 * “lemma set equality nec condition(1)”]
SENC2 2 “lemma set equality nec condition(2)”]
IfThenElse(T) > X “Irule ifThenElse true”]
IfThenElse(F) P «1rule ifThenElse false”]

From = f 2 “Irule from=t"]
To = f 2 “1rule to=1"]
From < £ 2 “Irule from<f”]

To < fpy “Irule to<{”]

[
[
[
[
[01
[
[
[
[
[
[
[
[
[
[
[
[
[Rec1procalAX10m VX “axiom reciprocal”]
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[PlusF 2 2 ax1om plusF”]
[

TimesF 2% “axiom timesF”]
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MlnusF P “axiom minusF”]

0f 2 “axiom 0f”]

1f ¥ “axiom 117]

FromSF 2% “Irule fromSameF”]

ToSF ™ “Irule toSameF”]

To == XX 2% “Irule to==XX"]
From == “Irule from=="]

To == “1rule to=="]

From << XX 25 “Irule from<<XX?”]

From << (1) > Y rule from<<XX(1)"]
From << (2) P < rule from<<XX(2)”]
to << XX X “Irule to<<XX”]

From << PV < pyle from<<”]

To << “1rule to<<”]

FromInR Y rule fromInR”]

PlusR 2% ax10m plusR”]

TimesR 2> “axiom tlmesR”]

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[lqunt1symmetry Y “emma leqAntisymmetry”]
[leqTran51t1V1ty ¥ “lemma leqTransitivity”]
[leqAddition Ry “lemma leqAddition”|
[leunltlphcatlon Y emma leqMultiplication”]
[Remprocal ¥ “lemma reciprocal”]

[Equahty ¥ “lemma equality”]

[eqLeq > 24y “lemma eqleq”]

[eqAddition VX “lemma eqAddition”]
[eqMultiplication plk “lemma eqMultiplication” |

[ToNegatedImply > Py “prop lemma to negated imply”]

[TND = iy “prop lemma tertium non datur”]

[ImplyNegation R ‘prop lemma imply negation”|

[FromNegations L ‘prop lemma from negations”]
[F‘rom3DlsJuncts DY s “prop lemma from three disjuncts”]

[From?2 * 2Disjuncts Pyl ‘prop lemma from two times two disjuncts”]
[NegateDisjunctl —3( ‘prop lemma negate first disjunct”]
[NegateDlsJunct2 2y “prop lemma negate second disjunct”]

[

ExpandDisjuncts Pyl ‘prop lemma expand disjuncts”]
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eqReflexivity P Yemma eqReflexivity”]
eqSymmetry By “lemma eqSymmetry”]
eqTran51t1V1ty “lemma eqTransitivity”]
eqTransitivity4 P “emma, eqTransitivity4”|
eqTransitivitys = ¥ “emma eqTransitivity5”]
eqTran51t1V1ty6 VY “lemma eqTransitivity6”]
plusOLeft % “1emma plusOLeft”]

times1Left 25 “lemma tlmeleeft”}

lemma quddltlonLeft ¥ “lemma eqAdditionLeft”]
EunltlphcatlonLeft ¥ “lemma eqMultiplicationLeft” ]
DistributionOut 2% “lemma distributionOut”|
Three2twoTerms 25 “lemma three2twoTerms” |
Three2threeTerms 25 “lemma three2threeTerms” |
Three2threeFactors 23 “lemma three2twoFactors”]
AddEquations P “lemma addEquations”]
SubtractEquations A “lemma subtractEquations”]

SubtractEquatlonsLeft ¥ “lemma subtractEquationsLeft” ]

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[EqNegated > VY “lemma equgated”]

[PositiveToRight (Eq) 2 “lemma positiveToRight(Eq)”]
[PosmveToLeft(Eq)(1term) VY “lemma positiveToLeft(Eq)(1 term)”]
[NegatlveToLeft(Eq) VY “lemma negativeToLeft(Eq)”]
[LessNeq Y “lemma lessNeq” ]
[NeqSymmetry P emma neqSymmetry” |
[NegNegated P “lemma neqNegated”|
[SubNeqRight X “emma subNeqRight”]
[SubNegLeft X “lemma subNeqLeft”]
[NeqAddition V¥ “emma neqAddition”]
[NegMultiplication P “emma neqMultiplication”]
[UniqueNegative P emma uniqueNegative”]
[DoubleMinus 2 “demma doubleMinus”]
[LeqLessEq P “emma leqLessEq”]
[LessLeq P “lemma lessLeq”]
[FromLeqGeq P “emma from leqGeq”]
[subLeqRight P “emma subLeqRight”]
[subLeqLeft Y “lemma subLeqLeft”]
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Leq+ 1% ¥ “lemma lequusl ]

PositiveToRight(Leq) 2% “lemma positiveToRight(Leq)”]
PositiveToRight(Leq)(1term) ® VX “emma positiveToRight(Leq)(1 term)”]
negativeToLeft(Leq) 2> VY “lemma negativeToLeft(Leq)”]
LeqAdditionLeft X “lemma leqAdditionLeft”]
leqSubtraction P emma leqSubtraction”]
leqSubtractionLeft 2 “demma leqSubtractionLeft”]
thirdGeq 2% “1emma thirdGeq”|

Lequgated 24y “lemma leqNegated” ]
Adquuatlons(Leq) ¥ “lemma addEquations(Leq)”]
ThirdGeqSeries " X “Jemma thirdGeqSeries”|
LeqNeqLess P “lemma leqNeqLess” ]|

FromLess 2 “lemma fromLess”]

pyk
ToLess = “lemma toLess”]

k

fromNotLess 2> “lemma fromNotLess”|
k

toNotLess 2> “lemma toNotLess”]

. .. pyk . ..
NegativeLessPositive = “lemma negativeLessPositive”]

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[leqLessTransitivity Iik “lemma leqLessTransitivity”]
[LessLeqTran81t1v1ty ¥ “emma lessLeqTransitivity”]
[LessTran81t1v1ty X “lemma lessTransitivity” |
[LessTotality 2 “lemma lessTotality”]
[SubLessRight 2% ¥ “lemma subLessRight”]
[SubLessLeft X “emma subLessLeft”|
[LessAddition P “lemma lessAddition”]
[LessAdditionLeft X “lemma lessAdditionLeft”]
[LessMultiplication P “lemma lessMultiplication”]
[LessMultiplicationLeft 2 “demma lessMultiplicationLeft”]
[LessDivision P “lemma lessDivision”]
[AddEquations(Less) P “lemma addEquations(Less)”]
[LessNegated ¥ “lemma lessNegated”]
[PositiveNegated P “emma, positiveNegated”]
[NonpositiveNegated P “emma, nonpositiveNegated” ]
[NegativeNegated Y “emma negativeNegated”]
[NonnegativeNegated P “emma nonnegativeNegated”]
[

PositiveHalved 2 “lemma positiveHalved” |
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NonnegatweNumerlcal ¥ “lemma nonnegativeNumerical”]
NegatlveNumerlcal ¥ “Yemma negativeNumerical”]
PositiveNumerical 2> “lemma p051tlveNumer1ca1”]

lemma nonpomtweNumencal Y “emma nonpositiveNumerical”]
|0] = X “demma |0]=0"]

0< |X\ Ri “lemma 0<=[x|"]

SameNumerical 2 “lemma sameNumerical”|

[

[

[

[

[

[0<

[

[SlgnNumerlcal(+) ¥ “lemma signNumerical(+)”]
[SignNumerical > VX “lemma signNumerical”]
[NumericalDifference Ri “lemma numericalDifference”]
[SphtNumerlcalSumHelper VY “lemma splitNumericalSumHelper”]
[splitNumericalSum (++) % ¥ “lemma splitNumericalSum(++)”]
[splitNumericalSum(——) > VY “emma splitNumericalSum(--)”]

[

splitNumericalSum(+ — small) 2 “lemma splitNumericalSum (+-,
smallNegative)”]

[splitNumericalSum (+ — big) 2> VX “emma splitNumericalSum (+-,

bigNegative)”|

[splitNumericalSum(+—) X “lemma splitNumericalSum(+-)”]
[splitNumericalSum (— +) 2 “lemma splitNumericalSum(-+)”]
[SplltNumerlcalSum X “Jemma splitNumericalSum”}
[msertMlddleTerm(Numerlcal) VY “lemma insertMiddleTerm(Numerical)”]
[x +y = zBackwards ” X “emma x+y=zBackwards”]

[x*xy= zBackwards X “Yemma xky=zBackwards”]

[x=x+(y— Y) ¥ “lemma x=x+(y-y)"]

[X—X+y y 2 ¥ “Yemma x= x+y-y”]

[p—ylf “lemma x=xxy*(1/y)” ]

[insert MiddleTerm(Sum) > VY “lemma insertMiddleTerm(Sum)”]
[msertMlddleTerm(leference) P “lemma insertMiddleTerm (Difference)”]
[x*0+x=x Y% “emma x#0+x=x"]

[x*x0=0"=> Y “emma x+0= O”]

[(=1) % (=1) + (=1) # 1 = 0 = “lemma. (-1)#(-1)+(-1)x1=0"]

[(— 1) (-1) = 1 P “lemma (-1)#(-1)=17]

0< 1Helper Y “emma O0<1Helper”]

[0< VX “lemma 0< 17]

[0 < VX “emma 0<27]

[0< 1/2 P emma 0<1/27]
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[TwoWholes % “lemma x+x=2*x"]
[TwoHalves ” Y “lemma (1/2)x+(1/2)x=x"]
[x—y= (X+ y) = P “lemma -x-y=-(x+y)"]
[MlnusNegated VY “lemma minusNegated”]
[Times(—1) 2 ¥ “lemma times(-1)”]
[Times(— )Left P “lemma times(-1)Left”]
[0 =02 “lemma -0=0"]
[SFsymmetry “1emma sameFsymmetry”]
[SFtransitivity " VX “emma sameFtransitivity” ]
[= fToSameF — PV “emma =f to sameF” ]
[PlusF (Sym) P emma plusF(Sym)”]
[TimesF(Sym) ¥ “lemma timesF(Sym)”]
[f2R(Plus) Ri “lemma f2R(Plus)”]
[f2R(Times) > VY “lemma f2R(Times)”]
[PlusR(Sym) i “lemma plusR(Sym)”]
[TlmebR(Sym) VX “lemma timesR(Sym)”]

[LessLeq(R) 2 ¥ “lemma lessLeq(R)”]

[eqLeq(R )lDy “lemma eqLeq(R)”]

[SubLessRight(R) ® X “emma subLessRight(R)”]

[SubLessLeft(R) X “Yemma subLessLeft(R)”]

[<< Trans1t1v1tyHelper(Q) P “lemma << TransitivityHelper(Q)”]
[<< Transitivity X “lemma << Transitivity”]

[<<== Reflexivity = X “emma <<——Reﬂex1v1ty”]

[<<== AntisymmetryHelper(Q) > VY “lemma
<<==AntisymmetryHelper(Q)”]

[<<== Antisymmetry P “lemma <<==Antisymmetry”]
[<<== Transitivity = 2 “emma <<==Transitivity”]
[PlusOf pL “lemma plus0f”]

[Plus00 2 ¥ “lemma plus00”]

[== Addition By} “lemma ==Addition”]

[== AddltlonLeft ¥ “lemma ==AdditionLeft”]

[<< Addition > VY “Yemma << Addition”]

[<<== Addition X “lemma <<==Addition”]
[PlusAssociativity (F) P “lemma plusAssociativity (F)”]
[PlusAssociativity(R) X “emma plusAssociativity(R)”]
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[Negative(R) ¥ “emma negative(R)”]

[PlusCommutativity (F) 2 “lemma plusCommutativity (F)”]
[PlusCommutativity (R) X “emma plusCommutativity(R)”]
[TimesAssociativity (F) VY “lemma timesAssociativity (F)”]
[TimesAssociativity(R) = P “emma timesAssociativity(R)”]
[Timeslf = VX “lemma times1{”]

[Times01 > Y “lemnma tlmes()l”]

[TimesCommutativity(F) > X “emma timesCommutativity(F)”]
[TlmesCommutatlwty(R) 2 “emma timesCommutativity (R)”]
[Distribution(F) > Y “lemnma distribution(F)”]

[Distribution(R) = 2 “lemma distribution(R)”]

[R(+ )py“ “R( ")

[~ = R(x) 2 “R( " )"]

[recx ™ <1/ 7]

[*/% i eq system of " modulo "”]

[ N * VX “intersection " comma " end intersection’ ']

[efe] =55 ]

[Us 2 i umon " end union”]

[+ U * By “binary-union " comma " end union”]

[P(x) 2 A “power " end power”]

[
[
[
[
[-
[
[
[
[
[
[
[
[
[
[

{x} 2 i zermelo singleton " end singleton”]

{*, %} 25 “zermelo pair " comma " end pair”]
(%, %) 2 VX “zermelo ordered pair " comma " end pair”]
pyk « oy
]
f “f ||77]
* € % “"inQ "7
*(, ) 2 «n s related to " under "]

ReflRel(x, %) 2 PV wn s reflexive relation in ")
SymRel(x, ) 25 PV G g symmetric relation in "”]
TransRel(x, *) DY wn s transitive relation in "]
EqRel(x, *) Y G i equivalence relation in "”|

[* € ]« Y « “equivalence class of " in " modulo "”]

“wn

Partltlon(* *) YK g partition of "”]
* %k % _) “wn * ||”:|

* kg ok *) “n o 7]
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* ok ok w17
* + % p_yl){ “n + ma]
*_*Pl%( “n ||77]

k

pyk “n _f n”}

R AR o S
R(x) — ~R(x) " “R( ") = R( " )"]

[ 2 ]

(%, %, %) 2S00 )]
R S
* 7k PV wn ")
x <= * BYE <="]
e )
P g
pyk

* <f K oy “n <f ||’7}

SF (%, *) P “n gameF ")

k == % Pﬁl){ “n—— "”]

v o< oo ")

*<<:=*@§“"<<=="ﬂ

s ==+ 2 “n zermelo is "]

* C % PYK wn i subset of "]

S P “not0 "]

* & % YK n yermelo "in ")

* 7 ok YK wn yermelo Tis "]
pyk

* A x = “" and0 "7

« V% P o ")
5 & B i )

{ph € x| %} P “the set of ph in " such that " end set”]
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B TEX definitioner
[am Ay “am”|

[(---) ™ “(\edots{})"]
[Objekt-var == “\texttt{Objekt-var}”]

[Ex-var tex “\texttt{Ex-var}”]

X

[Ph-var = “\texttt{Ph-var}”]

[Vardi ¥ “\texttt{V\ae{}rdi}”]

ex

[Variabel "= “\texttt{Variabel}”]

gg]p(X) = “Op(#1.

[Op(x,y) "% “Op(#1.
)

)]

[x ==y = “#1.
\mathrel {\ddot {==}} #2.”]

[ContainsEmpty(x) = “ContainsEmpty (#1.
)]

[Dedu(x,y) == «

Dedu(#1.

72

)]
[Dedug(x, y) ==

Dedu_0(#1.

, F#2.

)]

[Dedug(x,y,z) % “Dedu_{s}(#1.
, F#2.

,#3.

)]

[Deduy (x,y,z) = «

Dedu_1(#1.

, F#2.

, F#3.

)]

35



[Dedu

2(X
Dedu,2((#>f ? =
, H2. .

L 3.

)]
tex

[Dedu
DeduS(X’y’Z’u -
b 3(#1. :

, #3.

, F4.

)]
[Dedu

Dedu s
b A(#1.

, #3.

, F4.

)"
[Dedu}
b 4(X7

edu,4A>|<(yy’%Z7 ! =
T
s #3.
, #4.
)]
[Dedu

5(X
Dedu,5((7§,£{7 ? =
, 2. .
, #3.
)]
[Dedu
Ded116(va “b)’
6 o )g( “

e
, #3.
, #4.
)]
[Dedug
Deeddlll%(Ap’ G e, b) g(
e 67 x(F#1. “
, #3.
, #4.
)"
][?edm(p) P

edu_7(#1 |

)tﬁfu

36



)”]

[Dedug(p, b) < «
Dedu_8(#1.

,#2.

)”]

[Dedu(p, b) 3 «
Dedu_8"x(#1.
42,

)]

[Ex; ¥ “Ex_{1}"]
[Exs = “Ex_{2}7]
[Ex1o = “BEx_{10}"]
[Exgo = “Ex_{20}7]

e 3 “H1.

{Ex}]

[XEX tﬁ; “#1.
{Ex}7]

[(x=y|z:==u)px = “\langle #1.
{\equiv} #2.

| #3.

fm=} #4.

\rangle_{Ex} 7]

ex

[(x=y|z:==u)gyx = “\langle #1.
{\equiv} 0 #2.

| #3.

[==} #4.

\rangle_{Ex} 7]

ex

[(x=ly|z:==u) g« s “\langle #1.
{\equiv}"1 #2.

| #3.

[==} #4.

\rangle_{Ex} 7]

ex

[(x="y|z:==u)Ex s “\langle #1.
{\equiv}"* #2.

| #3.

[==} #4.

\rangle_{Ex} ”]



[phy “= “ph_{1}"]
[phg tﬁf “ph,{Q}”]

[phs “= “ph_{3}”]
[xpn - “1.
{Ph} 7]

[Xph tgf 44#1.
{Ph}”]

[(x=y|z:==u)pn tex “\langle #1.
{\equiv} #2.

|43

{r==} #4.

\rangle_{Ph} 7]

tex

[(x="y|zz==u)pp — “\langle #1.

{\equiv} 0 #2.
|43

{i==1} #4.
\rangle_{Ph} 7]

tex

[(x=ly|zz==u)py — “\langle #1.

{\equiv} 1 #2.
|43

{i==} #4.
\rangle_{Ph} 7]

[(x=*y|zz==u)pn tex “\langle #1.

{\equiv} x #2.

| #3.

")
\rangle_{Ph} 7]

[bs “¥ “\mathsf {bs}”]

[OBS % “ \mathsf {OBS}”]
[BS % “{\cal BS}”]

(@ ¥ “\mathrm{\O}”]
[ZFsub % “ZFsub”]
[MP ™% “MP”]

[Gen ™ “Gen”]
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[Repetition “ “Repetition”]

[Neg ¥ “Neg”]

[Ded & “Ded”]

[ExistIntro “¥ “ExistIntro”]
[Extensionality *< “Extensionality”]
[@def ©2 “\O{}def”]

[PairDef * “PairDef”]

X

[UnionDef fex “UnionDef”]

X

[PowerDef = “PowerDef”]

[SeparationDef by “SeparationDef” ]
[AddDoubleNeg bex “AddDoubleNeg”]
[RemoveDoubleNeg by “RemoveDoubleNeg”]
[AndCommutativity *% “AndCommutativity”]
[AutoImply fex “Autolmply”]

[Contrapositive *= “Contrapositive”]
[FirstConjunct “= “FirstConjunct”]
[SecondConjunct =¥ “SecondConjunct”]
[FromContradiction ¥ “FromContradiction”]
[FromDisjuncts tex “FromDisjuncts”]
[IfCommutativity - “IffCommutativity”]
[IffFirst “< “IffFirst”]

[IffSecond = “IffSecond”]

[ImplyTransitivity Ay “ImplyTransitivity”|
[JoinConjuncts *% “JoinConjuncts”]

[MP2 % “MP2”]
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[MP3 % “MP3”]

[MP4 % “MP4”]

[MP5 % “MP5”]

[MT ¥ “MT”]

[NegativeMT = “NegativeMT"]
[Technicality tex “Technicality”]
[Weakening “= “Weakening”]

tex

[WeakenOrl = “WeakenOrl”|

tex

[WeakenOr2 = “WeakenOr2”|

[Pair2Formula ey “Pair2Formula”|

[Formula2Pair tex “Formula2Pair”|
[Union2Formula % “Union2Formula”
[Formula2Union fass “Formula2Union” )
[Sep2Formula % “Sep2Formula”]
[Formula2Sep ey “Formula2Sep”|
[SubsetInPower =¥ “SubsetInPower”]
[HelperPowerlsSub = “HelperPowerIsSub”
[PowerIsSub % “PowerlsSub”]
[(Switch)HelperPowerIsSub % “(Switch)HelperPowerIsSub”]
[(Switch)PowerIsSub ¥ “(Switch)PowerlsSub”]
[ToSetEquality % “ToSetEquality”]
[HelperToSetEquality(t) % “HelperToSetEquality (t)”]
[ToSetEquality(t) ¥ “ToSetEquality(t)”]

tex

[HelperFromSetEquality — “HelperFromSetEquality”]

[FromSetEquality s “FromSetEquality”]
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[HelperReflexivity tex “HelperReflexivity”]
[Reflexivity ey “Reflexivity”]

[HelperSymmetry Jass “HelperSymmetry”]
[Symmetry tex “Symmetry”]

[HelperTransitivity tex “HelperTransitivity”]
[Transitivity tex “Transitivity”],

[ERisReflexive *% “ERisReflexive”]

[ERisSymmetric *< “ERisSymmetric”]
[ERisTransitive =5 “ERisTransitive”]

[@GisSubset “= “\O{}isSubset”]
[HelperMemberNot® ¥ “HelperMemberNot\O{}”]
[MemberNot® ¥ “MemberNot\O{}”]
[HelperUnique® = “HelperUnique\O{}”]
[Unique@ = “Unique\O{}"]

[==Reflexivity * “==\!{}Reflexivity”]
[==Symmetry Jass “==\{}Symmetry”]

[Helper == Transitivity tex “Helper\!{ }==\!{ } Transitivity”]
[==Transitivity " “\!{}==\!{}Transitivity”]
[HelperTransferNotEq tex “HelperTransferNotEq”]

ex

[TransferNotEq ¥ “TransferNotEq”]
[HelperPairSubset s “HelperPairSubset”]
[Helper(2)PairSubset > “Helper(2)PairSubset”]
[PairSubset ey “PairSubset”]

.. tex .
[SamePair = “SamePair” |

[SameSingleton % “SameSingleton”]
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[UnionSubset “% “UnionSubset”]
[SameUnion = “SameUnion”]
[SeparationSubset > “SeparationSubset”]
[SameSeparation *= “SameSeparation”]
[SameBinaryUnion % “SameBinaryUnion”]
[IntersectionSubset s “IntersectionSubset”]
[Samelntersection * “Samelntersection”]

tex

[AutoMember = “AutoMember”]

[HelperEqSysNot® ¥ “HelperEqSysNot\O{}”]
[EqSysNot® by “EqSysNot\O{}”]

[HelperEqSubset tex “HelperEqSubset”]

[EqSubset “= “EqSubset”]

[EqNecessary tex “EqNecessary”]

[HelperEqNecessary tex “HelperEqNecessary” ]
[HelperNoneEgNecessary tex “HelperNoneEqNecessary”|
[Helper(2)NoneEqNecessary Jacs “Helper(2)NoneEqNecessary” ]
[NoneEqNecessary "< “NoneEqNecessary”]
[BEqClassIsSubset *< “EqClassIsSubset”]
[EqClassesAreDisjoint fex “EqClassesAreDisjoint” |

tex

[AllDisjoint — “AllDisjoint”]

tex

[AllDisjointImply = “AllDisjointImply”]
[BSsubset “= “BSsubset”]

[Union(BS/R)subset = “Union(BS/R)subset”]
[UnionIdentity “ “UnionIdentity”]

[EqSyslsPartition tex “EqSysIsPartition”]
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be/y X <1
/ #27]

tex

[xNy = “#1.
\cap #2.”]

[Ux S “\cup #1.”]

tex

[X U y — “#1.
\mathrel{\cup} #2.”]

[P(x) 3 “P(#1.
)]

[{x} =5\ {#1.
\}7

[Dx, v} =\ {#L.
7#2
\}]

[(x,y) tex “\langle #1.
, H2.
\rangle”],

tex

[x €y = “#1.
\mathrel{\in} #2.”]

[2(x,y) == “#3.
41,
49,
77]
[ReflRel(r, x) "% “ReflRel(#1.

, 2.

)]

[SymRel(r, x) = “SymRel(#1.

, 2.

)]

[TransRel(r, x) ¥ “TransRel(#1.
, 2.

)]

[EqRel(r,x) = “EqRel(#1.
s F2.
)]

(
)



[[x € bs], = “[#1.

\mathrel{\in} #2.

J-{#3.

]

[Partition(x,y) 5 “Partition(#1.
s F2.

)]

==y = “#1.
\N\mathrel{==}\! #2.”]

tex

) Cy
\mathrel{\subseteq} #2.”]

[=x % “\dot{\neg}\, #1."]

[x ¢y 5“1
\mathrel{\notin} #2.”]
[x £y S w1,
\mathrel{\neq} #2.”]

tex

[x Ay = “#1.
\mathrel{\dot{\wedge}} #2.”]

tex

[x Vy = “#1.

\mathrel{\dot{\vee}} #2.”]

[x <y tex “H1.
\mathrel{\dot{\Leftrightarrow} } #2.”]

[{ph € x | a} = “\{ ph \mathrel{\in} #1.
\mid #2.

\}]

————— RRRRRRRRRRRRRRR ——+——

(*** aksiomer ***)

[leqReflexivity "5 ZFsub F Vx: x <= x][leqReflexivity P Rule tactic]
[leqAntisymmetryAxiom S 7 Fsub VxiVyix<sy=y<=x=x=

y]|[leqAntisymmetry Axiom Proof Rule tactic]

[leqTransitivity Axiom S 7 Rsub Vx:Vy:Vzix<=y=y<=z=x<=

s . £ .
z][leqTransitivity Axiom " Rule tactic]
£

stmt

[leqTotality "— ZFsub I Vx: Vy: 7 x <=y = y <= x][leqTotality P
Rule tactic]
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[leqAdditionAxiom U 7Fsub - Vx:Vy:Vzix <=y =x+z<=

y + z|[leqAdditionAxiom P Rule tactic]

[leqMultiplication Axiom St 7 Fsub - VxiVy:Vz 0 <=z=x<=y=x*z<=
y * z[leqMultiplication Axiom P Rule tactic]

[plusAssociativity St 7 Fsub - Vx:Vy:Vzix+y+z=

x +y + z][plusAssociativity P Rule tactic]

[plusCommutativity "5 ZFsub F Vx: Vy:x +y =y + x|[plusCommutativity progt

Rule tactic]

[Negative *3* ZFsub b Vx: x + —x = 0][Negative P Rule tactic]

[plusO * ZFsub b Vx: x 4 0 = x][plus0 P Rule tactic]

[timesAssociativity S 7 Rsub - Vx:Vy:Vzixxy *z =

x * y * z][timesAssociativity P Rule tactic]

[timesCommutativity St 7 Fsub - Vx:Vy:x*y =

y * x| [timesCommutativity P Rule tactic]

[Reciprocal Axiom St 7 Esub - Vx:x =0 = x*recx =
][Reciprocaleiom P Rule tactic]

[times] *2° ZFsub F Vx: x x 1 = x|[times1 "= " Rule tactic]

mt . . . proof

[Distribution S 7Fsub F Vx: Vy:Vz:x y +z = x * y + x * z][Distribution "—
Rule tactic]
proof

[Onot1 st ZFsub F 40 = 1][0notl "—" Rule tactlc]
[equality Axiom ° gy ZFsub FVx:Vy:Vzix =y = x =

| k<

z][equality Axiom "% " Rule tactic]

[eqLeqAxiom I ZFsub b Vx: Vy:x =y = x <= y|[eqLeqAxiom progf

Rule tactic]
[eqAddition Axiom S 7 Fsub Vx:Vy:Vzix=y=x+z=

y + z][eqAdditionAxiom P Rule tactic]

[eqMultiplication Axiom St 7 Fsub - Vx:Vy:Vzix =y = x*z =

y * z|][eqMultiplication Axiom P Rule tactic]

(*** XX snydeaksiomer ***)

[==Reflexivity *3* ZFsub - V(rx): (rx) == (rx)|[== Reflexivity P
Rule tactic]

[——Symmetry * ZFsub - V(rx): V(ry): (r

f

\./ ‘
/\
\_/
T
—~
=
<
~—
Il
I
—~
—
"
=
Il
|

Symmetry " " Rule tactic]
[==Transitivity “IY ZFsub - V(rx):V(ry): V(rz): (1x) == (ry) F (ry) == (1z) -

(rx) == (rz)][==Transitivity P Rule tactic]



XX ikke 100procent identisk med originalen fra equivalence-relations
[SENC1 "5 ZFsub I- V(£x): V(1x): V(ry): (1x) == (1ry) F (fx) € (1x) F (fx) €
(ry)][SENC1 Proof Rule tactic]

XX boer bevises ud fra nummer 1
[SENC2 " ZFsub - V(£x): V(1x): V(1y): (1x) == (1ry) F (fx) € (ry) F (fx) €

(1)) [SENC2 "% - -
proof

[IfThenElse(T) “I% ZFsub b Va: Vx: Vy:a k- if(a, x,y) = x][IfThenElse(T) "—
Rule tactic]

[IfThenElse(F) "' ZFsub - Va: Vx: Yy: ~a + if(a, x, y) = y][IfThenElse(F) propf
Rule tactic]

[FromSF "' ZFsub F VYm: V(e): V(x): V(fy): SF((fx), (fy)) F =0 <= (&) =
—MO—( ) F cpx <=m = 5if(0 <

() [m] + —(fy) [m], (x)[m] + —(fy) [m], — (fx)[m] + —(fy)[m]) <= (¢) =

S if(0 <= (fx)[m] + —(fy) [m], (fx)[m] + —(fy)[m], — (£x)[m] + —(fy)[m]) =
(e)][FromSF "— P Rule tactic]

[ToSF 2 ZFsub F Vm: V(e): V(£x): V(fy): 20 <= (¢) = 250 = (€) = cpx <
m = =if(0 <= (fx)[m] + —(fy)[m], (£)[m] + —(fy)[m], —(fx)[m] + )
(€) = = =if(0 <= (fx)[m] + —(fy)[m], (fx)[m] + —(fy)|

proo

Rule tactic]

(e) F SF((fx), (fy))][ToSF "= P Rule tactic]

[From = £ " ZFsub - Vm: V(fx): V(fy): (x) =¢ (fy) F (fx)[m] =
ty

(fy)[m]][From = f P Rule tactic]
XX hm... det er nok med bare 1 meta m XX loesning: objektkvantor
[To = £ *5" ZFsub F Vm: V(£x): ¥(fy): (£x)[m] = (fy)[m] I (£x) =¢ (fy)][To =

proo
f

Rule tactic]
[From < f "' ZFsub - Vm: V(e): V(£x): <t (fy) FH0<= (0 =

550 = (6) b cpx <=m = (fx)[m] <= (fy)[m]+—(¢)][From < f P’ Rule tactic]
[To < £ *5" ZFsub F Vm: V(e): V(fx): V(fy): 20 <= (€) = 0 = () = cpx <=
= (B9)[m] <= (fy)[m] + —(e) F (x) <t (fy)][To < £ %" Rule tactic]
[PlusF 5" ZFsub k- Vm: ¥(£x): V(fy): (x) ++ (fy)[m] =
(fx)[m] + (fy)[m]][PlusF "= P Rule tactic]
proof

[MinusF "2 ZFsub F Vm: V(fx): —¢(fx)[m] = — (fx) [m]][MinusF "—
Rule tactic] -

[TimesF " ZFsub k- Vm: V(fx): V(fy): (fx) *¢ (fy)[m] =
(Bx)[m] « (fy) [m]][TimesF "=

(f
[0f f ™5 ZFsub F Vm: 0f[m] = 0][0f "= Rule tactic]
[1f 2 ZFsub F Vm: 1f[m] = 1][1f %" Rule tactic]

Nay
<C
—
o~
SN~—
e
\-/

proo

Rule tactic]

proo

46



[To == XX *3" ZFsub F ¥(fx): ¥(fy): V(rx): ¥(ry): (fx) € (1x) = (fy) € (ry) =
SF((£x), (fy)) F (rx) == (ry)][To == XX " Rule tactic]
[From ==""" ZFsub - V(£x): ¥(fy): R((fx)) == R((fy)) F

proo

SF((fx), (fy))][From =="—" Rule tactic]
[To ==""" ZFsub - V(£x): V(fy): SF((£x), (fy)) F R((fx)) ==

proo

R((fy))][To =="—" Rule tactic]

[From << XX *3" ZFsub - Vm: ¥(e): V(fx): V(fy): ¥(rx): ¥ (ry): (1x) << (ry) F
(fx) e rx) F (fy) € (ty) F 20 <= (¢) = 770 =(¢) F apx <=m = (fx)

proof

(fy)[m] 4+ —(¢)][From << XX "—" Rule tactic]
[From << (1) *5" ZFsub + V(rx): V(ry): (rx) << (ry) I jex € (rx)][From <<
(1) "= P Rule tactic]

stmt

[From << (2) =" ZFsub - V(rx): V(ry): (rx) << (ry) I tgx € (ry)][From <<

(2) P Rule tactic]

[to << XX 5" ZFsub I Vm: Vn: V(e): V(£x): V(fy): V(1x): V(ry): (x) € (1x) =

(6]
(fy) € (ty) = 20 <= (¢) = 210 = (¢) )gaEx? m = (B)[m] <=
(fy)[m] + —(e) - (1x) << (1y)][to << XX "= " Rule tactic ]

[From <<"™" ZFsub - V(fx): V(fy): R((fx)) << R((fy)) F (£x) <t

proof

(fy) )][From <<= Rule tactic]

[To <<™5" ZFsub F V(£x): V(fy): (fx) <¢ (fy) F R((£x)) << R((fy))][To <<"=
Rule tactic]
[FromInR *3" ZFsub - V(fx): V(fy): (fx) € R((fy)) -

proof

SF((fx), (fy))][FromInR "—" Rule tactic]

[PlusR st 7 oeub V@: V@: R((fx) +¢ (fy)) == R(@ +¢ @)][Plu SR proof
Rule tactic]

[TimesR *" ZFsub F V(fx): V(fy): R((£x)) = +R((fy)) ==

proof

R((fx) #¢ (fy))][TimesR "— " Rule tactic]

(*** makroer )

macrO At.\s.)\c. M4(t S, C, H 6)”)]

proof

C

[FX ™25 At.As. de. Mu(t, s, ¢, [[FX = (fx)]7)]
[FY ™25 At As. Ade. My(t,s, ¢, [[FY = (fy)]])]
[FZ ™25 At.As.de. Mu(t, s, ¢, [[FZ = (f2)]])]
[FU ™25 At.As.de. Mu(t, s, ¢, [[FU = (fv)]])]
[FV ™25 )\t.)\s.)\c./\/l4(t s, ¢, [[FV = var fv]])]
[RX "5 At As. de.My(t,s, ¢, [RX = (1x)]])]
[RY ™25 Mt.As.Ac. My (4, s, ¢, [[RY = (ry)]])]



RZ ™25 At.As. Ac.My(t, s, ¢, [[RZ ( 7))

RU "2 At.As. Ac.My(t, s, ¢, [[RU (rw)]1)]
Ex3 ™25 At.As. . My (t, s, ¢, [[Ex3 = cgy]])]
<<==y "2 At As. A My(t, [[ <<==y=x<<yVx==y]])

[

[

[

[x s S,

[(= )mam AtAs.Ae. My(t,s, ¢, [[(=1) = —1]])]
2 "5 M As e Ma(t,s, ¢, [[2 = (1+1)]])]

[1/2 ™25 At.As. Ac. My(t, s, c, [[1/2 = rec2]])]

x < macro)\t)\s/\c/\/u(tscHx<y—x< y Ax#y]])]
[x #y "2 AtAs.Ac. ./\/l4(t s,¢, [[x £y =x=y]])]
[x —y "2t /\s)\c/\/l4(t 5,G [[x—y =x+ (=y)]])]
(x| "= macro At.As. Ac. M4(t s, ¢, [[|x] = if(0 <= x,x, —=x)]1)]

[00 ™25 At As. Ac. My (t, s, ¢, [[00 = R(0f)]])]

01 ™5 At As. Ae. Ma(t, s, ¢, [[01 = R(10)]])]

[R((fx)) + +R((fy)) ™25 At.As. dc.My(t, s, c, [[R((fx)) + +R((fy)) =

R((fx) +¢ (ty)]])] i

[— QR((jx)g PRt A A Myt s, ¢, [[— — R((fx)) = R(—¢(fx))]])] XX
noedvendig? .

R((fx)) — —R((fy)) ™5 A.As deMu(t,s, ¢, [[R((fx)) — —R((fy)) =

R((fx)) + +R(—¢(fy))]])] XX noedvendigt med [R( ) — R( )] konstruktionen?
(*** REGELLEMMAER ***)

[leqTransitivity S ZFsub F Vx: Vy:Vzix <=yky<=zkx<={¢

[leq Transitivity PO AeAx. P([ZFsub FVx:Vy:Vz:x <=y Fy <=zk
leqTransitivityAxiom > x <=y =y <=z=x<=z;MP2>x <=y =y <=
Z=>x<=zD>x <= y>y<—z>>x<_z] Po, €)]

[leqAntisymmetry S 7 Fsub Vx:Vy:x <=yky<=xkx=

<

[leqAntisymmetry propf AC AP ([ZFsub - Vx: Vy:x <=y Fy <=xF
leqAntisymmetryAxiom > x <=y =y <=x=>x=y;MP2p>x <=y =y <=

XS X=y>x<=y>y<=x3>x=y],poc)

leqAddition "™ ZFsub - Vx: Vy: Vz:x <=y F x +z <=y + 2]
[leqAddition Proof Nex. P([ZFsub F Vx: Vy:Vz: x <=y I- leqAdditionAxiom >
x<=y=x+tz<=y+zMPD>x<=y=x+tz<=y+zDlx<=y>x+tz<=
yJ'_Z—' Po, € )]

[leqMultiplication I 7Fsub F Vx: Vy:Vz:0 <=zkx <=ykFxxz<=yx*Z]|
lleqMultiplication ™" Ac.\x.P([ZFsub b Vx: Vy:Vz: 0 <=z F x <=y
leqMultiplicationAxiom > 0 <=z =x <=y = x*z<=y*z;MP2>0 <=
2= x<=y=x*z2<=y*zD>0<=zDXx<=y > x%z<= x*ﬂ Po; )]
[Reciprocal St 7 Esub - Vx: x =0 F x* recx = 1]

[Reciprocal "% A\e Ax.P([ZFsub F ¥x: = x = 0 - ReciprocalAxiom > - x =
0=xxrecx=1;MP>-x=0= x*recx = 10> -x =0 > x xrecx = 1], po, ¢)]
[Equality STt 7 Bsub - Vx:Vy:Vzix =y x=zFy =72



[Equality ”%" Ac \x.P([ZFsub - Vx: Vy:
x-y:>X—z:>y—zMPQDX—X:;g:
z], po, ©)]

[eqLeqq ZFsubl—Vx Vy:ix=ykx<=y]

<
<C
IN

=y F x =z} equalityAxiom >
y=zbx=ybx=z>y=

[eqLeq ” 0 AeAx. P([ZFsub k- Vx: Vy:x = y I eqLeqAxiom > x =y = x <=
YMPBx=y=x<=yP>x=y>x <=yl po,c)

leqAddition ™3 ZFsub - Vx: Vy:Vz:x =y F x + 2=y + 2]

[eqAddition POl NeAx. P([ZFsub F Vx: Vy:Vz: x = y I eqAdditionAxiom > x =
Xég+;—x+;,MPDg—X:>§+;—y+;> =y>x+z=y+2z|,po,c)]

[eqMultiplication St 7 Fsub - Vx:Vy:Vzix =y Fxxz=yxZ]

leqMultiplication * Ac.Ax.P([ZFsub F Vx: Vy: Vz: x = y -
eqMultiplicationAxiom > x =y = x*xz =y * z; MP X=y=>X*z=
y*z>x=y>x*z=yx*Zz|,po,C)]

(*** UDSAGNSLOGIK ***)

[ToNegatedImply *3" ZFsub b Va: Vb:a - b “1a = b]

[ToNegatedImply "% Ac.\x.P([ZFsub - Va:Vb:a - < bk - 5a = bk
RemoveDoubleNeg > "a=b>»a=b;MP>ra=bra>

b; FromContradiction > b > b > - a = b;Va:Vb: Ded > Va:Vb:aF ~b
S“Sha=>bkF-a=b>»a=-"b=-"a=b=-a=bjak-bFMP2>ra=
b= a=b="a=brar>-b>-"a=b= -a= b;Autolmply >
“ha=>b=-""a=bNeg>--a=b=a=b>-"a=b=-7a=
b> -a = bJ,po,c)]

[TND *2° ZFsub F Va: -a = “al

[TND ”%" Ac.\x.P([ZFsub i Va: Autolmply > a = - a; Repetition > -2 =

Sa > Sa= “al,po, )]

[FromNegations *3' ZFsub - Va:Vb:a = b+ a = b+ b]

[FromNegations progf A X P([ZFsub - Va:Vb:a=bt -a=bkF TND >
-a = -a;FromDisjuncts > "a = Sal>a=b>-a= b>> b],po,c)]
[ImplyNegation "M ZFsub b Va:a = Sa b +al

[ImplyNegation proof A Ax.P([ZFsub | Va:a = - a b Autolmply > —a =
-3; TND > —a = —a;FromDisjuncts > "a = -aba= -ab-a="a>
_‘é—lvp(hc)]

[From3Disjuncts S 7 Fsub - Va:Vb:Ve:Vd: “a = “b=cta=dFb=dHF
c=dkd

[From3Disjuncts "% Ac.\x.P([ZFsub b Va: Vb: Ve:Vd: wa = b= cF b =
dFc=dF -al Repetition>-a= -b=c>»a=-b=c¢cMP>-a=
“b=c>"a> b= c;FromDisjuncts > “"b=c>b=d>c=d>
d;Va:Vb:Vc:Vd: Ded > Va: Vb:Ve:Vd: “a = “b=ckFb=dFc=dF -ak
d>» - a=-b=c=>b=>d=>c=>d= -a=d;Autolmply >a=d=a=
d;~a=“"b=>ckta=drFrb=dFc=dFMP3>-a=--b=>c=b=d=
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c=>d=a=d>a="b=c>bb=d>bc=d>»a=dMPra=d=
a=d>a=d> a= d;FromNegations>a = d>-a=d > d],po,c)
[NegateDisjunctl St 7 Fsub FVa:Vb:na=bhF -at b

proo

[NegateDisjunctl roof A Ax.P([ZFsub | Va:Vb: "a=btF -ak
Repetition > ~a=b> “a=b;MP>-a=br> a> bl|,pog,c)]
[NegateDisjunct2 S 7 Rsub Va:Vb:-a=bk -bl 3]

proo

[NegateDisjunct2 ™" Ae. Ax.P([ZFsub - Va: Vb: 2a = b F =b

Repetition > - a = b > -a = b; NegativeMT > -a = b > b > al, po, )]
(***)

[ExpandDisjuncts 3" ZFsub - Va: Vb: Ve: Vd: ma = bk “c=dF “b = ~d =
Sa= %g]

[ExpandDisjuncts progf A Ax.P([ZFsub | Va:Vb:Ve:Vd: "a= bk ~c=dHF

4 b F =dF NegateDisjunct2 > -a = b > b > a; NegateDisjunct2 > - ¢ =

d > -d > c;JoinConjuncts > a > ¢ > -a = -¢; Va: Vb: Ve: Vd: Ded >
Va:Vb:Ve:Vd:"a=bF "c=dF-bFadF-a=“c>» "a=b=c=>
d=“b=>+-d=a= ¢ a=bFk-c=d-F-MP2>4a=b=c=>d=
b= -d= - a=c>a=b>ac=>d>» b= d=> a=>

“¢; Repetition > ~b = -d = ~a= -¢> b= -d= -a= ~c],po,0)]
[From2 * 2Disjuncts *3° ZFsub - Va: Vb: Vc: Vd: Ve: na = b - “c = d Fa =
c=>elFa=d=eFb=c=>erFb=>d=el ¢

[From2  2Disjuncts "% Ac.Ax.P([ZFsub I- Va: Vb: Vc: Vd: Ve: “c = d F a =
c=>eta=d=eFaFMPra=c=>era>c=>eMPra=d=er>a>
d = e; FromDisjuncts > “c=d>c=e>d=¢e> e;Va:Vb:Vc:Vd: Ve: 7a =
bF-c=dFb=c=ekFb=d= elF -ak NegateDisjunctl > -a =
b>-a>bMP>rb=c=erb>c=¢MP>b=d=e>b>d=

e; FromDisjuncts > ~“c=d>c=e>d = e > e;Va: Vb: Vc: Vd: Ve: Ded >
Va:Vb:Vc:Vd:Ve: "c=>dFa=>c=>elta=>d=etalte>c=>d=a=
c=>e=>a=>d=>e=a=eDed>Va:Vb:Vc:Vd:Ve:“"a=bkF-c=dFb=
c=>ekFb=d=etate>»a=b="c=>d=>b=>c=e=b=d=
e=>a=egra=>bkFrc=>dra=sc=era=>d=erFb=c=erFb=
d=eFMP3>-c=>d=>a=>c>e>a=>d=>e=>a=e>c>d>ra=>
c=>eba=>d=>e>a=eMPi>rra=b="c=d=>b=c=>e=b=
d=e=a=e>ra=b>rc=>d>bb=c=e>bb=>d=e>»a=

e; FromNegations > a = e > —a = e >> e], po, ¢)]

(* EQUALITY ***)

eqReflexivity g0 sub F Vx: x = ¥]

[

[eqReflexivity proof Ac X P([ZFsub F Vx: leqReflexivity > x <=

x; leqAntisymmetry > x <= x> x <= x> x = x|, po, )]

[eqSymmetry U 7 Fsub - Vx:Vy:x =yky=x|

[eqSymmetry progf Ac Ax.P([ZFsub F Vx: Vy:x =y I eqReflexivity > x =
x; Equality > x =y > x = x >y = x|, po, ¢)]
[eqTransitivity S 7 Fsub - Vx: Vy:Vzix=yk

Fx=¢]

I<
IN
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[eqTransitivity PIOPT A Ax. P([ZFsub F Vx: Vy: Vz: x

eqSymmetry > x = y >y =xEquality >y =x>y
[eqTran51t1V1ty4 Tt 7 Fsub - Vx:Vy:Vz:Vuix =ykFy=zkFz=uk x=y]

[eqTransitivity4 POt 5 e Ax. P([ZFsub F Vx:Vy:Vz:Vuix =y Fy =zkFz=
eqTransitivity > x =y >y =z > x = z;eqTransitivity > x=z>z=u

ul, po,c)]
[eqTran51t1V1ty5 ' ZFsub - Vx:Vy:Vz:Vu:Vvix =yFy=zkz=uklu=yvhk
X =V]
[eqTransitivity5 propf AC A P([ZFsub - Vx:Vy:Vz:Vu: Vvix =y Fy =z z =
uku=yvk eqTransitivityd>x=y>y=zDbz=u>x=

u; eqTransitivity > x = u > u =v > x = v], po, ¢)]

stmt

[eqTran51t1V1ty6 — ZFsub F Vx:Vy:Vz:Vu:Vv:Vw:x =ybFy=zFz=ubtu=

vEv=wkx=w)|
I‘OO

\V/
X |=
Il

[eqTran51t1V1ty6 z wix =y
z=uklu=ykyv=wk eqTransitivityS>x=y>y=z>z=ub>u
v; eqTransitivity > x = v v =w > x = w|, po, ¢)]

[plusOLeft “2° ZFsub F ¥x: 0 + x = x|

[

proof

plusOLeft "= Ac.A\x.P([ZFsub F Vx: plus0 > x + 0 = x; plusCommutativity >
0+ x = x+ 0;eqTransitivity >0+ x=x+0>x+0=x>> 0+ x = x|, Po, )]
[times1Left 5" ZFsub - Vx: 1 % x = x]

proof

[timeslLeft — Ac.Ax.P([ZFsub F ¥x: timesl > x* 1 =
x; timesCommutativity > 1 % x = x * 1;eqTransitivity > 1 xx =x* 1> x* 1 =
x> 1% x =x],po, )]

[lemma quddltlonLeft B ZFsub + Vx:Vy:Vzix=yFz+x=2z+

f
[ proo

lemma eqAdditionLeft "= Ac.Ax.P([ZFsub - Vx: Vy:Vz:x = y I
eqAddition > x =y > x + z = y + z; plusCommutativity >z +x =
x + z; plusCommutativity >y +z = z + y; eqTransitivity4 > z + x
x+z>x+z—y+z>y+z—;+x>>;+x—;+ﬂ Po, C)]
[EqMultiplicationLeft "— S 7 Rsub F Vx:Vy:Vzix =ybFzxx=2zx y]

f
[ proo

EqMultiplicationLeft "= Ac.Ax.P([ZFsub I Vx: Vy:Vz:x = y I
eqMultiplication > x =y > x * z = y * z; timesCommutativity > z *
x * z; timesCommutativity > y % z = z x y; eqTransitivity4d > z * x =
x*sz*z—y*zby*;—;*y>>;*g—;*y1 Po, €)]

[DistributionOut "— ZFsub F Vx: Vy:Vzix sy +x*z=x*y+ Z]
[DistributionOut propf A Ax.P([ZFsub F Vx: Vy: Vz: Distribution > x*y +z =
Xky 4 x%z; eqSymmetry > Xy +2Z = Xy +X*Z > X*y +X*Z = x*y +2], Do, C)]
[Three2twoTerms — ZFsub FVx:Vy:Vz:Vury +z=uk x+y+z=x+y]

[Three2twoTerms " FAcAx. P([ZFsub F Vx:Vy:Vz:Vury +z=ut
lemma eqAdditionLeft >y +z=u>x+y+z=x+u; : plusAssociativity >

AC A P([ZFsub k- Vx: Vy: Vz: Vu: Vv: Vw:x = y Fy = z -
= X

<

st mt

st mt

ol



l—i—x—i-;:g—l—z—i—;;eqTransitivityDg—i—x—i—;:xﬁ-x—i—;bg-&-zﬁ-;:
x+u>x+y+z=x+ul,po,c)]
[Three2threeTerms St 7 Fsub - Vx:Vy:Vzix +y+z=x+2z+y]

proof

[Three2threeTerms "— Ac.Ax.P([ZFsub I ¥x: Vy: Vz: plusCommutativity >
y+z=z+y;Three2twoTerms >y +z=z+y>x+y+z=

x +z + y; plusAssociativity > x +z+y = x+z + y;eqSymmetry > x+z+y =
Xx+z4+y>x+z+y=x+z+y;eqlransitivity >x+y+z= ;
Xx+z+y>x+z+y=x+z+y>x+y+z=x+z+y],po,c)]
[Three2threeFactors S ZFsub F Vx: Vy:Vz:Vury sz =ub x*y*z=x*U]

[Three2threeFactors P AeAx. P([ZFsub F Vx:Vy:Vz:Vury xz = u -
EqMultiplicationLeft >y *z = u >> x*y*z = x*u; timesAssociativity > xxy*z =
x*y*z; eqTransitivity >xxy*z = x*y*z>x*y*z = x*U > x*ky*z = x*U], o, C)]

[AddEquations strgt ZFsub FVx:Vy:VzzVuix =ykz=ukFx+z=y+y]

[AddEquations "= " AeAx. P([ZFsub k- Vx:Vy:Vz:Vu:x =y F z I—

eqAddition > x =y > x +z =y + z;lemma eqAdditionLeft >z=u >y +z =
y + u;eqTransitivity > x +z=y+z>y+z=y+u>x+z=y+ ],p )]
[SubtractEquations stogt ZFsub FVx:Vy:Vz:Vuix+z=y+ubz=ukx=y]

[SubtractEquations "= e x. P([ZFsub F Vx:Vy:Vz:Vu:x+z=y+ukz=
uteqAddition>x+z=y+u>x+z+-z=y+u+ —zplusOLeft > 0+z=
z;eqTransitivity > 0+z=z>z=u> 04z =

u; PositiveToRight(Eq) >0+z=u> 0 =u+ —z;eqSymmetry >0 =u + —z >
u+ —z = 0;lemma eqAdditionLeft >u+ -z=0>y+4+u+—-z=

y + 0; plusAssociativity >y +u+ —z=y +u+ —zplus0 >y +0 =
y;eqTransitivityd >y +u+ —z=y+u+—z>y+u+-—z=y+0>y+0=y>>
yH+u+—z=y;x=x+y—y>>x=x+z+ —z; eqTransitivity4 > x = a
x+z+—z>x+z+—z:y+u+—z>y+u+—z:y>>x:y] Po, ©)]

[SubtractEquatlonsLeft ' ZFsub F Vx: Vy:Vz:Vuix+z=y+tubx=ykz=

}_

\ c

proof

[SubtractEquationsLeft “—" Ac.Ax.P([ZFsub I Vx: Vy:Vz:Vu:x +z =y +
x =y i plusCommutativity > z + x = x + z; plusCommutativity >y +u
u+y;eqTransitivityd >z +x=x+z>x+z=y+uby+tu=u+ty>z

u+ty; SubtractEquations >z+x=u+yD>x=y>z=ul,po,C)]
[Equgated ' ZFsub F Vx: Vy:x =y F —x=—y]

[EqNegated Proof Nex. P([ZFsub F Vx: Vy:x =y I Negative > x + —x =

0; Negative >y + —y = 0;eqSymmetry >y + —y = 0> 0 =

y + —y;eqTransitivity > x + —x=0> 0=y + -y > x+ —x =

y + —y; SubtractEquationsLeft > x4+ —x =y + -y >x =y > —x = —y|, po, )]

[PositiveToRight (Eq) *™5" ZFsub - Vx:Vy: Vzix +y =z x =z + —

+ 1=
X
Il

proof

[PositiveToRight(Eq) "— Ac.Ax.P([ZFsub - Vx:Vy:Vz:x +y =z F
eqAddition>x+y=z>x+y+-y=z+-y;x=X+y -y >x=
x+y+—y;eqTransitivity>x = x+y+—y>x+y+—y = z+—y > x = z+—y|, po, )]
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[PositiveToLeft(Eq)(1term) *3" ZFsub F Vx: Vy:x=yFx+ -y =0

[PositiveToLeft(Eq)(1term) " — POt \eAx. P([ZFsub F Vx:Vy:x =y -
eqAddition > x =y > x+ —y =y + —y; Negative >y + —y =
0; eqTransitivity > x+ —y =y + —y >y 4+ —y = 0> x + —y = 0], po, )]

[PositiveToRight(Leq)(1term) — U ZFsub - Vy:Vz:y <=zF 0 <=z + —y]

[PositiveToRight(Leq)(1term) PrOof N Ax. P(]ZFsub - Vy:Vz:y <=z
plusOLeft > 0 +y = y; eqSymmetry >0 +y =y >y = 0 + y;subLeqLeft >y =
O+y>y<=z>»0+y<=z; PositiveToRight(Leq) > 0 + y<=z>0<=

z+ —yl,po,¢)]

[NegativeToLeft(Eq) — S ZFsub F Vx: Vy:Vzix =y +—zF x+z=y]

[NegativeToLeft(Eq) "— Proof N Ax. P(]ZFsub F Vx:Vy:Vz:x =y + —z -
eqAddition > x =y + -z > x+z =y + —z + z; Three2threeTerms >
y+-z+z=y+z+-zx=x+y—-y>y=y+z+-zeqSymmetry >y =
y—&—z—l——z>>§/+z+—z:y;eq’I‘ransitivitgféll;x—&—z: B
y+—z+z>y+-—z+z=y+z+-z>y+z+-z=y>x+z=y],po,0)]
(*** NO EQUALITY ***)

btthFsubl—VxVy Ax<=y=nx=ykF-ax=y

[LessNeq POt NeAx. P([ZFsub F Vx:Vy: “"x <=y = H-x=yF
Repetition > “x <=y = 75x =y > 7x <=y = H5x =
y; SecondConjunct > 1 x <= X:>ﬁ—|5—y>>ﬁl_ﬂ Po,€)]

[LessNeq —

[NeqSymmetry I ZFsub F Vx: Vy:ox=yk -y =

proof

[NegSymmetry “—" Ac.Ax.P([ZFsub F Vx: Vy:y = x - eq Symmetryl>y—x>>
x=y;Vx:Vy:Ded > Vx:Vy:y = xbFx=y>y=x=x=y; 7 x=yrFMT>y=
x:>X—yl>ﬂX—y>>_\y—X“ Po, € )}

[Nequgated ZFsub FVx:Vy:ax=ykF 5 —x=—y]

[NeqNegated "= " A x. P([ZFsub F Vx:Vy: " x =y F —x= -y

EgNegated > —x = —y > — — x = — — y; DoubleMinus > — — x =
x;eqSymmetry > — — x = x 3> x = — — x; DoubleMinus > — —y =
y;eqTransitivity4d > x = — — x> — —x=——yb> ——y =y >x=

y; FromContradiction>x = y>-x =y > - —x = —y; Vx: Vy: Ded > Vx: Vy: = x
yF X——yl——|—x——y>>ﬂx—y:>—x——y:>—|—x-—y,ﬁX—Xl—
MPD> S x=y=—x=-y=" —x=-y>x=y>-—x=—-y=" —x=

—y;ImplyNegation > —x = —y = - —x= -y > - —x= _y-|7p07 o)
[SubNeqRight "= S 7 Fsub F Vx: Vy:Vzix =y az=xkF Az =y]
[SubNeqRight ™% Ac. \x.P([ZFsub b Vx: Vy: Vzix = y - 51z = x -
NeqSymmetry > -z = x > - x = z; SubNeqLeft > x =y > - x=2z> -y =
z; NeqSymmetry >y =2z>-z=y],po,C)]

[SubNeqLeft * ZFsub - Vx:Vy:Vzix =y bk “x=zF -y =¢]

proof

[SubNeqLeft " =" Ac.Ax.P([ZFsub F Vx: Vy: Vz: x = Sx
equalityAxiom >y =x=y=z=x=z; eqSymmetry X =

T‘r
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y=x=y=z=x Dy=x>y=z=x

z> 5x :>ﬁx iMP > -x=1z %XZZ x_z>>ﬁy—21p o)l
[NquddltlonSgnt ZFsub b Vx:Vy:Vz: "x =y - “x+z =y + 2]
[

|| \<

IN
\N \N

proof

NeqgAddition "— Ac.Ax.P([ZFsub F Vx:Vy:Vz: 5x =y bk x+z=y+z
eqReflexivity > z = z; SubtractEquations > x+z=y+z>z=2z>> x =

y; FromContradiction > x =y > i x =y > >Sx+z=

y+2z;Vx:Vy:Vz: Ded > Vx: Vy: Vz: ax =y b x+z=y+zF “x+z=y+z>
ﬂx_y:>x+z—y+;:>ﬂx+z—y+;ﬂlzyliMPDﬁg:y:;§+;=
y+tz= " x+tz=y+zD>x=y>x+z=y+z="x+tz=

y +z;ImplyNegation>x+z=y+z= “x+z=y+z> “x+z=y+z|,po,c)]
[NeunltiplicationSgnt ZFsub F Vx:Vy:Vz: 5z=0F Sx =y S xxz=yx*Z]

T . f .
[NegMultiplication proY AcAx.P([ZFsub F Vx: Vy:Vz: 5z =0 z
y*z bk >z = 0> x = x*z*recz;eqMultiplication > x*z = X*Z > X*Z*Trecz =
y*z*recz >—|z =0> y = Y*Z*TeCz; eqSymmetryDy =y*z

y*z Vx Vy Vz: Ded > Vx: Vy: Vz: -z = 0 F —\x—yl—x*;:y*gl— DXkZ = yxzZ >

Sz=0= " x=y=>xsz=yxz=> " xxsz=yxz;7z=0 S“x=yFMP2>4z =
0= "x=y=x*z=y*z= x*z=y*zD>z= X =Y > XH¥Z=YyHZ =
“x*z = y*z; ImplyNegation>x*z = y*z = “xxz = y*z > “x*z = y*z|, po, €)]

(* NEGATIVE **¥)
[UniqueNegative St 7 Bsub - Vx:Vy:Vzix+y=0Fx+z=0Fy= Z]

[UniqueNegative Proof N e Ax. P([ZFsub - ¥x:Vy:Vzzx+y=0Fx+z=0F
plusCommutativity >y +x = x+y; eqTransitivity >y +x = x+y>x+y = 0>
y +x = 0; PositiveToRight(Eq) >y +x = 0 > y = 0+ —x; plusCommutativity >
z+x=x+zjeqTransitivity >z + x =x+z>x+z=0>z+x=

0; PositiveToRight(Eq) >z +x = 0> z = 0 + —x; eqSymmetry >z = 0 + —x >
0+ —x = z;eqTransitivity >y =0+ —x >0+ —x =z > y = z], po, ¢)]
[DoubleMinus *3" ZFsub F Vx: — — x = X

[DoubleMinus propf ACAX.P([ZFsub I Vx: Negative > —x+ — —x=0;x+y =
zBackwards > —x+ — —x = 0> 0 = — — x + —x; NegativeToLeft(Eq) > 0 =
— —x+ —x> 0+ x = — — x; plusOLeft > 0 + x = x; Equality > 0 + x =
——x>0+x=x>——x=x],po,¢)]

(*** LEQ, nummer 1 af 2 ***)

[LeqLessEqsthFsubl—VxVy Xx<=ykFaax<=y=-aax=y=x=Y]

[LeqLessEq "= /\cAXP([ZFbubI—Vx Vyix<=ykFaax<=y=-ax=yhF
fromNotLess > 7 x <=y = 75 x =y >y <= x; leqAntisymmetry > x <=

yoy<=x>»x=y;¥xVy:Ded > Vx:Vy:x <=y " x<=y="x=yk

X=y>x<sy=>nx<=y=>x=y=>x=y;x<=yFMP>x<=y=
X <=y = hhx=y =S x=yD>Xx =y > Shx<=y=> hhx=y=x=

y; Repetition > 5 - x <= y:>ﬂﬂx:y:;§=y>>%—"£<=y:>%:§:y:>
é*ﬂ Po; )]
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[LessLeq ZFsub}—VxVy x<=y=>x=ykx<=y]

[LessLequ) ACAP([ZFsub - Vx:Vy: "x <=y = 25 x=yF
Repetition > "x <=y = " x=y > x <=y = "x=
y; FirstConjunct > = x <=y = 75 x =y > x <= Y], po, )]

[FromLeqGeq — S 7 Fsub Va:Vx:Vyix <=y =abty<=x=ak aj

[FromLeqGeq propf AC A P([ZFsub - Va:Vx:Vy:x <=y =aky<=x=ak
leqTotality > ~x <=y = y <= x; FromDisjuncts > "x <=y =y <=
X>x<=y=aby<=x=a>al,poc)]

[subLeqRight "— U ZFsub b Vx: Vy:Vzix=ykFz<=xkz<=y]

[subLeqRight PrOOt N Ax. P([ZFsub - Vx:Vy:Vz:x =y - z <= x - eqLeq > x =
y > x <= y;leqTransitivity >z <= x> x <=y > z <=y, po, ¢)]

[subLeqLeft *22* ZFsub - Vx: Vy:Vzix =y x<=zky <=1

[subLeqLeft "—" Ac.Ax.P([ZFsub - Vx:Vy:Vz:x =y - x <=z F-
eqSymmetry > x =y >y = x;eqleq >y = x > y <= x; leqTransitivity >y <=
xl>x<:z>>y<:z] Po, C)]

[Leq+1 ZFsubl—VxVyx< yFax<=y+1=--x :X+1]

[Leq + 1 P2 A A P([ZFsub F Y Vy:x <=y F 0 < 13> 50 <=1 = =50 =

1LebbAdd1t10nLeft>—|0<—1:>ﬂ—\0—1>>—\y+0< y+l=--y+0=
y +1;plusO >y + 0 = y; SubLessLeft >y + 0 =y >y +0 <=y + 1=
Sy +0=y+1>y<=y+1= -y=y+ l;leqLessTransitivity > x <=
y> oy <= y+1$ﬂﬂy—y+1>>ﬁ><< y+1=-x=y+1],po,c)]
[P081tlveToR1ght(Leq) B 7 Fsub Vx:Vy:Vzix +y <=zk x <=z + —y|

proof

[PositiveToRight(Leq) "= Ac.Ax.P([ZFsub - Vx:Vy:Vz:x +y <=z
leqAddition > x +y <=z>x+y+-y<=z+ -y;X=X+y—y>x=
X+y+ y,eqSymmetrny—x—i—y—i— —y>X+ty+-y=
xsubLeqLeftl>x+y+ —y=xD>x+y+-y<=z+-y>x<=z+-y|,po,c)]
[LquddltlonLeft * ZFsub F Vx: Vy:Vzix <=ykz+x<=z+Y]

[LeqAdditionLeft “— PO AeAx. P([ZFsub k- Vx: Vy:Vz:x <=y I

leqAddition > x <=y > x + z <=y + z; plusCommutativity > x+z =z +

x; plusCommutativity > y+z = z+y;subLeqLeft>x+z = z+x>x+z <= y+z >
z+x <= y+z;subLeqRight>y+z = z+y>z+x <= y+z > z+x <= z+Y], o, ¢)]

stmt

[leqSubtraction — ZFsub FVx:Vy:Vzix+z<=y+zkx <=y]

[leqSubtraction iy )\c.)\x.P( [ZFsub - Vx:Vy:Vz:x+z<=y+zhF

leqAddition >x+z<=y+z>x+z+-z2<=y+z+-z;x=x+y—y > x=
x—|—z—|——zeqSymmetry7l>x—x+z+—z>>x—|jz+—z—xsz+y—y>>
y—y+z+—zeqSymmetryDy—y+z—|——z>>y+z—|——z—
y;subLeqLeft >x+z+ —z=xD>x+z+-z<=y+z+-z>x<=
y+z+—zsubLeqR1ghtl>y+z+fzfy>x< y+z+-z>x<=y]l,po,0)]

[leqSubtractionLeft *3" ZFsub F ¥x: Vy:Vziz +x <=z+yk x <=Yy]

proo



f
[ proo

leqSubtractionLeft =" Ac. A.P([ZFsub - Vx:Vy:Vz:z +x <=z +y
plusCommutativity > z + x = x + z; plusCommutativity >z +y =

y +z;subLeqleft >z +x=x+z>z+x<=z+y>x+z<=
z+y;subleqRight >z+y=y+zbx+tz<=z+y>x+z<=

y + z;leqSubtraction > x 4z <=y 4+ z > x <=y], po, ¢)]

[thirdGeq — St 7 Fsub - Vx:Vy:x <= cpx = "y <= CRx]

proof

[thirdGeq "— Ac.Ax.P([ZFsub F Vx: Vy:x <=y F leqReflexivity >y <=

y; JoinConjuncts > x <= y>y<—y>>7%x<—7y:%y<= B

y; ExistIntro@Qcex Qy > "x <=y = Ty <=y > X <=Cpx = Ty <=

CEx; Vx: Vy:y <= x I leqReflexivity > x <= x; JoinConjuncts > x <= x>y <=
X Ax<=x= -y <= xEx1stIntro@cEX@x|>—|x<*x:>—|y<fx>>
X <= Cgx = 7Y <= Cgx; Vx: Vy: Ded > Vx: Vy:x <=y F - x <= cgx = "y <=
CEx > X <=y = 71X <=Cgx = Ty <= Cgx; Ded > Vx: Vy:y <= xF ~x <=
CEx = Y <= Cpx >y <=Xx = 71x <= Cpx = Yy <= Ciy; leqTotality >

x <=y =y <=xFromDisjuncts > " x <=y =y <= x> x <=y = x <=
CEX:>;TX<;CEXI>X<:X:>;‘§<:CEX:>_.'X<:CEX>>;‘§<:CEX:>
;‘X <= CEX—|7p0’C)]

[LeqNegated Y 7 Fsub Vx:Vy:x <=y F —y <= —x

[LeqNegated "— Proof N Ax. P([ZFsub F Vx: Vy:x <=y F leqAddition > x <=y >
X+ —x <=y + —x; Negative > x + —x = 0;subLeqLeft > x + —x =

0>x+ —x<=y+ —x> 0 <=y+ —x; plusCommutativity >y + —
—x+y;subLleqRight >y + —x=—x+y>0<=y+ x> 0<=

—x + y;leqAddition > 0 <= —x+y > 0+ —y <= —x +y + —y; plusOLeft >
0+—y = YViX=X+y—y>-—X=—-X+y+ y,eqSymmetryD —X =
—Xx+y+—-y>»-—x+y+-—y=-—x;subLeqleft >0+ -y =-y>0+ -y <=
—X+y+—y> -y <= -x+y+ —y;subleqRight > —x +y+ —y =

—x> -y <= —x+y+—y>—y <= —x],po, )]

[AddEquations(Leq) S 7 Fsub Vx:Vy:Vz:Vuix <=ykz<=ubkx+z<=
y +u

[AddEquations(Leq) POt A Ax.P P([ZFsub F Vx:Vy:Vz:Vu:x <=y kFz<=uk
leqAddition > x <=y > x+z <=y +z; LeqAdditionLeft >z <=u >y +z <=

y +u;leqTransitivity >x+z <= y+z>y+z<=y+u>x+z <= y—&—u} Po, ©)]

[LeqNeqLess S 7 Fsub Vx:Vyix <=ykFax=ykFax<=y="5x=Y]
[LegNeqLess PO AeAx. P([ZFsub FVx:Vy:x <=y F “x =yl

JoinConjuncts > x <=y > x=y > “x <= X:>_‘_‘X

y; Repetition > x <=y = 5 5x =y > “x <=y = 7 -x =y],po,c)]
[FromLess S 7 Rsub - Vx:Vy:x <=y = hx=yk a1y <=

[FromLess Proef ze. M. P([ZFsub F Vx: Vy:y <= x I~ toNotLess > y <= x >
ahx <=y = aox=y;¥xiVy:Ded > VxiVy:y <= x bk aax <sy = nhx =
YySy<=x=Tx<sy=anx=y;ox<sy=aax=yk
AddDoubleNeg > ~x <= y=ax=y>ahax<=y= hx=
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X;MT>X<:X:>;|_.‘X<:X:> —\%sz>%%—\£<:¥2> _.';'X:X>>
"X <= Z}avac)]
[ToLess sty ZFsub F Vx:Vy: “x <= ykF 7y <=x= -7y =]

proo

[ToLess ropf ACAXP([ZFsub - Vx:Vy: 54y <=x = -5y =xF
fromNotLessD—"%y<=g:>%%y;§>>g<= a
y;Vx:Vy:Ded > Vx: Vy: 1y <= x = Say=xkFx <=y > S5y <=x =
Shy=x=x<=y;x <=ykF NegativeMT > 14y <=x = “ay =x =
Xx<=yD>ax<=y> Sy <=x= "y =x],po,c)] -
[fromNotLess S ZFsub Vx:Vy:hox<=y=ax=yFy<=x

proo

[fromNotLess roof AC AP ([ZFsub F Vx:Vy: n-x <=y = “x=yFx <=

y F Repetition > 2 x <=y = S4x=y> “ax <=y = S5x=

y; RemoveDoubleNeg > ©5x <=y = 4ax =y > x <=y = Hax =

Y MP>x<=y=-x=ybx<=y> ix= -

y; RemoveDoubleNeg > - - x =y > x = y;eqSymmetry > x =y >y =
g;eqLquXZX>>X<:5;V1:V&:Ded DVK:VX:%%K <=X:>1|%£=X}—g<=
yhy<sx>"ox<sy=x=sy=x<sy=y<sx77x<sy=
SAx=yFMPB>Atx<=y=>Shx=y=>x<=y=y<=xD>oix<=y=
aox = i >x<=y=y <= x; AutoImply >y <=x :>& <= x; leqTotality >
x <=y =y <=xFromDisjuncts > "x <=y =y <=xbx <=y =y <=
XDy <=x=y<=x>y<=x],po,0)]

[toNotLess 3" ZFsub I Vx: Vy:x <=y - ==y <= x = ==y = x|

proo

[toNotLess ropf AC X P([ZFsub FVx:Vy:x <=y Fy <=xF
leqAntisymmetry >y <= x>x <=y >>7X = x; AddDoubleNeg > y=x>
Sy =xYxVy:Ded D> Vi Vy:x <=y Fy<=xkaay=x>x<=y=y<=
x="ny=xx<=ybFMPDx<=y=y<=x=ny=x>x<=y>

y <=x= 4y =x;AddDoubleNeg >y <=x = hay=x>> S5y <=x =
54y = x; Repetition > 2y <=x = 54y =x> SS9y <=x= S5y =

x; Repetition > 7y <= x = S5y =x>> S5y <=x = Sy = x|, po, €]
[LessAddition St 7 Fsub - Vx:Vy:Vzix <=y = "ax=ykF x+z<=
ytz= " " x+z=y+7

proo

[LessAddition ropf AC AP ([ZFsub - Vx:Vy:Vz: "x <=y = -~ x =y HF
LessLeq > “x <=y = “-ax =y > x <=y;leqAddition > x <=y > x4+ z <=
y +2z;LessNeq > ©x <=y = - 5x =y > =x = y; NeqAddition > < x =y >
“x4+z=y+zJoinConjuncts >x+z <=y+z>x+z=y+z>x+z<=
y+z= " x+z=y+z|,po,C)]

z+y=""hz+x=2z+Y]

proof

[LessAdditionLeft "= Ac.Ax.P([ZFsub - Vx: Vy:Vz: "x <=y = -~ -x=yhF
LessAddition > “x <=y = S 5x=y > “x+z<=y+z= 5x+z=

y + z; plusCommutativity > x + z = z + x; SubLessLeft > x + z =
Z+xD>Ox+z<=y+z=>Tx+tz=y+z>z+x<=y+z=Tz+x=
y+2z; plusCommutativity > y+z = z+y; SubLessRight>y+z = z+y>-z4+x <=
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ytz= -zt x=y+z>ztx<=z+y=>tztx=z+

yl,po; )]
essMultiplication — su x:Vy:Vz:-0<=z="-0=1z x<=y=
LessMultipl "I ZFsub b Vx: Vy: Vz: 0 0=zF-

aax=ykaxkz <= X*;:ﬁﬁx*;_x*;]

[LessMultiplication PO N Ax. P([ZFsub F Vx:Vy:Vz: 70 <=z = --0=zF
x<=y=ox=yk Lessleq> x <=y = x=y>x<=

y; LessLeq > -0 <=z = -0 =z> 0 <= z;leqMultiplication > 0 <=

zbx <=y > x*xz<=yxz;LessNeq> "x <=y = " x=y>» x=
y;LessNeq> -0 <=z= ~-0=2z> =0 = z;NeqSymmetry > -0 =2z> -z =
0; NegMultiplication> =z = 0> x =y > - x*z =y *z; LeqNeqLess > xxz <=
y#*zZD> XkZ=y*Z3> Tx*kz<=y*z=> x*Z=Yy*Z|,Po,C)]

[LessMultiplicationLeft ™" ZFsub b Vx: Vy: ¥z: 50 <=z = =50 = zF -x <=
y=ox=ykazix<=zxy=>hzix=2zxYy]

[LessMultiplicationLeft POPT A Ax. P([ZFsub - Vx:Vy:Vz: 70 <=z = -0 =

zk 2x <=y = ~-x=yk LessMultiplication>-0 <=z = 70 =z>x <=
Y= X =Y > Xz <= YkZ = 0 TXHRZ = YRZ; timesCommutativity > xxz =
zxx; timesCommutativity > y*z = zxy; SubLessLeft > x*z = zx x> " xxz <=
Y*¥Z = TTIX*Z = y*Z > 1Zzkx <= y*Z = "1 zkx = y*z;SubLessRight>yxz =
ZxyD>zxx <= y*z = DZEX = y*Z > zEkx <= z¥y = T Zxx = Z*y|, Do, C)]

[Leslevmon oyt ZFsub FVx:Vy:Vz:0 <=zF “x*xz<=y*z= "x*z=
X*ZF—HK<:X;>%%X:X}

[LessDivision Poof A e Ax. P([ZFsub - Vx:Vy:Vz:0 <=zt = x*z <=yrz=
Shxkz=y*xzF FromLess> "x*z<=y*z= "Tx*z2=y*2> y*z<
x * z; leqMultiplicationAxiom > 0 <=z =y <=x=y*z <=x*z;MP >0 <

2= y<=x=yxz<=x*xz>0<=z>y<=x=y*z<=

X * Z; Contrap051tlve>y<—x:>y*z<—x>kz>>ﬁy*z<—x*z:ﬁy<—
X MP D> y*z<=x*xz= 1y <sxD>oy*z<=x*xz> "y <=

X; ToLessDﬂy<—x>>—|x< y:>ﬂﬂx_y] Po, ©)]

[AddEquations(Less) ° I ZFsub b Vx: Vy: Vz: Vu: x <=y = = 5x =yk
fz<=u=Stz=ubSx4z<=y+u=-x+z=y+y

[AddEquations(Less) PO NCAX. P([ZFsub k- Vx: Vy:Vz:Vu: "x <=y = = 5x =
yEsz<=u= --z=ukl LessAddition>x <=y = 75 x=y > x+z <=
y+z = - x+z =y+z;LessAdditionLeft >z <=u = ~-z=u> “y+z <=
y+u= —|—|y+z =y+y; LessTransitivity > - x+z <= y+z= Saxtz = y+zb>>
Ay+z <=y+u= Sy+z=y+u> x4z <=y+u= -x+z = y+ul,po,c)]

[leqLessTransitivity - stogt ZFsub FVx:Vy:Vzix <=y Fy<=z=--y=2zHF
Sx<=z= Shx=7 N - N
[leqLessTransitivity PO N Ax. P(]ZFsub F Vx:Vy:Vz:x <=y -y <=z =
Sy =zkx=zFFirstConjunct >~y <=z= "-y=z>y<=
z; SecondConjunct>-y <=z = =5y =z > -y = z;subLeqLeft >x = z>x <=
y > z <= y;leqAntisymmetry >y <= z>z <=y >y = z; FromContradiction >
y—f Yy =2z x=z;¥x:Vy:Vz: Ded > Vx: Vy: Vzix <=y F ny <=z =
Ay=zFx=zFx=z>x<= y= - y<=z=- hy=z=x=z=
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xX=zx<=ykFay<=z= - ny=zFMP2bx<=y= y<=z=
hhy=z=x=z= x=zbx<=yD> X<:;:>%%y:z>>><:;:>

- x = z; ImplyNegation > x =z = - x =z > - x = z; FirstConjunct > -y <=
z= "y =2z>y <= zleqTransitivity > x <= y>y <=z2>x <= B

z; JoinConjuncts > x <=z > S x =2z > “x <=z = 2 -x = 2|, po, )
[LessLeqTransitivity ! ZFsub Vx:Vy:Vz: ax <=y = aax=ykFy<=zhF
Sx<=z=Shx=1 - - o
[LessLeqTransitivity Proof A e Ax. P([ZFsub FVx:Vy:Vz: "x <=y = 2~ x=yF
y <=zkz=xFFirstConjunct > "x <=y = "-x=y>»x <= B
y; SecondConjunct > ~x <=y = -~ -x =y > - x = y;subLeqRight >z =
XPy<=z>y<=Xx leqAntisymmetry > x <= yy<=x>»x=

y; FromContradiction > x =y > “x =y > -z =

x; Vx: Vy:Vz: Ded > Vx: Vy: Vz: "x <=y = 2 x =y Fy < :;I—;:xl—%;z
X>x<sy=>ax=y=my<=z=z=x=>z=x"x<=y = x=
yhRy<=zFEMP2p> "x<=y="x=y=y<=z=>z=x= z=

X>x <= y=>ﬂ—|x—y>y<—z>>2—x:>—|z—xImplyNega‘monD; X =
Sz =x> -z = x; NeqSymmetry > -z = x > -x = z; FirstConjunct > - x <=
y = hx =y > x <=y;leqTransitivity > x <=y >y <=z>x <=

z; JOIHCOnJunCtS>X<—Z\>—\X—Z>>_‘X <=z=S4%x=12],po, )]
[LessTransitivity ~ 0 ZFsub F Vx: Vy:Vz: sx <=y = aax=ykFay<=z=
%%y:;k%l<:zq>%—‘|xzz}i B B B

[LessTransitivity PO XCAX. P([ZFsub F Vx:Vy:Vz:x <=y = 25 x =y

Ny <=z= "y =zFFirstConjunct > "y <=z= " y=z>y <=

z; LessLeqTransitivity > "x <=y = 7ax=yDy <=z 7x<=z= T -x=
zl,po, )]

[LessTotahty * ZFsub F Vx: Vyimax<=y=aax=y=x=y= 1y <=
x= 54y =x N

proof

[LessTotality "— Ac.Ax.P([ZFsub - ¥x:Vy: 2 2x <=y = 25 x=yF “x =

y F fromNotLess > 7 - x <=y = 7 x =y >y <= x; NeqSymmetry > - x =
y >y =x;LeqNeqlLess >y <= x> 7y =x> "y <=x= "y=

X Vx:iVy:Ded > Vi Vy:nx <=y= Sox=yk x=ykFy<=x=-"y=
XZ> DX <Sy =S OOxX=y =S ox=y =Sy <sx= oy =
x;Repetition > m-x <=y = "-x=y=x=y=y<=x= 7y =x>

Shx <= X:>_|_|Xfxi>_|xizi>_\x< X:>_|_\Xfx—| Po, ¢)]

SubLessRight 2" ZFsub - Vx: Vy:Vzix =y F iz <= x = 25z =xF =z <=
g Y y
y=z=y]

[SubLessRight "— Ac.Ax.P([ZFsub - Vx:Vy:Vzix =y F vz <=x= -4z =
x F Repetition > “z <=x = 5z=x>> “z<=x= -z =

x; FirstConjunct > -z <= x = - -z = x > z <= x;subLeqRight > x =

y >z <=x>z <=y;SecondConjunct >~z <=x= ""z=x> "z=

x; SubNeqRight > x =y > -~z = x> -z = y; JoinConjuncts >z <=y > -z =
y>Sz<=y= -z=y],po,c)]

proof
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stmt

[SubLessLeft =" ZFsub - Vx: Vy:Vzix=ykFx<=z=

_|.

—'\Xzzl——lx<:

proof

[SubLessLeft "— Ac.Ax.P([ZFsub F Vx:Vy:Vzix =y F 7x <=z = S-x=1zF
Repetition > “x <=z= -"-x=z> Ax<=z= Shx= z; First Conjunct >
Ax<=z=hx=z>x<=z;subleqleft >x=y>x<=z>y<=

z; SecondConjunct>-x <=z = - -x =z > “x = z; SubNeqLeft>x = y>-1x =
z> y = z;JoinConjuncts >y <=z>-y =2z > 7y <=z = -y = z], po, ¢)]
[NegativeLessPositive St 7 Fsub - Vx:0<=x="1-0=xF" —x<=x=
a5 —x=x

[NegativeLessPositive proof ACAXP([ZFsub F Vx: 70 <=x= 250 =xF
FirstConjunct > 50 <=x = 550 = x> 0 <= x;leqAddition > 0 <= x>

04+ —x <= x + —x; plusOLeft > 0 + —x = —x; Negative > x+ —x =

0; subLeqLeft>04+—x = —x>04+—x <= x+—x > —x <= x+ —x; subLeqRight>
X+ —-x=0> —x <=x+ —x > —x <= 0;leqLessTransitivity > —x <=

0> 0<=x=""0=x>" —x<=x= "7 —x=x|,Do, )]

[LessNegated S 7Fsub VxiVy:x<=sy=ox=ykFn —y<=-—x=

a5 —y=—X

proo

[LessNegated ropf ACAXP([ZFsub - Vx:Vy: x <=y = -~ x=yF
LessLeq > ©x <=y = S 4x =y > x <=y; LeqNegated > x <=y > —y <=
—x;LessNeq > ©x <=y = S -4x =y > -x = y; NeqNegated > “x =y >

S —x =y NeqSymmetry > - — x = -y > o - y = —X; LegNeqLess > —y <=
XD —y=-—x>" —y<=-x= "% —y=—x],pg,¢)]

[PositiveNegated 3" ZFsub b Vx: 10 <=x = 250 =xF 5 — x <=0 =

S5 —x =0

[PositiveNegated "% Ac.Ax.P([ZFsub I Vx: 50 <= x = =50 = x I
LessNegated > 20 <=x=-"0=x> " —x<=-0=> 25 —x=—-0;-0=
0> —0 = 0;SubLessRight > -0=0> " —x<=-0= 4" —x=-0>

S —x<=0= - —x=0],po,c)]

[NonpositiveNegated S 7 Rsub Vx:ix <=0F 0 <= —x]

proo

[NonpositiveNegated ropf AcAx.P([ZFsub F ¥x:x <= 0 I LeqNegated > x <=
0> -0<=-x-0=0> —-0=0;subLeqleft> -0=0p> -0 <= —x>0<=
_l—lap()vc)]

[NegativeNegated S 7 Fsub Vx:x<=0=-x=0F 20 <= —x=>

2450 = —x]

[NegativeNegated progf ACAXP([ZFsub - Vx: vx <=0= 55x=0F
LessNegated > “x<=0=--x=0> - —-0<=—x= - —-0=—x;—-0=
0> —0 =0;SubLessLeft>—-0=0>" —-0<=-—x= 2" —0=—x>0<=
—x = 550 = —x],po, )]

stmt

[NonnegativeNegated =" ZFsub - Vx: 0 <= x F —x <= 0]

proo

[NonnegativeNegated ~— ! ACAX.P([ZFsub I Vx: 0 <= x I LeqNegated > 0 <=
x> —x <= —-0;—0=0> —0=0;subLeqRight > -0 =0> —x <= —-0>
—X <= O—‘ , PO, C)]
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[PositiveHalved S 7 Fsub Vx: 70 <=x="""0=xF-0<=recl +1*xx =
S50 =recl + 1 x*x]
[ proof

PositiveHalved "= Ac.Ax.P([ZFsub - ¥x: 70 <=x= 1-0=xF0<1/2 >
40 <=recl +1 = =40 =recl + 1; LessMultiplicationLeft > -0 <=
recl+1=-"0=recl+1p>-"0<=x=""0=x> "recl+1x0<=

recl +1xx=--recl+1x0=recl +1xx;xx0=0>recl +1x0=

0; SubLessLeft > recl +1%0=0> -recl + 1 %0 <=recl + 1 xx =
Sarecl+1%0 =recl+1%x>> 50 <=recl+1%x = =50 = recl +1x*x], po, ¢)]
(*** NUMERISK **%*)

[NonnegativeNumerical S 7 Fsub Vx: 0 <= x F if(0 <= x,x, —x) = X]

[NonnegativeNumerical propf ACAXP([ZFsub - Vx:0 <= x

IfThenElse(T) > 0 <= x > if(0 <= x,x, —x) = x; Repetition > if(0 <=

X, %, —x) = x> if(0 <= x,x, —x) = x|, po, )]

[PositiveNumerical S 7Fsub - Vx: 10 <= x = 250 =x F if(0 <= x,x, —x) =
x|

[PositiveNumerical %" Ac \x.P([ZFsub - Vx: 20 <= x = =40 = x -
LessLeq> -0 <= x = 550 = x> 0 <= x; NonnegativeNumerical > 0 <= x >
if(0 <= x,x, —x) = x], po, c)]

[NegativeNumerical S 7 Fsub Vx:ix<=0=-5x=0Fif(0 <=

X, X, —X) = —X]

[NegativeNumerical progf ACAXP([ZFsub - Vx: vx <=0= 55x=0F
FromLess > x <=0= 5-x= 0> -0 <= x; lfThenElse(F) > -0 <= x>
if(0 <= x,x, —x) = —x; Repetition > if(0 <= x,x, —x) = —x > if(0 <=

X, X, —x) = —x|, po, )]

[lemma nonpositiveNumerical U 7Fsub - Vx:x <=0 F if(0 <= x,x, —x) =
_K}

[lemma nonpositiveNumerical propf ACAXP([ZFsub F ¥x: mx <= 0= S 5x =
0 F NegativeNumerical > “x <=0 = 5 -x = 0> if(0 <= x,x, —x) =
—x;Vx:x =0 F eqSymmetry >x =0>> 0 =x;eqleq>0=x> 0 <=

x; NonnegativeNumerical > 0 <= x > if(0 <= x,x,—x) =x;—0=0>> -0 =

0; eqSymmetry > —0 = 0 > 0 = —0; EqNegated >0 =x > —0 =

—x; eqTransitivity5>if(0 <= x,x, —x) = x>x = 0>0 = —0>—0 = —x > if(0 <=
X, X, —X) = —x; Vx: Ded > Vx: x <=0 = 2 x =0 F if(0 <= x,%x, —x) = —x >
Ax<=0= 55x=0=if(0 <= x,x,—x) = —x; Ded > Vx: x = 0 F if(0 <=

XX, —X) = —x > x = 0= if(0 <= x,x,—x) = —x;x <= 0 I LeqLessEq > x <=
0> a5x<=0= -45x=0= x=0;FromDisjuncts > " -x <=0= 55 x =
0=x=0>"%x<=0="-x=0=if(0 <=x,x,—x) = —x>x=0=if(0 <=
X, X, —X) = —x > if(0 <= x,x, —x) = —x], o, ¢)]

[10] = 0 °" ZFsub F if(0 <= 0,0, —0) = 0]

[10] = 0 "2 Ae. A P([ZFsub F leqReflexivity > 0 <=

0; NonnegativeNumerical > 0 <= 0 > if(0 <= 0,0, —0) = 0], po, )]

[0 <= [x| 3" ZFsub b Vx: 0 <= if(0 <= x,x, —x)]
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proo

[0 <= |x| = Ac.Ax.P([ZFsub I ¥x: 0 <= x - NonnegativeNumerical > 0 <=
x> if(0 <= x, x, —x) = x; eqSymmetry > if(0 <= x,x, —x) = x > x = if(0 <=
X, X, —x); subLeqRight > x = if(0 <= x,x, —x) > 0 <= x> 0 <= if(0 <=

X, X, —X); Vx: 70 <= xF ToLess > "0 <=x> 7x<=0= - -x =

0; NegativeNumerical > - x <=0 = - -x = 0> if(0 <= x,x, —x) =

—x; eqSymmetry > if(0 <= x,x, —x) = —x > —x = if(0 <=

x, %, —x); NegativeNegated > “x <=0 = 5-x=0> 70 <= —x= -0 =
—x; LessLeq > -0 <= —x = -0 = —x > 0 <= —x;subLeqRight > —x =
if(0 <= x,%x, —x) > 0 <= —x > 0 <= if(0 <= x,%, —x); Vx: Ded > Vx: 0 <= x F-
0 <=1if(0 <= x,%,—x) > 0 <=x= 0 <=if(0 <= x,%x, —x); Ded > Vx: 70 <=
xFO0<=1if(0 <=x,x,—x) > "0 <=x= 0 <=1if(0 <=

x, %X, —x); FromNegations > 0 <= x = 0 <= if(0 <= x,x, —x) > 70 <=x =

0 <=1if(0 <= x,x, —x) > 0 <=if(0 <= x,x, —x)], Po, € )]

[SameNumerical S 7 Fsub F Vx: Vy:x =y Fif(0 <= x,x, —x) = if(0 <=

) _y)]

[SameNumerical propf ACAXP([ZFsub - Vx:Vy:0 <= xFx=yF
NonnegativeNumerical > 0 <= x > if(0 <= x, x, —x) = x; subLeqRight > x =

y >0 <= x> 0 <= y; NonnegativeNumerical > 0 <=y > if(0 <=y,y, —y) =
y;eqSymmetry > if(0 <=y,y, —y) =y >y = if(0 <=

y,¥, —Y); eqTransitivityd > if(0 <= x,x, —x) = x> x =y >y = if(0 <=

Y.y, —y) > if(0 <= x,x, —x) = if(0 <=y,y, —y);Vx:Vy: 70 <= xF x =y I-
ToLess > -0 <= x> “1x <= 0 = - -x = 0; NegativeNumerical > - x <= 0 =
S5ax=0>if(0 <= x,x, —x) = —x;SubLessLeft > x =y > "x <=0= 5-x =
0> -y <=0 = -~y = 0; NegativeNumerical > -y <= 0= -5y =0>>

if(0 <=vy,y, —y) = —y;eqSymmetry > if(0 <=y,y, —y) = —y > —y = if(0 <=
y,¥, —y); EqNegated > x = y > —x = —y; eqTransitivity4 > if(0 <= x,x, —x) =
—XD> —Xx = —y > —y =if(0 <=y,y, —y) > if(0 <= x,x, —x) *1f(0<*

Y, ¥, —Y); Vx: Vy: x =y - Ded > Vx: Vy: 0<—XI—X—y}—1f(O<—x X, —X) =

if(0 <=vy,y,—y) > 0 <=x=x =y = if(0 <= x,x, —x) = if(0 <=

Y.y, —y); Ded > Vx: Vy: 70 <= x k- x = y F if(0 <= x,x, —x) = if(0 <=

Y, Y, §)>>—\0<—x:>x—y:>1f(0<—xx—x)—lf(0<—

y,y, —y); FromNegations > 0 <= x = x = y = if(0 <= x,x, —x) = if(0 <=

Y, Y, 9) >0 <=x=x=y=if(0 <=xx —x) =if(0 <=y,y,~y) >x=y =

if(0 <= x,x, —x) = if(0 <=y,y, —y);MP > x = y = if(0 <= x,x, —x) = if(0 <=

Y.y, —y) > x =y > if(0 <= x,x, —x) = if(0 <=y,y, —y)],po, )]

stmt

[SignNumerical(+) — ZFsub - ¥x: 70 <=x = 750 = x I if(0 <= x,x, —x) =
lf(O <= =X =X, — — X)]
proof

[SignNumerical(+) "— Ac.Ax.P([ZFsub F Vx: -0 <=x= --0=xF
PositiveNumerical > -0 <= x = 70 = x > if(0 <= x,x, —x) =
x; PositiveNegated > ©0 <=x= 350 =x> " —x<=0= 55 —x =

0; NegativeNumerical > - —x <=0= - —x =0 > if(0 <= —x, —x,— — x) =
——x; DoubleMinus > ——x = x; eqTransitivity >if(0 <= —x, —x, ——x) = ——x>
——x=x>if(0 <= —x, —x, — —x) = x; eqSymmetry >if(0 <= —x, —x, ——x) =
x> x = if(0 <= —x, —x, — — x); eqTransitivity > if(0 <= x,x, —x) = x> x =
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if(0 <= —x, —x, — — x) > if(0 <= x,x, —x) = if(0 <= —x, —x, — — )], Po, ¢)]
[SignNumerical **3* ZFsub F vx:if(0 <= x,x, —x) = if(0 <= —x, —x, — — X)]

[SignNumerical "= )\c.)\x.P( [ZFsub FVx:ax <=0=--x=0F
NegativeNegated > " x <=0= a-5x=0> -0<= —x= -0 =

—x; SignNumerical(+) > -0 <= —x = 550 = —x > if(0 <= —x, —x, — — x) =
if(0 <= ——x, ——x, ———x); DoubleMinus > ——x = x; SameNumerical>——x =
x> if(0 <= — —x, — — x,— — —x) = if(0 <= x,x, —x); eqTransitivity > if(0 <=
—x, —x, — —x) = if(0 <= — —x, — —x, — — —x) > if(0 <= — —x, — —x,— — —x) =

if(0 <= x,x, —x) > if(0 <= —x, —x, — — x) = if(0 <= x, X, —x); eqSymmetry >
if(0 <= —x, —x, — — x) = if(0 <= x,x, —x) > if(0 <= x,x, —x) = if(0 <=

—X, =X, — — X); Vx:x = 0 - EqNegated >x=0> —x=-0;-0=0> -0 =
0; eqgSymmetry > x = 0 > 0 = x; eqTransitivityd > —x = —-0> -0=0>0 =
X > —x = x;eqSymmetry > —x = x > x = —x; SameNumerical > x = —x >

if(0 <= x,x, —x) = if(0 <= —x, —x, — —x);Vx: "0 <=x= -0 =xF
SlgnNumerlcal( ) A0 <=x= 550 =x>if(0 <= x,x, —x) = if(0 <=
—X, =X, — — X); Vx: Ded > ¥x: "x <=0 = 55x =0 F if(0 <= x,x, —x) =
if(0 <= —x,—x,— — x) > 7x <= 0= - -x =0 = if(0 <= x,x, —x) = if(0 <=
—x, —X, — — x); Ded > ¥x:x = 0 F if(0 <= x,x, —x) = if(0 <= —x, —x, — — x) >
x=0=if(0 <= x,x, —x) = if(0 <= —x, —x,— — x); Ded > Vx: 70 <=x =
550 = x b (0 <= x, x, —x) = if(0 <= —x, —x, — — %) > 70 <=x=> 250 =
x = if(0 <= x,x, —x) = if(0 <= —x, —x, — — x); LessTotality > 5 -x <=0 =

Aax=0=x=0= 50 <=x= -0 = x; From3Disjuncts > 7 -x <=0 =
Sox=0="x=0="0<=x=""0=x>1x<=0=""x=0=

if(0 <= x,x, —x) = if(0 <= —x, —x,— —x) >x =0 = if(0 <= x,x, —x) =

if(0 <= —x,—x,— —x) >0 <=x= -0 =x=if(0 <= x,x, —x) = if(0 <=
=X, =%, — — x) > if(0 <= x,x, —x) = if(0 <= —x, =%, — — x)], o, ¢)]
[NumericalDifference I ZFsub Vx: Wy if(0 <= x+ —y,x + —y, —x + —y) =
if(0 <=y 4+ —x,y + —x, =y + —x)]

[NumericalDifference PIOPT N Ax. P([ZFsub F Vx: Vy: SignNumerical > if(0 <=
x+—y,x+—y, —x+-y) = if(0 <= —x+—y, —x+—y, ——x+—y); MinusNegated >
—x+—y = y+ —x; SameNumerical > —x+ —y = y + —x > 1f(0 <= —x+ -y, —x+
—y,— —x+—y) =if(0 <=y + —x,y + —x, =y + —x); eqTransitivity > if(0 <=
X+ =y, x+ -y, —x+ —y) = if(0 <= —x+ —y, —x+ —y,— —x+ —y) > if(0 <=
X+ =y, =X+ =y, — —x+—y) =if(0 <=y + —x,y + —x, -y + —x) > if(0 <=
X+ =y, x+ —y, —x+—y) =if(0 <=y + —x,y + =%, —y + —x)|, o, ¢)|
[SplitNumericalSumHelper *" ZFsub - Vx: Vy: if(0 <=

—XF—y, =x+—y, ——x+—y) <= if(0 <= —x, =%, ——x)+if(0 <= —y, —y,——y) F
if(0 <—x+y,x+y,—x+y) —1f(0 <= X, X, —g) +if(0 <=y,y, X)]

[SplitNumericalSumHelper "= FAex. P([ZFsub F Vx: Vy:if(0 <=

—X+—Y, =Xy, ——x+—y) <= if(0 <= —x, —x, ——x)+if(0 <= —y, -y, ——y) F
SignNumerical > if(0 <= x,x, —x) = if(0 <= —x, —x, — — x); SignNumerical >>
if(0 <=vy,y, —y) =if(0 <= —y, —y, — — y); AddEquations > if(0 <= x,x, —x) =

if(0 <= —x, —x, — —x) > if(0 <=y,y, —y) = if(0 <= —y, —y,— —y) > if(0 <=

x,x, —x) +if(0 <=y,y, —y) =if(0 <= —x, —x, — — x) +if(0 <=
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-y, — —y);eqSymmetry > if(0 <= x, x, —x) +if(0 <=y,y, —y) = if(0 <=
—X, —; — —x) +if(0 <= —y, —y,— —y) > if(0 <= —x, —x, — — x) +if(0 <=
—¥, =y, = —y) = if(0 <= x,x, —x) +if(0 <= yy,—x)y—x—y— (x+y)>
—X + y = —x + y; SameNumerical > —x + —y = —x +y > if(0 <=
X+ =y, =X+ -y, — —x+—y) =if(0 <=
—X—+Yy,—x+Yy,— — x+y); SignNumerical > if(0 <= x+y,x+y,—x+y) =
if(0 <= —x+y, —x+y, — —x+y);eqSymmetry > if(0 <= x+y,x+y, —x+y) =
if(0 <= —x+4y, —x+y,——x+y) >if(0 <= —x+vy, —x—|—y,——x+y) if(0 <=
x+y,x+y,—x+y);eqTransitivity > if(0 <= —x+ -y, —x+ -y, — —x+ —y) =
if(0 <= —x+y,—x+y,— —x+y)>if(0 <= —x+y,—x+y,——x+y) =
(0 <=x+y,x+y, —x+y)>if(0 <= —x+ —y,—x+ —y,— —x+ —y) =
if(0 <= x+y,x +y, —x +y);subLeqRight 1> if(0 <= —x, —x, — — x) +1if(0 <

—y, =y, — —y) = if(0 <= x,x, —x) +if(0 <=y,y, — )le(0<—
—x4 -y, —x+ —y,— —x+ —y) <=if(0 <= —x, —x, — — x) + if(0 <=
—y, =y, — —y) > if(0 <= —x+ —y, —x+ —y, — — x+ —y) <=if(0 <=
x, %, —x) +if(0 <=y, y, —y);subLeqLeft > if(0 <=
—x+ =y, —x+-y,— —x+-y) =if(0 <=x+y,x+y,—x+y) >
—X 4 =y, —x+ —y,— —x+ —y) <=if(0 <= x,x, —x) +if(0 <=y
if(0 <=x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <=y,y, —y)], o, c)]
[splitNumericalSum(++) "5 ZFsub F Vx: Vy: 0 <= x - 0 <= y Fif(0 <=
X+y,x+y, —x+y) <=if(0 <= x,x, —x) +if(0 <=y,y, —y)]

[splitNumericalSum(++) " — PP AeAx. P([ZFsub F Vx:Vy:0 <=xF 0 <=y F
AddEquations(Leq) >0 <=x>0<=y > 040 <=x+y;plus0 > 0+ 0 =

0; subLeqLeft>0+0 = 0040 <= x+y > 0 <= x+y; NonnegativeNumerical >
0 <= x+y > if(0 <= x+y,x+y, —x+y) = x+y; NonnegativeNumerical >0 <=
x> if(0 <= x, x, —x) = x; NonnegativeNumerical > 0 <=y > if(0 <=

Y, Y, —y) = y; AddEquations > if(0 <= x,x, —x) = x> if(0 <=y,y,—y) =y >

if(0 <= x,x, —x) +if(0 <=y,y, —y) = x + y; eqSymmetry > if(0 <=

X, X, —X) + 1f(0 <=y,y,—y) =x+y>x+y=if(0 <= x,x, —x) +if(0 <=

y,y, —y); eqTransitivity > if(0 <= x+y,x+y, —x+y) =x+y>x+y = if(0 <=
,—x) +if(0 <=vy,y,—y) > if(0 <= x+y,x+y,—x+y) =if(0 <=

X, X, —x) +if(0 <=1y,y, —y);eqleq > if(0 <= x+y,x +y, —x+y) = if(0 <=

x,x, —x) +if(0 <=y,y, —y) > if(0 <= x+y,x+y,—x+y) <=if(0 <=

x,, —x) + (0 <= y.y, ~y)]. Do, )]

[splitNumericalSum(——) "5 ZFsub F Vx: Vy: x <=0 - y <=0Fif(0 <=

X+y,x+y, —x+y) <=if(0 <= x,x, —x) +if(0 <=y,y, —y)]

proof

[splitNumericalSum(——) "= Ac.Ax.P([ZFsub - ¥x:Vy:x <=0k y <=0F
NonpositiveNegated > x <= 0> 0 <= —x; NonpositiveNegated >y <= 0>

0 <= —y;splitNumericalSum(++) > 0 <= —x >0 <= —y > if(0 <=

—x+ -y, —x+ —y,— —x+ —y) <=1if(0 <= —x, —x, — — x) +if(0 <=

—Y, =Y, — —y); SplitNumericalSumHelper > if(0 <= —x+ —y, —x+ —y, — —x+
—y) <= 1f(0 <= —x,—x%,— —x) +if(0 <= —y,—y,— —y) > if(0 <=
X+y,x+y, —x+y) <=if(0 <= x,x, —x) +if(0 <=y,y, ~y)], o, ¢)]
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stmt

[splitNumericalSum(+ — small) "= ZFsub F Vx: Vy: 0 <= xFy <=0+ if(0 <=
Y, Y, —y) <=if(0 <= x,x, —x) F if(0 <= x+y,x+y, —x+y) = if(0 <= x,x, —x)]

proof

[splitNumericalSum (4 — small) "= Ac.Ax.P([ZFsub F Vx: Vy:0 <= xFy <=
0 Fif(0 <=vy,y, —y) <=if(0 <= x,x, —x) - LeqAdditionLeft >y <= 0>

x+y <= x+0;plus0 > x + 0 = x;subLeqRight >x+ 0 =x>x+y <=x+0>

x +y <= x; PositiveToRight(Leq) (1term) > if(0 <=y, y, —y) <= if(0 <=
X, %, —x) > 0 <= if(0 <= x,x, —x) + —if(0 <=
y,¥, —Y); lemma nonpositiveNumerical >y <= 0> if(0 <=y,y, —y) =

—y; EqNegated > if(0 <=y,y, —y) = —y > —if(0 <=y,y,~y) =

><

— —y; DoubleMinus > — —y = y; eqTransitivity > —if(0 <= Y,¥,—y)=——yb>
——y=y> —if(0 <=y,y, —y) = y; NonnegativeNumerical >0 <= x > if(0 <=

X, %, —x) = x; AddEquations > if(0 <= x,x, —x) = x> —if(0 <=y,y, —y) =y >
1f(0 <=x,x,—x) + —if(0 <=y,y, —y) = x + y;subLeqRight > if(0 <=~

X, X, —X) + —1f(0 <=y,y,—y) =x+y>0<=if(0 <= x,x,—x) + —if(0 <=
y,Y, —y) > 0 <= x + y; NonnegativeNumerical > 0 <= x +y > if(0 <=
X+y,x+y,—x+y) = x+y;eqSymmetry > if(0 <= x+y,x+y,—x+y) =
x—|—y>>x+y—1f(0 <= x4y, x+y, —x+Yy); eqSymmetry > if(0 <= x, x, —x) =
x> x = if(0 <= x,x, —x);subLeqLeft > x +y = if(0 <=

x+y,x+y,1+y) >x+y<=x>if(0 <=x+y,x+y,—x+y) <=

x; subLeqRight > x = if(0 <= x, x, —x) > if(0 <= x + Y, X4y, —x+y) <=x>

if(0 <=x+y,x+y,—x+y) <=if(0 <= x,x, —x)], po, ¢)]

[splitNumericalSum(+ — big) *5" ZFsub - Vx: Vy:0 <=xFy<=0F 4if(0 <=
X%, —x) <=if(0 <=y,y,=y) = 2 5if(0 <= x,x, —x) =if(0 <=y,y,~y) I
1f(0 <=x+y,x+y, —x+y) <=if(0 <=y,y, —y)]

proof

[splitNumericalSum(+ — big) "= Ac.Ax.P([ZFsub - Vx: Vy: 0 <= xFy <=0k
Sif(0 <= x, %, —x) <=if(0 <=y,y, —y) = S Hif(0 <= x,x, —x) = if(0 <=

y,y, —y) F NonnegativeNegated > 0 <= x > —x <=

0; NonpositiveNegated >y <= 0> 0 <= —y; SignNumerical > if(0 <=

x, %X, —x) = if(0 <= —x, —X, — — X); SubLessLeft > if(0 <= x,x, —x) = if(0 <=
—X, =X, — — x) > 2if(0 <= x,x, —x) <=if(0 <=y,y,~y) = 2 Hif(0 <=

x,x, —x) = if(0 <=y,y, —y) > 2if(0 <= —x, —x, — —x) <=if(0 <=y,y,~y) =
S4if(0 <= —x, —x, — — x) = if(0 <=y, y, —y); SignNumerical > if(0 <=
y,y, —y) = if(0 <= —y, —y, — — y); SubLessRight &> if(0 <=y, y, —y) = if(0 <=

-y, =y, — —y) > Sif(0 <= —x, —x, — —x) <=if(0 <=y,y, —y) = = 1if(0 <=
—x, —x, — —x) = if(0 <=y,y, —y) > Sif(0 <= —x, —x, — — x) <= if(0 <=

—y, =y, — —y) = S 5if(0 <= —x, —x, — — x) = if(0 <=

—y, =y, — —y); LessLeq > -if(0 <= —x, —x, — —x) <=if(0 <= —y, -y, — —y) =

S5if(0 <= —x, —x, — —x) = 1f(0 <= -y, -y, — —y) > if(0 <=

—X, =X, — —X) < 1f(0 <= —y, -y, — —y);splitNumericalSum(+ —small) >0 <=
—y D> —x <= 0>if(0 <= —x, —x, — —x) <=if(0 <= =y, =y, — —y) >if(0 <=
—y + =X, —y + =%, — —y + —x) <= if(0 <= —y, —y, — — y); SignNumerical >

1f(0<—x+y,x+y,—x+y) 1f(0<——x—|—y,—x+y,——x+y) —X—y=
—(x+y) > —x+ —y = —x +y; plusCommutativity > —x + —y =
—y + —x; Equality > —x + —y = =X +y D> —x+ -y = =y + x> —x +y =
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—y+—x; SameNumerical>—x+y = —y+-—x > if(0 <= —x+y, —x+y, ——x+y) =
if(0 <= —Y+ =X, =y =X,y - x); eqTransitivity > if(0 <= x+y,x+y, —x+
y) = if(0 <= —x+y,—x+y,——x+y)>1f(0 <= —x—|—y,—x+y,——x+y) =
(0 <= —y+—x,—y+—x, — —y+—x) > if(0 <= x+y,x+y, —x+y) = if(0 <=
—y+—=%X, —y+—%, ——y+—x 7) eqSymmetry>if(0 <= x+y,x+y, —x+y) = if(0 <=
—y+ =%, —y+ =%, ——y+—x) > if(0 <= —y+—x, —y+—x,——y+-x) =if(0 <=
x+y,x+y, —x+y) eqSymmetry > if(0 <= Y,y —y) =if(0 <= —y, —y,——y) >
if(0 <= —y, -y, — —y) = if(0 <=y,y, —y);subLeqLeft > if(0 <= B
—y+ =X =y + =% ——y+—x) =if(0 <=x+y,x+y,—x+y) >if(0 <=
Y+ X -y+—x——y+—x) < 1f(0<77y, —y,— —y) >if(0 <=
X+y,x+y,—x+y) <= = if(0 <= —y, —y, — y);subLeqRight > if(0 <=
—y,—y,— —y) =if(0 <=y,y, —y) > if(0 <—x—|—y,x+y,—x+y) <=if(0 <=
=¥, =Y, — —y) > if(0 <=x+y,x+y, —x+y) <=if(0 <=y,y, ~y)], po, )]

stmt

[splitNumericalSum(+—) "= ZFsub F Vx: Vy: 0 <= xFy <=0 I if(0 <=
x+y,x+y,—x+y) <=if(0 <= x,x, —x) —|—1f(0 <=vY,Y,-Y)]

proof

[splitNumericalSum(+—) "— Ac.Ax.P([ZFsub F ¥x: Vy:if(0 <=vy,y, —y) <=
if(0 <= x,x, —x) F 0 <= x - y <= 0 I splitNumericalSum(+ — small) > 0 <=
x>y <= 0>1f(0 <=y,y,—y) <=if(0 <—§,§,—§) > if(0 <=

x+y,x+y, —x+y) <=if(0 <= x,x, —x); 0 <= [x| > 0 <= if(0 <=

Yy, ¥, —Y); LeqAdditionLeft > 0 <= if(0 <=y,y, —y) > if(0 <= x,x, —x) +0 <=
if(0 <= x,x, —x) +if(0 <=y, y, —y); plus0 > if(0 <= x,x, —x) + 0 = if(0 <=

X, X, —x); subLeqLeft &> if(0 <= x,x, —x) + 0 = if(0 <= x,x, —x) > if(0 <=

X, %, —x) + 0 <= if(0 <= x,x, —x) +if(0 <=y,y, —y) > if(0 <= x,x, —x) <=
if(0 <= x,x, —x) + if(0 <=V, y, —y); leqTransitivity &> if(0 <=
x+y,x+y,7x+y) <=if(0 <= x,x, —x) > if(0 <= x, x, —x) <= if(0 <=
XX_X)+1f(O< yyv )>>1f(0<_x+yax+y7_x+y) _lf(0<_

X, x, —x) +if(0 <=y,y, —y); Vx: Vy: 7if(0 <=y,y, —y) <=if(0 <= x,x, —x)
0 <=xFy<=0F ToLess > ~if(0 <= Y, Ys y) = if(0 <= x,x, —x) >

Sif(0 <= x,x, —x) <=if(0 <=y,y, —y) = S~ 5if(0 <= x,x, —x) = if(0 <=

y,¥, —y); splitNumericalSum(+ — big) > 0 <= x>y <= 0> if(0 <=

x,x, —x) <=1if(0 <=y,y, —y) = 7 (0 <= x,x, —x) = if(0 <=y,y, —y) >
if(0 <=x+4y,x+y,—x+y) <=if(0 <=vy,y,—y);0 <= x| > 0 <=1if(0 <=
x,x, —x); leqAddition > 0 <= if(0 <= x,x, —x) > 0 +if(0 <=y,y, —y) <=

if(0 <= x,x, —x) +if(0 <=y, y, —y); plusOLeft > 04if(0 <=y,y, —y) = if(0 <=
y,y, —y);subLeqLeft > 0 +if(0 <=y,y, —y) = if(0 <=y,y, —y) > 0 +if(0 <=

Y.y, —y) <=1if(0 <= x,x, —x) +if(0 <=y, y, —y) > if(0 <=y,y, —y) <=
if(0 <= x,x, —x) +if(0 <=y, y, —y); leqTransitivity > if(0 <= B
X+y,x+y,—x+y) <=if(0 <=y,y,—y) > if(0 <=y,y, —y) <=if(0 <=
x,x, —x) +if(0 <=y,y,—y) > if(0 <= x+y,x+y,—x+y) <=if(0 <=
x,x, —x) +if(0 <=y, y, —y); Vx: Vy: Ded 1> Vx: Vy: if (0 <=y, y, —y) <=if(0 <=
e x)F0<=xky<=0Fif(0 <=x+y,x+y,—x+y) <=if(0 <=
gx x) +if(0 <=vy,y,—y) > if(0 <=y,y, —y) <=if(0 <=x,x,—x) = 0 <=
x=y<=0=if(0 <=x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <=
y,y, —y); Ded > Vx: Vy: 1if(0 <=y, y, —y) <=if(0 <=x,x,—x) F 0 <=xF
y<=0Fif(0 <= x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <=
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Y, ¥, —y) > 2if(0 <=vy,y,—y) <=if(0 <= x,x,~x) == 0<=x=>y <=0=
if(0 <=x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <=y,y, —y);0 <= x I
y <= 0 FromNegations > if(0 <=y, y, —y) <= if(0 <= x,x, —x) = 0 <= x =
y< 0= if(0 <= x+y,x+y, —x+y) <=if(0 <= x,x, —x) + if(0 <=

Y.y, —y) > Sif(0 <=y,y,—y) <=if(0 <= x,x,—x) = 0<=x=>y <=0=
if(0 <=x+y,x+y, —x+y) <=if(0 <= x,x, —x) +if(0 <=y,y,—-y) > 0 <=
x=y<=0=if(0 <=x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <=
Y,¥,—Y);iMP2>0 <=x=y<=0=if(0 <= x+y,x+y,—x+y) <=if(0 <=
x,x, —x) +if(0 <=y,y,—y) >0 <= x>y <= 0> if(0 <=

X+y,x+y, —x+y) <=if(0 <= x,x, —x) +if(0 <=y,y, ~y)],po, )]
splitNumericalSum(—+) "' ZFsub F Vx: Vy: x <= 0 F 0 <=y I if(0 <=
x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <=y,y, —y)]

[splitNumericalSum (— ACAXP([ZFsub - Vx:Vy:x <=0F 0 <=y F
NonpositiveNegated > x <= 0> 0 <= —x; NonnegativeNegated > 0 <=y >
—y <= 0;splitNumericalSum(+—) > 0 <= —x > —y <= 0 > if(0 <=
—X+ -y, —x+ —y,— —x+ —y) <= if(0 <= —x, —x, — — x) + if(0 <=

—Y, =Y, — — y); SplitNumericalSumHelper > if(0 <= —x+ —y, —x+ —y, — —x +
—y) <= 1f(0 <= —x,—x%,— —x) +if(0 <= —y,—y,— —y) >if(0 <=
x+y,x+y,—x—+y) <=if(0 <= x,x, —x) + if(0 <=y, y, —y)],po. )]

[splitNumericalSum I ZFsub F Vx: Yy if(0 <= x+y,x+y, —x+y) <=
if(0 <= x,x, —x) +if(0 <=y, y, —y)]

f
[ proo

splitNumericalSum "—" Ac.Ax.P([ZFsub F ¥x:Vy: 0 <=xF 0 <=y
splitNumericalSum(++) > 0 <= x>0 <=y > if(0 <= x+y,x+y, —x+y) <=
if(0 <= x,x, —x) +if(0 <=y,y,—y);¥x:Vy:0 <=xFy<=0F
splitNumericalSum(+—) >0 <= x>y <= 0> if(0 <= x+y,x+y,—x+y) <=
(0 <= x,x, —x) +if(0 <=y,y, —y);Vx:Vy:x <= 0F 0 <=y I
splitNumericalSum(—+) >x <= 0> 0 <= y > if(0 <—x—|—y,x+y,—x+y)
if(0 <= x,x, —x) +if(0 <=y,y, —y); ¥x:Vy:x <=0Fy <=0
splitNumericalSum(——) >x <= 0>y <= 0> if(0 <= x+y,x+y, —x+y) <=
if(0 <= x,x, —x) +if(0 <=y,y, —y); Vx: ¥y: Ded > ¥x: Vy: 0 <= xF 0 <=y F
if(0 <=x+y,x+y, —x+y) <=if(0 <= x,x, —x) +if(0 <=y,y, — y) >0 <=
x=0<=y=if(0 <=x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <=
A )DedDVxVyO<—xl—y< 0Fif(0 <=x+y,x+y, —x+y) <=
if(0 <=x,x,—x) +if(0 <=y,y,—y) >0 <=x=y <= 0= if(0 <=

X4y, x+y, —x+y) <= if(0 <= x,x, —x)+if(0 <=y, y, —y); Ded>Vx: Vy:x <=0 F-
0 <=y Fif(0 <= x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <=y,y, —-y) >
x<=0=0<=y=if(0 <= x+y,x+y, —x+y) <= if(0 <= x,x, —x) +if(0 <=
Y, Y, —y); Ded>Vx: Vy:x <= 0Fy <=0 F if(0 <= x+y,x+y, —x+y) <=if(0 <=
X%, —x) +if(0 <=y,y,—y) >x<=0=y <=0=if(0 <= x+y,x+y,—x+
y) <=if(0 <= x,x, —x) +if(0 <=y,y, —y); FromLeqGeq > 0 <=x = 0 <=y =
if(0 <= x+y,x+y, —x+y) <=if(0 <=x,x,—x) +if(0 <=y,y, —y) >x <=
0=>0<=y=if(0 <=x+y,x+y, —x+y) <=if(0 <= x,x, —x) +if(0 <=

Y, ¥, —y) > 0 <=y =if(0 <= x+y,x+y, —x+y) <=if(0 <= x,x, —x) +if(0 <=
y,Y, —y); FromLeqGeq > 0 <=x =y <= 0 = if(0 <= x+y,x +y,—x+y) <=

f
) proo
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if(0 <= x,x, —x) +if(0 <=y,y,~y) > x<=0=y <=0=if(0 <=

x4y, x+y, —x+y) <= if(0 <= x,x, —x) +if(0 <=y,y, —y) >y <=0=if(0 <=
x4y, x+y, —x+y) <= if(0 <= x,x, —x) +if(0 <=y, y, —y); FromLeqGeq>0 <=
y = if(0 <= x+y,x+y, —x+y) <=if(0 <= x,x, —x) +if(0 <=y,y, —y) >y <=
0=i(0 <=x+y,x+y, —x+y) <=if(0 <=x,x, —x) +if(0 <=y,y, —y) >
if(0 <= x+y,x+y, —x+y) <=if(0 <= x,x, )+1f(0 <=y,¥,—Yy)],Po,¢)]

[insertMiddleTerm(Numerical) % ZFsub b Vx: Vy: Vz:if(0 <=
x+y, x+y, —x+y) <= if(0 <= x+—2z,x+—z, —x+-2)+if(0 <= z+y, z+y, —z+y)]

proof

[insertMiddleTerm(Numerical) “— Ac.\x.P([ZFsub F
Vx: Vy: Vz: splitNumericalSum > if(0 <= x+ -z+z+y,x+-z+z+y,—x+
—z+z+y) <=if(0 <=x+ -z, x+ —z,—x + —z) + if(0 <=
z+y,z+y,—z+Y); 1nsertM1ddleTerm(Sum) >x+y=
x+—z+z+y; SameNumerical>x+y = x+—z+z+y > i7f(0 <= x+y, xty, —x+y) =
if(0 <=x+-z+z+y,x+—-z+z+y,—x+—z+z+y);eqSymmetry > if(0 <=
x+y,x+y,—x+y) =if(0 <=x+—-z+z+y,x+-z+z+y,—x+-z+z+y)>
if(0 <= x+-z+z+y,x+-z+z+y, —x+— z+z+y) = if(0 <= x+y,x+y, —x+
y);subLeqLeft > if(0 <= x+—z+z+y,x+—z+z+y, —x—|——z+z—|—y) if(0 <=
X+y,x+y, —x+y)>if(0 <= x+—z+z+y,x+—-z+z+y, —x+—-z+z+y) <=
if(0 <= x+—2z,x+—2z, —x+—2) +if(0 <= z+y,z+y, —z+y) > if(0 <= x+y,x+
Y, —x+y) < 1f(0< x+—z,x+—z, —x+—2)+if(0 <= z+y,z+y, —z+y)], Po, ¢)]
(ot REGNESTYKKER ok - B
[x +y = zBackwards W 7Fsub - Vx: Wy Vzix +y =z z=y + X]

[x + v = zBackwards "% e Ax.P([ZFsub b Vx: Vy: Vz: x + y
plusCommutativity > x +y =y + x; Equality > x+y=2z>z

[x x y = zBackwards St 7 Fsub - Vx:Vy:Vzixxy =z z=y*x]

[x * y = zBackwards PO NCAX. P([ZFsub F Vx: Vy: Vz:

* =
tlmesCommutatwlty > x*xy =y*x; Equality >x*y =z >z =y x|, po, )]

x=x+(y—y) = ZFsub}—Vx.VX.§:§+X+—X}

X =x+ (v — y) "% Ac A P([ZFsub F ¥x: Vy: plusd > x + 0 = x; Negative >
y + —y = 0;eqSymmetry >y + -y =0> 0=
y + —y;lemma eqAdditionLeft >0 =y + -y > x+0 =

x+y+ —y;Equality >x +0=x>x+0=x+y+ -y >x=x+y+ —y],po, )]

[x:x#—y—y“mt ZFbubl—Vg.Vx.gzx—l-z-F—x]

K=x+y—y " A AP([ZFsub b Vx: Vy: x = x + (y — y) > x =

x+y+—y; plusAssociativity > x+y+—y = x+y+—y;eqSymmetry>x+y+—y =
X+y+—y>x+y+—y=x+y+ —y;eqTransitivity > x =

X+y+-—y>x+y+-y=x+y+-y>x=x+y+—yl|,po,c)]
tmt
[s

ZFsub |- ¥x: Vy: 5y = 0 - x = x * y * recy]

[Proof A Ax.P([ZFsub F Vx: Vy: 7y = 0 |- timesl > x * 1 = x; Reciprocal > -y =

0>y *recy = 1; Three2threeFactors > y * recy = 1 > x x y * recy =
x* 13 eqTran51t1v1tyl>x>f<y>|<recy*x* I>x*1=x>x*yx*recy =
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x; eqSymmetry [> X * y * recy = X 3> X = X * Yy * recy |, Po, )]

[insertMiddleTerm(Sum) S 7 Rsub - Vx:Vy:Vzix +y =x+—-z+z+Y]
proof

[insertMiddleTerm(Sum) "— Ac.Ax.P([ZFsub - Vx:Vy:Vz:x = x+y—y >
x + z+ —z; Three2threeTerms > x+z+ —z=x+ —z+ z; eqTransitivity >
x+z+—-zbx+z+—-z=x+-2z+2z2>x=x+—z+z;eqAddition > x =
x+—z+z>x+y=x+ —z+z+ y;plusAssociativity > x+ —z+z+y=
x4+ —z+4 z+ y;eqTransitivity > x +y =x+ —z+z+yD>x+ —z+z+y =
x+-z+z+y>x+y=x+-z+z+y] po,c)

[insertMiddleTerm (Difference) St 7 Fsub - Vx:Vy:Vzix+ —y =x+z+ —

proo:

[insertMiddleTerm(Difference) ropf AcAx.P([ZFsub F

Vx: Vy: Vz: insertMiddleTerm (Sum) > x + —y =

x+——z+—z+ —y; DoubleMinus > — —z = z;lemma eqAdditionLeft> — —z =
2> x4+ ——z=x+ z; plusCommutativity > —z+ -y = -y + —z; —x —y =
—(x4y)>» —y+—z=—y+z;eqTransitivity > —z+ —y=—y+—z>-y+-z=
—y+z> —z+—y=—y+z AddEquations > x+ — —z=x+z> —z+ —y =
—y+2Z > x+——z+-z+—y = x+z+—y+z eqTransitivity > x+—y = x+——z+
—z+-ybx+——z+-z+-y=x+z+-y+z>>x+-y=x+z+-y+z],po,c)]
X*O—l—x:xSt—n}tZFsubl—Vg:g*O—i—g:g]

[
[xx0+x =x propf AcAX.P([ZFsub I Vx: timesl > x*1 = x; eqSymmetry>x*1 =

x> x = x * 1;lemma eqAdditionLeft >x =x%x 1> x*0+x =

x % 0+ x * 1; Distribution > x* 0+ 1 =x% 0+ x* 1;eqSymmetry >x*x 0+ 1 =
x*0+xx1>x*x0+x*x1=x*0+ 1;plusOLeft > 0+1 =

1; EqMultiplicationLeft>04+1 = 1 >> x*0+1 = x*1; eqTransitivity5>x*0+x =
xk0+xk1>xx04+xx1 = xx0+1>xx0+1 = xx1>xx1 = x > x*0+x = x|, po, )]
x %0 = 02" ZFsub I Vx: x % 0 = 0]

proof

xx0=0"— AcAP([ZFsubFVxix=x+(y—y) > x*0=

x 0 4+ x + —x; plusAssociativity > x*0+x + —x =

x* 04+ x+ —x;eqSymmetry >x*x0+x+ —x =x*%0+x+ —x>x*x0+x+ —x=
xk04x+—x; xx0+x = x > x*x0+x = x; eqAddition>x*0+x = x > x*x0+x+—
x+—x; Negative > x+—x = 0; eqTransitivityb>x*0 = x*x04-x+—x>xx0+x+—
x#0+x+—x>x*x0+x+—-x=x+-—-x>x+-—x=0>x%0=0],po, )]

stmt

(D) * (=) 4+ (-1)*x1=0"— ZFsubk —1%x -1+ —1%1=0]

[(—=1) % (1) + (1) # 1 = 0 2" Xe.Ax.P([ZFsub F DistributionOut >
—1x—14—-1%1=—1%—14 1;Negative > 1+ —1 = 0; plusCommutativity >
—1+1=14 —1;eqTransitivity > -1+1=14+-1>14+-1=0> -1+1=
0; EQMultiplicationLeft > —14+1=0> —1x—-14+1=—-1%0;xx0=0>

—1 %0 = 0;eqTransitivityd > -1 -1+ —-1x1=—-1x—-14+1>—-1x—-14+1=
—1%0>—1%0=0> —1x—1+4 —1x1=0],po,c)]

(1) % (=1) = 1 *8" ZFsub F —1 % —1 = 1]

proof

[(-1)*x(=1)=1"= AcMP([ZFsubFx=x4+(y—y) > —-1x -1 =
—1%—141+ —1;timesl > —1%1 = —1;eqSymmetry > —1%1=—-1> —1=
—1x*1;lemma eqAdditionLeft > -1 = —-1%x1> 1+ —-1=

l:
X:

+z]

<

IX

X
X
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1+ —1x%1;lemma eqAdditionLeft>1+—-1=14—-1%1> —-1x—-1+14+—-1=
—1%—1414 —1 % 1;plusCommutativity > 1+ —1%1 =

—1%1+4+1;lemma eqAdditionLeft>14+—1%1 = —1x1+1> —1x—14+1+—1x1 =
—1%x—14 —1x%1+ 1;plusAssociativity > —1x -1+ —1x14+1=
—1x—1+—1%1+1;eqSymmetry>—1x—1+—1x1+1=—1x—14+—-1x14+1>
—1x—14+—-1x14+1=—-1x—-14+—-1x14+1L(-)*(-1)+(-1)x1=0>
—1%x—-14—-1%1=0;eqAddition> -1 -1+ —-1%x1=0>
—1x—14+—-1%141=0+1;plusOLeft > 0+ 1 = 1;eqTransitivityb > —1% -1 =
—1x—1+1+—-1>—-1s—14+14+—-1=—1x—14+14+—-1x1>—-1x—1+1+—-1x1 =
—1x—-14+-1x1+1D>—-1x—1+—-1*x14+1=—-1x—-14+—-1x14+1>
—1%x—1=—-1%x—-1+—1%x1+4 1;eqTransitivityd > —1%x —1 =
—1x—14+—-1%141>—-1%—14+—-1%1+1=04+10+1=1>> —1x—1 = 1], po,¢)]
[0 < 1Helper "' ZFsub F 1 <=0 = 0 <= 1]

proo

[0 < 1Helper %" A\e. M. P([ZFsub F 1 <= 0 F leqAddition > 1 <= 0 >

14+ —1 <= 0+ —1; Negative > 1+—1 = 0;subLeqLeft>1+—-1=0>14+-1 <=
0+ —1>0<=0+ —1;plusOLeft > 0+ —1 = —1;subLeqRight >0+ —1 =
—1>0<=0+—1> 0 <= —1;leqMultiplication> 0 <= —-1>0 <= —-1>
0x—-1<=—-1x—-1;x%x0=0> —1x%0 = 0;timesCommutativity > 0 —1 =
—1 % 0;eqTransitivity > 0% —1 = —-1%x0>—-1x0=0>0x—1 =
0;subLeqLeft > 0% -1 =0>0%x -1 <=—-1%x—-1>0<=

—1x—=1;(-1)*(=1) =1> —1%—1 = 1;subLeqRight > —1x -1 =1p>0 <=
—1%-1>0<=1;Ded>1<=0F0<=1>1<=0=0<=1],pg,0)]

stmt

0<1 = ZFsubF-0<=1= --0=1]

proo

0<1 ropf AcAx.P([ZFsub I leqTotality > 20 <=1=1 <=

0; Autolmply > 0<=1=0<=1;0 < 1Helper > 1 <=0=0<=
1;FromDisjuncts > "0 <=1=1<=000<=1=0<=1>1<=0=0<=
1> 0<=1;0notl > -0 = 1;JoinConjuncts >0 <=1>-0=1> -0 <=
1= +-40=1],po,c)]

stmt

0<2™ 8" ZFsub k20 <=1+1= 550=1+1]

proof

[0 <22 Ae A P([ZFsub -0 < 1> 40 <=1= 550 =

1; LessAddition > ©0 <=1= 250=1>0+1<=1+1=250+1=
1+ 1;plusOLeft > 0+ 1 = 1;SubLessLeft >0+ 1=1>-04+1<=1+1=
S5041=141> 1 <=1+1= 41 = 1+1; LessTransitivity >0 <=1 =
S50 =1p51<=141= 551 =141> 50 <= 1+1 = 550 = 1+1],po, ¢)]
[0 < 1/2°3" ZFsub F 20 <= recl + 1 = -0 = recl + 1]

proof

0<1/2"% Ae M P([ZFsubF0<2> 20<=1+1=540=

1+ 1; FirstConjunct > "0 <=141=--0=14+1>0<=

1+ 1;SecondConjunct > -0<=14+1=--0=14+1> 0=

1+ 1;NeqSymmetry > -0=1+1>-14+1=00<1>»-0<=1=-50=
1;xx0=0>1+1%x0=0;x*xy =zBackwards>14+1%x0=0>0=

0% 14 1;SubLessLeft >0=0%x14+1>50<=1=-2450=1> 20x1+1<=
1=+-50%x14+1=1;Reciprocal>-14+1=0>14+1x*recl+1=1;x*xy=
zBackwards > 1+ 1*recl+1=1>1=recl +1%1+ 1;SubLessRight > 1 =
recl+1x14+1>-0%x1+1<=1=""0x14+1=1>-0x14+1<=
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recl+1%x14+1=--0%x14+1=recl+1x*1+ 1;LessDivision>0 <=
1+41>-0x1+1<=recl+1*x14+1=-""-0x14+1=recl+1x1+1>
40 <=recl +1= -0 =recl + 1], po, ¢)]

stmt

[TwoWholes =" ZFsub - Vx:x +x =1+ 1 xx]

proo

[TwoWholes ropf ACAX.P([ZFsub I Vx: times1l > x x 1 = x; eqSymmetry >> x =
x % 1;lemma eqAdditionLeft > x = x* 1 > x4+ x = x + x * 1;eqAddition > x =
x*1>x+x*%x1=x*x14+xx*1;eqTransitivity > x+x=x+x*x1>x+x*x1 =
x*k14+x%x1>x+x=xx%1-+xx*1;DistributionOut > x*x1+x*x1=

x* 1+ 1;Repetition>x*x 1 +x*x1=xx14+1>xx1+xx1=

x* 1+ 1;timesCommutativity > x* 1+ 1 = 1 + 1 * x; eqTransitivity4d > x + x =
x#l+xxl>xxl4+xxl =xx14+1>xx1+1=141%x> x+x=1+1xx],po, )]

tmt

[TwoHalves 3" ZFsub F Vx: recl + 1 % x 4 recl + 1 % x = x|

proo

[TwoHalves "% Ac Ax.P([ZFsub - Vx:0 < 2> 20 <=1+ 1= 540 =

1+ 1;LessNeq>-0<=14+1=--0=14+1>-0=

1+ 1; NeqSymmetry > -0 =14+ 1> -1+ 1 = 0; TwoWholes >

recl + 1xx+recl +1xx =14 1x*recl + 1 * x; timesAssociativity >

1+ 1xrecl+1xx=1+4+1%recl +1+*x;eqSymmetry>1+1xrecl+1xx=
1+1xrecl+1xx > 14+ 1*recl+1xx = 1+ 1*recl+1xx; Reciprocals>-1+1 =0 >
1+ 1xrecl+1 = 1;eqMultiplicationt>1+1%recl+1=1>> 14 1%recl+1xx =
1 % x; times1Left > 1 % x = x; eqTransitivitys > recl + 1 xx +recl + 1 xx =
1+1*recl4+1xx>14+1xrecl+1xx=14+1*xrecl+1xx>1+1%recl+1*xx=
Txx>1xx=x>recl +1*x+recl +1*x=x],po,c)]

[Times(—1) "5 ZFsub b Vx: x * —1 = —x][Times(—1) P Rule tactic]
proof

[Times(—1) "= Ac.Ax.P([ZFsub F Vx: Negative > 1+ —1 =

0; plusCommutativity > —1 4+ 1 =1 + —1;eqTransitivity > -1+ 1 =
1+-1>14-1=0> -1+ 1= 0; EQMultiplicationLeft > -1 4+1=0>
xk—14+1=x%x0;x%x0=0>x+0=0;eqTransitivity >x*x -1+ 1 =
x*0>x*x0=0>x*—1+4 1= 0;Distribution > x*x -1+ 1 =

xx —14+x*1;eqSymmetry >x* —1+1=x*—1+x*x1>x*x—1+x*x1=
xx—141;eqTransitivity>xx—14x+x1 = xx—1+1D>xx—14+1 = 0 > xx—1+xx*x1 =
0; PositiveToRight(Eq) > x* —1 +x% 1 = 0> x* —1 = 0 + —x * 1; plusOLeft >
0+ —x*x1=—xx1;eqTransitivity > x* -1 =04+ —x*x 1 >0+ —x*x 1 =

—x* 1> x*—1=—xx*1;times] > x*x1 = x; EqNegated > x*x1 =x> —x*x1 =
—x;eqTransitivity > x % =1 = —x* 1> —x % 1 = —x > x * —1 = —x], po, ¢)]

[Times(—1)Left U ZFsub b Vx: —1 % x = —X]
proof

[Times(—1)Left "—" Ac.Ax.P([ZFsub F Vx: Times(—1) > x* —1 =
—x; timesCommutativity > —1 % x = x * —1; eqTransitivity > —1 x x =
x* —1D>x*—1=—x>—1%x=—x],po,C)]

stmt

[x—y=—(x+y) — ZFsubk Vx:Vy: =x + —y = —x +]
proof

[x—y=—(x+y) — AcAP([ZFsub I Vx: Vy: Times(—1)Left > —1xx =

—x; Times(—1)Left > —1xy = —y; AddEquations> —1%x = —x>—1%y = —y >
—lxx+—1xy = —x+—y;eqSymmetry > —1 xx+ —1 %y = —x+—y > —x+—y =
—1#x+ —1xy; DistributionOut > —1xx+—1xy = —1*x+y; Times(—1)Left >
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—lxx+y = —x+y;eqTransitivityd > —x+ —y = —1sx+—1*y> —1*x+—1xy =
—lxx+y>—lsx+y=-x+y>—x+—y=-x+y],po,c)]
[MinusNegated S 7 Fsub F Vx: Vy: —x+ -y =y + —X

[MinusNegated "= % A Ax.P P([ZFsub F Vx: ¥y: DoubleMinus > — —y =
y;eqAddition > — —y =y > — —y + —x =y + —x;eqSymmetry > — —y + —x =
Y+ —xXx>y+—x=——y+-x-—X—y=—(x+y)>—-—y+-—x=

— —y + x; plusCommutativity > —y + x = x + —y; EqNegated > —y + x =
X+ =y > — —y+x=—x+ —y;eqTransitivityd >y + —x =

——yF+ XD ——y+X=——y+XD> - —yFX= X+ YDyt —x=
—x + —y;eqSymmetry >y + —x = —x+ —y > —x+ —y =y + —x|, o, ¢)]

[—0 = 08" ZFsub - —0 = 0]

[0 = 0 "% Ac.Ax.P([ZFsub - Negative > 0 + —0 = 0; plus0 > 0 + 0 =
0; UniqueNegative >0+ —0=0>04+0=0> —0 = 0], po, ¢)]
(*** LEQ, nummer 2 af 2 ***)

stmt

[negativeToLeft(Leq) — ZFsub - Vx:Vy:Vzix <=y + —zk x+z <=y]

proof

[negativeToLeft(Leq) "— Ac.Ax.P([ZFsub - Vx:Vy:Vz:x <=y + —z
leqAddition > x <=y + -z>x+z<=y+ -z+zxX=xX+y—y>y=

y +z+ —z; Three2threeTerms >y +z + —z = y + —z + z; eqTransitivity >y =
yt+z+-—zbytz+-z=y+-z+z>y=y+ z+zeqSymmetry>y—
y+—-z+z>y+-z+z=y;subLeqRight >y +-z+z=yb>x+z<=
y+-z+z>x+z<=y],po,c)|

(¥0% SAME-F *%%)

[SFsymmetry *5" ZFsub - V(e): Vm: V(fx): V(fy): S

F((x)
[SFsymmetry progf AcAx.P([ZFsub - V(e): Vm: V(fx): ( y
S0<=(e) = -0=(e)Fcgx <=mF FromSFl>S
(€) = =50 =(€) > cpx <=m = 4if(0 <=
(Bx)[m] + —(fy)[m], (£x)[m] + —(fy) [m], — (fx) [m] + —(fy)[m])
=0 <= (56)m] T —(fy) ), () ] + —(By)[im], — ) m)
€); MP > cpx <=m = —if(0 <=
£x)[m]+—(fy) [m], (fx)[m]+—(fy)[m], — (fX)[mH (fy)[m]) <= (€) = ==if(0 <=

(ix)[m] + —(fy)[m ]@[ m] + —
m > 5if(0 <= (fx)[m] + —(fy
(e) = - ~if(0 <= (fx) m

€); NumericalDiffer

—~

(£)[m] + —(fy)[m }(fime*(fi[m]fLX)[me@[m):if(O <=
@[m]—&——@[m],@[m]—i——@[m], —Q[ﬁ]—&——@[m]) SubLessLeft>if(0 <=
(£x) [m] + —(fy)[m], (fx)[m] + —(fy)[m], — (fx) [m] + —(fy)[m]) = if(0 <=

(fy)[m] + —(E9)[m], (fy)[m] + — (&) [m], —(fy) [m] + —(fx)[m]) > = if(0 <=

() [m] + —(fy)[m], (fx)[m] + —(fy)[m], — (fx) [m] + —(fy)[m]) <= (¢) =

= 5if(0 <= (fx)[m] + —(fy)[m], (fx)[m] + —(fy) [m], — (fx) [m] + — (fy)[m]) = (¢) >
Sif(0 <= (fy)[m] + —(£x)[m], (fy)[m] + —(£x)[m], — (fy) [m] + —(fx)[m]) <= (¢) =
S 5if(0 <= (fy)[m] + —(fx)[m], (fy)[m] + —(fx)[m], — (fy)[m] + —(fx)[m]



(e)
(fy)[m] +
—\ﬂlf(o <
(€) > SF((fx)
(fy)[m] +
S5if(0 <
(0); SF (), (1)

m = —1if(0
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m) "2 7 m m
Sym) %" A x. 79(( ZFsub - ¥m: V(fx) (fy): PlusF > (£x) + (fy)[m] =
m]; eqSymmetry > (fx) +¢ (fy)[m] = (fx)[m] + (£

m] = (fx) +¢ (fy)[m]], po,c)]
"5 ZFsub - Vm: V(£x): V(fy): (£x)[m] = (fy)[m] = (£x) *¢ (fy)[m]]

proof

— A AX.P([ZFsub - Vm: V(fx): V(fy): TimesF >
(£x) *¢ (fy)[m] = (£x)[m] = (fy) [m]; eqSymmetry &> (fx) ¢ (fy)[m] =

() [m] (fY)[ ] > () [m] * (fy)[m] = (£x) #¢ (fy)[m]], po, )]

[PlusOf *2" ZFsub - Vm: V(fx): (fx) + Of =¢ (fx)]

[Plus0f ™% Ac Ax.P([ZFsub F Vm: V(fx): PlusF > (£x) +¢ 0f[m] = (£x)[m] +
0f[m]; Of > 0f[m] = 0;lemma eqAdditionLeft > Ofm] = 0 >> (fx)[m] + 0f[m] =
(fx)[m] + 0; plus0 > (fx)[ ] + 0 = (fx)[m]; eqTransitivity4 > (fx) +¢ 0f[m] =
(£x)[m] + 0f[m] & (fx)[m] + 0f[m] = (fx)[m] + 0 &> (£x)[m] + 0 = (fx)[m] >
(£x)+¢0f[m] = (fx)[m]; To = 1> (fx) +¢0f[m] = (fx)[m] > (£x)+;0f =¢ (£x)], po, c)]
[SFtransitivity " ZFsub b Vm: ¥(e): V(£x): ¥(fy): ¥(f2): SF((£x), (fy))

SF((fy), (fz) ))FSF(( x), (2))]

[SFtransitivity "= "ie. M. P([ZFsub +

Vm: V(e): V(fx): V(fy): V(f2): SF((fx), (fy)) - SF((fy), (f2)) F 0 <= () =

440 = (€) F cgx <= m F PositiveHalved > -0 <= (¢) = 550 =

50 <=recl +1% () = =50 = recl + 1 % (¢); FromSF > SF((fx), (fy)) > -0 <=

rec1+1*():>ﬁﬁ0—recl+1*()>>cg <=m = Hif(0 <=

() [m] + —(Ey) [m], (x)[m] + —(fy) [m], - (£x)[m] + —(fy)[m]) <=recl +1x () =

= 2if(0 <= (fx)[m] + —(fy) [m], () [m] + —(fy)[m], — (&) [m] + —(fy)[m]) =
recl + 1% (€); MP > cgy <=m = Sif(0 <=
(£x)[m] + — (fy) [m], (£x)[m] + — (fy)[m], —(fx)[m] + —(fy)[m]) <= recl + 1 (¢) =

[ [m
S 7if(0 <= (Bx)[m] + — (fy)[m], () [m] + —(fy)[m], —(Ex) [m] + —(fy)[m]) =



+ —(fy)[m]) <=recl + 1% (¢) =

Ei
E)
_|_
|
2l
B
|
G
B

=230 <= (5) m] T —(fy) [m], (B0)[m] + —(fy){m], — () [m)] + —(fy)[m]) =
recl + 1 * (¢); FromSF > SF((fy), (fz)) > =0 <=recl + 1 (¢) = -0 =

recl + 1% (€) > cpx <=m = Sif(0 <= o

(fy)[m] + —(fz)[m], (fy) [m] + —(fz)[m], - (fy)[m] + —(fz)[m]) <=recl +1x (¢) =
=25(0 <= (1) m] + —(12)[m], () m] + —(f2) ], ~(0) m] + —(12)[m]) =

recl + 1% (e); MP > cpy <= m = —if(0 <=

(fy)m] + —(E2) )], () ] + — ()], — By o] + —(£2) m]) <= recl + 1 % (¢) =
=4(0 <= (y){m] + () [m], (&) m] -+ —(E2)[m], —(Fy)[m] + — () [m]) =

recl + 1% (e) > cpx <=m > Sif(0 <=

(fy)[m] + —(fz)[m], (fy)[m] + —(fz)[m], — (fy) [m] + —(fz)[m]) <=recl + 1 * (¢) =
S =if(0 <= (fy)[m] + —(fz)[m], (fy)[m] + —(fz)[m], —(fy)[m] + —(fz)[m]) =

recl + 1 % (¢); AddEquations(Less) > - if(0 <=

(fx)[m] + —(fy)[m], (£x)[m] + —(fy) [m], — (£x)[m] + —(fy)[m]) <=recl + 1% (¢) =
= 5if(0 <= (fx)[m] + —(fy)[m], (&) [m] + —(fy)[m], —(£x)[m] + —(fy)[m]) =

recl + 1« () > =if(0 <= (fy)[m] + —(fz)[m], (fy)[m] + — (fz)[m], — (fy)[m] +
—(fz)[m]) <= recl + 1% (¢) = = ~if(0 <=

(fy)[m] + —(fz)[m], (fy)[m] + —(fz)[m], — (fy)[m] + —(fz)[m]) = recl + 1 * (€) >
=if(0 <= (&) [m] + —(fy) [m], (£x)[m] + —(fy) [m], — (£) [m] + —(fy)[m]) +if(0 <=
(fy)[m] + —(fz)[m], (fy)|m] 4+ —(fz)[m], —(fy)[m] + —(fz)[m]) <=

recl + 1 (e) +recl + 1% (¢) = S 4if(0 <=

(£x)[m] + —(fy)[m], (x)[m] + —(fy) [m], — (x) [m] + —(fy)[m]) + if(0 <=

(fy)[m] + —(fz)[m], (fy) [m] + —(fz)[m], — (fy)[m] + —(fz)[m]) =

recl + 1% (¢) + recl 4+ 1 * (€); TwoHalves > recl + 1  (¢) + recl + 1 % (¢) =

(€); SubLessRight > recl + 1 * (€) + recl + 1 x (¢) = (¢) > 4if(0 <=
(fx)[m] + —(fy)[m], (fx)[m] + —(fy) [m], — (£x)[m] + —(fy)[m]) + if(0 <=

(fy)[m] + —(fz)[m], (fy) [m] + —(fz)[m], — (fy)[m] + —(fz)[m]) <=

recl + 1 (€) + recl + 1 (¢) = - if(0 <=

(£x)[m] + —(fy) [m], (fx)[m] + —(fy)[m], — (fx)[m] + —(fy)[m]) + if(0 <= (fy)[m] +
—(fz)[m], (fy)[m]+—(fz)[m], — (fy)[m] + —(fz)[m]) = rec1+1x(€) +recl+1x(e) >
=if(0 <= (fx)[m] + —(fy) [m], (x)[m] + —(fy)[m], — (x)[m] + —(fy)[m]) +if(0 <=
(ty)[m] + —(f2)[m], (fy)[m] + —(fz)[m], —(fy)[m] + —(fz)[m]) <= (¢) =

S 5if(0 <= (fx)[m]+—(fy) [m], (&) [m] + —(fy) [m], —(fx) [m] +— (fy) [m]) +if(0 <=
(fy)[m] + —(fz)[m], (fy) [m] + —(fz)[m], — (fy)[m] + —(fz)[m]) =

€); insertMiddleTerm(Numerical) > if(0 <=
(Ix)[m] + —(fz)[m], (£x)[m] 4+ —(fz)[m], —(fx)[m] + —(fz)[m]) <= if(0 <=
() [m] + —(fy) [m], () [m] + —(fy)[m], —(x)[m] + —(fy)[m]) + if(0 <= (fy)[m] +
—(fz)[m], (fy)[m] + — (fz)[m], — (fy) [m] + —(fz) [m]); leqLess Transitivity o> if(0 <=
(£x)[m] + —(fz)[m], (fx)[m] + —(fz)[m], — (£x)[m] + —(fz)[m]) <= if(0 <=
(ix)[m] + —(fy)[m], (£x)[m] + —(fy)[m], —(£x) [m] + —(fy)[m]) + if(0 <=
{)[m] + — () [m], (&)[m] -+ —(E)]m], —(Ey)[m] + —(E2)[m]) &> ~if(0 <=
{B9[m] + — ()], ([)[m] + — ()[m], — () [m] + —(Fy) [m]) + (0 <=
(ty)[m] + —(f2)[m], (fy)[m] + —(fz)[m], —(fy)[m] + —(fz)[m]) <= (¢) =

2 58(0 <= (Bo)m]+ — (1) m]. (55) m] + — ()], ~(Bo)m] + — (1) m]) + £(0 <=
(fy)lim] + — (E2)[m), (fy) ] + — (F2) ], — ()] + —(E2) ) = (&) > ~if(0 <—

\]
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2R(Plus) "— Ac.Ax.P([ZFsub b V(fx): V(fy): V(fz): V(fv): Vvar fv: SF((fx) +¢
,(f2)) F (fv) € R((fx) +¢ (fy)) F var fv € R((fz)) F FromInR > (fv) €

i (fy)) > SF((fv), (fx) +¢ (fy)); FromInR > var fv € R((fz)) >

(fz)); SFsymmetry > SF (var fv, (fz))

, (f2));
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[f2R(Times) "% Ae Ax.P([ZFsub b V(£x): V(fy): V(f2): SF((fx)
To == >SF((fx) #¢ (fy), (f2)) > R((&) #r (y)) == R(({2)); TimesR >
R((fx)) = *R((fy)) == R((fx) =

e (fy)) &> R((&) *¢ (fy)

f2))1, o, )]
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[PlusR(Sym) “" ZFsub - V(£x): V(fy): R((£x) +

(fx)

[PlusR(Sym) 2" Ac.Ax.P([ZFsub F ¥(fx):
R((fx) + (fy)); == Symmetry > R((fX)Tf
R((E) +¢ (fy)) == R((x) +¢ (£y))] po, ©)]

e (fy)) == R((fx) +¢ (fy))]

)+ (
(7PlusR>>R(( X) 41 (fy)) ==
(fy)) == R((fx) +¢ (fy)) >

[TimesR(Sym) "' ZFsub - V(fx): ( (fy): R((fx) *¢ (fy)) == R((£x)) * +R((fy))]
[TimesR(Sym) PO A Ax. P(]ZFsub  V(fx): V(fy): TimesR >
R((fx)) * *R((fy)) == R((fx) *¢ (fy)); = =Symmetry > R((fx)) * «R((fy)) ==

R((fx) # (fy)) > R((fx) ¢ (fy)) == R((fx)) * *R((£y))]. po, ¢)]
(Y LEQR R ***)
[

eqLeq(R) M ZFsub V(rx):V(ry): (1x) == (ry) F = (rx) << (vy) = (rx) ==

ACAX. P([ZFsub F V(rx): V(ry)' (rx) == ( y) F WeakenOrl >

rX) == (ry) > = (rx) << (ry) = (rx) == (ry) (rx)

rx) == (ry) > = (1x) << (1y) = (1x) == (Y )1.Do,)]

hirdGeqSeries I ZFsub +

'm: V(e): (fx) v fy) V(fz) V(fv) V( x):¥(ry): ¥(rz): V(ru): (rx) << (ry) -
u <

§(ﬁ

=

—| N

:ﬁﬁo—()l—cEx< m}— (fx)[m] <= (fy)[m] + =(e) = = (f2)[m)]

fV)[m] +—(¢)]

hirdGeqSeries "> " Aex. P([ZFsub
'm: V(€): V(fx): V(fy): V(fz): V(v): V(rx): ¥(ry): V(rz): V(ru): (rx) << (ry) -

‘A,.\

—~

H

<r—1
3

) << () F (fx) € (rx) F (fy) € (ry) = (fz) € (rz) - (fv) € (ru) =50 <=

() = 270 =(¢) F cpx <= mF From << XX > (rx) << (1y) &> (fx) €

rx) &> (fy) € (ty) > -0 <= (¢) = =50 = (¢) > apx m
); From << XX > (1z) << (ru) > (fz) € (rz) > (fv) €

—~
=
N

(fy)[m] + —(¢) (fz) € (rz)
r7u)>%0<:(e):>—ﬁ0—()>>aEx fmﬁfiz)[m]<:
i)[m]—i— Q ExistIntro @ by @ agx > agx <:m:>f7z)[m <=

i) [m] + —(€) > bpx <=m = (fz)[m] <= (fv)[m] + —(¢); thirdGeq >

Dapy <= Cpx = T bpy <= cgy; FirstConjunct > S apy <= Cpx = S bpyx <=
CEx > apx <= Cpx;leqTransitivity > agx <= Cpx > Cgx <=M > apx <=

m; MP > agy <= m = (fx)[m] <= (fy)[m] + —(€) > apx <=m > (fx)[m] <=
(fy)[m] + —(¢€); SecondConjunct I> S agy, <= Cpx = 1 bpx <= Cpx > bp, <=
Cux; leqTransitivity > bry <= cpx > Crx <= M > bgy, <= m; MP > bg, <=

= (fz)[m] <= (fv)[m] + —(¢) > bpx <= m > (fz)[m] <= (fv)[m] +
—(e);JoinConJuncts > (fx)[m] <= (fy)[m] + —(€) > (fz)[m] <= (fv)[m] + —(€) >
15

= () [m] <= (fy)[m] + —(¢) = = (fz)[m] <= (v)[m] + —(¢)
(*** LESS-R ***)
XX lidt grimt med de ekstra variable
[SubLessLeft(R) "5 ZFsub F V(e): Vm: V(fy): V(fz): V(rx): ¥(ry): V(rz): (rx) ==
)k x) << @)k y) <<z

proof

[SubLessLeft(R) "— Ac.Ax.P([ZFsub I
V(€):Vm: V(fy): V(fz): V(rx): V(ry): V(rz): (1x) == (ry) F (rx) << (12) I (fy) €




}_
7>>(fiy)€@;l7‘rom<<7XX>(rx) < (rz) > (fy) € (rx) > (fz)
(12) >0 <= () = 710 = (6) > apx <=m = (fy)[m] <=
fz)[m] + —(€); V(e): Ym: ¥(fy): V(fz): V(rx

20 <= (e) = 710=(¢) = apx <=m = (fy)[m] <= (fz)[m] + —(¢); (rx) ==
(1) - (5] << (1) F MP2> () == (i) = (1) << (12) = (i) € (1)
fz) € (rz) = 50 <= (e) = 750 = (¢) = apx <=m = (fy)[m] <=

E)lm] T () > () == (1) & (1) << (12) > (i) € (19] = (f2) € () =
S0 <=(e) = 70 = (€) = apx <=m = (fy)[m] <= (fz)[m] + —(¢); to <<
XX > (fy) € (ry) = (fz) € (1z) = 20 <= (e) = 70 = () = apx <=m =

S50 =(6) »apy <=m= (fPY[m] <= o
(fy)[m] + —(€); V(€): Vm: V(£y): V(fz): V(1x): V(ry): V(rz): Ded >

V(e): Vm: V(fy): V(f2): V(rx): V(ry): V(12): (1x) == (ry) F (12) << (1x) - (fz) €
(rz) - (fy) € y) F 20 <= (¢) = =0 = (¢) F apx <=m = (fz)[m] <=
E&)[m]+ (e > (1x) == (1y) = (rz) << (1x) = (fz) € (12) = (fy) € (ry)
=0 <= (6) = 710 = (¢) = agx <= m = (fz)[m] <= (fy)[m] + —(¢); (1x) ==
(xy) F (rz) << (rx) F MP2 > (rx) == (ry) = (r7) << (rx) = (fz) € (12) =
(fy) € ty) = 20 <= (6) = =20 = (¢) = apx <= m = (fz)[m] <=
@)lm]+—(e) & (xx) == (ry) & (r2) << (1x) > (fz) € (12) = (fy) € (ry) =
S0 <= () = 70 =(€) = apx <=m = (fz)[m] <= (fy)[m] + —(¢); to <<
XX > (fz) € (rz) = (fy) € (ry) = 20 <= (6) = 70 = () = apx <=m =
(f2)[m] <= (fy)[m] + —(¢) > (rz) << (ry)], po,©)]

[LessLeq(R) *2* ZFsub - V(rx):V(ry): (1x) << (ry) F = (1x) << (ry) =
(1x) == (1y)]

[LessLeq(R) progf Ac A P([ZFsub F V(rx): V(ry): (rx) << (ry) F WeakenOr2 >
(rx) << (ry) > = (1x) << (ry) = (1x) == (1y); Repetition > = (rx) << (ry) =
(rx) == (ry) > = (1x) << (1y) = (rx) == (xy)], po, )]

[<< Transitivity *3" ZFsub - Vm: V(e): V(£x): V(£2): V(rx): V(ry): V(rz): (rx) <<
(ry) F (ry) << (rz) F (rx) << (12)]

proof
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ransitivity — Ac.Ax.P([ZFsub F
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(fx) € (rx) > tpx € (ry) > tex € (1y) > (f2) € (12) > 0 <= (¢) = 70 =

m > 4 (fx)[m] <= tpx[m] + —(€) = Htpx[m] <=

€); )l (.

]
irstConjunct > = (fx)[m
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) } <;Ex[m] + _@ = _.‘tEx[m] <=
> (fx)[m] <= tgx[m] + —(€); SecondConjunct > - (fx)[m] <

St <= (f2)[m] + —(6) > tium] <= (E2)[m] F —(e); <<

—(€) > tex[m] <=
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xistIntro @ apx @ cy > (fx
) = cpx <=m = (fx)[m] <
a

o
VB
J.
J'+
o |
I

@)

€);
( x)

1z) = 50 <= () = 740 = (e)
[+ —(e);to << XX > (fx) € (1x =
amx <= m = (x)[m] <= (f2)[m] + —(6) > (%) <<

NUMMER 1 *¥¥)
<<== Reflexivity "' ZFsub I- V(1x): = (1x) << (1x) = (1x) == (1x)]

=

N
-
—

N

|
5
3 M

—~
™

~—1
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*

*

*

<<== Reflexivity propf Ac.AX.P([ZFsub F V(rx): ==Reflexivity > (rx) ==
£x)scqLea(R) > (1) == (1) 3 (1) << (%) = (%) == (rx)], by, )

e NUMMER 2 %)

<<== AntisymmetryHelper(Q) > ZFsub  Va: Vx: Vy:Vz: 20 <=z =
Sh0=zhx<=y+-zhy<=x+-zka

<C

— o~

proof

[<<== AntisymmetryHelper(Q) "— Ac.Ax.P([ZFsub I Va: Vx: Vy: Vz: 70 <=
z=40=zkx<=y+ —zFy<=x+ —zF leqAddition>x <=y + —z>>
x4z <=y + —z+ z; plusAssociativity >y + —z+z = B
y + —z + z; plusCommutativity > —z +z =
z+ —z;lemma eqAdditionLeft > —z+z=z+ —z>>
x+(y—y)>y=y+z+—zeqSymmetry >y =y
Y; eqTransitivitgﬂl Diy—&- —z+z=y+ —;—&—;Dy%:—;q-,
y>vy+—z+z=y;subLeqRight >y + —z+z=y>
x4z <= y;leqTransitivity > x +z <=y >y <= x +
x + —z; leqSubtractionLeft > x +z <= x+ —z > z <= —z; toNotLess > z <=
—z> 5 —z<=z= - —z=z;NegativeLessPositive > "0 <=z = -0 =
z> 5 —z<=z= - —z=z FromContradiction> - —z<=z= -5 —z=
z>5h —z<=z= "S5 —z=2z>al,po,0)]
[<<== Antisymmetry "' ZFsub F ¥(rx): V(ry): - (rx) << (ry) = (rx) ==

)

(ty) F = (ry) << (1x) = (1y) == (1%) F (t%) == (1]
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<<== Antisymmetry PO N Ax. P(]ZFsub F ¥(rx):V(ry): = (rx)

[ 7<<@¢
(rx) == (ry) F = (ry) << (rx) = (ry) == (rx) - Repetition> = (rx) << (ry) =
(rx) == (ry) > = (rx) << (ry) = (1x) == (ry); Repetition > = (ry) << (1x) =
ry) == (rx) > = (ry) << (1x) = (ry) == (r%); ExpandDisjuncts > - (rx) <<
(ry) = (rx) == (1y) &> = (1y) << (1x) = (1y) == (1x) > = (1x) == (1y) =
—\@:: (rx) = - (rx) <<m %@<< (rx); AutoImply > (rx) ==
(ry) = (rx) == (ry); V(rx): V(ry): (ry) == (rx) F==Symmetry > (ry) ==
(1x) > (rx) == (ry); Ded > V(rx): V(ry): (ry) == (1x) I (rx) == (ry) >
(ry) == (1x) = (rx) == (ry); V(rx): V(ry): = (1x) << (ry) = = (1y) << (1x)
FirstConjunct > = (rx) << (ry) = = (ry) << (rx) > (rx) << (ry); From <<

m
(1) > (1x) << (ry) > jpx € (rx); From << (2) > (rx) << (ry) > tpx € (ry);
1>50<=1= -50=1;From << XX > (rx
(rty)>50<=1=--0=1> agx —cEX:>'
tex|[CEx] + —1; SecondConjunct > = (rx) << (r

rx); From << XX > (ry) << (rx) > tgx € (ry) > jux € (1X)
S50 =1 agy <= Cpx = tEX[CEx] <=
JEx [CEx] + —1; ExistIntro @ bgx @ agx > agx <= Crx = tgEx [CEx] <=

JEx[CEx] + —1 > bpy <= cpx = tux[CEx] <= jEx[CEx| + —1; thirdGeq >

Sagy <= Cgx = T bpyx <= Cgy; FirstConjunct > Sapy <= Cgx = T bpx <=
CEx > apx <= Cux; MP > apy <= Cpx = jux[CEx] <= tEx[CEx] + —1 D> agx <=
CEx > JEx[CEx] <= tEx[CEx] + —1; SecondConjunct > © agx <= Cpx = T bpx <=
CEx > by <= cgx; MP > bpy <= cgx = tEX[CEx] <ZjEX[CEX] + =1 bry <=
Crx > tEx[CEx] <= jEx[CEx] + —1; <<== AntisymmetryHelper(Q) > -0 <=
1=-=0=1 DJEX[CEX] <= tEx[CEx] + -1 tEx[CEx} <:jEx[CEx] +-1>

(rx) == (x )DedDV(fX)V(Y) (rx) << (ry) = = (ry) << (rx) F (rx) =

(ry) > = (rx) << (r )ﬁ—'(ry)<< rx)%(rx)::

—~

ry); From3Di SJuncts > (rx) == (ry) = &
(r ) << (1x) > (1x) == (ry) = (1x) == (ry) > (ry) == (1x) (I“X)
D 5 (1x) << (ry) = = (ry) << (1x) = (1x) == (ry) > (rx) == (ry) 1 Po, €)]

* NUMMER 3 #¥)

<< TransitivityHelper(Q) "= M ZFsub k- Vx: Vy:Vz:Vuix <=y + —uky <=
z+-uFS0<=u=-"40=ukx<=z+ —u

proof

[<< TransitivityHelper(Q) "— Ac.Ax.P([ZFsub - Vx: Vy: Vz: Vu: x <=
y+—g|—y<=;+—g}—%O<—g$ﬁﬁO:gl—Positi\;eNegatedD%O<=
u=-50=u>" —u<=0= " —u=0;LessAdditionLeft > - —u <=
0= -u=0>»"y+-u<=y+0=-"y+-u=y+0;plus0>y+0=
y;SubLessRight >y +0=y> - y+-u<=y+0= "7 y+—-u=y+0>
Sy+—u <=y = "y+—u=y;leqLessTransitivity>x <= y+—u>-y+—u <=
y= Sy +—u=y> x <=y = -x=y;LessLeqTransitivity > - x <=
9:%%;—y>y;—z+—u>;%x<—z+7—u:>%%x—

z+ —u; LessLqu—\x<—z+—u:>ﬂ—\x—z—|——u>>x<—z—|——u] po,c)}
[<<== Transitivity *3' ZFsub F V(rx): V(ry) V(rz): - (rx) << (ry) = (1x) =

(ry) F = (ry) << (rz) = (ry) == (rz) (rx)<< 7) ):: rz)]

'_\/‘\/‘\ _l.
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(R) > (rx) << (rz)
)

== (ry) I (ry) <<

=
=
\\% Ay
=
=
I

rz) F==Symmetry > (rx) == = (rx); SubLessLeft(R) > (ry) ==
(1x) > (ry) << (17) > (rx) << (12); LessLeq(R) > (1x) << (rz) > = (rx) <<
(17) = (1x) == (12); V(1x): V(ry): V(12): (rx) == (ry) I (ry) == (12) - ==
TransitivityD@ZZ@D@ZZ@>>@ZZ

(1z);eqLeq(R) > (1x) == (1z) > = (1x) << (12) = (1x) ==

(£2): Y(0x) V() V)= () << (1) = (1) == () F = 1) << (r7) =
(ry) == (rz) F Repetition > = (1x) << (ry) = (1x) == (ry) > = (1x) <<
(ry) = (rx) == (ry); Repetition > = (ry) << (1z) = (ry) == (12) > = (ry) <<
(17) = (ry) == (12); Ded > V(rx): V(1y): V(12): (1x) << (ry) I (ry) << (r2) I
= (rx) << (rz) = (rx) == (rz) > (1x) << (ry) = (vy) << (12) = = (1%) <<
(17) = (1x) == (17); Ded > V(1x): V(1y): V(12): (1x) << (1y) F (ry) == (r2)
20 << (1) = (1) == (1) > (1) << (1) = (1y) == (12) = = (1) <<
(17) = (1x) == (12); Ded > V(rx): V(ry): V(12): (1x) == (ry) I (ry) << (r2) -
- (rx) << (rz) = (rx) == (r1z) > (1x) == (ry) = (vy) << (1) = - (1x) <<
(2] = (rx) == (12]; Ded & Fx): ey V(e2): () == (o) - () == (as) F
= (rx) << (rz) = (rx) == (rz) > (1x) == (ry) = (vy) == (12) = - (1%) <<
rz) = (rx) == (rz); From2 * 2Disjuncts > - (rx) << (ry) = (rx) ==

(1y) > = (1y) << (1z) = (ry) == (12) > (rx) << (1y) = (vy) << (12) =

= (rx) << (rz) = (rx) == (rz) &> (1x) << (ry) = (ry) == (r1z) = - (1x) <<
(1z) = (1x) == (12) > (1x) == (1y) = (1y) << (12) = = (1x) << (12)

(1x) == (1z) > (1x) == (1y) = (1y) == (12) = = (1%) << (12) = (1%) ==
rz) > 5 (rx) << (rz) = (rx) == (r2)], po, ¢)]

¥ NUMMER 5 ¥¥*)
Addition ™" ZFsub F ¥m: V(e): ¥(fx): ¥(fy): V(f2): R((£x)) == R((fy)) -
)

=

((fx) +¢ (fy)) == R((fx) ++ (fy))]
[== Addition progf Ac A P([ZFsub F Vm: V(e): V(x): V(y): V(fz): R((fx)) ==
R((fy)) F 20 <= () = =50 = (€) F cgx <= m F From == >R((fx)) ==
R((fy)) > SF((fx), (fy)); FromSF > SF((fx), (fy)) > -0 <= (¢) = 750 = () >
Cpx <=m = if(0 <=
() [m] + —(fy) [m], (£x)[m] 4 —(fy)[m], —(fx)[m] + —(fy)[m]) <= (¢) =
= 5if(0 <= (fx)[m] + —(fy) [m], (x)[m] + —(fy)[m], — () [m] 4 —(fy)[m]) =

(6) = (0 <= (6x)[m] + —(fy)n] (B + —
€); insertMiddleTerm(Difference) > (fx)[m] + —
£)[m] + (fz)[m] + —(fy)[m] + (f2)[m]; PlusF > (fx) + (fz) [m] =

fx)[m] + (fz)[m]; PlusF > (fy) + (fz)[m] =
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R((fx) +¢ (fz)) > R((fx) +¢ (fz)) == R((fy) +¢ (f2)) > R((fx) +¢ (fy)) ==
R(f7y) +¢ @), ==Transitivity > R((fx) +¢ (fy)) == R((fi‘y +¢ @) > @+f
(fz)) == R((fx) +¢ (fy)) > R((fx) +¢ (fy)) == R((fx) +¢ (£y))], o, )]

AdditionLeft **5" ZFsub F V(fx): V(fy): V(fz): R(

(5) +¢ () == R((Ex) +¢ (fy)]

[== AdditionLeft ropf AcAX.P([ZFsub - V(fx): V(fy): V(fz): R((fx)) ==

R((fy)) F== Addition > R((fx)) == R((fy)) > R((fx) +¢ (fy)) ==
R( =

fx) +¢ (fy)); PlusCommutativity (R) > R((fx) +¢ (fy)) =
R((fx) +¢ (fy)); PlusCommutativity(R) > R((fx)+¢ (fy)) =

)
R((x) + (fy)) > R((fx) +¢ (fy)) == R((fx) +¢ (fy)); ==
Transitivity > R((fx) +¢ (fy)) == R((fx) +¢ (fy))
?k(*(f;) +¢ (fy)) > R((fx) +¢ (fy)) == R((fx) +¢ (£y))], o,
[<< Addition 25" ZFsub b Vm: V(e): V(£x): V(fy): V(f2): R((x)) << R((fy)) -

R((fx) ++ (fy)) << R((fx) ++ (fy))]

[<< Addition oot ACAX.P([ZFsub - Vm: V(e): V(fx): V(fy): V(fz): R((fx
R((fy)) F 20 <= (¢) = 550 = (€) F cgx <= m I From << >R((fx)) <<
R((fy)) > (fx) <t (fy); From < f > (fx) <¢ (fy) > 20 <= (¢) = =0 =
CEx <= m = (fx)[m] <= (fy)[m] + —(¢); MP > cgx <=m =
fy)[m]
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=
\a)

++
3
=

R((fy) ++ (fz)); SubLessRight(R) > R((fy) +¢ (fz)) == R((fx) +¢ (fy)) >

?(* f;) 1 (fy)) << R((fy) +r (f2)) > R((£x) + (fy)) << R((Ex) +¢ (£y))]. po, ¢)]
[<<== Addition *>" ZFsub - V(fx): ¥(fy): V(f2): = R((fx)) << R((fy)) =
R((fx)) == R((fy)) F = R((x) 4 (fy)) << R((Ex) +¢ (fy)) =

R((£x) ++ (fy)) == R((fx) +¢ (fy))]

= Addition ™" A\e.\x. P([ZFsub F V(fx): V(fy): V(f2): R((fx)
((fy)) F<< Addition > R((fx)) << R((fy))
( ((fx) +¢ (fy)) )
“R((fx) +¢ (fy)) << R((fx) +¢ (fy)) = R((fx) +¢ (fy)) == R((fx) +;

w
A
Il
A
A

> R((fx) ++ (fy))
f

==,

=
<

A I IS IID
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3
=2
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#% NUMMER 7 ***¥)

stmt

PlusAssociativity (F) "= ZFsub = Vm: V(fx): V(fy): V(f2): (fx) +¢ (fy) +¢ (f2) =¢
fx) ++¢ @ +t (fz)]

1

X

fx

——

sAssociativity(F) %" Ac.Ax.P([ZFsub - Vm: V(£x): V(fy): V(£z): PlusF >
+r (fy) +¢ (f2)[m] = (fx) +¢ (fy)[m] + (fz)[m]; PlusF > (fx) +¢ (fy)[m] =

(m] F (By) [ eqAddition & (5 +¢ ()[m] = (£9)[m] + ()[m] >

|
\/C

—~
~—

3

(Ix) (fy)[m] + (fiw, plusAssociativity >

| = (&) [m] + (fy)[m] + (f2)[m]; PlusF (Sym) >
£ gAdditionLeft o> (fy)[m] + (fz)[m] =
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[PlusAssociativity(R) *3° ZFsub + V(fx): V(fy): V(fz): R((fx) ++ (fy) +¢ (fz)) ==
R((fx) +r (fy) +r (f2))]

[PlusAssociatiwty( ) P f e, P([ZFsub -
V(fx): V(fy): V(fz): PlusAssociativity (F) > (fx) +¢ (fy) ++ (f2)
f

+
+¢ (fz); = fToSameF > (fx) +¢ (fy) +¢ (fz) =¢

() ++ (fy) LY) T 12) = LX) T ALY e
SF((fx) + (fy) ++ (f2), (fX)+f(fy)+f(fZ))

777777 f2R(Plus)>SF((fx) +¢ (fy) +¢ (fz), (fx)+¢
(fy) +¢ (f2)) > R((x) + (fy)) == R((x) +¢ (fy) +¢ (f2)
R((fx) +¢ (fy) +¢ (f2)) == R((fX) ¢ (fy)); ==
Transitivity > R((fx) +¢ (fy) +¢ (fz)) == R

f

((fx) +¢ (fy) +¢ (F2)) > R((Ex) +

=

(**F NUMMER 8 ***)
Plus00 *" ZFsub - Y(£x): R((£x) +¢ (fy)) == R((£x))

]
progf PlusOf > (fx) +¢
2

[Plus00 "— Ac.Ax.P([ZFsub I V(fx):
fToSameF 1> (fx) +¢ 0f =¢ (fx) > SF((fx) +; 0f, (fx)); f
of, (fx)) > R((fx) +¢ (fy)) == R((fx)); R« epetltl > R((fx) +¢ (fy)

R((fx)) > R((fx) +¢ (y)) == R((E))1, po, c)]

(¥ NUMMER 9 **¥)

[Negative(R) " ZFsub I- Vm: ¥(x): R((fx) +¢ (fy)) == R(0f)]

[Negative(R) "% Ac.Ax.P([ZFsub F Vm: V(£x): PlusF > (fx) -+ —¢(fx)[m] =
(£x)[m] + —(fx) [m]; MinusF > —(fx)[m] =

—(x)[m]; lemma eqAdditionLeftt>—¢ (fx)[m] = —(fx)[m] > (fx)[m]+— (fx)[m] =
(5)[m] + — () [m]; Negative > (£x)[m] + —(fx) [m] = 0; OF > Of[m] =

0; eqSymmetry > 0f(m] = 0 > 0 = 0f[m]; eq Transitivity5 > (fx) +¢ —¢(fx)[m] =
(£5)[m] + — (fx) [m] &> (£x)[m] + —¢ (fx)[m] = (£x)[m] + —(fx)[m] > (fx)[m] +
—(£x)[m] = 050 = Of[m] > (fx) +¢ — (fx)[m] = Of[m]; To = fr> (£x) + — (fx) [m] =
0ffm] > (fx) +¢ —¢(fx) =¢ 0f; = fToSameF > ( x) +¢ —¢(fx) =¢ OF >

SF((fx) +¢ —¢(fx), 0f); f2R(Plus) > SF((fx) +¢ —¢(fx), 0f) > R((f ) +¢ (fy)) =

j=s]
=

(0f); Repetition>R((fx) +¢ (fy)) == R(Of) R((fx) +¢ (fy)) == R(0f)], po, c )]
#6% NUMMER 10 ***)

PlusCommutativity(F) "2 ZFsub F Vm: V(£x): V(fy): (fx) +¢ (fy) =¢ (fy) +¢ ()]

— o~

1 proof

[PlusCommutativity (F) "— Ac.Ax.P([ZFsub F VYm: V(fx): V(fy): PlusF >
(£x) +¢ (fy)[m] = (£x)[m] + (fy)[m]; plusCommutativity > (x)[m] + (fy)[m] =
(fy)[m] + (£x)[m]; PlusF (Sym) > (fy)[m] + (fx)[m] =

(fy) ++ (fx <)[m]; eqTransitivity4 > (fx) +¢ (fy) ) [m] =

(B)[m] + (fy)[m] & (£x)[m] + (fy)[m]=( (£y)[m] + (£x)[m] & (fy)[m] + (fx)[m] =
(fy) +¢ (£x)[m] > () +¢ (fy)[m] = (fy) + (£x)[m]; To = f & () +¢ (fy)[m] =
(Ey) +¢ (B)[m] > () + (fy) =¢ (£y) ++ ()T, po, ©)]
[PlusCommutativity(R) *2° ZFsub F V V(fx): V(fy): R((fx) +¢ (fy)) ==

;U

((£x) ++ (fy))]
PlusCommutativity (R) P AeAx. P([ZFsub
V(fx): V(fy): PlusCommutativity (F) > (fx) +¢ (fy) =¢ (fy) ++ (fx); =
fToSameF > (fx) + (fy) =¢ (fy) 4+ (fx) > SF((fx) ++ (fy), (fy) ++



(fx)); 2R(Plus) > SF((fx) +¢ (fy), (fy)
R((fy) +r (fx)); PlusR(Sym) > R((
Transitivity > R((fx) +¢ ==
R((fx) 4+ (fy)) > R((fx) +¢ (fy)) == R((fx) +¢ (fy))], po, ¢)]
(*¥* NUMMER 11 **%)

TimesAssociativity(F) *5° ZFsub F Vm: V(fx): V(fy): V(f2):
(Ex) *¢ (fy) *¢ (£2)]

=y
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X
loz)
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X
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d
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X
=
N
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imesAssociativity (F) POt NeAx. P([ZFsub +

(£x): V(fy): V(fz): TimesF > (fx) ¢ (fy) *¢ (f2)[m] =

<|—|
El=
<(

@*f @[m] * (fz)[m]; TimesF > (fx) ¢ (fy)[m] =

(fx)[m] * (fy)[m]; eqMultiplication > > (fx) *¢ @[m (fx)[m] * (fy)[m] >
@*f@m] *@[m] = @[ m| Q[ m] * (fz)[m]; timesAssociativity >
(£x)[m] * (fy) [m] * (fz)[m] = (£x)[m] * (fy) )[ | * (fz)m]; TimesF (Sym) >

(fy)[m] * (fz)[m] = (fy) *¢ (fz)[m]; EqMultiplicationLeft o> (fy)[m] * (fz)[m] =
{85) #e ()] > (6)Tm] « ()fm] » (52)m] =

() (m] * (fy) * (E[m]; TimesF(Sym) > (o)[m] * (fy) *¢ (fz) m] =

(£x) *¢ (fy) *¢ (fz)[m]; eqTransitivity6 > (fx) *¢ (fy) ¢ (fz)[m]| =

() *¢ () [m]  (f2)[m] o> (£x) *¢ (£y)[m] * (fz)[m] = (£x)[m] * (fy)[m] * (fz)[m] >
(Bx) [m] * (£y) [m]  (f2) [m] = (Ex) [m]* (£y) [m] * (fz) [m] &> (fx) [m] * (Ey) [m] * (£2)[m] =
(ix)[m] = (fy) *¢ (fz)|m] &> (£x)[m] * (fy) ¢ (fz)|m] = (£x) *¢ (fy) ¢ (fz)[m] >
@*f@*f@[m]:(fl*f@*f(fi[m] To:fb@*f(fy)*ffi)[m]:
(£x) ¢ (fy) *¢ (f2)[m] > (fx) *¢ (fy) *¢ (f2) =¢ (fx) *¢ (fy) *¢ (f2) [, po, ©)]
[TimesAssociativity(R) *3° ZFsub - (fx): V(fy): V(f2): R((fx) *¢ (fy) *¢ (f2)) ==
R(E0) i)+ ()

(R) "% AcAx.P([ZFsub -

H
.—
&
>
0
0
@]
¢
2.
©
=
=
<

ity
V@: V(fy): V(fz): TimesAssociativity (F) > (fx) ¢ (fy) *¢ (fz) =¢
(fx) *¢ (fy) *¢ (fz); = fToSameF > (fx) *¢ (fy) ¢ ¢ (fz) =¢ (fx) ¢ (fy) *¢ (fz) >
SF((fx) x¢ (fy) *¢ (f2), (fx) *¢ (fy) *¢ (f2)); 2R (Times) > SF((fx) ¢ (fy) *¢ (f2), (fx) *;
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[Times1f ° 8 ZFsub F Vm: V(fx): (fx) *¢ 1f =¢ (fx)]

[Times1f Proof N e Ax. P([ZFsub - Vm: V(fx): TimesF > (fx) *¢ 1f[m] = (fx)[m] *
1f[m]; 1f > 1f[m] = 1; EqMultiplicationLeft t> 1f[m] = 1 > (f )[m] * 1f[m] =
(fx)[m] * 1; times1 >> (fx)[m] * 1 = (fx)[m]; eqTransitivity4 > @ x¢ 1f[m] =
(&) [m] + 1f[m] & (f)[m] « 1f[m )[]*1>( x)[m] x 1 = (£x)[m] >

] = (&)1
£x) #¢ 1f{m] = (£x)[m]; To = > (fx) #¢ 1f[m] = (fx)[m

m] >
imes01 3" ZFsub - V(fx): R((fx)) * *R(1f) == R((fx))]

—~

(f )*f fo fX)‘l,po,C)]

proof

[Times01 "= Ac.Mx.P([ZFsub F V(fx): Times1f > (fx) ¢ 1f =¢ (fx);=
fToSameF > (fx) *; 1f =¢ (fx) > SF((fx) ¢ 1f, (fx)); 2R(Times) > SF((fx) *¢

1f, (fx)) > R((fx)) * *R(1f) == R((fx));" epetﬁn > R((fx)) * *R(1f) ==

86



FFNUMMER 14 ***
[TimesCommutativity(F) "2 ZFsub F Vm: V(fx): V(fy): (fx)
(f

?((fX)) > R((Ex)) * *R(>1f) == R((&))], po, ¢)]

x)#¢ (fy) =r (fy) # ()]
imesCommutativity (F) Proof N Ax. P([ZFsub F Vm: V(fx): V(fy): TlmesF >

[T
(fx) *¢ (fy)[m] = (fx)[m] * (fy)[m]; timesCommutativity > (fx)[m] * (fy)[m] =

(fy)[m] * (£x) [m]; TimesF (Sym) > (fy)[m] * (fx)[m] =

(fy) ¢ (fx)[m]; eqTransitivity4 > (fx) # (fy)[m] =

(E)[m] = (fy)[m] & (£x)[m] * (fy)[m] = (fy)[m] * (£x)[m] > (fy)[m] * (fx)[m] =
(Fy) *¢ (£x)[m] > (£x) #¢ (fy)[m] = (fy) *¢ (£x)[m]; To = f > (fx) #¢ (fy)[m] =
(fy) *¢ (B)[m] > (Bx) #¢ (Fy) =¢ (fy) ¢ (E)T, o, )]
[TimesCommutativity(R) *5" ZFsub - V(fx): V(fy): R((fx)) * R((fy)) ==

R((fy)) * +R((fx))]

[TimesCommutativity(R) PIOPT N Ax. P([ZFsub I
V(fx): V(fy): TimesCommutativity (F) > (fx) f
fToSameF > (fx) *¢ (fy) =¢ (fy) *¢ (fx) > SF((fx) *¢ (fy), (fy) *¢
(fx)); f2R(Times) > SF((fX) g (fy), (Fy) ¢ (fx)

((ty) * (x)); TlmebR(Sym) > R((fy) *

;U/—\

=

((fy)) * *R((fx)) > R((£ ))7 (fy)) == R({y)
“FNUMMER 15 ***)

Distribution(F) ° 2 ZFsub b V(fx): V(fy): vV

ﬁA
=
‘<
5
N~—
5
S~—
*
*
=
<«
N—
_|_
4
—
S5
N~—
I
il

(£x) *¢ (fy) +¢ (£x) ¢ (f2)]

[Distribution(F) Proof \ e Ax. P([ZFsub I V(fx): V(fy): V(fz): TimesF >

(x) *¢ (fy) +¢ (fz)[m] = (£x)[m] * (fy) +¢ (fz)[m]; Plusk > (fy) + (fz)[m] =
(fy)[m] + '+ (fz)[m]; EqMultiplicationLeft > f7) +t (fz)[m] = (fy)[m] + (fz)[m] >
(x)[m] *m—f—f (fz)[m] = (fx)[m] * (fy)[m] + (fz)[m]; Distribution >

(B)[m]  (Fy)[m] + (fz)[m] = (fx)[m] * (fy)[m] + (£x) [m] * (fz) [m]; TimesF (Sym) >
(fx) [m] * (fy)[m] = (fx) *¢ (fy)[m]; TimesF (Sym > (fx)[m] * (fz)[m] =
(£x) ¢ (fz) [m]; AddEquations> (fx) [m]* (fy)[m] = (fx) ¢ (fy) [m]> (fx)[m]« (fz) [m] =
(£x) #¢ (f2)[m] > (fx)[m] * (fy)[m] + (£x)[m] * (fz)[m] =

(Fx) * @[m] + (fx) #¢ @[m]; PlusF(Sym) > (fx) ¢ @[m + (fx) *¢ (fz)[m] =
@ *g @ +¢ (fl *p @[m]; eqTransitivity6 > f7x) *g @ +¢ @[m] =

(Ex)[m] * (fy) +¢ (f2)[m] & (£x)[m] = (fy) +¢ (fz)[m] =

(£x)[m] * (fy)[m] + (fz)[m] &> (£x)[m] * (fy)[m] + (fz)[m] =

(£x)[m] = (fy)[m] + (£x)[m] « (fz)|m] > (£x)[m] * (fy)[m] + (£x)[m]  (fz)[m] =
(£x) ¢ (fy) [m] + (£x) ¢ (fz)[m] > (fx) *¢ (fy)[m] + (fx) ¢ (fz)[m] =

(1) ¢ (fy) +¢ () *¢ (f2)[m] > () #¢ (£y) + (f2)[m] =

(fx) *¢ (fy) ++ (£x) *¢ (fz)[m]; To = f > (fx) *¢ (fy) ++ (fz)[m] =
@*f@+fﬁl*f(fi[m] >>(f7X*f@+f@ =t @*f@ f@*fﬁﬂ Po, C)]
[Distributi ) 28 ZFsub b V(£x): V(fy): V(£2): R((£x)) % «R((fy) + (fz)) ==

n(R
R((x) ++ (fy)
(R) "= Ac.Ax.P([ZFsub F V(fx): V(fy): V(fz): Distribution(F

)]
Distribution progf

[ )
() *¢ (fy) +¢ (f2) =¢ (£x) *¢ (fy) ++ (£x) #¢ (f2); = fTo SameFD(fx) *¢ (fy) + (fz) =¢
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[(rx) = (rx)"]
[(ry) ¥ “(ry)"]
[(r2) = “(rz)”]
[(ru) = “(ru)”]
[e 1 «\epsilon”]

tex

[FX ' “FX7)

[FY & “FY”]

tex

[FZ ' “F 7]

[FU ti’f “RU” ]

tex

[FV = “FV7]

[RX tg( LARX??]

tex

[RY =& “RY”]
[RZ S “RZ”]

[RU = “RU”|
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[Ex3 tex “Ex3”]
0% «07]

(15 «17)

[(=1) =5 “(-1)7]
21 «o7)

[1/2 %% 1727
[0f =¥ «0f7]

[00 'E)( 4400”}
x=y X
= #2.7]

tex

[x £y = “H#L.
\neq #2.”]

x<vy X “HE1.
< #27]

[x <=y & 1.
<: #2'77]

tex

= y ¥ .
= {f)#2.7]

tex

[x <¢y = “#1.
< {f}#27)

[SF(x,y) “% “SF(#1.
#2.

)]

==y 5 w1,

— #2_77]

[x <<y X “g1,
<< #2.7]

[x <<==y X
<<== #2.7]
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[Xy] © “#1.
W'

[7X t;e’f LL_#]“”}
[~ - {t) 417

ety ¥ 41,
+#2.77]

tex

[x —y = “#1.
_#2.”]

[(£x) +¢ (fy) = “#1.
+{f}#2.7]

[(60) —r () "5 “#1.
- {f}#2.7]

[(£x) *¢ (fy) 5 “#1.
« {F}#2.7]

tex

[x + +y = “#L1.
++#2.7]

[R((£x)) — =R((fy)) == “R(#1.

[x*y ¥
*#2.7]

[x * *y ¥ wpy,
**#2.”]

[leqReflexivity “ “leqReflexivity”]
[recx ¥ “rec#1.”]
[Ix| <[ #1.[7]

if(x,y,2) “5 “H(#1.



[R(x) < “R(#1.

)]

[ = R(x) % “-R(#1.

)]

[leqAntisymmetry Axiom tex “leqAntisymmetryAxiom”]
[leq Transitivity Axiom by “leqTransitivity Axiom” |
[leqTotality bex “leqTotality”]

[leqAdditionAxiom = “leqAdditionAxiom”]
[leqMultiplication Axiom tex “leqMultiplication Axiom”]
[plusAssociativity *3 “plusAssociativity”]
[plusCommutativity b “plusCommutativity”|
[Negative 5 “Negative”]

[plusO ey “plus0”]

[timesAssociativity " “timesAssociativity”]
[timesCommutativity Jacs “timesCommutativity”]
[Reciprocal Axiom “ “Reciprocal Axiom”]

[times1 = “times1”]

[plusAssociativity tex “plusAssociativity”]
[plusCommutativity *= “plusCommutativity”]
[Negative tex “Negative”]

[Distribution “= “Distribution”]

[Onot1 *% “Onot1”]

[equality Axiom tex “equality Axiom” |
[eqLeqAxiom tex “eqLeqAxiom”]

tex

[eqAdditionAxiom — “eqAdditionAxiom”]
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[eqMultiplication Axiom tex “eqMultiplication Axiom”]
[SENC1 = “SENC17]

[SENC2 ¥ “SENC2”]
[[fThenElse(T) s “IfThenElse(T)”]
enElse(F) = enElse
IfThenElse(F) "% “IfThenElse(F)”

[From = tex “From={"]

[To = £ % “To=f"]
[From < f < “From<f"]
[To < £ % “To<f”]
[PlusF % “PlusF”]
[MinusF % “MinusF”]
[TimesF ey “TimesF”]
[Of tg)( uofn]

[].f t_Q))( ulfn]

[FromSF % “FromSF”]
[ToSF % “ToSF”]

[To == XX & “To==XX"]
[From =="% “From=="]

tex

[To === “To=="]

[From << XX X “From< <XX”]
[From << (1) b “From<<(1)”]
[From << (2) ey “From<<(2)”]

tex

[to << XX = “to<<XX”]
[From <<% “From<<"]

tex

[To <<= “To<<”]
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[FromInR % “FromInR”]

[PlusR % “PlusR”]

[TimesR =¥ “TimesR”]

[leqAntisymmetry tex “leqAntisymmetry”]
[leqTransitivity tex “leqTransitivity”]
[leqAddition tex “leqAddition”]
[Reciprocal “= “Reciprocal”]

[Equality tex “Equality”]

leqLeq = “eqLeq”]

[eqAddition tex “eqAddition”|
[eqMultiplication by “eqMultiplication”]
[ToNegatedImply by “ToNegatedImply”]
[TND % “TND”]

[ImplyNegation tex “ImplyNegation”]
[FromNegations “= “FromNegations”]
[From3Disjuncts *= “From3Disjuncts”]
[NegateDisjunctl tex “NegateDisjunct1”]
[NegateDisjunct2 tex “NegateDisjunct2”]
[ExpandDisjuncts tex “ExpandDisjuncts”]
[From?2 % 2Disjuncts *= “From2+2Disjuncts”]
[eqReflexivity “% “eqReflexivity”]
[eqSymmetry tex “eqSymmetry”]
[eqTransitivity tex “eqTransitivity”|
[eqTransitivity4 by “eqTransitivity4”|

[eqTransitivity5 by “eqTransitivity5”]
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[eqTransitivity6 tex “eqTransitivity6”]

[plusOLeft ¥ “plusOLeft”]

[times1Left “ “times1Left”]
[EqMultiplicationLeft tex “EqMultiplicationLeft” ]
[DistributionOut *< “DistributionOut”]
[Three2twoTerms tex “Three2twoTerms” |
[Three2threeTerms 5 “Three2threeTerms”]
[Three2threeFactors s “Three2threeFactors”]
[AddEquations ¥ “AddEquations”]

tex

[SubtractEquations — “SubtractEquations”]
[SubtractEquationsLeft “ “SubtractEquationsLeft”]
[EqNegated ¥ “EqNegated”]

[PositiveToRight(Eq) ¥ “PositiveToRight (Eq)”]
[PositiveToLeft(Eq)(1term) “X “PositiveToLeft(Eq)(1 term)”]
[NegativeToLeft(Eq) " “NegativeToLeft(Eq)”]
[UniqueNegative ey “UniqueNegative”]
[DoubleMinus % “DoubleMinus”]

[LessNeq ¥ “LessNeq”]

[NeqSymmetry tex “NeqSymmetry”]

[NeqNegated 2 “NegNegated”]

tex

[SubNeqRight = “SubNeqRight”]
[SubNeqLeft X “SubNeqLeft”]
[NeqAddition tex “NeqAddition”]
[NeqMultiplication = “NegMultiplication”]

[LeqLessEq tex “LeqLessEq”]
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[LessLeq = “LessLeq”]
[FromLeqGeq tex “FromLeqGeq”]
[subLeqRight % “subLeqRight”]
[subLeqLeft "% “subLeqLeft”]
[Leq+ 1 ¥ “Leq+17]
[PositiveToRight(Leq) = “PositiveToRight(Leq)”]
[PositiveToRight(Leq)(1term) ¥ “PositiveToRight(Leq)(1 term)”]
[LegAdditionLeft *% “LeqAdditionLeft”]
[leqSubtraction ¥ “leqSubtraction”]
[leqSubtractionLeft = “leqSubtractionLeft”]
[leqMultiplication tex “leqMultiplication”]
[thirdGeq % “thirdGeq”]

tex
[LeqNegated — “LeqNegated”]
[AddEquations(Leq) % “AddEquations(Leq)”]
[LeqNeqLess tex “LeqNeqLess”]
[FromLess = “FromLess”]
[ToLess % “ToLess”]
[fromNotLess “% “fromNotLess”]
[toNotLess “= “toNotLess”]

tex

[LessAddition — “LessAddition”]

[LessAdditionLeft *< “LessAdditionLeft”]
[LessMultiplication X “LessMultiplication”]
[LessMultiplicationLeft tex “LessMultiplicationLeft”]

PR tex P
[LessDivision — “LessDivision”]

[AddEquations(Less) Jass “AddEquations(Less)”|
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[NegativeLessPositive 5 “NegativeLessPositive”]
[leqLessTransitivity tex “leqLessTransitivity”]
[LessLeqTransitivity - “LessLeqTransitivity”]
[LessTransitivity “= “LessTransitivity”]
[LessTotality " “LessTotality”]

[SubLessRight “% “SubLessRight”]

[SubLessLeft “= “SubLessLeft”]

[LessNegated *< “LessNegated”]
[PositiveNegated “< “PositiveNegated”]

ex

[NonpositiveNegated s “NonpositiveNegated”]
[NegativeNegated bex “NegativeNegated”|
[NonnegativeNegated by “NonnegativeNegated”]
[PositiveHalved X “PositiveHalved”]
[NonnegativeNumerical tex “NonnegativeNumerical”]
[NegativeNumerical tex “NegativeNumerical”|
[PositiveNumerical = “PositiveNumerical”]

[10] = 0 "% “/0]=0"]

[0 <= [x| % “0<=[x|"]

[SameNumerical s “SameNumerical”]
[SignNumerical(+) “= “SignNumerical(+)”]
[SignNumerical s “SignNumerical”|
[NumericalDifference “= “NumericalDifference”]

tex

[SplitNumericalSumHelper = “SplitNumericalSumHelper”|

tex

[splitNumericalSum(++) = “splitNumericalSum (++)”]

tex

[splitNumericalSum(——) = “splitNumericalSum(--)”]
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[splitNumericalSum(+ — small) “= “splitNumericalSum(+-small)”]
[splitNumericalSum(+ — big) tex “splitNumericalSum(+-big)”]
[splitNumericalSum(+—) * “splitNumericalSum(+-)”]
[splitNumericalSum(—+) *< “splitNumericalSum(-+)"]
[splitNumericalSum “= “splitNumericalSum”]
[insertMiddleTerm(Numerical) *< “insertMiddleTerm(Numerical)”]

tex

[x +y = zBackwards — “x+y=zBackwards”]

[x * y = zBackwards Jass “xxy=zBackwards”|

[ =x+ (v —y) = “S=x+(y-y)"]

x=x+y—y " “x=xtyy]

e

[insertMiddleTerm(Sum) jacs “insertMiddleTerm(Sum)”]
[insertMiddleTerm (Difference) tex “insertMiddleTerm(Difference)”]
[x %0+ x = x = “xx0+x=x"]

[x%0=0"F

“xk0=0"]

[(=1) % (=1) + (1) % 1 = 0 = “(-1)#(-1)+(-1)%1=0"]
(1) (-1) = 15 “(D)#(-1)=1"]

[0 < 1Helper % “0<1Helper”]

[0 < 1% «0<17]

[0 <2 “0<27)

[0 < 1/2 % “0<1/27]

tex

[TwoWholes — “TwoWholes”|
[TwoHalves tex “TwoHalves”]

tex ”
[x—y=—(x+y) = “xy=(x+y)"]

[MinusNegated = “MinusNegated”]
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[Times(—1) “= “Times(-1)”]

[Times(—1)Left “= “Times(-1)Left”]

[—0 = 0% «0=0"]

[negativeToLeft(Leq) X “negativeToLeft(Leq)”]
[SFsymmetry tex “SFsymmetry”|

[SFtransitivity by “SFtransitivity”]

[= fToSameF “% “=fToSamcF 7]

tex

[PlusF(Sym) — “PlusF(Sym)”]
[TimesF(Sym) = “TimesF(Sym)”]
[£2R (Plus) “% “f2R(Plus)”]
[f2R(Times) “= “f2R(Times)”]

[PlusR (Sym) < “PlusR/(Sym)”]
[TimesR(Sym) ¥ “TimesR(Sym)”]
[LessLeq(R) *= “LessLeq(R)”]
[eqLeq(R) “3 “eqLeq(R)"]
[ThirdGeqSeries *= “ThirdGeqSeries”]

tex

[SubLessRight(R) = “SubLessRight(R)”]

[SubLessLeft(R) “% “SubLessLeft(R)”]

[<< TransitivityHelper(Q) = “<<TransitivityHelper(Q)”]
[<< Transitivity “= “<<Transitivity”]

tex

[<<== Reflexivity — “<<==Reflexivity”]

[<<== AntisymmetryHelper(Q) *= “<<==AntisymmetryHelper(Q)”]
[<<== Antisymmetry tex “<<==Antisymmetry”]

[<<== Transitivity tex “<<==Transitivity”]

[PlusOf = “Plus0f”]
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tex

[Plus00 = “Plus00”]

[== Addition *< “==Addition”]

[== AdditionLeft ©¥ “==AdditionLeft”]

[<< Addition tex “<<Addition”]

[<<== Addition "= “<<==Addition”]
[PlusAssociativity(F) *< “PlusAssociativity(F)”]
[PlusAssociativity(R) % “PlusAssociativity(R)”]
[Negative(R) *< “Negative(R)”]

[PlusCommutativity (F) *% “PlusCommutativity (F)”]
[PlusCommutativity(R) *< “PlusCommutativity(R)”]
[Times1f ¥ “Times1{”]

[Times01 ¥ “Times01”]

[TimesAssociativity (F) *= “TimesAssociativity(F)”]
[TimesAssociativity(R) © “TimesAssociativity(R)”]
[TimesCommutativity(F) “% “TimesCommutativity(F)”]
[TimesCommutativity(R) *= “TimesCommutativity(R)”]
[Distribution(F) “2 “Distribution(F)”]

[Distribution(R) tex “Distribution(R)”]
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