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am, (---), Objekt-var, Ex-var, Ph-var, Verdi, Variabel, Op(x), Op(x, %),
*x == x, ContainsEmpty(x), Dedu(x, ), Dedug(*, *), Dedug(*, *, %),
Deduy (%, *, *), Dedug(*, *, x), Dedus (*, , *, ), Dedug(*, *, *, %),

Deduj (x, *, *, x), Dedus (*, *, %), Dedug(x, *, %, %), Dedug (, *, *, ), Deduz(x),
Dedug (*, ), Deduj (, *), Ex1, Exg, Ex3, Ex19, Exaq, *gx, *°%,
(3= x| % ==k gy, (F=0 x|k i==k) gy, (F=! x|k i==k) gy, (F=F x|k i==H) gy,
phy, pha, phs, #pn, ¥, (x= * | % :==+)pp, (*="* | ¥ :===+)py,

(x=1 % | % :==x)pp, (¥=" * | ¥ :==+)py, bs, OBS, BS, @, ZFsub, MP, Gen,
Repetition, Neg, Ded, ExistIntro, Extensionality, def, PairDef, UnionDef,
PowerDef, SeparationDef, AddDoubleNeg, RemoveDoubleNeg,
AndCommutativity, Autolmply, Contrapositive, FirstConjunct,
SecondConjunct, FromContradiction, FromDisjuncts, IffCommutativity,
IffFirst, IffSecond, ImplyTransitivity, JoinConjuncts, MP2, MP3, MP4, MP5,
MT, NegativeMT, Technicality, Weakening, WeakenOr1, WeakenOr2,
Formula2Pair, Pair2Formula, Formula2Union, Union2Formula, Formula2Sep,
Sep2Formula, SubsetInPower, HelperPowerIsSub, PowerIsSub,
(Switch)HelperPowerIsSub, (Switch)PowerlsSub, ToSetEquality,
HelperToSetEquality(t), ToSetEquality(t), HelperFromSetEquality,
FromSetEquality, HelperReflexivity, Reflexivity, HelperSymmetry, Symmetry,
HelperTransitivity, Transitivity, ERisReflexive, ERisSymmetric,
ERisTransitive, QisSubset, HelperMemberNot®, MemberNot®,
HelperUnique®, Unique®, == Reflexivity, == Symmetry,

Helper =="Transitivity, == Transitivity, HelperTransferNotEq,
TransferNotEq, HelperPairSubset, Helper(2)PairSubset, PairSubset, SamePair,
SameSingleton, UnionSubset, SameUnion, SeparationSubset, SameSeparation,
SameBinaryUnion, IntersectionSubset, Samelntersection, AutoMember,
HelperEqSysNot®, EqSysNot@, HelperEqSubset, EqSubset,
HelperEqNecessary, EqNecessary, HelperNoneEqNecessary,
Helper(2)NoneEqNecessary, NoneEqNecessary, EqClassIsSubset,
EqClassesAreDisjoint, AllDisjoint, AllDisjointImply, BSsubset,
Union(BS/R)subset, Unionldentity, EqSysIsPartition, (e), (fx), (fy), (fz), (fv),
var fv, (rx), (ry), (rz), (ru), ¢, FX, FY, FZ, FU, FV, RX, RY, RZ, RU, 0, 1,
(=1), 2, 1/2, 0f, 1f, 00, 01, leqReflexivity, leqAntisymmetryAxiom,
leqTransitivity Axiom, leqTotality, leqAdditionAxiom, leqMultiplicationAxiom,
plusAssociativity, plusCommutativity, Negative, plus0, timesAssociativity,
timesCommutativity, Reciprocal Axiom, timesl, Distribution, Onot1,

equality Axiom, eqLeqAxiom, eqAdditionAxiom, eqMultiplicationAxiom,
SENC1, SENC2, IfThenElse(T), If ThenElse(F), From = f, To = f, From < f,
To < f, PlusF, TimesF, MinusF, 0f, 1f, FromSF, ToSF, To == XX, From ==,
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To ==, From << XX, From << (1), From << (2), to << XX, From <<,

To <<, FromInR, PlusR, TimesR, leqAntisymmetry, leqTransitivity,
leqAddition, leqMultiplication, Reciprocal, Equality, eqleq, eqAddition,
eqMultiplication, ToNegatedImply, TND, ImplyNegation, FromNegations,
From3Disjuncts, From2 * 2Disjuncts, NegateDisjunct1, NegateDisjunct2,
ExpandDisjuncts, eqReflexivity, eqSymmetry, eqTransitivity, eqTransitivity4,
eqTransitivityd, eqTransitivity6, plusOLeft, timeslLeft, lemma eqAdditionLeft,
EgMultiplicationLeft, DistributionOut, Three2twoTerms, Three2threeTerms,
Three2threeFactors, AddEquations, SubtractEquations,
SubtractEquationsLeft, EqNegated, PositiveToRight(Eq),
PositiveToLeft(Eq)(1term), NegativeToLeft(Eq), LessNeq, NeqSymmetry,
NegNegated, SubNeqRight, SubNeqLeft, NeqAddition, NeqMultiplication,
UniqueNegative, DoubleMinus, LeqLessEq, LessLeq, FromLeqGeq,
subLeqRight, subLeqLeft, Leq + 1, PositiveToRight(Leq),
PositiveToRight(Leq)(1term), negativeToLeft(Leq), LeqAdditionLeft,
leqSubtraction, leqSubtractionLeft, thirdGeq, LeqNegated,
AddEquations(Leq), ThirdGeqSeries, LeqNeqLess, FromLess, ToLess,
fromNotLess, toNotLess, NegativeLessPositive, leqLessTransitivity,
LessLeqTransitivity, LessTransitivity, LessTotality, SubLessRight,
SubLessLeft, LessAddition, LessAdditionLeft, LessMultiplication,
LessMultiplicationLeft, LessDivision, AddEquations(Less), LessNegated,
PositiveNegated, NonpositiveNegated, NegativeNegated, NonnegativeNegated,
PositiveHalved, NonnegativeNumerical, NegativeNumerical,
PositiveNumerical, lemma nonpositiveNumerical, |0] =0, 0 <= |x|,
SameNumerical, SignNumerical(+), SignNumerical, NumericalDifference,
SplitNumericalSumHelper, splitNumericalSum(++), splitNumericalSum(—-),
splitNumericalSum(+ — small), splitNumericalSum(+ — big),
splitNumericalSum(+—), splitNumericalSum(—+), splitNumericalSum,
insertMiddleTerm(Numerical), x + y = zBackwards, x * y = zBackwards,
x=x+(y—-y),x=x+y—y,, insertMiddleTerm(Sum),
insertMiddleTerm(Difference), x * 0 + x = x, x* 0 = 0,

(D) *(=1)+(=1)x1=0, (=1)*(=1) =1, 0 < 1Helper, 0 < 1, 0 < 2,

0 < 1/2, TwoWholes, TwoHalves, —x —y = —(x + y), MinusNegated,
Times(—1), Times(—1)Left, —0 = 0, SFsymmetry, SFtransitivity,

= fToSameF, PlusF(Sym), TimesF(Sym), f2R(Plus), 2R (Times),
PlusR(Sym), TimesR(Sym), LessLeq(R), eqLeq(R), SubLessRight(R),
SubLessLeft(R), << TransitivityHelper(Q), << Transitivity,

<<== Reflexivity, <<== AntisymmetryHelper(Q), <<== Antisymmetry,
<<== Transitivity, PlusOf, Plus00, == Addition, == AdditionLeft,

<< Addition, <<== Addition, PlusAssociativity(F), PlusAssociativity(R),
Negative(R), PlusCommutativity (F), PlusCommutativity(R),
TimesAssociativity (F'), TimesAssociativity(R), Timeslf, Times01,
TimesCommutativity (F), TimesCommutativity(R), Distribution(F),
Distribution(R), R(*), — — R(x), recx, /%, * N, x[*], Uk, * U *, P(x), {*},
{, %}, (k, %), —x, —px, % € %, x(x, %), ReflRel(x, %), SymRel(x, *),

TransRel(x, ), EqRel(x, %), [¥ € x|, Partition(k, %), * % s, s kg s, % sk sk, % 4 *,



sk — ok, ok ok, ok —p ok, ok g R(k) — —R(x), | % |, (%, %, %), % = %, * # *,
<=k, ok <k, ok =p ok, & <p ok, SF(x, %), ¥ == %, % << ¥, % <<== %, x==1,
* Cok, Tk, ok @k, k£ %, x Ak, x V ok, xS %, {ph € x| %},
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[am prio

Preassociative

[am], [base], [bracket * end bracket], [blg bracket * end bracket],[ $*$ ],
flush left [«]], [x], [y], [2], [[x >< ]}, [[* = «]], [pyk], [tex], [name], [prio], [+], [T],
£ (4], [5], [6],

7). 18], 19]. 0], [1] 2]. (3] [4. [5] 6], [7. 181, 191, [al, [b]; [c], ], [e], ], [e] [n] {il, i
. [, [m], [n], [o]. [p], [al, [r], [s]. [t], [u], [v], (W], [(+)™], [T, =, )]

array{*} + end array], [I], [c], [r], [empty], [(x | * := )], IM(+)], [U(x)), U(%)],
[UM(%)], [apply (x, *)], [apply (*, *)], [identifier (x)], [identifier; (x, x)], [array-
plus(x, x)], [array-remove(x, , *)|, [array-put(, , *, )], [array-add (x, *, *, *, *)],
[bit (*, x)], [bitq (*, *)], [rack], ["vector"], ["bibliography"], ["dictionary"],
["body"], ["codex"], ["expansion"], ["code"], ["cache"], ["diagnose"], ["pyk"],
["tex"], ["texname"], ["value"], ["message"], ["macro"], ["definition"],
["unpack"], ["claim"], ["priority"], ["lambda"], ["apply"], ["true"], ["if"],
["quote"], ["proclaim"], ["define"], ["introduce"], ["hide"], ["pre"], ["post"],
[E(x, %, %)), [E2(x, %, *, %, %)], [E3 (%, x, %, *)], [Ea(*, *, %, %)], [lookup(x, *, *)],
[abstract(e, =, )], [[£1), M, £)], [Ma, 5, %, £)], M (s, =, )], [macro],
[so], [2ip(x, *)], [assoes (x, %, #)], [(+)P], [self], [[+ = «]], [[+ = +]], (o #],

[l = #]], [[+ < #]), [+ " #]], [Priority _table[«]], [M], [Ma(+)], [Ma(+)],
[Ma(r, 5,5, 5], [M (x5, 0], [Qx, %, )], [Qa (3, 3, %), [Qa (x, %, %, )], [Q (x, %, %)),
()], [(+)], display ()], [statement ()], [(<T, )], [aspect (¥, )],

[aspect (x, %, )], [(+)], [tuple, (x)], [fuple, (+)], [leta (+, )], [lety (+, %)),

[[* claim ]|, [checker], [check(x, )], [checka (x, *, *)], [checkign(s*, *, %]
[eheck” (x, +)], [eheck (, %, )] [+ ], (] ], [+°], [msg], [+ "2 <]}, [<stmt>].
{stmt], [ "2 «]], [HeadNil'], [HeadPair’], [Transitivity’], [1L], [Contra’], [TE],
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La, [«], [A], [B], [C], [D], [€], [F], 1G], [H], [Z], [T], [K], [£], [M], IN], (O], [P, €,
R], [S], [T], U], [V, V), [X], V), [2], [G |+ = )], [(" | # := )], [0], [Remainder],
()V], [intro(x, *, , *)], [intro(x, *, )], [error (x, x)], [errora (*, )], [proof(x, *, x)],
proofa (x, %)], [S(x, )], [S' (%, )], [S™ (+, )], [ST (*, %, #)], [S" (%, %) , [ST (%, %, %)],
St (%, )], [81 (%, %, %)], [37(*7*)},[51_(*7*,*)]7[5*(*,*)]7[51‘(*,*,*)],

S5 (%, %, %, %)), [5@(* )], [SP (%, %, %)), [S" 0, )], [ST (#, %, %, %)], [S* (x, %)],

SU (%, %, %, )], [8 (, %)), [S} (* #,%, )], (S5O, , 4,5, )], [S7 (x, %),

SY (%, %, %, %)], [SF (%, %)], [S5 Gk, %, %)], [S (x, %, %, %)], [’T( )] [claims(x, *, x)],
claimss (%, *, *)], [<proof >], [proof] [[Lemma x: ]|, [[Proof of x: %],

[* lemma *: «]], [[* antilemma x: x]], [[* rule *: *]], [[* antirule *: x]|,
verlﬁer] [Vl( )] [VQ(*a*)] [V3(*7*a*a*)] [V4(*a*)] [V5(*7*a*a*)] [Vﬁ(*a*7*’*)]v
Vr(x, %, %, %)], [Cut(x, )], [Headg (x)], [Tailg (*)], [ruleq (*, )], [rule(x, *)],



Rule tactic], [Plus(*, *)], [[Theory x|], [theorys (x, )], [theorys(x, *)],
theory, (x, , *)], [HeadNil"”], [HeadPair”], [Transitivity”], [Contra”], [HeadNil],
HeadPair], [Transitivity] [Contral, [Tg], [ragged right],

ragged right expansion |, [parm(x, *, )], [parm™* (x, , *)], [inst (x, *)],

inst* (x, *)], [occur(*, , *)], [occur* (x, *, *)|, [unify (x = *, *)], [unify* (x = x, *)],
unifya( = #, %)} [Lal, (Lo} [Lel, [Lal, [Lol, [Lel, (L], (), L. [, 1L, L1, (L)
L, [Lo: (L) Ll [La]. (L (L], (L], ], (], (L (L], (L. (L], (L], (L
LD] [ } [ } [LG] [LH]7 [Ll]a [LJ]7 [LK]7 [LL]v [LM]7 [LN]7 [LO]’ [LP]’ [LQ]a [LR]v
Ls] [ ] [ ] [Lv] [Lw], [Lx], [Ly], [Lz], [L?], [Reﬂexivity], [Reﬂexivityl],

Commutativity], [Commutativity,], [<tactic>], [tactic], [+ S «]], [P (x, %, %)],
P*(x, %, %)], [po], [conclude; (x, *)], [concludes (x, *, x)], [concludes (x, *, *, )],
concludey (%, %)], [check], [[* = *]], [RootVisible(x)], [A], [R], [C], [T], [L], [{*}], [¥],
al, [0}, [e], [d], [e]. [f]. [g]. [P], [2], ), [K, [, [m], [n], [l [p], [al, [1], [s], [£, ], [0],
w], [2], [y], [2], [(#= x |5 :=)], [(5=0 5 | =), [(6=1 5 | =) ], [(6=7 | =)
Ded(x, )], [Dedg(*, *)], [Dedy (x, *, %)], [Deda (*, *, *)], [Deds (*, *, *, *)],
Dedy(x, *, *, *)], [Dedj (x, *, x, )], [Deds (x, *, )], [Ded(;(*, *, %, %))
Dedg (+, *, %, #)], [Ded7 ()], [Deds (+, *)], [Dedg (+, )], [S], [Neg], [MP], [GGHL
Ded] [S1], [S2], [S3], [S4], [S5], [S6], [S7], [S8], [S9], [Repetition], [A1'], [A2'], [A4'],
5'], [Prop 3.2al, [Prop 3.2b], [Prop 3.2¢], [Prop 3.2d], [Prop 3.2e1], [Prop 3.2e2],
Prop 3.2¢], [Prop 3.2f1], [Prop 3.2f5], [Prop 3.2f], [Prop 3.2g;], [Prop 3.2g2],
Prop 3.2g], [Prop 3.2h4], [Prop 3.2hs], [Prop 3.2h], [Blocky (*, %, %)], [Blocka (%)],
(- )] [Objekt-var], [Ex-var], [Ph-var]|, [Verdi], [Variabel], [Op(*)]7 [Op(*, *)],
* == x|, [ContainsEmpty (x)], [Dedu(x, )], [Dedug (*, *)], [Dedus(*, *, *)],
Deduy (*, *, *)], [Dedug (*, , *)], [Dedug (*, *, *, *)], [Dedug (*, *, *, *)],
Deduj (x, *, *, )], [Dedus (x, %, *)], [Dedug (*, *, *, *)], [Dedug (x, *, *, *)],
Dedu7( )], [Dedug(x, *)], [Dedug (x, *)], [Ex1], [Exz], [Ex3], [Ex10], [Ex20], [*Ex],
X (= | == (=0 | ==, [ o | ==
(=" | * :===x)Ex], [Ph1], [Pha], [phs], [xpn], [+""], [(+= | * :==x)pu],
(=9 % |k :==+)pp), [(x=1 x | % :==x)pp], [(x=" x | % :==x)py], [bs], [OBS], [BS],
|, [ZFsub], [MP], [Gen], [Repetition], [Neg], [Ded], [ExistIntro],
Extensionality], [Jdef], [PairDef], [UnionDef], [PowerDef], [SeparationDef],
AddDoubleNeg], [RemoveDoubleNeg], [AndCommutativity], [AutoImply],
Contrapositive], [FirstConjunct], [SecondConjunct], [FromContradiction],
FromDisjuncts], [Iff Commutativity], [IffFirst], [IffSecond], [Imply Transitivity],
JoinConjuncts], [MP2], [MP3], [MP4], [MP5], [MT], [NegativeMT],
Technicality], [Weakening], [WeakenOr1], [WeakenOr2], [Formula2Pair],
Pair2Formula], [Formula2Union], [Union2Formula], [Formula2Sep],
Sep2Formula], [SubsetInPower], [HelperPowerIsSub], [PowerIsSub),
Switch)HelperPowerIsSub], [(Switch)PowerIsSub], [ToSetEquality],
HelperToSetEquality(t)], [ToSetEquality(t)], [HelperFromSetEquality],
FromSetEquality], [HelperReflexivity], [Reflexivity], [HelperSymmetry],
Symmetry|, [HelperTransitivity], [Transitivity], [ERisReflexive],
ERisSymmetric|, [ERisTransitive], [@isSubset], [HelperMemberNot()],
MemberNotQ)], [HelperUnique®@], [Unique@], [==Reflexivity], [== Symmetry],
Helper == Transitivity], [ == Transitivity], [HelperTransferNotEq],
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[TransferNotEq], [HelperPairSubset], [Helper(2)PairSubset], [PairSubset],
[SamePair], [SameSingleton], [UnionSubset], [SameUnion], [SeparationSubset)],
[SameSeparation], [SameBinaryUnion], [IntersectionSubset], [SamelIntersection],
[AutoMember], [HelperEqSysNot@], [EqSysNot@], [HelperEqSubset],
[EqSubset], [HelperEqNecessary], [EqNecessary]|, [HelperNoneEqNecessary],
[Helper(2)NoneEgNecessary], [NoneEgNecessary], [EqClassIsSubset],
[EqClassesAreDisjoint], [AllDisjoint], [AllDisjointImply], [BSsubset],
[Union(BS/R)subset], [Unionldentity], [EqSysIsPartition], [(€)], [(fx)], [(fy)],
() [(89)], [var ], [(0), [(xy)], [(2)], [(vw)], (e, [FX, [FY), [FZ, [FUJ, [FV],
[RX], [RY], [R2), (RUJ, (0], [1], (1)}, [2] [1/2], [0F] [11], [00], 01], [leqRefexivity].
[leqAntisymmetry Axiom], [leqTransitivity Axiom]|, [leqTotality],
[leqAdditionAxiom], [leqMultiplication Axiom], [plusAssociativity],
[plusCommutativity], [Negative], [plus0], [timesAssociativity],
[timesCommutativity], [Reciprocal Axiom)], [times]], [Distribution], [Onot1],
[equality Axiom], [eqLeqAxiom], [eqAdditionAxiom], [eqMultiplication Axiom],
[SENC1], [SENC2], [IfThenElse(T)], [[fThenElse(F)], [From = {], [To = {],
[From < f], [To < f], [PlusF], [TimesF], [MinusF], [0f], [1f], [FromSF], [ToSF],
[To == XX], [From ==], [To ==, [From << XX], [From << (1)],
[From << (2)], [to << XX], [From <<], [To <<], [FromInR], [PlusR], [TimesR],
[leqAntisymmetry], [leqTransitivity], [leqAddition], [leqMultiplication],
[Reciprocal], [Equality], [eqLeq], [eqAddition], [eqMultiplication],
[ToNegatedImply], [TND], [ImplyNegation], [FromNegations], [From3Disjuncts],
[From2 x 2Disjuncts], [NegateDisjunct1], [NegateDisjunct2], [ExpandDisjuncts],
[eqReflexivity], [eqSymmetry], [eqTransitivity], [eq Transitivity4],
[eqTransitivity5], [eqTransitivity6], [plusOLeft], [times1Left],
[lemma eqAdditionLeft], [EqMultiplicationLeft], [DistributionOut],
[Three2twoTerms], [Three2threeTerms], [Three2threeFactors|, [AddEquations],
[SubtractEquations], [SubtractEquationsLeft], [EqNegated],
[PositiveToRight(Eq)], [PositiveToLeft(Eq)(1term)], [NegativeToLeft(Eq)],
[LessNeq], [NeqSymmetry], [NeqNegated], [SubNeqRight], [SubNeqLeft],
[NeqAddition], [NeqMultiplication], [UniqueNegative], [DoubleMinus],
[LeqLessEq], [LessLeq], [FromLeqGeq], [subLeqRight], [subLeqLeft], [Leq + 1],
[PositiveToRight(Leq)], [PositiveToRight(Leq) (1term)], [negativeToLeft(Leq)],
[LeqAdditionLeft], [leqSubtraction], [leqSubtractionLeft], [thirdGeq],
[LeqNegated], [AddEquations(Leq)], [ThirdGeqSeries], [LeqNeqLess],
[FromLess], [ToLess], [fromNotLess], [foNotLess], [NegativeLessPositive],
[leqLessTransitivity], [LessLeqTransitivity], [LessTransitivity], [LessTotality],
[SubLessRight], [SubLessLeft], [LessAddition], [LessAdditionLeft],
[LessMultiplication], [LessMultiplicationLeft], [LessDivision],
[AddEquations(Less)], [LessNegated], [PositiveNegated], [NonpositiveNegated],
[NegativeNegated], [NonnegativeNegated], [PositiveHalved],
[NonnegativeNumerical], [NegativeNumerical], [PositiveNumerical],

[lemma nonpositiveNumerical], [|0] = 0], [0 <= |x|], [SameNumerical],
[SignNumerical(+)], [SignNumerical], [NumericalDifference],
[SplitNumericalSumHelper], [splitNumericalSum(++)],
[splitNumericalSum(——)], [splitNumericalSum(+ — small)],



[splitNumericalSum(+ — big)], [splitNumericalSum(+—)],
[splitNumericalSum(—+)], [splitNumericalSum)],
[insertMiddleTerm(Numerical)], [x + y = zBackwards], [x * y = zBackwards],
x=x+—-y),[x=x+y -y, [insertMiddleTerm(Sum)],
[insertMiddleTerm(Difference)], [x * 0 + x = x|, [x * 0 = 0],

(1) % (=1)+ (=1)*1=0],[(—1) * (—1) = 1], [0 < 1Helper], [0 < 1],[0 < 2],

[0 < 1/2], [TwoWholes|, [TwoHalves], [-x — y = —(x + y)], [MinusNegated],
[Times(—1)], [Times(—1)Left], [-0 = 0], [SFsymmetry], [SFtransitivity],

[= fToSameF], [PlusF(Sym)], [TimesF(Sym)], [f2R(Plus)], [f2R(Times)],
[PlusR(Sym)], [TimesR(Sym)], [LessLeq(R)], [eqLeq(R)], [SubLessRight(R)],
[SubLessLeft(R)], [<< TransitivityHelper(Q)], [<< Transitivity],

[<<== Reflexivity], [<<== AntisymmetryHelper(Q)],

[<<== Antisymmetry], [<<== Transitivity], [Plus0f], [Plus00], [== Addition],
[== AdditionLeft], [<< Addition], [<<== Addition], [PlusAssociativity(F)],
[PlusAssociativity (R)], [Negative(R)], [PlusCommutativity (F)],
[PlusCommutativity(R)], [TimesAssociativity (F)], [TimesAssociativity (R)],
[Times1f], [Times01], [TimesCommutativity (F)], [TimesCommutativity(R)],
[Distribution(F)], [Distribution(R)];
Preassociative

[x_{x}], [*/indexintro(x, *, x, *)], [*/intro(x, *, *)
[« mameintroe, =, %, )], ], ], (e[, [
[

|, [x/bothintro(, , *, *, )],
zé*“ , [%0], [*1], [Ob], [* color(x)],

s-color™ ()], [+7], [T], [V, [#], ], [+°], [€], [, [2], [, (], 5], [, [,
Fii]ée[ikR]’ B0, Bt B2 20, B, (00, [0, [T, ), [0, [, V), €, [+
Preassociative

[“% 71,01, [(+)*], [string () + #], [string() ++ ], [

*, [#], (1], [, [, (3], [Y0x], [&ex], 4], (O], %], [oxd, [0, [ #], [0, 1], [/,
[0+], [1#], [2+], [3%], [4], [5+], (6], [T+], [8], [9%], [:#], [; #], [<#], [=+], [>+], [74],
[@x], [Ax], [Bx], [Cx], D], [Ex], [Fx], [Goe], [Hx], [L«], [J#], K], [L#], [M], [Nx],
(0], [P], [Qx], [Rxl, [S], [T], [U], [V], [Wok], [X], [Y 5], [Ze#], [[], [\ 4], [1%], [+,
[#], ['#], [ax], o], [ex], [d], [ex], [4], [g#], [he], [i+], [j4], [ket], 1], [m], 0], [ox],
(], [ax], o], [, [bx], [we], [ve], [wed, o], [y« (2], [{#], (14, 4], 7],
[Preassociative x; x|, [Postassociative x; x|, [[+], ¥], [priority * end],

[newline #|, [macro newline %], [MacroIndent(x)];
Preassociative
EREINERETF
Preassociative

('], [R(%)], [= — R(*)], [recx];
Preassociative

[/], [« Nox], [ []];
Preassociative

(U], [ U ], [P(x)];
Preassociative

[{*};

Preassociative

[{*7 *}]7 [<*’ *>]’ [_*]7 [_f*]§



Preassociative

[* € %], [*(x, *)], [ReflRel (%, *)], [SymRel(x, *)], [TransRel(x, *)], [EqRel(x, *)],
[* € *].], [Partition(, *)];

Preassociative

[ - ], [ -0 %], [ * %], [x ¢ %], [ % xx];

Preassociative

[« 4 =], [* +o *], [x 41 %], [ — *], [* —o *], [x —1 %], [* + ], [* — %], [* +¢ %], [ —¢ *],
[+ + 4], [R(x) = =R(%)];

Preassociative

[ 1], [iCx, %, %)];

Preassociative

[* = *]v [* # *]7 [* <= *]7 [* < *]7 [* =f *]7 [* <t *], [SF(*, *)]7 [* == *]7 [* << *]7
[x <<==x|;

Preassociative

[+ U L}, [+ U], [$\{#3];

Postassociative

[ ] [ o], [xone ], [ 2% %], [ 000 %], [ +25% %5

Postassociative

[, *[;

Preassociative

[+~ #], [+ ~ %], [*%*],[*i*H*z*],[*:*},[*i*],[*é*],[*t;*],[*é*]
[ € #], [x S 4], [+ = o], [+
[* free for™ « in #],
[t O], [t ], [t
Preassociative
[, [, [x & =], [x 7 #];
Preassociative

[« A k], [% A ], [% A %], [% Ac ], [* A [;
Preassociative

[V o], [ || ], [ Vo5
Postassociative

[ V %;

Preassociative

[T ], [V %], [Vopjx: %];
Postassociative

[ = x|, [x = #|, [x & «], [x & «];
Preassociative

[{ph € = [ *}];

Postassociative

[* : ], [* spy =], [*!x];
Preassociative

*
i
Preassociative
[Ax ], [A % %], [A%], [if * then x else x|, [let x = x in %], [let * = % in *];

], [* free in x|, [x free in® %], [* free for * in x|,
I b <] e <] o= ] [ 2 4], 9],

**
Mm

(9



Preassociative
[x#4];
Preassociative
(], B2 V] ] [ [+
Preassociative
[ @], [x B ¢l [x 1 5], [ > 4], 12 4
Postassociative
[ b %], [* B %], [* Le. «];
Preassociative
[V ], [TDk: %];
Postassociative
[* & «|;
Postassociative
[ #];
Preassociative
[* proves x|;
Preassociative
[* proof of x: x|, [Linex* : % > «; %], [Last line x > 0O,
[Line * : Premise >> x; %], [Line  : Side-condition >> *; x|, [Arbitrary > #; %],
[Local > x = *; %], [Begin *; x : End; ], [Last block line* > x;],
[Arbitrary > *; «|;
Postassociative
[ | #];
Postassociative
e o), e ¢
Preassociative
[&ex];
Preassociative
[¥\\*], [* linebreak[4] ], [\ \x]; ]
tex

[am — “am”]

[am B “am”|

() = “(\edots{})"]
[(--) iy “cdots”]

Objekt-var

ex

[Objekt-var ¥ “\texttt{Objekt-var}”]



ko .
[Objekt-var 5 “object-var”]

Ex-var

[Ex-var tex “\texttt{Ex-var}”]

pyk
[Ex-var i “ex-var” ]

Ph-var

tex

[Ph-var — “\texttt{Ph-var}”]
[Ph-var A “ph-var”]
Verdi

[Vaerdi ¥ “\texttt{V\ae{}rdi}”]

. pyk .
[Verdi 25 “vaerdi”]

Variabel

tex

[Variabel = “\texttt{Variabel}”]

k .
[Variabel 5 “variabel”]

Op(*)
[Op(x) = “Op(#1.

)"]
[Op(x) pyX “op " end op”]

Op(x, *)



[Op(*, *) A “op2 " comma " end op2”]

* == %

[x ==y =¥ “41,

\mathrel {\ddot {==}} #2.”]

[ == x by “define-equal " comma " end equal”]
ContainsEmpty (x)

[ContainsEmpty(x) tex “ContainsEmpty (#1.

)]
[ContainsEmpty () By “contains-empty " end empty”]

Dedu(, *)

[Dedu(p,c) ™25 At.As.Ac. My (t, s, ¢, [[Dedu(p, ) = Ax.Dedug([p], [<])]])]

[Dedu(x,y) =
Dedu(#1.

s F2.

)]

[Dedu(x, ) P «1deduction " conclude " end 1deduction”]

Dedug(*, )

[Dedug(p, ) val c!If(Dedus(p, T), Dedus(Deduz(p),c, T), F)]

[Dedug(x, y) ¥ «
Dedu_0(#1.

s 72

)]

[Dedug (*, ) VX <1 deduction zero " conclude " end 1deduction”]

10



Dedug(*, *, )

[Dedug(p, ¢, s) v If(p = [x#y],c =[x y] A p! = c! ADedug(p?,c2,c! ::s),
Dedul(pa <, S))]

[Dedug(x,y,z) % “Dedu_{s}(#1.

, H2.

, #3.

)]

[Dedus (*, *, *) VX ] deduction side " conclude " condition " end 1deduction”]

Deduy (, *, *)

val

[Dedu; (p, c,s) = If (c = [x - y], Deduy (p, c?,c! :: s), Dedua(p, c,s))]
[Dedu (x,y,z) =
Dedu_1(#1.

72
,#3.
)]

[Deduy (x, *, *) PV 1 deduction one " conclude " condition " end 1deduction”|

Dedus (, *, *)

[Dedus(p, ¢, s) v slp = [xFy]Ac= [x=
1 Dedus(p!,ct,s, T) A Deduy(p?, c?,s) ]
Deduy(p, ¢, s, Dedug(p,c, T, T))
[Dedu? (Xv Y, Z) tﬁ; “
Dedu_2(#1.

,#2.
, #3.
)]

[Dedug (*, *, *) P «1deduction two " conclude " condition " end 1deduction”]

Dedug (, *, *, *)

[Dedus(p, c,s,b) ™ If(~c = [Vopix:y], Deduy(p, c,s, b),
If(p = [Vonx:y] A pt A ct, Deduy(p,c, s, b), Dedus(p,c?,s,ct :: ¢! :: b)))]

11



tex

[Dedus(x,y,z,u) =
Dedu_3(#1.

, H2.

, #3.

, #4.

)]

[Dedug (x, *, *, x

) 7 )

1deduction”|

k . o
) 25 “Ideduction three " conclude " condition " bound " end

Deduy (x, *, *, *)

[Deduy(p,c,s,b) vl slb!If (p = [X], lookup(p, b, T) L ¢, If(—-p = ¢, F,
If(p = [Vobjx:y], pt = c! A Deduy(p?, c?,5,p :: pl 22 b), Tf(=p = [x],
Deduj(p', c',s,b), p! = ¢! A Dedus (p,s, b)))))]

X«

[Deduy(x,y, z,u) =
Dedu_4(#1.

, H2.

3.

, #4.

)]

[Deduy (x, *, *, ) P 1 deduction four " conclude " condition " bound " end
1deduction”]

Deduj (x, *, *, *)

[Dedu(p, c,s,b) = clsIblIf(p, T, Deduy(p", ct, s, b) A Dedus(pt, ct, s, b))]

[Dedu}(x,y,z,u) b«
Dedu 4"+ (#1.

, H2.

, #3.

, #4.

)]
[Deduj (x, *, *, *) PYE «1 deduction four star " conclude " condition " bound "

) ) K

end ldeduction”|
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Dedugs (, *, *)

[Dedus(p, s, b) % plslIf(b, T,

[IX)#O YT e [T b e T [[X]]P s p i T oo T € s A Dedus(p, s, b?))]
[Dedus(x,y, z) ¥«

Dedu_5(#1.

, H2.

, #3.

)]

[Dedus (*, *, *) P «1deduction five " condition " bound " end 1deduction”]

Dedug (, *, *, *)

b
( p::c::b”’
If(p = [a],b,If(p = [Vobjx:y], Dedug(p?,c?,c! :: e, b), Dedug(p', c', e, b)))))]

[Dedug(p, c, e, b) = «

Dedu_6(#1.

s F2.

, #3.

, #4.

)]

[Dedug (*, *, *, *) YK 1 deduction six " conclude " exception " bound " end
1deduction”]

[Dedug(p, c, e, b) 2 plclble!Tf (p = [X], p & e{ If(-p=c,T,

Deduj(x, *, *, *)

[Deduf(p, c, e, b) vel plcible!If(p, b, Deduf (pt, ct, e, Dedug (p, c*, e, b)))]

[Deduf(p, c, e, b) e«

Dedu_6"*(#1.

s 2.

L #3.

, #4.

)]

[Deduf (x, *, *, ) X «]deduction six star " conclude " exception " bound "
end ldeduction”]
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Dedu7(>|<)

[Deduz(p) & p = [Vx:y] { lpjedm(pz) ]

[Dedur(p) teX «
Dedu_7(#1.
)”]

[Dedur (*) PYE 1 deduction seven " end 1deduction”]

Dedug(*, *)

[Dedus(p, b) ™ If(p = [Wx:y], Dedus(p?, p :: b), If(p = [a],p € b,
Dedug(p®,b)))]

[Dedug(p, b) = «
Dedu_8(#1.

s F2.

)]

[Dedusg (*, *) P 1 deduction eight " bound " end 1deduction”]

Dedug(, *)

[Dedug(p, b) vel b!If (p, T, If (Dedug(p", b), Deduj(p*, b), F))]

[Dedug(p, b) *= «
Dedu 8" #(#1.
 #2.

)”]

[Deduj (*, *) VX «]deduction eight star " bound " end 1deduction”]

EX1

[Ex; ™25 MAs e My(t,s, ¢, [[Exy = agy])]
tex

[Ex; = “Ex_{1}”]

[Exy pyk “ex1”]
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EX2

macro

[Exy — At As Ae.My(t, s, c, [[Ex2 = brx]])]
tex

[Exo = “Ex_{2}”]

[Exy By “ex2”]

Ex3

macro

[Ex3 ™25 At.As Ac.Mu(t,s, ¢, [[Ex3 = cgy]])]
tex

[Ex3 = “Ex3”]

[Ex3 Ry “ex3”]

EXl()

mac

[Exio "5 At As. Ac. My(t, s, ¢, [[Exio = jux]])]
tex

[Ex19 = “Ex_{10}”]

[Exio 2 “ex107]

Exy

[Exzo "5 At As. Ac.My(t,s, ¢, [[Exao = tay]])]
[Exao ¥ “Ex_{20}”]

[Exaq 225 “ex207]

*Ex

[XEx = “H1.
A{Ex}7]

pyk
]

[*px — “existential var " end var”

>I<Ex

[xEx val g L [xEx |]

15



o 5 .

H{Ex}]
[Ex PV« jg existential var” |
(%= x | % :==+)px

[(a=blx:==t)gy =5 A.As.Ac. My(t,s, ¢, [[(a=b|x:==t)p, =
(Ta1=b]I[x]:==[t])Ex]])]

[(x=y|zi==u)px = “\langle #1.
{\equiv} #2.

| #3.

{i==} #4.

\rangle_{Ex} ”]

[(x= x| % :==x%)px P “exist-sub " is " where " is " end sub”|

(x=0 % | % :==%)py

[(a=Cblx:==t)px 2 Ac.xBX A (a=!b|x:==t) ]

ex

[(x="y|z:==u) g« by “\langle #1.

{\equiv} 0 #2.

| #3.

fim=} #4.

\rangle_{Ex} ”]

[(+=0 % | % :==#)px by “exist-sub0 " is " where " is " end sub”]
(*51 |k i==x%)py

[(a=1b|x:==t)px = alxlt!

If(b = [Vopju: v], F,

If(b A b = x,a = t, If(

a = b, (a'="b'|x:==t)g,, F)))]

[(x=ly|zi==u)gx = “\langle #1.
{\equiv} 1 #2.

| 43

[i==} #4.

\rangle_{Ex} ”]

16



pyk . . .
[(*=1 * | ¥ :==x)p, — “exist-subl " is " where " is " end sub”]

(=" % | % :==%)py

[(a=*b|x:==t)px ) bIx!t!If (a, T, If ((aP='b |x:==t) gy, (a'=*bt|x:==t) gy, F))]

[(x=*y|lzi==u)gx = “\langle #1.
{\equiv} x #2.

| #3.

{i==} #4.

\rangle_{Ex} ”]

[(x="* % | % :==x)px PYK “exist-subk " is " where " is " end sub”|
phy

[phy tgf “ph_{1}”]

[ph; 5 placeholder varl”]
pho

[phy “% “ph_{2}”]

[phy = By “placeholder-var2”|
ph;

[phs "% “ph_{3}”]

[phs = By “placeholder-var3”]

*Ph

[xpn = “#1.
_{Ph} ”}

[*Ph Pyk “placeholder-var " end var”|

17



Ph

*

[xPh tex “H1.

A{Ph}”}

[Ph Yk o placeholder-var”]
(x= % | % :==+)py,

[(x=y|zz==u)pn = “\langle #1.
{\equiv} #2.

| #3.
{i==} #4.

\rangle_{Ph} 7]

[(x=* | x :==x)pp BYk “ph-sub " is " where " is " end sub”]
(=" % | % :==x)py,

tex

[(x="y|z:z==u)pp — “\langle #1.
{\equiv} 0 #2.

| #3.

[==} #4.

\rangle_{Ph} 7]

[(+=0 % | % :===x)py, PYX “ph-sub0 " is " where " is " end sub”|
(x=1 % | % :===x+)py,

[(x=ly|z:==u)pn ey “\langle #1.
{\equiv} 1 #2.

|43

[m=} #4.

\rangle_{Ph} 7]

[(x=1 % | % :==x)pp, By “ph-subl " is " where " is " end sub”]

18



(x=" % | % :==2%)py,

[(x="y|z:==u)pp, "= “\langle #1.
{\equiv} " #2.

| #3.

{:==} #4.

\rangle_{Ph} 7]

[(x=" * | % :===x)pp, A “ph-subx " is " where " is " end sub”]

bs

[bs ©X “\mathsf {bs}”]

[bs DY wiar big set”]

OBS

[OBS ™25 At.As.A\c. My (t, s, c, [[OBS = bs]])]
[0BS % “ \mathsf {OBS}”]
[OBS By “object big set”]

BS

[BS ™25 At As. Ac. My(t,s, ¢, [[BS = bs]])]
[BS % “{\cal BS}”]

[BS P “rpeta big set”]

9

(@ “\mathrm{\0}"]

K
[@ 2 “zermelo empty set”]

19



ZFsub

[ZFsub stogt Vx: Vy: Vz:

(£x) <t (fy) @ Ym:V(e): V(Fx): V(fy): (Fx)
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;7)(7 ¢ (fy) F R((fx)) <

tex

[ZFsub = “ZFsub”]

[ZFsub Ry “system Q7]

MP

proo

[MP P
[MP "5 ZFsub - Va: Vb:a = b - a I- b]
[MP = “MP"]

Rule tactic]

[MP P ryle mp”]

Gen

[Gen P Rule tactic]
[Gen St 7 Fsub - Vx: Va: a k- Vobjx: a
[Gen * “Gen”]

[Gen 2 rule gen” |

Repetition

[Repetition P2 Rule tactic]
[Repetition S 7 Fsub Va:al aj
[Repetition “< “Repetition”]

i k .
[Repetition 25 “Irule repetition”]

Neg

[Neg P Rule tactic]
[Ng ZFsubl—VaVbﬁb:>al— b= “at b
[Neg _) “Neg”]

21



[Neg PYE “1rule ad absurdum”|

Ded

[Ded P Rule tactic]

[Ded "3 ZFsub F Va: Vb: Ax.Dedug([a], [b]) i a + b]
Ded % “Ded”

[

[Ded P “Irule deduction”]

ExistIntro

[ExistIntro P Rule tactic]
[ExistIntro *I ZFsub + Vx: Vt: Va: Vb: ([a]="[b]|[x]:==[t])Ex - aF b]
tex

[ExistIntro — “ExistIntro”]

[ExistIntro P <l rule exist intro”]

Extensionality

. . £ .
[Extensionality " Rule tactic]

[Extensionality U 7Fsub - Vx:Vy: ix==y = Vop;5:
Y= SEX= VoSt SEX=5EYy = TSEYy=>5€EX

7]

l} m
IX

w0l

Mm

<

)

J

7]

m

x==y]
[Extensionality ey “Extensionality”]

. . k . . .
[Extensionality > “axiom extensionality”]

O def

[@def POt Rule tactic]
[@def *22° ZFsub I Vs: s € O]
[@def = “\O{}def”]

ko .
[@def 25 “axiom empty set”]

22



PairDef

[PairDef P2 Rule tactic]

[PairDef " ZFsub I Vs: Vx: Vy: =15 € {x,y} = “s==
X=s==y =s€ {xYy}]

IX
4
I
Il
Il
<
4
J
J
7
|

|

[PairDef X «pairDef 7]

: ko . : .
[PairDef 5 “axiom pair definition”]

UnionDef

[UnionDef P2 Rule tactic]

[UnionDef *8" ZFsub - Vs: Vx: 1s € Ux = =15 € jpx = jgx € X = 5115 €
jEx = %jEx EX=SE UX]
[UnionDef bex “UnionDef”]

. pyk . . ..
[UnionDef = “axiom union definition”]

PowerDef

[PowerDef P Rule tactic]

[PowerDef *2° ZFsub F Vs: Vx: 15 € P(x) = VobjS:5 € 5 =5 € x = 1Voy;5:5 €
s=>5ex=s¢€P(x)]

[PowerDef = “PowerDef”]

pyk . -
[PowerDef = “axiom power definition”]

SeparationDef

. f .
[SeparationDef "% Rule tactic]

[SeparationDef St 7 Fsub - Va: Vb: Vp: Vx: Vz: EPh A (b=alp:==z)pn - "z €
{phex|a}=zex= b= "z€x=b=z¢c {phex]a}

tex

[SeparationDef = “SeparationDef”]

. ko . . o
[SeparationDef 5 “axiom separation definition”]
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AddDoubleNeg

[AddDoubleNeg proof AcAx.P([ZFsub F Va: = - - a - RemoveDoubleNeg >
S55a>» Sha;Va:Ded>Va:—---ak -a>» ---a= -aj;ak Weakening>a >
S5Sha=a;Neg>--ha=al>--5a= a> ;‘_.‘QLPOaC)]

[AddDoubleNeg *5" ZFsub F Va:a b - -]
[AddDoubleNeg ey “AddDoubleNeg”]
[AddDoubleNeg i “prop lemma add double neg”]

RemoveDoubleNeg

[RemoveDoubleNeg progf Ac.AX.P([ZFsub F Va: = - a F Weakening > - -a >

Sa = 5 53; Autolmply > -a = a;Neg>5a = “a>-a= - 52> al,po,c)]
[RemoveDoubleNeg St 7 Esub - Va: - 5at a3
[RemoveDoubleNeg tex “RemoveDoubleNeg”]

[RemoveDoubleNeg iy “prop lemma remove double neg”]

AndCommutativity

[AndCommutativity proof A AX.P([ZFsub - Va:Vb:b = ~at ak
AddDoubleNeg>a > --a;MT>b= -a>--a>
4b;Va:Vb:Ded > Va:Vb:b = “akakF-b>b= “a=a= -b;-a= -btF
Repetition > -a = b;MT>b="a=a= -b>"a=b>" b=

- a; Repetition > ©b = a2 > -b = - al,po, )]

[AndCommutativity 3" ZFsub I Va: Vb: a = b - -b = “a]
[AndCommutativity *% “AndCommutativity”]

.. k .
[AndCommutativity 2 “prop lemma and commutativity”]

Autolmply

[AutoImply propf Ac.Ax.P([ZFsub I Va: a - Repetition > a >
a;Va:Ded > Va:at a > a= a],po, )]
[AutoImply *3° ZFsub + Va:a = al

[AutoImply Jass “Autolmply”]

24



k
[AutoImply 25 “prop lemma auto imply”]

Contrapositive

[Contrapositive "% A\c.Ax.P([ZFsub - Va:Vb:a = b F <b - MT > a =
b -b>> ~a;Va:Vb:a=bF Ded > Va:Vb:a=bkF-bF-a>a=b=
“b=+-aMPra=b= b= -ara=b> b= 5al,po,c)]

[Contrapositive ST 7 Rsub - Va:Vb:a= bk -b= =3
[Contrapositive “= “Contrapositive”]

. k .
[Contrapositive 2l “prop lemma contrapositive”|

FirstConjunct

[First Conjunct propf A Ax.P([ZFsub | Va:Vb: ~"a = ~b +
AndCommutativity > -a = b > - b = -a;SecondConjunct > b = -a>
é—l , Po, C)]

[FirstConjunct S 7 Fsub k- Va:Vb:-a = -bl a
tex

[FirstConjunct — “FirstConjunct”]

. . k .
[FirstConjunct 2 “prop lemma first conjunct”]

SecondConjunct

[SecondConjunct g AcAX.P([ZFsub I Va: Vb: = b - Weakening > ~b > a =
4 b;Va:Vb:Ded > Va:Vb: “bFa= -b>-"-b=a= -b;-a= bl
Repetition > -a = -b > -a = —b; NegativeMT > b= a= -b>-a=

= b > b], po,c)]

[SecondConjunct *2" ZFsub F Va: Vb: 1a = -1b F b]
[SecondConjunct =¥ “SecondConjunct”]

. k .
[SecondConjunct % “prop lemma second conjunct”]

FromContradiction

[FromContradiction proof A Ax.P([ZFsub | Va:Vb: a - - a - Weakening > a >
“b = a; Weakening > “a>> ~b = -a;Neg> "b=ar> b= -2a>> b, po,¢)]
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[FromContradiction S 7 Fsub Va:Vb:ab —atb b
[FromContradiction “ “FromContradiction”]

- k -
[FromContradiction 2 “prop lemma from contradiction”]

FromDisjuncts

[FromDisjuncts "% A\c.\x.P([ZFsub - Va:Vb:Ve: “a=bra=cF b= ck
Repetition > -a = b > - a = b; Contrapositive > "a= b > -b =

- - a; Technicality > a = ¢ > -~ a2 = ¢; ImplyTransitivity > b =
S5al>S5a= c> b= ¢ Contrapositive > b = c> ~c=

-4 b; Contrapositive > b = ¢ > -c= -b;Neg> - ¢c= -b>-c=5b>
Q-I » PO, C)]

[FromDisjuncts *3° ZFsub b Va:Vb:Ve: na = bFa=chk b= ct
[FromDisjuncts “% “FromDisjuncts”]

[FromDisjuncts edy “prop lemma from disjuncts”|

[ffCommutativity

[IffCommutativity %" Ac.\x.P([ZFsub - Va:Vb: 5a = b = “b=al
Repetition> "a=b="b=a>» a=b= b=

a; AndCommutativity > "a=b="b=a>» "b=a= -a=

b; Repetition > b= a= “a=b> b= a= -a=b],po,c)]

[IffCommutativity "5 ZFsub b Va:Vb: ©a = b= “b=>ak “b=>a = "a=
b]

ex

[[ffCommutativity e “Iff Commutativity”]

.. k . ..
[IffCommutativity 5 “prop lemma iff commutativity”]

IffFirst

[IffFirst ™% Ac Ax.P([ZFsub - Va:Vb: "a = b= “b=ak b
SecondConjunct > "a=b=-b=a>b=a;MP>b=arb> al,po,c)]
[ffFirst 2" ZFsub - Va:Vb: "a=> b= “b=>at bt a

[IffFirst tex “IffFirst”|

k
[IffFirst 25 “prop lemma iff first”]
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[ffSecond

[IffSecond progf Ac M. P([ZFsub - Va:Vb: "a=b=-b=atat
FirstConjunct > "a=b=“-b=a>a=b;MP>a=bra> b],po,c)]
[IffSecond St 7 Fsub - Va:Vb:ma=b=-"-b=atak b

[IffSecond = “IffSecond”]

[IffSecond Ay “prop lemma iff second”]

ImplyTransitivity

[Tmply Transitivity %" Ac.\x.P([ZFsub - Va:Vb:Ve:a = b b = ckak
MPra=bra>»bMP>b=c>b>cVa:Vb:Vcca=bkFb=ctk
Ded>Va:Vb:Vcca=btb=ctatc>a=b=b=>c=a=
GMP2ra=b=b=c=a=c>ra=>b>b=c>a=c|,pc)

[ImplyTransitivity *3* ZFsub - Va:Vb:Ve:a = b b= cka = (|
[ImplyTransitivity tex “ImplyTransitivity”]

ImplyTransitivity edy “prop lemma imply transitivity”
ply

JoinConjuncts

[JoinConjuncts "2 A\c.\x.P([ZFsub F Va:Vb:a k-2 = b+ MP > a =
“br>a> -b;Va:Vb:Ded>Va:Vb:aka= -bF-b>a=a= b= -bjalk
bFMP>a=a= b= -b>a>a= -b= -b;AddDoubleNeg > b >
S5b;MT>a= b= -b>--b> ~a= -b;Repetition>-a= -b>
;‘§:> ;'b—lap(),c)]

[JoinConjuncts S ZFsub Va:Vb:ak bk -a= 5b]
[JoinConjuncts “= “JoinConjuncts”]

. . k .. .
JoinConjuncts =% “prop lemma join conjuncts”
] prop

MP2

IMP2 ™% Ac.Ax.P([ZFsub - Va:Vb:Ve:a=b=crkaFbFMPma=b=
cra>»b=c¢MP>b=c>b>c|,po,c)]

[MP2 stgt ZFsubt Va:Vb:Vcca=b=cFabk bt ¢
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[MP2 % “MP27]

[MP2 edy “prop lemma mp2”]

MP3

[MP3 proof A M. P([ZFsub + Va:Vb:Ve:Vd:a=b=c=dFak bk chk
MP2ra=b=c=dradb>»c=dMP>c=d>c>d],po,c)]

[MP3 sty ZFsubt Va:Vb:Ve:Vd:a=b=c=dFak bk chkd]
[MP3 3 “MP3”]

[MP3 By “prop lemma mp3”]

MP4

f
[ proo

MP4 "=~ Ac.Ax.P([ZFsub |- Va:Vb:Vc:Vd:Ve:a=b=c=d=eFabk bt
cHFdFMP2pa=b=c=d=erabb>»c=d=¢MP2>c=d=
e>c>d > el,po,c)

[MP4 "2 ZFsub b Va: Vb:Ve: Vd:Vera=>b=>c=d=ebaFbrckdF¢
[MP4 *% “MP4”]

[MP4 Ledy “prop lemma mp4”]

MP5

[MP5 "2 X\e.\x.P([ZFsub F Va: Vb: Ve: Vd: Ve: Vfia = b => c = d = e = f I
akbkFckdFeFMP3>pa=b=c=>d=e=frabb>rc>d=e=
f;MP21>d = e=fr>d>e> f],po,c)]

stmt

[MP5 "=~ ZFsub - Va:Vb: Vc: Vd: Ve:Vf:ta=b=c=d=e=fFak bt chk
dFetf]

[MP5 % “MP5”]

[MP5 ks “prop lemma mp5”]

MT

[MT P2 Ac Ax.P([ZFsub i Va: ¥b:a = b I “1b - Technicality > = “a =
b; NegativeMT 1> -~ -a = b > b > “a], po, )]
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stmt

[MT "=" ZFsub F Va:Vb:a = bF -bF 3]
[MT tg)c “MT??}

[MT iy “prop lemma mt”]

NegativeMT

[NegativeMT "% AcAx.P([ZFsub - Va: ¥b: va = b - “b -
Weakening > b > -a= -b;Neg>-a=br>"a= -b>al,po,0)]
[NegativeMT *5' ZFsub - Va: Vb: -a = b - b I a

[NegativeMT = “NegativeMT”]

[NegativeMT ks “prop lemma negative mt”]

Technicality

proo

[Technicality roof A Ax.P([ZFsub FVa:Vb:a = b+ --ab
RemoveDoubleNeg > - -a > a;MP >a = b>a > b;Va:Vb: Ded > Va: Vb:a =
bF--aFb>»a=b=+-"a=bja=bFMPprpa=b=-"a=bra=
b> - +a = b],po,c)]

stmt

[Technicality — ZFsub - Va:Vb:a= bt - -a=b]

[Technicality “2 “Technicality”]

[Technicality edy “prop lemma technicality”]

Weakening

[Weakening "% A\c.Ax.P([ZFsub  Va: Vb: b I a - Repetition > b >
b;Va:Vb:Ded >Va:Vb:brFakb>b=a=bbFMP>b=a=b>b>a=
b-|7p07c)]

[Weakening *5" ZFsub b Va: Vb:b F a = b]
[Weakening “= “Weakening”

. k .
[Weakening 2 “prop lemma weakening”]
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WeakenOrl

proof

[WeakenOrl "= Ac.Ax.P([ZFsub I Va: Vb: b - Weakening > b > - a =
b; Repetition > ~a = b > -a = b], po, ¢)]

[WeakenOr1 St 7 Fsub - Va:Vb:bF - a = b]
[WeakenOr1 % “WeakenOr1”]

[WeakenOr1 iy “prop lemma weaken or first”|

WeakenOr2

proof

[WeakenOr2 "— Ac.Ax.P([ZFsub - Va:Vb:aF -at
FromContradiction>at>-a > b;Va:Vb: Ded>Va:Vb:aF “akb>a= -a=
b;ak MP>a = -a = b>a>> -a= b;Repetition>>-a = b > -a = b],pog,c)]

[WeakenOr2 St 7 Fsub - Va:Vb:aF - a = b]
[WeakenOr2 % “WeakenOr2”]

k
[WeakenOr2 2 “prop lemma weaken or second”]

Formula2Pair

[Formula2Pair tex “Formula2Pair”]

[Formula2Pair P “lemma formula2pair”]

Pair2Formula

[Pair2Formula *< “Pair2Formula’]

[Pair2Formula X “lemma pair2formula”]

Formula2Union

[Formula2Union % “Formula2Union”]

. pyk .
[Formula2Union = “lemma formula2union”]
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Union2Formula

[Union2Formula fex “Union2Formula”)

. pyk .
[Union2Formula = “lemma union2formula”|

Formula2Sep

[Formula2Sep = “Formula2Sep”]
[Formula2Sep ¥ “emma formula2separation”]
Sep2Formula

[Sep2Formula ey “Sep2Formula”|

k .
[Sep2Formula 25 “lemma separation2formula”]

SubsetInPower

[SubsetInPower ¥ “SubsetInPower”]

k :
[SubsetInPower 2 “lemma subset in power set”]

HelperPowerlsSub

tex

[HelperPowerIsSub — “HelperPowerIsSub”]

[HelperPowerIsSub P “emma power set is subset0”]

PowerlsSub

[PowerIsSub ey “PowerIsSub”]

k .
[PowerIsSub 2 “lemma power set is subset”]

(Switch)HelperPowerIsSub

[(Switch)HelperPowerIsSub ¥ “(Switch)HelperPowerlIsSub”]
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[(Switch)HelperPowerIsSub X “demma power set is subsetO-switch”]

(Switch)PowerlsSub

[(Switch)PowerIsSub % “(Switch)PowerlsSub”]

[(Switch)PowerIsSub X “lemma power set is subset-switch”|

ToSetEquality
[ToSetEquality % “ToSetEquality”]

[ToSetEquality P “emma set equality suff condition”]

HelperToSetEquality(t)

[HelperToSetEquality(t) “* “HelperToSetEquality (t)”]

[HelperToSetEquality(t) P “emma set equality suff condition(t)0”]

ToSetEquality(t)

[ToSetEquality(t) “% “ToSetEquality (t)”]

[ToSetEquality(t) X “lemma set equality suff condition(t)”]

HelperFromSet Equality

tex

[HelperFromSetEquality = “HelperFromSetEquality”]

[HelperFromSetEquality P “lemma set equality skip quantifier”]

FromSetEquality

ex

[FromSetEquality s “FromSetEquality”]

. k . -
[FromSetEquality "5 “lemma set equality nec condition”]
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HelperReflexivity

[HelperReflexivity tex “HelperReflexivity”|

[HelperReflexivity X emma reflexivity0”]

Reflexivity

[Reflexivity “= “Reflexivity”]

. k .
[Reflexivity 5 “lemma reflexivity”]

HelperSymmetry

[HelperSymmetry fex “HelperSymmetry”|

[HelperSymmetry P Yemma symmetry0”]

Symmetry

[Symmetry ¥ “Symmetry”]

K
[Symmetry 2 “lemma symmetry”]

HelperTransitivity

[HelperTransitivity tex “HelperTransitivity” ]

[HelperTransitivity P “lemma transitivity0”]

Transitivity

[Transitivity ¥ “Transitivity”]

[Transitivity X “lemma transitivity”]
ERisReflexive
[ERisReflexive “% “ERisReflexive”]
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. . pyk . .
[ERisReflexive = “lemma er is reflexive”]

ERisSymmetric
[ERisSymmetric *< “ERisSymmetric”]

. . pyk . .
[ERisSymmetric = “lemma er is symmetric”]

ERisTransitive

[ERisTransitive =5 “ERisTransitive”]

. .. pyk . ..
[ERisTransitive — “lemma er is transitive”|

()isSubset

[@isSubset “ “\O{}isSubset”]

k .
[@isSubset 5 “lemma empty set is subset”]

HelperMemberNot®)

[HelperMemberNot® ¥ “HelperMemberNot\O{}”]

[HelperMemberNot® P “lemma member not empty0”]

MemberNot®)

[MemberNot® ¥ “MemberNot\O{}”]

[MemberNot® ¥ “lemma member not empty”]

HelperUnique®

[HelperUnique® = “HelperUnique\O{}”]

[HelperUnique® VY “lemma unique empty set0”]
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Unique®

[Unique® =¥ “Unique\O{}”]

[Unique@ VY “omma unique empty set”]
== Reflexivity

[==Reflexivity P Rule tactic]
[==Reflexivity *3" ZFsub + V(rx): (1x) == (rx)]

[==Reflexivity “= “==\!{}Reflexivity”]

[==Reflexivity " X “Jemma ==Reflexivity”]

== Symmetry

[==Symmetry Proof Rule tactic]

[==Symmetry "5 ZFsub b V(rx):V(ry): (rx) == (ry) - (1y) == (1x)]
[==Symmetry *= “==\!{}Symmetry”]

[==Symmetry P “emma ==Symmetry” ]

Helper =="Transitivity

[Helper == Transitivity by “Helper\!{ }==\!{ } Transitivity”]

[Helper == Transitivity P “lemma ==Transitivity0”]

= Transitivity

e £ .
—=Transitivity " Rule tactic]

[
E =Transitivity 5" ZFsub V(rx):V(ry): V(rz): (1x) == (xy) F (ry) =

rx) == (rz)]

[==Transitivity jazs AN }==\H{}Transitivity”]

[::Transitivity VY “lemma ==Transitivity”]
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HelperTransferNotEq

tex

[HelperTransferNotEq — “HelperTransferNotEq”]

[HelperTransferNotEq P “emma transfer "is0”]

TransferNotEq

tex

[TransferNotEq — “TransferNotEq”]

Ik ~
[TransferNotEq 2 “lemma transfer ~is”]

HelperPairSubset

tex

[HelperPairSubset — “HelperPairSubset”]

[HelperPairSubset P “emma pair subset(”]

Helper(2)PairSubset

[Helper(2)PairSubset ¥ “Helper(2)PairSubset” ]

[Helper(2)PairSubset Y “lemma pair subset1”]

PairSubset

[PairSubset *= “PairSubset”]

. K .
[PairSubset % “lemma pair subset”]

SamePair

.. tex .
[SamePair — “SamePair”]

. pyk .
[SamePair = “lemma same pair”]

SameSingleton
[SameSingleton % “SameSingleton”]
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. k .
[SameSingleton 2 “lemma same singleton”]

UnionSubset

[UnionSubset s “UnionSubset”]

. pyk .
[UnionSubset 2 “lemma union subset”]

SameUnion

. tex .
[SameUnion = “SameUnion”|

. pyk .
[SameUnion = “lemma same union”]

SeparationSubset

[SeparationSubset s “SeparationSubset” |

. k .
[SeparationSubset " “lemma separation subset”]

SameSeparation
[SameSeparation *= “SameSeparation”]
[SameSeparation Y “emma same separation”]

SameBinaryUnion

. Lt . .
[SameBinaryUnion -3 “SameBinaryUnion”]

. . pyk . .
[SameBinaryUnion = “lemma same binary union”]

IntersectionSubset

[IntersectionSubset *= “IntersectionSubset”]

. k . .
[IntersectionSubset 2> “lemma intersection subset”]
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Samelntersection

. tex .
[Samelntersection — “Samelntersection”]

. pyk . .
[Samelntersection = “lemma same intersection”]

AutoMember

[AutoMember % “AutoMember”]

k
[AutoMember 25 “lemma auto member”|

HelperEqSysNot®)

[HelperEqSysNot® tex “HelperEqSysNot\O{}”]
[HelperEqSysNot® P “emma eq-system not empty0”|
EqSysNot®)

[EqSysNot® “= “EqSysNot\O{}”]

[EqSysNot® Y “lemma eq-system not empty”]

HelperEqSubset

tex

[HelperEqSubset — “HelperEqSubset”]

[HelperEqSubset P “emma eq subset0”]

EqSubset

tex

[EqSubset — “EqSubset”]

I
[EqSubset 25 “lemma eq subset”]

HelperEqNecessary
[HelperEqNecessary tex “HelperEqNecessary”]
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K . o
[HelperEqNecessary 5 “lemma equivalence nec condition0”]

EqNecessary

[EqNecessary = “EqNecessary”]

pyk . .
[EqNecessary = “lemma equivalence nec condition”]

HelperNoneEqNecessary

[HelperNoneEqNecessary by “HelperNoneEqNecessary”|

pyk . o,
[HelperNoneEqNecessary = “lemma none-equivalence nec condition0”]

Helper(2)NoneEqNecessary

[Helper(2)NoneEqNecessary Jacs “Helper(2)NoneEqNecessary” ]
[Helper(2)NoneEqNecessary P “lemma none-equivalence nec conditionl”]
NoneEqgNecessary

[NoneEqNecessary Ay “NoneEgNecessary”]

pyk . "
[NoneEqNecessary = “lemma none-equivalence nec condition”]

EqClassIsSubset

[EqClassIsSubset *< “EqClassIsSubset”]

[EqClassIsSubset X “emma equivalence class is subset”]

EqClassesAreDisjoint

tex

[EqClassesAreDisjoint — “EqClassesAreDisjoint”]

[EqClassesAreDisjoint 2% “lemma equivalence classes are disjoint”]
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AllDisjoint

[AllDisjoint “ “AllDisjoint”]

[AlDisjoint 24 “lemma all disjoint”]
isjointIm

AllDisjointImply

[AllDisjointImply s “AllDisjointImply”]

[AllDisjointImply P Yemma all disjoint-imply” |

BSsubset

[BSsubset *= “BSsubset”]

[BSsubset ¥ “emma bs subset union(bs/r)”]

Union(BS/R)subset

[Union(BS/R)subset > “Union(BS/R)subset”]

[Union(BS/R)subset 2 “lemma union(bs/r) subset bs”]

UnionIdentity

[UnionIdentity > “Unionldentity”]

[UnionIdentity X “lemma union(bs/r) is bs”]

EqSyslsPartition

[EqSysIsPartition tex “EqSysIsPartition”]

" k . .
[EqSysIsPartition P “theorem eq-system is partition”]
()

[(€) == “(\epsilon)”]
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[(fy) = “(fy)"]
[(fy) 22 “var fy”]

(fv)

[(fv) = “(fv)"]

[(fv) PV wyar fu”]

var fv

pyk
[var fv = “var fv”]
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(ry)

[(ry) =X “(ry)”]

[(ry) YK Cvar ry”]

[e "5 Mt As. A My (t, s, ¢, [[e = (€)]])]

e ¥ “\epsilon”]

[e X “eta ep”]

FX

[FX ™2° Xt.As.Ac. My (t, s, ¢, [[FX = (fx)]])]

[FX ' “FX]

[FX P meta x7]

FY

[FY ™25 At As Ae. My (t,s, ¢, [[FY = (fy)]])]

[FY & “FY”]

[FY YK «ineta fy”]
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FZ

[FZ ™25 At As.de. Mu(t, s, ¢, [[FZ = (f2)]])]
[FZ " «F77)

[FZ P “meta fz”]

FU

[FU ™ At As.Ade. My(t, s, ¢, [[FU = (f)]7)]
[FU & “FU”]

[FU Py “meta, fu”]

FV

[FV macro )\t,/\s.)\C-M4(ta s, C, HFV = MH)]
[FV & “pV7]

[FV P “imeta fv”]

RX

[RX ™° At ds A Mt s,¢, [[RX = (rx)]])
[RX & “RX”)

[RX P “rneta rx! ']

RY

[RY ™55° At As.Ac. Ma(t,s, ¢, [[RY = (1y)]1)]
[R ti)f “R,Y”]

[RY By “meta ry”]
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RZ

[RZ "5 At.Xs. Ae.Myl(t,s, ¢, [[RZ = (12)]])]

[RZ tg)( “RZ”]

[RZ 2 “meta rz”]

RU

[RU "5 M. As. Ac.My(t,s, ¢, [[RU = (ru)]])]

[RU tg( “RU”}

[RU X “meta ru”]

[(—1) ™25 Mds de. My(t, s, ¢, [[(—=1) = —1]])]
[(—1) = (1))
[(=1) 2 (1))

2

[2 "2 At As A Mu(t, s, ¢, [[2 = (14 1)]])]
[2 5«97
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[2 % “277]

1/2

[1/2 ™25 At s Ae. My (t, s, ¢, [[1/2 = rec2]])]
[1/2 % «1/27]
[1/2 25 «1/27]

0f

[Of E( uofn]
0¢ 2% wor

1f

[1F 25 167

00

[00 ™25 At As. Ac. My (t, s, ¢, [[00 = R(0f)]])]
[00 'E)‘ 4400”}

[00 22 %007]

01

[01 ™25 At As. A My(t, s, ¢, [[01 = R(1f)]])]
[01 ™2 <017

leqReflexivity

[leqReflexivity P Rule tactic]

[leqReflexivity S 7 Fsub Vx:x <= x|
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[leqReflexivity tex “leqReflexivity”]

.. k . ..
[leqReflexivity 5 “axiom leqReflexivity”]

leqAntisymmetryAxiom

[leqAntisymmetry Axiom Proof Rule tactic]
[leqAntisymmetry Axiom St 7 RPsub - VxiVyix<=y=y<=x=x= X]
[leqAntisymmetry Axiom tex “leqAntisymmetryAxiom”]

. . ko . .
[leqAntisymmetry Axiom 2V “axiom leqAntisymmetry”]

leqTransitivity Axiom

- . f .
[leqTransitivity Axiom " Rule tactic]
[leqTransitivity Axiom S 7 Rsub - Vx: VX: Vz:x <= y=y<=z=>x<= Z]
[leqTransitivity Axiom tex “leqTransitivity Axiom”]

[leqTransitivity Axiom "5 “axiom leqTransitivity”]

leqTotality

[leqTotality Proof Rule tactic]
[leqTotality I ZFsub + Vx: Vy:ax <=y =y <=x
[leqTotality tex “leqTotality”]

[leqTotality PV “axiom leqTotality”]

leqAdditionAxiom

[leqAdditionAxiom P Rule tactic]
[leqAdditionAxiom St 7 Fsub - Vx: VX5 Vz:x <= y=x+z<=y+ z]
tex

[leqAdditionAxiom — “leqAdditionAxiom”]

[leqAdditionAxiom P “axiom leqAddition”]
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leqMultiplicationAxiom

C . . . f .
[leqMultiplicationAxiom "= Rule tactic]

[leqMultiplication Axiom St 7 Fsub - VxiVy:Vzi0 <=z=x<=y = x*z<=
y*2]

[leqMultiplication Axiom tex “leqMultiplication Axiom”

[leqMultiplication Axiom P “axiom leqMultiplication” ]

plusAssociativity

e . roof .
lusAssociativity "~ Rule tactic
p y

stmt

[plusAssociativity — ZFsub - Vx:Vy:Vz:x +y +z=x+y+z

[plusAssociativity ex “plusAssociativity”]

[plusAssociativity 5 “axiom plusAssociativity”]

plusCommutativity

[plusCommutativity P Rule tactic]
[plusCommutativity St 7 Rsub - Vx:Vy:x+y =y +x
[plusCommutativity ey “plusCommutativity”]

.. ko, . .
[plusCommutativity 2> “axiom plusCommutativity”]

Negative

[Negative P2 Rule tactic]
[Negative St 7 Esub - Vx:x + —x = 0]
[Negative 5 “Negative”]

. pyk . .
[Negative = “axiom negative” ]
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plus0

[plusO P Rule tactic]
[plusO ST 7 Fsub - Vx:x + 0 =X
[plus0 = “plus0”]

[plusO VX “axiom plus0”]

timesAssociativity

. e £ .
[timesAssociativity "~ Rule tactic]

[timesAssociativity St 7 Fsub - Vx:Vy:Vzixxy *z =

IX

*y *Z]
[timesAssociativity = “timesAssociativity”]

. e . pyk . . e .
[timesAssociativity — “axiom timesAssociativity”]

timesCommutativity

timesCommutativity %" Rule tactic
y

imesCommutativity — ZFsu X Vy:xxy =y*Xx
timesC tativity 3 ZFsub - Vx: Vy:x xy =y
[timesCommutativity “ “timesCommutativity”]

[timesCommutativity 2> “axiom timesCommutativity”]

Reciprocal Axiom

[Reciprocal Axiom P Rule tactic]

[Reciprocal Axiom St 7 Esub - Vx: -x =0 = x*recx = 1]

. . tex . .
[ReciprocalAxiom — “ReciprocalAxiom”|

. . pyk . .
[ReciprocalAxiom = “axiom reciprocal”]

times1

. f .
[times1 " Rule tactic]
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[times1 St 7 Esub - Vx:x* 1 =x]
[times] % “times1”]

. pyk . .
[times] = “axiom timesl”]

Distribution

[Distribution P Rule tactic]
[Distribution SO 7 Rsub - Vx:Vy:Vzix ky +z = x*y + x*Z]
tex

[Distribution — “Distribution”]

[Distribution 25 “axiom distribution”]

Onot1

[Onot1 P Rule tactic]
[Onot1 *3* ZFsub F -0 = 1]
tex

[Onotl = “Onotl”]

[Onot1 PV “axiom Onot1”]

equality Axiom

[equality Axiom Proof Rule tactic]
[equality Axiom St 7 Fsub - Vx:Vy:Vzix =y = x=z=y =17
[equality Axiom tex “equality Axiom”]

. . k . .
[equality Axiom 2 “axiom equality”]

eqLeqAxiom

[eqLeqAxiom P Rule tactic]
[eqLeqAxiom STt 7 Bsub - Vx:Vy:x =y = x <=y]|

[eqLeqAxiom tex “eqLeqAxiom”]

. ko, .
[eqLeqAxiom 25 “axiom eqLeq”]
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eqAdditionAxiom

[eqAddition Axiom P Rule tactic]
[eqAdditionAxiom St 7 Fsub - Vx:Vy:Vzix =y = x+

IN

Il
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[eqAdditionAxiom PYE “axiom eqAddition”]
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[PlusF P Rule tactic]
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[PlusF tex “PlusF”]

[PlusF P “axiom plusF”]
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[TimesF P Rule tactic]
[TimesF " ZFsub - Vm: V(fx): V(fy): (£x) *¢ (fy)[m] = (£x)[m] * (fy)[m]]

[TimesF % “TimesF”]

. pyk . .
[TimesF = “axiom timesF”|

MinusF
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[MinusF tex “MinusF”]
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0f

proof
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[0f *= <0f”]
[

0f 2 “axiom 0f”]

1f

proo
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[1f *®3" ZFsub + Vm: 1f[m] = 1]
[ texA f”]
[

1 2 “axiom 1f”]

FromSF
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proo

[PlusR "—
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Rule tactic]
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[TimesR % “TimesR”]

. pyk . .
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[leqTransitivity progf A AX.P([ZFsub F Vx:Vy:Vzix <=y Fy<=zF
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[times1Left propf AcAX.P([ZFsub I Vx: timesl > x* 1 =
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XKy +X*Z; eqSymmetryDz*yﬂLz = X*kY+X*Z> x*y+Xx*Z=x*y+2z],po,C)]
[DlstrlbutlonOut * ZFsub I Vx: Vy:Vzix sy +x %z =x*y+2]
[DistributionOut “ “DistributionOut”]

[DistributionOut 2 ¥ “lemma distributionOut”|

Three2twoTerms

[Three2twoTerms POt N e Ax.P P([ZFsub k- Vx:Vy:Vz:Vury +z=u k-

lemma eqAdditionLeft >y +z=u>x+y+ z = x + u; plusAssociativity >
X+y+z=x+y+z eqTran51t1V1tyl>x+y+;=g+y+;>g+y+;:
X+Uu>x+y+z=x+ul,po,c)]

[Three2twoTerms S 7 Fsub Vx:Vy:VzVury +z=ubkx+y+z=x+ u
[Three2twoTerms 5 “Three2twoTerms”]

k
[Three2twoTerms 2> “lemma three2twoTerms”]

Three2threeTerms

[Three2threeTerms PIOPT A Ax. P([ZFsub F Vx: ¥y: Vz: plusCommutativity >
y+z=z+y;Three2twoTerms >y +z=z+y>x+y+z=

x +z + y; plusAssociativity > x +z+y = x+z + y;eqSymmetry > x+z+y =
Xx+z4+y>x+z+y=x+z+y;eqlransitivity >x+y+z= ;
Xx+z+y>x+z+y=x+z+y>x+y+z=x+z+y],po,c)]
[Three2threeTerms S 7Fsub F Vx: Vy:Vzix+y+z=x+z+Yy]

ex

[Three2threeTerms - “Three2threeTerms”]

[Three2threeTerms X “lemma three2threeTerms” |

Three2threeFactors

[Three2threeFactors PIOPT A Ax. P([ZFsub F Vx:Vy:Vz:Vury xz = u -
EqgMultiplicationLeft >y xz = u > x*y*z = xxu; timesAssociativity > x*y*z =
x*y*z; eqTransitivity > xxy*z = xxy*Z[>X*y*2z = X*U > x*ky*2Z = X*U|, Po, C)]

[Three2threeFactors ST 7 Fsub - Vx: sz Vz:Vu: y*z=u Fx* Y *Z=X* u
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[Three2threeFactors "< “Three2threeFactors”]

k
[Three2threeFactors 2> “lemma three2twoFactors”]

AddEquations

[AddEquations PPt \eAx. P([ZFsub k- Vx:Vy:Vz:Vu:x =y Fz=ukl
eqAddition > x =y > x+z =y + z;lemma eqAdditionLeft >z=u >y +z =
y + u;eqTransitivity > x +z=y +z>y+z=y+u>x+z= 7+Q17p076)]

[AddEquations St 7 Fsub - Vx:Vy:VzzVuix=ykz=ubx+z=y+

tex

[AddEquations — “AddEquations”]

[AddEquations X “lemma addEquations”]

SubtractEquations

[SubtractEquations "= FAcAx. P([ZFsub F Vx:Vy:Vz:Vu:x +z =y +ukz=
u bt eqAddition>x+z=y+u>x+z+—-z=y+u+ —zplusOLeft > 0+z=
z;eqTransitivity > 0+ z=zDbz=u>0+4+z=

u; PositiveToRight(Eq) >0+z=u>> 0 =u+ —z;eqSymmetry >0 =u + —z >
u+ —z = 0;lemma eqAdditionLeft >u+ —-z=0>y4+u+—-z=

y + 0; plusAssociativity >y +u+—-z=y+u+ szlu50>>y+0—
y;eqTransitivityd >y +u+-—z=y+u+—z>y+u+-z=y+0>y+0=y>
y+u+-—z=y;x=X+y—y>x=x+z+ —z;eqTransitivityd > x =
X+z4+-zbx+z+-z=y+u+-z>y+u+—-z=y>x=yl,po,C)]

[SubtractEquations St 7 RPsub - Vx:Vy:Vz:Vuix+z=y+ubz=ukx= ]

[SubtractEquations ¥ “SubtractEquations”]

. k .
[SubtractEquations 2 “lemma subtractEquations”]

SubtractEquationsLeft

proof

[SubtractEquationsLeft “—  Ac.Ax.P([ZFsub b Vx:Vy:Vz:Vu:x+z=y+ut

x =y b plusCommutativity >z + x = x + z; : plusCommutativity > yq— u=
u+y;eqTransitivityd>z+x=x+z>x+z=y+uby+tu=ut+y>z+x=
u + y; SubtractEquations >z+x=u+y>x=y >z = u|, po, c)]

stmt

[SubtractEquationsLeft "= ZFsub k- Vx: Vy: Vz: Vu:x+z =y+u bk x =

<
T

IN
I

=,

ex

[SubtractEquationsLeft 3 “SubtractEquationsLeft”]
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[SubtractEquationsLeft ¥ “lemma subtractEquationsLeft” ]

EqNegated

[EqNegated Prool Nex. P([ZFsub F Vx: Vy:x =y - Negative > x + —x =

0; Negative >y + —y = 0;eqSymmetry >y + -y = 0> 0 =

y + —y; eqTransitivity > x + X—O\>O—X+ —y>x+-x=

y + —y; SubtractEquationsLeft > x4+ —x =y + -y >x =y > —x = —y|, po, )]
[EqNegated S 7 Fsub k- Vx: Vy:x =y F —x=—y]

[EqNegated =X “EqNegated”]

[EqNegated Y “lemma eqNegated”]

PositiveToRight(Eq)

proof

[PositiveToRight(Eq) "— Ac.Ax.P([ZFsub - Vx:Vy:Vz:x +y =z F-
eqAddition>x+y=z>x+y+-—y=z+-y;x=X+y -y >x=
x+y+—y;eqTransitivity>x = x+y+—y>x+y+—y = z+—y > x = z+—y|, po, ¢)]

[PositiveToRight(Eq) S 7 Rsub - Vx:Vy:Vzix+y=zkx=z+ -y

[PositiveToRight(Eq) = “PositiveToRight(Eq)”]

k

[PositiveToRight (Eq) % “lemma positiveToRight(Eq)”]

PositiveToLeft(Eq)(1term)

proo

[PositiveToLeft(Eq)(1term) "= Ac.Ax.P([ZFsub - Vx: Vy:x =y -
eqAddition > x =y > x+ —y =y + —y; Negative >y + —y =

0; eqTransitivity > x+ —y =y + —y >y 4+ —y = 0> x + —y = 0], po, )]

stmt

[PositiveToLeft(Eq)(1term) "— ZFsub - Vx: Vy:x =y F x + —y = (]
[PositiveToLeft(Eq)(1term) “X “PositiveToLeft(Eq)(1 term)”]

[PositiveToLeft(Eq)(1term) X “lemma positiveToLeft(Eq)(1 term)”]
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NegativeToLeft(Eq)

[NegativeToLeft(Eq) "— POt \eAx. P P([ZFsub - Vx:Vy:Vzix =y + —z

eqAddition > x =y + —z > x +z = y + —z + z; Three2threeTerms >
y+—z+z=y+z+-zx=x+y—y>y=y+2z+—zeqSymmetry >y =
y+z+4+ —z>y+z+ —z=y;eqTransitivityd > x +z = -
y+-z+zby+-z+z=y+z+-z>y+z+-2z=y>x+z=y],po,C)]

[NegativeToLeft(Eq) S 7 Fsub - Vx:Vy:Vzix=y+—zbx+z=

\5

[NegativeToLeft(Eq) "% “NegativeToLeft(Eq)”]

[NegativeToLeft(Eq) %5 ¥ “lemma negativeToLeft(Eq)”]

LessNeq

[LessNeq ™% “ie. A.P([ZFsub F Vx:Vy: “"x <=y = ~-x =y
Repetition > "x <=y = "-x=y > x <=y = "x=
y; SecondConjunct > - x <= y:>ﬁﬁx—y>>ﬁX—y1 Po, C)]

st mt

[LessNeq — ZFsub - Vx:Vy:vx <=y = “-ax=yF “x=Y]

[LessNeq = “LessNeq”]

[LessNeq X “lemma lessNeq”]

NeqSymmetry

[NeqSymmetry Proof N Ax. P([ZFsub F Vx: Vy:y = x - eqSymmetry >y = x >
X =X=>X=

x=y;Vx:Vy:Ded > Vx:Vy:y = xEx =y > y;ox=ykFMTp>y=
X=>x=yD>x=y> " y=x|,pg,c)]
[NeqSymmetry st ZFsub - ¥x:Vy: x =y F =y = ¥]

[NeqSymmetry tex “NeqSymmetry”]

k
[NeqSymmetry 2 “lemma neqSymmetry” |

NeqNegated

[NegNegated Proof Nex. P([ZFsub F Vx:Vy: “x =y —x = —y I
EqgNegated > —x = —y > — — x = — — y; DoubleMinus > — — x =
X; eqSymmetry > — — x = x 3> x = — — x; DoubleMinus > — —y =
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X;eqTransitivity4>g=——gl>——§:— y——y=y>x=

¥ FromContradiction>x = y>ax=y > 7 —x= —y;Vx:Vy: Ded > Vx: Vy: - x =
yE—x=-ykF- —x=-y>» - x=y= —Xx=-y=" —x=-y;x=yhk
MP\>4\X:y:>—§:—y§% —l:—yDﬁX:y>> —X:—y:>4\ —X=
—y;ImplyNegation > —x = —y = 5 —x = —y > = = —y1],po, )]
[NegNegated S 7 Rsub Vx:Vy:ax =y - —x=—y]

[NegNegated Ay “NeqNegated”]

[NeqNegated P “lemma neqNegated”|

SubNeqRight

[SubNeqRight “— propf ACAX.P([ZFsub F Vx:Vy:Vz:x =y F -~z =xF
NeqSymmetry > -z = x > - x = z; SubNeqLeft > x =y > " x=2z> -y =

z;NeqSymmetry > -y =z > -z = y|, po, ¢)]
[SubNeqRight S 7Fsub F Vx: Vy:Vzix =y az=xkF Az =y]

tex

[SubNeqRight = “SubNeqRight”]
[SubNeqRight P “emma subNeqRight”]

SubNeqLeft

f
[ proo

SubNeqLeft "= Ac.Ax.P([ZFsub F Vx:Vy:Vz:x =y F -“x=zF

equality Axiom >>y—xéy—Zéx—ZEqSymmeEryDX—y>>y—x MP >
yfx:syfzﬁxfzbyfx>>y—z:>xfzContraposmvebyfzéxf
2> x=z=y=zMPD>x=z=y=z>x=2z2> " y—z} Po, €)]

smt

[SubNeqLeft "= ZFsub - Vx: Vy:Vzix =y F “x =z F -y = Z]
[SubNeqLeft X “SubNeqLeft”]

[SubNeqLeft X “lemma subNeqLeft”]

NeqAddition
[NeqAddition "% A\ Ax.P([ZFsub F Vx: Vy:Vz: 5x =y Fx+z =y +zF
eqReflexivity > z = z; SubtractEquations > x+z=y+z>z=z>x=

y; FromContradiction > x =y > x =y > = x+z=
y+z Vx:Vy:Vz: Ded > Vx: Vy:Vz: "x =y b x+z=y+zk x+z=y+
xX=y=>xtz=y+z= " x+tz=y+zx=yFMPD>x=y=x
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ytz=-x+z=y+zb>x=y>
y +z;ImplyNegation>x+z=y+z

[NeqAddition “% “NeqAddition”]

[NeqAddition X “lemma neqAddition”]

NegMultiplication
[NegMultiplication Prool e x. P([ZFsub - Vx:Vy:Vz:z=0F -x = X Fxxz=
y*z bk >z = 0> x = x*z*recz;eqMultiplication>x*z =y *z >> *recz =

y*zxrecz; >z = 03>y = y*z+recz; eqSymmetry>y = y*z*recz > y*z*rec;
y;eqTransitivity4 > x = x * z x recz > x * z ¥ TecZ =y * Z xTecz > y * Z x recz =
y > x = y; FromContradiction > x =y > " x =y > -xxz =

y*2z;Vx: Vy: Vz: Ded > x: Vy:Vz: nz = 0 - “x =y b xxz = ysz k- Sx*xz =y
—\;:0:>—'4=y:>g*;:y*;:>%g*;:y*;;—'\;:m—z@: F MP2p> -
Oé—'X—ysxx*zfy*zé—\x*zfy*y;ﬂgzob = X y

A%
~xxz = y*z; ImplyNegationl>x*z = y*z = " xxz = y*z > =

[NegMultiplication S 7 Fsub Vx:Vy:Vz: iz =0F Sx=yF ax*xz=y*Z|

[Neunltlphcatlon = “NegMultiplication”]

[NegMultiplication P “emma, neqMultiplication”]

UniqueNegative

[UniqueNegative Proof e x. P([ZFsub F Vx:Vy:Vzix+y =0Fx+z=0F
plusCommutativity > y +x = x+y;eqTransitivity >y + x = x+y>x+y = 0>
y+x=0; PositiveToRight(Eq) > y+x = 0>y =0+ —x; plusCommutativity >
z+x =x+ z;eqTransitivity > z+x=x+z>bx+z=0>z4+x =

0; PositiveToRight(Eq) >z +x = 0>z = 0 + —x; eqSymmetry >z = 0 + —x >
0+ —x = z; eqTransitivity >y =0+ —x> 0+ —x =z >y = 2|, po, ¢)]

[UniqueNegative St 7 Bsub - Vx:Vy:Vzix+y=0Fx+z=0Fy=17]
[UniqueNegative tex “UniqueNegative”]

. . k . .
[UniqueNegative 2 “lemma uniqueNegative”]
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DoubleMinus

[DoubleMinus progf Ac.Ax.P([ZFsub F Vx: Negative > —x+ — —x=0;x+y =
zBackwards > —x + — —x = 0> 0 = — — x + —x; NegativeToLeft(Eq) > 0 =
— —x+ —x> 0+ x = — — x; plusOLeft > 0 + x = x; Equality > 0 + x =
——x>0+x=x>——x=x],po,¢)]

[DoubleMinus S 7 Rsub Vx: — — x = X
[DoubleMinus = “DoubleMinus”]

[DoubleMinus 2 “emma doubleMinus”]

LeqLessEq

[LeqLessEq "= Ac Ax.P([ZFsub b ¥x: Vy: x <=y - 25 <=y = “-x =y b
fromNotLess > 7 x <=y = 75 x =y >y <= x; leqAntisymmetry > x <=
yy<=x>x=y;¥xVy:Ded > Vx:Vy:x <=y 25 x<=y= - x=yk

:>g—y,x< yI—MP>x< y =
Shx <= y:>—|ﬂx—y:>x—y>§< y > - X
y; Repetition > - -~ x <= yéﬂﬂszé§:X>>%—"§<:X:>%%X:y:>

X = ﬂ Po, ¢)]

[LeqLessEq 3" ZFsub - Yx: Vy:x <= y b 2 5x <=y = 2 5x =y = x = y]
[LeqLessEq tex “LeqLessEq”]

[LeqLessEq 25 ¥ “lemma leqLessEq”]

LessLeq

proof

[LessLeq — A P([ZFsub F Vx:Vy: “x <=y = ~-x=yF
Repetition > "x <=y = 5 x=y > " x <=y = "-x=
y; FirstConjunct > - x <=y = - x =y > x <= Y], po, )]

[LessLeq *3" ZFsub F Vx: Vy:ax<=y= ax=ykFx<=y|
[LessLeq = “LessLeq”]

[LessLeq 2 ¥ “Jemma lessLeq” ]
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FromLeqGeq

proof

[FromLeqGeq — Ac.A.P([ZFsub |- Va:Vx:Vy:x <=y =akFy<=x=al
leqTotality > -~ x <=y = y <= x; FromDisjuncts > "x <=y =y <=
x> x<=y=ably<=x=a>al,po,c)

[FromLeqGeq — sty

ZFsub - Va:¥x:Vy:x <=y =aky<=x=al 3
[FromLeqGeq tex “FromLeqGeq”]

[FromLeqGeq P Yemma from leqGeq”]

subLeqRight

[subLeqRight POt e Ax. P([ZFsub b Vx:Vy:Vz:x =y -z <= xF eqLeq > x =
y > x <= y;leqTransitivity >z <= x> x <=y >z <=y|, po, )]

[subLeqRight S 7 Bsub - Vx:Vy:Vzix =y Fz <= xkFz<=y]
[subLeqRight tex “subLeqRight” ]
[subLeqRight 2 “emma subLeqRight”]

subLeqLeft

[subLeqLeft POt \eAx. P([ZFsub F Vx: Vy:Vz:x =y
eqSymmetry >x =y >y =x;eqleq>y =x>y <
XB>x<=z> y <= Z—|7p07c)}

Fx<=zF
= x;leqTransitivity >y <=

%mt

[subLeqLeft =" ZFsub F Vx: Vy:Vzix=ykx<=zky<= Z]

[subLeqLeft "% “subLeqLeft”]

[subLeqLeft 2 “lemma subLeqLeft”]

Leq + 1

f
[ proo

Leq+1 "= AcMP([ZFsubFVx:Vy:x <=yF0<1>-0<=1=2-0=
1; LessAdditionLeft > 70 <=1= 2-0=1> -y+0<=y+1= -y +0=
y + 1;plusO >y + 0 = y; SubLessLeft >y + 0 =y >y + 0 <=y + 1=
Sy +0=y+1>y<=y+1= --y=y+ l;leqlessTransitivity > x <=
yeay<=y+l=-ay=y+1>x<=y+1=--x=y+1],po,c)]

5mt

[Leq+1 = ZFsub - Vx:Vy:x <=y F “x<=y+1= 25 x=y+1]
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[Leq+ 1% “Leq—i—l”]

[Leq+ 125 ¥ “lernma leqPlus1”]

PositiveToRight(Leq)

proof

[PositiveToRight(Leq) "= Ac.Ax.P([ZFsub - ¥x:Vy:Vz:x +y <=z
leqAddition > x +y <=z>x+y+-y<=z+ -y;Xx=X+y—y>x=
X+y+ y,eqSymmetrny-x—i—y—i— —y>xtyt+-y=

x;subLeqLeft >x+y+ —y =x>x+y+ -y <=z+—y > x <=z+ —y],po,c)]

) stmt

[PositiveToRight(Leq ZFsub F Vx:Vy:Vzix +y <=z x <=z + —y|
[PositiveToRight(Leq) “= “PositiveToRight(Leq)”]

[PositiveToRight (Leq) 2% ¥ “lemma positiveToRight(Leq)”]

PositiveToRight(Leq)(1term)

[PositiveToRight(Leq)(1term) P AeAx. P([ZFsub F Vy:Vz:y <=2z
plusOLeft > 0 +y = y;eqSymmetry > 0 +y =y >y = 0 + y;subLeqLeft >y =
O+y>y<=z>0+y<=z : PositiveToRight(Leq) > 0 + y<=z>»0<=

z+ —yl,po,¢)]

[PositiveToRight(Leq)(1term) *3° ZFsub - Vy:Vziy <=zF 0 <=z+ —y]

[PositiveToRight(Leq)(1term) ey “PositiveToRight(Leq)(1 term)”]

~

[PositiveToRight (Leq)(1term) 2 “lemma positiveToRight(Leq)(1 term)”]

negativeToLeft(Leq)

proof

[negativeToLeft(Leq) "— Ac.Ax.P([ZFsub - Vx:Vy:Vz:x <=y + —z
leqAddition > x <=y + -z>x+z<=y+ -z+zX=xX+y—y>y=

y +z + —z; Three2threeTerms >y + z + —z = y + —z + z; eqTransitivity >y =
y+z+—z>y+z+—z-y+—z—|—z>>y—y—|——z—|—zeqSymmetryl>y—
y+—-z+z>y+-z+z=y;subLeqRight >y +-z+z=yb>x+z<=
y+-z+z>x+z<=y],po,c)]

) stmt

[negativeToLeft(Leq ZFsub FVx:Vy:Vzix <=y + —zF x+z <=Y]

tex

[negativeToLeft(Leq) — “negativeToLeft(Leq)”]

k

[negativeToLeft(Leq) 2> “lemma negativeToLeft(Leq)”]
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LeqAdditionLeft

proof

[LeqAdditionLeft “—" Ac.Ax.P([ZFsub F ¥x: Vy:Vz:x <=y I

leqAddition > x <=y > x+z <=y +z ; plusCommutativity > x +z =z +

x; plusCommutativity > y+z = z+y;subLeqLeft>x+z = z+x>x+z <=y+z >
z+x <= y+z;subLeqRight>y+z = z+y>z+x <= y+z > z+x <= z+Y], o, ¢)]

smt

[LeqAdditionLeft "= ZFsub  Vx: Vy:Vzix<=ykzt+x<=z+ X]

tex

[LeqAdditionLeft = “LeqAdditionLeft”]
[LeqAdditionLeft P “lemma leqAdditionLeft”]

leqSubtraction

[leqSubtraction PPt \eAx. P([ZFsub F Vx:Vy:Vzix +z <=y +zhF
leqAddition>x+z<=y+z>x+z+-z<=y+z+-zx=x+y—y>x=
X+z+ —z;eqSymmetry > x=x+z+ —-2z>x+z+ -z2=XX=X+y—y >
y*y+z+fzeqSymmetryl>y7y+z+fz>>y+z+fzf
y;subLeqLeft > x +z+ —z=xD>x+z+-z<=y+z+-z>x<=

y+z+ —z;subLeqRight >y +z+ —z=y>x<=y+z+ —z>> x <=Yy],po, )]
[leqSubtraction strgt ZFsub - Vx:Vy:Vzix+z<=y+zk x <= X]
[leqSubtraction ¥ “leqSubtraction”]

[leqSubtraction X “Yemma leqSubtraction”]

leqSubtractionLeft

[leqSubtractionLeft PO e Ax. P([ZFsub - Vx:Vy:Vziz+x <=z+yF

plusCommutativity > z + x = x + z; plusCommutativity >z +y =
y +z;subleqleft >z +x=x+z>z+x<=z+y>x+z<=
z+y;subleqRight >z+y=y+zbx+tz<=z+y>x+z<=
y + z;leqSubtraction > x 4+ z <=y 4+ z > x <=y|, po, ¢)]

stmt

[leqSubtractionLeft "—" ZFsub + Vx: Vy:Vziz+x<=z+ykx<= X]

tex

[leqSubtractionLeft = “leqSubtractionLeft”]

[leqSubtractionLeft 2 “emma leqSubtractionLeft”]
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thirdGeq

f
[ proo

thirdGeq " — Ac.Ax.P([ZFsub F Vx: Vy: x <=y I leqReflexivity >y <=

y; JoinConjuncts > x <= y>y<*y>>7%x<*7y:>%y<: B

y; ExistIntroQcegx Qy > "x <=y = 7y <=y > " x <=Cgx = 1y <=

CEx; Vx: Vy:y <= x I leqReflexivity > x <= x; JoinConjuncts > x <= x>y <=
x> x <=x= Ty <= x; ExistIntro@Qcgx @x > "x <= x= "y <= x>
TX <= Cpx = Ty <= Cgx; Vx: Vy: Ded > Vx: Vy:x <=y F - x <= cgx = Ty <=
CEx > X <=y = 71X <= CEx = 7Y <= Cgx; Ded > Vx:Vy:y <= xF ~x <=
CEx = 7Y <= CEx >y <= x = 71X <= Cpx = Ty <= Cgx; leqTotality >

x <=y =y <=xFromDisjuncts > "x <=y =y <= xbx <=y = x <=
Chx = Ty <=Cpx >y <=X = “1X <= Cpx = 1y <= Cx > 71X <= Cx =
ny <= CEX-lapo,C)]

[thlrdGeq ' ZFsub - Vx: Vy: X <= Cpx = Ty <= Cix]
[thirdGeq % “thirdGeq”]
[thirdGeq 2 ¥ “lemma thirdGeq”|

LeqNegated

proo

[LeqNegated "= Ac.Ax.P([ZFsub I Vx: Vy:x <=y I leqAddition > x <=y >
X+ —x <=y + —x; Negative > x + —x = 0;subLeqLeft > x + —x =

0>x+ —x<=y+ —x>0<=y+ —x;plusCommutativity >y + —x =
—x+y;subLleqRight >y + —x=—x+y>0<=y+ x> 0<=

—x + y;leqAddition > 0 <= —x+y > 0+ —y <= —x +y + —y; plusOLeft >
0+—y——y,x—x—|—y y>»>—Xx=-—X+y+ y,eqSymmetryD—x—
—Xx+y+-—y>»-x+y+-—y=-—x;subLeqleft >0+ -y =—-y>0+ -y <=
—X+y+—y> -y <= -x+y+ —y;subleqRight > —x+y+ —y =

—XD> —y <= —x+y+ —y > —y <= —x],po, ¢)]

stmt

[LeqNegated "—" ZFsub - Vx: Vy:x <=y F —y <= —x]
[LeqNegated tex “LeqNegated”]

[LeqNegated P “lemma leqNegated” ]

AddEquations(Leq)

[AddEquations(Leq) POl A Ax.P P([ZFsub F Vx:Vy:Vz:Vu:x <=y kFz<=uk
leqAddition > x <=y > x+z <=y +z; LeqAdditionLeft >z <=u >y +z <=
y +u;leqTransitivity >x+z <= y+z>y+z<=y+u>x+z <= y—&—u} Po, ©)]

(6]



[AddEquations(Leq) S 7 Fsub Vx:Vy:Vz:Vuix <=ykz<=ubkx+z<=
y +u]

[AddEquations(Leq) “ “AddEquations(Leq)”]

[AddEquations(Leq) X “emma addEquations(Leq)”]

ThirdGeqgSeries

[ThirdGeqSeries progf AcAX.P([ZFsub +
Vm: V(e): V(£x): V(fy): V(f2): V(fv): V(rx): V(ry): V(rz): V(ru): (rx) << (ry) b
(rz) << (ru) - (&) € (1x) - (fy) € (ry) & (f2) € (12) = (Iv) €
(€)= 250 =(¢) F cpgx <= mF From << XX 1> (1x) << (ry) > (fx) €
> (fy) € (ry) > 20 <= () = =70 = (e
m] + —(¢); From << XX > (rz) << (ru) &> (fz
ru) > 50 <= () = 70 = () > apy <=
(6 ExistIntro Q bEx @ agx > aEx
(FV)[m] + =(€) > bpx <= m = (fz)[m] <= (fv)[m] + —(¢); thlrdGeq >
Sapy <= Cpx = —bEx <= cpy; FirstConjunct > S agpy <= Cpyxy = T bpy <=
CEx > aEx <= Cgx;leqTransitivity > agx <= Cpx > CEx <= m >> agy <=
m; MP > ag, <=m = (fx)[m] < (fy)[ |+ —(e) )DaEX< m > (fx)[m] <=
(fy)[m] + —(¢); SecondConjunct I> ~ agy <= Cpx = —1bpx <= Cpx > bpx <=
Cux; leqTransitivity > bg, <= cpyx > CEx <= m > bg, <= m; MP > bg, <=
m = (fZ)[ ] <= (tv)[m] + —(€) & bpyx <=m > (fz)[m] <= (fv)[m] +

]
—(€); JoinConjuncts > (fx)[m] <= (fy)[m] + —(¢) > (fz)[m ?=( v)[m] + —(e) >

AB

= (B)[m] <= (fy)[m] + —(e) = = (f2)[m] <= (fv)[m] + —(¢)

[ThirdGeqSeries 3" ZFsub F
Vm: V(e): V(fx): V(fy): V(fz): V(fv): V(rx): V(ry): V(rz): V(ru): (1x) << (ry)

(rz) << (ru) F (fx) € (1x) F (fy) € (ry) - (fz2) E( rz) F (fv) € (ru)

A
&)
i
]
(an)
Il
—
Ny
=
(9]
e
"
A
Il
|
-
=
2
~—|
E3
Il

[ThirdGeqSeries *= “ThirdGeqSeries”]

[ThirdGeqSeries X “lemma thirdGeqSeries” |

LeqNeqLess

[LeqNeqLess "% " Aex. P([ZFsub FVx:Vy:x <=y F “x=yF
JoinConjuncts > x <=y> - x=y>» " x<=y= 17x=
y; Repetition > "x <=y = 7-x=y>» "x <=y = "X y] Po, ©)]

stmt

[LeqNeqLess "— ZFsub - Vx:Vy:x <=y F “x=ykF ax <=y = 7-x =y|

76



[LeqNeqLess tex “LeqNeqLess”]

[LegNeqLess P “lemma leqNeqLess” ]|

FromLess

[FromLess propf ACAXP([ZFsub - Vx: Vy:y <= x I toNotLess > y <= x>
%%x<—y:>—W%X:y;VX'Vy'DedDV;('Vy'y<—XF%%X<—§/:>%%1:
y>y<sx=x<sy=anx=y;x<sy=ax=yk
AddDoubleNeg > “x <=y = 75 x=y > "5 x <=y = " x=

Yy MTDy<=x="7x<sy=Tax=yD>anx<=y=7x=y>
=y <=x],po, )]

[FromLess ST 7 Fsub - Vx:Vy:ax <=y = hax=ykF y <=
[FromLess "= “FromLess”]

pyk
[FromLess — “lemma fromLess”]

Tol.ess

[ToLess PO e Ax. P([ZFsub - Vx:Vy: -y <=x= -y =xF
fromNotLess > "y <=x = 7y =x> x <= B
Y;Vx:Vy:Ded > Vx: Vy: n oy <= x = 7oy =xkFx<=y>» "y <=x=
oy =x=x<=y;x <=ykF NegativeMT > "~y <=x= "y =x=
X <= yDﬁx< y>>ﬁy<—><=>ﬁﬁY—><1 Po,C )]

[ToLess U 7Fsub Vx:Vy:x <=yk Ay <=x= -y =
[ToLess ¥ “ToLess”]

k
[ToLess ™% “lemma toLess”]

fromNotLess

proof

[fromNotLess "—" Ac.Ax.P([ZFsub - Vx:Vy: " -x <=y = ~ax=yFx <=

y - Repetition > 2 5x <=y = 25x=y > "ax <=y = -x=

y; RemoveDoubleNeg > " x <=y = 25 x=y > x <=y = " x=
YyMPEXx<=y= - x=yDbx<=y>»5x=

y; RemoveDoubleNeg > 7 - x =y > x = y;eqSymmetry > x =y >y =
x;eqleq >y =x >y <= x;Vx:Vy:Ded > Vx:Vy: " x <=y = "-x=ykFx <=
yRy<=x> " x<sy=sx=y=x<sy=y<=sxx<=y=
Ahx=yFMPDE A x<=sy=x=y=>x<sy=y<=x>x<=y=
ahx =y > x <=y =y <= x Autolmply >y <= x = y <= x;leqTotality >

T



X <=y =y <=xFromDisjuncts > "x <=y =y <=xbx <=y =y <=
Dy<=x=y<=x3>y<=x],po,c)]

X .

<
Y

[fromNotLess St 7 Fsub - Vx: Vy:aax<=y=hx=yky<=x

[fromNotLess % “fromNotLess”]

[fromNotLess P “lemma fromNotLess”]

toNotLess

[toNotLess Proof ze. M. P([ZFsub F Vx:Vy:x <=y Fy <=xFt
leqAntisymmetry >y <= x> x <=y >y = x; AddDoubleNeg > y = x
Shy =x;VxiVy:Ded > Vi Vyix <=y by <=xk a5y =x>x<= y:>y
x=>ny=x5x<=yFMP>x<=y=y<=x=1y=xbx<= y>;
y <=x= -7y =x;AddDoubleNeg >y <=x = 2y =x> 77y <=x=
—y = x; Repetition > -y <= x= 7y =x> "y <=x= 0y =
x; Repetition > 5y <=x = S5y = x> 54y <=x = =y = x|, Po, ¢)]

[toNotLess S ZFsub Vx:Vy:x <=y bk Hay <=x= -7y =
[toNotLess =¥ “toNotLess”]

k
[toNotLess 2 “lemma toNotLess” |

NegativeLessPositive

[NegativeLessPositive propf AC AP ([ZFsub F Vx: 70 <=x= 250 =xF
FirstConjunct > -0 <=x = 550 = x> 0 <= x;leqAddition > 0 <= x >

0+ —x <= x+ —x; plusOLeft > 0 4+ —x = —x; Negative > x+ —x =

0; subLeqLeft>0+—x = —x>0+—x <= x+—x > —x <= x+ —x; subLeqRight>
X+ —-x=0> —x <=x+ —x > —x <= 0;leqLessTransitivity > —x <=

0> 0<=x="50=x>" —x<=x= " —x=x|,Do, )]

[NegativeLessPositive St 7 Fsub Vx: 10 <=x=> "0 =xF5 —x<=x=

[NegativeLessPositive 5 “NegativeLessPositive”]

. o, k . o
[NegativeLessPositive "% “lemma negativeLessPositive”]

8



leqLessTransitivity

[leqLessTransitivity Proof N . P([ZFsub F Vx:Vy:Vzix <=y F "y <=z =
Sy =zkx=zF FirstConjunct >~y <=z= "-y=z>y <=
z;SecondConjunct>-y <=z = =5y =z > -y = z;subLeqLeft >x = z>x <=
y > z <= y;leqAntisymmetry >y <= z>z <=y >y = z; FromContradiction >
y=zDy=2z> x=zVx:Vy:Vz:Ded > Vx: Vy:Vzix <=y F -~y <=z =
—\ﬂyzgl:gzzl—ﬂx—z>>x< y:>—\y<—z$—\ﬂy—z:x—z:>
Sx=zix<=yhkay<=z= " hy=zFMP2bx<=y=y<=z=
TNy =z=>x=z= x=zDbx<syD>oy<=z=>Ty=z>x=z=

- x = z; ImplyNegation > x = z = -~ x = z > - x = z; FirstConjunct > -y <=
z= "y =2z>y <= zleqTransitivity > x <= y>y <=z>x <=

z; JoinConjuncts > x <=z > S x =2z > “x <=z = - -x = 2|, po, ¢)]

[leqLess Transitivity ° 0 ZFsub b Vx: Vy:Vzix<=ykF - y<=z=--y=zF
Ax<=z=Sax=¢2

[leqLessTransitivity == “leqLessTransitivity”]

e k e
[leqLess Transitivity "5 “lemma leqLessTransitivity”]

LessLeqTransitivity

[LessLeqTransitivity Poof N e Ax. P([ZFsub FVx:Vy:Vz: "x <=y = 2 x=yF
y <=zt z=xF FirstConjunct > " x <=y = 75 x=y > x <=

y; SecondConjunct [> ~x <=y = - -x =y > - x = y;subLeqRight >z =
x>y <=z>y <= xleqAntisymmetry > x <=y>y <=x>x=

y; FromContradiction > x =y > “x =y > -z =

X; Vx:Vy:Vz: Ded > Vx: Vy:Vzi "x <=y = " x=yFy <=zl z=xF -z=
X>Ox<=y=>hhx=y=y<=z=z=x=Tz=xTXx<=y=> ox=
yRy<=zFMP2p> "x<=y= "x=y=y< ;:>z:x:>—|;:

X>x <= y:ﬁﬁx—y>y<—z>>z—x:>ﬁz
Sz =x> 5z =x;NeqSymmetry > -z=x>> -x = ;; FirstConjunct > %5 <=
y = ox =y > x <=y;leqTransitivity > x <= y>y <=z>x <=
z; JoinConjuncts > x <=z > S x =z > “x <=z = - 5% = 2|, po, ¢)]

[LessLeqTransitivity M ZFsub b Vx: Vy:Vziox <=y = - x=yky<=zhF
AxX<=z= X =2
[LessLeqTransitivity tex “LessLeqTransitivity” |

e k e
[LessLeqTransitivity 2> “lemma lessLeqTransitivity”]
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LessTransitivity

[LessTransitivity POt N Ax. P([ZFsub F Vx:Vy:Vziox <=y = 25x =y

Ny <=z= "y =zFFirstConjunct > "y <=z= ""y=z>y <=

z; LessLeqTransitivity > "x <=y = " x=yD>y<=z> "x<=z= " x=
z],po, )]

[LessTransitivity S 7Fsub Vx:Vy:Vzix <=y= "-x=yky<=z=
%%Xzzl—%§<zzﬁ%%ézz}

[LessTransitivity °= “LessTransitivity”]

e k e
[Less Transitivity "5 “lemma lessTransitivity”]

LessTotality

[ proof

LessTotality "— Ac.Ax.P([ZFsub F Vx:Vy: " -x <=y = -~ x=yk “x =
yl—fromNotLebbD—ﬁx< y = 7x =y >y <= x;NeqSymmetry > - x =
y > -y =x;LeqNeqless >y <= x> -y =x> y<=x= -y =

X Vx:Vy:Ded > Vi Vy: nx <=y= "ox=yk x=ykFy<=x= "y=
X> X <Sy =S X =y =S x=y =Sy <sx= oy =
x;Repetition> mx <=y = aax=y= x=y = y<=x= "y =x>
AhXx <=y = ahx=y= Ax=y= "y <=x= 7y =Xx],Po,c)]

[LessTotality stmpt ZFsubI—VX:V[—'\%g <sy= aTx=y=Sax=y= oy <=
X = %%X:K]

[LessTotality tex “LessTotality”]

[LessTotality ¥ “lemma lessTotality”]

SubLessRight

proof

[SubLessRight "— Ac.Ax.P([ZFsub - Vx:Vy:Vzix =y F “z<=x= -5z =
1!—Repet1t10n>—g<:x:>%%;=g>>%2<:§:;%%;=

x; FirstConjunct > -z <= x = -5z = x > z <= x;subLeqRight > x =

y >z <=x>z <=y;SecondConjunct >~z <=x= "z=x> "z=

x; SubNeqRight > x =y > 1z = x > -z = y; JoinConjuncts >z <=y > =z =
y>Sz<=y=-5z=y],po,¢)]

[SubLessRight STt 7 Bsub - Vx:Vy:Vzix =yF nz<=x= "7z=xF"z<
y = ahz=y]

tex

[SubLessRight — “SubLessRight”]
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[SubLessRight X “demma subLessRight”]

SubLessLeft

proo

[SubLessLeft ropf ACAX.P([ZFsub F Vx:Vy:Vzix =y F x <=z = S x=1zF
Repetition > “x <=z= ~-x=z> Sx <=z = 5—\5:;; FirstConjunct >
Ax<=z= " hx=z>x<=z;subleqleft >x=y>x<=z>y<=

z; SecondConjunct>-x <=z = - 5x =z > “x = z; SubNeqLeft>x = y>-1x =
z>> Sy = z; JoinConjuncts >y <=z> -y =z > -y <=z = -5y = z],po, )]

[SubLessLeft "' ZFsub F ¥x:Vy:Vzix =y F x <=z = =5 x=zF Sy <=
z= —'\—'|X:;]

tex

[SubLessLeft — “SubLessLeft”]

[SubLessLeft X “lemma subLessLeft”]

LessAddition

proo

[LessAddition ropf ACAX.P([ZFsub | Vx: Vy:Vz: "x <=y = S-x =y F
LessLeq > ©x <=y = S -4x =y > x <= y;leqAddition > x <=y > x +z <=
y +2z;LessNeq > ©x <=y = S 5x =y > -x = y; NeqAddition > " x =y >
Sx+z=y+zJoinConjuncts >x+z <=y+z>x+z=y+2z> x+z<=
y+z=-""x+z=y+z|,po, )]

[LessAddition ™3 ZFsub F Vx: Vy:Vz: x <=y = “5x =y F “x +2z <=
y+z= " x+z=y+7

tex

[LessAddition — “LessAddition”]

[LessAddition 2 “lemma lessAddition”]

LessAdditionLeft

proof

[LessAdditionLeft "= Ac.Ax.P([ZFsub - Vx:Vy:Vz: "x <=y = - x=yF
LessAddition > “x <=y = 9x=y > x4+z<=y+z= " x+z=

y + z; plusCommutativity > x + z = z + x; SubLessLeft > x + z =
Z+xD>Ox+z<=y+z=Tx+tz=y+z>z+x<=y+z=Tz+x=
y+z; plusCommutativity > y+z = z+y; SubLessRight>y+z = z+y>-z4x <=
y+z="Sz4x=y+z>z+x<=z+y="Sz+x=2z+Y],po,C)]

[LessAdditionLeft S 7 Fsub k- Vx:Vy:Vzix <=y= "ax=ykFaz+x<=
z+y="hz+x=2z+Y]
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tex

[LessAdditionLeft = “LessAdditionLeft”]

[LessAdditionLeft 2 “lemma lessAdditionLeft”]

LessMultiplication

[LessMultiplication "% Ac.Ax.P([ZFsub b Vx: Vy: Vz: 50 <=z = 50 = z
x<=y=nx=yk Lessleq> x <=y = Tx=y>x<=

y; LessLeq > 20 <=z = -0 =z> 0 <= z;leqMultiplication > 0 <=
z>x<=y>»x*xz<=yxz;LessNeq> "x <=y = - x=y> x=

y; LessNeq> -0 <=z = ~~0=2z> =0 = z;NeqSymmetry > -0 =2z> -z =
0; NegMultiplication> -z = 0> x =y > -x*xz = y *z; LeqNeqLess > x xz <=
YHRZD X%z =y*Z> xkz<=y*z= Tx*Z=y*Z],po,C)|

[LessMultiplication > gt ZFsub EVx:Vy:Vzz 20 <=z= ~-0=zF "x <=y =
aax=ykaxkz <= y*z:—\ﬂx*z—y*z]

[LessMultiplication % “LessMultiplication”]

[LessMultiplication P “lemma lessMultiplication”]

LessMultiplicationLeft

f
[ proo

LessMultiplicationLeft “—" Ac.Ax.P([ZFsub | ¥x: Vy:Vz: 50 <=z = -0 =

zk x <=y = --x =y LessMultiplication>-0 <=z=H0=z>Ax <=
Y= X =Y 3> Xz <= ykRZ = 0 TXHRZ = YRZ; timesCommutativity > xxz =
zxx; timesCommutativity > y*z = z*y; SubLessLeft > x*z = zx x> " xxz <=
Y*¥Z = TTIX*Z = y*Z > zkx <= y*Z = "1 zkx = y*z;SubLessRight>yxz =
ZXYD>ZEX <= Y*Z = TNZEX = YHZ > DzEX <= Z¥Y = 1 Z¥X = Z¥Y ], Do, C)]

[LessMultiplicationLeft St 7 Fsub - Vx:Vy:Vz: 20 <=z= "-0=zFk ~x <=
yé%%Zzyk%Z*5<:Zﬂ<yé—'|4\z*xzz*y]

ex

[LessMultiplicationLeft “% “LessMultiplicationLeft”]

[LessMultiplicationLeft “% ¥ “lemma lessMultiplicationLeft”]

LessDivision

[LessDivision propf ACAX.P([ZFsub F Vx:Vy:Vz: 0 <=z F “x*z<=yxz=
4\%5*;:y*;l—FromLessD—Wg*;<:yi*;:>ﬂ—%*z:y*;> z\y>k;<=
x * z; leqMultiplicationAxiom > 0 <=z =y <=x = y*z <= x*z; MP >0 <=
;z>x<=gz>x*;<:x*;>0<:;>>X7<:gz>xi*;<—

82



x * z; Contrapositive >y <=x = y*z <=x*z>> "y*z<=x*xz= "y <=
XMP D> y*xz<=x*xz= 1y <sxD>y*z<=x*xz> "y <=
x; ToLess > 7y <= x> “x <= y=>_‘ﬁx—ﬂ Po, C)]

[LessDiviSion i ZFsub b Vx:Vy:Vz: 0 <=zk “x*xz<=y*z= "ox*z=
yxzhkax<=y=-aax=Yy]

PR tex P
[LessDivision — “LessDivision”]

. pyk .
[LessDivision = “lemma lessDivision”]

AddEquations(Less)

proof

[AddEquations(Less) "— Ac.AX.P([ZFsub - Vx: Vy:Vz: Vu: "x <=y = “5x =
yFaz<=u= “4z=uk LessAddition>“x <=y = S5x =y > x4z <=
§+z:>4\—'|x+z*y+Z'LessAdditionLeftl>—'|z <=u=-Shz=u> nytz<=
y+u = "y+z=y+u;LessTransitivity> - x+z <= y+z= " x+z=y+z>
aytz<=ytu= oytz=y+u> xtz <= y+u:>ﬁﬁx+2—y+u1 Do, ©)]

stmt

[AddEquations(Less) — ZFsub - Vx:Vy:Vz:Vu: “"x <=y = H-x =y F
Sz<=u= SSz=ubSxtz<=y+tus oaxtz=y+u

tex

[AddEquations(Less) = “AddEquations(Less)”]

—~

[AddEquations(Less) 2> “lemma addEquations(Less)”]

LessNegated

[LessNegated POt N M.P([ZFsub F Vx:Vy: "x <=y = 2 x=yF
LessLeq > ~x <=y = 7-x =y > x <= y;LeqNegated > x <=y > —y <=
—x; LessNeq > =1 x <= y:>—\—|X—y>>ﬁxfy,NequgatedD—ix—y>>

- —x = —y;NeqSymmetry > = —x = —y > - —y = —x; LeqNeqLess > —y <=
—xDﬁ—y——z>>ﬁ—y<——§=>ﬁﬁ—y——§1 Po, )]

[LessNegated * ZFsub F Vx: Vyiax<=y= - ax=ykFH —y<=-x=

[LessNegated *= “LessNegated”]

[LessNegated 2 ¥ “lemma lessNegated”]
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PositiveNegated

proo

[PositiveNegated roof A P([ZFsub FVx: 20 <=x= -0 =xF
LessNegated > -0 <=x=--0=x> " —x<=-0=> 35 —x=-0;-0=
0> —0=0;SubLessRight > ~0 = 0> = —x <= -0 = =5 —x = —0>

S —x<=0= " —x=0],po,c)]

[PositiveNegated 5" ZFsub b Vx: 10 <= x = 250 =xF 5 —x <=0 =

[PositiveNegated *< “PositiveNegated”]

[PositiveNegated P “emma, positiveNegated”]

NonpositiveNegated

proo

[NonpositiveNegated ropf ACAXP([ZFsub F Vx:x <= 0 F LeqNegated > x <=
0> -0<=-x—0=0> —0=0;subLeqleft>-0=0p> —-0<=—x>0<=
*l] , Po, C)]

[NonpositiveNegated S 7 Psub - Vx:x <=0F 0 <= —x]
[NonpositiveNegated tex “NonpositiveNegated”]

[NonpositiveNegated ¥ Yemma nonpositiveNegated”]

NegativeNegated

proo

[NegativeNegated ropf ACAXP([ZFsub F Vx: vx <=0= 55x=0F
LessNegated > “x<=0=--x=0> " —-0<=—x=> - —-0=—x;—-0=
0> —0 =0;SubLessLeft>—-0=0>" —-0<=—x= """ —-0=—x>"0<=
—x = 750 = —x], po, )]

[NegativeNegated St 7 Fsub - Vx:x<=0=-x=0F -0 <= —x=

NegativeNegated " “NegativeNegated”
2 2 g g

[NegativeNegated PV “emma negativeNegated”]

NonnegativeNegated

proo

[NonnegativeNegated "— f A Ax.P([ZFsub F Vx: 0 <= x F LeqNegated > 0 <=
x> —x<=—-0;—0=0> —0=0;subLeqRight > -0 =0> —x <= —-0>
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—X <= 0-‘ , Po, C)}
[NonnegativeNegated St 7 Psub - Vx:0 <=xF —x <= 0]
[NonnegativeNegated tex “NonnegativeNegated”]

[NonnegativeNegated P “emma, nonnegativeNegated”]

PositiveHalved

proo

[PositiveHalved ropf ACAXP([ZFsub FVx: 20 <=x=-0=xF0<1/2>
40 <=recl +1 = 540 =recl + 1; LessMultiplicationLeft > -0 <=
recl+1=--0=recl+1p>-"0<=x=""0=x> "recl+1x0<=
recl+1xx= "-recl+1x0=recl +1xx;x%x0=0>recl+1x0=

0; SubLessLeft > recl +1%0=0> -recl +1 %0 <=recl + 1 xx =
Sarecl+1%0 =recl+1%x>> 50 <=recl+1%x = =50 = recl +1x*x], po, ¢)]

[PositiveHalved S 7 Psub FVx:m0<=x=--30=xF"-0<=recl+1*xx=
S50 =recl + 1 *x]

[PositiveHalved ¥ “PositiveHalved”]

[PositiveHalved 2 “lemma positiveHalved”|

NonnegativeNumerical

[NonnegativeNumerical progf ACAXP([ZFsub - Vx: 0 <= x
IfThenElse(T) > 0 <= x > if(0 <= x,x, —x) = x; Repetition > if(0 <=
X, %, —x) = x > if(0 <= x,x, =x) = x|, po, ¢)]

[NonnegativeNumerical S 7 Fsub - Wx: 0 <= x if(0 <= x,x, —x) = ¥]
[NonnegativeNumerical s “NonnegativeNumerical”]

. . pyk . .
[NonnegativeNumerical = “lemma nonnegativeNumerical”|

NegativeNumerical

[NegativeNumerical progt AC A P([ZFsub F Vx: x <=0= --x=0F
FromLess > x <=0= --x= 0> -0 <= x; fThenElse(F) > -0 <= x>
if(0 <= x,x, —x) = —x; Repetition > if(0 <= x,x, —x) = —x > if(0 <=

X, %, —x) = —x], o, ¢)]

[NegativeNumerical I ZFsub k- Vx: ax <= 0= 2 5x =0 F if(0 <=

X, X, —X) = —X]
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[NegativeNumerical > “NegativeNumerical”]

. . pyk . .
[NegativeNumerical = “lemma negativeNumerical”]

PositiveNumerical

[PositiveNumerical progf ACAXP([ZFsub - Vx: 50 <=x= =50 =xF
LessLeq> -0 <= x = 550 = x> 0 <= x; NonnegativeNumerical > 0 <= x >
if(0 <= x,x, —x) = x], po, c)]

[PositiveNumerical S 7 Fsub ¥x: 50 <=x=550=xFif(0 <=x,x,—x) =
x|

ops . tex aps .
[PositiveNumerical = “PositiveNumerical”]

.. . pyk .. .
[PositiveNumerical = “lemma positiveNumerical”|

lemma nonpositiveNumerical

[lemma nonpositiveNumerical proof ACAXP([ZFsub F Vx: ix <=0= - -x =

0 F NegativeNumerical > -~ x <=0 = = -x = 0> if(0 <= x,x, —x) =

—X; Vx:x = 0 F eqSymmetry >x =0> 0 =x;eqleq >0 =x > 0 <=

x; NonnegativeNumerical > 0 <= x > if(0 <= x,x,—x) =x;,—0=0> -0 =

0; eqSymmetry > —0 =0 > 0 = —0; EqNegated >0 = x > —0 =

—x; eqTransitivity5r>if(0 <= x,x, —x) = x>x = 0>0 = —0>—0 = —x > if(0 <=
%% —x) = —x;Vx:Ded > Vx: x <=0 = 5ax=0Fif(0 <= x,x, —x) = —x >
Ax<=0=4x=0=if(0 <=x,x,—x) = —x; Ded > Vx: x = 0 F if(0 <=

X, %, —X) = —x > x = 0=if(0 <= x,x, —x) = —x;x <= 0 I LeqLessEq > x <=
0> a5x<=0= -5x=0= x=0;FromDisjuncts > " x <=0= 5-x =
0=x=0>x<=0= - x=0=if(0 <= x,x,—x) = —x>x=0=if(0 <=
X, X, =x) = —x > if(0 <= x,x, —x) = —x], po, ¢)]

[lemma nonpositiveNumerical S 7 Fsub - Vx:x <=0+ if(0 <= x,x, —x) =
]

.. . pyk .. .
[lemma nonpositiveNumerical = “lemma nonpositiveNumerical”]

0] =0

[l0j=0 progf AcAX.P([ZFsub I leqReflexivity > 0 <=
0; NonnegativeNumerical > 0 <= 0 > if(0 <= 0,0, —0) = 0], po, ¢)]

[10] = 0 "2 ZFsub F if(0 <= 0,0, —0) = 0]
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tex 9
[l0] =0 = *|0[=0"]

[l0]=0 ¥ “emma |0]=0"]

0 <= |x|

pro of

[0 <= |x| = Ac.Ax.P(]ZFsub I ¥x:0 <= x - NonnegativeNumerical > 0 <=
x> if(0 <= x, x, —x) = x; eqSymmetry > if(0 <= x,x, —x) = x > x = if(0 <=
X, X, —x); subLeqRight > x = if(0 <= x,x, —x) > 0 <= x> 0 <= if(0 <=

X, X, —X); Vx: 70 <= xF ToLess > 70 <=x> Tx<=0= - -x =

0; NegativeNumerical > - x <=0 = - -x = 0> if(0 <= x,x, —x) =

—x; eqSymmetry > if(0 <= x,x, —x) = —x > —x = if(0 <=

x, %, —x); NegativeNegated > " x <=0 = 7-x=0> 70 <= —x= -0 =
—x; LessLeq > -0 <= —x = 550 = —x > 0 <= —x;subLeqRight > —x =
if(0 <= x,%x, —x) > 0 <= —x > 0 <= if(0 <= x,%, —x); Vx: Ded > Vx: 0 <= x F
0<=1if(0 <= x,%,—x) > 0 <=x= 0 <=if(0 <= x,x, —x); Ded > Vx: 70 <=
xFO0<=1i(0 <=x,x,—x) > "0 <=x=0<=if(0 <=

x, %X, —x); FromNegations > 0 <=x = 0 <= if(0 <= x,x, —x) > 70 <=x =

0 <=1if(0 <= x,x, —x) > 0 <=if(0 <= x,x, —x)], Po, ¢)]

[0 <= [x| 3" ZFsub b Vx: 0 <= if(0 <= x,x, —x)]
[0 <= x| =5 “0<=[x]"]

<= |x| — “lemma 0<=|x
0 pyk ¢ 0 »

SameNumerical

[SameNumerical propf ACAXP([ZFsub - Vx:Vy:0 <= xkFx=yF
NonnegativeNumerical > 0 <= x > if(0 <= x, x, —x) = x; subLeqRight > x =
y >0 <= x> 0 <= y; NonnegativeNumerical > 0 <=y > if(0 <=y,y, —y) =
y;eqSymmetry > if(0 <=y,y, —y) =y >y = if(0 <=

y,y, —y); eqTransitivity4 > if(0 <= x,x, —x) = x> x =y >y = if(0 <=

y,Y, —y) > if(0 <= x,x, —x) = if(0 <=y,y, —y); Vx: Vy: 70 <= xFx =y F
ToLess > -0 <= x> “x <=0 = 55x= 0; NegativgNumericalb ax<=0=
S5ax=0>if(0 <= x,x, —x) = —x;SubLessLeft >x =y > “x <=0= 5-x =
0> y<=0=-7y=0; NegativeNumericalD%y<;O:%%y=O>>
if(0 <=y,y, —y) = —y;eqSymmetry > if(0 <=y,y, —y) = -y > —y = if(0 <=
y,¥, —y); EqNegated > x = y > —x = —y; eqTransitivity4 > if(0 <= x,x, —x) =
fxbixffyl> —y =if(0 <=y,y, —y) > if(0 <= x,x, —x) = if(0 <=
yy,—)VxVyx-yl—DedDVxVy0< xFx=yFif(0 <= x,x, —x) =

if(0 <=y,y,—y) > 0 <=x=x =y = if(0 <= x,x, —x) = if(0 <=

Y.y, —y); Ded > ¥x: Vy: 10 <= x - x = y I if(0 <= x,x, —x) = if(0 <=

V.Y, —y) > S0 <=x=x=y=if(0 <= x,x, —x) = if(0 <=
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y,y, —Yy); FromNegations > 0 <= x = x =y = if(0 <= x,x, —x) = if(0 <=

Y, ¥,—y) B> S0 <=x=x=y=if(0 <= x,x, —x) = if(0 <=y,y,—y) > x=y =
if(0 <= x,x, —x) = if(0 <=vy,y, —y); MP > x = y = if(0 <= x,x, —x) = if(0 <=
Y)Y ¥,¥=¥)1,po; c)]

X
y)Dx—y>>1f(O<—xx —x) = if(0 <=
'_

ameNumerical "= ZFsub + Vx: Vy:x =y

[S if(0 <= x,x, —x) = if(0 <=
¥:¥: Yl
[SameNumerical ¥ “SameNumerical”]

. pyk .
[SameNumerical = “lemma sameNumerical”|

SignNumerical(+)

proof

[SignNumerical(+) "— Ac.Ax.P([ZFsub b ¥x: 50 <=x= --0=x+
PositiveNumerical > -0 <= x = =0 = x > if(0 <= x,x, —x) =
x; PositiveNegated > "0 <=x = 750 =x> " —x<=0= - —x =

0; NegativeNumerical > - —x <=0= - —x =0 > if(0 <= —x, —x, — — x) =
——x; DoubleMinus > ——x = x; eqTransitivity >if(0 <= —x, —x, ——x) = ——x>
——x=x>if(0 <= —x, —x, — —x) = x; eqSymmetry >if(0 <= —x, —x, ——x) =
x> x = if(0 <= —x, —x, — — x); eqTransitivity > if(0 <= x,x, —x) = x> x =

if(0 <= —x, —x, — — x) > if(0 <= x,x, —x) = if(0 <= —x, —x, — — X) ], Po, )]

[SignNumerical(+) *3° ZFsub F Vx: 20 <= x = <50 = x F if(0 <= x,x, —x) =
if(0 <= —x, —x, — — x)]
tex

[SignNumerical(4+) = “SignNumerical(+)”]

[SignNumerical(+) Y “emma signNumerical(+)”]

SignNumerical

[SignNumerical %" AcAx.P([ZFsub I Vx: 5x <= 0 = - 5x = 0 -
NegativeNegated > “x <=0 = 55x=0> 20 <= —x = 550 =

—x; SignNumerical(+) > -0 <= —x = 750 = —x > if(0 <= —x, —x, — — x) =
if(0 <= ——x, ——x, ———x); DoubleMinus > ——x = x; SameNumerical>——x =
x> if(0 <= — —x,— — x, — — —x) = if(0 <= x, x, —x); eqTransitivity > if(0 <=
—x, =%, ——x) =if(0 <= — —x, — —x,— — —x) >if(0 <= — —x,— —x,— — —Xx) =

if(0 <= x,x, —x) > if(0 <= —x, —x, — — x) = if(0 <= x,x, —x); eqSymmetry >
if(0 <= —x, —x, — — x) = if(0 <= x,x, —x) > if(0 <= x,x, —x) = if(0 <=

—X, =X, — — X); Vx:x = 0 - EqNegated >x=0> —x=—-0;—-0=0> —0 =
0; eqSymmetry > x = 0 > 0 = x; eqTransitivityd > —x = —0>-0=0>0=
X > —x = x;eqSymmetry > —x = x > x = —x; SameNumerical > x = —x >
if(0 <= x,x, —x) = if(0 <= —x, —x,— — x);¥x: "0 <=x= "-0=xF
SignNumerical(+) > -0 <= x = =0 = x > if(0 <= x,x, —x) = if(0 <=
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—X, =%, — — X); Vx: Ded > Vx: x <=0 = 5 5x = 0 F if(0 <= x,%x, —x) =
1f(0<—— —X,— —X) > x<=0=-x=0=if(0 <= x,x, —x) = if(0 <=
—X, =X, — —5),Ded > Vx:x = 0 F if(0 <= x,x, —x) = if(0 <= —x, —x, — — x) >
x=0=if(0 <= x,x, —x) = if(0 <= —x, —x,— — x); Ded > Vx: 70 <=x =
S50 =xFif(0 <=x,x,—x) = if(0 <= —x,—x,— —x) > 0 <=x= -0 =
x = if(0 <= x,x, —x) = if(0 <= —x, —x, — — x); LessTotality > 5 -x <=0 =
Aax=0=x=0= 50 <=x= -0 = x; From3Disjuncts > 7 -x <=0 =
4\%520:%X—O:>—'\0<—x:>—'\%OZKD—'\5<:0:>%%§:0:>

if(0 <= x,%x, —x) = if(0 <= —x, —x,— — x) >x =0 = if(0 <= x,x, —x) =

if(0 <= —x, —x, — — %) DﬂO < X = —|—\O—Xéif(0 <=x,x,—x) = if(0 <=
=X, =X, — — X) > 1f(0 <= X%, ) = lf(o <= =X, =X, — — K)—va(),c)]
[SignNumerical **3* ZFsub F Vx: if(0 <= x, , ) if(0 <= —x, —x, — — x)]

[SignNumerical “ “SignNumerical”]

. . pyk . .
[SignNumerical = “lemma signNumerical”]

NumericalDifference

[NumericalDifference PO N Ax. P([ZFsub F Vx: Vy: SignNumerical > if(0 <=
x+—y,x+—y, —x+-y) = if(0 <= —x+—y, —x+—y, ——x+—y); MinusNegated >
—x+—y = y+ —x; SameNumerical > —x+ —y = y + —x > if(0 <= —x+ =Y, =X+
—y,— —x+—y) =if(0 <=y + —x,y + —x, =y + —x); eqTransitivity > if(0 <=
X+ =y, x+ -y, —x+ —y) = if(0 <= —x+ —y, —x+ —y,— —x+ —y) > if(0 <=
—x+ -y, —x+ —y,— —x+—y) =if(0 <=y + —x,y + —x, -y + —x) > if(0 <=
x+ -y, x+ -y, —x+—y) =0 <=y + —xy+ —x,—y + —x)], Do, ¢)]

[NumericalDifference S 7 Rsub Vx: Vy:if(0 <= x + —y,x + =y, —x + —y) =

. . tex . .
[NumericalDifference — “NumericalDifference”|

. . pyk . .
[NumericalDifference = “lemma numericalDifference”]

SplitNumericalSumHelper

[SplitNumericalSumHelper P AeAx. P([ZFsub F Vx: Vy: if(0 <=

—xt—y, —x+—y, ——x+—y) <= if(0 <= —x, —x, ——x)+if(0 <= —y, —y, ——y) I
SignNumerical > if(0 <= x,x, —x) = 1f(0 <= —x, —x, — — x); SignNumerical >>
if(0 <=vy,y, —y) =if(0 <= -y, —y, — );AdquuationS > if(0 <= x,x, —x) =
(0 <= —x, —x, — — x) > if(0 <=y,y, —y) = if(0 <= —y, —y,— —y) > if(0 <=
X, X, —x)+1f(0 <=y,y,—y) =if(0 <= —x, —x, ——x)+1f(0 <=

—Y, =Y, — — y);eqSymmetry > if(0 <= x,x, —x) +if(0 <=y,y, —y) =if(0 <=
—x, =X, — — x) +if(0 <= -, =Y, ——Y) >>1f(0 <= —x, —%, — — x) +if(0 <=
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=y, =y, — —y) =0 <=x,x,—x) +if(0 <=y,y,~y)i—x -y = —(x+y) >
—x+ y——x—i—y,SameNumerlcaID —x+ y——;<+y>>1f(0 <=

—X+ -y, —x+ -y, — —x+ —y) =if(0 <=

—x+y,—x+y,— —x+y);SignNumerical > if(0 <= x+y,x+y,—x+y) =

if(0 <= —x+y, —x+y, — —x+y);eqSymmetry > if(0 <= x+y,x+y, —x+y) =
if(0 <= —x+vy, —x+y,——x+y) > if(0 <= —x+vy, —x+y,— —x+y) =if(0 <=
X +y,x+y, —x+y); eqTransitivity > if(0 <= —x + —y, —x+ —y, — —x + —y) =
1f(0<——x—l—y,—x+y,——x+y)>1f(0<——x—|—y,—x+y,——x+y)

if(0 <=x+y,x+y,—x+y) >if(0 <= —x+ -y, —x+ -y, — —x+ —y) =

if(0 <= x +y,x+y, =x +y);subLeqRight > if(0 <= —x, —x, — — x) +if(0 <=
—y, =y, — —y) = if(0 <= x,x, —x) +if(0 <=,y 7)>1f(0<—

X+ =Y, =X+ =y, — = x+ —y) <= if(0 <= —x, —x, — —x) +if(0 <=

-y, y,——y)>>1f(0<——x+ —Y, =X+ =y, — —x+ —y) <= if(0 <=

x,x, —x) +if(0 <=y, y, —y); subLeqLeft > if(0 <=

—x+ -y, —x+-y,— —x+-y)=if(0 <=x+y,x+y,—x+y)>i (
X+ =y, =X+ =y, — —x+ —y) <= if(0 <= x,x, —x) +if(0 <= X
if(0 <= x+y,x+y, —x+y) <=if(0 <= x,x, —x) +if(0 <=y,

[SplitNumericalSumHelper S 7 Fsub Vx: Vy: if(0 <=
—xt—y, —x+—y, ——x+-y) <=if(0 <= —x, —x, ——x)+if(0 <= -y, —y, ——y)
if(0 <=x+y,x+y,—x+y) <=if(0 <= x,x, —5) +if(0 <=vy,y, X)]

[SplitNumericalSumHelper = “SplitNumericalSumHelper” |

[SphtNumemcalSumHelper Y emma splitNumericalSumHelper”]

splitNumericalSum(++)

proof

[splitNumericalSum(++) "= Ac.Ax.P([ZFsub F ¥x:Vy:0 <=xF 0 <=y I

AddEquations(Leq) >0 <=x>0<=y > 040 <=x+y;plus0 > 0+ 0 =

0;subLeqLeft>0+4+0 = 0r>0+0 <= x+y > 0 <= x+y; NonnegativeNumerical >

0 <= x+y > if(0 <= x+y,x+y, —x+y) = x+y; NonnegativeNumerical > 0 <=

x> if(0 <= x, x, —x) = x; NonnegativeNumerical > 0 <=y > if(0 <=

Y, Y, —y) = y; AddEquations > if(0 <= x,x, —x) = x> if(0 <=y,y,—y) =y >

if(0 <= x,x, —x) +if(0 <=vy,y, —y) = x + y;eqSymmetry > if(0 <=

X, %, —X) + 1f(0 <=vy,y,—y) =x+y>x+y=if(0 <= x,x, —x) + if(0 <=

y y,— y); eqTransitivity > if(0 <= x+y,x+y, —x+y) =x+y>x+y =if(0 <=
—x) +if(0 <= Y.y, —y) > if(0 <—x+y,x+y,—x+y) = if(0 <=

X, X, —X

X, X, —X) +

) +1f(0 <=vy,y,—y);eqleq > if(0 <= x+y,x +y, —x +y) = if(0 <=
if(0 <=vy,y,—y) >if(0 <—Z+X’5+X7_5+X) <=if(0 <=
x) +if(0 <=y, y,=y)1, po, )]

[splitNumericalSum(++) "= I ZFsub b Vx: Vy: 0 <= x F 0 <= y Fif(0 <=
x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <= Y, ¥s —Y)]

X, X, —X
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[splitNumericalSum(++) ‘= “splitNumericalSum (++)”]

[splitNumericalSum(4+) %5 ¥ “lemma splitNumericalSum(++)”]

splitNumericalSum(——)

proof

[splitNumericalSum(——) "= Ac.Ax.P([ZFsub F Vx:Vy:x <=0Fy <=0F
NonpositiveNegated > x <= 0> 0 <= —x; NonpositiveNegated >y <= 0 >

0 <= —y;splitNumericalSum(++) > 0 <= —x > 0 <= —y > if(0 <=

—X 4 =y, —x+ —y,— — x+ —y) <=if(0 <= —x, —x, — — x) +if(0 <=

—Y, =Y, — — y); SplitNumericalSumHelper > if(0 <= —x+ —y, —x+ —y, — —x +
—y) <=if(0 <= —x, —x, — — x) + if(0 <= —y, -y, — —y) > if(0 <=
x+y,x+y, —x+y) <=if(0 <= x,x, —x) +if(0 <=y,y, =y)],po, 0)]

[splitNumericalSum(—-—) I ZFsub + Vx: Vy:x <=0Fy <=0Fif(0 <=
x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <=y,y, —y)]

tex

[splitNumericalSum(——) = “splitNumericalSum(--)”]

[splitNumericalSum(—— )py “lemma splitNumericalSum(--)”]

splitNumericalSum(+ — small)

proof

[splitNumericalSum (4 — small) "—" Ac.Ax.P([ZFsub F Vx: Vy:0 <= xFy <=
0 Fif(0 <=vy,y, —y) <=if(0 <= x,x, —x) - LeqAdditionLeft >y <= 0>

x+y <=x+0;plus0 > x+ 0 = x;subLeqRight >x+ 0 =x>x+y <=x+0>
x 4y <= x; PositiveToRight(Leq)(1term) > if(0 <=y, y, —y) <= if(0 <=

X, %, —x) > 0 <= if(0 <= x,x, —x) + —if(0 <= S

Y,¥, —Y); lemma nonpositiveNumerical >y <= 0> if(0 <=y,y, —y) =

—y; EqNegated > if(0 <=y,y, —y) = —y > —if(0 <=y,y, —y) =

— —y; DoubleMinus > — —y = y; eqTransitivity > —if(0 <= Y,¥,—y)=——yb>
——y=y> —if(0 <=y,y, —y) = y; NonnegativeNumerical >0 <=x>if(0 <=
x,x, —x) = x; AddEquations 1> if(0 <= x,x, —x) = x> —if(0 <=y,y,—y) =y >
1f(0 <=Xx,x, —x) + —if(0 <=y,y, —y) = x + y; subLeqRight > if(0 <=

X, X, —X) + —1f(0 <=vy,y,—y) =x+y>0<=if(0 <= x,x, —x) + —if(0 <=

Y Y, — ) > 0 <= x + y; NonnegativeNumerical > 0 <= x + y > if(0 <=
X+y,x+y,—x+y) —x—i—y,eqSymmetryle(O <= x4y, x4y, —x+y) =
x—|—y>>x+y—1f(0 <= x4y, x+y, —x+Yy); eqSymmetry > if(0 <= x,x, —x) =
x> x = if(0 <= x,x, —x); subLeqLeft > x +y = if(0 <=

x+y,x+y,7x+y) >x+y<=x>if(0 <=x+y,x+y,—x+y) <

x; subLeqRight > x = if(0 <= x, x, —x) > if(0 <= x+y,x+y, —x + y) =x>

if(0 <=x+y,x+y,—x+y) <=if(0 <= x,x, —x)], po, ¢)]
[splitNumericalSum(+ — small) "= S ZFsub k- Vx: Vy:0 <=xty<=0Fif(0 <=
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Y, Y, —y) <=if(0 <= x,x, —x) F if(0 <= x+y,x+y, —x+y) <=if(0 <= x,x, —x)]
[splitNumericalSum(+ — small) *= “splitNumericalSum(+-small)”]

[splitNumericalSum(+ — small) %% ¥ “lemma splitNumericalSum(+-,
smallNegative)”]

splitNumericalSum(+ — big)

proof

[splitNumericalSum(+ — big) "—  Ac.Ax. P(fZFsub FVx:Vy:0 <=xkFy<=0Hk
Sif(0 <= x,x, —x) <=if(0 <=y,y, —y) = 7 7if(0 <= x,x, —x) = if(0 <=

Y, Y, —y) NonnegativeNegated > 0 <= x >> —x <=

0; NonpositiveNegated > y <= 0> 0 <= —y; SignNumerical > if(0 <=

x,%x, —x) = if(0 <= —x, —x, — — x); SubLessLeft &> if(0 <= x,x, —x) = if(0 <=
—X, =X, — — x) > 2if(0 <= x,x, —x) <=if(0 <=y,y,—y) = 2 Hif(0 <=
x,x, —x) = if(0 <=y,y, —y) > if(0 <= —x, —x, — —x) <=if(0 <=y,y,-y) =

—\ﬂlf(() <= —x, —x, — —x) = if(0 <=y,y, —y); SignNumerical > if(0 <=
y,y, —y) = if(0 <= —y, —y, — — y); SubLessRight > if(0 <=y,y, —y) =if(0 <=
—y, =y, — —y) > Hif(0 <= —x, —x, — — x) <=if(0 <=y,y, —y) = 2 if(0 <=
—x, —x, — —x) = if(0 <=y,y, —y) > 7if(0 <= —x, —x, — — x) <=if(0 <=

=Y, =Y, — —y) = 29if(0 <= —x, —x,— —x) = 1f(0 <=

-y, -y, — —y); LessLeq > 2if(0 <= —x, —x, — —x) <= if(0 <= -y, =y, ——y) =
S50 <= —x, —x, — —x) = if(0 <= —y, —y,— —y) > if(0 <= N -

—X, =X, ——X) < 1f(0 <= —y, -y, — —Y);splitNumericalSum(+ —small) >0 <=
—y > —x <=0 if(0 <= —x, —x, — — X) f1f(0<f— —y,— —y) >if(0 <=
-y + =%, =y + =%, — —y+ —x) <= if(0 <= —y, —y, — —y); SignNumerical >>

if(0 <=x+y,x+y,—x+y) =if(0 <= —x+y,—x+y,— —x+y);—x—y=
—(x+y) > —x+ —y = —x +y; plusCommutativity > —x + -y =
-y + —x; Equality > —x+ -y = —x +y> —x+ -y =-y+ x> —x+y=
—y+—x; SameNumerical> —x+y = —y+-—x > if(0 <= —x+y, —x+y, ——x+y) =
if(0 <= —yY+ =X —y+—x,——y+ —x); eqTransitivity > if(0 <= x+y,x+y, —x+
y) =if(0 <= —x+vy, —x+y,——x+y)l>1f(0 <=-—x+y, x4y, ——x+y)=
if(0 <= —y+—x,—y+—x,— —y+—x) > if(0 <= x+y,x+y, —x+y) =if(0 <=
—Y+ =X, =Y+ =X, ——y+— x) eqSymmetry>if(0 <= x+y, x+y, —x+y) = if(0 <=
—y+ =%, —y+ =%, ——y+—x) > if(0 <= —y+—x, —y+—x, 77y+ x) = if(0 <=
X+y,x+Yy, x+y) eqSymmetryl>1f(0 <=vy,y,-y) = lf(O <= Y,y y) >
if(0 <= —y, —y,— —y) =if(0 <=y, y, —y); subLeqLeft > if(0 <—
—y+ =%, -y +—x,— —y+—x) =if(0 <= x+y,x+y, —x+y) >if(0 <=
—Y Xy + % - —y+ —x) <=if(0 <= —y, -y, — —y) > if(0 <=
x+y,x+y,—x+y) <=if(0 <= —y, —y, — — y); subLeqRight > if(0 <=
7y7 yaf ) lf(O <= y y7 ) l>lf(0 <7X+y,x+y, 7X+y) *lf(o <=
—y, =y, — —y) > if(0 <=x+y,x+y,—x+y) <=if(0 <=y,y,—y)],po, )]

[splitNumericalSum(+ — big) *5" ZFsub + Vx: Vy:0 <=xFy <=0F 4if(0 <=
x, %, —x) <=if(0 <=y,y, —y) = 2 7if(0 <= x,x, —x) = if(0 <=y,y,—y) F
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if(0 <=x+y,x+y, —x+y) <=if(0 <=y,y,—y)]

CX «

[splitNumericalSum(+ — big) — “splitNumericalSum(+-big)”]

[splitNumericalSum(+ — big) 2 VX “emma splitNumericalSum (+-,
bigNegative)”]

splitNumericalSum (+—)

[splitNumericalSum(+-) "— PP AeAx. P([ZFsub F Vx: Vy:if(0 <=y,y, —y) <=
if(0 <= x,x, —x) F 0 <= x - y <= 0 I- splitNumericalSum(+ — small) > 0 <=
x>y <=0rif(0 <=y,y,—y) <=if(0 <= 5, x, —x) > if(0 <=

X+Y,x+y, —x+y) <=if(0 <= x,x, —x); 0 <= [x| > 0 <=if(0 <=

y,Y, —Y); LeqAdditionLeft > 0 <= 1f(0 <=vy,y,—y) > if(0 <= x,x, —x) + 0 <=
(0 <= x,x, —x) +if(0 <=y, y, —y); plus0 > if(0 <= x,x, —x) + 0 = if(0 <=

X, %, —x); subLeqLeft > if(0 <= x, x, —x) + 0 = if(0 <= x, x, —x) > if(0 <=

X, X, —x) + 0 <= if(0 <= x,x, —x) + if(0 <=1y,y, —y) > if(0 <= x,x, —x) <=
1f(0 <=x,x, —x) +if(0 <=y, y, —y); leqTransitivity &> if(0 <=
x—|—y,x—|—y,—x—|—y) <=if(0 <= x,x, —x) > if(0 <= x, x, —x) <= if(0 <=
x,x, —x) +if(0 <=vy,y,—y) > if(0 <=x+y,x+y, —x+x) =if(0 <=

X, x, —x) +1f(0 <=y, y, —y); Vx: Vy: 1if(0 <=y,y, —y) <=if(0 <=x,x, —x) I

0 <=xFy<=0F ToLess > -if(0 <=y,y, —y) <= if(0 <= x,x, —x) >

Sif(0 <= x, %, —x) <=if(0 <=y,y, —y) = S 5if(0 <= x,x, —x) = if(0 <=

V.Y —Y); bphtNumerlcalSum(—i— Dbig) >0 <=x>y <=0 if(0 <=

X, x, —x) <=if(0 <=y,y, —y) = 7 7if(0 <= x,x, — ) if(0 <=vy,y,—y) >
1f(0<—x+y,x+y,—x+y) <=if(0 <=y,y,—y);0 = x| > 0<=if(0 <=
x, %, —x); leqAddition > 0 <= if(0 <= x,x, —x) > 0+ 1f(0 <=y,y,~y) <=

if(0 <= x,x, —x) +if(0 <=y, y, —y); plusOLeft > 04if(0 <=y,y, —y) = if(0 <=
y,y, —y);subLeqLeft > 0 + if(0 <=y, y, — y) =if(0 <=vy,y, - ) >0 +if(0 <=

V.Y, —y) < = if(0 <= x,x, —x) + if(0 <= Y, Y, — )>>1f(0< Y.y, —y) <=

if(0 <= x,x, —x) +if(0 <=y,y, —y);leqTransitivity &> if(0 <=
X + ya X+ Yy, =X + y) - lf(O <= y7 Y7 ) > lf(o <= yv y7 X) - lf(o <=
—x) +if(0 <=y,y,—y) > if(0 <= x+y,x+y,—x+y) <=if(0 <=
, X, —x) if(0 <=y,y, —y); Vx: Vy: Ded 1> Vx: Vy: if (0 <=y,y, —y) <=if(0 <=
xx—x)|—0<—x|—y< 0Fif(0 <=x+y,x+y,—x+y) <=if(0 <=
x,x, —x) +if(0 <=y,y,—y) > if(0 <=y,y,—y) <=if(0 <=x,x,—x) = 0 <=

x=y<=0=if(0 <=x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <=
Y, Y, —Y); Ded > ¥x: Vy: 1if(0 <=y, y, —y) <=if(0 <= x,x,—x) F 0 <=xF

y <=0Fif(0 <= x+y,x+y, —x+y) <=if(0 <= x,x, —x) +if(0 <=

Y. —y) > Hif(0 <=y,y,—y) <=if(0 <= x,x, x) 2 0<=x=>y <=0=

(O<7x+y,x+y,7x+y) <=1if(0 <= x,x, —x) +if(0 <=y,y, 7)O<—XF
y <= 0 I FromNegations > if(0 <=y, y, —y) <=if(0 <=x,x,—x) = 0 <=x =
y <=0=if(0 <=x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <=

Y.y, —y) B 0if(0 <=y,y, —y) <=0 <= x,x,—x) = 0<=x=y<=0=

if(0 <= x + Y, x+y, —x+y) <=if(0 <= x,x, —x) +if(0 <=y,y, :X) >0<=

’—h
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x=y<=0=if(0 <=x+y,x+y, —x+y) <=if(0 <= x,x, —x) +if(0 <=
Y, ¥, =Y); MP2 >0 <=x=y <= 0:>1f(0<—x+y,x+y,—x+y) =if(0 <=
x,x, —x) +if(0 <=y,y,—y) >0 <= x>y <= 0> if(0 <=
§+x,x+x,—§+x) <=if(0 <= x,x, —x) +if(0 <= Y,¥; =Y) |, Po,c)]

stmt

[splitNumericalSum(+—) "= ZFsub - ¥x: Vy: 0 <=xFy <=0 Fif(0 <=
x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <=vy,y, —y)]

[splitNumericalSum(+—) = “splitNumericalSum(+-)"]

[splitNumericalSum(+—) ¥ “lemma splitNumericalSum (+-)”]

splitNumericalSum(—+)

f
) proo

[splitNumericalSum(— AC AP ([ZFsub - Vx:Vy:x <=0F 0 <=y
NonpositiveNegated > x <= 0 > 0 <= —x; NonnegativeNegated > 0 <=y >
—y <= 0;splitNumericalSum(+—) > 0 <= —x > —y <= 0 > if(0 <=

—X+ =y, —x+ —y,— —x+ —y) <= if(0 <= —x, —x, — — x) + if(0 <=

—Y, =Y, — — ¥); SplitNumericalSumHelper > if(0 <= —x+ —y, —x+ —y, — —x +
—y) <=if(0 <= —x, —x, — — x) + if(0 <= —y, —y, — —y) > if(0 <=
x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <=vy,y, —y)1], Po, ¢)]

[splitNumericalSum(—+) *25° ZFsub + Vx: Vy:x <=0F0<=yFif(0 <=
x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <= .Y, =Yl

tex

[splitNumericalSum(—+) = “splitNumericalSum(-+)”]

[splitNumericalSum(—+) X “lemma splitNumericalSum(-+)”]

splitNumericalSum

proof

[splitNumericalSum "= Ac.Ax.P([ZFsub - Vx:Vy:0 <=xF 0 <=y
splitNumericalSum(++4) > 0 <= x> 0 <=y > if(0 <= x+y,x+y, —x+y) <

if(0 <= x,x, —x) +if(0 <= yy,—)VxVy0<—x}—y< 0+
splitNumericalSum(+—) >0 <= x>y <= 0> if(0 <= x+y,x+y,—x+y) <=
if(0 <= x,x, —x) +if(0 <=y,y, —y);¥x:Vy:x <=0F 0 <=y F
splitNumericalSum(—+) >x <=0>0 <=y > if(0 <= x+y,x+y,—x+y) <=
(0 <= x,x, —x) +if(0 <=y,y, —y);Vx:Vy:x <=0k y <=0+
splitNumericalSum(——) >x <= 0>y <= 0> if(0 <= x+y,x +y, —x +y) <=
(0 <= x,x, —x) +if(0 <=y, y, —y); Vx: Vy: Ded > Vx: Vy: 0 <= xF 0 <=y -
lf(0< X+y,X+y,*X+y)< f(0<—XX7X)+lf(0< Y7ya )>>0<*
x=0<=y=if(0 <=x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <=
y,¥, —y); Ded > ¥x: Vy: 0 <= x -y <= OI—1f(O<—x+y,x+y—x+y)<—
if(0 <= x,x, —x) +if(0 <=y,y,—y) > 0 <=x =y <= 0 = if(0 <=
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x+y, x4y, =x+y) <=if(0 <= x,x, —x)+if(0 <=y,y, —y); Ded>Vx: Vy:x <=0 F
0 <=y Fif(0 <=x+y,x+y, —x+y) <= if(0 <= x,x, —x) +if(0 <=y,y, —y) >
x<=0=0<=y=if(0 <=x+y,x+y, —x+y) <=if(0 <= x,x, —x) +if(0 <=
Y. Y, —y); Ded>Vx: Vy:x <=0 Fy <=0 F if(0 <= x+y, x+y, —x+y) <= if(0 <=
x,x,—x) +if(0 <=y,y,—y) >x<=0=>y <=0=if(0 <= x+y,x+y,—x+
y) <= if(0 <= x,x, —x) +if(0 <=y,y, 7) FromLeqGeq>0 <=x= 0 <=y =
(0 <=x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <=y,y, —y) > x <=
0=0<=y=if(0 <=x+y,x+y, —x+y) <=if(0 <= x,x, —x) +if(0 <=
V.Y, —y) >0 <=y =if(0 <=x+y,x+y, —x+y) <= if(0 <= x,x, —x) +if(0 <=
y,y, —y); FromLeqGeq > 0 <=x =y <= 0 = if(0 <= x+y,x+y,—x+y) <=
(0 <= x,x,—x) +if(0 <=y,y, —y) > x <= 0=y <= 0 = if(0 <=

X4y, x+y, —x+y) < = if(0 <= x,x, —x) +if(0 <= Y,y —y) >y <=0=if(0 <=
x4y, x+y, —x+y) <= if(0 <= x,x, —x) +if(0 <=y, y, —y); FromLeqGeq>0 <=
y = if(0 <= x+y,x+y, —x+y) <=if(0 <= x,x, —x) +if(0 <=y,y,—y) >y <=
0=if(0 <=x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <=y,y, —y) >

if(0 <=x+y,x+y,—x+y) <=if(0 <= x,x, —x) +if(0 <=y,y, —y)], o, c)]

[splitNumericalSum S 7Fsub - Vx: Vy:if(0 <= x+y,x+y, —x+y) <=
if(0 <= x,x, —x) +if(0 <=y,y, —y)]

[splitNumericalSum % “splitNumericalSum”]

[splitNumericalSum X “Yemma splitNumericalSum”]

insert MiddleTerm(Numerical)

proof

[insertMiddleTerm(Numerical) “—" Ac.Ax.P([ZFsub
Vx: Vy: Vz: splitNumericalSum > if(0 <= x+ -z+z+y,x+-z+z+y,—x+
—z+z+y) <=if(0 <=x+ -z, x+ —z,—x + —z) +if(0 <=
z+y,z+y,—z+y);insertMiddleTerm(Sum) > x +y =
x+—z+z+y; SameNumerical>x+y = x+—z+z+y > if(0 <= x+y, x+y, —x+y) =
if(0 <=x+—-z+z+y,x+—-z+z+y, —x+—z+z+y);eqSymmetry > if(0 <=
X+y,x+y,—x+y)= if(0 <=x+—z+z+y,x+—z+tz+ty, —x+ —z+z+y)>
if(0 <= x+—-z+z+y,x+-z+z+y, —x+— z+z+y) = if(0 <= x+y,x+y, —x+
y);subLeqLeft>if(0 <= x+ —z+z+y,x+—z+z+y, —x+—z+z+y) = if(0 <=
X+Y,x+y,—x+y)>if(0 <= x+—-z+z+y,x+—-z+z+y,—x+—-z+z+y) <=
if(0 <= x+—z,x+—z, —x+—2z) +if(0 <= z+y,z+y, —z+y) > if(0 <= x+y,x+
y, —x+y) <=if(0 <= x+-z,x+~2z, —x+—2z)+if(0 <= z+y,z+y, —z+y)|, Po, )]

stmt

[insertMiddleTerm(Numerical) "—" ZFsub - Vx: Vy: Vz: if(0 <=
x+y, x4y, —x+y) <= if(0 <= x+—2z,x+—2z, —x+—2)+if(0 <= z+y, z+y, —z+y)]

) tcx «

[insertMiddleTerm(Numerical insertMiddleTerm(Numerical)”]

[insert MiddleTerm (Numerical) "% ¥ “lemma insertMiddleTerm(Numerical)”]
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x 4+ y = zBackwards

[x + y = zBackwards PO e . P([ZFsub - Vx:Vy:Vzix +y =z
=Y

plusCommutativity > x +y =y + x; Equality > xi|— y=z>z + x], po, ¢)]
[x +y = zBackwards St 7 Fsub - Vx:Vy:Vzix+y=zkz=y+x]

[x + y = zBackwards “= “x+y=zBackwards”]

[x + y = zBackwards 2 emma x+y=zBackwards”]

x x y = zBackwards

[x x y = zBackwards progf AC A P([ZFsub - Vx:Vy:Vz:x xy = z -
timesCommutativity > x xy =y * x; Equality > x*y =z > z =y * x|, po, ¢)]

[x * y = zBackwards S 7 Fsub Vx:Vy:Vzixxy =zk z=yx*x]

[x * y = zBackwards "< “xxy=zBackwards”]

pyk w]

[x x y = zBackwards = “lemma xxy=zBackwards

x=x+(y—v)

x=x+(y— )ngf A AP ([ZFsub I ¥x: Vy: plusO > x + 0 = x; Negative >
y + —y = 0;eqSymmetry >y + -y = 0> 0 =

y + —y;lemma eqAdditionLeft >0 =y + -y >x+0 =

x+y+ —y;Equality >x +0=x>x+0=x+y+ -y > x=x+y+ —y],po, )]

x=x+F-vy) stogt ZFsub F Vx:Vy:x = x +y + —y]

k=x+(y—y) =2 “=x+(y-y)"]
[ =x+ (v — y) 2 “lemma x=x+(y-y)"]

X=x+y-y

proof

X+y—y — AMP([ZFsub - Vx:Vy:x =x+ (y —y) > x =
+y y; plusAssociativity > x+y+—y = x+y+—y;eqSymmetry >x+y+—y =
—|—&—|— —y > x+y+ -y =x+y+ —y;eqTransitivity > x =
+y+-y>x+y+-y=x+y+-y>x=x+y+—y],po,c)]

x=x+y-y stopt ZFsub F Vx:Vy:x = x +y + —Y]

X IX IX i~
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k=x+y-y= “X=X+y->’”]

k=x+y—y=> ¥ “lemma x= x+y-y”]

[proof Ac.Ax.P([ZFsub F Vx: Vy: 7y = 0 - timesl > x * 1 = x; Reciprocal > =y =

0>y xrecy = 1; Three2threeFactors [> y * recy = 1 >> x * y * recy =
x* 1; eqTranblthltny*y*recy—x*1Dx*l =X>>X*ky*TECY =
x; eqSymmetry [> X * y * recy = X 3> X = X * y * recy|, Po, ¢)]

2 ZFsub F Vx: Vy:y =0F x = xxy*recy]

[tj’)‘ « )7]

[p—y}f “lemma x=xxy*(1/y)”]

insertMiddleTerm(Sum)

proof

[insertMiddleTerm(Sum) "— Ac.Ax.P([ZFsub - Vx:Vy:Vzix = x+y—y > x =
x 4+ z + —z; Three2threeTerms > x + z + —z = x + —z + z; eqTransitivity > x =
X+z+-—-z>x+z+-z=x+-z+2z2>x=x+ —z+ z;eqAddition > x =

X+ —z+z>x+y=x+-z+z+Yy; plusAb&OClatlmty>>x—|——z—|—z—|—y—
x—|——z—|—z—|—y,eqTran81t1V1ty>x+y—x—|——z—|—z—|—y>x—|——z—|—z—|—y—
x+-z+z+y>x+y=x+-z+z+y|,po,c)|

[insert MiddleTerm(Sum) S 7 Rsub - Vx:Vy:Vzix +y =x+ —z+z+y]

[insertMiddleTerm(Sum) = “insertMiddleTerm(Sum)”]

[insertMiddleTerm(Sum) X “demma insertMiddleTerm(Sum)”]

insertMiddleTerm(Difference)

proof

[insertMiddleTerm(Difference) "— Ac.Ax.P([ZFsub

Vx: Vy: Vz: insertMiddleTerm(Sum) > x + —y =

x+——z+—z+—y; DoubleMinus >> — —z = z;lemma eqAdditionLeft > — —z =

z> x+ — — z = x + z; plusCommutativity > —z4+ -y = -y + —z;—x —y =
—(x+y) > —y+—z= —y+zeqTransitivity > —z + 7yf:y+ —z>—y+-z=

—-y+z>—-z+-y=-y+z AddEquations>x+ - —z=x+z> —z+ -y =

—y+z>x+——z+—-z+—-y =x+z+-y+z eqTransitivity >x+— y = x+—:z+

—Z+—y>Xx+——z+—-z+-y =x+z+-y+z>x+—-y =x+z+-y+2z],po, )]

[insertMiddleTerm (Difference) St 7 Fsub - Vx:Vy:Vzix + —y = x+z+ —y + 2]
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[insertMiddleTerm (Difference) ¥ “insertMiddleTerm(Difference)”]

[insertMiddleTerm(Difference) P “lemma insertMiddleTerm(Difference)”]

x*x0+x=x

[xx0+x =x proof ACAX.P([ZFsub I Vx: times1 > x*1 = x; eqSymmetry>x*1 =

x> x = x * 1;lemma eqAdditionLeft > x =x%x 1> x*x0+x =

x % 0 + x x 1; Distribution > x* 0+ 1 =x% 0+ x* 1;eqSymmetry >x*x 0+ 1 =
x*0+xx1>x*x0+x*x1=x*0+ 1;plusOLeft >0+ 1=

1; EqQMultiplicationLeft >0+1 = 1 > x*0+1 = x*1; eqTransitivity5>x*0+x =
xk0+x*x1>xx0+x*%1 = xx0+1>xx0+1 = x*x1>xx1 = x > x*x0+x = x|, po, ¢)]

[x*0+x:XSt—H>ltZFsubl—Vg:g*O—i—g:g}

[x#0 4 x = x = “xx04x=x"]

[x*0+x=x VX “lemma xx0+x=x"]

xx0=0

[x 0= 0" A P([ZFsub F ¥x:x = x + (y — ) > x 0 =

x % 0 + x + —x; plusAssociativity > x* 0+ x + —x =

x* 04+ x4+ —x;eqSymmetry >x* 0+ x+ —x =x*0+x+ —x>x*x0+x+ —x
xk04x+—x; xx0+x = x > x*x0+x = x; eqAddition>x*0+x = x > x*x0+x+—x =
x+—x; Negative > x+—x = 0; eqTransitivity5>xx0 = x*04+x+—x>x*0+x+—x
xk04+x+—x>xx0+x+—x=x+-—x>x+-—-x=0>x*0=0],po, c)]

[x %0 =0"3" ZFsub F Vx: x % 0 = 0]
[x#0 =0 “xx0=0"]

[x#0 = 0 2 “lemma x+0=0"]

(—1) % (=1) + (=1) %1 =0

[(—1) % (1) + (1) % 1 = 0 ”2" \e.\x.P([ZFsub F DistributionOut >
—1x—14—-1%1=—1%—1+ 1;Negative > 1 + —1 = 0; plusCommutativity >
—1+1=1+ —1;eqTransitivity > -1+1=14+-1>1+-1=0> -1+1=
0; EqQMultiplicationLeft > =1 4+1=0> —1x—-14+1=—-1%0;xx0=0>

—1 %0 = 0;eqTransitivityd > -1+« -1+ —-1x1=—-1x—-14+1>—-1x—-14+1=
—1%x0>—-1%x0=0>—-1%x—-1+—-1%1=0],po, )]

[(=1) % (=1) + (=) * 1 =0 "B" ZFsub F —1% -1+ —1 %1 =0
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[(=1) % (=1) + (=1) % 1 = 0 =5 “(-1)s(-1)+(-1)x1=0"]
[(—=1) % (1) + (=1) % 1 = 0 22 “lemma (-1)%(-1)+(-1)x1=0"]

(1) % (-1) =1

proof

(1) *x(-1)=1"= XcMxP([ZFsubFx=x+(y—y) > —-1x -1 =
—1x—141+ —1;timesl > —1%1=—1;eqSymmetry > —1x1=—-1> —1=
—1 % 1;lemma eqAdditionLeft > -1 = —-1%x1> 1+ —-1=

14 —1x*1;lemma eqAdditionLeft >1+ —-1=14+—-1%x1> —-1x—-1+1+-1=
—1% =141+ —1x*1;plusCommutativity > 14+ —1x1 =

—1x1+1;lemma eqAdditionLeftt>1+—1%1 = —1x14+1> —1x—1+1+—1%1 =
—1%x—14 —1x%1+ 1;plusAssociativity > —1%x -1+ —-1x14+1=
—1x—1+—1x14+1;eqSymmetry>—1s—1+—1x1+1=—1%x—1+—-1x1+1>
“1x=14+-1*x14+1=-1x-14—-1x1+1;(-1)*x(-1)+(-1)*x1=0>
—1%x—14—-1%1=0;eqAddition> -1 -1+ —-1%x1=0>
—1+%—14+—-1%141=0+41;plusOLeft > 0+ 1 = 1;eqTransitivityb > —1% —1 =
—1x—1+14+—-1p—1x—14+1+—-1=—-1x—14+1+—1x1>—1x—14+1+—1x1 =
—1x-14+-1x1+1D>—-1*x—-1+—-1*x14+1=—-1x-14+—-1x14+1>
—1x—1=—-1%x—-1+—1%1+4 1;eqTransitivityd > —1 % —1 =
—Ir—14—1s141>—1s—14—Ixl+1 = 0+1>0+1=1>> —1x—1 = 1],pp,c)]

[(=1) % (=1) = 1" ZFsub + —1 % —1 = 1]
[(=1) # (=1) = 155 “(-1)%(-1)=1"]

[(—1) % (1) = 1 2 “lemma (-1)#(-1)=1"]

0 < 1Helper

proo

[0 < 1Helper "— Ac.Ax.P([ZFsub 1 <= 0 F leqAddition > 1 <= 0>>

14 —1 <=0+ —1;Negative > 1+ —1 = 0; subLeqleft>1+—-1=0>1+-1 <=
0+ —1>0 <=0+ —1;plusOLeft > 0+ —1 = —1;subLeqRight >0+ —1 =
—1>0<=0+—-1> 0 <= —1;leqMultiplication >0 <= —-1>0<=—-1>
0x—-1<=—-1x—-1;x%x0=0> —1x%0 = 0;timesCommutativity > 0 —1 =
—1 % 0;eqTransitivity > 0% —1 = —-1*%x0> —-1%0=0> 0% -1 =
0;subLeqleft > 0% -1 =0>0%x -1 <=—-1%x—-1>0<=

—1*x—=1;(=1)*(—=1) =1>» —1%—1 = 1;subLeqRight > -1 -1 =100 <=
—1%x-1>0<=1;Ded>1<=0F0<=1>1<=0= 0<=1],po, )]

stmt

[0 < 1Helper — ZFsubk1<=0=0<=1]
tex

[0 < 1Helper = “0O<1Helper”]

[0 < 1Helper X “lemma 0<1Helper”]
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0<1

0 < 172" Ac.Ax.P([ZFsub I leqTotality > 50 <=1 = 1 <=

0; AutoImply > 0<=1=0<=1;0 < 1Helper > 1 <=0=0<=
1;FromDisjuncts > 20 <=1=1<=0>00<=1=0<=1>1<=0=0<=
1> 0 <= 1;0no0tl > -0 = 1; JoinConjuncts >0 <=1>-0=1> -0 <=
1= --0=1],po,c)]

0< 13 ZFsubt 20 <=1= 250 =1]

[O < 1 tE)( 440<177]

0<1 X “lemma 0<17]

0<2

proof

0<2"2" Me X P([ZFsubF0 < 1> 40<=1=550=

1;LessAddition> 0 <=1=250=1>-0+1<=1+1=-50+1=
1+ 1;plusOLeft > 0+ 1 = 1;SubLessLeft >0+ 1=1>-0+1<=1+1=
“5904+1=141>"-1<=141= -1 = 1+41;LessTransitivity>—-0 <=1 =
S50 =1p51<=14+1=51=141> 0 <=1+1= -0 = 1+1],po,c)]
0<2" 8 ZFsubk 20 <=1+1= 550=1+1]

[O<2E(440<277]

0<2 P “lemma 0<27]

0<1/2

proof

0<1/2 "= A XP([ZFsubF0<2>-0<=141=--0=
1+ 1; FirstConjunct > "0 <=141=--0=14+1>0<=
1+ 1;SecondConjunct > -0<=14+1=--0=14+1> 0=
1+ 1;NeqSymmetry > -0=1+1>-14+1=00<1>»-0<=1=-50=
1;x«0=0>1+1%x0=0;x*xy =zBackwards>14+1%x0=0>0=
0% 14 1;SubLessLeft >0=0%x14+1>50<=1=-220=1> 20x14+1<=
1=+-50%x14+1=1;Reciprocal>-14+1=0>14+1x%recl+1=1;xxy=
zBackwards > 14+ 1x*recl+1=1>1=recl +1 %1+ 1;SubLessRight > 1 =
recl+1x14+1>-0%x1+1<=1=""0x14+1=1>-0x14+1<=
recl+1%x14+1=--0%x14+1=recl+1x*1+ 1;LessDivision>0 <=
141> -0x1+1<=recl+1%x14+1=-"-0%x14+1=recl+1x1+1>
40 <=recl +1= -0 =recl 4+ 1], po, ¢)]

stmt

[0<1/2"5" ZFsubF -0 <=recl +1= 40 =recl + 1]
[0 < 1/2% “0<1/27]
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0 < 1/2 2 “lemma 0<1/27]

TwoWholes

proo

[TwoWholes roof A A P([ZFsub F Vx: timesl > x * 1 = x; eqSymmetry > x =
x * 1; lemma eqAdditionLeft > x = x* 1 > x 4+ x = x + x * 1; eqAddition > x =
xk1>x+x*%x1=x*14+xx*1;eqTransitivity > x+x=x+x*x1>x+x*x1=
x*1+x*x1>x+x=xx%1-+xx*1;DistributionOut > x*x1+x*1=

x* 1+ 1;Repetition>x*x 1 +x*x1=x*x1+1>xx1+xx1=

x* 1 4+ 1; timesCommutativity > x* 1 + 1 = 1 + 1 x x; eqTransitivityd > x + x =
xkldxxloxxl4+xxl =xx1+1>xx14+1=14+1%x> x+x=1+1%x],po, )]
[TwoWholes S 7 Fsub - Vxix+x=1+4+1x%x]

[TwoWholes = “TwoWholes”]

[TwoWholes 2 “Yemma X+x=2%x"]

TwoHalves

[TwoHalves "% AcAx.P([ZFsub F Vx:0 < 2> 20 <=1+1= 540 =

1+ 1;LessNeq>~0<=1+1=--0=1+1>-0=

1+ 1;NeqSymmetry > -0=14+1> -1+ 1 = 0; TwoWholes >

recl +1xx+recl+1xx =14 1xrecl + 1 % x; timesAssociativity >

1+ 1xrecl+1xx=1+4+1%recl +1*x;eqSymmetry>1+1xrecl+1xx=
1+ 1xrecl+1xx > 1+1*recl+1xx = 1+ 1*recl+1xx; Reciprocal>>-1+1 =0 >
1+ 1xrecl+1 = 1;eqMultiplicationt>1+4+1%recl+1=1>> 14 1%recl+1xx =
1 % x; times1Left > 1 % x = x; eqTransitivityd > recl + 1 xx +recl + 1% x =
1+1*recl4+1xx>14+1xrecl+1xx=14+1*recl+1xx>1+1%recl+1*xx=
1xx>1*x=x>recl +1*x+recl +1*x=x],po,c)]

[TwoHalves S 7Fsub F Vx:recl 4+ 1% x + recl + 1 * X = X|

[TwoHalves X “TwoHalves”]

[TwoHalves X “lemma (1/2)x+(1/2)x=x"]

—x—y=—(x+7y)

[x—y=—-(x+Yy) progf A Ax.P([ZFsub F Vx: Vy: Times(—1)Left > —1+x =
—x; Times(—1)Left > —1xy = —y; AddEquationsp> —1x = —x>—1xy = —y >
—lsx+—1xy = —x+-y; eqSymmetry > —1 *x+—lxy=—x+-y>» —x+-y=
—1#x+—1xy;DistributionOut > —1xx+—1%y = —1*x+y; Times(—1)Left >
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—lxx+y = —x+y;eqTransitivityd > —x+ —y = —1sx+—1*y> —1*x+—1xy =
—lxx+y>—lxx+y=—x+y>—x+—y=—x+y],po )

[x—y=—(x+y)° gt ZFsub b Vx:Vy: —x 4+ —y = —x + Y]
tex

[-x—y=—(x+y) = “xy=(x+y)"]

[x—y=—-(x+ y) ¥ “lemma, -x- y=-(x+y)”]

MinusNegated

[MinusNegated POt N Ax. P([ZFsub F Vx: Vy: DoubleMinus > — —y =
y;eqAddition> — —y =y > — —y + —x =y + —x;eqSymmetry > — —y + —x =
Y+ —x>y+-—x=——y+-X-—x—y=—(X+y)>—-—y+-—x=

— —y + x; plusCommutativity > —y + x = x + —y; EqNegated > —y + x =
X+ —y> — —y+x=—x+ —y;eqlransitivityd >y + —x =

— =Y+ XD -yt X=——yFXD -y FX="XFYyDYy+—X=
—x + —y;eqSymmetry >y + —x = —x+ —y > —x+ —y =y + —x], po, )]

[MinusNegated U ZFsub b Vx: Vy:—x+ -y =y + —x]
[MinusNegated “= “MinusNegated”]

[MinusNegated X “emma minusNegated”]

Times(—1)

[Times(—1) "— POt N Ax. P([ZFsub | Vx: Negative > 1+ —1 =

0; plusCommutativity > —1 41 = 1 + —1; eqTransitivity > —1 + 1 =
1+—-1>14+-1=0> -1+ 1= 0; EqMultiplicationLeft > -1+ 1=0>>
x*—14+1=x%x0;x%x0=0>x*0=0;eqTransitivity >x* -1+ 1=
x*0>x*x0=0>x*—1+1 = 0;Distribution > x*x —1+1 =

x* —1 4+ x*x1;eqSymmetry >x*x —1 +1=xx—1+x*%1 >x*x—1+xx1=
x*x—141; eqTransitivity>xx—14+x*1 = xk—1+1>xx—1+1 = 0> xx—14+x*x1 =
0; PositiveToRight(Eq) > x* —1 +x*% 1 =0>> x* —1 = 0 + —x * 1; plusOLeft >
0+ —x*1=—xx1;eqTransitivity > x* -1 =0+ —x* 1> 04 —xx 1 =

—x* 1> x*—1=—xx*1;timesl > x*x1 = x; EqNegated>x*x1 =x> —x*x1 =
—x;eqTransitivity > x % —1 = —x*x 1> —x % 1 = —x > x * —1 = —x], po, ¢)]

[Times(—1) "5 ZFsub b Vx: x % —1 = —x|
[Times(—1) s “Times(-1)”]

[Times(—1) P “lemma times(-1)”]
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Times(—1)Left

proof

[Times(—1)Left "— Ac.Ax.P([ZFsub I Vx: Times(—1) > x* —1 =
—x; timesCommutativity > —1 % x = x * —1; eqTransitivity > —1 x x =
x*—1>x*x—1=—x> —1%x=—x],po, )]

stmt

[Times(—1)Left =" ZFsub F ¥x: —1 % x = —x]
tex

[Times(— )Left—> ‘Times(-1)Left”)

[Times(—1)Left > VX “lemma times(-1)Left”]

—0=0

[0 = 0 ™% Ac.Ax.P([ZFsub F Negative > 0+ —0 = 0; plus0 > 0 + 0 =
OUmqueNegatweDO—&— —0=0>0+0=0> —0=0],po, )]

[—0 = 03" ZFsub - —0 = 0]

[—0 = oti’f -0=0"]

[-0= 02 “lemma -0= 07]

SEFsymmetry

[SFsymmetry "% AcAx.P([ZFsub - V(e): Vm: V(£x): V(fy): SF((£x), (fy)) -

50 <= (€) = 70 = (¢) F cgx <= m - FromSF > SF((fx), (fy)) > =0 <
() = 50 =(€) >»cpx <=m = Hif(0 <=

() [m] + —(fy)[m], (fx)[m] + —(fy) [m], —(fx)[m] + —(fy)[m]) <= (¢) =

= 5if(0 <= () [m] + —(fy)[m], () [m] + —(ty)[m], — () [m] + —(fy)[m]) =

(€); MP 1> cgx <= m = Sif(0 <=

(£x)[m]+—(fy) [m], (£x) [m]+—(fy)[m], — (fx) [m]+—(fy) [m]) <= (¢) = - =if(

() [m] + —(fy) [m], () [m] + —(fy) [m], —(Fx)[m] + —(fy)[m]) = (¢) > crx <=

m > 5if(0 <= (fx)[m] + —(fy)[m], (fx)[m] + —(fy) [m], — () [m] + —(fy) [m]
(e) = = =if(0 <= (fx) [m] + —(fy) [m], (Ex) [m] + — (fy) [m], - (x)[m] + —(fy)[m]) =
(¢); NumericalDifference > if(0 <=

() [m] + —(fy)[m], (fx)[m] + —(fy) [m], —(x) [m] + —(fy)[m]) = if(0 <=
(fy)[m]+—(£x)[m], (fy)[m]+—(£x)[m], — (fy)[m]+ — (fx) [m]); SubLessLeft >>if(
(£x)[m] + —(fy)[m], (x)[m] + —(fy)[m], — (£x)[m] + —(fy)[m]) = if(0 <=
(ty)[m] + —(Bx)[m], (fy)[m] + —(£x)[m], —(fy) [m] + —(Ex)[m]) > ~if(0 <=
() [m] + —(fy)[m], (E)[m] + —(fy)[m], — (£x)[m] + —(fy)[m]) <= (¢) =

S 5if(0 <= [m], —(£x) [m] + — (fy) [m]
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(fy)[m] + —(fx)[m], (fy) (£x)[m], —(fy) ) <= (¢) =

= =if(0 <= (fy)[m] + —(fx)[m], (fy)[m] + —(£x)[m], —(fy)[m] + —(fx)[m]) =

() > SF((fx), (fy)) = 20 <= (¢) = =0 = (¢) = cpx <=m = ~if(0 <=
(fy)[m] + — (&) [m], (fy)[m] + —(Ex) [m], —(fy)[m] + —(fx)[m]) <= (¢) =

S =if(0 <= (fy)[m] + —(x)[m], (fy)[m] + —(fx)[m], — (fy)[m] + —(£x)[m]) =

(€); SF((fx), (fy)) = MP > SF((fx), (fy)) = =0 <= (¢) = =10 = (¢) = cux <=
m = =if(0 <= (fy)[m] + —(fx)[m], (fy)[m] + —(£x)[m], —(fy)[m] + —(fx)[m]) <=
(e) = = =if(0 <= (fy)[m] + —(£x)[m], (fy)[m] + — (£x) [m], — (fy)[m] + — (£x)[m]) =
() > SF((fx), (fy)) > =0 <= (¢) = =70 = (¢) = cpx <=m = ~if(0 <=
(ty)[m] + —(£x)[m], (fy)[m] + —(fx)[m], — (fy)[m] + —(fx)[m]) <= (¢) =

= =if(0 <= (fy)[m] + — () [m], (fy)[m] + —(fx)[m], —(fy) [m] + —(fx)[m]) =
@TOSFI>%O<:(i:>—|—\O:@:>cEX<:m:>4\if(0<=

(fy)[m] + —(£x)[m], (fy)[m] 4+ —(£x)|m], = (fy)[m] + —(fx)[m]) <= (¢) =

= =if(0 <= (fy)[m] + —(fx)[m], (fy)[m] + —(£x)[m], —(fy)[m] + —(fx)[m]) =

() > SF((fy), ()1, po, ¢)]

SFsymmetry 5" ZFsub b V(e): Vm: V(fx): V(fy): SF((£x), (fy)) F SF((fy), (fx))]

[ (€): Vm: V(fx): V(fy): SF((£x), (fy)
[SFsymmetry ey “SFsymmetry” |
[

SFsymmetry 2 “emma sameFsymmetry”]

SFtransitivity

[SFtransitivity %" Ac\x.P([ZFsub -
Vm: V(e): V(x): V(fy): V(fz): SF((fx), (fy)) F SF((fy), (fz)) - -0 <

450 = () F cgx <= m F PositiveHalved > 0 <= (¢) = -0 =

40 <=recl + 1% (€) = 540 = recl + 1 * (¢); FromSF > SF((fx), (fy)) &> -

recl + 1% (€) = %50 =recl + 1 % (€) > cpy <=m = =if(0 <=
E)[m] + ~(fy)[m], (Bx)[m] + —(fy)[m], —(fx)[m] + —(fy)[m]) <=

recl + 1% (€); MP > cpy <= m = Sif(0 <=
f

recl +1
(fy)[m] +

(£)[m] + —(fy) [m], (fx)[m] + —(fy)[m], — (x)[m] + —(fy)[m

S 5if(0 < fy) [m] + — (fz)[m], (£ )[m)]o+ —(fz)[m], = (fy)[m] + —(fz)[m]) =
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recl + 1% (e) > ¢
(fy)m] + —(E2) ), (F) ] + — ()], — (fy) ] + —(£2) m]) <= recl + 1« (¢) =
=20 <= () [m] T+ — (62) ], (){m] + —(E2){m], () m] + —(5z)[m]) =
recl + 1 * (e); AddEquations(Less) > if(0 <=
() [m] + —(fy) [m], (fx)[m] + —(fy)[m], — (fx)[m] + —(fy)[m]) <=recl + 1+ (¢) =
= 5if(0 <= () [m] + —(fy)[m], (fx)[m] + —(fy)[m], —(fx) [m] + —(fy)[m]) =
recl + 1 x (¢) > #if(0 <= (fy)[m] + —(fz)[m], (fy) [m] + —(fz)[m], —(fy)[m] +
—(fz)[m]) <=recl + 1 x (e S 5if(0 <=
(fy)[m] + —(fz)[m], (fy) [m] + —(fz)[m], — (fy)[m] + —(fz)[m]) = recl + 1 (¢) >
=if(0 <= (fx)|m] + —(fy)[m], (x)|m] + —(fy)[m], — (x)[m] + —(fy)[m]) +if(0 <=
(ty)[m] + —(f2)[m], (fy)[m] + —(fz)[m], —(fy)[m] + —(fz)[m]) <=

recl + 1 (€) + recl + 1 (¢) = - if(0 <=
() [m] + —(fy)[m], (fx)[m] + —(fy) [m], — (fx) [m] + — (fy)[m]) +if(0 <=
(fy)[m] + —(fz)[m], (fy)[m] + —(fz)[m], —(fy)[m] + —(fz)[m]) =
rec1+1*@+rec1+1*@;Tonalves>>recl+ *@+rec1+1*@:
(e); SubLessRight 1> recl 4+ 1 * (e) + recl + 1 % (e) = (e) > —if(0 <=
(£x)[m] + —(fy)[m], (£x)[m] + —(fy) [m], — () [m] + —(fy)[m]) + if(0 <=
(fy)[m] + —(fz)[m], (fy)[m] + —(2)[m], — (Fy)[m] + —(fz)[m]) <=
recl + 1% (e) + recl + 1 (¢) = - 4if(0 <=
() [m] + —(fy) [m], (£x)[m] + —(fy)[m], — (£x)[m] + —(fy)[m]) + if(0 <= (fy)[m] +
—@[m],@[m]—i——@[m] —@[m]—l——@[m]) = recl—ﬁ—l*(i—i—recl—f—l*(i >
Sif(0 <= (&) [m] + —(fy) [m], (£x)[m] + —(fy) [m], — (fx)[m] + —(fy) [m]) + if (0 <=
(fy)[m] + —(fz)[m], (fy)[m] + —(fz)[m], — (fy)[m] + —(fz)[m]) <= (¢) =

= 5if(0 <= (fx)[m] + — (fy) [m], (fx) [m] +— (fy) [m], —(x) [m] + —(fy) [m]) +if(0 <=
(fy)[m] 4+ —(fz)[m], (fy)|m] + —(fz)|m], —(fy)[m] + —(fz)[m]) =

(e); insertMiddleTerm(Numerical) > if(0 <=
(£x)[m] + —(fz)[m], (£x)[m] + —(fz) [m], — (fx)[m] 4 —(fz)[m]) <= if(0 <=
(Ex)[m] + —(fy)[m], (£x)[m] + —(fy)[m], — (£x)[m] + —(fy)[m]) +if(0 <= (fy)[m] +
—(fz)[m], (fy)[m] + —(fz) [m], — (fy) [m] + —(fz)[m]); leqLess Transitivity > if(0 <=
(£)[m] + —(f2)[m], (fx)[m] 4+ —(fz)[m], - (fx)[m] + —(fz)[m]) <= if(0 <=
(fx)[m] + —(fy)[m], (fx)[m] + —(fy)[m], — (fx) [m] + —(fy)[m]) +if(0 <=
(ty)[m] + —(fz)[m], (fy)[m] + —(fz)[m], —(fy)[m] + —(fz)[m]) > %if(0 <=
(£x)[m] + —(fy)[m], (x) [m] + —(fy) [m], — () [m] + —(fy)[m]) + if(0 <=
(fy)[m] + —(fz)[m], (fy)[m] + —(fz)[m], — (fy)[m] + —(fz)|m]) <= (¢) =

= =if(0 <= (x)[m]+ — (fy)[m], (£x)[m] + —(fy) [m], — (£x)[m] + —(fy) [m]) +if(0 <=
(fy)[m] + —(fz)[m], (fy)|m]| 4+ —(fz)[m], —(fy)[m] + —(fz)[m]) = (¢) > =if(0 <=
(Ix)[m] + —(fz)[m], (fx)[m] 4+ —(fz)[m], — (fx)[m] + —(fz)[m]) <= (¢) =

S if(0 <= (fx)[m] 4+ —(fz)[m], (x)[m] + —(fz)[m], —(fx)[m] + —(fz)[m]) =
@;Vm:V@:V@:V@ V@ DedDVm:V@:V@ V@ V@: SF(@ @) -
SF((ty), (F2) F 20 <= (6) = <0 = () F Cpx <= m F =if(0 <=

)] + —(t2) [, () [m] + — (£2) [m], — (£)[m] + —(E2)[m]) <= (c) =

=46(0 <= (B){m] + —(£2){m), (B%)[m] + —(E2) [m], —(E9)m] + —(B)[m]) = (¢) >
SF((fx), (fy)) = SF((fy), (fz)) = 20 <= (¢) = 70 = (€) = cgx <= m =
%i8(0 <= (B){m] + — ()], ()] + — (82)[m], — () [m] + —(£2)[m]) <= (€) =
30 <= () ] + —(F2) ], (Bs) ] + —(F)[m], —(Bx) ] + —(£2) m]) —
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v

(€); SF((fx), (fy)) F SF((fy), (fz)) = MP2 > SF((fx), (fy)) = SF((fy), (f2)) =
ﬁ0<:@:ﬁﬁ0:@:cEx <=m = Sif(0 <=

(B)[m] + —(£2) [m], () |m] + —(fz)[m], —(fx)[m] + —(fz)[m]) <= (¢) =

= 5if(0 <= (fx)[m] + —(fz)[m], (x) [m] + —(fz) [m], —(x)[m] + —({z)[m]) =
(€) > SE((8x), (fy)) > SE((y). () > 20 <= (¢) = =70 = () = cpx <= m
S1f(0 <= (£x)[m] + —(£2) [m], (x)[m] + —(fz)[m], — (£x)[m] + —(fz)[m]) <= (¢)
% 238(0 <= (B9{m] + — () [m], (&) m] + —(E){m], —(Ex){m] + —(E){m]) =
@ ToSF > -0 <:@:>%%0:@:>CEX <=m= Sif(0 <=

() [m] + —(fz)[m], (fx) [m] + —(fz) [m], — (£x)[m] + —(fz)[m]) <= (¢) =

= 5if(0 <= (fx)[m] + —(fz)[m], (fx)[m] + —({z) [m], —(&x)[m] + —(fz)[m]) = (¢)
SF(@?E)LPO C)]

[SFtransitivity “ ZFsub - Vm: ¥(e): V(£x): V(fy): V(f2): SF((£x), (fy))
SF((fy), (fz)) - SF((fx), (z))]

[SFtransitivity 5 “SFtransitivity”]

[SFtransitivity X “lemma sameFtransitivity”]

= fToSameF

[= fToSameF %" A\ Ax. P([ZFsub F ¥(e): Vm: V(fx): V(fy): (£x) =¢ (fy) b

40 <= () = 0= (¢) F From = f > (fx) = (fy) > (x)[m[ =
(fy)[m]; PositiveToLeft(Eq)(1term) > (fx)[m] = (fy)[m] > (fx)[m] + —(fy)[m] =

0; SameNumerical > (fx)[m] + —(fy)[m] = 0 > if(0 <=

(£)[m] + —(fy)[m], (£)[m] + —(fy)[m], —(fx)[m] + —(fy)[m]) = if(0 <=
0,0,—0);]0] = 0> if(0 <= 0,0, —0) = 0; eqTransitivity > if(0 <=

(£x) [m] + —(fy)[m], (fx) [m] + —(fy)[m], —(fx) [m] + —(fy)[m]) = if(0 <=

0,0, —0) > if(0 <= 0,0,—0) = 0 > if(0 <= (fx)[m] + —(fy)[m], (£x)[m] +
f@[m], f@[m] + f@[m}) = 0; eqSymmetry > if(0 <=

(£x)[m] + —(fy)[m], (fx)[m] + —(fy)[m], — (fx)[m] + —(fy)[m]) = 0 > 0 = if(0 <=

() [m] + —(fy)[m], (fx)[m] + —(fy)[m], — (fx) [m] + —(fy)[m]); SubLessLeft > 0 =
if(0 <= (fx)[m] + —(fy)[m], (£x)[m] + —(fy)[m], — (x)[m] + —(fy)[m]) > -0 <=
€) = 0= (e) > if(0 <=

(Ix)[m] + —(fy)|m], (£x)[m] + —(fy)[m], — (£x)[m] + —(fy)[m]) <= (¢) =

= 5if(0 <= (fx)[m] + —(fy)[m], (fx)[m] + —(fy)[m], — (£x)[m] + —(fy)[m]) =

(€); Weakening > -if(0 <=

() [m]+—(fy) [m], (fx)[m]+—(fy)[m], — (£x) [m]4—(fy)[m]) <= (¢) = - ~if(0 <=

() [m] + —(fy) [m], (fx)[m] + — (fy)[m], — (&) [m] + = (fy)[m]) = (¢) > 0 <=m =
=if(0 <= (fx)[m] + —(fy)[m], (£x)[m] + —(fy)[m], —(fx)[m] + —(fy)[m]) <= (¢) =
5 5if(0 <= (£x)[m] + —(fy)[m], (x)[m] + —(fy)[m], — (£x)[m] + —(fy)[m]) =

(e); ExistIntro@Qcpx @0 > 0 <= m = 5if(0 <=

(B m]-+— (1) m], () ]+ — (B . — (B ] +— () m]) <= (€) = = if(0 <=

(Blm] + ~{15) m], (Bo)m] + —(By)[m], —(Bo)[m] + —(By)[m]) = (&) > ey <=

= 2if(0 <= (B)fm] + — (i), (B0) ]  —(ty) [, — (B)[m] + — By ) ) <=



(€) = = =if(0 <= (£x) [m] + —(fy) [m], (fx)[m] + — (fy) [m], — (£x)[m] + —(fy)[m]) =
€); V(e): Vm: V(fx): V(fy): Ded > V(¢): Vm: V(fx): V(fy): (fx) =¢ (fy) F -0 <=
(=""0=(9)Fcx <=m=if(0<=

(&x)[m] + —(fy)[m], (fx)[m] + —(fy) [m], — (fx)[m] + —(fy)[m]) <= (¢) =

= 5if(0 <= (fx)[m] + —(fy)[m], (fx)[m] + —(fy)[m], — (£x)[m] + —(fy)[m]) =

(6) > (fx) =¢ (fy) = 70 <= () = 70 = (¢) = cpx <=m = Hif(0 <=
(£x)[m] + —(fy)[m], (x)[m] + —(fy) [m], — (x)[m] + —(fy)[m]) <= (¢) =

= 5if(0 <= (fx)[m] + —(fy)[m], (x)[m] + —(fy)[m], — (£x) [m] 4 —(fy)[m]) =

(6); (fx) =¢ (fy) F MP > (fx) =¢ (fy) = 20 <= () = 70 = () = cpx <=

m = Sif(0 <= (fx)[m] 4+ —(fy)[m], (x)[m] + —(fy)[m], —(fx)[m] + —(fy)[m]) <=
(€) = = 7if(0 <= (fx)[m] + — (fy)[m], (£x) [m] + —(fy)[m], — (£x)[m] + — (fy)[m]) =
(6) > (fx) =¢ (fy) > 70 <= (¢) = 70 = (¢) = cpx <=m = Hif(0 <=

() [m] + —(fy)[m], (x)[m] + —(fy) [m], —(fx)[m] + —(fy)[m]) <= (¢) =

=510 <= (£x)[m] + —(fy)[m], (£x)[m] + —(fy)[m], — (£x)[m] + —(fy)[m]) =

L) TOSFI>—\O<:(ié—'|—\0:i)éCEX <=m= Sif(0 <=

(x)[m] + —(fy) [m], (fx)[m] + —(fy) |m], — (fx)[m] + —(fy)[m]) <= (¢) =

= 5if(0 <= (fx)[m] + —(fy)[m], (x)[m] + —(fy)[m], — (x) [m] 4 —(fy)[m]) =
() > SF((fx), (fy))1, Po ©)]

[= fToSameF *5" ZFsub I- V(e): Vm: ¥(£x): V(fy): (fx) =¢ (fy) F SF((£x), (fy))]

[= fToSameF “% “=fToSameF 7]

[= fToSameF X Yemma =f to sameF”]

PlusF(Sym)

[PlusF(Sym) "5 e Ax.P([ZFsub F Ym: V(£x): V(fy): PlusF > (fx) ++ (fy)[m] =
(£x)[m] + (fy)[m]; eqSymmetry &> (£x) +¢ (fy)[m] = (fx)[m] + (fy)[m] >

(Ix)[m] + (fy)[m] = (x) +¢ (fy)[m]], po, )]

[PlusF (Sym) *" ZFsub F Vm: V(£x): V(fy): (£)[m] + (fy)[m] = (£x) +¢ (£y)[m]]
[PlusF (Sym) ey “PlusF(Sym)”]

[ )Py

PlusF (Sym X “lemma plusF(Sym)”]

TimesF (Sym)

proof

TimesF (Sym) — Ac.Ax.P([ZFsub F Vm: V(fx): V(fy): TimesF >
; A

[
(fx) *¢ (fy)[m] = (fx)[m] *(f.\/)[m];eqSymmetrzD (fx) *¢ (fy)[m] =

£
(E)[m] + (fy)[m] > (£) [m] + (fy) [m] = (£x) *¢ (fy)[m]], po, ¢)]
[TimesF (Sym) *3" ZFsub F VYm: V(fx): V(fy): (fx)[m] * (fy)[m] = (fx) %¢ (fy)[m]]
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[TimesF (Sym) % “TimesF(Sym)”]

[TimesF(Sym) ¥ “lemma timesF (Sym)” ]

f2R(Plus)
[2R(Plus) "% Ac. Ax.P([ZFsub b V(£x): ¥(fy): ¥(f2): ¥(fv): Vvar fv: SF((fx) +
(fy) (fz) (f ) € R((fx) +¢ (fy)) F var fv € R((fz)) F FromInR 1> (fv) €

A—I—
Q<

=
o)
+

¢ )) > SF((fv), (fx) ++ (fy)); From

; SFsymmetry > SF(var fv, (fz
v); SFtransitivity > SF((fv), (fX +: (fy)) > SF((fx) +¢ (fy), (f2)) >
)) SFtrans1t1v1ty > SF((fv), (fz)) > S

var f V(fx) V(fy) V(fz) V(v):
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IS]
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Plus) *5" ZFsub I V(£x): V(fy): V(f2): V(£v): Vvar fv: SF((fx)
fx) +¢ (fy)) == R((f2))]

(2R (Plus) “= “f2R(Plus)”]

=

[f2R(Plus) 2 “Yemma f2R(Plus)”]

f2R (Times)

To == >SF((fx) *¢ (fy), (fz)) > R(( x) *¢ (fy)) = ((
R((fx)) * x*R((fy)) == R((fx) *¢ (fy)); = ::Tran51t1v1
R((E) *¢ (fy)) &> R((fx) *¢ (fy) )) == R((fz)) > R((fx)) =
R((£2))1. po, ¢)]

[£2R(Times) *5° ZFsub b V(£x): V(fy): V(fz): SF((£x) *¢ (fy), (fz))
R((fx)) * *R((fy)) == R((fz))]

[f2R(Times) s “f2R(Times)”]

[£2R(Times) ™" Ae.\x.P([ZFsub F ¥(fx): ¥(fy): ( 7): F)g( x) + (fy),(fz)l—

v<<
E
E
\_/\./

[f2R(Times) P “lemma f2R(Times)”]



PlusR(Sym)

[PlusR(Sym) "— propf (fx)

R((fx) + ( ¥)); ——SymmetryDR((fX) + (

R((fx) +¢ (fy)) == R((fx) +¢ (fy))1, po, )
[PlusR(Sym) "™ ZFsub - V(£x): V(fy): R((£x) +¢ (fy)) == R((£x) +¢ (£y))]

y): PlusR>>R(( x) +1 (fy)) ==

Ac.Ax.P([ZFsub F V(fx): V(f
fy)) == R((fx) +¢ (fy)) >

[PlusR(Sy “PlusR(Sym)”]

m)
m) X
[PlusR(Sym) X “emma plusR(Sym)”]

TimesR(Sym)

proof

[TimesR(Sym) "=~ Ac.Ax.P([ZFsub I V(fx): V(fy): TimesR >
R((fx)) * *R((fy)) == R((fx) *¢ (fy)); == Symmetry > R((fx)) * *R((fy)) ==
R((£x) #¢ (fy)) > R((£x) #¢ (fy)) == R((fx)) = =R((fy))], po, ¢)]

[TimesR(Sym) " ZFsub i V(£x): ¥(fy): R((fx) *¢ (fy)) == R((x)) * «R((fy))]

[TimesR(Sym) = “TimesR (Sym)”]

[TimesR(Sym) X “Yemma timesR(Sym)”|

LessLeq(R)

[LessLeq(R) progf AcAx.P([ZFsub - V(rx): V(ry): (1x) << (ry) I WeakenOr2 >
(rx) << (ry) > = (rx) << (ry) = (rx) == (ry); Repetition > = (rx) << (ry) =
(1x) == (ry) > = (1x) << (1y) = (1x) == (ry)], po, )]

[LessLeq(R) " ZFsub F V(1x): V(1y): (1x) << (ry) I = (1x) << (1y) =

(1x) == (1y)]

[LessLeq(R) *= “LessLeq(R)”]

[LessLeq(R) X “demma lessLeq(R)”]

eqLeq(R)

[eqLeq(R) POPT A Ax. P([ZFsub - V(rx): V(ry): (1x) == (ry) i WeakenOr1 >
(rx) == (ry) > = (rx) << (ry) = (rx) == (ry); Repetition > = (rx) << (ry) =
rx) == (1y) >~ (1x) << (1y) = (1x) == (1y)], po, )]
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Equl]eq(R) "' ZFsub F V(rx): ¥(ry): (1x) == (ry) F = (1x) << (1y) = (1x) ==
ry

eqLeq(R) "% “eqLeq(R)”]
R

[
[

eqLeq(R) 2 “Yemma eqLeq(R)”]

SubLessRight(R)

[SubLessRight(R) %" Ac.\x.P([ZFsub F

V(€):Vm: V(fy): V(fz): V(rx): V(ry): V(rz): (1x) == (ry) F (rz) << (1x) - (fz) €
(1z) = (fy) € (ty) F 0 <= (¢) = 70 = (¢) F SENC2 > (rx) == (1y) > (fy) €
(rx); From << XX 1> (1z) << (1x) > (fz) € (rz) > (fy) € (1x) > 20 <= (¢) =
S50=(6) > agx <=m = (fz)[m] <= o
(fy)[m] + —(€); V(€): Vm: V(£y): V(fz): V(1x): V(ry): V(rz): Ded >

V(e): Vm: V(fy): V(fz): V(1x): V(ry): V(1z): (1x) == (ry) F (rz) << (rx) I (fz) €
(1z) F (fy) € y) F 20 <= (¢) = 770 = (¢) F apx <= m = (fz)[m] <=
(B)l] + () > () == (1) = (1) << () = (1) € (r0) = () € (1)
20 <= (6) = 710 = (6) = agx <= m = (fz)[m] <= (fy)[m] + —(¢); (rx) ==
(xy) F (rz) << (rx) F MP2 > (rx) == (ry) = (17) << (rx) = (fz) € (12) =
(fy) € (ty) = 20 <= (6) = =70 = (¢) = apx <=m = (fz)[m] <=

(y)[m] + —(e) > (rx) == (ry) > (rz) << (rx) > (fz) € (1z) = (fy) € (vy) =
20 <= (6) = 770 = (¢) = agx <= m = (fz)[m] <= (fy)[m] + —(¢);to <<
XX (fz) € (1z) = (fy) € (ry) = 20 <=(e) = 70 =(6) = apx <=m =
(fz)[m] <= (fy)[m] + —(€) > (rz) << (ry)], po, )]

[SubLessRight(R) *3* ZFsub b V(e): Vm: ¥(fy): V(fz): ¥(rx): ¥(ry): ¥(rz): (rx) ==
ry) b (rz) << (1x) F (r2) << (ry)]

t

SubLessRight(R) = “SubLessRight(R)”]
y

[ )
[SubLessRight(R) X “lemma subLessRight(R)”]

SubLessLeft(R)

proof

SubLessLeft(R) "— Ac.Ax.P([ZFsub I
)

V(L:VQ:V@:V@:V@:V@:V@:@::m}—ﬁ<<£)F@E
(ry) F (fz) € (rz) - -0 <= (¢) = =0 = (¢) F SENC2 > (rx) == (ry) > (fy) €
(ry) > (fy) € (rx); From << XX 1> (rx) << (rz) > (fy) € (rx) > (fz2) €
(z)>o0<=(e) = 210 =(¢) > apx <=m = (fy)[m] <=
(f2)[m] 4 —(€); V(€): Ym: V(fy): V(fz): V(rx): V(ry): V(1z): Ded 1>

V(e):Vm: V(fy): V(fz): V(rx): V(ry): V(rz): (1x) == (ry) F (rx) << (12) - (fy) €
(y)F(fz) € () F 20 <= (6) = 770 = (¢) F agx <= m = (fy)[m] <=
fz)[m] + —(e) > (rx) == (ry) = (rx) << (rz) = (fy) € (vy) fz) € (1z) =



20 <= (¢6) = 710 =(6) = agx <=m = (fy)[m] <= (fz)[m] + —(¢); (rx) ==
(1y) F (20 << (12) F MP2 0> (1%) == (1y) = (1) << (12) > (fy) € (1y)
fz) € (rz) = 70 <=(e) = 70 = (6) = apx <=m = (fy)[m] <=

(E)lm] £ ~(0) > () == (1y) & (1) << () > (fy) € (1y) = (F2) € (1) =
20 <= (6) = 770 = () = agx <= m = (fy)[m] <= (fz)[m] + —(¢); to <<
XX (fy) € (ry) = (fz) € (1z) = 20 <= (¢) = 70 = (€) = agx <=m =

te

[SubLessLeft(R) = “SubLessLeft(R)”]

—

)
[SubLessLeft(R) 25 “lemma subLessLeft(R)”]

<< TransitivityHelper(Q)

proof

[<< TransitivityHelper(Q) "—  Ac.Ax.P([ZFsub I Vx: Vy: Vz: Vu: x <=
y+—uby<=z+—-ub 0 <=u= -0 =ut PositiveNegated > -0 <=
u=550=u>" —u<=0= -4 —u = 0; LessAdditionLeft > - — u <=
0= 4+ —g:0>>%X+—g<zx+0:>%%X+—Q:X+O;pluso>>x+0:
y;SubLessRight >y +0=y>y+ -u<=y+0=-"-y+-u=y+0>
Sy+—u <=y = S4y+—u=y;leqLessTransitivity>x <= y+—u>-y+—u <=
y= 4y +4 —u=y> x <=y = --x = y; LessLeqTransitivity > - x <=
y=hhx=yby<=z+-Uu>x<=z+-u=ox=

z+ —u;LessLeq > x <=z+ —u = " x=2z+ —u>>x <=z + —u], po, )]

stm’

[<< TransitivityHelper(Q) B 7 Fsub - Vx:Vy:VzzVuix <=y + —ubty<=
z+-ukH0<=u=>-"0=ukFx<=z+—u

tex

[<< TransitivityHelper(Q) — “<<TransitivityHelper(Q)”]

[<< TransitivityHelper(Q) X “Yemma <<TransitivityHelper(Q)”]

<< Transitivity

«[m] + —(€) = “tpx[m] <=
x)[m] <= tpx[m] + —(€) = Stpx[m] <=

+ —(€); SecondConjunct > = (fx)[m] <=

<
IX) D> tpx € (ry) D tpx € (vy) > (f2) € (rz) > -

E
o (
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20 <= (€) = 0= () = cux <= m = (K)[m] <= (fz)[m] + —(¢); (rx) <<
(xy) F (ry) << (12) F MP2 > (rx) << (ry) = (1y) << (17) = (fx) € (rx) =
(fz) € (1z) = 70 <= () = 70 = (€) = cpx <=m = (fx)[m] <=
(f2)[m] + —(€) &> (1x) << (xy) &> (ry) << (12) > () € (1x) = (f2) € (12) =
20 <=(e) = 0= (€) = cpx <=m = (fx)[m] <=

o
(3
(5]
=
B3
A\
I
E]
()
T
5
A\
I
®
5
+
|
=

[
(ry) F (ry) << (rz) F (rx) << (12)]

<< Transitivity e <Transitivity”]

[
e k .
[<< Transitivity 2> “lemma <<Transitivity”]

<<== Reflexivity

[<<== Reflexivity progf ACAX.P([ZFsub I V(rx): ==Reflexivity > (rx) ==
(1); eaLeq(R) B (rx) == (1x) >  (1x) << (15 = (1x) == (xx)], po, O]

)
<<== Reflexivity *™5" ZFsub I V(rx): - (rx) << (rx) = (rx) == (rx)]

[
[<<== Reflexivity Jass “<<==Reflexivity”]
[

.. Kk _
<<== Reflexivity 2" “lemma <<==Reflexivity”]

<<L<== AntisymmetryHelpef(Q)

proof

[<<== AntisymmetryHelper(Q) "— Ac.A\x.P([ZFsub F Va: Vx: Vy: Vz: 70 <=
z=40=zkx<=y+ —zFy<=x+ —zF leqAddition > x <=y + —z>>
X+z<=y+—-z+1z pTusAssociEtivity >y+-—-z+z= B

y 4+ —z + z; plusCommutativity > —z +z =

z+ —z; lemma eqAdditionLeft > —z+z=z+ —z>>

y+
x+(y—y)>y=y+z+—zeqSymmetry>y=y+z
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y>y+-z+z= y,subLequghtDy—i——z—i—z—yDg—ij
x+z <=y;leqTransitivity > x +z <=y>y <=x+ -z >x+z<=

x + —z;leqSubtractionLeft > x +z <=x+ —z > z <= —z; toNotLess > z <=
—z> 5 —z<=z= -5 —z=z;NegativeLessPositive > -0 <=z = =50 =
z> N —z<=z= - —z=z FromContradiction>- —z<=z= -5 —z=
z>h —z<=z= "7 —z=2z>al,po,C)]

y;eqTransitivityd>y+—z+z=y+—-z+zby+-z+z=y+z+—-z>by+tz+-z=
Z<= - Z

/A IN

[<<== AntisymmetryHelper(Q) I ZFsub F Va: Vx: Vy:Vz: 20 <=z =
200 =zFx<=y+-zFy<=x+-zF3]

[<<== AntisymmetryHelper(Q) s “<<==AntisymmetryHelper(Q)”]

[<<== AntisymmetryHelper(Q) P “lemma
<<==AntisymmetryHelper(Q)”]

<<== Antisymmetry

[<<== Antisymmetry progt ACAX.P([ZFsub F V(rx): V(ry): = (rx) << (ry) =
(rx) == (ry) F = (ry) << (rx) = (ry) == (rx) - Repetition> = (rx) << (ry) =
(rx) == (ry) > = (rx) << (ry) = (rx) == (ry); Repetition > = (ry) << Q:
(ry) == (rx) » = (ry) << (rx) = (ry) == (rx); ExpandDisjuncts > = (rx) <

) = () == (1ty) > = (1y) << (1) = (1y) == (1) > = (1) == (1y) =

A (ry) == (1x) = = (rx) << (ry) = = (ry) << (rx); AutoImply > (rx) ==
(ry) = (1x) == (ry); V(rx) VL).Q::@F: Symmetryb(i)::

rx) > (rx) == (ry); Ded > ¥(rx): Y(ry): (ry) == (rx) F (rx) == (ry) >

FlrstCon unct > - (rx
(1) > (rx) << (ry) > jpx € (rx); From << (2) > (1x)
1>»-0<=1==-0=1;From << XX (rx) )<
Ty —|0<—1=>—|—|0—1>>aEX <= Cgx = JE
tex|Crx] + —1; SecondConjunct > = (rx) << (ry)

rx); From << XX > (ry) << (1x) > tgx € (ry) B jux € (rx) > 50 <=

S50 =1 apy <= Cpx = tEX[CEx] <= -

JEx [CEX] + —1; ExistIntro @ bgx @ agyx > agx <= Cgx = tgEx [CEx] <=

JEx[CEx] + —1 > bpx <= cpx = tux[CEx] <= jEx[CEx] + —1; thirdGeq >

Sagy <= Cgx = ' bryx <= Cgy; FirstConjunct > fapy <= Cgx = —bpx <=
CEx > apx <= Cux; MP > apyx <= Cpx = jux[CEx] <= tEx[CEx] + —1 D> apx <=
CEx > JEx[CEx] <= tEx[CEx] + —1; SecondConjunct > - agx <= Cpx = T bpx <=
CEx > by <= Cix; MP > bpy <= cgx = tEx[CEx] <=jEX[CEX] + =1 bpy <=
CEx > tgx[CEx] <= jEx[CEx] + —1; <<== AntisymmetryHelper(Q) > -0 <=
1=--0=1 DjEX[CEX] <= tEx[CEX] + -1 tEx[CEx} ZJEX[CEX] +—-1>
(rx) == (1y); Ded > V(rx): V(ry): = (1x) << (ry) = = (ry) << (1x) - (rx) ==
(ry) > = (1x) << (ry) = = (ry) ? 1x) = (1x) ==

(ry); From3Disjuncts > = (rx) == (ry) = E:: (rx) = = (1x) << (ry) =
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2(1y) << (59 & (1) == (1) = (1) == (19) & (1) == () = (1) ==
(ry) > (1x) << (ry) = = (ry) << (%) = (1x) == (ry) > (1x) == (1y)], Po, C)]
[<<== Antisymmetry st ZFsub = V(rx): V(ry): - (rx) << (1y) = (1x) ==

(ry) F = (ry) << (1x) = (ry) == (1x) F (1x) == (ry)]

<<== Antisymmetry ¥ “<<==Antisymmetry”]

. k .
<<== Antisymmetry > “lemma <<==Antisymmetry”]

<<== Transitivity

<<== Transitivity progf ACAX.P([ZFsub - V(rx): V(ry): V(rz): (rx) <
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[<<== Transitivity > “lemma <<==Transitivity”]

Plus0f

proof

[PlusOf "=~ Ac.Ax.P([ZFsub F Vm: V(fx): PlusF >> (fx) +¢ 0f[m] = (fx)
0f[m]; Of > 0f[m] = 0;lemma eqAdditionLeft > Ofm] = 0 > (fx)[m] + 0f[m] =
(fx)[m] + 0; plus0 > (fx)[m] + 0 = (fx)[m]; eqTransitivity4 >

0

(Bx)[m] + 0f[m] > (fx)[m] + 0f[m] = (£x)[m] + 0 > (fx)[m] +

x)[m] + Off
() +¢0f[m] = (£x)[m]; To = > (fx) +0f[m] = (£x)[m] > (fx)+¢0f = (£x)], po, c)]
(fx

) ‘Ff Of =f EEEEH

Plus0f "2 ZFsub F V fx):

[
[PlusOf ¥ “Plus0f”]
[

PlusOf 2 “lemma plus0f”]

Plus00

proof

[Plus00 "=~ Ac.Ax.P([ZFsub - V(fx): PlusOf > (fx) +¢ 0f =¢ (fx); =
fToSameF > (fx) +¢ 0F =¢ (£x) 3 SF((£x) +¢ Of, (X)); 2R (Plus) > SF((£x) +¢
Of, (fx)) > R((x) +¢ (fy)) == R(( x)); Repetition > R((fx) +¢ (fy))

R((&)) > R((fx) +¢ (fy)) == R((£x))1, o, )]
[Plus00 *™" ZFsub k- V(fx): R((£x) +¢ (fy)) == R((fx))]

[Plus00 = “Plus00”]

[Plus00 ® X “lemma plus00”]

== Addition
[== Addition "% Ac Ax.P([ZFsub - Vm: V(e): V(£x): V(fy): ¥(f2): R((fx)) ==
R((fy)) F 20 <= (¢) = 550 = (€) F cgx <= m I From == >R((fx)) ==
R((Ty)) > SF((f), @) FromSF & SF((£x), (fy)) > -0 <= (¢) = =50 =
Cpx <= m = — ( =
(£x)[m] + —(fy)[m], 7)[ —(ty) [m], — () [m] + —(fy)[m])
Sif(0 <= (fx)[m] + (f)
€); MP > cpx <= m = Sif
£ [m]-+ — (i) ml, (E9)[m
]+ ()l
—‘lf(o <= (fx)[m} ,
) = = =if(0 <= (fx)[m] + —(fy) [m], (fx) [m]
€); insertMiddleTerm(Difference) > (fx)[m] +
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£2)) > R((fx) +1 (f2)) == R((fy) +1 (2)) > R((£x) +¢
==Transitivity > R((fx) +¢ (fy)) == R((fy) +¢ (fz))
() +1 (fy)) > R((fx) +¢ (fy)) == R((£x) +¢ c
== Addition 5" ZFsub I Ym: V(e): ¥(£x): V(fy): V(f2): R
((fx) +¢ (fy)) == R((fx) +¢ (fy))]
== Addition *& “==Addition”]

R,

S

2

Z
I

[
[== Addition *2 “lemma ==Addition”]

== AdditionLeft

[== AdditionLeft """ A\e.\x.P([ZFsub F ¥(x): V(fy): V(f2): R((£x)) ==

R((fy)) F== Addition &> R((fx)) == R((fy)) > R((Ex) +r (fy)) ==

R((fx) +¢ (fy)); PlusCommutativity (R) > R((fx) +¢ (fy)) ==
R((fx) +¢ (fy)); PlusCommutativity(R) > R((fx) +¢ (fy)) =

R((fx) +¢ (fy)) == R((fx) +: (fy))]
[== AdditionLeft *¥ “==AdditionLeft”]

[== AdditionLeft P “lemma ==AdditionLeft”]

<< Addition

R((fy)) F 50 <= (¢) = 550 = (€) F cgx <= m I From << >R((fx
R((fy)) > (fx) <¢ (fy); From < f > (fx) <¢ (fy) > -0 <= (¢) = 250 = (e

[<< Addition "% Ac Ax.P([ZFsub b Vm: V(e): ¥(£x): ¥(fy): ¥(fz): R((fx)) <<
T2

%

cex <= m = (&x)[m] <= (fy)[m] + —(€); MP > cgy <= m = (fx)[m] <=

E]
\
o
B
A
I
=
El
i
=
3
Q0
>
oL
=
S
v
=
El
i

(fy)[m] + (f2)[m] + —(e); (Ey)[m] + (fz)
(fy) ++ (f2)[m]; eqAddition > (fy)[m] + (fz)[m] = (fy) + (fz)[m] > (fy)[m] +
fz)[m] +—(¢) = (fy) +¢ (z)[m] + —(€); eqTransitivity > (fy)[m] + —(¢) + (fz)[m] =
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(f2)); SubLeﬁPhgh
) << R((fy) +r (fz)
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[l

RO 4 () << R((EO 41 (G
[<< Addition *% “<<Addition”]

[<< Addition X “Yemma << Addition” ]

<<== Addition
[<<== Addition POt NeAx.
R((fy)) F<< Addition > R((fx))
R((TS) -+ (fy)); LessLeq(R) & R(
S R((fx) +¢ (fy)) << R((fx)
(fy)); V(fx): V(fy): V(fz): R((fx)

)(fZFsub FV(fx) @ fi): R(@) <<

<< R((fy)) >
(fx) ++ (fy)) <
(fy)) = ((fx>
== (( ))

T

=S
D
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R((fx) +¢ (fy)) = R((fx) ++ (fy)) == R((fx
SR((fx) + (fy)) << R((fx) +1 (fY)) R( = R((fx) ++ (fy)) >
S R((fx) + (fy)) << R((fX) +1 (fy)) = R(( fy)) == R((fx) +: (fy))1, po, ©)]

)+t
[<<== Addition 5" ZFsub + V(fx): V(fy):V(fz): 2 R((fx)) << R((fy)) =
) <

R((fx)) == R((fy)) F ~R((fx) +¢ (fy)) << R((Ex) +¢ (fy)) =
R((fx) +¢ (fY)) == R((fx) +1 (fy))]

[<<== Addition ¥ “<<==Addition”]

)+ (fy)) > R((fx)) == R((fy)) =
EfX) + (fy))

[<<== Addition 2 “lemma <<==Addition”]

PlusAssociativity (F)

proof

ssociativity(F) "= Ac.Ax.P([ZFsub - Vm: V(fx): m V(fz): PlusF >

(fy) +1 (fz)[m] = (fx) +¢ (fy)[m] + (fz)[m]; PlusF >> (fx) +¢ (fy)[m] =

+ (fy)[m]; eqAddition t> (fx) 4+ (fy)[m] = (fx)[m] + (fy)[m] >

N[m] + (fz)[m] = (fx)[m] + (fy)][ m]; plusAssociativity >
m]; PlusF(Sym) >

ol =1 uy)
itionLeft o> (fy)[m] + (fz)[m] =

>
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lusAssociativit ZFsub

+t (fy) ++ (f2)

)
=
T
<
3

—~r—
o)

X

(
]

PlusAssociativity (F) "% “PlusAssociativity (F)”]
(

[
[PlusAssociativity (F) 2 ¥ “lemma plusAssociativity (F)”]

PlusAssociativity(R)
[PlusAssociativity(R) POt N Ax. P([ZFsub +
V(fx): V(fy): V(f2): PlusAssociativity (F) > (fx) ++ (fy) +¢ (fz) =¢
(fx) +¢ (fy) +¢ (f2); = fToSameF > (fx) +¢ (fy) +¢ (f2) =¢ (&) +¢ (fy) +¢ (fz) >
SF(@—Ff(fiy—i—f@ @"—f@""f@) 2 PluS)DSF((flﬁ#@-H(E fix)‘f'f
Gf)—hv (fz)) > R((fx) +¢ (fy)) == (@ f@+f (f2)) PlusR(Sym) >

((fx) +¢ (fy) +¢ (fz)) == R((fx) +¢ (fy)); ==
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Transitivity > R((fx) +¢ (fy) +¢ (fz))

== R((
R((fx) ++ (fy) ++ (f2)) > R((fx) +¢ (fy) + (f2)) =

f
[PlusAssociativity(R) "— %' ZFsub + V(fx ):V(fy): V(fz): R((fx) +¢ (fy) +¢ (fz)) ==
R((fx) +¢ (fy) +1 (f2))]

) =
)
)
)

o+

ex

= “PlusAssociativity(R)”]

P “lemma plusAssociativity (R)”]

[PlusAssociativity (R

—

[PlusAssociativity (R

Negative(R)

[Negative(R) PrOOt N Ax. P([ZFsub i Vm: V(fx): PlusF > (fx) +¢ —¢(fx)[m] =
(£)[m

(£0)[m] + —¢ () [m]; MinusF > —¢(fx)[m] =
(gx[ m]; lemma eqAdditionLeftr>—¢(fx)[m] (£x)[m] > (£x)[m] 4+ —¢ (x)[m] =

]+ — (60)[m]; Negative  (60) (] + —(59)lcn] =

|
,_,1

m ] =0;0f > 0ffm] =

0; eqSymmetry > 0f[m] = 0 > 0 = Of[m]; qTr nsitivityb > (fx) +¢ —¢(fx)[m] =
(£)[m] + — (fx) [m] > (£x)[m] + —¢ (fx)[m] = (£x)[m] + — (fx)[m] > (fx)[m] +
—(£x)[m] = 00 = Offm] > (fx) +¢—¢ (fx )[J = 0f[m]; To = f1> (fx) +¢— (fx)[m] =
Offm] > (fx) +¢ —¢(fx) = Of; = fToSamel ( x) +¢ —¢(fx) =¢ OF >

SF((fx) +¢ —¢(fx), 0f); 2R(Plus) > SF(( ) ( x), 0f) > R((fx) +¢ (fy)) ==
R(0f); Repetition > R((fx) ++ (fy)) == R(0f ) R((fx) ++ (fy)) == R(0f)], po, c)]

egative(R) "' ZFsub - Vm: V(fx): R((fx) +¢ (fy)) == R(0f)]

[N
[Negative(R) “= “Negative(R)”]
[

Negative(R) X “lemma negative(R)”]

PlusCommutativity (F)

[ V(E
(fx) +¢ (fy)[ | = (fx)[m] + (fy)[m]; plusCommutativity > (fx)[m ] @[m] =
] PlusF(Sym) > @[ m] + (fx)[m] =

qTransitivity4 > (fx) +¢ (fy)[m] =

PlusCommutativity (F) PIOPT A Ax. P(]ZFsub - Vm: V(fx):
)

(Bx)[m] + (fy) >@[ m] + (fy)[m ]:( ) m] -+ (£x)[m] &> (fy)[m] + (&) [m] =
(fy) ++ (£)[m] > (£x) +¢ (fy)[m] = (fy) +¢ (f)[m]; To = f &> (fx) +¢ (fy)[m] =
fy) +¢ (&) [m] > e (fy) = (fy) + ( X1

()
t

PlusCommutativi

)+

[ y(F) 28" ZFsub F Vm: V(fx
[PlusCommutativity (F) ¥ “PlusCommutativity(F)” ]
[ (

PlusCommutativity(F) * Y “lemma plusCommutativity (F)”]
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PlusCommutativity(R)

proof

[PlusCommutativity(R) "— Ac.Ax.P([ZFsub
V(fx): V(fy): PlusCommutativity (F) > (fx) +¢ (fy)

fToSameF > (fx) +¢ (fy) =¢ (fy) +¢ (fx) > SF((fx)—:F

(x)); 2R (Plus) & SF((Fx) -+ (fy), ()

R((fy) +¢ (£x)); PlusR(Sym) > R((fy)

Transitivity > R((fx) +¢ (fy)) ==

R((fx) +¢ (fy)) > R((fx) ++ (fy)) == R((£x) +¢ (fy))], po, ¢)]
v

R((fx) ++ (fy))]
[PlusCommutativity(R) ¥ “PlusCommutativity(R)”]

[PlusCommutativity (R) X “lemma plusCommutativity(R)”]

TimesAssociativity (F)

proof

TimesAssociativity(F) "= Ac.Ax.P([ZFsub F

Vm: V@:V@: V(fz): TimesF >> @*f@*f (fi[m} =

(fx) #¢ (fy)[m] * (f2)[m]; TimesF > (fx) *¢ (fy)[m] =

(fx)[m] * (fy) [m]; eqMultiplication > (fx) ¢ (fy)[m] = (fx)[m] * (fy)[m] >
(£x) *¢ (fy)[m] * (fz)[m] = (fx)[m] * (fy)[m] * (fz)[m]; timesAssociativity >
{5)[m] = (fy)[m] * (£2){m] = (Bx)[m] # (Fy){im] * (£2)[m]; TirnesF (Sym) >
(fy)[m] * (fz)[m] = (fy) *¢ (fz)[m]; EqMultiplicationLeft &> (fy)[m] * (fz)[m] =
() * (E2)m] > (K)[m] » (1) (m] * (F2)[m] =
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TimesF (Sym) > (fx)[m] * (fy) ¢ (fz)[m] =
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]
imesAssociativity (F) "5 ZFsub b Vm: V(£x): V(fy): V(£2): (fx) *¢ (fy) *¢ (f2) =¢
x) *¢ (fy) *¢ (f2)]

73

[TimesAssociativity(F) “= “TimesAssociativity(F)”]
[

TimesAssociativity (F) 2 “lemma timesAssociativity(F)”]
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TimesAssociativity(R)

proof

1mesAss001at1v1ty(R) — )\c /\x P( [ZFsub F

kg
= fToSameF > (fx) *f (fy) *¢ : (f ; =t (fx) *¢ (fy) *¢ (fz) >

R((fx) *¢ (fy) *¢ (fZ))]

[TimesAssociativity(R) s “TimesAssociativity(R)”]

(
[TimesAssociativity(R) X “lemma timesAssociativity(R)”]

Times1f

proof

[Timeslf "= Ac.Ax.P([ZFsub - Vm: V(x): TimesF > (fx) *¢ 1{[m]
1f[m]; 1f > 1f[m] = 1; EqMultiplicationLeft > 1f[m] = 1 > (fx)[m

] *
(fx)[m] * 1; times1 > (fx)[m] x 1 = (fx)[m]; eqTransitivity4 o> (fx) ¢ 1{[m]

£0)[m] # 1i[m] &> (E)[m] * 1fm] = (EO[m] 1 > (&) m] * 1 = (E[m] >

(B #¢ 1f[m] = (£x)[m]; To = &> (fx) ¢ H{m] = (fx)[m] > (fx) ¢ 1f =¢ (£x)], po, )]

stmt

Timeslf "= ZFsub - Vm: V(fx): (fx) ¢ 1f =¢ (fx)]

[
[Timeslf ¥ “Timeslf”]
[

Times1f 2 “lemma times1{”]

Times01

proof

[Times01 "= Ac.Ax.P([ZFsub F V(fx): Timeslf > (fx) x¢ 1f =¢ (fx);

fToSameF 1> (fx) ¢ 1f =¢ (fx) > SF((fx) *¢ 1f, (fx)); 2R(Times) > SF((fx) )

1f, (£x)) > R((x)) * +R(1f) == R((fx) (1f) =
R((fx)) > R((x),

[Times01 I ZFsub + V(fx): R((fx)) * #R(1f) == R((fx))]

); epetltlon > R((fx)) * *R

x)) * *R(1f) == R((&x))], po, ¢)]

[Times01 tex “Times01”]

[Times01 X “emma times01”]
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TimesCommutativity (F)

[TimesCommutativity (F) PPt NeAx. P([ZFsub - VYm: Vu V(fy): TimesF >
(fx) *¢ (fy)[m] = (fx)[m] * (fy)[m]; timesCommutativity > (fx)[m] * (fy)[m] =
(fy) [m]  (£x) [m]; TimesF (Sym) > (fy)[m] + (fx)[m] =

[m;
fy) *¢ (fx)[m]; eqTransitivity4 > (fx) *¢ (fy)[m] =
il (] > (8« ()]~

(9lm] > (6 # (i) =1 (i) # (<], o, )
TimesCommutativity (F) *3 ZFsubFVm:V(fX):V(fy):

) tex

[
[TimesCommutativity “TimesCommutativity (F)”
[

) pyk

(F
TimesCommutativity (F “lemma timesCommutativity (F)”]

TimesCommutativity(R)

[TimesCommutativity(R) PO NeAx. P([ZFsub +
V(fx): V(fy): TimesCommutativity (F) > u (fy) *¢ ()
fToSameF > (fx) *¢ (fy) =¢ (fy) *¢ (fx) > SF((fx) *¢ (fy), (fy) *¢
(fx)); f2R(Times) > SF((fX) i (fy), (Fy) #e (£x)) > R(

R((fy) # (£x)); TimesR (Sym) > R((fy) # (&) ==

=

ol
N
~—

R(@) * #R( (fl))}
[TimesCommutativity(R) s “TimesCommutativity (R)”]

[TimesCommutativity(R) 2 “lemma timesCommutativity (R)”]

)
¢ (B9)[m] > (£) #¢ (fy)[m] = (fy) *¢ () [m]; To = £ > (£x) #¢ (fy)[m]
f

£x) *¢ (fy) =¢

x¢ (fy) =¢ (fy) ¢ (fx);=

Distribution(F)

[Distribution(F) PIOPT A Ax. P([ZFsub - V(fx): V(fy): V(fz): TimesF >

(fx) ¢ (fy) ++ (fz)[m] = (£x)[m] * (fy) +¢ (f2)[m]; PlusF > (fy) +¢ (f2)[m]
(fy)[m] + (fz)[m]; EqMultiplicationLeft > (fy) +¢ (fz)[m] = (fy)[m] + (fz)[m] >
() [m] * (fy) +¢ (fz)[m] = (fx)[m] * (fy)[m] + (fz)[m]; Distribution >
(E)[m] = (fy)[m] + (fz)[m] = (£x)[m] * (fy)[m] + () [m] « (£z)[m]; TimesF(Sym) >
{B6)[m] + (fy) [m] = () #¢ (fy)[m]; TinnesF (Sym) > (Bx) m] * (£2){m] =

(Ix) ¢ (fz) [m]; AddEquationst> (fx)[m]+(fy)[m] = (fx) s (fy)[m]e> (fx)[m]+ (fz)[m] =
£x) ¢ (fz)[m] > (fx) [m]  (fy) [m] + (£x)[m]  (fz)[m] =
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(fx) *¢ (fy)[m] + (fx) *¢ (fz)[m]; PlusF (Sym) > (fx) *¢ (fy)[m] + (fx) *¢ (fz)[m]
(fx) *¢ (fy) ++ (£%) *¢ (fz)[m]; eqTransitivity6 > (fx) ¢ (fy) + (fz)[m] =
(B)[m] * (By) +¢ (£2)[m] & (Bo)[m] * (fy) + (b2)[m] =

() [m] + (By)[m] + (b2)[m] & (8x)m] = (Fy)[m] + (1) m] =

{B6)[m] + (Ey) m)] + (56) [m] + (B[] &> () m] + £y ] + (B)[mm] # (£2)[m] =
(fx) *¢ (fy)[m] + (x) *¢ (fz)[m] > (£x) ¢ (fy)[m] + (£x) ¢ (fz)[m] =

() #¢ (fy) +¢ (Bx) #¢ (f2)|m] > (B) #¢ (fy) +¢ (f2)[m] =

() #¢ (fy) +¢ (Bx) #¢ (fz)[m]; To = £ & (£x) #¢ (fy) +¢ (f2)[m]

() *¢ (£ )+f(fX)*f (fZ [m ¢

»

istribution F)
x) *¢ (fy) ++ (fx) (

Distribution(F) % “Distribution(F)”]
(

pyk

,_:ﬁ
* la

[
[Distribution(F) = “lemma distribution(F)”]

Distribution(R)

[Distribution(R) propf ACAX.P([ZFsub F V(x): V(f ):V(f ): Distribution(F) >
(Bx) #¢ (fy) +¢ (f2) =¢ (£x) #¢ (fy) +¢ (£x) #¢ (f2); = fToSameF > (fx) *¢ (fy) +¢ (f2) =¢
(1) ¢ (By) +¢ (5) ¢ (F2) > SF((£x) # (fy) ++ (£2), (fx) * (7) @*f

fi)) f2R (Times) > SF(@ *p (L—Ff (f7z fl)*f m—i— (7 (fz)) >

R((fx)) * «R((fy) + (fz)) == R((x) *¢ (fy) +1 (fx) *¢ (f2)); PlusR(Sym) >
R((fx) ¢ (fy) +r (fx) *¢ (f2)) == R((fx) +¢ (fy)); == Transitivity > R((fx)) *
AR((Ey) +1 (T2)) = (R((fx)* fy) ++ )

(

(Bx) #¢ (f2)) &> R((£x) * (f}’) tt (fX) ¢ (fz)

((fy) ++ (f2)) == R((£x) +¢ (£y))]. po, ©)]
(fx) fz

)+ *R((fy) ++ (f2)) =

[Distribution

R((fx) ++ (fy
[Distribution(R)

¥ “Distribution(R)”]
R) X “lemma distribution(R)”]

= = ==

[Distribution
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-~ R()

[— = R((£x)) ™25 At.As.Ae. My(t,s, ¢, [[— — R((fx)) = R(—¢(£x))]])]
g — R(x) & “-R(#1.

”

[~ = R(x) ™ R(" )]

recx

[reex = “rec#1.”]

[rec* “1/ ")

* /%

[bs/r ™25 At.As.Ac. M4 (t, s, c, [[bs/r = {ph € P(bs) | Exag € bs A [Exyg €
bs| ==pha}]])]

tex

x/y = “#L.
/ #27]

[/ By “eg-system of " modulo "”|

* () %

macro

[x Ny ™25 Xt As e My (t, s, ¢, [[x Ny = {ph € x Uy | phs € x A phs € y}]])]

tex

[xNy = “#L1.
\cap #2.”]

pyk
[* N % = “intersection " comma " end intersection”|

[l s 7]
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U

[Ux tex “\cup #1.”]

pyk . .
[Ux = “union " end union”)

* U *

Uy "= AtAs A Mal(tys ¢, [x Uy = UH{x), {y} 1))

tex

[x Uy = “#1.
\mathrel{\cup} #2.”]

pyk . . .
[* U = “binary-union " comma " end union”]

[P(*) By “power " end power”]

{*}
[{x} magre )\t.)\s.)\c./\;l4(t, s, ¢, [[{x} = {x,x}]])]

[{x} = “\{#1.
\}]

[{*} P “ermelo singleton " end singleton”]

{%, %}

[{x,y} =5 “\{#1.
, H2.
\}]

pyk . .
[{*,*} = “zermelo pair " comma " end pair”]
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(%)

[, y) "5 At As A Mal(t,s, ¢, [(xy) = {{x}, {x y}]T)]

[(x,y) Jass “\langle #1.
H2.
\rangle”]

pyk . .
[(x,%) = “zermelo ordered pair " comma " end pair”]

—X

[7X tex 44_#1'»}

[_* % «_ .m]

[—ox 5 () 1.7]
[_f* Iﬁ( “_f ||77]

* € %

[x €y S “pl.

\mathrel{\in} #2.”]

[* € * Iﬁ( “nin0 mu]

(5, %)

[, *) PYE wn ig related to " under "]
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ReflRel(*, )

[ReflRel(x, %) PYS wn g reflexive relation in "]

SymRel(x, )
[SymRel(r, x) ™25 At.As.Ac. M4 (t, s, ¢, [[SymRel(r, x) = Vs,
ti(sex=tex=r(s,t)=r(ts))])]

tex

[SymRel(r,x) = “SymRel(#1.
, 2.
)]

Ky - . L
[SymRel(x, ¥) 25 “" is symmetric relation in "]

TransRel(x, x)

macro

[TransRel(r, x) ™25 At.As.A\c. M4 (t, s, ¢, [[TransRel(r, x) =
Vs,t,ui (s Ex=teEx=uex=r(s,t)=r(t,u) =r(s,u))]])]

[TransRel(r, x) ¥ “TransRel(#1.
2.
)]

pyk . o . .
[TransRel(x, ¥) 25 “" is transitive relation in "”]

EqRel(x, *)
[EqRel(r,x) ™25 Mt.As.Ac. M4 (t, s, ¢, [[EqRel(r, x) = ReflRel(r, x) A
SymRel(r,x) A TransRel(r, x)]])]

tex

[EqRel(r,x) = “EqRel(#1.
 F2.
)]

K . .
[EqRel(x, ) P «n is equivalence relation in "”
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[+ € .

[[x € bs], ™25 At.As.A\c. M4 (t, s, c, [[[x € bs], = {ph € bs | r(phy,x)}]])]

[[x € bs], == “[#1.
\mathrel{\in} #2.
J-{#3.

1l
[[* € *]. By “equivalence class of " in " modulo "”]

Partition (x, *)

[Partition(p, bs) "5 At As Ae.My(t, s, c, [[Partition(p, bs) = (Vs: (s € p = s #
?)) A
(Vs,t:(seEp=>tep=>s£t=snNt==0)) A

U p==bs]])]

[Partition(x,y) 5 “Partition(#1.
, H2.

)]

[Partition(x, *) DY wn g partition of "”]

k sk ok

[x*ytg( “H£1.
*#2.7]

[ * YR ")
* kg ok

(B % (fy) < 1.
«{f}#2.7]

pyk
]

[ xp & = “M % "7

%k kk

tex

[x % ky — “H1.
w2, ]
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pyk
[**** Ty “n *ok ||77]

%+ %
[x+y e wp,
+#2.77]

[*_"_* Izl){ “wn _"_ ||”]

k — %

[x —y "5 M As A My(t, s, ¢, [[x —y = x4+ (=y)]])]

[x—y e wp,
#27)

[* — % Ill){ “no_ n”]

* 45 %
[(fx) +¢ (fy) tex =
+{f#2.7]

k
[* ook % “n o f "77]

* —f %k

[(F) —r () "5 <41,
{fy#2.7]

[* — ¥ IZI; “n _f u”}

* 4+ 4k

[R((fx)) + +R((fy)) "5 AtAs.de. Ma(t, s, ¢, [[R((fx)) + +R((fy)) =
R((fx) + (ty))]1)]

[x + +y <X “#1

- #2.7]

[*++*%{LL|| ++ ||77]
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R(*) — —R(%)

[[x] ™25 Mt As. Ae.My(t,s, ¢, [[|x] = if(0 <= x,x, —x)]])]
[Ix] =5 “[#1.[7]

[| * | Iﬂ( ££| n |77]

if(x, *, %)

[if(x,y,z) “= “if(#1.
,H#2.

,#3.

)]

[lf(*,*,*) FZ];( ccif( " , n , n )77]

tex

k 7 %

[x £y "5 MAs A Myt s, ¢, [[x #y = “x=y]])]

[x # y <5 4.
\neq #2.”]

[* 75 * Iﬂ( “wn |: n”}
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k <= *
[x <=y & 1
<= #2.7]

[* <: * Iil){ “wn <: ||”}

* < %k

macro

x<y — )\t.)\s./\c./\;l4(t,s, o, [x<y=x<=yAx#y]])]

[x <y S e,
< #2.7]

[* < % % “wn < ||77]

X =f %

tex

=y
— {f}#27]

[* = * p_yl)( “wn :f n”]

* <y k

tex

[x <¢y = “#1.
< {f1#27)

pyk
]

[* <f * s “n <f n»

SF (%, x)
[SF(x,y) 2 “SF(#1.

)]

[SF(x, ) P “n gameR ")
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X == %

[X e y ‘E)( “#1,

== #2.”]

[* —_—— % 1:ilf “n —— "”]
* << %k

[x <<y g,
<< #27]

[* << % P ")

* <<{== %

macro

[x <<==y "™ AAs A My(t,s,c, [[x <<==y Z=x <<y Vx==y]])]

[x <<==y = “g1.
<<== #2.7]
pyk

[* <<:: * - “n <<:: Il’?]

* == x
\N\mathrel{==}\! #2.7]
[x==x PYE wn yermelo is ")
* C %

[x Cy "™ MAs A My(t,s,c, [xCy= (s ex=s5€y)]])]

tex

[x Cy = “#l.
\mathrel{\subseteq} #2.”]

k
[* C 255 “n is subset of "]

- %
[=x <5 “\dot{\neg}\, #1."]
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[+ % pyk “not0 "”]

% &
[x ¢y ™M As A My(t,s,c, [[x ¢y = x€y]])]

[x ¢y 5“1
\mathrel{\notin} #2.”]

[* & * BYE zermelo “in 7]

k 7 %k
[x #y "5 A As A My(t,s, ¢, [[x £y = S x==y]])]

[ #y =5 “#L
\mathrel{\neq} #2.”]

k -
[ # % 255 “n zermelo “is "]

% A %

X Ay "2 As A My(t,s, ¢, [[x Ay == (x = =y)]])]

tex

[x Ay = “#1.
\mathrel{\dot{\wedge}} #2.”]

[* /\ * IZI; “n ando ||”]

* V%

[x Vy "5 M As de. My(t,s, ¢, [[x Vy = Sx = y]])]
[xVy gy

\mathrel{\dot{\vee}} #2.”]

[ V % R ")

* & %

[x &y "0 A ACMy(ts,c [[x Sy = (x=y) A (y = x)]])]
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tex

[x &y = “41.
\mathrel{\dot{\Leftrightarrow} } #2.”]

[* @ * % “n lﬁ' ||77]

{ph € x| x}

[{ph € x | a} ¥ “\{ ph \mathrel{\in} #1.
\mid #2.

\}]

[{ph € * | *} VX “the set of ph in " such that " end set”]
The pyk compiler, version 0.grue.20060417+ by Klaus Grue

GRD-2006-09-15.UTC:09:33:20.992497 = MJD-53993.TAI:09:33:553.992497 =
LGT-4665029633992497e-6
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http://www.diku.dk/~grue/logiweb/20060417/logiweb/doc/misc/time.html
http://www.diku.dk/~grue/logiweb/20060417/logiweb/doc/misc/time.html

