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1 Introduktion

Dette skriftlige projekt er lavet i forbindelse med Logik-kurset 2006°.

Vores mal i denne opgave var at bruge Logiweb? til at bevise en delmaengde
af udsagnene® vedrgrende lzereszetningerne® fra S-systemet, som er beskrevet i
Mendelson [Men97] i kapitel 3.1. For lethedens skyld er alle nummereringer de
samme som i Mendelson.

Mere preecist gar opgaven ud pa at bevise 3.2(j-0), bevise 3.4, bevise 3.5,
tilfgje aksiomet x <y < Jz:2z2# 0 Az + x =y, bevise 3.7, tilfgje aksiomer, der
definere z | y, bevise 3.10 og bevise 3.11.

I afsnittene 3 til 7 er beviserne for de paviste lemmaer gennemgaet. Alle
trivielle hjeelpelemmaer er bevist i appendix A.

2 Konklusion

Vi har ikke lgst opgaven til fulde, men har dog formaet at bevise 3.2j-0, 3.4,
3.5a-g. Pa grund af problemer med definitionen af reglen svarende til “existensial
rule” side 77 i Mendelson, har vi som beskrevet i afsnit 6 ikke vaeret i stand til
at kunne bevise lemmaerne fra 3.5h og frem.

Vi har dog som beskrevet i afsnit 6.10 og 6.2.2 gennemgéaet hvordan beviserne
for hhv. 3.5h og “existensial rule” ville have set ud, hvis problemet ikke var
opstaet.

Vi har endvidere kort gennemgaet de definitioner, som ville veere ngdvendige
for at kunne pavise Lemma 3.7
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3 S-reglerne

S-systemet er en forste ordens teori, som er udviklet ud fra Peanos postulater
og ved hjelp maengdelere. Det skulle vaere passende at bruge til at bevise basis-
resultaterne for tal-teori. Aksiomerne for S er fglgende:

[Theory ] [S rule MP: IIA,B: A= B+ Al B]
[S rule Gen: IX, A: AFVX: A] [Srule Ded: IIA, B: Ded(A,B) = A+ B]
[Srule S2: TIA,B: A=BF A =B

[S rule S3: TLA: =0 = A] [S rule S4: TTA,B: A =B+ A= B]
[S rule S5: ITA: A+ 0= A] [S rule S6: IIA,B: A+ B = (A+ B)]
[S rule S7: TLA: A-0 = () [S rule S8: IIA,B: A-(B') = (A-B) + A|

[Srule S1: TTA,B,C: A=BFA=CF B =]

Endvidere er reglen S9, som er grundlseggende for matematisk induktion,
ogsa en del af S-teorien. Denne regel kan pa almindeligt sprog udtrykkes som:

Huis en egenskab holder for 0 og egenskaben holder for efterfolgeren
x' til et naturligt tal x, som egenskaben geelder for, sd vil egenskaben
geelde for alle naturlige tal.

I pyk er S9 defineret som:

[S rule S9: TIX, A, B,C: (B=A|X:=0) - (C=A|X:=X" - BF A= CkF A|

Reglen for bevis ved modsztninger er den sidste grundlaeggende regel, der skal
bruges i beviserne. Reglen kan pa almindeligt sprog udtrykkes som fglgende:

Hvis man ud fra en antagelse A kan pavise at en egenskab B geelder,
og at man (ndr antagelsen stadig gelder) kan vise at den modsatte

egenskab —B ogsa gelder, sa ma det modsatte af antagelsen geelde,
dvs. —A.

I pyk er reglen defineret som:

[S rule Neg: ITA: IIB: -B = -AF -B= At B]



4 Udsagn 3.2

Dette udsagn indeholder de grundlaeggende regneregler for tal, som opfgrer sig
som de naturlige tal. Hjeelpesaetningerne eller lemmaerne er generelt set en di-
rekte konsekvens af aksiomerne.

Alle lemmaerne i dette afsnit kan udledes ud fra de tidligere naevnte og som
det er bevist i bade check [ ] og Mendelson er der for ethvert udtryk A, B,
C fglgende velformulerede szetninger® i systemet S:

[S lemma Prop 3.2a: I1A: A = A]

[S lemma Prop 3.2b: IIA,B: A= BF B =A]

[S lemma Prop 3.2c: ITA,B,C: A=B+FB=CFA=]
[S lemma Prop 3.2d: ITA,B,C: A=CHFB=CF A=5]
[S lemma Prop 3.2e: ITA,B,C: A=B+FA+C=8B+C(|
[S lemma Prop 3.2f: TIA: A =0+ A]

[S lemma Prop 3.2g: ITA,B: A+ B = (A+ B)]

[S lemma Prop 3.2h: TIA,B: A+ B =B+ A

Da 3.2i ikke er bevist i check, (men er i Mendelson), har vi valgt for gvelsens
skyld at indskrive beviset:

[S lemma Prop 3.2i: IA, B,C: A=BFC+ A=C+ B]

S proof of Prop 3.2i:

LO1:  Arbitrary > A, B,C ;
L02:  Block > Begin ;
L03:  Arbitrary > A, B,C ;
L04: Premise > A=B8 ;
L05:  Prop 3.2e > L04 > A+C=8B+¢C ;
L06: Prop 3.2h > A+C=C+ A ;
LO7:  Prop 3.2h > B+C=C+B ;
L08: S1r L0501 L06 > B+C=C+ A ;
L09: Prop 3.2b> L08 > C+A=B+C ;
L10:  Prop 3.2c1>L09 > LO7 > C+A=C+B ;
L11: Block > End ;
L12:  Dedr L11 > A=BFHC+A=C+B O

De folgende lemmaer er opskrevet, men ikke bevist i Mendelson. Disse er
blandt dem som vi gnsker at bevise.
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[S lemma Prop 3.2j: IIA, B,C: (A+B)+C=A+ (B+C)]
[S lemma Prop 3.2k: ITA,B,C: A=BFA-C=B-(]

[S lemma Prop 3.21: IIA: 0 - A = 0]

[S lemma Prop 3.2m: ITA, B: A'-B=A-B+ B]

[S lemma Prop 3.2n: ITA,B: A-B=B- A

[S lemma Prop 3.20: IIA,B,C: A=BFC- A=C-B]

Her efter folger beviserne.

4.1 3.2j

Vi vil bevise 3.2j ved induktion efter z 1 B(z) : (x+y) +z=x+ (y +2)
Basistilfseldet er:

[S lemma Prop 3.2j;: ILA,B: (A+ B) +0= A+ (B+0)]

S proof of Prop 3.2j;:

LO1:  Arbitrary > A, B ;
L02: S5> (A+B)+0=A+B ;
L03: S5> B+0=28 ;
L04:  Prop 3.2i > L03 > A+ (B+0)=A+B ;
L05:  Prop 3.2d > L02 > L04 > (A+B)+0=A+ (B+0) 0

Det induktive trin er:

[S lemma Prop 3.2jo: ITA,B,C: (A+B)+C=A+(B+C)= (A+B)+C’
A+ (B+C)]

S proof of Prop 3.2js:

LO1:  Arbitrary > A, B,C ;
L02: Block > Begin ;
L03:  Arbitrary > A, B, C ;
L04:  Premise > (A+B)+C=A+B+C) ;
L05:  S6>> (A+B)+C' = ((A+B)+C)
Lo6: S21> L04 > (A+B)+C) = (A+(B+0C))"
L07:  Prop 3.2c > L05 > LO6 > (A+B)+C' = (A+(B+0)) ;
LO8:  S6 > B+C =(B+C) ;
L09:  Prop 3.2i > L08 >> A+ (B+C)=A+(B+C) ;
L10:  S6>> A+ (B+C) = (A+(B+0)) ;
L11:  Prop 3.2cr>L09 > L10 > A+ (B+C)=(A+(B+C)) ;
L12: Prop 3.2d > LO7 > L11 > (A+B)+C'=A+(B+C) ;
L13:  Block > End ;
L14: Dedr>L13 > A+B)+C=A+(B+C) =

(A+B)+C =A+(B+C) O



[S lemma Prop 3.2j: ITA,B,C: (A+B)+C=A+ (B+C)]

S proof of Prop 3.2j:
LO1:  Arbitrary >
L02:  Block >

L03:  Prop 3.2j; >
LO4:  Prop 3.2j2 >

L05:  S9@zr>L03>L04 >

LO06: Block >
LO7:  Ded > L06 >

4.2 3.2k

A, B,C

Begin
(r4+y)+0=z+(y+0)
(z+y)+z=z+(y+2) =
(z+y)+2' =2+ (y+2)
(z+y)+tz=2+(y+2)

End

(A+B)+C=A+(B+C)

Vi vil bevise 3.2k ved induktion over z 1 B(z) :x=y=x-z2=y -2

Basistilfseldet er:

[S lemma Prop 3.2k;: IIA,B: A=B=A-0=58-0]

S proof of Prop 3.2k;:
LO01:  Arbitrary >

L02: Block >

L03:  Arbitrary >

L04:  Premise >

LO5: S7>

LO6:  S7>

LO7:  Prop 3.2a>

LO8:  Prop 3.2b > L06 >
L09:  Prop 3.2cr> L05> LO8 >
L10:  Block >

L11:  Ded > L10 >

Det induktive trin:

[S lemma Prop 3.2ky: ITA,B,C: (A=B=A-C=8B-C)= (A=8B=A-C'=

B-C')

S proof of Prop 3.2ks:
LO1:  Arbitrary >

L02:  Block >

L03:  Arbitrary >

L04:  Premise >

L05:  Premise >

LO6:  L04 > L05 >

LO7: S8 >

L08: S8 >

L09:  Prop 3.2e > L06 >
L10:  Prop 3.2i> L05 >

A, B

Begin

A, B

A=B
-0=0
B-0=0
0=0
0=5-0
A-0=85-0
End
A=B=A-0=8-0

=



L11:  Prop 3.2c¢>L09 1> L10 > A-C+A=B-C+B ;

L12:  Prop 3.2cr> LO7> L11 > A-C'=B-C+B ;
L13: Prop 3.2d > L12 > L08 > A-C=8B-C :
L14: Block > End ;
L15: Dedr>L14 > A=B=AC=8BC)= (A=
B=A-C'=B-(C) ad

[S lemma Prop 3.2k: ITA,B,C: A=BFA-C=B-(]

S proof of Prop 3.2k:

LO1:  Arbitrary > A, B,C ;
L02:  Premise > A=8 ;
L03:  Block > Begin ;
L04:  Prop 3.2k; > r=y=>2-0=y-0 ;
L05:  Prop 3.2ks > (z=y=>z2z=y2)=(z=

y=a-2=y-2') ;
L06: S9@z > L0o4 > L05 > T=Y=>x-2=y" 2 ;
LO7:  Block > End ;
L08: Dedr> LO7 > A=B=A-C=8B-C ;
L09: L08>L02 > A-C=B-C ad
4.3 3.21

Vi vil bevise 3.21 ved induktion over x i B(x) : 0-x =0
Bemeerk at basistilfeeldet blot er S7.
Det induktive trin:

[S lemma Prop 3.21,: IIA: 0- A=0=0-A" =0

S proof of Prop 3.2l5:

LO1:  Arbitrary > A ;
L02:  Block > Begin ;
L03:  Arbitrary > A ;
L04: Premise > 0-A=0 ;
L05: S8 0-A=0-A40 ;
L06: S5> 0-A4+0=0-A4 ;
LO7:  Prop 3.2¢ > L05 > L06 > 0-A=0-A4 ;
L08:  Prop 3.2¢ > LO7 > L04 > 0-A'=0 ;
L09: Block > End ;
L10:  Ded > L09 > 0-A=0=0-A=0 O

[S lemma Prop 3.21: IIA: 0-.A = 0]

S proof of Prop 3.21:

LO1:  Arbitrary > A ;
L02: Block > Begin ;
L03: S7> 0-0=0 ;
L04: Prop 3.2l > 0-z=0=0-2"=0 ;



LO5:  S9@z > LO3>L04 > 0-z=0

LO6: Block > End
LO7:  Ded > L06 > 0-A=0
4.4 3.2m

Vi vil bevise 3.2m ved induktion over y i B(y) : x -y =x-y+x
Basistilfaeldet:

[S lemma Prop 3.2m;: I14: A"-0=A-0+ 0]

S proof of Prop 3.2m; :

L01:  Arbitrary > A

Lo2: S7> A-0=0

L03:  Prop 3.2f > 0=0+0

L04: S7> A-0=0

L0O5:  Prop 3.2b > L04 > 0=A-0

L06: Prop 3.2e > L05 > 0+0=A4-0+0
L07:  Prop 3.2c > L03 > L06 > 0=A4-04+0
LO8:  Prop 3.2cr> L0O2 > LO7 > A-0=A4-040

Det induktive trin:
[S lemma Prop 3.2my: ITA,B: A'-B=A-B+B=A-B =A-8B + 8]

S proof of Prop 3.2ms:

LO1:  Arbitrary > A, B

L02:  Block > Begin

L03:  Arbitrary > A, B

L04: Premise > A -B=A-B+B

L05:  S8> A-B =A-B+A

L06:  Prop 3.2e > L04 > (A"-B)+ A = (A-B+B)+ A

LO7:  S6> B+ A =B+ A)

L08:  Prop 3.2g > B +A=(B+A)

L09: Prop 3.2d > LO7 > LO8 > B+ A=B+A

L10:  Prop 3.2h > B+A=A+D8

L11:  Prop 3.2¢>L09 1> L10 > B+ A =A+4+5

L12:  Prop 3.2i>L11 > A-B+(B+A)=A-B+(A+
B/

L13:  Prop 3.2j > (A)-B+A)+B’ =A-B+(A+
B/

L14: Prop 3.2d>L12>L13 > A)' B+ B+ A)=(A-B+
A)+ B

L15:  S8> A-B=A-B+A

L16: Prop 3.2er>L15 > A-B+B =(A-B+A)+8B

L17:  Prop 3.2d > L14 > L16 > A-B+(B+A)=A-B+8B

L18:  Prop 3.2j > (A-B+B)+A =A-B+(B+
A')



L19:  Prop 3.2c> L06 > L18 >> (A"-B)+ A= A-B+(B+A") ;

L20:  Prop 3.2c>L191> L17 > (A-B)+ A =A-B+D8 ;
L21:  Prop 3.2c > L05 > L20 > A -B=A-B+8 ;
L22: Block > End ;
L23: Dedr>L22 > A -B=A-B+B= A -8B =
A-B + B 0

[S lemma Prop 3.2m: IIA,B: A'-B=A-B+ B

S proof of Prop 3.2m:

LO1:  Arbitrary > A B ;
L02:  Block > Begin ;
L03:  Prop 3.2m; > - 0=2z-0+0 ;
L04: Prop 3.2ms > (¢ y=z-y+y) = (' y =

z-y +y') ;
LO5:  S9@y > L03 > L04 > oy=z-y+y ;
L06:  Block > End ;
LO7:  Ded > L06 > A-B=A-B+B 0
4.5 3.2n

Vi vil bevise 3.2n ved induktion over y i B(y) : x-y =y -x
Basistilfaeldet:

[S lemma Prop 3.2n;: HA: A-0=10-A]

S proof of Prop 3.2n;:

LO1:  Arbitrary > A ;
L02: S7> A-0=0 ;
L03: Prop 3.21 > 0-A=0 ;
LO04: Prop 3.2d > L02 > L0O3 > A-0=0-A4 O

Det induktive trin:
[S lemma Prop 3.2ny: ITA,B: A-B=B- A= A-B' =B A

S proof of Prop 3.2n,:

LO1:  Arbitrary > A, B ;
L02:  Block > Begin ;
L03:  Arbitrary > A, B ;
L04: Premise > A-B=B-A ;
L05: S8 A-B=A-B+A ;
L06:  Prop 3.2e > L04 > A B+ A=B-A+A ;
L07: Prop 3.2m > B -A=B-A+A ;
L08:  Prop 3.2b>L07 > B-A+A=8"-A ;
L09:  Prop 3.2c > L06 > L08 > A-B+A=8-A :
L10:  Prop 3.2c > L05 > L09 > A-B =B A :
L11: Block > End ;
L12: DedrL11> AB=B-A=A-B=B8-A O



[S lemma Prop 3.2n: 1A, B: A-B=B- A

S proof of Prop 3.2n:

LO1:  Arbitrary > A, B ;
L02: Block > Begin ;
L03:  Prop 3.2n; > z-0=0-z ;
L04: Prop 3.2np > (zy=y-z)=(z-y =9y z) ;
LO5: S9@y > L03 > L04 > T Yy=y-x ;
L06:  Block > End ;
LO7:  Ded > L06 > A-B=B-A O
4.6 3.20

[S lemma Prop 3.20: TA,B,C: A=BFC- A=C-B]

S proof of Prop 3.20:

LO1:  Arbitrary > A, B.C ;
L02: Premise > A=E8 ;
L03:  Block > Begin ;
L04:  Arbitrary > A, B, C ;
L05:  Premise > A=B8 ;
L06:  Prop 3.2k > L05 > A-C=B-C ;
LO7:  Prop 3.2n > A-C=C-A ;
LO8:  Prop 3.2n > B-C=C-B ;
L09:  Prop 3.2c > L06 > L0O8 > A-C=C-B ;
L10:  S1t>L070>L09 > C-A=C-B ;
L11: Block > End ;
L12: Dedr> L11 > A=B=C- A=C-B :
L13: L12>L02 > C-A=C-B O

5 Udsagn 3.4

De fglgende udsagn er en udvidelse af egenskaberne ved addition og multiplika-
tion.

S lemma Prop 3.4a: ILA, B,C: A- (B+C) = (A-B)+ (4-0C)]
S lemma Prop 3.4b: LA, B,C: (B+C)- A= (B- A) + (C- A)]
S lemma Prop 3.4c: LA, B,C: (A-B)-C=A-(B-C)]

S lemma Prop 3.4d: ITA,B,C: A+C=B+C = A =B

5.1 3.4a

Vi vil bevise 3.4a ved induktion over zi B(z) :x- (y+2z) =x-y+x-2
Basistilfeeldet:

10



[S lemma Prop 3.4a,: IIA,B: A- (B+0)=A-B+A-0]

S proof of Prop 3.4a;:

LO1:
L02:
L03:
L04:
L05:
L06:
LO7:
LO8:

Arbitrary >

S5 >

Prop 3.20 > L02 >

S5 >

Prop 3.2d > L0O3 > L04 >
ST >

Prop 3.2i > L06 >

Prop 3.2d > L05 > LO7 >

Det induktive trin:

A, B

(B+0) = (B)
A-(B+0)=A-(B)
A-B+0=A-B
A-(B+0)=A-B+0
A-0=0
A-B+A-0=A-B+0
A-(B+0)=A-B+A-0

[S lemma Prop 3.4az: HA,B,C: A-(B+C)=A-B+A-C=A-(B+()
A-B+A-C']

S proof of Prop 3.4as:

LO1:
L02:
L03:
LO04:
LO5:
LO06:
LO7:
LO8:

L09:

L10:

L11:
L12:
L13:
L14:
L15:
L16:
L17:

Arbitrary >

Block >

Arbitrary >
Premise >

S6 >

Prop 3.20 > L05 >
S8 >

Prop 3.2e > L04 >

Prop 3.2j >
Prop 3.2¢c > LO8 > L09 >

S8 >

Prop 3.2i> L11 >

Prop 3.2d > L10> L12 >
Prop 3.2¢ > LO7 > L13 >
Prop 3.2c > L06 > L14 >
Block >

Ded > L16 >

A,B,C

Begin
A, B,C
A-(B+C)=A-B+A-C
B+C =B+C)
A-(B+C)Y=A-(B+C)
A-(B+C)=A-(B+C)+ A
(A-(B+C)+A=(A-B+
A-C)+ A

(A-B+A-C)+A=A-B+
(A-C+ A
(A-(B+C)+ A=A -B+
(A-C+ A)

A-B+A-C' = A-B+(A-C+A)
A (B+C)+A=A-B+A-C
A-(B+C)=A-B+A-C
A-(B+C)=A-B+A-C
End
(A-(B+C)=A-B+A-C) =
A-(B+C)=A-B+A-C

[S lemma Prop 3.4a: TA,B,C: A-(B+C)=(A-B)+ (A-C)]

S proof of Prop 3.4a:

LO1:
L02:
L03:
L04:

Arbitrary >
Block >
Prop 3.4a; >
Prop 3.4a; >

11

A, B,C

Begin
z-(y+0)=z-y+z-0
(z-(y+z2)=2z-y+z-2)=
(- (y+7)=z-y+az-2)

3
)
b
3
)
)
)
b

O



L05:  S9@z o> L031>L04 > z-(y+z2)=x-y+x-2 ;

L06:  Block > End ;
L07:  Ded > L06 > A-(B+C)=A-B+A-C 0
5.2 3.4b

[S lemma Prop 3.4b: IIA,B,C: (B+C)- A= (B-A)+ (C-A)]
S proof of Prop 3.4b:

LO1:  Arbitrary > A, B,C ;
L02: Prop 3.4a> A-(B+C)=A-B+A-C ;
L03:  Prop 3.2n > A-(B+C)=(B+C)-A ;
L04: Prop 3.2n > A-B=B-A ;
LO5:  Prop 3.2n > A-C=C-A ;
L06:  S1tL03>L02 > (B+C)-A=A-B+A-C :
LO7: Prop 3.2e>L04 > A-B+A-C=B-A+A-C ;
L08:  Prop 3.2i> L05 > B-A+A-C=B-A+C-A ;
L09:  Prop 3.2cr> LO7 > LO8 > A-B+A-C=B-A+C-A ;
L10:  Prop 3.2c > L06 > L09 > B+C)-A=B-A+C- A ]

5.3 3.4c

Vi vil bevise 3.4c ved induktion over z 1 B(z) : (x-y) - z=x-(y - 2)
Basistilfaeldet:

[S lemma Prop 3.4cq: IIA,B: (A-B)-0=A-(B-0)]

S proof of Prop 3.4c;:

LO1:  Arbitrary > A, B ;
L02: S7>> (A-B)-0=0 ;
L03: S7> B-0=0 ;
L04: Prop 3.201> L03 > A-(B-0)=A4-0 ;
LO5: S7> A-0=0 ;
L06:  Prop 3.2c > L04 > L05 > A-(B-0)=0 ;
LO7:  Prop 3.2d > L02 > L06 > (A-B)-0=A-(B-0) 0

Det induktive trin:
[S lemma Prop 3.4cq: IIA, B,C: (A-B)-C = A-(B-C) = (A-B)-C' = A-(B-C')]

S proof of Prop 3.4cy:

LO1:  Arbitrary > A, B,C :
L02:  Block > Begin ;
L03:  Arbitrary > A, B,C ;
L04: Premise > (A-B)-C=A-(B-C) ;
L05: S8 (A-B)-C'=(A-B)-C+(A-B) ;
L06:  Prop 3.2e > L04 > ((A-B)-C)+(A-B)=(A-
(B-C))+(A-B) ;
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L07:  Prop 3.2c > L05 > LO6 > (A-B)-C' = (A-(B-C))+(A-B) ;

L08:  Prop 3.4a>> A-((B-C)+B)=A-(B-C)+
A-B ;
L09:  Prop 3.2d > LO7 > L0O8 > (A-B)-C'"=A-((B-C)+B) ;
L10: S8 > B-C'=B-C+B :
L11: Prop 3.20>L10 > A-(B-CY=A-(B-C+B) ;
L12: Prop 3.2d > L09 > L11 >> (A-B)-C'=A-(B-C") ;
L13: Block > End ;

L14: Dedr>L13 > (A-B)-C=A-(B-C)= (A
B)-C'=A-(B-C') O

[S lemma Prop 3.4c: ITA,B,C: (A-B)-C=A-(B-C)]

S proof of Prop 3.4c:

LO1:  Arbitrary > A, B.C ;
L02:  Block > Begin ;
L03:  Prop 3.4c; > (z-y)-0=2-(y-0) ;
L04:  Prop 3.4ce > (z-y)-z=z-(y-2)= (z-

y)- 2 =z (y-2) ;
L05:  S9@=z o> L03>L04 > (x-y)-z=z-(y-2) ;
L06:  Block > End ;
LO7:  Ded > L06 > (A-B)-C=A-(B-C) O
5.4 3.4d

Vi vil bevise 3.4d ved induktion over ziB(z) :x+z=y+z=>x=y
Basistilfaeldet er:

[S lemma Prop 3.4d;: IA,B: A+0=8B+0= A=5]

S proof of Prop 3.4d;:

LO1:  Arbitrary > A, B ;
L02:  Block > Begin ;
L03:  Arbitrary > A, B ;
L04: Premise > A+0=8B+0 :
LO5: S5 > A+0=A ;
LO6: S5 > B+0=28 ;
LO7: Sl L050>L04 > A=B+0 ;
L0O8:  Prop 3.2¢ > LO7 > L0O6 > A=B ;
L09:  Block > End ;
L10:  Ded > L09 > A+0=B+0=A=28 O

Det induktive trin:

[S lemma Prop 3.4de: ITA,B,C: (A+C =B+C = A=8B)= A+
B+(C = A=5]

S proof of Prop 3.4ds:
LO1:  Arbitrary > A, B,C :
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L02:
LO03:
LO4:
L05:
L06:
LO7:
LO8:
L.09:
L10:
Li1:
Li12:
L13:

Block >
Arbitrary >
Premise >
Premise >

S6 >

S6 >

S1p>L06 > L05 >
Prop 3.2c > LO8 > LO7 >
S4 > L09 >
Lo4>L10 >
Block >

Ded > L12 >

Begin
A, B,C
A+C=B+C=>A=B
A+C =B+C
A+C =(A+C)
B+C =(B+C)
(A+C) =B+

(A+C) =(B+C)

(A+C)=(B+C)

A=B
End
A+C=B+C=>A=8B)=
A+C' =B+C=>A=B

[S lemma Prop 3.4d: ITA,B,C: A+C=B+C= A=5|

S proof of Prop 3.4d:

LO1:
L02:
L03:
L04:

LO5:
LO6:
LO7:

Arbitrary >
Block >
Prop 3.4d; >
Prop 3.4ds >

S9@ z > L03 > L04 >
Block >
Ded > L06 >

6 Udsagn 3.5

I denne del har vi kun kunne lgse indtil h, da denne og de efterfglgende kraever
reglen “existensial rule”. Dog er der i afsnit 6.2.2 genemgaet hvilket problem, der
forhindrer os i at bevise ” existencial rule”, og hvordan vi ville have bevist reglen,
hvis problemet ikke var opstaet. Endvidere er der i 6.10 genemgaet hvordan vi

ville have lgst 3.5h.

I de folgende udsagn indgar numeraler, der opfgrer sig som de naturlige tal

A, B,C

Begin
z+0=y+0=z=y
z+z=y+z=>2=y) =
r+Z=y+2 ==y
rt+z=y+z=>x=y

End

A+C=B+C=>A=E8

og er defineret i forhold til 0 pa folgende made:

0 =0
0 =1
0” 2
o = @

Dvs. hvis 0 er et numeral, og hvis Tl er et numeral, s er " ogsa.

I afsnit 6.3 til 6.10 er beviserne for fplgende lemmaer (indtil h).
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[S lemma Prop 3.5a: IIA: A4+ 1= 4]
[S lemma Prop 3.5b: TIA: A-1 = A|
[S lemma Prop 3.5¢: IIA: A-2 = A+ A]
[S lemma Prop 3.5d: IIA,B: A+ B=0=>A=0AB =0
[S lemma Prop 3.5e: IIA,B: B# 0= (A-B=0= A=0)]
[S lemma Prop 3.5f: TA,B: A+B=1=(A=0AB=1)V(A=1AB=0)]
[S lemma Prop 3.5g: ITA,B: A-B=1= (A=1AB=1)]
[S lemma Prop 3.5h: ITA: A# 0= 3B: A= 0]
[S lemma Prop 3.5i: IA,B,C: C #£0=(A-C=B-C= A= DB)]
[S lemma Prop 3.5j: TA: A# 0= A#1=38: A=B"|
Efterfglgende vil vi gennemgade ngdvendige hjalpeszetninger og definitioner
for at kunne bevise 3.5a-3.5g.
6.1 Definitioner i forbindelse med A og V
Fra 3.5d bruges A og V, som begge er makrodefinerede udtryk:
XAy ==(x = )]
xVy = (=x) =yl
Endvidere er det klart at reglerne for introduktion og eliminering af hhv. A
og V dermed ogsa skal bruges. Alle disse er bevist i de fglgende afsnit.
6.1.1 Introduktion af A
[S lemma Con: ITA,B: AF B+ AADB|

S proof of Con:

LO1:  Arbitrary > A, B ;
L02: Premise > A ;
L03:  Premise > B ;
L04:  Block > Begin ;
L05:  Arbitrary > A, B ;
L06:  Premise > A= -8B :
LO7:  Repetition > L0O2 > A ;
L08:  L06>L0O7 > -B ;
L09:  Block > End ;
L10:  Dedr> L09 > (A= -B)= -8B

L11: Leml.11b > B= -8B

L12: L11>L03 > ——B

L13: MT>LI0>LI2> (A = -B)
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6.1.2 Elimination af A 1
[S lemma Conl: IIA,B: AANBFE A]

S proof of Conl:

LO1:  Arbitrary > A, B

L02: Premise > -(A = -B)

L03:  Block > Begin

L04:  Arbitrary > A, B

L05:  Premise > -A

L06: Al > A= --B=-4
LO7:  L06 > L05 > -—B=-A

L08: Leml.11d > (——B=-A)= A= -8B
L09: L08>L0O7 > A= -B

L10:  Block > End

L11: Dedr L10 > (-A) = (A= -B)
L12: MTreL11p>L02 > -—A

L13: Leml.lla> —A=A

L14: L13>L12> A

6.1.3 Elimination af A 2
[S lemma Con2: IIA,B: AA B+ B]

S proof of Con2:

LO1:  Arbitrary > A, B

L02:  Premise > -(A = -B)
L03:  Block > Begin

L04:  Arbitrary > A, B

LO5:  Premise > -B

L06: Al > -B= A= -8B
LO7: L06>L05 > A= -B
L08:  Block > End

L09:  Dedr L0O8 > -B= A= -8B
L10: MT > L09 > L02 > -—B

L11: Leml.lla> -—B=B

L12: L11>L10 > B

6.1.4 Introduktion af v 1
[S lemma Disl: I1A, B: AF- AV B

S proof of Disl:

LO1:  Arbitrary > A, B

L02: Premise > A

L03: Leml.llc > -—A= (-A= B)
L04: Leml.11b > A= --A
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L05: L04>L02 > --A
L06:  L03 > L05 > -A=B O

6.1.5 Introduktion af v 2
[S lemma Dis2: I1A, B: B+ AV B

S proof of Dis2:

LO1:  Arbitrary > A, B ;
L02:  Premise > B ;
L03: Al >» B=-A=2B8 ;
L04: LO03™>L02 > -A=B a

6.1.6 Elimination af Vv

Da vi ikke har haft brug for at fjerne Vv, har vi ikke bevist denne regel.

6.2 Andre hjzlpesatninger

Vi har til beviset af 3.5a-3.5g haft brug for nogle af reglerne fra [ |, dog
med imply istedet for infer. Sadanne regler er navngivet med <oprindelige
navn>’ og beviserne for disse kan ses i Appendix A.

6.21 A+B

En ny hjelperegel er regel H3, som skal bruges i forbindelse med A # B for at
kunne konkludere sammenhaenge i mellem (x =y) A (x # 3) = (v # 3).

[S lemma H3: IIA,B,C: A= (B=C)F AF =C | —B]
S proof of H3:

LO01:  Arbitrary > A, B,C ;
L02:  Premise > A= (B=2C) ;
L03:  Premise > A ;
L04:  Premise > =C ;
L0O5: L02>L03 > B=~C ;
LO6: MT > L05 > L04 > -B ad
6.2.2 dx

Selv om vi ikke har néet at implementere fra opgave 3.5h, hvor der ggres brug
af 3, har vi alligevel makrodefineret kvantoren som fglger.

[Bx: y = ~(v: )]

Vores problem har veeret, at vi ikke har kunne udtrykke “B(x,t), hvor t kan
indseettes i stedet for x’erne uden at blive bundet til en alkvantor”, i pyk.
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Beviset for hjelpessetningen, der indfgrer eksistenskvantoren, ville dog have
veeret opbygget nogenlunde som fglger.

Folgende tautologi,
(A= -B)= (B=-A)

antages vist nogenlunde som Modus Tollens, dog med variation.
Ved axiom A4’ kan vi fa instansen:

(Vo) A(z,t) = -A(t, t)

Idet man kan fa fglgende instans af tautologien:
(Vo)-A(z,t) = —A(L, 1) = (At t) = —(Vo)Az, t))

kan man vha. MP pa tautologi-instansen og aksiom-instansen fa:
(A(t,t) = —(Vz)-A(z, t))

og pga. af makrodefinitionen er denne nu vist.
Herefter vises Lemmaerne 3.5a-3.5g

6.3 3.5a

Dette lemma beviser, at hvis man laegger 1 til et tal, far man efterglgeren til
tallet.

[S lemma Prop 3.5a: ILA: A+1=A']

S proof of Prop 3.5a:

L01:  Arbitrary > A ;
L02: S6> A+0 =(A+0) ;
L03:  S5>> A+0=A ;
L04: S21>L03 > (A+0) =4 ;
L05:  Prop 3.2c> L02 > L04 > A4+0 =A ;
L06:  Prop 3.2a > A+0 =A+1 ;
LO7: S1r>L06 > L05 > A+1=A4 O
6.4 3.5b

Her beviser vi at 1 er neutralt element med hensyn til multiplikation.
[S lemma Prop 3.5b: TIA: A-1 = A|
S proof of Prop 3.5b:

LO1:  Arbitrary > A ;
L02: S8 > A0 =A4-0+4 ;
L03: S7> A-0=0 ;
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L04: Prop 3.2e > 103 > A-0+A=0+A4 ;

L05:  Prop 3.2c > L02 > L04 > A0 =0+A4 ;
L06:  Prop 3.2f > A=0+A4 ;
LO7:  Prop 3.2b > L06 > 0+A=A ;
L08:  Prop 3.2c > L05 > LO7 > A-0=A ;
L09: Prop 3.2a>> A0 =A-1 ;
L10: S1t> L1090 L08 > A-1=A t
6.5 3.5¢c

[S lemma Prop 3.5¢: TLA: A-2= A+ A]

S proof of Prop 3.5¢:

LO1:  Arbitrary > A ;
L02: S8>> AT=A-1T+4 ;
L03:  Prop 3.5b > A-1=A4 ;
L04: Prop 3.2er>L03 > AT+ A=A+ A ;
L05:  Prop 3.2c> L02 > L04 > AT =A+A ;
L06: Prop 3.2a>> A1 =A-2 ;
LO7: S1 > L06 > L05 > A2=A+A O

6.6 3.5d

Her beviser vi, at hvis en sum er 0, er begge addender i summen 0, da der ikke
findes negative tal i systemet.

Beviset er ved induktion over y i B(y) : x+y = (x=0) A (y =0)
Basistilfaeldet:

[S lemma Prop 3.5d;: IIA: A+0=0= (A=0)A(0=0)]
S proof of Prop 3.5d;:

LO1:  Arbitrary > A ;
L02:  Block > Begin ;
L03:  Arbitrary > A ;
L04: Premise > A+0=0 :
L0O5:  S5>> A+0=A ;
LO6: S1r> L0510 L04 > A=0 ;
LO7:  Prop 3.2a> 0=0 ;
L08:  Con > L06 > L07 > A=0A0=0 ;
L09: Block > End ;
L10:  Ded > L09 > A+0=0=(A=0A(0=0) O

Det induktive trin:

[S lemma Prop 3.5dy: ITA,B: (A+B=0=A=0AB=0)=A+8B=0=
A=0AB =0
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S proof of Prop 3.5d;:

LO1:  Arbitrary > A, B ;
L0O2:  Block > Begin ;
L03:  Arbitrary > A, B ;
L04: Premise > A+B=0=A=0AB=0 ;
L0O5:  Block > Begin ;
L06:  Arbitrary > A B ;
LO7: Premise > A+B =0 :
L08: S3> 0+# (A4 B) ;
L09: Prop3.2b’ > (A+B)=0=0=(A+B) ;
L10: Leml.1le > (A+B)) =0=0=(A+
B))=0#(A+B) = (A+
B) #0 ;
L11: L10>L09 > 0£A+B) = (A+B)#0 ;
L12: L11>L08 > (A+B) #0 ;
L13:  S6> (A+B)=(A+B) ;
L14: S1”> A+B = (A+B) = A+B' =
0= (A+B)=0 ;
L15: H3>L14r>L13>L12 > A+B #0 ;
L16: Leml.llc> A+B #0=A+8B =0=
A=0AB" =0 :
L17: L16>L15> A+B =0=>A=0AB' =0 ;
L18: L17>L07 > A=0AB"=0 ;
L19: Block > End ;
L20: Dedr>L19 > A+B =0=>A=0AB'=0 ;
L21: Block > End ;
L22: Dedr L21 > (A+B=0=>A=0AB=0) =

A+B' =0=A=0AB"=0 O
[S lemma Prop 3.5d: IIA,B: A+ B=0=A=0AB =0

S proof of Prop 3.5d:

LO1:  Arbitrary > A, B ;
L0O2:  Block > Begin ;
L03:  Prop 3.5d; > r+0=0=2z=0A0=0 ;
L04: Prop 3.5dy > (t+y=0=2=0Ay =

0)=2z+y =0=2=0A

y =0 ;
LO5: S9@yr> L03>Lo4 > r+y=0=z=0Ay=0 ;
L06:  Block > End ;
LO7:  Ded > L06 > A+B=0=>A=0AB=0 a
6.7 3.5e

Her beviser vi at hvis en faktor i et produkt ikke er 0 og produktet er 0, sa er
den anden faktor 0. Beviset er ved induktion over x i Bx:x# 0= (y-x=0=

y =0).
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Basistilfaeldet:
[S lemma Prop 3.5¢;: IIA: 0 £ 0= (4-0=0= A =0)]

S proof of Prop 3.5e;:

LO1:  Arbitrary > A ;
L02: Block > Begin ;
L03:  Arbitrary > A ;
L04: Premise > 0#£0 ;
LO5:  Prop 3.2a > 0=0 ;
L06: Leml.1lc > -(0=0)= ((0=0)= (A-

0=0=A4=0)) ;
LO7: LO06>L104 > 0=0=>AU-0=0=>A=

0 ;
LO8:  LO7>L05 > ./42~0:O¢A:0 ;
L09:  Block > End ;
L10:  Ded > L09 > 0£4£0=A4-0=0=A4A=0 O

Det induktive trin:

[S lemma Prop 3.5ex: IA,B: (B#0=(A-B=0=A=0)) =B #0=
(A-B =0=.A4=0)

S proof of Prop 3.5e;:

LO1:  Arbitrary > A, B ;
L02: Block > Begin ;
L03:  Arbitrary > A, B ;
L04: Premise > B£0= (A-B=0=4=0) ;
L0O5:  Block > Begin ;
L06:  Arbitrary > A, B ;
L07:  Premise > B #0 ;
LO8:  Block > Begin ;
L09:  Arbitrary > A B ;
L10: Premise > A-B'=0 :
L11: S8> A-B=A-B+ A ;
L12: S1>L115L10>> (A-B)+A=0 :
L13:  Prop 3.5d > A-B)+A=0= (A -B) =
0NA=0 :
L14: L13>L12:> (A-B)=0NnA=0 ;
L15: Con21>L14 > A=0 ;
L16:  Block > End ;
L17: Ded > L16 > A B =0=A4=0 ;
L18:  Block > End ;
L19: Ded>L18 > B#0=(A-B =0= A=
0 ;
L20: Block > En(g ;
L21: Ded>L20 > B£0=(A-B=0= A=
0)=B #0=(A-B =0=
A=0) O
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[S lemma Prop 3.5e: IIA,B: B# 0= (A-B=0= A=0)]

S proof of Prop 3.5e:

LO1:  Arbitrary > A, B ;
L02:  Block > Begin ;
L03:  Prop 3.5e; > 04£0=(z-0=0=2=0) ;
L04:  Prop 3.5e3 > (y#0=>(z-y=0=1z =

)=y #0=>(z-y =0=

z=0) ;
LO5:  S9@y > L03 > L04 > y£Z0=>(z-y=0=>2z=0) ;
L06:  Block > End ;
LO7:  Ded > L06 > B#£0=(A-B=0=A=0) O
6.8 3.5f

Her beviser vi, at hvis en sum er 1, er netop 1 af addenderne 1 og den anden er

0. Bevist er ved induktion over y i B(y) :x+y=1= (x=0Ay=1)V (x
1Ay =0)
Basistilfaeldet.

[S lemma Prop 3.5f1: ITA: A+0=1= (A=0A0=1)V(A=1A0=0)]
S proof of Prop 3.5f;:

LO1:  Arbitrary > A ;
L02:  Block > Begin ;
L03:  Arbitrary > A ;
L04: Premise > A+0=1 :
L05: S5 A+0=A4 ;
LO6: S1>L051> L04 > A=1 ;
LO7:  Prop 3.2a> 0= ;
L08:  Con > L06 > LO7 > A=1A0=0 :
L09: Dis2 > L08 > (A=0A0=1)V(A=1A0=
0 ;
L10:  Block > Enc% ;
L11:  Ded > L10 > A+0=1= A =0A0 =
HVA=1A0=0) O

Det induktive trin:

[S lemma Prop 3.5f: IIA,B: (A+B=1=((4=0
0))=UA+B=1=(A=0AB'=1)V(A=1AB =0)))]

S proof of Prop 3.5f5:

LO1:  Arbitrary > A, B ;
L02:  Block > Begin ;
L03:  Arbitrary > A, B ;
L04: Premise > A+B=1= (A=0AB=
IH)VA=1AB=0)) ;
L05:  Block > Begin ;
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L06:  Arbitrary >

LO07:  Premise >

L08: S6 >

L09: S1pL08r>L0O7 >
L10: S4©>L09 >

L11:  Prop 3.5d >

L12: L11>L10>

L13: Conl>L12 >
L14: Con2p>L12 >
L15: S2p>L14 >

L16: Conr>L13>L15>
L17: Disl>L16 >

L18:  Block >
L19: Dedr>L18 >

L20: Block >
L21: Dedr>L20 >

[S lemma Prop 3.5{: 1A, B: A+ B =

S proof of Prop 3.5f:
LO1:  Arbitrary >
L02:  Block >

L03:  Prop 3.5f; >

L04:  Prop 3.5f; >

L05:  S9@y > L03 > L04 >

LO6: Block >
LO7:  Ded > L06 >

6.9 3.5g

Her viser vi, at hvis et produkt er 1 er begge faktore 1. Beviset er ved induktion

A, B

A+B =1
A+B = (A+B)

(A+B) =1

A+B=0
A+B=0=A=0AB=0
A=0AB=0

A=0

B=0

B =1

A=0AB =1

A=0AB =1)V(A=1A
B =0)

End

A+B =1=(A=0AB =
HV(A=1AB =0)

End

(
(

A+B=1= (A=0AB=1)Vv
A=1AB=0)))=A+B =

1= U=0AB =1)V (A=
T /

A, B

Begin
t+0=1=(z=0A0=
HV(z=1A0=0)
(z+y=1=((z=0Ay=
DHV(Ez=1Ay=0)))=z+
Y =1=(z=0Ay =1)V
(z=1Ay =0)
r+y=1=(zr=0Ay =
)V(z=1Ay=0))

End

A+B=1= (A=0AB=
HVA=1AB=0)

overyiB(y):x-y=1= (x=1)A(y=1).

Basistilfseldet:

[S lemma Prop 3.5g1: ITA: A-0=1= (A=1)A(0=1)]



S proof of Prop 3.5g;:

LO1:
LO02:
LO03:
L04:
L05:
L06:
LO7:
LO8:

L09:
L10:
L11:
L12:

Arbitrary >
Block >
Arbitrary >
Premise >

S7T >
S1p>L050>L04 >
S3 >

Leml.11c >

LO8 > LO7 >
L09 > L06 >
Block >

Ded > L11 >

S proof of Prop 3.5g5:

LO1:
L02:
L03:
L04:
L05:
LO06:
LO7:
LO8:
L09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:

[S lemma Prop 3.5g3: I1A, B: (A-B

Arbitrary >

Block >

Arbitrary >
Premise >

Con2 > L04 >
Conl > L04 >

S3 >

H10 > LO7 >

Sl// >>

H3 > L09 > L05 > LO8 >
Prop 3.2n >
S1>L11p> L06 >
Prop 3.5 >
L13>L10 >
L14>L12 >

S2 > L15 >

Con > L05 > L16 >
Block >

Ded > L18 >

0)= (A=TAB =1)]

S proof of Prop 3.5g3:

LO1:
L02:
L03:
LO4:

Arbitrary >
Premise >
Block >
Arbitrary >

‘A 9,

Begin ;
A ;
A-0=1 :
A-0=0 :
0=1 ;
0#1 ;
~0=1)=(0=1)= (A=
IA0=1) ;
0=1)=A=1A0=1) :
(A=1TA0=1) ;

A, B ;
Begin ;
A, B ;
A-B=0NA=1 ;
A=1 ;
A-B=0 ;
0#£1 ;
1#£0 ;
A=1=A=0=1= :
A#0 ;
A-B=B-A ;
B-A=0 ;
A#£0=B- A=0=B=0 ;
B-A=0=B=0 ;
B=0 ;
B =1 :
A=1AB'=1 ;
End ;
A-B=0AA=1)= (A=
IAB =1)
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L05:  Premise >> A-B=1AA=0 ;
L06: Conl > L05 > A-B=1 :
LO7:  L02>L06 > (A=1AB=1) ;
L08:  Conl > L0O7 > A=1 :
L09: Con2 > L05 > A=0 ;
L10: Sl L09r LO8 > 0=1 ;
L11: S3> 0#£1 ;
L12: Leml.llc > 0#£1=((0=1) = (A=
IAB =1)) ;
L13: Li12>L1l1> 0=1)=AU=1AB=1) ;
L14: L13>L10 > (A=1AB =1) ;
L15:  Block > End ;
L16: Dedr>L15 > A-B=1NA=0) = (A=
IAB =1) O

Det induktive trin:

[S lemma Prop 3.5g4: A, B: (A-B=1= (A=1AB=1))= (AU-B=1=
(A=TAB =1))

S proof of Prop 3.5g,:

LO1:  Arbitrary > A, B ;
L02:  Block > Begin ;
L03:  Arbitrary > A, B ;
L04:  Premise > AB=1=A=1AB=1) ;
L05:  Premise > A-B =1 :
L06: S8 > A-B=A-B+ A ;
LO7:  S1p L06 > L05 > A-B+A=1 ;
L08:  Prop 3.5f > A-B+A=1)= (A-B=
0AA=T)V(AB=1rAA=0) ;
L09: LO8™>LO7 > (A-B=0ANA=1)V(A-B=
IANA=0) ;
L10:  Prop 3.5g2 > A-B=0ANA=1)= (A=
1AB =1) ;
L11: Prop 3.5g3 > L04 > A-B=1AA=0)= (A=
TAB =1) :
L12: H11>L09>L10>L11> A=1AB =1 :
L13:  Block > End ;
L14: Ded>L13 > A-B=1= AU=1AB-=
N)=A-B=1=U=1A
B =1) i
[S lemma Prop 3.5g: ITA,B: A-B=1= (A=1AB=1)]
S proof of Prop 3.5g:
LO1:  Arbitrary > A, B ;
L02:  Block > Begin ;
L03:  Prop 3.5g1 > - 0=1=(z=1A0=1) ;
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L04:  Prop 3.5g4 > (z-y=1=(xz=1Ay
)= y=1=(z
TAy =1))

LO5:  S9@y > L03 > L04 > rry=1l=(z=1Ay=1)

L06: Block > End

LO7: Dedr> L06 > A-B=1= A=1AB=1)

6.10 3.5h

[S lemma Prop 3.5h: ITA: A # 0= 38: A=0]
Beviset for 3.5.h ville i pyk have set ud nogenlunde som fglgende:

t#£0= 3yt =y

Part I

L01
L02
L03
L04
L05
L06

Part 11

LO01:
L02 :
L03:
L04 :
L05 :
L06 :
LO7:
LO08 :
L09 :
L10:
L11:

L12

premise 040
abbr. LO1 -(0=0)
3.2.a 0=0

Lemma 1.11.c (0 =0) = ((0 =0) = (Fw)(0 = w'))

MP,L02,L03 (3w)(0 =w’)

Ded, L05 (0#£0) = (Fw)(0=w")
premise (x £0) = Fw)(z =w)
S3/ ' #0
Taut.: AV-A (x=0)V-a(z=0)
premise (x=0)
52/ 0=4d
E4 (x=0) = (Fw)(z' =w')
premise —(z=0)
MP, LO01, LOT (Fw)(z = w')
rulec x="0
52/ Fw)(z' = w')
E4 -z =0) = (Fw)(z' =w')

Lemma H11,L06.L11 (2’ #0) = (Gw)(z’ = ')

Tilbage er blot at bruge setning S9 for at fuldende induktionsbeviset.
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7 Udsagn 3.7

Vi har kun lavet de indledende definitioner, da hele 3.7 kraever “existential rule”.

7.1 Definitioner af z < y

Vi har makrodefineret folgende definitioner:
x<y=3z: (z#0Az+x=y)]
Xx<y=x<yVx=y]

[

x>y=y<x
[X>y_y<x]
xZLy=a(x<y)]
{%y—yi]

x|y=3z:y=x-7]
Ved hjelp af disse definitioner og “existential rule” ville 3.7 kunne bevises.
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A Hj=zlpelemmaer

Til flere af vores beviser har vi brug for nogle hjzlpe-lemmaer, disse er bevist i
det fglgende afsnit

A.1 Liste over hjzlpelemmaer
[S lemma Leml.11c: IIA, B: - A = (A = B)]

[S lemma Corl.10a: ILA, B,C: (A= B)F (B= C) F A= (]
[S lemma Corl.10b: IIA,B,C: A= (B=C)F B+ A=C]
[S lemma Leml.11a: ILA: == A = A]

S lemma Lem1.11b: ILA: A = —~—A]

[S lemma Prop3.2¢: IA,B,C: A=B=B=C=A=(|
[S lemma S1”: TTA,B,C: A=B=A=C= B=C]

[S lemma Neg': TIA, B: (=B = -A) = (-B= A) = B

[S lemma Repetition’: IIA: A = A]

[S lemma Leml.1le: IA, B: (A = B) = (-8B = -A)]

[S lemma Leml.11d: ITA, B: (=B = —A) = (A = B)]

[S lemma Prop3.2b": IA, B: A= B = B = A|

[S lemma H10: ITA,B: B # A+ A # B

[S lemma H11: IIA,B,C: AVBFA=CFB=CHkC(|

[S lemma Leml.11g: ITA, B: (A= B) (A= B) F B]

[S lemma MT: I1A, B: (A= B) F =B+ —A|

A.2 Beviser for hjzlpelemmaer
[S lemma Leml.11c: IIA, B: - A = (A = B)]

S proof of Leml.11c:

LO1:  Arbitrary > A B ;
L02:  Block > Begin ;
L03:  Arbitrary > A, B ;
L04:  Premise > -A ;
L0O5:  Block > Begin ;
L06:  Arbitrary > A B ;
LO7:  Premise > A ;
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LO8:  Repetition > L04 >

L09: Al >
L10:  L09 > L07 >
L11: Al >»

L12: L11>L08 >

L13: Negr> L12p>L10 >

L14: Block >
L15: Dedr>L14 >
L16: Block >
L17: Dedr L16 >

-A
A= (-B= A)
-B= A
A= (-B=-A)
-B=-A
B
End
A= B
End
-A= (A= B)

[S lemma Corl.10a: IIA,B,C: (A= B)F (B=C)+F A=C(]

S proof of Corl.10a:
LO1:  Arbitrary >
L02:  Premise >
L03:  Premise >
L04: Block >
L05:  Arbitrary >
L06: Premise >
LO07:  Premise >
LO8:  Premise >
L09: L06 > L08 >
L10:  LO7>L09 >
L11: Block >

L12: Ded > L11 >
L13: Li12>L02 >
L14: L13>L03 >

A, B,C
A= B
B=~C
Begin
A, B,C
A= B
B=~C
A
B
C
End

A=B)=B=C=>A=C

B=C)=A=C
A=C

[S lemma Corl.10b: IIA,B,C: A= (B=C)F B+ A=(]

S proof of Corl.10b:

LO1:  Arbitrary >
L02: Premise >
L03:  Premise >

A, B,C
A= B=C
B

L04: A2 > A=8B=C=U=B =
A=C

L05: L04>L02 > A=B)=A=C

L06: Al > B=A=B

LO7:  LO06>L03 > A=DB

L08: L05>L07 > A=C

[S lemma Leml.11a: ILA: ——A = A]

S proof of Leml.11a:

LO1:  Arbitrary > A ;

L02: Neg' > (=(A) = ~(=A) = ((-(A) =
-A)) = A) ;
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L03:
L04:
LO5:
LO6:

[S lemma Lem1.11b: IIA: A = ——A]

Repetition’ >

Corl.10b > L0O2 > L0O3 >
Al >

Corl.10a > L05 > L04 >

S proof of Leml.11b:

LO1:
L02:

L03:
L04:
LO5:
LO06:

Arbitrary >
Neg’ >

Leml.11a >

L02 > L03 >

Al >

Corl.10a > LO5 > L04 >

-A=-A

(A= -(-A)= A
2(0A) = (A= 2(0A)
-—A=A

A

A) = ——A)

—=(=A) = (-A)
(A= A) = —-A
A= (A= A)
A=A

[S lemma Prop3.2¢’: HA,B,C: A=B=B=C=A=C(]

S proof of Prop3.2¢’:

LO1:
LO02:
L03:
L04:
L05:
L06:
LO7:
LO8:
L.09:
L10:
Li1:
L12:

Arbitrary >
Block >
Arbitrary >
Premise >
Block >
Arbitrary >
Premise >
Prop 3.2c > L04 > LO7 >
Block >

Ded > L09 >
Block >

Ded > L11 >

A, B,C
Begin
A, B,C

A=B=B=C=>A=C

[S lemma S1”: A, B,C: A=B=A=C= B=C]

S proof of S1”:

LO1:
L02:
L03:
LO04:
L05:
L06:
LO7:
LO08:
L.09:
L10:
L11:
L12:

Arbitrary >
Block >
Arbitrary >
Premise >
Block >
Arbitrary >
Premise >
S1p>L04 > L07 >
Block >

Ded > L09 >
Block >

Ded > L11 >
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[S lemma Neg': TIA, B: (=B = -A) = (-B= A) = B

S proof of Neg':
LO1:  Arbitrary >

L02: Block >

L03:  Arbitrary >
L04:  Premise >
L05:  Block >

L06:  Arbitrary >
L07:  Premise >
L08:  Negp> L04 > LO7 >
L09: Block >

L10:  Ded > L09 >
L11: Block >

L12:  Dedr> L11 >

[S lemma Repetition’: IIA: A = A]

S proof of Repetition’:
LO01:  Arbitrary >

L02:  Block >

L03:  Arbitrary >

L04:  Premise >

L05:  Repetition > L04 >
L06:  Block >

LO07:  Ded > LO06 >

[S lemma H10: ITA,B: B # A+ A # B]

S proof of H10:
LO1:  Arbitrary >

L02:  Premise >

L03: Prop3.2b’ >
L04: Leml.1lle >
L05: L04>L03 >
L06: LO5>L02 >

A, B ;
Begin ;
A, B ;
-B=-A4 ;
Begin ;
A, B ;
-B=A ;
B ;
End ;
(-B=A)=B ;
End ;
(B=-A)=(B=A)=B8 0O

A, B ;
B#A ;
A=B=B=A ;
A=B=B=A)=B#+A=

A#B ;
BAA=A#+B
A#B m]

[S lemma MT: IIA, B: (A= B)F —BF —A|

S proof of MT:
LO1:  Arbitrary >

L02: Premise >

L03: Premise >

LO04: Leml.11a >

L05:  Corl.10a > L04 > L02 >
L06: Block >

LO7:  Arbitrary >
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-—A=B ;
Begin ;

A, B ;



LO08:
L09:
L10:
Li11:
L12:
L13:
L14:
L15:
L16:

Premise >

Premise >

Al >

L10> L09 >

Neg > L11 > LO8 >
Block >

Ded > L13 >

L14 > L05 >
L15>L03 >

-—A=5
-B
-B=-—-A= -8B
-—A= -5
-A
End
(——A=>B)=-B=-4
-B=-A
-A

[S lemma Leml.1le: IIA, B: (A= B) = (-B = -A)]

S proof of Leml.11e:

LO1:
L02:
LO03:
L04:
L05:
LO06:
LO7:
LO8:
L09:
L10:
L11:
L12:

Arbitrary >

Block >

Arbitrary >

Premise >

Leml.11a >

Corl.10a > LO5 > L04 >
Leml.11b >

Corl.10a > L06 > LO7 >
Leml.11d >

L09 > LO8 >

Block >

Ded > L11 >

A, B
Begin
A, B
A=B
—A=A4
-—A=B
B=--B
-—A = -8
(——A=--B)=-B=-4
-B=-A
End
(A=B)=-B=-4

[S lemma Leml.11d: ITA, B: (=B = —A) = (A = B)]

S proof of Leml.11d:

LO1:
LO02:
LO03:
L04:
L05:

LO06:
LO7:
LO8:
L09:
L10:

Arbitrary >
Block >
Arbitrary >
Premise >
Neg’ >

Al >

LO5> L04 >

Corl.10a > L06 > LO7 >
Block >

Ded > L09 >

A, B

Begin
A, B
-B=-A
(B = -A) = (B =
A) = B)
A= (-B= A)
(-B=A)=B
A=B

End

(-B=-A)= (A= B)

[S lemma Prop3.2b": IIA, B: A= B = B =A]

S proof of Prop3.2b’:

LO1:
L02:
L03:
LO04:

Arbitrary >
Block >
Arbitrary >
Premise >
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L05:  Prop 3.2b>L04 > B=A
L06:  Block > End
LO7:  Ded > L06 > A=B=B=A

[S lemma Leml.11g: ITA, B: (A= B)+ (A= B) F B]

S proof of Leml.11g:

LO1:  Arbitrary > A, B

L02: Premise > A=DB

L03:  Premise > -A=B

L04: Leml.lle > (A= B) = B = -4
LO05: L04>L02 > -B=-A

L06: Leml.lle > (A= B)=-B=--4
LO7:  LO06 > L03 > -B=--A

LO8: Negr> LO7r> LO05 > B

[S lemma H11: IIA,B,C: AVBFA=CFB=CFC(]

S proof of H11:

LO1:  Arbitrary > A, B,C
L02: Premise > AV B
L03:  Premise > A=C
L04: Premise > B=2C
L05:  Corl.10a > L02 > L04 > -A=C
LO6: Leml.llgr LO3 > L0O5 > C
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